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Wavenumber-explicit Ap-FEM analysis for Maxwell’s equations with
transparent boundary conditions
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Abstract

The time-harmonic Maxwell equations at high wavenumber k are discretized by edge elements of degree
p on a mesh of width h. For the case of a ball as the computational domain and exact, transparent boundary
conditions, we show quasi-optimality of the Galerkin method under the k-explicit scale resolution condition
that a) kh/p is sufficient small and b) p/log k is bounded from below.
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Glossary and Notation

general

k>1>0 wavenumber

i imaginary unit v/—1

A<B there exists C independent of k, h, p, and independent of the functions which,
possibly, appear in A and B so that A < CB holds, see Rem.

geometry

B1(0) unit ball in R3

B half-balls in R3

Q domain in R3 or unit ball B1(0) in R3

o+ R3\ O

=00 boundary of €2

n unit normal vector on I' pointing into QT

n* constant extension of n into tubular neighborhood of I’

spaces

X :=H(Q, curl) @)

X := Hp(Q, curl)
H(Q, curl), H(Q, div)
L*(2)

H*(Q), H(T)
H*(Q)
L2(I), Hy(I)
H,.*(T)
H_ . *(D)

0, V§

A(Ck®,~, D), A (Ck*,~,D),

E1)
2.1), .10

space of vector-valued L2-functions

scalar-valued Sobolev spaces on Q, T', Sec. 2311 (Z.17)
vector-valued Sobolev spaces on €2

Sobolev space of tangential fields on T, (Z11]), [2T9)

2.23)

2.23)
spaces of divergence-free functions, see (£21al), (4.21D)

A(Ck>,~,T) classes of analytic fcts., Def. 225t C, v, « are independent of k
functions

E H Et H electric and magnetic fields in © and in QF

Y A eigenfunctions of Laplace-Beltrami, (2.16);

Y, analytic extension of Y, into tubular neighborhood U of T', (5.1T])

mo. m
T} = curlrY,
Ly

9k
Gy,

sesquilinear forms, norms

for T' = 9B (0), the spherical harmonics

T, VrYy" are L2(T)-orthgonal basis, cf. 46, Thm. 2.4.8]
index set of indices for eigenvalue A\, (216);
for the unit sphere, 1p = {—¢,—0+1,...,{—
Helmholtz fundamental solution, (.9l
Maxwell fundamental solution, (Z9)

1,6}

(., .), (.7 ')F
ar, A, by
blkow, b]}:igh7

QD)

('a ')curl,Q,k

|| ' ||—1/2,Curlra || ' H—1/27divr
|| : ||cur1,£2,k,)\

L?(Q)-inner prod. and L?(T')-inner prod. (or duality pairing)
sesquilinear forms associated with

Maxwell’s equations, (2:2]), (@3]

low- and high-frequency parts of bilinear form by, (ZI1])
() = k()2 (o) +1k0(()Y, (DY)

= k*(-, ) r2(e) +1k(Te()r, ()r)r; see @I)

(curl -, curl -) + k2(, -); see ([2.8),

norms on H_,/*(T"), on H;,/*(T), @23)
see



discrete spaces, meshes

102 = IV 2oy + 20 2
Euclidean scalar product in C3 (conjugation on second argument), Eucl. norm

seminorms to control high order derivatives, (D.19)), (D.20), (D.36])

~

K reference tetrahedron
T, Fr, Fir, Ax triangulation, element maps, Sec. [3.2] Ass. 3]
Sh, (discrete) subspace of H(Q);

we require V.S, C X}, and exact seq. property (L), (3.2)
X (discrete) subspace of H(€2, curl)
h, hi, p global and local meshwidth (Thm. 17 33), polyn. deg. p
Pp, Py space of R-valued and R3-valued polynomials of degree p, (3.4)
N é([? ) Nédélec type I space on reference tetrahedron K, (3.5)
RTP(R' ) Raviart-Thomas elements on reference tetrahedron K, (3.0)
Sp+1(Tn), Np(Th),
RT,(Tn), Z,(Th) polyn. spaces on Tp,: H(Q)-, H(curl, Q)-, H(div, Q)-, and L?*(Q)-conforming
operators
curl, div 3D curl and divergence operators
curlr, divp 2D scalar curl and divergence operators on the surface T', (Z213])
cu—1r1p>7 Vr, 2D vectorial curl and surface gradient operators on I', (212)
Ar surface Laplace-Beltrami operator, (2.14])
Tk (Maxwell) capacity operator
Thev, T,? igh low- and high-frequency part of capacity operator, (@11
Ecurl, Ediv, lifting operators (see Thm. 2.4])

HT7 H;u T, 7’14:

(.)hlgh, (.)low
()Y

(.)curl

[ors [lar

Lo, Ho =1—Lq,
Ly, Hr =1—-Lr

Hh
S

—k
Ta
T
Hh
ggurl,c
ngrl,c

chrl,s
p

Ttcurl,s
HP

grad,c
Hp-i-l

v v, 4 V%
v, mv-=, my, Iy,

vV opVo*
ITy ,IHh ,

*

IIcur , T1curl,

curl curl,
I, I,
TIcomp,* . — LQ + Hr:url,*[_[Q

trace operators for Q and QF, 2.3), Thm. 24
subscript T' indicates tangential trace: ur = Il;u
Vhigh — HQV, Vlow — LQV,

gradient part of functions on T', (Z20))

curl part of functions on T, (2:20])

jump operators across ', (24)

high and low frequency operators with

cut-off parameter A > 1, Def. [4.2] (4.9)

for the case Q = Bl(O), one has ||L£2||curl,ﬂ,k S 1, and ||I{Q||C,HLQJC S 2, m
Helmholtz single layer operator, (Z.11))

Helmholtz Newton potential, (Z12)

Maxwell single layer operator, (Z.14)

Laplace Dirichlet-to-Neumann operator for By (0); Sec. [[.T.2])
abstract form of H}c)wl,c

abstract form of IT4/-¢

H(curl)-conf. commuting diagram projector (matches Hgiald’c)
the operator Hg"“vc on the reference tetrahedron
H(curl)-conforming approx. operator,

optimal p-rates simultaneously in L? and H(curl)

the operator Hg“rl’s on the reference tetrahedron

H'-conf. commuting diagram projector (matches Hg“”’c)
projection onto VH(Q2) or V w.r.t. ((-,)) (Lemma 7))
projection onto VSy, w.r.t. ((+,-)) (Lemma A7)

I[-IIV and I —-IIV"*, see Def.

[-IIY and I—Hhv’*, see Def.

see Def.



H(}iomp,* — LQ + qurl’*HQ see Def

constants
Caffines Cmetric constants measuring the quality of the mesh (Assumption B.])
Cr continuity of tangential trace operator (2:20])
(bounded uniformly in k)
O;f’ﬂ, C;?’Q I Lollcurt, 0.k [[Holleur,o,k, see (Z0);
for general domains, C’,f’ﬂ, C]?’Q = O(k);
for @ = By, CE2.CH = 0(1) (cf. Cor.[5I3)
CZ éhig h continuity of constant of b]]zigh, see ([{LIZR);
for @ = By: Cp;"" = O(1) by Cor. I3
C’;:;Crl’high continuity const. of b see [EIZH);
for Q = By: Gy """ = O(1) by Cor. 513
CpiN .k norm of capacity operator Ty, [EI3);
for Q = By: Cpen ke = O(k?) by Cor.
Ceont, k cont. const. of Ag and of ((+,-)), see (£0);
C’i‘;lg]];k cont. const. of Ax(Hgq:, ) , see [EI0);
for Q = B1: Ceont. = O(K3) by Cor.
C;ikgh cont. const. of ((-, Hg")) and ((Hg-, ")) , see [@I3);
for @ = By: C¥" = O(1) by Cor.
Cok the embedding constant Vo C H!(Q2), see (&31);
for Q = B1(0), Cq,r =1 by Lemma [B.1]
o constant in fundamental approximation result, (£42), (@43

Crk see ([62]),
Cy.i see (6.2]),
Copt see (6.14),

o, Cajy, YA constants characterizing k-dependence in analyticity classes, ([EL59])

Cy, Cy, O(1) constants related to the bilinear form by; see Props. b7, (.8

Ch O(1) cont. const. of ((+,-) for By, if one argument is a high frequency, cf. Prop. 512
Crough an O(1) constant associated with adjoint solution operator N>, Prop.

dual problems and

approximation

properties

~

N E33), [C15)

N7t solution of an adjoint problem with analytic data, (£39)

T approximation property related to N7*, ([E40)

No adjoint sol. operator, right-hand sides finite regularity (£50k])
N N, adjoint sol. operator, analytic data, (50D, (E50K)

AT e see (L.51)—(4.56), (£.60)—(E.63),
a tilde indicates that an adjoint sol. operator N is involved;
1 indicates a pure approximation property,
superscript “exp” indicates that exponential convergence of hp-FEM is expected;
superscript “alg” indicates that algebraic convergence of hp-FEM is expected

1 Introduction

High-frequency electromagnetic scattering problems are often modelled by the time-harmonic Maxwell equa-
tions (21I), and the high-frequency case is characterized by a large wavenumber k > 0. The solution is then
highly oscillatory, and its numerical resolution requires fine meshes. Besides this natural condition on the dis-
cretization, a second, more subtle issue arises in the high-frequency regime, namely, the difficulty of Galerkin
discretizations to control dispersion errors. That is, in fixed order methods the discrepancy between the best
approximation from the discrete space and the Galerkin error widens as the wavenumber k increases. It is



the purpose of the present paper to show for a model problem that high order methods are able to control
these dispersion errors and can lead to quasi-optimality for a fixed (but sufficiently large) number of degrees
of freedom per wavelength.
For the related, simpler case of high-frequency acoustic scattering, which is modelled by the Helmholtz equa-
tion, substantial progress in the understanding of the dispersive properties of low order and high order methods
has been made in the last decades. We mention the dispersion analyses on regular grids for fixed order Galerkin
methods [726H28], the works [2[5L[6], for high order methods and [4] for a non-conforming discretization and
refer the reader to [20,40] for a more detailed discussion. These analyses on regular grids give strong argu-
ments for the numerical observation that high order discretizations are much better suited to control dispersion
errors than low-order methods. For general meshes, a rigorous argument in favor of high order (conforming
and non-conforming) methods is put forward in the works [201331[37,39,[40], where stability and convergence
analyses that are explicit in the mesh size h, the approximation order p, and the wavenumber k are provided
for several classes of Helmholtz problems. The underlying principles in these works are not restricted to FEM
discretizations; indeed, [30] applies these techniques in a Helmholtz BEM context.
The numerical analysis focussing on the dispersive properties of high order methods for the time-harmonic
Maxwell equations is to date significantly less developed. An analysis on regular grids that is explicit in the
polynomial degree p is available in [3]. A convergence analysis for a Maxwell problem on general grids that
is explicit in the mesh size h, the polynomial degree p, and the wavenumber k is the purpose of the present
work. To fix ideas we consider as a model problem the time-harmonic Maxwell equations (21]) in full space
R3. Since a (high order) finite element method (FEM) is our goal, we consider the equivalent reformulation
of the full space problem as a problem in the unit ball 2 = B;(0) complemented with transparent boundary
conditions on I' = 99 (cf. (Z6)). As we study conforming Galerkin discretizations, the starting point for the
discretization is the variational formulation (2.28)). For this model problem, our main result is Theorem 17|
which establishes quasi-optimality of the Galerkin method based on Nédélec type I elements of degree p under
the scale resolution conditions

kh/p < c1 and p > calogk; (1.1)

here, co > 0 may be chosen arbitrarily and ¢; > 0 is sufficiently small but independent of h, k, and p.

We focus here on a conforming Galerkin discretization, which will require the scale resolution condition (II])
to ensure existence of the discrete solution. It is worth pointing out that alternatives to conforming Galerkin
methods have been proposed in the literature. Without attempting completeness and restricting ourselves to
approaches based on higher order polynomials, we mention stabilized methods for Helmholtz [211,122]24] 53]
and Maxwell [23/[3T] problems; hybridizable methods [14]; least-squares type methods [15] and Discontinous
Petrov Galerkin methods, [19,49]. In convex domains or domains with a smooth boundary, H!-conforming
discretizations for Maxwell problems can be employed instead of H(curl)-conforming ones; see [48], [47] for a
k-explicit theory.

We close this introduction by emphasizing that, as in the case of the Helmholtz equation, the techniques
employed in the present work are not restricted to the model problem under consideration here; in the
forthcoming [41], we apply the techniques developed here to Maxwell’s equations equipped with impedance
boundary conditions. Finally, a general note on notation is warranted: as we aim at a k-explicit theory, we
indicate constants that (possibly) depend on the wavenumber k by a subscript k.

1.1 Road Map: Setting

Our k-explicit convergence analysis of high order FEM for Maxwell’s equations requires a variety of tools
including compactness arguments, k-explicit regularity based on decomposing the solution into parts with
finite regularity and analytic parts as developed for the Helmholtz equation, and commuting diagram operators
that are explicit in the polynomial degree p. It may therefore be useful to provide here an outline of the key
steps.

The reformulation of the original full space problem (Z.1]) as the problem (Z.6) in a bounded domain Q C R3
uses transparent boundary conditions, which are expressed in terms of the capacity operator Ty, (see Section [2.2]
and (B7) for its explicit series representation in the case of the unit ball @ = B;(0)). The pertinent sesquilinear
form that we consider in this work is then

Ag(u,v) = (curlu, curlv) — k?(u,v) — i k(Tpur, vr)r.

Here, (-,-) is the L2(f2) inner product and (-,-)r the L? (') inner product with I' = 9§2. The subscript T
indicates that the tangential component of the trace is considered. For Q = B;(0), our analysis will be explicit



in the wavenumber k£ and we therefore focus on this case in this introduction.

1.2 Road Map: the Maxwell Aspect

Let us first discuss the key issues that are specific to discretizations of Maxwell’s equations; in the following
Section [[.3] we will focus on the additional difficulties arising from making the error analysis explicit in k. The
arguments that we highlight in the current Section are essentially those of [8I[12L25/[43] and [42] Sec. 7.2].
To understand the Galerkin error for Maxwell’s equations, it is imperative to decompose the various fields in
gradient fields and solenoidal fields, both in 2 and on the surface I'. The tangential field ur is decomposed
as a gradient part u¥ and a (surface) divergence-free part u“*!. The decomposition uz = u" +u®"! leads to
the decomposition of the sesquilinear form Ay as (cf. [@3]))

Ap(u,v) = (curlu, cwrlv) — ik (Tpu™, VC‘”l)F — (K* (0, v) +ik (T)uV, VV)F)

=:((w,v))

By [46, Thm. 5.3.6], we have for = B;(0) sign properties of the expressions i k(Tu!, u®"™)r and ((u,u)).
Furthermore, the curl-part u®""!' of the tangential trace ur vanishes for gradient fields u = Vo, ¢ € H'().
Collecting these observations, we have:

(I) Re ((curlu, curlu) — i k(Tpu!, ur) > [[curlul|? Vu € X := H(, curl),
(cf. [46}, Thm. 5.3.6], Lemma B.2l);
(I1) Re(Ve, Vi) = (Kl|Ve|)* Vi€ H' (Q), (cf. @20);
(D) Ar(u, V) = — (0, Vy)) Vo€ HY(Q), ue H(Q,curl), (cf. @3I) in conjunction with Rem. 2.3).

Let u € X = H(Q, curl) and uy, € X}, C X be its Galerkin approximation. Then, for arbitrary w;, € X, we
get for the Galerkin error e, ;== u — u,

lenl|Zu 0.k := || curlen|® + k*[len]|* < Re Ax(en, en) + 2 Re ((en, en)) (1.2)
= Re Ai(en,u — wp,) + 2Re((ep, u — wy)) + 2 Re ((en, wi, — up))
R
< Re (Ag (e, 1 — wn) + 2 (enu— wi) +2  sup 2ol va)

vieX\{0} IV llcurLak
=T <llenllcurt, @,k +Hu=Wh ||curl, 2, &

(1.3)

||uh - Wthurl,Q,k

Assuming continuity of Ay and ((, -)) with respect to the norm || ||curr, 0, (defined in (I.2)) this analysis shows
that quasi-optimality of the Galerkin method can be achieved provided one can ensure

2 sup Re ((en, v1) < 1. (1.4)

vpeXp\{0} th ||Curl,£2,k ||eh ||curl,Q,k

It is tempting to treat this term by a duality argument. However, the duality argument cannot be applied
directly since the map X 3 v — ((,v)) € X' is not necessarily compact. In the numerical analysis of
Maxwell’s equations, this lack of compactness is addressed by suitable “continuous” and “discrete” Helmholtz
decompositions, thereby exploiting that vy, is from the discrete space Xj,. Specifically, we decompose v;, €
X} in two ways (“continuous Helmholtz decomposition” and “discrete Helmholtz decomposition”) into a
divergence-free part and a gradient part:

vy = Dy, £ TV, (with “continuous” " *v;, € X, TIV*v;, € X N VHY(Q); see (IV), (1.5)
v, = Iy, + 11 vy, (with “discrete” TI{"" vy, € Xp, ) *v, € Xj, N VHY(Q); see (V). (1.6)

Since, by construction, Hhv’*vh € X, is a gradient, the Galerkin orthogonality and the observation (III}) imply
((eh, HZ"*vh» = 0. Hence, we can write using both decompositions (L)), (L8]

((eh, Vh)) = ((eh, chﬂ’*vh)) + ((eh, qurl,*vh — chrl,*vh)) =:T5 + Tj. (17)

The convergence analysis based on this decomposition then relies on a) the fact that the term 7o = ((eh, chrlﬁ*vh))

can be estimated with a duality argument and b) that TT°%*v,, — qurl’*vh is shown to be small.
The continuous and discrete Helmholtz decompositions (L5, (LG are defined as follows:



(IV) (decomposition in gradient part and divergence-free part) The gradient part ITV-*v € VH' (Q2) is defined
by the “orthogonality” condition

(Vo, IV*v)) = (Vo,v) Y € HY(Q),

which is well posed by ([). We set I1°L* := J — TIV>* and denote its range by V. We note that the
operators ITV-* and I1°"! effect a stable decomposition of the direct sum X = Vi@ VH!(€2). The above
mentioned duality argument for 75 relies on the compactness of X 3 v — ((, HC‘“L*V)) € X’ which is
shown in Lemma and ultimately relies on the embedding Vi C H'(Q).

(V) (decomposition of discrete functions in gradient part and discrete divergence-free part) Let S;, C H(Q)
be defined by the requirement that the following (discrete) ezact sequence property holds:

v

S, X, = curl X, (1.8)

(cf. (B:8)) for the specific example of hp-FEM). We define the discrete version HZ’* : X — VS, of TIV*
by the “orthogonality” condition

(vo.m7 ™)) = (e,v) - vees,

and set qurl’* =1 — HZ’*.

While the term T in (7)) is treated by a duality argument, control of the term T3 in (7)) relies on the existence
of an interpolating projector II¥ (and a companion operator ITf') with a commuting diagram property:

(VI) (commuting diagram projector) Define V¢, := {v € V| curlv € curl X;}. We require the existence
of an operator I1Z : Vi, + Xp — Xy, with the following properties:

(a) TIZ is a projector.

(b) There is a companion operator IIf" defined on curl X;, with the commuting diagram property
curle = Hf curl.

(c) IE has some approximation properties in L?(£2):
kv —TIFv| < nglgHVchrl,Q,k Vv € Vg, (1.9)

where the parameter nglg quantifies certain the approximation properties of X;, (e.g., in terms of
the mesh size h and polynomial degree p).

Remark 1.1 In the case of hp-FEM, the operators HE and Hf will be constructed in an element-by-element
fashion (cf. Def.[81)) from the operators ngrl*c and H;}i"’c (cf. Theorem[8.3) that are defined on the reference
tetrahedron, K. In the hp-FEM setting, the quantity nglg in (L9) is estimated via Lemma [88, (i) byl

nglg S kh/p; see {{-79). .

Remark 1.2 Various approximation properties ng will appear in our analysis, which depend on the subspace
Xp. In the context of hp-finite elements, these quantities 1y will depend on the mesh width h, the polynomial
order p of approximation, and the reqularity of the functions involved. Given that we focus on high order FEM
with the potential of exponential convergence, we employ the following notational convention: If some ng is
(generically) algebraically small in p, we employ the superscript “alg” while we use the superscript “exp” if
the quantity is exponentially small. n

The use of the properties of II¥ required in (VI) become apparent if we observe the following arguments for
estimating T3:

(i) The definition of TI°">* and TI{™"* implies the “orthogonality”

((th, (nwﬂv* - HZ““’*) vh)) =0 Vgn € S (1.10)

LA < B is shorthand for A < CB for some C > 0 that is independent of the wavenumber k, the mesh size h, the polynomial
degree p, as well as functions appearing in A and B.




(i) From curl 1™ = curl ;"™ = curl on X, by (IH), (L6) we get for any vj, € X,
curl (qurl’*vh — Hfl‘[eu“’*vh) O curl (qurl’*vh) —T1 curl (chrl’*vh) = curlv;, — I} curlvy,
=" curlvy, — curl TP vy, =" curl (vj, — v3,) = 0. (1.11)

(iii) By the exact sequence property, the observation (LTI]) implies that qurl’*vh —IIPTIeu*y, is the gradient
of an element of Sy, i.e., qurl’*vh — TIETIew b * vy, = Wy, for some 9y, € Sh.

(iv) Combining (), (), (TI0) yields
k2 H (chrl,* _ chrl’*) v H2 41<m R (( (chrl,* _ chrl,*) (chrl,* _ chrl,*) ))
h || = he h Vh, h Vi
LI, @ ¢, (¢ =y mewtrw,, (ks — =) v)) . (112)

v e continuity of ((-, -)) (cf. , Prop. and using cur — *vp) =0=cur o — ) v
Th . : f f P d . 1((T HE chrl* 0 1 chrl* chlurl*

(as a consequence of the above calculation), gives H (I —1IF) Ieurtryy, H =k H (I —1II7) Ieurtryy, H

curl,Q,k
so that we may continue the estimate (LI2):

2
k2 H (chrl,* _ qurl,*) VhH S Ccont,k H (chrl,* _ HZUYL*) v

curl,Q,k H (I B HE) chrly*vthurl,Q,k

= Ceont.k (k H (chrl,* _ quﬂ’*) Vi D (k H (I _ HE) chrl,*vhH) ]

Here, the constant Ccone, i could depend on k.

(vi) The final step in treating T3 uses the continuity of ((,-)), the above steps, and the stability of the map
v, > [eurlhxy,

1= (o - 157 )

< Cillenllen.ok (k|| (1 = ) 1w, ||} < Crng ®llenlleurt ok [T |

< Ceont.kl€nllcur, 0.k H (HC”“’* — HZ”“’*) Vi

curl,Q,k

curl,Q,k

< Cknglgnehncurl,ﬂ,k||Vh||curl,Q,k-

Here, the constant Cj may depend on k (and is, of course, different in each occurrence). Recalling our
starting point (I4)), we discover that the approximation space X, and the operator II¥ should be such
that 73'® can be made sufficiently small (see [E72)).

A few more comments concerning the above procedure are in order:

Remark 1.3 (a) The basic estimate (I3) is formulated in such a way that one is led to study ((en,Vvp))
with vy, € Xy, in the discrete space Xp. This seemingly innocuous choice has far reaching ramifica-
tions. First, one has curl I®"*v;, = curlv, = curl H‘;lurl’*vh, which allows one to replace the stronger

| - lleur.o.x morm by the weaker L*-norm in the estimates of Step (m): H (HC““’* - qurl’*) Vi

curl,Q2,k
k| (e =Y v | and [[(F = E) v | = B = TE) T . Second, the com-
muting diagram property of II¥ and the (discrete) exact sequence property (I.8) are responsible for the

“orthogonality” (LI0) (cf. Steps [@)—(id)).

(b) The L*-approzimation properties of HE stipulated in (VId) can be met because of the special structure
of the space Vg ,,: first, as we discovered in (I7), functions from V3 are in fact in H (). Second, for
functions v € V§ ., one has that curlv € curl X, is a discrete object. For the specific case of Nédélec Type

I elements of degree p, an operator IIE is constructed on the reference tetrahedron in Theorem [8.3 (called
H;“rl’c there) that exploits these properties and leads to the quantitative estimate nglg = O(hk/p). We
flag at this point that, while the space V§ is a space of divergence-free functions, the operator Hg“rl’c 18

additionally defined for (elementwise) smooth (actually, elementwise H'(curl)) functions. This property
will be needed in Section [L.3 below to argue the benefits of high order methods. .



1.3 Road Map: k-explicit Estimates

The argument outlined above does not take into account how the wavenumber k enters the estimates, which
occurs in various places, for example, in the continuity of Ay and ((, ), the stability of the map I1°"""*, and the
regularity properties of the solution z of the dual problem Ag(-,z) = ((, chrl’*vh)). Indeed, care is required
as we only have the k-dependent continuity bounds (cf. Cor. EI3)

(v, W)| + [Ax (v, W)| < CE |V || curt, 0.k [ W[ curt,c k- (1.13)

1.3.1 Continuity of A, ((-,-)) and Treatment of T

The fundamental ingredient for k-explicit bounds that are useful for the analysis of high-order FEM is the
ability to decompose functions u € X into “high-frequency” parts Hou and “low-frequency” parts Lou. An
overarching theme of the present work is that the high-frequency component Hqu leads to estimates uniform
in k in the expected Sobolev norms; the low-frequency component Lqu involves k-dependencies, but is smooth
(even analytic), which can be exploited by high order approximation spaces. We note that such decompositions
u = Hqou + Lqu of functions entail corresponding decompositions of sesquilinear forms such as Ay and ((, -)).
The frequency splitting operators Lg and Hg are motivated by an analysis of the k-dependence of the continu-
ity constants of Ay and ((, ), e.g., in the bound |Ax (u,v)| < Ceont k|| 0||lcurl, 0. k|| V] curl,0,k- One discovers that
it is the capacity operator T} that introduces a k-dependence in Ceont 1. Inspection of the series expansion of
Ty in (B7) (see in particular Lemma [5.3] which gives sharp bounds for the symbol of the operator T}) shows
that the k-dependence is due to the low-frequency parts of uyp. Having identified these components as the
culprits for unfavorable k-dependencies, we introduce in Definition .2l the low-frequency operator Lg : X — X
and the high-frequency operator Hq = I — L that have, for the case Q = B;(0) considered here, the following
properties:

(VII) (stability) | Loullcura.r < ||ullcurn,or and [[Houllcurnor < 2||ullcurn,ox (cf. (28).

(VIII) (smoothness) Lou is analytic. Specifically, there are C, «, v > 0 independent of k and u such that
Lou € A(Ck*||ullcurl,o,k, 7, ) with the analyticity class A given by Def. (cf. Theorem [£.9)).

(IX) (k-uniform continuity at the expense of a compact perturbation) For some C' > 0 independent of k
(cf. Prop. 6512 and Lemma 4.6 in conjunction with Cor. B.13):

|((Hou, v))| + [((v, How))| < Cllul|cur,o,k | V|cur,o,k (1.14)
| Ak (Hou, v)| + | Ak (v, Hou)| < C||ullcur,o,k |V curl,o, k- (1.15)

The refined continuity properties of Ay and ((-, ) given in (X)) allow us to estimate the terms 7} in the basic
error estimate (3] explicitly in k. Abbreviating v := u—wy, and decomposing v'°V := Lov and v!8! .= Hov
we write

T1 = Re (Ak (eh, V) =+ 2 ((eh, V))) = Re (Ak (eh, HQV) + 2 ((eh, HQV))) + Re (Ak (eh, LQV) + 2 ((eh, LQV)))
= Re (Ax(en, Hov) + 2 ((en, Hov)) ) + Re(curl ey, curl Lov) + Re(—ik (Tke};‘”l, (LQV)Curl)F + ((en, LQV))).

:2T111 ::T1,2

::Tl’g(eh,,LQV)

The sesquilinear forms in 77 1 and 71 2 have good continuity properties (cf. (IX]) and (VII)) respectively) and can
be estimated with k-independent constants. The term T} 3 is amenable to a treatment by a duality argument:
Let @ € X solve Ak (-,v) = T1 3 (-, Lav). By Galerkin orthogonality satisfied by e, and the stability estimate

([L13)), one arrives at
Ty (Laen, u—ws)| = [Ax(en, ¥)| < 0k3|\eh|\cur1,sz,k¢iﬂf ¥ =¥ lleuro.r (1.16)

L EXn

Since Lo(u — wy,) is an analytic function by (VIII) and the geometry I' = 9B (0) is analytic so is the dual
solution . As discussed in Proposition [Z.5] one has the following analytic regularity assertion:

(X) Given r € X, the solutions 1, ¥, € X of Ax(-,9,) = T13(-, Lar) and Ak(,,93) = (-, Lar)) are
analytic in Q and satisfy ¥, ¥, € A(Ck®||r||curl,0,k,7y) for some C, 7, a > 0 independent of k and r.
The analyticity classes A are introduced in Def.

10



Since, by (X)), the solution % in (LI6) is analytic, exponential approximation properties of hp-FEM spaces
will be able to offset the algebraic factor &% in (II6). Indeed, we will show in Lemma B5] () for Nédélec
elements of degree p that the infimum in (LI6) decays exponentially in p (provided that kh/p is sufficiently
small).

1.3.2 Treatment of T,: the k-explicit Duality Argument for II1¢%*v,,

The analysis of the terms 75 = ((eh, HC“rl’*vh)) and T3 = ((eh,l_[c‘”l’*vh — qurl’*vh)) and arising in (7))

requires us to make the decompositions v, = II¢"*v, + IV *v), = qurl’*vh + HZ’*vh in a more careful,
k-dependent way. The stability property m implies ||Hv’*I{QVHCMLQJC < OHHQV”CUYLQJC < C”Vchrl,Q,k
with C' > 0 independent of k so that

[T Ho v eurton < C|V]|eur. 0.k (1.17)

again with C' > 0 independent of k (cf. also (Z23L)). These favorable estimates for Hov instead of v directly
suggest that we should study, for v;, € X, the following decompositions instead of (L) (LA):

vy, = [Py, IV Hovy,  with  TIOMP* := Lo + T Hg (1.18)
vy = Hzomp,*vh + HZ)*HQV]-L with Hzomp,* = Lo + H(;Lurl’*HQ. (119)

and consequently replacing T and T3 by T = ((ep, T°™P*v,)) and Ty = ((en, ITeomP*yy — T30 P " vy,))
The duality argument for To = ((ep, H™P*v,)) = ((en, Lavy)) + ((eh, chrl’*HQVh)) is split into two duality
arguments. For the first term, one observes again that Lqvy, is analytic and so will be the appropriate dual
solution by (XI), which in turn means that exponential approximability of hp-FEM space can be brought to

bear. For the second term, the duality argument requires much more care since II°*"* Hovy, has only finite
regularity. We have (cf. Prop. [[.2):

(XI) The solution ¥ of Ag(-,v) = ((, HC“r1=*ngvh)) can be decomposed as ¥ = P2 + 1P 4 with k?[|1p 2| +
1Y p=lla20) < CllHova|cunor < Cllvallcun,or and ¥ 4 € A(Ck®||Hovalcur ok, 7, 2) for some C, v,
a > 0 independent of k (cf. Def. for the definition of the analyticity class A).

The decomposition of (XI)) into a part > with finite regularity in conjunction with k-uniform control of the
second derivatives and an analytic part ¥ 4 is shown in Section [T.2} it relies on a solution formula based on
Green’s function for the Helmholtz equation and the decomposition is then inferred from the one developed
in [39].

1.3.3 Treatment of 75: Estimating (ITeomp-* — TP ) v,
For the final term, T = ((en, (ITeomp-* —I,°MP*) v)), a new type of duality argument appears. We start by
writing

T3 — ((eh’ (Hcomp,* _ H;:Iomp,*) Vh)) _ ((e}“ LQ (Hcomp,* _ H;:Iomp,*) Vh)) + ((eh, HQ (Hcomp,* _ Hzomp,*) Vh))
= T3,1 + T3,2-

Exploiting the analyticity of Lg (II°°™P* — II;"™*) vy, the first term, Ts1 can be treated by a duality argu-
ment as in Section [[3Il For the second term, T3 5, we use (IX)) to estimate

Ts.2] = |((en, Ho (TI™P* — TP vy)) | < Cllenllewrtarll (TP — T™P) v [leurt, ok

= Cllenllcun,ok (k|| (TP * = TLP7) vy )

where, in the last step, we used curl (II°°™P-* — I[P} vj, = 0. The term k "(Hcomp=* — II;7P) VhH is
estimated by

@
(k[ (reomes —T52mP) v [[) < Re (1072 = TP7) vy, (IFO7P — T0P) v))

(u:::m) Re (((I _ HE) 1-1(301nr1p,*vh7 (Hcomp,* _ H;:Iomp7*) Vh))

11



=Re ((Hq (I — IIf7) TIO™P "y, (IIOMP* — TIO7P) v )
+ Re (Lo (I = II7) TIO™P* vy, (ITO7P* — TP v )) =: Tyr+ Tuo.

From (LI4) in (IX]), we get ‘ﬁ,l‘ < O (k|| (TIeomp= — IL™P) v ||) (K| (I — IIF) TI°°™P*vy, ||). We remark
that the above argument glossed over a minor point: In view of the modified definition of the decomposition
(CIY), (LI9), we have to require that the operator II¥ be additionally defined on the space of smooth functions
(in (), the operator HE is only defined on Vg, + X}) and satisfy some appropriate stability properties.
The term [|(I — IIF) II°™P*v,, || can be estimated as follows in view of the definition (LI8):

(1 =T Ty | < (1= XU L] + | (1 = TIF) 10 Hog | = T + T

For Nédélec elements of degree p, Theorem [B.3] provides an operator HE (its restriction to the reference element
K is denoted there Hf,“rl’c) that is also defined on (elementwise) smooth functions and has good polynomial
approximation properties. In particular, by the analyticity of Lovy, the term 75 ;1 is exponentially small in

the polynomial degree p for Nédélec elements. The term T572 can be controlled by the assumption (VId) and
the stability bound (I7) as

~ 0O .
Tso < n2®|IHovilleunor <  7225C||Vallewlok-

The term TV4)2 requires a duality argument that exploits the orthogonality property (II0). Specifically, the
dual problem is to find ¢ € H*(Q) such that

((w, VJ)) — ((LQ (I = TIE) [Tomp -ty v{/?)) Vo € HY(Q). (1.20)

Solvability is ensured by (II). The analyticity of Lq (I — IIF) II°®™P*v), and 99 give that v is analytic; we
have by Proposition [T.4] (problem ([.20)) is of Type 2 discussed in Sec. []):

(XII) The solution % of the problem (L.20) belongs to an analyticity class ¢ € A(Ck*||va|lcuro.k,7,2) for
some C', o, v > 0 independent of k

We obtain, noting that (II°°™P* —II;°™P*)v, satisfies the same orthogonality condition (LI0) as the difference
(IIcurL* __IICUTL*>V
h

hs

Tiz = (o, (s =5 yv) B0 inp (9 — ), (omee — 5 vy)

C13) .
< Ck3¢igg [V (% = ¥n)lleurt,0p | (TP — TL P ) v | cun, 0,k
h h
=Ck® inf (k[[V(¥ —n)||) (]| ITO™P* — TP ) vy |]);
PR ESH

a more detailed argument can be found in the proof of Prop.

The main result of the present work is quasi-optimality of the H(€2, curl)-conforming discretization: In Theo-
rem [LT5] we present a fairly abstract convergence result (which is not fully explicit in k). In Theorem [£17] we
consider high order Nédélec elements and the specific situation of the unit ball B;(0) and show quasi-optimality
of the Galerkin discretization under the scale resolution condition (ITJ).

2 Maxwell’s Equations

In Sections 2.1] and we introduce the strong form of the Maxwell problem first in the full space R? and
then in an equivalent way on a bounded domain. At this stage we are vague concerning the precise function
spaces and mapping properties of trace operators. The variational formulation of the problem in a bounded
domain is given in Section [2.4] where also the appropriate function spaces are introduced.

12



2.1 Maxwell’s Equations in the Full Space R3

We consider the solution of the Maxwell equations in the full space R? with Silver-Miiller radiation conditions
at infinity. The angular frequency is denoted by w, the electric permittivity by €, and the magnetic permeability
by p. We formulate the problem in terms of the wavenumber k = w,/efi, the scaled magnetic field H= \/EH,
and the scaled electric charge density 7 =+/u/ej: Find the electric field E and the scaled magnetic field H
such that _ _

curlE—-ikH =0 and curlH+ikE=73 inR3,

~ X c X = c (2.1)
‘E—Hx—‘g—z and ‘Ex—+H‘§—2 for r = ||x|]| = o0
r r r r

is satisfied in a weak sense. Throughout the paper we assume that the data 7 satisfies the following Assump-
tion 2Tk which is sufficient to prove quasi-optimality of the Galerkin discretization (cf. Theorems 15| [17)
while further assumptions on j are needed to obtain convergence rates (cf. Corollary F1T)).

Assumption 2.1 (Q, T', right-hand side J) a) The scaled electric charge density 7 is a compactly supported
distribution (functional on the space Hioe (culrl7 R3) defined in Section [2.3) in the sense that there exists a
bounded, smooth Lipschitz domain Q C R3 with simply connected boundary T := 0S) that satisfies suppj C .
We denote by n the unit normal vector on the boundary I oriented such that it points into the unbounded
exterior QF = R3\Q.

b) The wavenumber k is considered as a real parameter in the mnge@

k> 1. (2.2)

2.2 Reformulation on a Bounded Domain

Assumption 2] allows us to formulate problem (2.]) in an equivalent way as a transmission problem. For this
we have to introduce in (23] the trace operators II7 and vz, which map sufficiently smooth functions u in
to tangential fields on the surface I' while the trace operators H; and 7:,"5 denote the corresponding traces for
function u™ in the exterior domain Q+:

Iy :u+—n X (ur xn), Y7 :u—ulr X n, (2.3)
I} :ut —»nx (uf|r xn), 7f:uf—utrxn '
This allows us to define the jumps for sufficiently smooth functions w in the interior and w* in the exterior
domain:

[(W,W+)}07F = WTW—W}FW"’, [(W,W+)] L TOT curlw—w}r curlwt. (2.4)

With this notation, the problem (ZI)) takes the form: Find E, E*, H, HT such that

curlE —ikH =0, curlH+ikE=3 inQ, (2.5a)

curlEY —ikH' = 0, curl HY +ikEt =0 in O, (2.5b)

[(BED)]pr =0, [(B.ET)], =0, (2.5¢)

(2.5d)

‘EJF—IjI"’xE gi, ‘E+x§+ﬁ+‘§£ for r = ||x|| = oc. (2.5¢)
r r2 r r2

The key role for formulating this problem as an equation on the bounded domain 2 is played by the capacity
~1/2 (T') the value of v H* on T’ where (E+, ﬁ"’) solves the

curl
homogeneous Maxwell problem in the exterior domain Q7 with Silver-Miiller radiation conditions at 0o (ie.,
2.35D), [Z5d)) together with Dirichlet boundary conditions 75 ET = g7 x n. That is, Tygr = v H*.

operator Ty. This operator associates to gr € H

2The condition k > 1 can be replaced by k > kg > 0. Our estimates remain valid for all choices of kg > 0. The constants in
the estimates are uniform for all k > ko while they depend continuously on ko and, possibly, become large as kg — 0. We use
[22) simply to reduce technicalities.

13



Remark 2.2 From [[6, Lemma 5.4.3, Thm. 5.4.6E| we conclude that the exterior homogeneous Mazwell

equations with given Dirichlet data g € Hgii/Q (), i.e., ’y}rEJr = g on I', for the electric field has a weak
solution ET € Hye (curl, Q1), which is unique and satisfies

||E+||cur1,BR(0)mQ+,1 < Cro Hg”H;i/Q(F) ’

where Bg (0) is a ball with radius R centered at 0 such that Q C Bgr (0) and Cr.q is a constant which only
depends on () and R.

This implies that the capacity operator T, : H;ulr{Q () — H;ii/ () is continuous. .
The Maxwell equations on the bounded domain are given by

curlE —ikH = 0, curlfI—i—ikEzj in Q,

yr curl E — i kT II7E =0 on I

Eliminating H from these equations we arrive at the Maxwell equations for the electric field on a bounded

domain 2
curlcurl E — k2E = i kj in Q,

yrcurl E —i kTR IIrE=0 onT. (2.6)

2.3 Sobolev Spaces in 2 and on I

We introduce the pertinent function spaces.

2.3.1 Sobolev Spaces in ()

By H*®(Q) we denote the usual Sobolev spaces of index s > 0 with norm ||| . (). The closure of C§° (£2)
functions with respect to ||-[| (o) is denoted by Hg (2). For s > 0, the dual space of Hj () is denoted by

H—5(Q). If the functions are vector-valued we indicate this by writing H* (Q), H§ (). For details we refer
to [1].
The energy space for the electric field is given by

X :=H(Q,cul) := {u e L* (Q) | curlu € L* ()} (2.7)
equipped with the indexed scalar product and norm
(f, g)curl,sz,k = (curlf, curlg) + k? (f,g) and Hchurl,Q,k = (f7f)(131/1f],97k17 (2.8)

where (-, -) denotes the L? (Q)-scalar product

(F.g) = /Q (£.g). (2.9)

Here, (,-) is the Euclidean scalar product in C* (with complex conjugation in the second argument). The
dual space of X (i.e., the space of continuous linear functionals on X) is denoted by X’ and the anti-dual space
X (i.e., the space continuous anti-linear functionals on X) is denoted by X*. We also introduce the space

H (Q,div) :== {ue L*(Q) |divue L* (Q)}. (2.10)

For unbounded domains D C R? we denote Hj,. (D, curl) the space of all distributions f with the property
that of € H (D, curl) for all smooth, compactly supported functions ¢ € C§°(R3).

2.3.2 Sobolev Spaces on I'

The Sobolev spaces on the boundary I' are denoted by H*® (I") for scalar-valued functions and by H?® (T")
for vector-valued functions. The range of differentiability s depends on the smoothness of I'. To avoid
such technicalities, we assume throughout the paper that the boundary I' is sufficiently smooth so that the
Sobolev spaces H* (I'), H* (T") are well defined. A formal definition may be found in [32]; however, below

3The function spaces appearing in these statements will be introduced in Section [Z31
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and throughout this work, we will use the characterization in terms of expansions via eigenfunctions of the
Laplace-Beltrami operator. We will need the space L% (T) of tangential vector fields given by

LZ(T):={veL*T)|(n,v) =0on T} (2.11)

For a sufficiently smooth scalar-valued function v and vector-valued function v on I', the constant (along the
normal direction) extensions into a sufficiently small three-dimensional neighborhood U of T is denoted by u*

-
and v*. The surface gradient Vr, the tangential curl curlp, and the surface divergence divp are defined by
(cf., e.g., [46], [9])

Vru = (Vu*)|p, cu—rhzu :=Vruxn, and divpv = (divv")|p onT. (2.12)
The scalar counterpart of the tangential curl is the surface curl
curlp v := ((curl v*) |, n) on I (2.13)
The composition of the surface divergence and surface gradient leads to the scalar Laplace-Beltrami operator
Aru = divr Vru. (2.14)
From [46, (2.5.197)] we have the relation
divr (v x n) = curlp v. (2.15)

The operator Ar is self-adjoint with respect to the L? (') scalar product (-, ). and positive semidefinite. It
admits a countable sequence of eigenfunctions in L? (I') denoted by Y;™ such that

— AF}/@m = /\[}/Zm for ¢ = 0,1,... .and m € 1. (216)

We choose the normalization such that (YZ’”, Yg’/”/) = Om,m’ 0, holds. Here, ¢¢ is a finite index set whose
r

cardinality equals the multiplicity of the eigenvalue A;, and we always assume that the eigenvalues A, are
distinct and ordered increasingly. We have A\g = 0 and for £ > 1, they are real and positive and accumulate
at infinity. By Assumption 2] the surface I' is simply connected so that A9 = 0 is a simple eigenvalue.
From [46], Sec. 5.4] we know that any distribution w, defined on the surface T', can formally be expanded with

respect to the basis Y™ as
o0
=3 vy
£=0 mEvy

The space H?® (T') can be characterized by

H* () = {w € (C= @) | lwllfrery = D Beo+2e)" Y g < 00} (2.17)

=0 meEly

with Kronecker’s 6 ¢. A norm on H* (I') is given by ||| = py.-
Next, we define spaces of vector-valued functions. By [46] Sec. 5.4.1], every function vy € L2 (I') can be
written in the form

= —
vi= %" (v;“curlpyﬁ + V;”VFY[”) , (2.18)

=1 mcuy

where the coefficients satisfy >3,2, Ae > ¢, (|v}”|2 + |ng|2) < co. We set

2 s m|2 m)|2
IVl = DoAY (P + V). (2.19)
{=1

metuy

A tangential vector field vy can be decomposed into a surface gradient and a surface curl part as vp =
veurl 4 vV where (cf. 2I8)

o) m m ur o m m
V= N e, VEVRY and v = Y, opeurlr (2.20)
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Remark 2.3 For gradient fields Vi we have (IIp V)™ = 0 and (Il V)Y = Vre. .

The decomposition (2Z20) allows us to express the operators curlp and divr and the corresponding norms in
terms of the Fourier coefficients: for a tangential field v of the form (ZI8]), the surface divergence and surface
gradient are defined (formally) as in [46], (5.4.18)-(5.4.21)]

divp vy = i Y, Z V'Y, and curlp vy = i Y, Z vt Y. (2.21)
=1

metLy =1 mevy

The H*® (T') norm (cf. 2IT)) of curlp (-) and divr (-) can accordingly be expressed in terms of the Fourier
expansions:

leurly Vo |3y = A2 D o and [ldive v |3 ey = DA Y VR (2.22)
=1 =1

meEtiy meEly

We define

Vel 1 cante = Do AS D0 (20 P+ V) 2Z3n)
{=1

mety

2 1/2 m 2 m|2
Vel s naie = Do A2 D (108 + (L 2 V) Z23)
/=1 meLy

The spaces H_ /2 (") and H;iiﬂ (T) allow for orthogonal decompositions on the surface I'. From [46], (5.4.20),

curl

(5.4.21)] we conclude that

vr € H;ii/Q (I') <= vrisof the form 2.I8) and [[vr[l_; /5 givy. < 00,
vp € H_ /2 (I) <= vrisof the form @.I8) and [[vr|l_; /5 ey, <0

curl

holds. The system {Vngm,curlegm} forms an orthogonal basis in L2 (I') (cf. |46} § after (5.4.12)]) so that

vV, vC““)LQT =0 WeLL(I). (2.24)
The following theorem shows that H~/2(divy, T') and H~/2(curly, T') are the correct spaces to define contin-

uous trace operators.
Theorem 2.4 The trace mappings

My X — H_ (), yr : X — H/? (D)

curl
. L. . . e —1/2
are continuous and surjective. Moreover, there exist continuous liftings Ecurl,: chr{ (T) = X and Egiv,:

H;ii/ 2 (T) = X for these trace spaces which are divergence-free.

For a proof we refer to [13], [46, Thm. 5.4.2]. For a vector field u € X, we will employ frequently the notation
ur := IIpu. The continuity constant of Iy is

v
CF — H T ||71/2,CUI‘11" (225)

veX\{0} HV“curl,Q,l

The spaces H71/2(I‘) and H;\l,/z (T') are in duality with respect to L%(T), i.e., (-,-)r extends continuously to

curl

the duality pairing H_./*(T') x Hy/*(T') and, cf. [46, Lemmas 5.3.1, 5.4.1],

curl

\(ur, v)r| < lurl| -1 jpente VP -1 /200 Yar € HLMA(T),  vp € HLM(D). (2.26)

curl curl
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2.3.3 The Analyticity Classes A

We introduce classes of analytic functions whose growth of the derivatives (as the order of differentiation grows)
is controlled explicitly in terms of the wavenumber k. For smooth tensor-valued functions u = (u;)ier on a
open w C RY, where I is a suitable finite index set and using the usual multi-index conventions o = ()
we set |a] = a3 + ... + ag, and abbreviate

Tu@l= 3 3 (2) 0% @)

aeng i€l
|C|=n

s=1’

2, <”> S ”' o DY=orer.op. 220)
We then define:
Definition 2.5 For an open set w C R? and constants Cy, v1 > 0, and wavenumber k > 1 (cf. (Z2)), we set
A(C1,m,w) = {u € L* () | [V"ull gz < Ciof max{n + 1,k}" ¥n € NO} :
A% (Cyym,w) = {u €L (w) | V"]l poo(py < CrrT'n! Vn € NO} .
For the unit sphere T in R® and constants C1, 1, and the wavenumber k > 1, we set
A(Cry,T) i= {£ € L3 (1) | IVEE] o (ry < Cuvf max {n+ 1, k)" Vn € No |
where Vr denotes the surface gradient as in (212) and the application of V} to f is defined componentwise.

Membership in the analyticity class A is invariant under analytic changes of variables and multiplication by
analytic functions:

Lemma 2.6 Let d € N and wy, wo C R? be bounded, open sets. Let g : wi — wy be a bijection and analytic
on the closure wy, i.e., there are constants Cy, Cginv, Vg Such that

g€ A%(Cq,vg,w1)  and  [1(9") "z (wr) < Cginy-

Let f be analytic on the closure w3, i.e., f € A®(Cy, v, wa) for some Cy, v¢. Let u € A(Cy, Yu,w2) for some
Cu, Yu. Then there are constants C', v > 0 depending solely on Cy, Vg, Cginv, Yu, Vf, and d, such that
u:=f-(uog) satisfiesu € A(C'CyCy,7,w1) .

Proof. The case d = 2 is proved in [34, Lemma 4.3.1]. Inspection of the proof shows, as was already observed
in [39, Lemma C.1], that it generalizes to arbitrary d € N. m

2.4 Variational Formulation of the Electric Maxwell Equations

We formulate (2.6)) as a variational problem. We introduce the sesquilinear forms ay, by, Ax : X x X — C by

ar (0, v) = (curlu, curlv) — k2 (u,v), by (ur,vr) := (Trur,vr)p,
A () = ag () — Dby (T, Thg) v B ©.28)

Then, the weak form of the electric Maxwell equations on a bounded domain €2 C R® with transparent
boundary conditions reads:

given F € X* find E € X such that Ay (E,v) =F (v) v e X. 2238b)
Note that the strong formulation (Z.6]) corresponds to the choice F(v) = (ikJ,v) in (2280).

Theorem 2.7 Let Assumption [Z1] be satisfied. Let Ay have the form (228d). Then, for every F € X*,
problem (Z288) has a unique solution.
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Proof. Let Br(0) denote a ball centered at the origin with sufficiently large radius R such that Q C Bg (0).
We consider the electric Maxwell equation in B (0) of the form: Find Er € H (Bg (0), curl) such that for all
v € H(Bg(0), curl)

(Curl Eg, Cuer)Lg(BR(O)) — K (ER, V)L2(BR(O)) —ik (Tk,RER,T; VT)LQ(aBR(O)) =FR (V) , (229)
where T g is the capacity operator for the exterior domain R3\ Bg (0) and Fp is the extension of F by zero,
ie., Fr(v):=F(v|y). In [46, Lem. 5.4.4 (with I = () therein)] an ansatz Er= ugr + Vpg is employed, where
up and pr are the solutions of a variational saddle point problem. In [46, Thm. 5.4.6], an inf-sup condition
is proved for this saddle point problem which implies the well-posedness of [2.29). The construction implies
that E := Eg|, then satisfies (2228h]). On the other hand, every solution E of (2:228L) can be extended to a
solution of ([229) by employing the well-posedness of the exterior Dirichlet problem, [46, Thm. 5.4.6]. Since
(Z29) has a unique solution also the solution of (Z28b) is unique. m

3 Discretization

3.1 Abstract Galerkin Discretization

Let X;, C X denote a finite dimensional subspace. The Galerkin discretization of ([2:28) reads: Find Ep, € X,
such that
Ak (Eh,Vh) =F (Vh) Vv, € Xp,. (31)

For the error analysis we will impose an assumption (Assumption ELT4)) on the space X, by requiring the
existence of a suitable projection onto the space Xj. Also for the error analysis we will make use of a space
Sh, such that the following exact sequence property holds:

Sy —Y s X, = el X, (3.2)

In the next section we will introduce the Nédélec space N 117(771); for the choice X;, = N’ ZI, (T1), we will perform
the error analysis explicitly in the wavenumber k, the mesh width i and the polynomial degree p.

3.2 Curl-Conforming hp-Finite Element Spaces

The classical example of curl-conforming FE spaces are the Nédélec elements, [45]. We restrict our attention
here to so-called “type I” elements (sometimes also referred to as the Nédélec-Raviart-Thomas element) on
tetrahedra. These spaces are based on a regular (no hanging), shape-regular triangulation 7j, of Q C R3. That
is, T, satisfies:

(i) The (open) elements K € Tj, cover Q, i.e., Q = UgeT, K.

(ii) Associated with each element K is the element map, a C'-diffeomorphism Fj : K — K. The set K is
the reference tetrahedron.

(iii) Denoting hy = diam K, there holds, with some shape-regularity constant -,
B IFfel e iy + il (FR) ™ iy <7 (3.3)

(iv) The intersection of two elements is only empty, a vertex, an edge, a face, or they coincide (here, vertices,
edges, and faces are the images of the corresponding entities on the reference tetrahedron K ). The
parametrization of common edges or faces are compatible. That is, if two elements K, K ! share an edge
(i.e., F(e) = Fg:(e') for edges e, €' of K) or a face (i.e., Fx(f) = Fk/(f') for faces f, f' of K), then
Fgl o Fyxs : f' — f is an affine isomorphism.

The following assumption assumes that the element map Fx can be decomposed as a composition of an affine
scaling with an h-independent mapping. We adopt the setting of [39, Sec. 5] and assume that the element
maps F of the regular, v-shape regular triangulation 7, satisfy the following additional requirements:
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Assumption 3.1 (normalizable regular triangulation) Each element map Fx can be written as Fx =
Ry o Ak, where Ak is an affine map and the maps Ry and Ay satisfy for constants Caffine, Cmetric, ¥ > 0
independent of K :

HA/K”Loo(f() < Chaffinehirc ”(A/K)%”Loo(f() < Cafﬁnehl}l

H(R/K)ilHLao(f() < Chetrics ”vnRKHLm(f() < Cmctric")/nn! Vn € Np.

Here, K = Ag(K) and hg > 0 is the element diameter.

Remark 3.2 A prime example of meshes that satisfy Assumption[31] are those patchwise structured meshes
as described, for example, in [39, Ex. 5.1] or [3]], Sec. 3.3.2]. These meshes are obtained by first fixing a
macrotriangulation of Q; the actual triangulation is then obtained as images of affine triangulations of the
reference element. .

On the reference tetrahedron X we introduce the classical Nédélec type I and Raviart-Thomas elements of
degree p > 0 (see, e.g., [42]):

Pp(K) = span{a* [[a| < p}, (3-4)
N (E) = {p(x) + = x a(z) | p,a € (Py(K))}, (3-5)
RT,(K) = {p(x) + zq(x) | p € (Pp(K))*,q € Pp(K)}. (3.6)

The spaces Sp4+1(7Th), NL('E), RT,(71), and Z,(7) are then defined as in [42} (3.76), (3.77)] by transforming
covariantly the space N ;(I? ) and with the aid of the Piola transform the space RTp(I? ):

Sp11(Th) == {u € H'(Q) |ulk o F € Ppy1(K)}, (3.7a)
N(Th) = {u € H(Q, cul) | (Ff)Tulk o Fx € NL(K)}, (3.7b)
RT,(T) := {u € H(Q,div) | (det Fi)(Fj) 'ulx o Fx € RT,(K)}, (3.7¢)
Zy(Th) = {u € L*(Q) | u|x o Fx € Py(K)}. (3.7d)

A key property of these spaces is that we have the following exact sequence, [42]:

R —— Sp41(Th) —— Np(Th) == RT,(T,) — Z,(Th). (3.8)

4 Stability and Error Analysis

4.1 The Basic Error Estimate
4.1.1 Preliminaries

The basic error estimates for curl-conforming Galerkin discretization involve some k-dependent sesquilinear
forms and corresponding k-dependent norms which, in turn, are based on Helmholtz decompositions on the sur-
face I'. With start this section with these preliminaries. For the proof of the basic error estimate (Thm. T3],
we introduce the sesquilinear form ((-,-)) : X x X — C by

(u,v)) :==k? (u,v) +ikb; (u¥,vV). (4.1)

We need some definiteness assumptions for the sesquilinear form by (-,-). Throughout the paper, we will
assume:

Assumption 4.1 The sesquilinear form b : X x X — C of (228d) satisfies

Im by, (uv, uv) <0 and Imby (uC“rl, uC“rl) >0 VuelX, @)
Reby (v, vr) >0 Vv € X\ {0}

and
b (uv, chrl) = by (ucurl,vv) =0 Yu,v € X. E2b)
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For Q) being the unit ball, the statements in Assumption 1] are proved in [46, Sec. 5.3.2]; see also Rem. .41
Assumption (£2]) implies in particular:

Ag, (u,v) = (curlu, curl v) —i kb (ucurl, chrl) = ((u,v)), (4.3)

Ar(u,Vp) = — (0, V)  VYueX, ¢ecH(Q). (4.4)

The stability and convergence analysis of the Galerkin discretization (BI]) involve a) some frequency splittings
on the surface I' and in the domain € as well as b), some Helmholtz decomposition for the space X. These
splittings will be defined next while their analysis (for the case of the unit ball) is postponed to Section [Bl

Definition 4.2 (frequency splittings) Let A > 1 be a parameter. For a tangential field with an expansion
of the form (218), the low-frequency operator Lr and high-frequency operator Hr are given by

—
Lrvy := Z Z (vgncurlegm + ngVpYém) and Hr:=1— Lr.
1<0< Ak mErg

The mapping Lq : X — X is the solution operator of the minimization problem:

Lol gy 0k = f}gg 1Vl curt, 0, - (4.5)

HTV:LFUT

Set Hg := I — Lq. We introduce the notation

ILoullour,0 [1Hou e 0.6

cho L (46)
ueX\{0} Hu”czurl,ﬂ,k ueX\{0} Huchrl,QJq
Remark 4.3 Since
Xp := {W eX | IIrw = 0} (47)
is a Hilbert space with respect to || - ||cur,,k, the operator Lo : X — X is well-defined and bounded and

linear (see also [51] and [52, Lemma 8.8]). The function Lou can be characterized equivalently to (4.9) as the
solution of the following variational problem: Find Lou € X with Illp Lou = Lrur such that

(curl Lou, curl w) + k? (Lou, w) = 0 Yw € Xo. (4.8)
The strong formulation of [{{.§) is thus

curlcurl Lou + k2 Lou =0 in Q, E3h)
HTLQU = LFuT on 0f2. (Egb)

By applying the divergence operator to (4.9d) we get
diV LQU = 0 mn Q, (m:)

Clearly the following commuting properties are valid
IrLg = Lrlly and TIpHg =y — Lelly = (I — Ly) Iy = Hrlly. (4.10)

Remark 4.4 For the special case of a ball @ = By (0), we will derive in Section [5.3 k-independent estimates
for the continuity constants C'kL’Q and C,f’ﬂ. In the general case, one can show estimates of the form CkL’Q <
Ck and C',?’Q < 14-Ck for some C > 0 independent of k by the following argument based on the (k-independent)
lifting operator Ecup : H_1/2(F) — H(Q, curl) provided by Theorem [2.4 The ansatz Lou = U — Uy with

curl
U =&.uniLrur leads to the equation

curlcurl Uy + k?°Uy = curleurl U + kU in Q,II; Uy =0 on 09.
Hence,

HUochrl,Q,k < ||U||cur1,sz,k <Ck ||LF‘J-T|L1/2,f;11r1F < Ck ||uT||71/2,curlp < CCrk ||u||cur1,sz,1 < CCrk Huchrl,sz,k

from which we get ||Laul| 0 < ékHuchrl,Q,k? i.e., C,f’ﬂ < Ck. The triangle inequality gives C,f’ﬂ <
1+ C:’Q. ]
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The operators Lr and Lg map into low frequency modes which correspond to smooth functions (since the
eigenfunctions Y,;™ are smooth by the smoothness of I') and, hence, can be approximated well by hp finite
elements. We also use the operators Lrr and Hr to define the high- and low frequency parts of the sesquilinear
form by,.

Definition 4.5 The low- and high-frequency parts of the capacity operator and the sesquilinear form by are
given by .

T = TiLr, 1" = TiH,

blkow (7) = bk ('7LF')7 bklg (7) = bk (7HI‘)

The continuity constants of the high-frequency parts of by, are given by

lekhigh —k s max {‘bk (uV7 (Hﬂv)v>’ , ‘bk ((ng)v ,Vv) ’}

u,veX\{0} ||U-||cur1,sz,k ||V||cur1,sz,k

curl,high k ’bk ('u_curl7 (HQV)Curl) ’
LR | @)

u,veX\{0} ||u||cur1,ﬂ,k ||V||Curl,Q,k

(4.11)

, B12h)

Lemma 4.6 The capacity operator T, : H;ulr{2 T) — Hd_i}// *(T) is continuous with continuity constant

CDtN,k = ||Tk < 0o0. (4.13)

—1/2 —-1/2
”Hdiv/ (I)«H_ (1)

irl

The sesquilinear form Ay : X x X — C is continuous. For all u,v € X it holds

max {| Ay (0, V)|, [(@, V)[} < Ceont,k ||u||cur1,sz,1 ”Vchrl,Q,l with Ceont,k = K+ C%CDtN,kka (4.14)

high , high H,Q V,high
max {|((u, Hov))| , [(Hou, v))[} < Cb,kg ||U-||cur1,sz,k ||V||cur1,sz,k with Cb,kg =0+ G &, (4.15)

max{|Ar(Hou, V)|, |Ax(u, Hov)|} < Cigrgl}t],k||u||curl,Q,k||V||Cur1)Q7k (1.16)
with C?;i?)k = C]?’Q + Cg:;:lvhigh + CZY];high~

Proof. The continuity of T : Hc_ullf T — H;i}/ %(I) is asserted in Remark For the sesquilinear form

Ay we employ
|Ak (u,v)| < ||u||cur17Q,k ||V||cur1,Q,k + k [by (ur, vr)|.

For the last term, we obtain

klby (ur,vr)| = k|(Tear,vr)pl < kTeurl_y 0 givy VTl -1 /2 curir

S CDthkk ||uT||—l/2,Curlp ||VT||—1/2,curlr S C%ODthkk ||u||curl,Q,1 ||V||Curl,Q,1 . (417)
For the continuity bound of the sesquilinear form ((-,-)) we obtain similarly as before
([

(@, V)| < & uf? V] + Coov sk [[u¥]]

1/2,curlp 1/2,curlp

2 (10112

< k’2 ||U.|| ||V|| + CDtN7kk ||uT||71/2,curlp ||VT||71/2,curlp

< Ceont,k ||u||cur1,sz,1 ||V||cur1,sz,1 :
For the high frequency estimate of ((-,-)) we employ
v
(o, Hev))l < (k [[ull) ((k |1 Hav]) + & [be (u¥, (Hav)Y )|
H,Q V,high
< (k[jual) €y ||V||cur1,ﬂ,k + Gy ® ||u||cur1,ﬂ,k ||V||Curl,Q,k

H,Q V,high
< (Ck + Cb,k ® ) ||U-||cur1,sz,k ||V||cur1,sz,k'

The estimates with interchanged arguments follow along the same lines. The bound (@I6]) follows similarly.
]
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Next, we introduce frequency-dependent Helmholtz decompositions for the space X. Let V C H' () be a
closed subspace (the choice V = H! () is allowed). Note that this implies VV C X. Consider the problems

Given w € X, find IIyw € VV st (([Iyw,§) = (w,§)  VEeVV. (4.18)
Given w € X, find IV *w € VV  s.t. ((g,n}?*w)) = (€&, w) VEEVV. (4.19)

Lemma 4.7 Let assumption [£.2d) be satisfied. Let V.C H' (Q) be a closed subspace. Then, problems (7.18)
and [f-19) are both uniquely solvable. Thus, the operators H‘Y and Hg’* are well defined.

Proof. The definiteness of Tm by, ((-)v , (-)v) (cf. (E2R]) leads to
Re ((VE, V&) = (k [ VE])* ~ kImby, (V)T ,(V)7) = kIIVEI) ¥ € H'(9). (4.20)

From (&I4) we furthermore get |(w,VE))| < Ceont i |Wllcurn, 2,1l VE[lcuro1 = Ceont k| Wlleur,,1 (K| VE]),
which shows the well-posedness of Hg. The well-posedness of Hg’* is shown analogously. m

For V' = S}, we abbreviate IT§, by Ty and Hg};* by II"* while for V = H' (Q) we use the shorthands TV

for Hgl(ﬂ) and IIV>* for Hffl*(ﬂ)'
A central role in the analysis is played by the spaces (cf. [46, p.220])
Vo={ueX| (V=0 VEecH (Q)} Xl {ueX|A(u,VE) =0 VEe H'(V)}, (4.21a)
Vi={ueX| (V&) =0 VéEe H' (Q)} X {ueX|A4,(VE&u) =0 VEe H'(O)}. (4.21b)
These spaces of divergence-free functions are the ranges of the operators II°! and II°"""* given by
mew!.— 7V, ewhs .= v, (4.22)
Lemma 4.8 Let Assumption [[.1] be satisfied. There holds for all v.e X
||Hv"*HQVchr1,Q,k < Ol?,ikgh IVl cur, 0,5 @.23n)
e vy g < (CFF + O Wl @2Z3)

Proof. We employ (@20) and curl IIV* Hov = 0 to obtain

@&1m .
(k HHWHQvH)2 < Re (V" Hqv,1IV*Hov)) = Re (IV*Hqv, Hov)) < O};‘j,fhk Y Hov || 119l curtop

so that ([@Z3R) follows. Estimate ([@Z3H) is obtained from (Z23R) and the triangle inequality using [Te"h* =
[TV

D), @238 H,Q V,high
HHCHrL*HQVchrLQ,k < ”HQVHCHYI,QJC + HHV1*HQVchr1,Q,k - (Ck + Obxk * ) HV”CUTLQJC'
]
It is finally convenient to introduce the discrete counterparts of these operators:

qurl =] — HX7 qurl,* N HZ,* (424)

The operators IV and II°"™ (analogously ITV:* and I1°**) can be used to define a Helmholtz decomposition
of u € X into a gradient part and a divergence-free part. Since favorable stability properties of IIV (and
thus also of II°™!) will only be available for high-frequency functions, the decomposition ([#25]) below involves
additionally the frequency-splitting operators Hg and Lgq.

Definition 4.9 (Helmholtz decompositions) For u, v € X we set
u = [1°"Pu + IV Hou  with I°™P := Lq + 1" Hg, #25h)
The adjoint splitting is based on the operator IIV* and given by
v = [[omP*y + TIV* Hov  with TIO™P* := Lq + IT°Wh* H,. #25b)
The discrete counterparts of these splittings are

u=IE"" u+ Y Hou  with I := Lo + ;™ Ho,

* * . mp,* url, * 426
v =Ty + 1Y " Hov  with TI5°™ := Lq + I H,. (4.26)
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The next lemma characterizes the spaces Vo and V§ in terms of the capacity operator Tj:
Lemma 4.10 Let Assumption[{.]] be satisfied. Then: u € Vy if and only if
u € X satisfies diva=0 inL?>(Q) A ik(un)+divp TpIll;u=0 in H V/2(D). (4.27)
Furthermore, v € V§ if and only if
divv=0 inL*(Q) A ik(v,n)—divpT ;Ipv=0 in H Y2(D). (4.28)

Proof. We only show the equivalence [£28)), since ([{.2T) follows by the same reasoning. Integration by parts
applied to the condition ((V¢,v)) = 0 yields, for all £ € H! (Q),

0= ((VE,V) = k2 (VE,v) +ikby ((vg)v ,vV) = k2 (&, divv) + B2 (&, (v,n))p + ik (Tk (VE)q, vr)p
= K2 (&, divv) + K2 (&, (v,n))p + ik (VE) g, Tyve)p
= —k* (&, divv) +ik (€, ik (v,n) — divy T ),

where T} is the adjoint of T}, given by

(k. ) = (. Tiw)r Vo € Ho (). (4.20)
Since@(i kTy)" = —ikT; = —ikT_j,this is equivalent to (£.23). m

Corollary 4.11 Let the right-hand side in (Z.288) be defined by F (v) = (1k3,v) for some 3 € H (2, div) with
divi=0and3-n=0 onI'. Then the solution E satisfies E € V.

Proof. The conditions divjy = 0 and - n = 0 imply (3, Vp) = 0 for all p € H'(Q). Hence, Ax(E,Vp) =
F(Vp) =0 for all pe H'(Q). By @2Ia) we get E€ V. =
Next, we will prove that the spaces Vo and V§ are subspaces of H! (2). For the special case of I" being the

unit sphere, the constants in the norm equivalences can be determined explicitly — these details can be found
in Lemma [B.11

Lemma 4.12 Let Assumption[{.1] be valid. Let Vo, V§ be defined as in {{-21]). Then,
Vou Vi c H (). (4.30)
There ezists a constant Cq > 0 such that
HuHHl(Q) < Cox Ul curan Yu e Vo U V5. (4.31)
Moreover, the mappings X 2 u +— ((ch“u, )) eX* and X3vm— ((, HC““’*V)) € X' are compact.
Proof. Let u € V. The function TyII7u is computed by first solving the exterior problem (cf. Remark [2.2))

curlcurlut — k2ut =0 in QF,

(0 )y =0 on T (432

with Silver-Miiller radiation conditions and then setting TjIIru 2#7; curlut. Since the tangential compo-
nents of u and u™ coincide on T, the function U : R® — C defined by Ul, = u and U|,, = u™ (and I’
considered as a set of measure zero) is in Hjoe (curl, R3). Then, for all v e C§° (R?’) it holds

(curl U, curl v) o gy ry — k* (U, VL2 sy = ak (0, V) + (curlu™, curl V)LQ(KH) —k* (ut,v) L2(0)

=ag (u,v) + (curl curlut — k?ut, V)LQ(Qﬂ — (7T curl uJ“,v)F

ak (u,v) — (yrcurlu®, V)F

ai (u,v) —ik (Tyur, vr)p = ar (0, v) —ikby (up, vr). (4.33)

4This follows by representing T}, by trace operators and boundary/volume potentials for the electric Maxwell equation as, e.g.,
explained in [I0], and by applying the rules for computing the adjoint of composite operators.
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If we test with gradients v = V¢ for ¢ € C5° (R?) we obtain

(Curl IJ7 curl v‘/))L?(H@\F) - k2 (U, VQD)L2(R3) = —k2 (U, VQD)L2(R3) = k2 (le U, (P)L2(R3) )

Rem. 23]

E33) .
(curl U, curl V)y o a1y — k* (U, Vo)remsy = ax(, Vo) —ikb (ur, (Ve)r) — (0, Vy)).

Since u € Vj implies ((u, Vy)) = 0, the combination of the previous two equations leads to divU = 0 in R3.
Hence
U € Hy, (R?,div) N Hioe (R?, curl) . (4.34)

Let Bg (0) denote the ball with radius 0 < R < co and centered at 0 such that Q C Bg (0).
Next, we show U € H! (Bg (0)). From ([34) we conclude that v := xU € Hie (R?,div) N Hi,e (R3, curl)
for any smooth cut-off function x; in particular we choose x such that x|z, o = L. The Fourier transform

¥ then satisfies (€,¥) € L? (R?) as well as € x v € L2 (R?). From [€[° [ (€)° = (€,9)° + [¢ x ¥|° we infer
Vv e L2 (R?) and, in turn, VU € L? (Bg (0)). Since [@34) directly implies U € L? (Bg (0)) we have proved
U € H! (Bg (0)) with

lull ) < UMl (Br(o)) < Cr (HU”curl,BR(O),l + [|div U||L2(BR(0))) :

We already know that divU = 0 in R? so that

HuHHl(Q) <Ckg (Hu”curl,sz,l + Hu+chr1ygz+mBR(o)11) . (4'35)
An inspection of the proof of [46] Thm. 5.4.6] implies that

@2 Thm. 24]
||u+||cur1,sz+mBR(o),1 < Cy HV;rquHHd*ii”(r) = Cy ||%U-HH$/2(F) < Cllc ||U-||cur1,sz,1 .

The combination with [@35]) leads to (A31)) for u € V with a constant Cq i, possibly depending on 2 and
k. The inclusion V3 ¢ H! (Q) in (@30) and @31) for u € V} follows by the same reasoning.
Next we prove that the mapping X 2 u ((ch“u, )) € X* is compact. The L? (Q) part of this mapping is

compact since II*"lu € Vo, ¢ H! (Q) B2 (€2). Hence, it remains to prove the compactness of
X 5um (Tk () Y (-)V)F € XX, (4.36)

We set ug := I1°%u and write [Irup =: u§™ +ug according to (Z20). For an element v € X, we decompose
vy = vl 4 Vo for p € H/?(T)/R; the mapping X > v +— ¢ € HY?(T')/R is continuous. Then

(.2B)

(Tku()va Vv)l—‘ = (Tkllo, VV)F = (Tkllo, VF@)F - - (diVF Tku07 4%’)1“ = ik (<u0 ' Il>, SD)F :

Since, ug € Vo € H(Q), we have (ug - n) € H/?(T"). Hence, we arrive at
cur v :
(7 ()7 )7 | = Fik (o - ), 9)el < Kl (w0 - ) s oy llellir-12ry-

Since ¢ € HY/2(T") ‘5" H=1/2(T") the compactness of the mapping [@36) follows.
The compactness of the mapping X 5 v — ((-)v ST (HC““**V)V) € X’ follows analogously. m
r

4.1.2 Abstract Error Estimate

We have collected all ingredients to prove the quasi-optimal error estimate for the Galerkin solution in the
following Theorem It is the “Maxwell generalization” of the Galerkin convergence theory for sesquilinear
forms satisfying a Garding inequality, going back to [43]; various generalizations of this technique can be found
n [825]. We follow [42] Sec. 7.2]. For w € X\ {0} we introduce the quantity

Ok (W) := sup <2 Re ((w, vi) ) : (4.37)
{0}

veXp\ ||Wchr1,Q,k vallcur,o.k
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We need an adjoint approximation property 77, defined via the following dual problem: For given w, h € X
find N (w,h) € X such that

Ay (v,ﬁ/(w,h)) = (v, W) — ikbg (v b)) Wy € X, (4.38)

In (CI5) we will present an explicit solution formula for this problem, which directly implies existence of a
solution. The operator N{* : X — X then is given by N{* (w) := N (Low, Low), i.c.,

Ay (v, NPw) = (v, Low)) — i kb, (vwrl, (LQW)C““) Yv € X. (4.39)

The adjoint approximation property 77" is defined by

[NVTtw — 2|
~exp ~exp . curl,Q,k
=00 (Xp):= sup  inf (4.40)
! ! weX\{0} zp €Xp HW”curl,Q,k
Theorem 4.13 Let [{{-9) be satisfied. Let E € X and Ej, € X}, satisfy
Ay (E — Ey, Vh) =0 Vv € Xp,. (4.41)

Assume that Ok (er) < 1 for e, := E — Ey. Then, ey satisfies, for all wy, € Xy, the quasi-optimal error
estimate

CL + 6k (en)

”ethurl,Q,k = 1-6 (eh) ||E - Wh||Cur1)Q7k (442)

with
Ch =1+ CPE" + O8N 4 Cogny pily ™ (4.43)
Proof. The assumed sign conditions of T}, (cf. ([@2R]) imply

Hehl\furl,g,k < (curlep, curley,) + k2 (ep, ep) — kImby, (), ey ) +k Imby (5™, e5™!)

= Re Aj; (en,en) +2Re((en, ep)) .

We employ Galerkin orthogonality for the first term to obtain for any wy € X,

||ehH§url,Q,k < Re A (en, E —wy) +2Re((en, E — wp)) + di (en) Heh”curl,n,k |En — Wthurl,Q,k

<llenlleur, 0,6 TIE=Wallcu 0,k
We write Ay, in the form ([@3)) so that
(1= 6k (en)) llenll2un 0 < |(curle,, curl (B — wy))| + Re {((eh, E — wy)) —ikby (e;url, (B - Wh)curl)}
(4.44)

+ 6/€ (eh) Hethurl,Q,k HE - Wh”curl,ﬂ,k '
The sesquilinear forms in {...} will be seen to allow for good continuity constants when applied to high
frequency functions while these constants grow with & when being applied to low frequency functions. For
a function v € X we therefore introduce the splitting into a high-frequency and low-frequency part v =
vhish 1 ylow .— Hov + Lov and get by using (Z39)
((eh; V)) —i kbk (e;:lulrl7 chrl): ((e]“ Vhigh)) —i kbk (ezurl, (Vhigh)CHrl) + ((e]“ Vlow)) —i kbk (e;:lulrl7 (Vlow)Curl)

_ ((emvhigh)) —ikbk (ezurl7 (Vhigh)curl) i Ak (eh,./\/'lAv) . (445)

We employ the continuity estimate of ([{.I2h]) to get

[(ens V)| < (K llewll) (kv ) + kb (e, (v25) V)]

V,high high
< ||eh||cur1,sz,k ||HQV||cur1,Q,k + Gy ® ||ethur1,Q,k HV”cun,Q,k < Cb,lkg ||eh||cur1,sz,k ||V||cur1,sz,k :
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For the second term in ([£45) we use ([I2D) and obtain in a similar fashion

i curl 1,high
‘kbk (ezurl’ (Vhlgh) )} < Cl(;,l;cr ® ||eh||curl,52,k ||v||curl,ﬂ,k .

For the last term in ([@45]), the combination of Galerkin orthogonality, the continuity estimate [@I4]) and the
definition of 77" in ([&40) gives
‘Ak (eh’NlAV)‘ = wjrg(h ‘Ak (eh’NlAV - Wh)| < iy " Coont,k lenlcurt, 0 1V leurn -
Thus
. high Lhigh | ~
‘((eh? V)) —1 kbk (ezurl’ chrl)’ < (Cb,l];g + Cl(;,l;cr e + nixpccont;k> ||eh||curl,ﬂ,k ||V||curl,52,k .

This allows us to continue the error estimation in (£44]) resulting in

(1= 6 (en) lenllcum e < (1 + CHIE" + CE" + 61 (en) + 75 Ceont.k ) 1B = Wil ey -

]

This theorem implies that quasi-optimality of the Galerkin method is ensured if d;(er) < 1. As will be shown
in Theorem below, this condition also implies existence and uniqueness of the Galerkin approximation
Ej. In the following, we will focus on estimating d(ey), heavily exploiting the Galerkin orthogonality (4T]).
For the case Q = B1(0) we will derive k-explicit estimates for the constants in ([@42)) in Corollary 513l In this

case, the constants Ca ikgh, Cg:;:l’high are independent of k; Ceonsx = O(k3) grows algebraically in k, which can

~exp

be offset by controlling 7,

4.2 Splittings of v;, for Estimating of J(ey,)

It remains to estimate d(ep) in (A31). In this section, we will introduce some frequency-dependent Helmholtz
decompositions for a splitting of the term ((en, vp)).
For v € X we introduce two decompositions according to Definition Let vI°V := Lqv and vMeh .= Hqgv.
Then,

v =[PPy 4+ I * vk with TP as in (@26),

v = [[eomP*y 4 TTVo*yhish  with T[0™P* a5 in (E25H). (4.46)
An important point to note is that for v, € X, we have II;"™""v;, € X}, and, for any v € X, we have

HZ’*V]“igh € VS), C X},. However, II°°™Py;, and va]ﬁigh are only in X and VH* (). From curl (Hhv’*vzigh) =
0 and Galerkin orthogonality we conclude that

(e vien)) BB B EE_ g (o, TR ) = 0 (4.47)

since Hhv’*vzigh € VS C Xp. We employ the splitting

v, = Hcomp,*vh + (Hzomp,* . Hcomp,*) v, + Hhv,*vzigh
and arrive via ([{47) at our main splitting
((en, vi) = ((en, (TIF™"P" = II™P) viy)) + (e, TIP"vy,)) (E28n)
(o v — 19 599) (e, (g - o))

+ (fen vi™) + ((en Tt vy ). @I

4.3 Adjoint Approximation Properties

The error analysis involve solution operators for some adjoint problems and we introduce here corresponding
approximation properties that measure how well these adjoint solutions can be approximated by functions
in the Galerkin space X and its companion space S,. One of these approximation properties involve the
existence of an interpolating projector that will also be introduced in this section.

Recall the definition of V§ of (£21L). We set

Vo =1{veVq|curlv € curl X, } . (4.49)

The following assumption stipulates the existence of a projector Hf : Vot Range(Lq) + X — Xp.
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Assumption 4.14 There exists a linear operator HE : Vah + Range(Lq) + X5, — X, with the following
properties:

a. HE is a projection, i.e., the restriction HE is the identity on Xp,.

|)(;1

b. There exists a companion operator Hf s curl X, — curl Xy, with the property curl l1¥ = Hg curl.

Now we formulate the arising adjoint problems along their solution operators: We introduce the solution
operators Ny, Ni* for the following adjoint problems

Ay (w,Nor) = ((w, 1)) Ywe X, VreVyg, (#50k)
A (W, Ni'r) = (W, Lor)) Vwe X, VrelX, (@50b)

i.e.

~

Nor:= N (r,0) and Ni'r := N (Lor) =N (Lgr, 0) .
The solution operator Nj* : X — H! () /R is related to some Poisson problem and given by

— 4N, Ve B (VAR V) = (Lor, V) vee H (@), )

We introduce the adjoint approximation propertiesﬁ

||N2V0 - Wh”curl,sz,k

~alg . ~alg o :
My o i =15° (Xp):= sup inf , (4.51)
2 2 vo€V\{0} wn€Xp ||V0||curl,Q,k
Nitr — wy,
ﬁgXp — ﬁgXp (Xh) .— sup inf H 3 chrl,Q,k7 (452)
reX\{0} WheXn ||r||cur1,sz,k
V (Nirr —v
Ny P =70y (Sy):= sup inf ” ( 1 h)H, (4.53)
reX\{0} VhESh ||r||curl,ﬂ,1
LQI‘ — Wp, cur
B = (X) = sup inf | levaise, (4.54)
reX\{0} Wh€Xn ||r||cur1,sz,k
u a Ellw—TIPw
nile = qple (Xp, 7)) = sup —H h H, (4.55)
weVi\{0}: ||W||H1(Q)
curl wecurl X,
ex —ox k LQI‘ — HELQI‘
P = 7P (X, 1Y) == sup ” h ” (4.56)
reX\{0} ”r”curl,Q,k

In Section 6l we will derive the following estimates for the terms in [48EL). Let r := II;""P v, — IIOMP*vy,.
Then

. Prop. B .
| ((eh; rhlgh)) ‘ < Olil]gghc"“yk ||eh||curl,ﬂ,k ||Vh||curl,Q,k ’

chrl,* high Prozc C Ccurl,high C ~exp \ ~alg
€h, Vi ##k | Ot T Cp g + Clont, k5 Up) ||eh||cur1,sz,k ||Vh||cur1,sz,k=

Prop. B3] _exp
|((eh7 LQI‘))| + |((eh7 LQVh))l < Ccont,k/r]zg (1 + CT;]C) ||eh||curl,ﬂ,k ||vh||curl,ﬂ,k '

We combine this together with ([L48]) and [@37) to obtain

Sk (en) < & =2 (C;ithcr,k + Cote (C##,k + Oyt 4 Ccont,kﬁgxp) 75" + Ceont, k75 (1+ Cr,k)) :
(4.57)

Theorem 4.15 Let Assumption [21] be satisfied and let E be the solution of Mazwell’s equations (2.280).
Assume that &} in [{-57) is smaller than 1. Then the discrete problem (3.1) has a unique solution Ej,, which
satisfies the quasi-optimal error estimate

CL+ 0}

enlleur,or < Too wonf IE = Walleur,ok - (4.58)

5We write 7, for an approximation property which involves a solution operator and m, for a “pure” approximation property
for a given space/set of functions.
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Proof. The proof uses the same arguments as the proof of [30, Thm. 3.9]. Under the assumption that a
solution exists, the quasi-optimal error estimate ([@ES)) follows from ([@42) and the assumption §} < 1. Next,
we will prove uniqueness of problem ([B.Il). We show that if Ej, solves

Ay (Eh,Vh) =0 Vv, € Xh,

then Ej, = 0. This is the Galerkin discretization of the continuous problem: Find E € X such that A (E,v) =
0 for all v € X. Theorem [2.7] implies that E = 0 is the unique solution. Hence e;, = E — E;, = —E,, satisfies
the error estimate

Ci + 6}
||Eh||cur1,sz,k = ||eh||cur1,sz,k < 1_ol w;g{h |E - Wh”curl,sz,k =0
k

since E = 0. Hence E;, = 0. Since (3.) is finite dimensional, uniqueness implies existence. m

4.4 k-explicit hp-FEM

In this section, we show that the choice (Xp, Sy) := (NL (Th) , Sp+1 (’T)) for properly chosen mesh size h and

k-dependent polynomial degree p > 1 leads to a k-independent quasi-optimality constant in (£42]). We adopt
the setting described in Section That is, we let T, be a mesh satisfying the assumptions of Section
and Assumption Bl The operators I1Z and IIF", whose existence is required in Section Bl to Section B may
be chosen to be Hg“ﬂ’C and Hgi"vc of Theorem R3]

4.4.1 Applications to the Case Q2 = B;(0)

. . . . . ~a]g ~exp - . . . .
The adjoint approximation properties 7,>, 7, involve solution operators whose regularity are investigated
in Sections and [0 for the unit ball Q = B1(0). In particular, we show in Proposition [[.2] that the solution

operator N> allows for a stable additive splitting No = Néough + /\/'2“47 where NQA maps into some analyticity
class and V328" : Vi — H2 (Q) satisfies the estimate HNéoughVOH < Croughk [|Vol|wypr.c0 x- It Theorem[5.9]
H2(Q) o

and Propositions [(.2] [7.3] [7.4] we show that all other solution operators map into some analyticity class,
more precisely, for all r € X and v € V7§, it holddd with oy = 3, =3, a3 =3, g =5/2, a5 = 3/2

NAre A (CAJkO‘f 17 cart.co e » Q) . j=1,3, (4.59a)
Ni'tvo e A (CA,zka2 1Volleurt, .k » 74,2 Q) , (4.59b)
VNi'r e A (CAAI{‘“ el eurt1 VA4 Q) , (4.59¢)

Lor€ A (CA,E,kas [ Q) : (4.59d)

This allows us to estimate those adjoint approximations that involve solution operators by simpler approxi-
mation properties, which we will introduce next. We set

P (v, Xn) == sup inf ||z - Wh”curl,ﬂ,k’ (4.60)
z€A(1,y,Q) WhEXn

1 .
75 % (Xp):=  sup inf ||z — w0 (4.61)
zeH?(Q) WhEXn
HZI|H2(§Z)Sk

Ny P (v, Sh) = sup inf |V (z—wp)l, (4.62)
VzEA(1,y,9) VhESh
n7P (7, Xn) =k sup ||z -1z, (4.63)
z€A(1,7,9Q)

and obtain

ﬁzp < C.A,lkalnzip (v4,1,Xn), ﬁgig < Omughnglgcg(xh) + Ca2k®ny™ (va,2, Xn)
My o < Cagk®ny™ (va3,Xn), iy 0 < Caak®ni™ (va,4,Sh) (4.64)
s " < Cask®ni™ (vas, Xn), i7" < Cask®nT™ (vas, Xn) -

6For the last relation, we have estimated Mlewrr01 < lleurn.or in @30 (using @2) to simplify technicalities.
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Corollary 4.16 Let Q = B1(0) and recall the definition of ay before ([.59). Define

_ _al al

My = maxjer 235 Cany T (YA, Xn)s 7oy = Crough®y © (Xn), (4.65)
~ek ex ~eXk ex .
Mlay = Caang” (Ya.4,5h), ey = Casng* (Ya5 Xn) -

For 0 < 7 <1 sufficiently small but independent of k, and any 0 < ¢y < 7, £ € {1,2,4,6,7}, select the mesh
size h and the polynomial degree p for the hp-finite element space Xy, such that Xy, and its companion space

Sk (cf (32)) satisfy Assumption[{.1]] and the approzimation properties:
EOOTSEIP < e, 3% <o, KPP ey, mf® <o, KT < er (4.66)

Then, the quantity 5% in ([{-57), [#-58) can be estimated by 6. < 1/2, and the discrete problem (31) has a

unique solution By, which satisfies the quasi-optimal error estimate

||eh||cur1,sz,k <C inf [E- Wthuﬂ,Q,k (4.67)
wp X,

for a constant C independent of k.

Proof. We estimate 4, of (L57) termwise by using ([{64)), (£65]), and the values of a;. From Corollary 513
we deduce that the constants Cy i, Cus 1 in (62) and ([GI4) are in fact bounded uniformly in k. Hence

Cri < C (g6 +€7)
for a constant C' independent of k. Again from Corollary 513 and ([@64), it follows that

5 < C (e +or+ (1 KoP7P) (RS 4 B20P) + RO 3509 (14 e + o))

for a constant C' independent of k. We use ag + 3 > max{a; + 3,a5 + 3, a2} and the conditions in (£G0)
along with ¢y < 7 < 1 to obtain ~
5]I€ < C(€1+52+56+67) <CTt

~ -1
for a constant C' independent of k. Hence, the condition 0 < 7 < (20) implies 6}, < 1/2 and existence and
uniqueness of the discrete solution follow from Theorem [£.17]
To prove that the quasi-optimality constant C' in (@67 is independent of k we use (£58) so that it remains
to prove that C} in {@58) (cf. (£Z3)) is bounded independently of k. This, in turn, is a direct consequence of
Corollary £.13] and

Cor. (13 (z0ez) ([Z350)
Ccont,kﬁixp < Ckgﬁ‘f)(p < CkalJrS’IﬁXp < Cka3+377§)(p < 051 < Cr < C

independent of k. m

4.4.2 hp-FEM: Results

Theorem 4.17 Let Q = By (0) be the unit ball and let E denote the exact solution of (Z.28H). Let the mesh
Trn satisfy Assumption [31] and set h := maxge7 hix. Let S, = Sp11(Th) and X, = N;('ﬁl) Fiz co > 0.
Then there exist constants c1, C > 0 depending solely on R, ca, and the constants Cagine; Cmetric, Y 0f
Assumption [31] such the following holds: If k> 1, p > 1, h > 0 satisfy

kh
— <c¢; and p>cylogk, (4.68)
p

then the Galerkin approzimation Ey, € Xy, (cf. (31])) exists and satisfies

IE = Enllges < C_inf B = Walloeuns (4.69)
wpeXy,

Proof. The proof consists in checking the conditions of Corollary .16 The infima in nglg, n?xP, je{1,4}
are estimated with the aid the specific approximation operator II°"""* analyzed in Lemma

LemmaB3 @ /p  p2 kb (kh\®
S (—+—k>k:—+(—).
curl,Q,k D 2 D

B s a1 k)e=t

z€H?*(Q)
”z”H?(Q)Sk

(4.70)
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The terms 75", j € {1,4} involve the approximation of analytic functions: The term ;™" is an approximation

from X, = N é('ﬁl) and estimated with Lemma B35 (@); the term 7y contains an approximation from
Sp = Sp+1(Tr) and is taken from the proof of [39, Thm. 5.5]:

ho\? ER\? BN /kR\PT!
exp < ki ki
> o ~<h+a> +k(ap) +k{(h+0) +(Up) : (4.71)

Jje{1.4}

The terms 73¢, 2P involve the operator 115k, These are estimated in Lemma Specifically, 73" is

controlled with Lemma B8] (i) and n;*" is controlled with Lemma [B6] () after the observation (Z59) that
Lqv is in an analyticity class:

hk
e s —, (4.72)

p

h p+1 kh p+1
exp < o
e Nk((h+g> +<Up> . (4.73)

Selecting ¢; sufficiently small and using Lemma B allows us to conclude the proof. m

Corollary 4.18 Let Assumption[21) be satisfied, and let the right-hand side in (Z280) be defined by F (v) =
(ik3,v) for somej € {u € L?(Q) |divu=0A (ulp,n) =0}. Let the assumptions of Theorem [[.17 be satis-
fied. Then under the scale resolution condition ([{{.68), the Galerkin approximation Ej, € Xy, (cf. (31)) exists
and satisfies

iy

”E - Eh”(l,curl,k < ¢ P

13l 2 e - (4.74)

Proof. Under the assumption of this corollary the solution E is the restriction of the electric field of the full
space problem (ZI]) (with right-hand side defined as the extension of 7 to R? by zero). In Section [Tl we will
derive a solution formula (I3) for an adjoint Maxwell problem which can be easily adapted to the original
Maxwell problem and to our assumption on the data 3. We obtain

E<x>=ik/szgk<||x—y||>3<y>dy vx € Q,

where gy, is the fundamental solution of the Helmholtz equation (T9)). From [39] Lemma 3.5], we know that
there exist constants ¢, C > 0 independent of k£ and 3 such that, for every pu > 1, there exists a - and
k-dependent splitting E = Eg2 + E 4 with

1 m—1 |~
IV"Epz2r20) < C (1 + ﬁ) (R)" 3l 2 Ym e {0,1,2}, (4.75a)

||V"EA||L2(Q) S C/L (’yuk)n ||§||L2(Q) Vn € NQ. (475b)

As in ([@70) and [@LTI) we obtain constants C, o > 0 independent of k, h, p, and J:

kh .
HEH2 — H;MLSEchurl,Q,k < C? ||.7||L2(Q) )

ho\? kR\? NPT /ER\PT!
url,s _ - 2
|[Ea— 115 EAchrl,Q,k gc<<h+g> +k<ap) +k(h+g) + (Up) 131l 22 ) -

Suitably choosing ¢, ¢z in condition (£G8) implies the result. m

Remark 4.19 Our convergence theory allows also for a k-explicit h-version analysis: the combination of
Corollary [{16| with the definition of ay (before [-59)) and estimates [({-70)-(4-73) leads to a scale resolution
condition for fized polynomial degree p which reads kPT5h? <1 for s = 7. However, we do not expect that this
value of s is sharp since our goal is to prove quasi-optimality under the scale-resolution condition p 2 logk
(cf. L)), which does not require optimal bounds for the powers cy in the stability estimates. .
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5 k-explicit Analysis of Operators for 2 = B;(0)

A key ingredient of wavenumber-explicit estimates for the terms in the splitting (£48b,c) of ((en,vy)) are
k-explicit estimates of the capacity operator Tj for the low- and high-frequency parts of the arguments as
these, in turn, allow for a k-explicit analysis of the continuity properties of the sesquilinear form ((-,-)), the
operators IIV>*, TI°°™P* " and Aj. Our analysis of the operator T} is based on the explicit knowledge of the
Fourier coefficients and hence we restrict in this section to the case that {2 = B; (0) is the ball with radius 1
centered at the origin. These estimates will be derived in Section [6l and applied to the different terms of the
splitting of ((ep, vp)) in Sections

We also analyze in the present section the operator Lg and show that it maps into an analyticity class. The
fact that we consider @ = B;(0) here implies the a priori bound || LoV||curl,0.kx < ||Vllcur, o,k Which, in turn,
leads to the quantitative assertion Lov € A(Ck3/2|\v||cur17g,1, v, §2) in Theorem

5.1 The Capacity Operator 7, on the Sphere

We restrict to the case that QF := R3\(Q, where Q = By (0) is the open unit ball with boundary I'. Let

Ty : H ;111/ 2 I — H, (;\1,/ 2 (T") be the capacity operator that was introduced in the paragraph before Remark [2:2]
In the case of the sphere the eigenfunctions of the negative Laplace-Beltrami operator “—Ar” are given by

the spherical harmonics Y™ (cf. [46] Sec. 2.4.1]) with eigenvalues A\ = ¢ (¢ + 1). In this case, the index set ¢,

in ([2.I6) is given by

L={—l—0+1,... 0—10}. (5.1)
We introduce the decomposition of E7 according to (2Z20) (cf. [46, (5.3.87)])
Er =E™ + EY, E2h)
where - -
E =" N upTy and EY =Vrp with p:=) > UV G2b)
£=1meLy £=1mer

—
with the vectorial spherical harmonics T3 := curlpY,™ (cf. [46, (2.4.152), (2.4.173)]). This implies divp E$! =
0.

Remark 5.1 For the expansion of a tangential field, e.g., Er the summation starts with £ = 1 since Ty =
vrYY =0, ie.,

Er =Y > Ty +U/VY™). (5.3)

=1 mcuy

Lemma 5.2 Let Ep € H_\/? (T') be decomposed as in (2.3). Then (cf. Assumption [].1])

curl
divpE®" =0 and (E“,EY),=0=0b; (E",EY) =b; (EV,E™). (5.4)
Furthermore, we have the definiteness relations: For all E € X it holds
Imby, (E* E™) >0 and Imb, (EV,EY) <0. (5.5)

Proof. It follows from [46] (5.3.87) and (5.3.91)] that the first term in (54)) is zero. Integration by parts for
the second term in (5.4) and using divp ES""! = 0 shows that the second term vanishes. The third term in
(54) vanishes as a consequence of divp E°®! = 0 and [46, (5.3.109)]. The last term is zero since TR EV is a
linear combination of VrY;™ (cf. [46, (5.3.87) and (5.3.88)]) and (VrY;", E) | = — (Y7, divp E) | = 0.
The first inequality in (E.5]) follows from [46] (5.3.107)] and the second one is a consequence of |46, (5.3.106)].
|

Any tangential vector field uyp € H;ulr{2 (T") can be expanded in terms of surface gradients of spherical har-
monics Y™ and vectorial spherical harmonics T} via

ur = u +uV (5.6)
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with

uewl .= Z Z uf'TP and u¥ :=Vpp with p:= Z Z uly,".
=1 m€uy =1 m€uy
The application of the capacity operator T} to ur has the explicit form (cf. [46, (5.3.88)])
TkuT:ZTZUZ Y, —I—ZWZUg VFY} R (57)
=1 meLy =1 meLy
where ,
(h(l)) (r) -2
pe(r™?) r
ze(r):=r = - +1i , 5.8
Y Y e I ) (58)

with the spherical Hankel functions h
(2.6.19)-(2.6.22)]).

gl), and py, ge are polynomials of degree £ with real coefficients (cf. [46]

Lemma 5.3 Let Ao > 1 arbitrary but fized. Then there exists Cy depending only on Ao such that for any
A 2 /\0 N

2V2k Vn € Ny,
k k
<l 22 (& +1 > Ak2, 5.9
o () + 1] = V2(&+ )(n—l—l) " (5.9)
Coty n > Ak.
It holds o () 4 1]
Zn + n
i - 5.10
k =ity (5.10)

Estimate (G.I0) follows from [46, (5.3.95)]. The proof of (59) is rather technical and postponed to the
Appendix [Al

Remark 5.4 From (524), (5.7), and {58) we conclude that Assumption[{.1] is satisfied for the sphere. ]

5.2 Analysis of Frequency Splittings Lr, Hr on the Surface of the Sphere
5.2.1 Analyticity of Lp

Lemma 5.5 Let Q = B1(0), and let the frequency filter Lr be given by Definition[{.2 with a cut-off parameter
A> X > 1. Then:

(i) There exists a fized tubular neighborhood Ur of T' and constants Ca, vo independent of k (but dependent
on T, X) such that for each u € H(curl, Q) there is an extension U € A(Cgk3/2|‘u||cur1)g71,72,1/{{‘) of
LFuT to Z/{F.

(i) The function Lrur belongs to the class A (Clk3/2 [l eurr, 01 ,71,1"), where Cy, 1 are constants which

are independent of k and u. In particular, | Lrur|| gi/zry < Crk?[[allew o,

Proof. Before proving Lemma [5.5] we mention that the algebraic growth rates with respect to k are likely
suboptimal. However, sharper estimates would require more technicalities. We start by noting that the
analyticity of I' provides that the eigenfunctions Y,;” of the Laplace-Beltrami operator have analytic extensions

Y™ to a tubular neighborhood Ur of I'. A quantitative bound in terms of the eigenvalue A, is given in [36]
Lemma C.1]

nyrm < " on .
HV Y, HL2(MF) _C’Smax{\/)\g,n} v Vn € Ny (5.11)

for some CY, vs depending solely on I'. We recall specifically that the eigenvalues Ay of the Laplace-Beltrami
operator on the sphere are A\; = £(¢ + 1).
Proof of [@): Let ur denote a tangential field on the sphere with the representation (cf. (5.3)

> —
ur =33 TP UPVEY), TP = cwlrY] = VY xn,

=1 mcuy
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With the extension n* of the normal vector n that is constant in normal direction, we may define the extension
U of Lrur as
U= > > up'V¥" xn" + U;"VY;".
1<L<Ak mEeg

By the analyticity of n* we get from Lemma 2.6 and (G.I1) that, for some C’, ¥ > 0 depending solely on T,

HV"(VYQ” X n*)HLQ(Z/{r) + ||V"(V§~Qm)|\m(ur) < C' ) A" Inax{\/ )\g,n}" Vn € Ny. (5.12)

We take £ < Ak into account (and using Ay = £(£ + 1)) which allows us to estimate U by

L2(Mr)>

IV'Ull gy < > D, (|u;n| HV”(VY/Zm « ")

1<0< Ak mEig

: + |Ugn| anJrli/em‘

o

14

n m1/4\1/4 m m
DY max{\/)‘fvn} NN > (g +1Ug)
1<e<Ak m=—2t
’ 1/2 ’ 1/2
n 12 1/2 /1 m m\2
it X X max{Vann) A/ SO A (| + U
1<0<Ak m=—20 1<O<Ak m=—2
< Ak + 1) e +1,nY"||L 5.13
S A" (k1P max (M + 1,0} [ Lourlly g oo, (5.13)
Since
HLFUTH—1/2,cur1,F < HUT||—1/2,cur1,r < lafleur,e,1s (5.14)

the proof of () is complete.

Proof of (@): An application of the multiplicative trace inequality would allow us to infer from ({) the as-
sertion Lrur € A(C1k%||ul|cur,,1,71, ) for suitable Cy, v1. The sharper statement follows by repeating the
arguments of () starting with the assertion of [36, Lemma C.1] that

IVEY " 2(r) < Csygmax{y/A¢,n}" Vn € Np. (5.15)

5.2.2 Estimates for High and Low Frequency Parts of the Capacity Operator

In this section we derive continuity estimates for the sesquilinear form b;. The k-dependence is different for the
low- and high-frequency parts of the tangential fields and for the summands in the splitting ur = u®*! 4 uV.
In Proposition 5.7 we derive such estimates for the tangential fields while these estimates are lifted to the
space X and some subspaces thereof in Proposition (.8

Remark 5.6 If I is the surface of the unit ball then there holds for all ur, vy € H_Y/? (I

curl

i Def.
DR (up, v) PR (
&P

Def.
Tyur, Hrvr)p L@(

Def. [1.3 (Thigh
- k

HrTyur,vr)p

TyHrur,vr)p llT,VT)F

Analogous relations hold for the low frequency part bio™. n

Proposition 5.7 With the frequency filters Lr, Hr of Definition[.2 given by a cut-off parameter A > Ao > 1
the sesquilinear form by can be written as

by, (ar, vr) = by, (u™, vy + bzigh (WY, vY) + o (uV,vY) Vup,vr e H_\/? (I, (5.16)

curl

and there is Cyp > 0 depending solely on Ay such that the following holds:

1
‘bk (uculrl7 vcurl)‘ S Cb (E ||CU.I'1F uT”H*l/z(F) ||CU.I'1F VT|‘H*1/2(F)
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+ (14 ) ||curlp LruT||H,1(F |lcurly vaT||H,1(F)) ,
‘bzigh (ucurl curl ‘ < Cb— ||Cu1”1p U.THH 1/2(T) ||C111"1I‘ VTHH 1/2(T) » (517)

’b}cow (u V.vY ‘ < Ob)\f’kp“ |divr LpuT||H,1,p/2(F) [|divp LFVT||H—1—p/2(F)

for 0 < p < 2. Ifdivprur € H* (T') and divvy € HP2 (T') for some p1 + p2 + 3 > 0 we have

- k
high s .
}bkg (uvjvv)‘ S CbW ||le1" ].].’1"”[_!,)1 ) ||le1" VTHHPQ(F) . (5-18)

Proof. The equality (5.16) follows from Lemma
By using the orthogonality relations of T}* and VY™, the representations in [46], Sec. 5.3.2] give us

14

> (<) Y

=1 m=—~

Zf: £+1< )m;éulve
i e+1( g)ZuTW

mety

‘bk (ucurl7 vcurl) ’ _

[8) (2 4.155)]

(— Jeurle ur 172 e leurle vl vsy
+ (1 +A) [[eurlr Lrur|| - py [[ewrle Leve|| - 1(r))

This leads to the first estimate in (517). In a similar way we obtain for the high-frequency part

‘bl;igh (ucurl,vcurl)‘ < i €(€+ 1) <1+ g) Z UTW

L> Ak mety
2 o0
<= YA Y el
0>\k =

2
S E ||Cu1‘11'* HFuT”H*l/?(F) ||Cu1‘11'* HFVT||H*1/2(F)

so that the second estimate in (BI7) follows. For the third one and (5I8]) we obtain

by (u¥,vY) =i Z C(L+1) Z (ﬁ(]??) ’

1<e< Ak meug

. k _
psh (uV vV =i Y r(+1) (7UWV’”>.
k ( ) g;k n;[ Zg(k)-i—l Yy

By using (5.3) and ([5.9) we get for any 0 < p < 2

’blkow (U_V,VV)’ < 22k Z L+1) Z U V"

1<e<X\k meEty
<AV2EONR) Y T U [V
1<e<Ak meEuvg

<16VRNRT ST 2+ 1) Y o v

1<e<X\k mety

&)
< 16V2MN kP ||dive Lrug | o1 pye [[dive Lrug | g1 ps -
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For p1 + p2 + 3 > 0 we get from (5.9

5 (w7 %) < ok X 0 Y o v

>k mEu
Cok m v
P1+P2+3 Z €4+p1+p2 Z |Ug ||‘/E |
( 0>k meEty
222 k . i
< CW ldive wr |l o ) lldive Vil e ) -

Proposition 5.8 There is a constant C}, > 0 depending solely on Ao such that the following holds:
Let u,v € X. Then:

|bk7 (uv7vv)} S CZIsz ||u||curl,ﬂ,1 ||V||curl,Q,1 : (519)
Letug € Vg and v € X. Then:
high (v v K
[0 (v )| < 5 0l cun i IV llcars s (G20
KO (ug vV )| < CoAR? (|dive Levo, || sz ) 1dive Leve |l sz - G20b)
Foru € X and vo € V§ it holds
; k
k6= (0¥ v < G5 101 190 a0 G2
K0 (uY,vg )| < CoAR? (|dive Leur || g—s/2 ) [1dive Levor|l sz - GZIb)

For ug € Vo, vo € V§ and p,q € H' (Q) it holds

‘kbzlgh (ucY, (Vp)v)‘ < %/7 10l VP llewr,or B220)
e ()7 )] < S 19 ol EZ2)
}kbh‘gh ((vp)v , (Vq)v) ‘ Co VPl cur,on 1Vl curran - G.22)
Forug € Vg and vog € V§ it holds

‘kbh‘gh (ug, vy ‘ S ||u0||curl a1 Ivollcurno.1 s B23)
kb (uy, vy )| < C’b/\k3 10 /[curn,01 IVolleurno,n - 6.23)

For u,v € H' (Q) and w € X, it holds
‘kbhlgh (u¥,v¥ } <% o [l ) VI 0 - B2h)
2 (v )| < G I M- E2b)

Proof. Proof of (519): We combine the last estimate in (5I7) (for p = 1 and A = Ag) with (@I8) (for
p1 = p2 = —3/2 and A = \g) and obtain

(0¥ )] < (bl (@737 + o ()|
< Cy (Mok? ldive Lrur|| -y I1dive Levellg-o/s )
e dive | gr-aaqr lldive anHfS/z(m)

< C(1+ Xok) k|l dive ur |l sz (py [dive vl g-s/z )
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SO+ xok) kllurl g1z Vel =172y (5.25)
<O (L4 Xok) kllulleurnon 1Vlcuna.1 -

Proof of (£.20), (5.21), (5-2l): Let u € H' () and v € X. Choose p; = —1/2 and ps = —3/2 in (BIR) to

obtain
high /. V .V ko . .
’kbk (0¥, v )} < Co3 Idive url gr-vs y Idive vl sy
k
< CF Izl @y Ve lle-12r)
k
< CF Il ) 1Vllouro.n - (5.26)

This shows (up to interchanging the roles of u and v) the estimate ([5.24B)). Since Vo C H! (£2), we may apply
estimate (5.26) to u € Vg and v € X. Lemma [B.Tlimplies the estimate ||ul|g1 (o) < [[ullcurt,0,1 so that (E.208)
follows. For the low frequency part we get from (BI7) for p = 1 the estimate

‘kb}cow (ug, Vv)‘ S Cb>\k3 ||diVF LFUO)THH,S/Q(F) ||diVF LFVT”H*?’/?(F) y

which is (520B). For u € X and vy € V§, estimates (5.21)) follow by the same arguments and interchanging
the roles of u and v.
Proof of [(5.22): For ug € Vg and p € H! () we employ (5.20R) with v = Vp and curl Vp = 0 so that

; k C
high \Y
k6= (S (99)7) | < €5 0 leurt 1 IVPleunt 1 = 5 11900 eurs 0 (k19P])

< By ||u0||cur1,Q,1 ||Vp||curlﬂ,k’
which shows ([.22h). The proof of (522D is just a repetition of the previous arguments while the proof of
E22H) uses (BIR) with py = pa = —3/2:
i v v : .
k6= ((V0)7 (Vo)) | < ol dive (0) g g2y 19ivE ()2 g2

< Ck? VPl IVl w0
=Ck? Vol Vel =C ||VP||cur1,Q,k ||VQ||curl,Q,k )

where the second step uses the same arguments as in (G.25]).

Proof of (5.23), (5.24Jd): For any u,v € H! () we may choose p1 = p» = —1/2 in (5I8)) to obtain

IN

i Cy s )
‘kbz 8 (4%, vY) ‘ S v el s oy Nive Vel g-a7s ) (5.27)

C
2 ||11T||H1/2(r) ||VT||H1/2(F) < 2 ||u||H1(Q) HV”Hl(Q) :

IN

This proves (5.24R). If we assume in addition ug € Vi and vo € V§ we can appeal to Lemma [B.I]to get

: C
high
‘kbklg (U-ova"ov)‘ < 2 ||U-0||cur1,sz,1 HVO”curl,Q,l’

i.e., (5:23R). For (5:23D) we employ the last equation in (5.I7) for p = 1 and proceed as for (5.23h]). m

5.3 Analysis of Frequency Splittings Lq, Hg for the Case Q2 = By (0)

The operator Lq is defined in Definition as the minimum norm extension of Lr with respect to the norm
I llcurt,.k- From Lemma [C.I] we have the following stability estimate for the case Q = B1(0):

[Loullcyon < lllcwnon - 6.28n)
By the triangle inequality we infer that also Hq is stable
||Hﬂu||cur1,sz,k <2 ||u||cur1,sz,k : (©.28b)
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Theorem 5.9 Let Q = B1(0). Then the low-frequency part Lou satisfies
ILoullcurt,ok < |ullcurorx  and  divLou = 0. (5.29)
Furthermore, Lou € A(Ca5Cl, vA5,) with
Cl =k [u| 0 - (5.30)

The constants Ca5, va,5 are independent of k and u but depend on the choice of the cut-off parameter
A. Furthermore, there exists a tubular neighborhood Ur of T' such that Lou is analytic on Q U Ur with
Lou € A(C:475C{L/,’Y:4)5, Q UL{F).

Proof. 1. step (interior regularity): Using the vector identity
curlcurl = —A + Vdiv (5.31)

we infer from ([£3) that —ALqu+k?Lou = 0 in Q. Interior regularity in the form [34, Prop. 5.5.1] then gives
Lou € A(Crk™Y|Lou|cur.k, YR, Br) for any ball Bg C Q, where the constants Cr, vg are independent of
k and u (but depend on R). Noting (5.28)) shows the desired analyticity assertion for the interior of €.

2. step (smoothness up to the boundary and H'-estimates): Let the tubular neighborhood Ur of I' and the
extension U &€ .A(Ck3/2|\u||cur1,g71, va2,Ur) of Lrur be given by Lemma and write Lou = U + u. By the
triangle inequality we have

kl[llre @) < I1Zoulleartor + 1T leurze k < CE?ulcur,o.1, (5.32a)
| curla||L2 @y < [[Loullcur,or + U llcurtin ke < Ck||u| curt0.1- (5.32b)

In view of ([@3]) the function u satisfies

curlcurl i + k%t = f := — curlewrl U — k*U  inUr N Q, (5.33a)
diva=G:=—-divU inlUrnQ, (5.33b)
IIra=0 onT. (5.33¢)

We have (suitably adjusting the constants 7s)
fe A(C’k7/2||u|\cur17911, Yo, Ur N Q), G e A(C’k5/2||u|\cur17911, Yo, Ur N Q) (534)

The analyticity of U, Lemma [D.]l and a simple induction argument (to deal with the presence of the lower
order term k1) shows that u is in C>°(Ur N Q). Additionally, by suitably localizing, Lemma [D.1] () gives
for a suitable subset U} C Up

[allm ey <C )2 @y + [l curl L2 onue) + | dival| L2 onue ] < Ck?|ullcur1.  (5.35)

For notational convenience, we will henceforth denote U again by Urp.

3. step (analytic regularity of U): Quantitative bounds for higher derivatives of U are obtained by locally
flattening the boundary. By the analyticity of I' and the compactness of I' there are Ry, Cy, v, > 0 such that
for each xg € I" we can find a parametrization xx, € A>(Cy, vy, Br,(0)) with the following properties:

1. Xxo(0) = xo and, for B}, = {X € B, (0)|X; > 0} and Tr, := {X € Bg,(0)|x3 = 0}, we have
Vao := Xxo(Bf,) C Q as well as xx, (Tg,) CT.

2. For X € g, the vectors tl, = Oixxo(X), i € {1,2}, span the tangent plane of I' at yy,(X) and
n(x) := —05xx,(X) is the outward normal vector.

3. The Jacobian Dyy,(0) € R3*3 is orthogonal, i.e., (Dxx,(0))T(Dxx,(0)) = L.

"The third condition is not essential but leads to a significant simplification as the ensuing (537) effects a decoupling of the
elliptic system (5.38) into three scalar problems at 0.
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The transformation of the system ([2.33]) on Vi, to the half-ball BEO is effected with a covariant transformation
of the dependent variable u by setting U := (Dxx,)T00xx,. We recall the formula (see, e.g., [42 Cor. 3.58])

1

Tor D (D) eurlwe™ = (el w) o x,

and introduce the two pointwise symmetric positive definite matrices

1

= dot(Dxn)) (Dxx,)T(Dxx,), B = (det(Dxxy)) (Dxxo) " (Dxxo) T (5.36)

note that A, B € A*(C’,~/, BEO) for some constants C’, v that depend solely on T (which is fixed in our
case I' :== 9B1 (0)). We also note that, since Dyx,(0) is assumed to be orthogonal, we have

A(0) =B(0) =1 € R¥3. (5.37)

From (5.33a) we obtain for all V € C’go(B;O)

1 cov 2 cov —1 -7 _/ T
/B;o (7det Drm, ((Dxx,) curla®”, (Dxx, ) curl V) 4 (det Dxx, ) k < ,(Dxxo)” (Dxxo) V>> = 5 <f,V>

with f := det(Dxx,)(DXx,) *f 0 Xx,- The strong form of this equation is
curl (A curl a°™) + B2Bu® =f  in B, . (E38h)
The transformation of the divergence condition (5.33H) to B is:
div (BU™) = G := det(Dxx,)G © xx, in B, . (.38b)
The covariant transformation leaves the homogeneous tangential trace (5:33d) invariant:

0% =0 on g, G3%)

We rewrite the equations (5.38) in the form (D.I3]). To that end, we note that the solution U is smooth
(up to the boundary I'r,) by Step 2 so that the manipulations are admissible; we also note A(0) = B(0) =1

by (5.37). Adding the gradient of equation (5.38D) to equation (5.38R]) and taking the trace of (5.380) on g,
as well as taking note of (5.380) (to obtain both (5390) and (5.39)) gives a system of the following form:

3 3
3 o (AL0E) + Y BIOE Y (CV KB & ~E 408, o B, i-124
a,B,j=1 J,B8=1 Jj=1
T = 0 onI‘RO, i=1,2, G39b)
~cov = Z 8 Bzg NCOV Z Bzga NCOV Z ng 83~COV B33 — 1)8311 on /I\‘Ro- (m:)

The tensors (Aifﬁ)i7j,a7/3, (B;j)i)jﬁ, and (C¥); ; are analytic on Bf, and, with constants C”', 4", depending

solely on T' (being fixed in our case by I' := 9B (0)), we have (Agﬁ)l B (B”)l 3.8, (C)ij € A(C",v",BE, ).
Additionally, we have the structural property (cf. (531) and (5.37)

AZ(0) = 6i0ap,  Vij,a,B,  Bjs(0) =Bs;(0) =0=By(0) 1 forj € {1,2}. (5.40)
Lemma 2.6l and (:34]) imply, for suitable constants C, ~s,
.]/[\E A(Ck7/2||u||curl,ﬂ,17’y37B;’{_U)a é € A(Ck5/2||u||curl,ﬂ,lu/y37B;’{_O)u (541)

Lllgcev ~cov @m Ck5/2 5.492
||u ||L2(B;¥0) + ||11 HHI(BEU) =~ ||U.||curl,Q,1- ( . )
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Dividing (5.39) by k? makes Theorem applicable with ¢ = k~! and the constants Cy, Cg, Cc there are
of the form C; = O(k*?||[ulcurr..1), Ca = O(k%/?||ul|cur.1), Co = O(1). Theorem [D.F yields a R > 0 and
constants C, v such that for B} := {X € Bg(0) |X3 > 0} we have u®¥ € A(C,,~, B;), where

Cu = k22|l cur2,1-

Transforming back using again Lemma gives for Vi, = Xxo (BE) the analytic regularity assertion u €
A(CC,,~, Vy,) for suitable constants C, 7. A covering argument completes the estimate of u on Ur. ®

The normal trace (Lov,n) is also analytic. We have:

Lemma 5.10 Let Q = B1(0). There is a tubular neighborhood Ur of I' and there are constants Car, yAr,
Chrs Yar O.;/l,l—" Yars b > 0 depending only on the choice of cut-off parameter X such that for any v €
H(curl, Q) the normal trace (Lov,n) on T satisfies the following:

(i) g1 := (Lqv,n) has an analytic extension gi to Ur with gt € A(CA1k> ?||V|lcur..1; VAT, Ur).
(i) (Lov,n) € A(Cark?|[vlcun,a1, 741, T).

(iii) The expansion coefficients k}* of

(Lav,n) =Y > k'Y (5.43)

=1 meuyy
satisfy
k1/2 if 0 <~k

K < C p 1V eur = AT 5.44

5] < Clapl¥llwn 1 { et g0k (5.44)

Z Z |H;n| < Cﬁ,f‘kl/2”v”curl,ﬂ,ly (545)

L<kyly p mEeLe
Do D IR+ D) < Cark(ar) T a+ ) [V]ewo) Vo> 0. (5.46)

>kyly p mELe

Proof. Proof of (): From Theorem B9 we infer for suitable C, « that Lov is in fact analytic on Q UUr and
satisfies there

Lov e A(Ok3/2 ||V||curl,52,17 v, QU L{F) (547)
The extension g} of g1 = (Lqv,n) into Ur is taken as g} := (Lov,n*) where n* (x) := x/ ||x]| is the extension
of the normal vector n to Ur. By the analyticity of n* and (547) we may apply Lemma to get with

suitable constants C', 4 independent of k£ and v,
g;f €A (ék3/2 ||v||curl,ﬂ,1 7/77ur‘) ' (548)

Proof of {@): Since for smooth w we have the pointwise bound |Vrw| < |(Vw)|r|, we get from a multiplicative
trace inequality (see, e.g., [35, Thm. A.2])

* n x 1/2
19201l < € (19765 oy IV 95 i) ¥ €N

so that g1 € A (Cl k2 IV curr 1 Y1 1") for suitable C7, ~y1; this is the second statement.

Proof of [@d): 1. step: By [46, (2.5.212)], the Laplace-Beltrami operator can be expressed in terms of differential
operators in ambient space: Au = Aru+2H0d,u+0>u, where H = 1 is the mean curvature of the unit sphere.
Applying this to u = g7 implies for some C, 72 > 0 independent of k and j again with the trace inequality

1AL g1l 2(ry < CR?(IV|curt 175’ max{k, 25}, (5.49)

2. step: Recall that by (5.1 we have cards, = 2¢ + 1 and that, by B29), ||Lav|lwuiv,o) = [[Lavlrzq) <
k=Y Lovleur,or < k7| V]curl,o,x- By orthonormality of the Y,™, the expansion coefficients x7* are given by
ky" = (g91,Y,")r. We estimate the low-order coefficients (¢ < kv, 1) by

1/2 1/2

EA S S R R B SN A D Ve SN N S lTavin) gk

<k p mEte 0<ky'y p MELe 0<ky'y p MELE
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S K| Lav]aaiv,a) S k2] w0,k (5.50)

which implies the first estimate in (5.44) and (G.45]).
3. step: The minimum of x + 2% is attained at 1/e with value e”'/¢ < 1. Hence, there are ¢ € (0,1) and
0 > 0 such that

¥ <g<1 Ve e[l/e—0,1/e+0]. (5.51)
4. step: For 3 := max{1,2y2/d} > 0 the following implication holds for k£ > 1:
. : . 2j72
(> yk = j:= 7o satisfies j > k& and 7 € [1/e—=6,1/e+4]. (5.52)
2

5. step: Given £ > 3k we select j as in (B.52). Using the orthonormality of the Y, with the eigenvalues
Ae =L({+1) of —Ar, we compute

G619

571 = A7 [(g1 (AR V) L = A7 (=AY 91 Y] < CR V] eu175” ((€ + 1) ™7 max{k, 27}
< OVl e+ D) T @3 < Ol (2172/077) " EPE R G o
This and (.50) shows the bound (G44) for ).
6. step: We show (5.46]). We start with the observation
supz®e ¥ < a%e”® Ya > 0. (5.53)

z>0

Then,

(vee)
SO IEME+ D) < ChrkPVilemar Y, (C+1)*(20 4 1)

L>kyly p mELe >kl r

< Chrk? (V] cuno.n Z(f F1)atl b+
=

Upon writing

a+1 a+1 a+1
(04 1)+ b)) — ((5 4—21)b) o b(E+1)/2 (%) o b(E+1)/2 (15-_%53) (o 4 1)+ (%) o b(EH1)/2

we see that the infinite sum can be controlled in the desired fashion. m

5.4 Helmholtz Decomposition

The stability properties of the operators II°°™P, IIV, II;*™P IIY and the splittings induced by them in
Definition A9 are characterized in Lemma [£.8] in terms of the constants Ci’ I}fh, CH @ C’V hish  For the
case of the unit ball By(0) we show in Lemma [5.TT] that these constants can be bounded unlformly in k. We
furthermore track the dependence of these constants on the cut-off parameter A > 1 that enters the definition

of Lo and Hg (cf. Definition 2)). We track the A-dependence with the aid of the norm

1 1/2
10 o = <k2||u|| L ||cur1u||) . (5.54)

Lemma 5.11 (Stability of the splitting) Let Q@ = B1(0) and A\ > Ao > 1. Then there exists C > 0
depending solely on Ao such that the decompositions of u, v € X as

u = I1e°mpPy + HVHQU. _ (ulow + chrluhigh) + HVuhigh,
v = [JCOMmP:*y, + HV,*HQV _ (vlow + chrl,* high) 4 HV,* high7

where u!®Y := Lqu, ug? .= Hqu, vI°Y = Lov, and vM&h .= Hqv satisfy:

k Hchrluhith +k ||Hvuhith < C HuhithcurLQ)k))\ < C ||u||curl,Q,k’ (m)
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[|curl (ITeurlyhieh) | = ||curl uhith <2ullcunon curl (TVuhieh) = 0, EE55b)
[ e |1 ) < Cllulleun,o,k- (.55c)

Analogous estimates hold for TIWh*yhigh gpd TTV.*yhigh,

Proof. For u € X, choose p € H' () /R such that ITVude" = Vp, and ug := MIWaliet € V. A direct
consequence is the second relation in (E55E): curl (ITVu™s") = 0. For the remaining estimates, we first collect
some simple facts about this splitting.

1) The definition of the space V{§ implies 0 = (Vp, vo)) = ((u"®" — ug, vo)) for all vo € V5.

2) In Lemma [B.I] we prove for the unit ball

”uOHHl(Q) < ||u0||cur1,9,1- (5.56)

Together with (528]), we obtain (5.55K).

3) curl Vp = 0 implies

curl uhish

= curlug. (5.57)

The combination with (5.28)) leads to the first relation in (5.55D) and the subsequent estimate follows from

(E2]). Note that (5.28)) also implies the second estimate in (B.55R]).
4) Since ug € Vy, the definition (2])) implies

Re (10, up)) = Re ((ug, u™=")) — Re ((wo, Vp)) @I:Eb Re ((up, u"®")) . (5.58)

5) The weighted L? (£2)-norm of ug can be estimated via

(m .

B uol? < K uo|® — Tm kb (uf uy) = Re (o, ug) "= Re ((ug, u"#")) (5.59)
— Re (k2 (o, u™E) + ik (b}cow (uov7 (uhigh)v) n bzigh (uov’ (uhigh)V)))
< % (K luol))* + % (k [[u= ) + & bl (u(Y, (uhigh)v)‘ +k ’b‘;igh (u(Y, (uhigh)v)‘ . (5.60)

From (@I0), we conclude that (uhigh)v = Yok Lomer, U VrY)™ and it follows from the definition of bi™
in (LII) that bev (uov, (uhigh)v) =0.

Next, we estimate the last term in (5.60). Our decomposition ut&® = ug + Vp leads to
k }bZigh (uov, (uhigh)vﬂ <k ‘bllzigh (uov, U-ov)} +k ‘bzigh (U-ova Vrp)‘ ) (5.61)
The first term can be estimated by using (B.24H]):

: G240 o G58) c! o
high 2 2 2 i
k ‘bk ¢ (ug,ug)} < )\_3 ||u0||H1(Q) < )\_3 ||u0||cur1,sz,1 = /\_g (”U-O” + HCUTI u® th ) . (5.62)

For the second term of the right-hand side of (B.GI)) we assume that p € C*° (ﬁ) since the result for general
p € H' (Q) follows by a density argument. We obtain

i G2m) cuerp;O !

k ’b]ﬁ e (U(Y, VFP)‘ < Tbk ||Vp||cur1,sz,1 ”uO”Hl(Q) < Tb
cy ; ;

< Tb (k ||uh‘th + k[uol]) (luol + ||cur1uh‘th) )

. 1/2
RI9p] (I * + [Jeurlu=[*) ™ (5.63)

Inserting (£.62), (0.63) into (2.G1)) and employing Cauchy-Schwarz inequalities with 7 > 0 leads to

. 2
; e V 3 1 7 w2, (30t curl ueh
Bl (uy . (0 7)< ¢ (—MQ+E+5)<k||uo||>2+(k|\uhgh|\) +( 3 )(” el
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We combine this estimate with ([G.59) and absorb the first term on the right-hand side of (560) into the
left-hand side of (5.59) to obtain (using Ak > 1)

. 2
2 5 1 i 34p1 curl ubish
—||u0|| <Gy (2)\k+ >k2 luol* + (§+C{;> (kHuhth)2+0£( 277 ) <H A H)

We first consider the case k > max{ , 2051’} and choose n = %. This leads to
b

2
% luo® < Crk? [[ubish||* + % [[curl ubisk||? (5.64)

1 4C7
with C; := <§ +Ol;> , C5:= OZ; (3+2 Cb> .

This yields the first estimate for the first term in (E55R]) (for the considered range of k).
For 1 < k < max {1, &/\C*’}, we estimate the term & ‘bzigh (uov, (uhigh)v)‘ in (5:60) by using (5.200) and n > 0

i i v
k }bzlgh (u0v7 (uhlgh) )‘ < Cb ||u0||curl Q,1 Huh thurl,Q,l

k 2 high
< Oz/;ﬁ <77 [uollcuna1 + = || ® ||curlQ 1
G5 _, k 2 1 high
< Cbﬁ (77|u0|| + (77+ 5) [[ut chrl Q 1) '
The combination of this estimate with (5.59) (by taking into account b}" (uov, (uhigh)v> = 0) leads to

k2 uo® < = (k [uol))® + (kHuhig“H)Q

1
(77 [uol|” + <77+ E) Huhlthcurl Q 1>

1 +n7t .
( b2)\k) (k laol)* + (5 + C{)n 2)\1 > k| hgh”curl Q1

Recall Ak > A > 1. The choice n =

Q N =

20, leads to

1 1 1 1
9 2 2 2 high
K2 Juo? < <§+m) (k o ) +(5+(1+<q§> ) )Jc)k [ [

1 1
Z(kHUOW <§+ <Z+(Oz;)2)> kQHUhlthcurlQl

w

2
k2 HU. ” < C Huhlthcurl Q.k X — < C Hu”curl,Q,k'

The L? estimate for Vp follows by a triangle inequality:

kIVPI < k(™| +lhaoll) < O ([[u™] + A7 lewrt a2 [) < G [[u] 6 5 5 < OF allcun

The estimates for HHC‘”I’*vhith +k HHV’* hith are derived by repeating the arguments above. m
By similar techniques we will prove next that if one argument in ((-,-)) has only high-frequency components
then we get k-independent continuity estimates (cf. also (ZI5) for the general case):

Proposition 5.12 Let Q = B1(0) and A > Ao > 1. Then there exists C‘b > 0 depending solely on Ay such
that for all u, v e X

[(How, V)| + (@, Hov)| < Co [llouren [Vllcurnopn (5.65)

(0, v))| < Ceont i ||u||cur1,sz,1 ||Vchr1,sz,1 ) (5.66)

where Ceont, i < 5bk3.
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Proof. For u, v € X, write ut#? := Hqu, vMe" .= Hgv. Choose p, ¢ € H' () such that TIVuhieh = Vp,
IV-*vhish = Vg and set ug = ue" — Vp, vo = vhi8h — Vq. Since Il Hg = Hrllr (cf. (@I0)) we have

(e, )| < (k[ ) e vl + [Rop ()Y w7 )|
For the boundary term, we get
oy (ae) Y V) | < kb (v |+ ko ((99)7 vy )|

+ [y (S () 7) | + [k ((99)7, (V9)7))

E22), EZ3R) C}
< )\3 ol curr.01 Vollewrro1 + 5 h L (k| Vpl)) Vol w01

Cl
+ 3 [Wlleun,or k 1Vall + G (5 [[VP]) (k[ Val)

GE)
< Gy ||u||cur1,ﬂ,k,,\ ||V||Curl,Q,k,>\' (5.67)

The estimate for ((u, v181)) follows from the same arguments.
It remains to prove estimate ([G.66). We choose A = A\g = O (1) in all splittings and estimates and start with

[(Lau, V)| < K |(Lou, v)| + ’kbk ((Lszu)v ,Vv)’ < (k|| Laul)) (k| vI]) + [k (0¥, vV)].
We employ (517) with p = 41 to obtain
o (¥, vY)| < Cok? ||dive Lrur || sz py |dive Leve|| sz
2 m 2
< Ck%|[Lrar|lg-vemy Iorvrllg-iemy < Ok [ulleynon IV llewton - (5.68)

Combining (5.67) and (5.6]) leads to

’kbk (uv,vv” <C ||u||cur1,ﬂ,k,,\ ||V||cur1,ﬂ,k,,\ +Ck? ||u||cur1,ﬂ,1 ||V||cur1,Q,1

< Ck? ulleurr.o1 VIl -

Taking into account the L? (2) part in ((-,-)) results in the estimate (5.60)). m

Corollary 5.13 For Q = B; (0), the constants in ({.13), (4.14), (4-12), {4.0), and {4.17]) can be estimated
by

Coine < CK%, Ceontr < Cuk®, CRM8 < Gy, Gy < OyCE, O <2, )" <2+ Gy (5.69)

with k-independent constants C, Cy (cf. Prop.[5.7), Cy (cf. Prop.[512), and Cr.

Proof. The estimate of Cpyn i follows by combining (BI7) and (B25). Proposition .12 implies the bound
for Ceont - Estimate (5.67) implies the estimate of C ;"8" as in @IZR). For C{""8" we use (EI7) to obtain

. 1 .
k ‘bk (ucurl, (Vhlgh)Cur ) ‘ — L ‘b21gh (ucurl, chrl)‘ < Cb ||cur1p uTHH,l/g(F) ||cur1p VTHH*l/?(F)
< CoC¥ |l cur.o.1 ||V curl, 0.1
so that the estimate for Cg};fl’high is shown. Finally, C;"* < 2 is proved in (5280) and the estimate of

high H,Q high
CE = O oye

b follows by combining the previous estimates. m

6 Estimating the Terms in the Splitting (4.48b,c) of ((es, vy))

6.1 Estimating <<eh, (TP — TIeomp*) Vh)high)) in (4.48b,c)

In this section, we will prove the following Proposition [6.Il Recall the definition of 775", nglg, 717" in (@53),
(L5H), ([586), which involve the operator II7 as in Assumptlon 14
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Proposition 6.1 Let e, = E— Ey, denote the Galerkin error and for v, € Xy, let Hzomp’*, [1°°™P-* pe defined
as in Definition[{.9 Let Assumption be satisfied. Then

comp,* mp,* high high
| ((ens ((mmeome —115e™>) vy ) ™)) | < G ot llemlcurn o 1V e (6.1)
with
i C n ~ex ~ex i
Crp = (C;kgh + C;;—Qt’knz p) (77? P4 C#,knglg) and Cyup = (le’ﬂ + Cgéh gh) Cak. (6.2)

The constant Cl]:i,fh is as in (f-13)), Ceont,k as in (f-14), and Cq i as in ([{.31)).
For the case Q = By (0) we have Ceont x < Ck? while C’;ikgh, Cri, Qo and Cy i are bounded independently
of k.

Proof. From (£40) we conclude

curl ISP * vy, = curl [I°™P* v, = curl vy,
gurl,* o curl. - VVh S Xh. (63)
and curlll,” " Hqovy = curllI*""* Hovy, = curl Hovy,
Let r := (II°mP* — I[;°™P*) v, and let q := (I — IIF) II°®™P*v,,. First we prove some curl-free properties. It
holds

, Ass. [L14]
Hzomp,*) v, (Z48) o

curl (Hfﬂcomp’* - curl (HE - I) Lovy, + (Hg curl TTI°H* — curl qurl’*) Hqvy,

(6.4)
= curl (Hf — I) Lovy, + Hf curl Hovy, — curl Hgvy,
= curl (HE — I) Laovy + curl (HE - I) Hqvy, = curl (HE — I) Vh
Ass. BLTHa) curl (v, — v) =0,
and also
curlr & 0, (6.5a)
curl g = curl (I90mP — [ETeome) vy, B g (qreomes _ pppypeome.sy y, (6.5D)

We start our estimate with a continuity bound for the sesquilinear form ((-, Hg)) and employ ([@IH]) to get

i high ©3) ~high
|((eh=rh gh))‘ < Cb,kg ||eh||cur1,sz,k ||r||cur1,sz,k = Cb,kg ||eh||cur1,sz,k (K lx]]) - (6.6)
The coercivity of ((,-)) in the form ([@20) leads to
(k|lr])* < Re((r,r)) = Re ((q, 1)) + Re ((TFaIcomP* — Io"P) vy, 1)) (6.7)

We use the definition of TTV-*, TI°Wh* T[°°mP:* and its discrete versions as in (@I9) and Definition 3] to get
(Wh, 1)) = ((Wh, (HC‘“L* - HZ‘“I’*) HQVh)) —0 Yw, € V). (6.8)

From (6.4) and the exact sequence property [B.2) we conclude that (IIFIIO™P* —IL°"P™) v, = Vi, for
some ¥y, € Sp. The combination of this with (6.8) for wj, = V¢, implies that the last term in (6.7) vanishes.
Hence,

(krl)* < Re (@, 1) = Re (Haq, 1)) + Re (Lag, 1)) - (6.9)

For the high-frequency part on the right-hand side we employ again (@I5]) and obtain

i ©35) i
Re (Hoq, 1)) < OV llall o T eunan = Cog™ (klall) (k x])- (6.10)

The term ||q|| can be estimated by using the definition of II®®™P* as in Definition

Ellall < & [(7 = 1) Laval | (1 ~ TIF) 1 Hova |
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~ 1
S U;XP ||Vh||curl,ﬂ,k + 772 ¢ HHCUYL*HQV’IHHl(Q)

Lem. [4.12]
< ~ex

1
Uk i ||Vh||cur17ﬂ,7€ + Cﬂvkng ® anurly*Hﬂvthurl,Q,l

Lcm<.m ~exp C alg 6.11
> M7 + #,kg ||Vh||curl,ﬂ,k : ( ' )

To estimate the low frequency part in (63) we observe that ¢ := IV Loq = VNi'q (cf. [@350K)) satisfies
(€, 8) = (Laa,€) VE€ VH'(Q).
By choosing € = r we can use a Galerkin orthogonality in the form (8] to obtain for any wy, € V.S,
Re ((Laq,1)) = Re (¢, 1)) = Re ((( — Wi, 1)) < Ceont,k ||r||cur1,sz,1 ¢ — Wthurl,Q,l .
The last factor can be estimated by using [@53)), (611), and the definition of ¢:

. . - (6351 8
v}irelgh HV (N‘iAq - Uh) chrl,Q,l - v;}lelgh HV (N‘iAq - ’Uh) H S nZXp ||q||Cl”LQ;1 = nZXp ||q||

EID 5 (

~ex 1
i7"+ Coy kg g) 1Vhlewrn o - (6.12)
Finally, we combine this estimate with ([6.9), (€10), (61I]) to bound the last factor in (G.6)

Bl < Cok Ivnlloumon - (6.13)

We insert ([GI3) into ([G.6) and arrive at the assertion.
The bounds for the constants are stated in Corollary B5.13] m

6.2 Estimate of ((eh,H"u“’*vzigh» in (4.48b,c)

In this section, we investigate the second term of the right-hand side in ([@48K]). Recall the definition of the
adjoint solution operators ({.50) and the corresponding adjoint approximation properties (@51)—(@.50).

Proposition 6.2 Let e;, = E — E;, denote the Galerkin error with splitting of v, € Xy, as in {{-40). Let
Assumption[{.17]] be satisfied. Then

‘((eha chrl’*VZigh»‘ < Cyttok (C##7k + Cl(;,l;crhhigh + Ccom,kﬁ?‘p) ﬁ;lg ||eh||cur1,sz,k ||Vh||cur1,sz,k (6-14)

with Cyp 1 = C,f’ﬂ + Cl]:i,fh. For Q = B (0), it holds Ceont ke < Ck® while all other constants are bounded
independently of k.

Proof. Let s := chrl’*vzigh € V§. We consider the adjoint problem (cf. (@50R)) with solution operator
N3 and set z := Ass. Galerkin orthogonality with arbitrary z, € X, gives

(en,s)) = Ag (en,z) = A (en,z —zp) = Ay (e, Ho (z — z)) + A (en, La (z — zp)) . (6.15)
For the first term we obtain
A (en, Har (2 = )| < [leurl ey | [leurl (i (z — 2)) | +|((en, Her (z = z0) |+ kb (e, (Ha (2 — 2))"" ) |.
The three terms on the right-hand side can be estimated by using the constants in (@I2)), (£0), EI5):

H.Q
lleurl (Ho(z — za))|| < [[Ho (2 = 21) | cunon < Ok 12 = 2allcun,a .k -
1 1 Lhigh
‘kbk (eZ”r ,(Ho (2 —21))™" )‘ < sz,l;cr ® ||eh||cur1,sz,k Iz — Zthurl,Q,k g

high
|((eh7 Hgq (Z - Zh)))| < Cb,lkg ||eh||cur],ﬂ,k ||Z - Zh”curl,Q,k :
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This leads to
Lhigh
| Ak (en, Ha (z — z1,))| < (O##,k + CZ,‘LY € ) ||eh||cur1,ﬂ,k |z — Zh”curl,ﬂ,k .

For the second term in (GI5) we obtain for arbitrary z, € X,
| Ak (en, Lo (2 — zn))| < |Ak (en, Lo (2 — z1) —Z4)|

< Ceontk l€nllcurr.oq 1L0 (2 — 21) — Znll 0.1 - (6.16)

This leads to the estimate

I high -
|((en,s))| < (O##,k +Cp ) lenllcur. ok 12 = Znll o T Ceont.k €0l cur1 0.1 1L0 (2 — 21) = Znl ey o1 -

(6.17)
With the definition of the adjoint approximation properties (cf. Sec. 43]) we arrive at
inf _ < ~alg Hchrl,* high 6.18
Z}ngXh ||Z ZhHClHl’Q’k = 'k v curl,Q,k ’ ( )
o 5 @sn e :
glf inf || Lo (z — zn) — Zthurl,Q,k < iy Cinfllz - Zh”curl,sz,k < nglgngxp Hcml’*"]ﬁlgh . (6.19)
h Zp Zn curl,Q,k

The combination of these estimates with Lemma [£.8 leads to (6.14).
The estimates of the constants for the case Q = By (0) are stated in Corollary 5.13l m

6.3 Estimating ((es, Lo (II; """ v, — II®™P*v,,))) and ((es, Lovy)) in (4.48b,c)
Next, we investigate the first and last term of the right-hand side in (Z43K]).

Proposition 6.3 Let e, = E — E;, denote the Galerkin error with splitting of v, € Xy as in ([{-46) and let
Assumption [{.19) be satisfied. Then:

(e, Lax))| + [((en, Lava))| < Ceont ks~ (14 Crk) lenlleuron IVallewnox (6.20)
with r := II;""P vy, — TP *vy, and Crp, as in ([6.2).
Proof. Recall the definition of the solution operator /\/}j4 from (50D) satisfying for given s € X
Ai (w,Ni's) = (w,Los) Vw e X.

For the first term in ([@20) we get in a similar fashion as in (616

E1D
((en, Las))| = inf |Ag (en, N5's —zn)| < Ceontk lenlloumnor nf [|Ns's —zal| o,
zp €Xp, Tz eXy (it

< Ceont k3" ll€nllcurn.or 18 curtok -

This leads directly to the estimate of the second term in (6.20) by choosing s = vj,. For the choice s = r, we
combine ([6.5a) with (6.I3) to get|[r||.,n0r =Kl < Crk [Vallowior - ™

7 Analysis of the Dual Problems

For the stability and convergence analysis, we have introduced various adjoint approximation properties in
Sec. A3l In this section, we analyze the regularity of the adjoint solutions in Sec. based on a solution
formula which we will derive in Sec. [[.Il The quantitative convergence rates require interpolation operators
for hp finite element spaces that will be presented in Sections
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7.1 Solution Formulae

In this section, we will develop a regularity theory to estimate the solutions of the dual problems which have
been introduced in Section L3l They belong to one of the following two types.
Type 1:
Given v e H(Q,div), g,heX find z € X s.t.
Ay (w,z) =k (w,v) +ikby (WY, gY) —ikby, (W™, b))  vw e X. (7.1)
This is problem (£50R) with v: =g :=r and h : = 0, problem ([@50h) with v := g := Lor and h := 0, and

g:
problem ([@39) with v="h =g := Low.
Type 2:

Givenr € X find Z € H' (Q) /Rst.  ((VZ,VE) = (Lar, VE)) veEe HY(Q). (7.2)
This is problem (50L).

7.1.1 Solution Formula for Problems of Type 1

Integration by parts in the sesquilinear form Ay (-, -) gives

Ay, (w,z) = (curlw, curlz) — k* (w,z) — ik (Thywr, z7) 1
— (W, curlcurlz — k2z) — (yrw,r curlz) + (Wr, i kT pz7)

= (w,curleurlz — k°z) + (wr, y7 curlz) + (wr,1kT_pz7); . (7.3)
In a similar way, we can express the right-hand side in (1)) by

r.hs. = k2 (w,v)+ik ((Tkwv7 gv)F — (TkwcurI, hcurl)r)
= k2 (W, V) —+ (Wv7 (1 ka)* gV)F _ (churl7 (1 ka)* hcurl)r
=k (w,v) + (wr, kT (87 — ")) (7.4)

The right-hand sides in (73] and (4] must be equal, which leads to

curlcurlz — k?z = k?v in Q,

yreurlz +ikT_yzr = —ikT_j (gv — hC“rl) on I (7.5)

In the next step, we eliminate the capacity operator T_j by considering a full space problem with transmission
~1/2 (I") the adjoint capacity operator T_,qr is computed by first

curl

condition. Note that for any given qr € H
solving the exterior problem

—ikzt +curlH=0 in R3\Q,

ikH + curlzt = in R3\Q,
vzt =qr xn on T,
|zt (x)| < ¢/r (7.6)
]H(x)] <c/r as r = ||x|| = oo

’z"’—I':Ix5 <c/r?
T

so that ”y;f H= T_rqr. In the following we always choose qr = Ilrz in (L8) with z being the solution of

@I).

From the third equation in (Z.6) we obtain [(z,z")], » = 0 and from the second equation in (Z.6)
v curlzt = —ikyiH = —ikT_pzr. (7.7)

Hence,

[(z,2%)], ¢ ed yr curlz—~;, curlzt €3, €D _ e, (g — heul).
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Let V,ero denote the extension of v to the full space by 0 and define Z € Hjg. (R3,curl) by Z|Q = z and
Z|o+ = z". The combination with (Z.5) leads to (see [46] (5.2.22)] for the radiation condition)

curlcurlZ — k2°Z = k?V,er0 in R3\T,
[(z,z+)]0 r =0,
[(Z, Z+>]1,F —ikT,k (gV _ hcurl) , (7'8)

0,27 (x) +ikzt (x)| <c/r? as r = ||x|| = oc.

We first construct a particular solution for the corresponding full space problem by ignoring the transmission
conditions. Then we adjust this solution to satisfy the transmission condition.
For this purpose we need the fundamental solution for the electric part of the Maxwell problem in the full
space:
curlecurl G, — k2G, =61 in R3,
10,G (x) —ikGg (x)] <c/r? asr=|x| — .

We eliminate in [46] (5.2.1)] the magnetic field to get the equations

curlcurl E — k2E =61  in R3,
|0,E (x) —ikE (x)| <c¢/r? asr=|x| — co.

Hence, the fundamental solution is obtained by dividing the one in [46, (5.2.8)] by (iwu) to obtain
ei kr

Gi (9) = g (XN T+ 5 YV Tge (Ixl)  with gi () = (79)

T A’

The second term in the sum is understood as a distribution, i.e., the convolution with a function f €
Comp (R?,C?) is defined by

(s 0) (@) = [ acllle =) £ dy+ 35V [ o (lx—yl)divt ) dy. (7.10)

From (I0) we conclude that
71 = k2/ gk (I =yl v(y)dy + V/3 -k (I = ¥ID) (div Vzero) (y) dy  in R?
Q R

solves the differential equation (first line in (Z.8)) in R*\I" and the radiation condition. The function v, has
a jump across I' and it is easy to verify that the distributional divergence is given by

(divgs Vyers) (1) = /Q (divv) e — /F o)y Ve O (RP).

Hence,
zZ] = kQ./\/l{;? (v) + V./VE{,? (divv) — VS§2 ((v,n)) =211 +212+213

with the acoustic single layer potential

SHhg = / g (I = yl) & (y) dTy (7.11)

and the acoustic Newton potential

Nty = /Q gi (I =yl w (y) dTy. (7.12)

We assumed v € H (€, div). Well-known mapping properties of S} and NI (cf. [50]) imply that
71, € HY, (R3) so that [z11], =0 and [z11];  =0.

By the same reasoning we know that z» € Hi  (R®) and also curlzy o = 0. Hence [z19], - = [z12], = 0.

Since (v,n) € H~/2(I') we know that SH2 ((v,n)) € HL_ (R?) and curl VSHE ((v,n)) = 0 so that Z13], 1 =
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0. Since 7,V is a tangential differential operator its jump vanishes on functions in H{. . (R3). This implies
that
[z1]or =0 and [z1], . = 0. (7.13)

To obtain the full solution we introduce the single layer operator for the Maxwell problem (cf. [11 (3.11)]) by
w 1 .
S (@) = S (#) + 15 VS (divr @) (7.14)

From [46] (5.5.29)] we get that
[Sllc\/lw ]1,1‘ =9

The combination of this, the third equation in (78], and (ZI3]) show that
zo 1= SN (ikT_y (g¥ — h))

satisfies curlcurl zo — k?zo = 0 in R3*\T, the transmission condition (2nd and 3rd equation in (Z.8)), and the
Silver-Miiller radiation conditions for the dual problem. Next we give a formula for the full solution of (8]

Z= kz/ﬂgfk(ll- =vylhv(y) dy+V/ngk(H~ =yl (divv) (y) dy
= [ i1 tvom) () dy (7.15)
I
+08) [ g (=¥ Tor (&5 =) () Ty = 9 [ g0 (1= yl) dive T (),
where we used divp T_yh®! = 0 (cf. Z21)).

Theorem 7.1

1. Forv e V{§,g=v, and h =0, the solution of (7)) is given by
z= kz/ﬂg-k (- =yl v (y) dy —Hk/ gk (|- = y[) T-xvY (y) dTy. (7.16)
r
2. For v =0, formula (7.10) simplifies to a combined layer potential
: v curl 1 : v
2=1k | g (Il =y Tk (87 = 0™) (y) dly = =V 9+ (I- =yl dive T_xg™ (y) dly.  (7.17)

Proof. For the choices as in (ZI6), the properties (£28) allow us to simplify (ZI8) and to obtain (Z.I6).
Formula (ZI7) follows simply by setting v = 0 in (Z15). m

7.1.2 Solution Formula for Type 2 Problems in the Unit Ball B;(0)

The problem of Type 2 (cf. (Z2))) is a Poisson-type problem. Integration by parts leads to its strong formula-
tion. We recall div Lor = 0 by ([@9K) so that

—-AZ =0 in €,

g—i — %diVF T,VrZ = <LQI‘, Il> - %diVF T]ioer on I'.

(7.18)

To analyze problem, we introduce the Dirichlet-to-Neumann operator Ta : H'/?(I') — H~'/2(T") that maps
g € HY2(T') to d,u, where u is the (weak) solution of

Au=101in €, u=g¢g onl.
This allows us to formulate (ZI8) as follows (with L as in Def. [£2))

~AZ =0 in Q,

TaZ — + dive TyVrZ = (Lor,n) — + dive 7"ty onT. (7.19)
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We employ expansions of (Lor,n) and rp in the forms

(Lor,n) Z Z k'Y," and rp = Z Z (ry" T + Ry*VrY,™) (7.20)

=0 meEuy /=1 m€Euvy

so that the right-hand side in the second equation of ([T.19) is

(Lor,n) — kdwp Ti%r Z > < - —d1vr T (rp? 7+R;”vmm)>
£=0meEug
H6L (2.4.173), (5.3.93)] m L(l+1) m
DD BRSO W (T BN CEYY
£>\k meu £<\k mEvg
Note that Y = \/% is constant and hence k3 = (<LQI‘,H>,YOO)F = (divLQr, ﬁ)g = 0. Hence the

summation index for the second sum in (T2I)) can be restricted to 1 < ¢ < Ak. The representation (Z21])
motivates the ansatz for the trace of Z

2 =33z
{=0 meEry

The left-hand side in the second equation of (I9]) becomes

TAZ — P divp T, VrZ = Z Z Zy (TAYZ T divp T VrYy )

/=0 m€Evy

H6 (2.5.22), (5.3.93)] Zf (1 14 + 1 ) Z Znypm. (7.22)

=1 meEly

The right-hand sides in ((21]) and (C22]) must be equal. Thus
1 (2 (k) +1 (+1
m= - —————R}" (< )k
v =g (T ) - Sy s

o = K(Zl((k))_g)né 0> M.

Zr = (7.23)

Hence, the solution Z of (CI9) is the solution of the following Laplace equation with non-homogeneous
Dirichlet boundary conditions

—-AZ =0 in Q,
Z = on I

with  gp ZZQDY}-‘:-ZZ@’”Y}.

L<AkmEry L>MkmeEyy

(7.24)

7.2 Regularity of the Dual Problems in Q = B;(0)
7.2.1 The High-Frequency Case
We consider the regularity of the solution in ([50R) for a right-hand side r + vo € V§. Recall the definition

of VP in (2.27).
Proposition 7.2 Let Q = B;(0). Let vo € V§ and z = Novy with No given by ([f-50d). There exists a
k-dependent splitting Navo = N3*""vo + Ni'vq such that

h
HNroug HH2 Q S Oroughk ||V0||curl k>

(7.25)
HVPNAVOH < Ca2k®yf o (max{p + Lk} [IVolleyn 0 VP € No,

where Crough, Ca,2, 74,2 > 0 are constants independent of p, k and vo.
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Proof. The solution of the dual problem [@50R) is given (cf. (Z16), 2H)) b
z=(—ikz1 +22)ik

with 2 :=/Qg—k(||-—yll)Vo (y)dy and z :=/Fg_k(||-—y||)T_kv0V (y)dly.

From the decomposition lemma in [39, Lemma 3.5] we get a k-dependent additive splitting z; := z}°"8" 4 z{!
such that
vmgUE | < Ckm2 v Vm € {0,1,2}, (7.26)
[VPzit|| < Crk~lvoll  Vp €N '

for a constant C' independent of k£ and vq. For the function z,; we employ the splitting

vo ' = Lr (vy) and vy " := Hyp (vy)

and define z¥" := SHh (T_ Y1) and z3'®" .= z, — 2. From [36, Lem. 3.4, Thm. 5.3] we conclude that

hlgh rough v hlgh

there exists a splitting z, + z2 such that, for w :=T_;v,

va routh <C ||W||H1/2(F) )
|VPzg|| < CA?max {p+1,k}"" ||W||H a/2

vYm € {0,1, 2},

(7.27)
Vp € Np.

™)
Here the constants C, C, 7 are independent of p, k¥ and w. This motivates the definition of the operator
N3OV — H2 (Q) by

NéoughVOZ rough+ rough (728)
To estimate the norms of w in (227)) we employ the third estimate in Lemma for s < 3/2 (we also use
that (&.8) gives z¢ (—k) = z¢ (k) and Ze(:,f)ﬂ} = z((lf)ﬂ}): From the definition of w and (E8) — (B.7) we
conclude that w has the representation

oo
v
W= vy
{=1me€ry
for some coefficients V,”. Hence

Iwllgg; oy < D D (€(e+1)™

|v;n| <CR YD ST e+ 0P e+ )P v

{>XkmEre (k) +1 £>Ak mErg
, E22
<OR LN ST e+ )PPV TS R dive v ey < ORIV [l
£>Mk mere ’

o 2 Lemma[B1] o 2

< Ck* ! Vol (o) < Ck*~1 [Vollcur.c.1 - (7.29)
We set s = 1/2 in [Z29) to derive

||W||H1T/2(F) < Clvollewrs,o,r - (7.30)

The combination of the first lines in (Z26) and ([T27) with (30) leads to the first estimate in (Z25).
To estimate ||W||H73/2(F) we employ (T.29) for s = —3/2 and obtain
T

||W||H;3/2(r) <Ck* 1Vollewr, 1 - (7.31)
Taking into account the second estimate in (T.27) results in

HVPZé“H < CyPmax{p+1,k}""" 1Vollcurtc.1 -

low V,low

The term z5" is defined as the acoustic single layer potential applied to the function T_; v, . The analysis
of such a term will be carried out in Section [7.2.2] and it follows from (740) (where the function ¢ corresponds
to z¥") that

25" € A(CK Vo cunp 17 2) - (7.32)

where C and v are positive constants independent of k and vg. The combination of the second estimates in

[T26), [C27) with (Z31) and ([Z32) leads to the second estimate in (7.20]). m
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7.2.2 The Low-Frequency Cases

First, we study the regularity of the solution operator Ns* as in (EB0B) which is of Type 1 with r = g = Lov
and h = 0. Since Lqv is, in general, not in V§ we have to employ the solution formula (.I5), where the
second summand can be dropped due to div Lov = 0 (cf. [@IL)). We set

a:= ./VE{,? (Lav), b:= 85}; ((Lav,n)),
Hh v Hh (3; \Y (7.33)
C = S—k (T,k (LQV) ) 5 d:= S—k (leF T,k (LQV) )
so that .
2= NV = k2% — Vb +ike + ivcz. (7.34)

Proposition 7.3 Let Q = B1(0). There exist positive constants C 43 and y4,3 independent of k such that for
any v e X

N:;»AV €A (CA;3k3 ||Vchrl,Q,k ) VA3 Q) .

Proof. We determine the analyticity classes for the functions in the splitting (C.34]), distinguishing between
the terms related to the acoustic Newton potential A 1{,]2 and the acoustic single layer operator.

a) Newton potential. We start by writing a function ¢ = N (g) as a solution of a transmission problem:
Let

e s ) _Jg inQ
Aq k q = Gzero 1N R \F with Y9zero ‘= { 0 in R3\Q
3q]

= | 52

3} .
’8_?“ +ikq‘ = o(||xH 1) as ||x|| — .

:O,
r

Next, we will determine the class of analyticity for the function ¢ by using the results in [36]. For this, we
have to investigate the analyticity class of ¢ = Lgv. From Theorem 5.9 we conclude with Cy, v; independent
of k and v

Logve A (CV71,’)/1, Q) with CV71 = Clk3/2 HVchrl,Q,k . (735)

This allows us to use [36, Thm. B.4] to deduce the analyticity class for N (Lo v). We introduce the weighted
1/2
H'-norm by ||vlly, o == (HVUH2 + k2 ||v|\2) and obtain

NEI]? (LQV)}Q € A(Cv,277359)7

with

Cyzi=Cs (k‘2Cv71 kA (LQV)HH_’BR(O)) ;

here, Bg(0) is an (arbitrarily chosen) ball containing Q. From [39, Lemma 3.5], we get |V (Lov
C'||Lqv]| so that

)HH,BR(O) S

Cv2 <CCs (k72Cy 1 + k71| Lav|) < CCs (Clk_1/2 IVl cwron + k2 HV”curl,Q,k) < Gy 1Vl curt.e.n -

Hence
K € A(CR2 V] g 70, 2) (7.36)

b) Single layer potential: We write a function ¢ = SE,}; (g9) as a solution of a transmission problem: Let
Yo denote the standard, one-sided trace operator for I' from the interior and 76" the one from the exterior.
The one-sided normal trace (from the interior) is denoted by v1 := 9/dn and by v, from the exterior. The
respective jumps are [u|. = ¢ u —you and (U] = 7w — y1u. The well-known jump relations for the single
layer potential yield for the potential ¢ = Sﬁ}; (9)

—Aq—k?q=0in R3\T,
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lg)p =0 and [q], = —y,

dq | . _ -1
'E—Flkq _o(|\x|| ) as [x] — oo.

The essential part of the regularity estimates are those near the boundary/interface T', where the analyticity
of the jump ¢ and the geometry I' come into play. We follow the standard procedure of locally flattening I'" so
that [34, Thm. 5.5.4] becomes applicable. In view of (Z33]) we have to analyze the transmission problem for
3 different choices of ¢:

g€ {g1.92.83} with g1 :=(Lav,n), go:=divrT_y(Lav)", gs:=T_4(Lav)". (7.37)

1. step (analyticity classes of g): In the following Ur is a sufficiently small neighborhood of T" whose size
depends solely on I'. Lemma [5.10] directly implies the existence of an extension g¢j of g into Ur

g7 € A (K2 |Vl gy -7 U ) (7.38)

To define extensions of gs, g3 we repeat the arguments of Lemma 5.5l From the expansion

> —
Mv=>" % (v;”curlpylm + Vg"vmm)

¢=1meuy
we get
GD ik
=T} (Lov)¥ "= — VI VrY"
g3 k (Lav) (Zg(k)-i—l)z ¢ Vrig
1<<Ak =
() kL(e+1)
g2 = divp T (Lqv)¥ "= (1 i ) >V
1<e<Ak meu,

Recall the analytic extension }7[” of Y, with the property (G.I1) from the proof of Lemma 5.5l We define the
analytic extensions of gs, g3 by

P (mz £+1)ngmy€ and gji= > (ﬁﬁl)zwmvyém.

1<0< Nk meu, 1<0< 0k meug

We obtain by using Cauchy-Schwarz inequalities

1k€ E—i—l ‘ Z |Vem|HV" m}

ang;HL?(Z,{F) < Z Ck7/2’yn max {kan}n HVTH71/27CHFIF ’

1<0<Ak L2
1 ~
19782y < —\ |wm|an+%m]
AU WZS:M ze (k) +1 mze;,z L2 Ur)

< CA" Mk max {k,n +1}" Z VI +1) Z \Z&

1<0< Nk mEuy
< CA"ES? max {k,n+ 1}" [Ny

We combine this with Theorem 2.4 and have proved that the extensions gj, g3, g5 belong to the analyticity
classes

gr €A (Clk3/2 HV”CurLQ,k 7")/1,1/{1“) ’ g; €A (02k7/2 HV”Curl,Q,l ’727Z/{F) ’ g§ €A (03k5/2 HVchrl,QJ 7")/3,1/{1") ’

where C}, v; are independent of k£ and v. _
2. step (a priori bounds for potential q): Note that, for an (arbitrary) fixed ball Br(0) with Q C Bg(0), [36]
Lemma 3.4, Thm. 5.3] imply

1 1

ST (33)HH,BR(0) < OZ’“” Hg?’”H;‘VM(F) and [T} (g: HH Br(0) = Ozk%l il g-s/24ery s 1=1,2.
= =
’ ’ (7.39)
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The |[-[| -3/2+¢(r) norm of g; can be estimated for £ = 0,1 as follows:
Estimating g; :
||<LQV7H>||H*3/2+Z(F) <cC ||<LQV,1’1>||H71/2(F) <C ||LQV||H(Q,div)

(z93)] C _
= C|Lav| < % ||L52V||Cur1,§z,k <Ck ! ||V||Cur1,Q,k-

Estimating g- :

@10 Ca/oen
lgll3y—s/2n(ry < (£(€+1))7>F

1<0< 2k

Ck* 3 e+ 37 v

1<0<Nk meug

ike(0+1)

v ?
ze(k)+1 V"l

mety

GE3)
<

i

9 Thm. 24 2
< O IvEZ ppeun, = CRIVIGuan -

Estimating g3 :

(e
2 —-1/24n | *h m
||g3||H;3/2+"(F) S Z (6 (€+ 1))
1<e<Nk meug
n —1/2 m n 2
<crRt N ()Y Z VP < OB VI 0
1<e<Nk meug

The combination with (39) leads to
HSH (91 HH ,Br(0) <Ck ||V||curl,ﬂ,k7 HSHh 92 HH Br(0) < Ck? ||V||cur1,sz,1= HSHh (g3 H?—L Br(0) < Ok (v

3. step (analyticity of potential q): The above steps and [34], Thm. 5.5.4] give

1
Vb€ A(CH2 V] uap: Q) ke € A(CH VWlanar 12) s 7V € A(CE V7 2).

(7.40)
From the decomposition (.34) and the assertions (7.36), (7.40) we conclude that

N§4V €A (O-A13k3 ||V||curl,ﬂ,k » VA3, Q)

for constants C 4 3, 74,3 independent of k and v. m
Next, we analyze the regularity of the solution operator Ny of [@50L).

Proposition 7.4 Let Q2 = B1(0). There exist positive constants Ca4 and ya,4 depending only on I' and the
cut-off parameter X such that for any r € X

VNi're A (CA,4k5/2 1l e, V4,45 Q) :

Proof. We first analyze gp of (Z.24)) (in Steps 1-3) and subsequently the solution Z of (T.24)) in Step 4. As
in the proof of Proposition [[.3] we let Ur be a sufficiently small neighborhood of T".

1. step (analyticity class of g3)): With the analytic extensions 17;” of the eigenfunctions Y™ (cf. (5I1))) we
extend gp to Ur by

(k)
s=Y Xz FY S L(HE ) - S S e
(=1 meuyy = lmebe é<)\km6u

where x}* and R} are given by (T.20). We note that the coefficients x}* are controlled by Lemma [5.I0 For
the coefficients R}* we estimate

1/2

2230
SO TURPISEA YT > Ry < F2erl 1z eune SF2IEcuro.

<Ak mEtey <Ak meEuiy
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2. step (symbol estimates): We have
|z¢ (k) + 11" = (14 Re (z¢ (k)))* + (Im z¢ (k))*.

From ( [46l (2.6.23)]) we know that 1 < —Rezp(k) < £+ 1 so that (14 Re(z/(k))) < 0 and hence
|1+ Re(z¢ (k)| < |—€+ Re(z¢ (k))|. Thus

(Ew5)

Y4 l 0 <)k
< < = ’
Zg(k)—f - |Zg(k)+1| _C{ 1 7> \k.

3. step (analyticity classes of gr,): We claim: there are C, v’ > 0 independent of k and r such that

2
+1

IN
IN

1
¢

and also we have

9p € ACK?|r||cur1.7 . Ur) (7.41)

Using (BIT)) and the symbol estimates of Step 2 we estimate with the abbreviation Ay = £(£ 4+ 1) and the
constant 74 p of Lemma [5.10

||V"gE||L2(MF)§7"{ Z Z|f<¢2”|max{\/)\—g,n}n+ Z Z £i1|ﬁ?|max{\/)\—g,n}n (7.42)

C<ky!y p mELe >kyly p mELe
n
+ E g €|R2”|max{\/)\g,n} =" 0
<Ak me€uip

We estimate the expression {-} in curly braces further with Lemma [5.T0l and suitable #:
n n 1 m n n
{...}5/€3/2||r||0m1,9717 max{k,n}"+ Y > £+1|,<;l | {)\E/Q_,_n }
>kyly p mELe

S R e L D DD DR  PHEE

>kl p MELe

,S ks/QHrHCurl,Q,l:}/n max{k, n}n + k:}/nnnHr”CUH’Q’l;

in the last step, we employed (5.48]) once with & = n and once with o« = 0. This shows (Z41]). We also note

||9DHH1/2(F) S HQBHHl(u) S k5/2”rchrl,Q,1- (7.43)

3. step (interior regularity): Given r € X, the function Z = Nj'r solves (Z.24). First, interior regularity as
derived in [34, Prop. 5.5.1] gives

IV 2| 2y < O (n+1)" | 2l i) < OV (0 +1)" llgpll ey ¥n € No. (7.44)

This is the desired bound away from I' in view of (Z.43).
4. step: For the behavior of Z near I', we write Z = Zy — g},. Near I, the function Z; satisfies

— AZy=—Ag} inUp and Zo|r = 0. (7.45)

From (Z41) we get Ag}, € A(Ck™/2,~,Ur) for suitably adjusted constants C, v > 0. Also we have

* < 5/2 @) 5/2
IV Zoll L2 ey < IVZI+ IV9D N 20y S N9Dlm1r2 0y + CF Illewnon S K llelleunoa. (7.46)

One concludes with the aid of Theorem (and suitable localization as well as flattening of the boundary)
that Zy in (C45]) satisfies

VZye A (Ok5/2 Il w01 v”Y’uF) )

again with adjusted constants C, . This in turn implies VZ|,, € A (Ck5/2 Il curn 0 ,7,Mp). ]
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Proposition 7.5 Let QQ = By(0). There exist positive constants C a1 and ya,1 depending only on T’ and the
cut-off parameter X\ such that for any v € X

NV € A(Cank? ¥l 14:2)

Proof. For given v € X, the solution z := ./\/f“v can be split into
z=Ni'v+z
with the solution z € X of

Ay (W, 2) = —ikby (Wcuﬂ’ (LQV)curl) Yw € X.

From (7Z.I0) we get the following representation of the solution
5= ik [ gl =y Tk (L)) (v)dry.
r

Fourier expansion of (Lpvy)™ leads to (cf. (7))
curl 2L (k) +1 mmm
po=T o (Lav)™ = 3 <T STy
1<e<Xk met
An extension of p* is given by
* 20 (k) +1 mrpm
B= Z <T Z Ve Les
1<e<Ak meu
where T := VY x n* with n* (x) := x/||x| and ¥;” as in (5.11). Now we proceed as in the proof of

Proposition [7.3] First, we derive the estimates

2
Zf(k)—’—l m |2
TV Z|W|

metuy

Il = D (C€+1)7
1<e<\k

Lem. 53] _ ! 2 m
< Z (L(+1)) 1/2 (1 + E) Z |vg ?< C||VT||iI;u1ﬂ/2(p) < OHVHiurl,Q,l

1<0<Nk mewg

and

V"0 2y < D
1<0<\k

fomse) . ¢ . 0
< Cmax{k,n+1}"""" Z (1+ E) Z lvg*| < Ck® max {k,n + 1}" 3" 1Vl et 2,1 -

1<0< Ak meu,

()| 5 oot

meey

L2 (Ur)

The application of SEIL‘ to p can then be estimated by

39)
curl
e85 (1o @av)™) | TS R g gy < OF IVl

and kSHE (T,k (ngv)curl) eA (Ck2 1V llewrn,0.p 7> Q) The combination with Proposition [7.3] leads to the

assertion. m

8 Approximation Operators for S,.1(7;) and N} (7;,)

The relevant hp finite element spaces have been introduced in Section A key property of these spaces is
that both lines in the diagram in Fig.[[are exact sequences, [25J42]45]. In particular, therefore, (32)) is satisfied
for the pair (Sp,X) = (Serl(,];-L),N:ID(%)). The operators I1¥ and 1" of Assumption F.I4] are constructed
to satisfy the stronger “commuting diagram property” that make the diagram in Fig. @l commute. In that
case, the operator TI}7 is defined on the space [y o7 H'(K,curl) N1 X D {u € H'(Q)| curlu € curl X, }.
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R—— HY(Q) —Y H(Q,cwl) -2 H(Q,div) —2 1£2(Q)

url div
R —— Sp(Th) —— Ny(Ta) —" RT,(Th) —=— Z,(Th)
Figure 1: Continuous and discrete exact sequences.

8.1 Optimal Simultaneous hp-Approximation in L? and H(curl)
We restrict our attention to approximation operators that are constructed element-by-element.

Definition 8.1 (element-by-element construction) An operator 1184 : H2(K) —» Ppt1 is said to admit
an element-by-element construction if the operator 11824 defined elementwise on H* () N [xer, H*(K) by

(T1erady) | g := (T84 (u 0 Fi)) o " maps into the conforming subspace SPT1(Tp,) C HY(Q).

An operator [Jeur! Hl(l? ,curl) = N ;(I? ) is said to admit an element-by-element construction if the operator
! defined elementwise on H(SY, curl) N [[xer, H' (K, curl) by (Tl | g = (F}{)’T(ﬁcurl((Fl’{)Tuo Fg))o
Fi* maps into the conforming subspace N;('E) C H(9Q, curl).

An operator [div . Hl(IA(, div) — RTp(IA() is said to admit an element-by-element construction if the operator
Y defined elementwise on H(2, div) N []x 7, H' (K, div) by

(Hdivu)|}( — (det(FI/())leI/{(ﬁdiv(det FI’()(FI/{)*luO FK)) o FI;I

maps into the conforming subspace RT,(T;,) C H(Q,div). Finally, any operator e LQ(IA() — ’Pp(l?) leads
to a globally defined L?(Q)-conforming operator by the following element-by-element construction: (HL2U)|K =
(IIX* (o Fk)) o Pt

As it is typical, we will construct such operators on the reference tetrahedron K insuch a way that the value of
the operator restricted to a lower-dimensional entity (i.e., a vertex, an edge, or a face) is completely determined
by the value of the function on that entity. For scalar functions the operator I, of [39, Def. 5.3, Thm. B.4] is
an example that we will build on; it can be viewed as a variant of the projection-based interpolation technique
of [17] that also underlies the construction of the operator II¥. Important features of the construction of II,,
are: (IL,u)(V) = u(V) for all vertices V; it has the property that (IL,u)|. is the projection of u|. onto a space
of polynomials of degree p on each edge e under the constraint that IT,u has already been fixed in the vertices;
it has the property that (IL,u)|f is the (constrained) projection of u|; onto a space of polynomials of degree p
on each face f under the constraint that II,u has already been fixed on edges. We note that the fact that II,
is a (constrained) projection on polynomial spaces for the edges and faces makes the definition independent
of the parametrization of the edges and faces of the reference tetrahedron.

We need approximation operators suitable for the approximation in the norm || - ||cu,0,5- Such an operator
can be defined in an element-by-element fashion on the reference tetrahedron:

Lemma 8.2 Let s > 3/2. There exist operators ﬁgurl*s (HS(K) — N;(I?) with the following properties:
(i) ﬁgurl*s admits an element-by-element construction as in Definition [81]
(i) Forp > s—1 we have
(p+ Dllu =T | ) + [0 = T gy ) < Cp™ OVl - (8.1)
(i11) Let u satisfy, for some Cy, 5, h >0, and K > 1
[V*ullyz gy < Cu(Yh)" max{n, x}" VneN, n>2 (8.2)

Assume furthermore

h+rh/p<C. (8.3)
Then there exist constants C, o > 0 depending solely on C and 7 such that

e

||11 o ﬁzc)urLsunloo(}?) < CCy
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R —— H2(K) —Y— HYK,cul) -2 HY(EK,div) — HY(K)

Terad,c Tycurl,c fydiv,c
l lnrﬂrl lnp lnp l

R —— Ppu(K) —— NUEK) - RT,(K) — P, (K)

=)

L2
P

Figure 2: Commuting diagram on reference element K.

R —— H2(Q) ——— HYQ, curl) - HY(Q, div) —2 HY(Q)

grad,c curl,c div,c L2
| [z [ [ [

R —— Spir(Th) —— NLT) — RTL(Th) — Z,(Th)

Figure 3: Commuting diagram on mesh 7},

Proof. Let 11, : HS(I?) — Pp, s > 3/2, be the scalar polynomial approximation operatorﬁ of [39, Def. 5.3,
Thm. B.4]. A key property of II, is that, as described above, one has that the restriction of II,u to a
vertex, edge, or face is completely determined by wu restricted to that entity. We write, e.g., for a face
f: 10, (u|j) = (Ipu)|;. We define the operator ﬁ;‘”l’s : HY(K) — (P,)° C J\/;(I?) by componentwise
. . 3 .
application to u = (u;);_, i.e.,
Lse, . 3
I = (pug);_y -
1. step: We show that ﬁ;‘“lvs admits an element-by-element construction. We show this by asserting that the
tangential component HTﬁg‘”l’Su depends solely on the tangential component IIru. Fix a face f of K with
normal n. Note that n is constant on f. The tangential component of II°“*u on f is

3
(HT (chrlxsu)) ‘f = ((Hpul)?zl) ’f — Z nill,u; | n
y =
f

Using that (IT,u)|s is completely determined by the values of u on f and using that the normal vector n is
constant on f, we infer with the understanding that II, acts componentwise on a vector-valued object

(I (")) | =TI, (uly) — I (0 - ulp) n) =10, (uf; — (0 - uly) n) = 0,(Iru)ly,

which is the desired claim.
2. step: Estimate (8] then follows from [39, Thm. B.4].
3. step: From [39, Lemma C.2], we conclude that ([84]) holds. m

8.2 Projection Operators with Commuting Diagram Property

The operator ng“’s, which is obtained by an elementwise use of ﬁzc,““’s of Lemma (cf. Definition B
for the transformation rule) has (p-optimal) approximation properties in || - |lcur,0,x as it has simultaneously
p-optimal approximation properties in L? and H'. However, it is not a projection and does not have the
commuting diagram property. We therefore present a second operator, II°""“¢ in Theorem B3] with this
property. The construction is given in [38] and similar to that in [I7,18]. We point out that the difference
between Theorem B3 from [38] and the works [I7/18] is that, by assuming H?(K)- and H! (K, curl)-regularity,
Theorem B3] features the optimal p-dependence, thus avoiding the factors of logp present in [I7,18].

Theorem 8.3 ([38]) There are linear projection operators ﬁzg,ff’c, ﬁzc,“rl’c, ﬁgi"’c, ﬁf such that the following
holds:

8In [39, Def. 5.3, Thm. B.4] the element-by-element construction of the polynomial approximation on the reference element
only fixes Il on 0K. The operator II, is fully determined by adding a final minimization step to fix the interior degrees of
freedom on the reference element.
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(i) The diagram in Fig. [2 commutes.

(i1) The operators H%’fld € ch“ ¢ Hd“’ ¢ HL admit element-by-element constructions as in Definition [,

The global operators ngad c HC‘”l € Hd“’ € HL obtained from the operators ngad ¢ HC‘”l € Hd“’ € HL2
by an element-by- element constructwn are also linear projection operators and the dzagmm mn Fzg .
commutes.

(iii) For all ¢ € H*(K) there holds

e — H%Tii c(pHHs S Csp™ 1-(-) inf _ ||90_U||H2(f()7 s € [0,1].
vEPp+1(K)

(iv) For all u € H'(K,curl) there holds

||U. - Hzc)url,cu”H(f()Curl) < Cp_l lnIf ||u V||H1(K curl)*
veNT (K

(v) For all k> 1 and all u € H*(K) with curlu € P, there holds
[ — H;urlycuHL%f() < Ckpik”uHHk(f()- (8.5)

If p >k — 1, then the full norm ||u||Hk(f() can be replaced with the seminorm |u|Hk(f().

8.3 hp-FEM Approximation

Our hp-FEM convergence result will be formulated for the specific class of meshes which have been introduced
in Section For such meshes, we can formulate approximation results for both, the operators H;““’S
and Hg“rlvc. In both cases, we will need to relate functions defined on K to their pull-back to the reference

tetrahedron K. The appropriate transformations are described in Definition 31t For scalar functions ¢ defined
on K and vector-valued functions u defined on K, we let

p=ypoFg, U= (Fy) (uoFk). (8.6)
Lemma 8.4 Let the reqular mesh Ty satisfy Assumption [31]

(i) With implied constants depending only on Caghine, Crmetric, 7y there holds for all K € Ty,

j—3/2 . 2-3/2
Bl ~ b el ey 3 € 10,1}, |so|H2(K> Y el [ P (8.7)
1-3/2 ~ —3/2
||u||L2(f<) ~ hy / Il (k) 5 ||cur1u||L2(I?) ~ hK chrlu”L?(K)? |u|H2( R) < h / lallm2x)-
(8.8)

(i) Let ¥ > 0. Then there exist v/, C > 0 depending only on § and the constants of Assumption [31] such
that

V™ol (k) < Co7" max{n,k}" VneNy — ||V"cﬁ||L2 ) < CCuhy 3/2 (hiy")" max{n, k}" Vn € N,
(8.9)

[V |12 (k) < Co¥" max{n, k}" Vn € Ny :>memmgmgmqmmwmmmwlw6m.
(8.10)

Proof. We will not show ([87). For (8]), the first and third estimate in (8] follow by inspection, the second
equivalence follows from (cf., e.g., [42, Cor. 3.58])

Fj curlu = (det F;)(curlu) o F.

The implications (89), (8I0) are obtained by similar arguments. We will therefore focus on (8.I0). Recalling
that the element map Fi has the form Fx = Ri o Ak, we introduce the function u := (R’K)Tu o Rk, which
is defined on K := Ak (K). Using [34] Lemma 4.3.1] (and noting as in the proof [39, Lemma C.1] that the
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original 2d arguments extends to 3d), we get the existence of C, 7, which depend solely on the constants of
Assumption Bl and on 7, such that

||V”ﬁ||L2(I}) < CCu(®)" max{n, k}" Vn € No.
Next, we observe U = (A% )"t o Ax. Using that Ak is affine, it is easy to deduce
IV G o 7y < CCuhye ®? max{n, k}" (hxy')" ¥ € N,

which is the desired estimate. m

Lemma 8.5 Let Ty, be a reqular mesh satisfying Assumption[31 and assume p > 1.

(i)

= Tl ey + Arep™ | curl(u — T ) o) S Aep 2 ulleee i

(i) Let C > 0 be given. If u satisfies (EI0), then there exist C, o > 0 depending only on C and ¥ and the
constants of Assumption[3 1] such that under the side constraint

kh
hig + —= < C (8.11)
p

the following approzimation result holds:

curl,s curl,s h’K et kh’K et
[u =T ul|L2 (k) + hrp™ ||curl(u—Hp “u)|le k) S + | — . (8.12)

hg +o op

Proof. Proof of ({d): From Lemma B2 with s = 2 we have on the reference tetrahedron
pllE — S o) + 16— O™ G ) < P il 0
Hence, using (B8] we infer
phic =Tl ey + i ™ ewrl(a = T w) e ey < B ™2™ ullers

Proof of (@): We proceed as above. The transformation rules of Lemma B4 and Lemma [B2] give

Trcurl 1-3/2 he \'T khi \PH
u —chr’s/\H < CCuhy R — . 8.13
Hu po U w2 (K) WK (hK+U) + ( op ) ( )

Since the norm ||||W2°°(f() is stronger than ||||L2(f<) and ||curl- ||H1( R) the result follows by transforming

back to K using Lemma 84 =
For the operator Hg““’c we have the following approximation results:

Lemma 8.6 Let Ty, be a reqular mesh satisfying Assumption[31. Then for p > 1:

(i)
higt u = T o) + || curl(a — T Cu) g2 ey < Chye(p+ 1) 7 gz i) (8.14)

(i) Assume the hypotheses of Lemmal83, (i). Then

_ h Pk (khi\P
hotlla = T eul |2 ) + || curl(u — TS Cu) |2 ) S (( K ) +5 (_K) )

hg +o op

(i) For u € H' (K, curl) with curlt € (Pp(f?))?’ there holds

[u— " |25y < Chip™ " |ulle (k)
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Proof. Proof of {@): Using Lemma B4l we get from Theorem B3] and the assumption p > 1

~

B = TS| o ey + || eurl(u =TI w) [y ~ b2 6 = T80 gy 2

1, —2+43/2 . ~ 1, —243/2\~ _
<SP inf 18 = Vi gown S P Bl 2y S P 0l e o)-
VEPp ’

Proof of (i): We start as above. The novel aspect is that infve/\/lp(l?) [[a— v||H1(I?7curl) can be estimated as
in the proof of Lemma

hi[|u - ngrl,cu||L2(K) +Jeurl (u — TISey) HL2(K) < p’lhl_<2+3/2 Vi€n7£3 0= vl (% cun)
P

BI3) P P
< eal(mm) 5 (5))
hx +0 p\ op

Proof of (@d): With Lemma B4 and Theorem B3] (@) we estimate

Hu _ H;url,cuHLz(K) ~ ]7/—14-3/2”{\1 _ ﬁ;(;url)cﬁ”L%l?) < h_1+3/2p_1|ﬁ|H1(f<) < h—l-i—3/2p—1h§€3/2Hu”Hl(K)7

which completes the proof. m

Lemma 8.7 Let hy, 0, ca >0, a >0, k > 1. Then for every € > 0 there is ¢c1 > 0 (depending only on hg, o,
2, @, €) such that for any h € (0, ho] and p > max{1, cologk} with kh/p < ¢1 there holds

h p
k* <
<h—|—0> =€

Proof. Without loss of generality, we restrict to € € (0,1]. The case k € [1,¢] is easily seen. For k > e, we
note that h +— h/(h + o) is monotone increasing and we consider the two cases, “h small” and “h large”. For
the first case we select h € (0, ho] such that

a+caIn(h/(h+0)) <Ine <0. (8.15)

We emphasize that h depends only on €, «, and ¢y but is independent of k. By the monotonicity of h
h/(h + o) and the constraint p > co Ink we have for 0 < h < h and in view of Ink > Ine = 1 the estimate

h P E cologk E
In (ko‘< ) ) <In|k“ (_ ) =Ink [a—i—chn_ } <lne.
h+o h+o - h+o

>1
<Ine<0
For the second case, i.e., h € (h, ho|, we fix ¢; such that
h h
a+ —In 0 <Ine <0. (8.16)
C1 h,o —|— g

We note that ¢; depends only on €, a, ho, and c2. (Recall that h depends only on ¢, a, ¢). For h € (h, ho)
we get from p > kh/c; > kh/cp and the monotonicity of h +— h/(h + o)

ho\” ho \ e Kho
In ( k> <In | k> 0 —alnk+ —=In—2
h+o ho+o c1 ho+o

In k<k h h
< k [a—i——ln 0 ]Slns.
~~ Cc1 ho + o
>e>1
<Ine<0
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A Proof of Lemma 5.3

In this appendix we prove Lemma The first two estimates in (B.9) are proved in the following lemma
Lemma A.1 For any A\ > 1 there holds

1 22k
e (1] ) 2VE(2+1)

n € Ny,

k
ED) n > k2.

Proof. We follow the reasoning in [46, Thm. 2.6.1]. The coefficient z, (k) can be expressed by

DA
where . .
mi = Y 2l (m2)/ = 3 (ot 1) 2
(2n+1)° and m=0 (2m)! m=0
Om (M) = (m')z 16m'7m (M) y TIm (/1') = 511 (M — (28 — 1)2)
Define

Qi = b (20 + 1)) = : (2m)! (n+ m)!

m!)?4m (n —m)!’
With the function

Pn (k) = n s a (Al)
> (m+1) I;’:
m=0
we estimate
z":am,n
k km?2 =(2n+1) — k2m
G (A2)
en (B) 1] Jm2 — (m2) + & p—
k+zmk2m
m=1
ansatz ]{;2+B
< 2v2kp, (k) < 2V2k | -———— ). A3
<23, () "2 2 () (A3)

The ansatz (A.3) is equivalent to

(o) Dt < (1 4.9) 3" (m v ) S,
m=0 m=0
which, by multiplying out and rearranging terms, is equivalent to
n—1 1 a
k2a07n + Z (aerl,n + Onﬂam,n) k2—m + Cnﬂﬁ
m=0
n—1 1 a
<Kagn+ Y (m+2) amsrn + B (m+1) amn) A+ 1) ﬁ
m=0
Hence, we have to stipulate
(am-l-l,n + Cnﬁam,n) S ((m + 2) am-i—l,n + B (m + 1) am,n) ) m = 07 ,y — 17

C, <n-+1.
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We select C,, := (n + 1) and insert this in the left-hand side of the first condition to obtain
0< (m+1)amprn+B(m+1—(n+1))amn.

Inserting the definitions of a,, . leads to

2m+2)! (n+m+1)! FBm+1—(n+1)) 2m)! (n + m)!

0<(m+1) 5 5 .
((m+ D))" 4m+1 (n — (m 4+ 1))! (m))* 4™ (n — m)!

This is equivalent to

2m)! (n + m)! < (m+1) @2m+2)! (n+m+1)!

pln—m) (m!)? 4™ (n — m)! ((m + 1Y 47+ (n — (m + 1))!

and in turn leads to the condition

Bg(m+1)(2m+1)(2m+2)(n+m+1): _— (ntm+1),  m=0, . -1
(m+1)*4 2
We select 5 = "T'H, which finally leads to
E g 2R anal ) 2V2k § vn € No
|20 (k) + 1] = %2+ (n+ 1) 2\/§(§+1)m, n+ 1> \k2

|
The proof of the third estimate in (59 is more technical and is the assertion of the next lemma.

Lemma A.2 For every \g > 1 there is Cy > 0 depending only on Ag such that

n+1
— < C Vn > Aok.

PYOESTER
Proof. Recall the definition of the function p, in (AJ]). We will prove
(n+1)pn(k)<Co  Yn> ok

from which the statement follows in view of (A:2]).
Step 1: We claim that p,, is monotone increasing with respect to k. To see this, we compute

(o ngze) (Samm )+ 3 (22

p;’ (k) _ m=0 - m=0 . m:O
am n
(S om0z
m=0
Thus, it is sufficient to prove that the numerator (denoted by d,, (k)) is positive. We write
L g nQm,n
dn (k) =23 > 00— m) ey
m=0¢=0

We now exploit the fact that the coefficients a,, are non-negative. The double sum on the right-hand side
can be interpreted as a quadratic form. Note that we have, for vectors x and matrices B,

2x"™Bx=xT(BT+B)x >0

if the vector x has non-negative entries and the symmetric part 1/2(BT 4+ B) of the matrix B has non-negative
entries. For By ., := ¢ ({ —m) we compute

Bf,m + Bm,é = (Z - m)2 > 0.
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Step 2: The monotonicity of p, shown in Step 1 implies for n > Aok

> ama (32)"
pn (k) < pn (n/X0) = 5= ; =y (A.4)
> 1) amn (22)™

m=0

We next show that the dominant contribution to the sums in (A4) arises from few coefficients with index m
close to ny/1 — Ay 2. To that end, we analyze the coefficients a,, , with Stirling’s formula in the form
1 n\" n\"
V2w exp 2 \/n—l—l(—) Zn!Z\/n—i—l(—) .
e e

Upon setting C; := 2mexp(1/6) and Cy := (27)~3/2 exp(—1/4), we get

R (2m)! (n + m)! <c Vitm+1 V2m+1 (n+m)"" A5

S P )l = VammE L mAl (nom) e |
— ——
<v2m+1 for m < n

< 90, _(ntm"" (A.6)

- l(n—m)n*me2m7 '
n+m

am7nZC2\/2m+1\/n+m+1 (n+m) (A7)

(m —+ 1)m (n — m)nfm e2m ’

The dominant contribution of @, »(Xo/n)*™ is

__(m) (@)2’”,

bm,n = (n — m)nim 62771 n

The maximum of m + by, ,, in the interval [0,n] C R is attained at m = njo with po = 1/1 — Ay and value

B 1 14+po A 2p0
bn = CZO with Cug = % (—0) .
— 1o) e
We also introduce the factor
s Vn+m+1v2m+1

vVi—m+1 m+1"~

2m . .
)‘0) ~ fm,nbm,n uniformly in m, n.

so as to be able to describe a, (7
Case 1: We consider the range

2 A
s T ) ) 05}7

T—po po’ poco

where the parameter ¢ is given by Lemma[A3] (with A = A\ there) and cs is defined in (A.14)); both constants

depend solely on Ag. This is a finite set so

0 <n < max{

sup (n+1)pl = C; < 00

A2
0<n<max{ 5, 2

IR es}

depends solely on .

Case 2: We assume
2 A2

1 ) ) ) 05}' (AS)
— Mo Mo HoCo

We split the summations Y _, in the representation of p}, (cf. (A4)) as S}, + Si' with

mon (o) o (Ao
sie ¥ oge(R) e ¥ oge(R)

ngogmgn 0§m<n50

n > max{
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where

b0 == g (A.9)
In view of R .
min{m—!—l :mZn(SO} > 1+ ndo
we have . -
S, + 5,
pr, < —— =i p),.
(1 + TL(50> ST

2 ~
In order to estimate the terms S., SI we have to investigate the behavior of a, , (%) " /by, depending on
the distance of m from m. We write m = nug (14 ¢) for some ¢ € R that satisfies 0 < po (1 +¢) < 1. This
gives

2
amn (50) "

Cofm.n (Yo (€)" € ——="5— < 2C1 (7, (2)" (A.10)

n

(a0 (=) (20
(1 — 1o (1 + E))l*,uo(lJrs) (1 + uo)lJr,uo e .

with vy, (€) :=

Estimate of S.: The dominant contribution in the numerator of pll will be seen to be S., for which we

therefore need a lower bound. Our strategy is to estimate this sum by a single summand, namely, the summand
corresponding to an integer m close to m = nug. For m € {|nuo|, [nuo]} we have

_ npo — [npo]  [npo] — npo } '

m — npy = NpeEm with €, € {
nHo nHo

For these two values of m (in fact, we will only need the one with m < ugn), we have m = nug(1 + &,,,) with

el < (np0) ™" and (ct. BF))

1
%nﬁnuo—lgmgnuo—i—l < _;uon, (A.11)
22 BAID
Mleml < =% < . (A.12)
o

The estimates (A1), (A12) make Lemma [A3] applicable, which gives

12>y (Em) > 1 —ca)3e?, > 1 — cocolem| > 1 — % with cg = 2%, (A.13)
n Ho
The estimate (A1) leads to two-sided bounds for fy, ,:
n>1
fm,n < 2nt1 i 6\/5 n71/2 =:cn 1/27
npo/2y/n(1 —po)/2 MoVl — ko
f S V1T pona/on _. Csn71/2
= n— pon(1 4 po)n
Define c¢5 > 0 such that, with ¢ given by Lemma [A3]
n 1 —C6 A%
n>c = |(1—cs/n) 256 and n—MOSCO (A.14)
This leads to -
Sto> Cofmmn (Y2 (Em))" > Cocgn~1/2 (1 — C—G) > 50208 e cop~1/2, (A.15)
n

Estimate of SI: Let ¢y € (0,1) be the constant in Lemma [A.3] (note that we may assume, without loss of
generally, co < 1). Upon writing m € {0,..., [ndo]} in the form m = uon(1 + &,,), we find in view of 69 = 3
that |e,,| > Ay 2. Hence, the monotonicity properties of the function 7y, of Lemma [A3] imply

Yao(Em) < 1= 252, (A.16)
Co
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We therefore get

2m n n
Si= ) a;n (&> <207 Y (1 - 0_2)\52) <2Ci(n+1) (1 - 6—2)\52> - (A7)
n n Co Co

0<m< |6on ] 0<m< |6on ]

The combination of (A7) and (AIH) shows S} + S < CS! for some constant C' > 0 that depends solely on
Ao. This concludes the proof. m

Lemma A.3 For A > 1 and p := /1 — A=2 introduce the function

R (e g N
( 17:“ 1) S€— T (E) T (1 _ ILL(l +E))1—H(1+8) (1 _|_‘u)1+:“ (e) ’

Let Ay > 1. Then there are constants co, c1, ca > 0 depending solely on Ao such that the following holds for
every A > \o: For every € satisfying
le] A% < co (A.18)

the function -y satisfies
1—cN\%e2 < a(e) <1-— coN2e?. (A.19)

Furthermore, the function v, is monotone increasing on (—1,0) and monotone decreasing on (0,u=* —1). In
particular, therefore,

0<m(e) <1-— 22 Ve € (=1, = 1)\ (—cod ™2, coA72). (A.20)
Co
Proof. Define the function
gx(€):=1In ((1 — 2 (1+ E)2> )\2) (A.21)
and observe
14¢ 1+ p2(e+1)°
hE) =T e = e+l (A:22)
1—p?(1+e) (1—u2(1+5)2)
Ya=1mgn, = (mgr +95) . W = (BP9 + Bugagh + gh) - (A.23)

Step 1: (monotonicity properties of v,) The function 7, is defined in the interval (=1, ! —1).

Claim: =y, is strictly increasing on (—1,0), strictly decreasing on (0, u~!—1), and thus has a proper maximum
at ¢ = 0. To see these monotonicity properties, we note that v, > 0 and that gj(g) > 0 for £ < 0 and gx(g) < 0
for € > 0. We calculate

NO) =1, RO =0, A(0) = -2 — )Y\, (A.24)
Step 2: Use p = v/1— A~2 to write
(1- 214X =1— (N> —1)(2e + 7). (A.25)

Fix ¢ € (0,1) and consider ¢ satisfying
O<u(l+e)<1l and (N —-1)2e+e?<g< 1. (A.26)

From (A.25]) and (A.26) we infer
I—A2<1—p2Q+e)* <1+ a2

This, together with 0 < (1 +¢) <1 and g € (0,1) implies

2\2 4N
1—g¢

lga(e)] < max{|In(1 — )|, In(1+q)},  [gx(e)] <
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Taylor’s theorem now implies for every e satisfying (A.26]) the existence of an &’ in the interval (0,¢) with
endpoints 0 and € such that

1 1 1
() = 1 (0) +74(0) + 59X (0)e* + 57&”(6’)63 =1-2( - 132\t ¢+ 57&”(6')63- (A.28)
"

The remainder term vy (¢') is estimated using (A.27)) as follows (note that vy > 0 and has maximum 1) as
()] < max{In(1 + g), [ In(1 — ¢)[}* + 6X* max{In(1 + ¢), [ In(1 = g)[}(1 = )" + 4\ (1 —q)* < C1X*

for a constant Cy that depends solely on A\g > 1 and the chosen ¢. Finally, there are constants Cy, C3 > 0
depending solely on Ag > 1 such that

CoA? <202 —1)%/2071 < C3N2. (A.29)
We conclude for ¢ satisfying (A.26])

1 — Cor%e? — %/\463 <a(e) €1 —C3A%e? + %/\463.

The two-sided bound (A19) now follows if we assume (AI8) for ¢y sufficiently small so that the terms A3
are small compared to the terms involving A22. We note that the condition (AI8) for sufficiently small ¢
also implies (A:26). Finally, the estimate (AZ20) is a consequence of (A19) and the monotonicity properties
of yy. m

B Equivalence of ||-[|1(q) and ||| 10, in Vo and Vg

The spaces Vo and V§ as in [@2]]) involve the capacity operator (cf. Lemma [Z-I0). For the case that I" is the
surface of the ball, they are subspaces of H! () as shown in the following lemma. In contrast to Lemma {12
we obtain k-explicit bounds for the norm estimates.

Lemma B.1 Let Q = B1(0) and let Vo, V§ be defined as in (£.21). Then, Vo UVE C H (Q) and
lullgs @) < Moo, Yue VoU Vs, (B.1)
i.e., the constant Cq i in Lemma[{.12 equals 1 for Q = By (0).

Proof. The inclusion VoUVE C H! (Q) follows from Lemma[EI2 and it remains to prove the norm estimates.
Let u € Vy. Then, from [46] (2.5.151), (2.5.152), Lemma 5.4.2] we have

(Vu, Vv) — (curlu, curl v) — (divu, div v)
== (diVF ur, <Va n>)F - (<ua Il> adiVF VT)F -2 (<ua Il> ) <V7 n>)F - (uTa VT)F .
We choose v = u and employ ([@27) to obtain after rearranging terms
IVu* = [jeurlul|* = 2Re (divr ur, (u,0)) = 2 |[(w,0)|7 = [ur|}

@D 2 . .
= Jlcurlul]® + z Im (divy Tpur, dive ur)p — 2{|(u, n)Hl% - ||uT||1%

2
< |lecurlul® + Z Im (divy Tpur, dive ur)p (B.2)

From [46, (5.3.91), (5.3.93)] we conclude that

= k
divy Tpur) , dive ur)p = 2 0+1)? ——— U
((dive Trur) , dive ur)p Zj; (E+1) 57 107

Since

0,

. ( i ) Im (i (zz (k) + 1)) Re (z¢ (k) +1) 6 (26.23)]
m = =

ze (k) +1 ¢ (k) + 1 ¢ (k) + 1
the second summand in (B:2)) is non-positive so that|[Vul|| < ||curlul|. This implies the first estimate in (B
while the statement about u € Vj is simply a repetition of these arguments. m
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C Vector Spherical Harmonics

For x € R3, r = ||x||, and % := x/r we introduce the vectorial spherical harmonics (VSH) as in [29, Thm. 2.46]
(with a different scaling)

Y7 (%)= R (R), U (R):=VeY[" (%), VI(R)i= VrY" (%) x &.
From [29, Thm. 5.36] we conclude that any u € X has an expansion of the form

Z N @l () Y[ (R) + o) (1) UF (R) + w (r) V' (R)). (1)

£=0 me&eg

We use the relations (cf. [20, p.271]))9

eurl (u? (1) Y7 (8)) = v (2), e (o () U7 (80) = L (o () Vi ).

ewl (uf’ (1) V7' (%)) =+ (ru* (1) U (8) + () L Dy ),
so that curlu is given by
curlu (r&) Z Z — (r* (n)) VI (%) + (rw () UP (%) +wi* (r) (0 + 1) Y] (X)) -

=0 mGL(

Using the orthogonality relations of the vectorial spherical harmonics we get

Jul? ZZ/ fup () + €€+ 1) (o (O + [ (7)) ) dr, (C2)

£=0 merg

[curlul|® = Z /Z (¢+1) (
=

For a > 0, we introduce operators LY " : X — X and HyS" : X — X for functions u as in (CI)) by

LYsHy Z Z Wl (MY (X) + o () U (%) +wi (n) VI (X)), HYSPu=u-LY"u. (C4)

0:0<t<ameEry

|uf (1) — (o ()| | e ()P €00+ 1) | <r>|2> dr.  (C.3)
0

From (C.2)), (C3) we conclude the stability of the splitting

|LYSHul| < [[uf|, [Jewrl LYSHu|| < [jcurlul],
HHVSH H <], chrlHVSHuH < [Jcurlu]| .

In addition the splitting is orthogonal:
(LY%Ha, HY®Mu) = (curl LY®Mu, curl HY5Hua) = 0.

Note that on the unit sphere, it holds

MY (%) =% x (Yem (X)X x %) =0,

U (R) = X x (VrY[" (&) xX) = VrY/" (%),

IV (%) = % x (VY™ (%) x %) xX) = =% x VoY}" (%) = T,
where T is as in [46], (2.4.173)]. Hence, the application of the trace map IIp yields

=TIlru = Z Z (v VY™ +wy"Ty") (C.6)

£=0 mevg

where v;" = v (1), wy* := w}" (1). A key observation for the case of the unit sphere is that for any u € X,
the function LYE‘Hu satisfies HTL}/,EHU = Lrllru, where L was introduced in Definition

9There is a sign error in the second last relation on [29] p.271].
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Lemma C.1 Let Q = B1(0) and Lq be as in Definition[J.2. Then: Ilp LYSY = Lrllr and
”LQuchrl,Q,k < HuHCurl,Q,k Yu € X.

Furthermore, the stability constants in (4.0) satisfy C,f’Q <1 and C’f’g <2.

Proof. Since Lg is the minimum norm extension (cf. Definition E2)) the bound (C3]) lead to

2 s s s
I Loullg o < HL}\/kHquurl,Q,k = k|| LY M) + [ ewrl LY ul” < £ |lul® + || curlu|]* < Hungurl,ﬂ,k'

D Analytic regularity of Maxwell and Maxwell-like Problems

D.1 Local Smoothness

Consider for a bounded Lipschitz domain w C R?

curl (A (z) curlu) =f  in w, ([D.1k)
div(B(z)u)=g¢ in w, (D.Ib)
II7u=0 on dw. (D.Ik)

We have smoothness of u under regularity assumptions on the right-hand sides:

Lemma D.1 Let Ow be a smooth bounded Lipschitz domain that is star-shaped with respect to a ball. Let A,
B € C*°(w) be pointwise symmetric positive definite. Then:

(i) If u € Ho(w, curl) and div(Bu) € L?(w), then u € H'(w) with
[ullf ) < C [[|div(Bu)|| 20 + || curlul|rz ()] -
(ii) If u € Ho(w, curl) satisfies (D)) for some £ € H(w), g € H¥"1(w), s € Ny, then u € H**?(w) and
lullererzw) < Cs [[1fllme @) + gl -

Proof. We use the right inverse R of the curl-operator and use its mapping properties due to [16] as
formulated in [38, Lemma 6.4]; specifically, we employ R°™! : H*(w) — H**!(w) for any s € Ny. We will also
repeatedly use decompositions formulated in [38, Lemma 6.5], i.e., for s € Ny and v € H*(w, curl) there is
¢ € H¥1(w) such that

v = Vo + R (curl v). (D.2)

Proof of {@): Using (D.2)), we write
u = Vi + R (curlu). (D.3)

The mapping property R°%! : L?(w) — H!(w) implies R°*!(curlu) € H'(w). Using Il7u = 0, we infer
Vowp = —r R (curlu) € HlT/2(8w) so that, by the smoothness of dw, we have gp := p|a, € H>/?(0w).
Multiplying (D-3) by B and applying the divergence reveals that ¢ solves

g = div (Bu) = div (BV¢) + div (BR*"(curlu))  inw, ¢v=gp on Jdw. (D.4)
This is a standard Poisson type problem for ¢, and the smoothness of dw and B then imply ¢ € H?(w) with
el (w) S lg — div (BR™ (curlw)) || L2(w) + 1901 o200y S 9]l 22(w) + | curlul L2 - (D.5)
Proof of (@): We set w := curlu and note
divw = 0, n-w =n-curlu = curly, IIru = 0. (D.6)
1. step: From (D.2)) we see that we can we write, for some ¢ € H!(w),

Aw = Vo + R (curl(Aw)) "= Vg + R(f). (D.7)
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Hence, w = A~ (R™(f) 4+ V) and we get from (D.G) that ¢ satisfies
—div (A7'Vy) =div (AT'R™M(F))  inw, n-A"'Vyo=-n-AR(f) on dw. (D.8)

The mapping properties of R : H*(w) — H**!(w) give R°W(f) € H**!(w) so that the scalar shift theorem
for Poisson type problems gives in fact ¢ € H5?(w) with [|¢|| ga+2() < C|/f|/fs(w)- Inserting this regularity
information in (D.7)) provides w € H**!(w) with

[wllezs+1(w) < Clf[lesw)- (D.9)

2. step: From () we have u € H'(w) and from the first step we get curlu € H*"!'(w). In particular,
u € HY(w, curl). Hence, (D.2)) allows us to write, for some ¢ € H?(w)

u=Ve+ R™( curlu ). (D.10)
€HsH1 (w)

3. step: An equation for ¢ is obtained in two steps: using IIru = 0, we see again that
Vowp = —IIp R (curlu) € H7/2(dw),

where we used the trace estimate and the mapping properties of R°™!. We conclude gp = ¢|a., € H*15/2(0w).
Multiplying (DI0) with B and applying the divergence operator reveals a Poisson type problem for ¢:

g = divBu = div (BV) + div (BR*"(curlu))  inw, ¢=g¢gp ondw. (D.11)
By standard elliptic regularity in view of the smoothness of dw and B, we get p € H*3(w) with

H‘PHHS+3(w) ,S Hg —div (BRcurl(Curlu)) HHS+1(W) + ||gDHHS+5/2(6w) ,S HgHHsH(w) + || Curlu||Hs+1(w)
S gl sty + 1€ lles @) (D.12)

4. step: Inserting the information (D.I2) in (D.I0) implies u € H*?(w) together with |jullgst2(y) <
gl 2oy + [Ellee o)-
[
D.2 Local Analytic Regularity
We show analytic regularity of solutions of elliptic systems of the form (D.I3)) on half-balls B} = {x =
(w1,22,73) € R3||x| < 7,23 > 0}. We denote I'g := {x € Br(0) | x3 = 0}.
On BE with R <1 we consider smooth functions u that satisfy the following equations for some € > 0:
-2 ) o (Aijﬁaguj) +e Y BYogu;+ Y ClUu;=f, i=1,23, (D.13a)
a,B,i=1 B,j=1 j=1
uy=u=0 onlg, (D.13b)
3 3
Osuz = 671(G + bU3) + Z dj(?jllg + Z ej(?guj on I'p. (D13C)

j=1 j=1
We assume that the coefficients are analytic, i.e., (cf. Def. 25
(Agﬁ)w}aﬁ € A*(Ca,va, B?%_)v (Bézj)i,jﬁ € A*(Cp, 78, Bj%_)v (Cij)l}j € A= (Cc,vc, Bj%_)v (D.14a)
b € A% (Ch, v, BR), (d;); € A>(Ca,vas BR), (¢j)j € A%(Ce,ve, Bf)  (D.14b)

here, we have written, e.g., (d;); to emphasize that the objects are tensor-valued and the multiindex notation

is understood as in (Z27). Concerning the tensor Agﬁ and the coeflicients d;, e; we will furthermore make
the following structural assumption:

Adp(0) = 8ij0ap,  d;(0)=0,  ¢;(0) =0. (D-15)

This structural assumption implies that the leading order differential operator in (D.13]) reduces to a block
Laplace operator at the origin and that the boundary conditions for the third component ug reduce to Neumann
boundary conditions. In other words: the system decouples at the origin. Hence, for sufficiently small R, we
can reduce the regularity analysis of the system to that of scalar problems, and this is the avenue taken in the
remainder of this appendix.
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Remark D.2 The structural assumption on Agﬂ implies the “very strong ellipticity” /Legendre condition for
the leading order differential operator (near the origin). No sign conditions are imposed on the coefficients
B, C%, b;, dj, which could even by complex. The condition € > 0 can always be enforced by a scaling so that
mutatis mutandis the ensuing theory is also valid for complex €. .

It is convenient to introduce £ € (0, 1] by

Eli="2+ + = +1, (D.16)
€ € €
which implies the estimates
1
Cocgn DBogn G B 1 (D.17)
£2 € € € Cp+ \/@ + Cp

We will make the following assumptions on the right-hand sides

IVP£ 28y < Cpf max{p/R,E7'}*  Vp e N, (D.18a)
||V;DGHL2(BR) < OG")/g max{p/R, 871}1) Vp € Np. (D.18b)

Given the special role of the variable z3, we will interchangeably use the notation x = (z,y) with x = (x1,x2)
and y = x3. Analytic regularity of the solution of (D.13)) will be characterized in Theorem[D.5] by the following
seminorms:

1
Nppq(v) = ——= sup

a0 (RO sy, 920002 2 (D.19)
. <r<

Our procedure to control NV 1’%% q(u) is the standard one by first controlling tangential derivatives and then using
the differential equation to control normal derivatives. We follow [34] Sec. 5.5]. In the proofs, we implicitly
assume that the solution u € C’OO(BE). This could be proved by carefully arguing with the difference quotient
method or, alternatively, by asserting the smoothness of the solution by a separate argument (this is how we
proceed in the present application of Theorem [D.5]).

D.2.1 Control of Tangential Derivatives

We introduce the following auxiliary notation suitable for controlling tangential derivatives (cf. [34, Sec. 5.5])

[p] = max{lup}v (D20&)
1
Mp ,(v) = - Sup (R - T)p+2||ngHL2(B+), (D.20b)
P R/2<r<R "
1
—~ sup (R-— T)p+2||V2V§U||L2(BT+) ifp>0
Np p(v) = P R/2<r<R (D.20c)
7 sSup (R_T)p+2||v2+pv|‘[,2(3+) ifp=-2,-1,
R/2<r<R "
Hpp(v) = L sup (R — )P VE| 12 gty + Ror THVPVUH 2pH | - (D.20d)
’ [P =1 rj2<r<r ez F T Ve VPlzsr)

Lemma D.3 There exists a universal constant Cr > 0 such that for f, G sufficiently smooth, there holds:
(i) Letu solve —Au = f on B}, and u|r, = 0.
Nipt) < Ct [Mp(f) + Nyt (0) + Ny o(@)] ¥ >0, (D.21)
For p =0, we have the sharper estimate N, o(u) < Cr [Mp o(f) + Np 1 (u)].
(ii) Let u solve —Au = f on B}, and dyulr, = G. Then
Npp() < Ct [Mpp(f) + Hrp(G) + Niy1 () + Ny o)) ¥p 0. (D.22)

For p =0, we have the sharper estimate N, o(u) < Cp [Mp o(f) + Hro(G) + N _y(u)].
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Proof. For the proof of (i), see [34, Lemma 5.5.15] or [44], Lemma 5.7.3’]. Statement (Il is essentially taken
from [34] Lemma 5.5.23]. The special cases p = 0 follow from the general case and the first Poincaré inequality
in the case () and the second Poincaré inequality in the case (). =

Lemma D.4 Let u satisfy (D.13) with coefficients and data satisfying (D.17), (D.15), and (DI8). Let C;
be given by LemmalD.3 Let R <1 be such that

1

3CT (Cava + Cyva+ Ceve) R < 3" (D.23)
Then there is K > 1 depending only on the constants appearing in ([D.14) and on v¢, va such that
p+2
N (w) < Curert2mAREp $ 870 0y (D.24)
: o
Cu = min{1, R/EH(1 + ECa7)E (V| o) + min{1, R/EV(E/e)? [cf + Cc||u||L2(B;)}
1 Call +6) min{1, RIENE/e)
+ Cp(1+ wR) min{1, R/EYE/e) [l oty + Comin{1, R/EY(E/e)E | Vull o1,
+ (Od'}/d + Ce'}/e) min{lv R/5}252Hvu”L2(3;)'
Proof. We start with the observation
min{1l, R/} max{1,R/E} = R/E. (D.25)

The proof will be by induction on p and we will employ Lemma[D3l To that end, recall A(%(O) = Jap0;; from

(DI8). We write (D.I3) as

3 3 3
_Aul = E*in — 5*2 Z C’qu — 5*1 Z B[Z}Jaﬁuj + Z (Agﬂ — Agﬂ(()))[)a@gu], (D26a)
j=1 B.j=1 afj=l T
::Aajﬁ
up=uz=0 onl, (D.26b)
3 3
dsuz = e (G + bug) + Z d;0;us + Z ejosu; onT, (D.26¢)
Jj=1 j=1

where the coefficient
Bj =Bj+c) 0a (Agﬁ - Azajﬁ(o)) =B +e) Al
a=1 a=1
is again an analytic function with (Eg)ljg € A>°(Cg,7v5, Bf) with Cg := Cp + Cavac and 75 := 7B +27a.

(Note: Cpvh + cCa T (p + 1) < Cpy% + eCava(2y4)P). The system (D26) is of the form analyzed in
Lemma [D3l We therefore get

3
Npp(w) < Crle M, (£) + Y Mp, (5*2 N Cluy+e S Bioguy — Y Agﬂaaaﬁuj) (D.27)
i=1 J B.J a,B.j
3 3
+ EleRyp(G) + EilHRﬁD (bug) + Hpg,y (Z dj(?jllg) + Hg, (Z 6j8311j) + N]/%)p_l(u) + N}’%7p_2(u)} .
j=1 j=1

1. step: For p = —1, the assertion (D.24]) follows directly from K > 1, the definition of Cy,, and (D.25]) since

(D23 .
Néﬁfl(u)gRHVuHLQ(B;) = mln{l,R/S}EHVuHLQ(B;)max{l,R/f,’}. (D.28)

2. step: For p = 0, we employ the sharpened versions of Lemma [D.3] which leads to (D.27)) for p = 0 where
the last term, N,_2(u), is dropped. In view of (D.15]), we have

N lim sy < CaraBe Neillpm sy < CereRe (A0 sasllpniss) < CavaR.  (D:20)

72



We estimate with the sharpened version of Lemma [D.3}

3
Nho(u) < Cr {a_zMI’;w(f) +3 M, (5—2 S Cuy et BYogu; + Y Agﬁaaaﬁuj)
i=1 J B.J a,B,j
3 3

+ EilHRﬁo(G) + EilHRyo (bug) =+ HR70 (Z dj(?jllg) + HR’O(Z 6j8311j) + N&yfl(u)}
j=1 j=1
.23 2_—2, 2_—2 N 2.1 1
< 3Cr|(R/2)%e™"Cr + (R/2)%e"Collul| 2 g1y + C5(R/2)% || Vul| 2 g1y + CavaRNE o(u)
+COgR/2e™! + Cang(R/2)*e ' max{1/R, £}
+C(1+wR)R/2e™ 1||11HL2(B;) + Cb(R/2)2571”VuHL2(B§)

+3Ca(R/2Vull 2 1) + CaraRNfo(w) + 3Cere (R0l o ) + Ceve RN o(0) + Ny (w)

1
<30y [ (R/EP(/e)* {Cr + Colull yaqy) } + 7 (R/EPCHE/ENVull o ) + CaraRNF o(u)
C C
+ —GR/g(g/ )+ TGm}z/s(s/g) max{1, R/E}
Cb Cy 2
+ 7(1 +WRIR/EE /)l Lo gy + - (B/E)(E/)EIVU] L2
3
4 3CP(REPE |Vl ) + CraRN (W) + SCere (RIEVE V0l
+ Ce'YeRNI/%,O(u) + NJ/%,—l(u) :

The condition (D.23)) allows us to absorb the three terms CayaRNp 4(u), CavaRNF o(u), and Ceye RN o(u)
of the right-hand side in the left-hand side at the expense of a factor 2. We next use (D.25)), the trivial estimates
1 < max{1, R/E}, min{1, R/E}* < min{1, R/E}, the observation (£/¢)Cg = (£/e)Cp + Cayal < 1+Caya€
(by (OD:I7)), and (D28) to see that we have arrived at N o(u) < CCymax{1, R/E}?. Thus, by selecting K
sufficiently large, we have shown the case p = 0.

3. step: For p > 1, we proceed by induction, assuming that (D.24) is valid up to p — 1, which implies,

max{p + 3, R/E}P+?

Nll%,p*q(u) < CuKP27d p!

, g=1,...,p+1. (D.30)
We need to estimate the terms in (D.27). To bound the terms M7 (37, 5 E};’a@u) in terms of N, ,(u),
it is useful to note the simple facts (cf. also [44] (5.7.19)])

|VVEu? < |V2Ve—tul?, p>1, |VVEu|* = |Vu?, p=0. (D.31)

To estimate these terms, we compute (cf. [34, Lemma 5.5.13] for similar calculations) with (D.29) for the third
estimate:

oy R\ Y
M}I{p((z Aiﬁaaaﬁu]‘)l) < CA'YARN}I%,p(U-) +Cy Z (7,45) Nll%ypiq(u),

-1 Cy R[p] 5~ (1R * [~ 2]

< sup (R =) VE(bus)| 2 sy < 5o ( P82 Ny g -2(u3),
P S (R P IVE b e < 5 Z oo Vhp-a-a(us)
Cy R(p+ 1) &= <M>q p—q—1]

. 1
el sup (R—r)i”JFQHVgV(buB)”Lz(Bj)S (p—q+ 1) R

| > ,p—q—l(u3)a
[p] R/2<r<R 2 € q=0



3 P q
1 vaR [p] ’
sup (R —r)PTH|ve d;o;u < CyyaRNg ,_1(u3) + C, (—) Npoo_q(uz),
[p — 1]' R/2§T<R( ) ” (]2 33 3)||L2(B:r) d’yd R,p 1( 3) dq; 2 [p — q] R,p—q 1( 3)

3 p+1 q
el _ \Dp+2 9. / YaR p+1 /
3

1 P
swp (R =PV 050 o e < CoreRNG 1 () + Ce 3 (
q=1

7€R>q [P] /

_ W (),

[p—1]! R/2<r<R = 2 [p—q] R.p—q 1()
3 p+1 q

1 9 Ye R p+1

—;  sup  (R—n)Pt ||V§ZV(Z €j03u))[| 12 gy < CeRyeNp (1) + Ce; (T) [piNl/%qu(u)'

[p]. R/2<r<R = —q+ 1]

We choose
K >max{1,77/2,76/2,74/2,75/2:7¢/2, /2, 7a/2, Ve / 2}

such that the expression in brackets [ - -] in (D.33]) is smaller than 1/(6C7) (and, of course, such that the case
p = 0 is proved); note that £/e is controlled in view of (D.I7). The calculation in [34, p. 206, bottom] for
Mp ,(f) and similar calculations for Hp ,(G) give

_ . max{p+ 3, R/E¥T21 ., /v \P
e2Mp, ,(f) < Cymin{l, R/EY(E /o)K7 { o /E} LK Q(ﬁ) , (D.32)
- . 3, R/IEWT2 1, 1y \P 1 /vyg\pt?

1 < p+2 max{p + 9, - 2 ' '
e~ Hpp(G) < Comin{1, R/EHE/)K p! K (%) + 5= (52) (D.33)

We use the induction assumption (D.30) and (D.25) (to deal with the cases where N, _,(u) is involved) to
estimate

,max{p+ 3, R/E}P+2

—qg =20
pet oy ) < (e R

) = 07 EERRY )
(p—q)! p! I P
lp=q-1]', to_g1max{p+3, R/EJPT?
€ 7]\] —q— (U)S(E/E)OHKP e ’ q:Oa"'vpa
(p—q) Pt P!
—ag—92!! p+2
[p]R/E%Né,p—q—2(u) S (E/E)Olle+2iq72 max{p+;; R/g} ’ - Oa - Dy
—q—1]! . max{p+ 3, R/E}PT2
R E N ) < e currr e BB RIET o,
2N o g 1max{p+3, R/E}PH?
Ni () < CuKPH21 , —1,....p,
[p—q] R,p—q 1( ) p! q p
[p+1] o_gmax{p + 3, R/E}PT?
7[p_q+1]N}’%7p_q(u)§Oqu+ a ol , g=1,...,p+1,
We note that (D.I7) gives
Co(E)e)? <1, Cp(E/e) <14 Caval, Cy(Efe) < 1. (D.34)

Inserting all of the above in (D.27]) yieldd™ together with the geometric series

p+2
N () < 3C; (CayaR + CavaR + CoyeR) Njy ,(u) + Cu K72 max{p + 3, B/€}

p!
LoryrNe 1 5 /va\P 1 1 1 1+ Cava€
3Cr | — | = 2K — K "—
x 1[41{ (2K) 3 (QK) TIRTT (7eR/(2K)) * 1 - Ryz/(2K)
CavaR 1 1 1 1 1

2K 1—~4R/(2K) TR C wR/(2K) ToRTZ vwR/(2K)

10the factor 3 in 3CT is due to the summation over i and likely suboptimal
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CavaR 1
9K 1— 7R/(2K)

CeveR 1
2K 1—-7.R/(2K)

+(1+KY +(1+K + K +K*2] (D.35)

By the choice of K, the expression in brackets, [-- -], is smaller than 1/(6Cy) and by (D.23) the expression
3C1(CayaR + CyvaR + Ceve R) < 1/2. Hence, the induction step is completed. m

D.2.2 Control of Normal Derivatives

Recall N}, from (D.I9) and define

R,p,q

1
Mhpalv) = p+aq! R/2SE1I~)<R(R S A A PRPSE (D-36)

Theorem D.5 Let u satisfy (D.13) with coefficients and data satisfying (D.-1j)), (D.13), and (D.18). Let
R <1 be such that, with the universal constant Cy given by Lemma[D.3,

(3CT +6) (Cava + Cava+ Ceve) R <

N =

Then there are K1, Ko > 1 depending only on the constants appearing in (D.14) and on v¢, va such that with

Cy given by (D-24)

R/E 31 p+q+2
Np pq(u) < Corrr2 g2 xR/ p+a + 3}

[p+4q]!
Proof. Let K be given by Lemma [D.4l We select K1 > K, K3 such that

Vp > 0,9 > —2 with (p,q) # (0,—2).  (D.37)

Ky > max{1,v7/2,7v4/2,75/2,vc/2}

and such that the expression in brackets, [- - -], in (D.43)) is smaller than 1/12. This is indeed possible by first
selecting K7 > K sufficiently large (e.g., such that Cava/(2K1)/(1 — (va/(2K1)) < 1/12) and then selecting
K sufficiently large. The proof is by induction on g. For ¢ € {—2,—1,0} and all p € Ny (with the exception
of the excluded case (q,p) = (—2,0)) the result follows directly from Lemma[D.4l Let us assume that (D.37)
holds (for all p € Ny) up to ¢ — 1 for some ¢ > 1.

Starting point is the observation that for a smooth solution u of

~Pu=Aua+f onBf (D.38)
we have by the definition of the seminorms N, ., Mp . the estimate
N () 2 [ Np o o @) + My ()], p=0,020. (D.39)

The system (D.26) is of the form (D.38)) with

3

£ = Z g?éaguj +e72 -2 Z Cuj —e? Z f}gaguj + Z Zﬁfﬁaaaﬁuj. (D.40)
Jj=1 J 7.8 J,a,p
(e, 8)#(3,3)

We estimate

p+a max{p + q + 3, R/E}PTaT2

2, (F) < % min{1, B/€Y(E/e)* (1)

2 p+q]! ’
a Iyl
_ i — P\ [(q\ _rys ST —s\7p—T
M (D) = Co 382 (1) () G B
i r=0 s=0 =T
Co semo= [P\ (q\ (1R T strip+q—r—s—2]!
< —(R/S) ZZ | NR,pfr,q7572(u)7
4 g \r) \s 2 (p+q)!
_1M1/%p q((z Bﬁjaﬂu.])l) S
7,8

(0]



B 0) () () )

C izq: P\ [(q\ [ vaR r+s strllp+q—1r —s]! [N’ W)+ N (u)}
! r S 2 (p + q)' R,p+2—7r,q—s—2 R,p+1-r,g—s—1 5

Mp, (O Ad3u;);) < CayaRNp, ,(0)+
J

o E 00 () o

(r,8)#(0,0)
We introduce the abbreviation
My = max{p +q+ 3, R/EITIT2, (D.41)
so that, for ¢’ < ¢ — 1 the induction hypothesis reads [p" + ¢'|'Ng , ..(u) < CqulHKQq,Hmpgq/. We have
E_QM}I%_’p_rq(f) < [mln{l R/5}207}§§2 (;—Iél)p (Z{—Z) ] Kp+2Kq+2(m%;)
We recall the elementary estimates
(i) rl <p", 0<r<p. (D.42)

Recalling (D.17) (cf. also (D.34))) we get from the induction hypothesis
_ y Cc(E/¢e)? P\ (q\ (YeR\""° risl(R/E)? ., _ _
25! 7 . p—r+2 1-q—s
€ MR,p,q(;CJuJ) SC“74 ; )\ 5 bl K7 K mp_yg—s—2
1 YcR e 42 .g—s T
<Gz Y () kg Tea
e (5) gy
EilM}%_’p’q (Z 85§,Z’juj)
5B

r+s
o\ (q\ [(VsR rIslR/E —r 42 pg—s+1 —r+3 prq—s
< CUOE(S/E) E <T‘> <S> < B2 > [p+q]| [Kf + Kg + Mp—r,qg—s—1 +Kf + Kg Mpt1—r,g—s—2

v5R\" . s m _
<+ ) (150) KRR (1 4 KRG

.S

T8

Mo Z A10a05;)
(B2

r+s
p q ’YAR rls! —r+44 —s —r+3 —s+1
scucAEj(T) ()( : ) gt KE TR g+ KT RE o

7,8

R r+s
< CuCa Z (—7“; ) Kf*”?Kg*?*Si[p":f’;]! [K1Ky? + KiKy ',

.8

r+s
’YAR —r4+2 235 m ,
Mqu(ZA 8311J) <C ARNI/%,p,q(u) + CuCa Z <T> Kf + Kng D,q

-
(r,9) £(0,0) p++
We note for d1, d2 € (0,1) that
S s = 1 1o 01t 0k 61 + 02
2T (1=61)(1—02) (1=d1)(1=d2) = (1=01)(1—0d2)

(r,5)#(0,0)
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Inserting these estimates in (D.39)) gives (recall that j from 1 to 3 which accounts for a generous factor 3):

m
Nipqa(a) <6CavaARNE , (u) + Cqu”Kg”(pr’;)!G[ (D.43)

1 o7 P r q+ 1 1 1
4K2K2 \ 2K, Ky 4K21 —~vcR/(2K1) 1 —vcR/(2K3)

1 1
+ (L+ Cayal)(Ky ' + K1 K52
( A7aE) (K, 1582 )1_7§R/(2K1)1—’Y§R/(2K2)
- - R 7R 1 1 -
Ca(K2K72 + K Kyt + 1 KK
+ Ca(KiKy " + KiK; +2K1+2K2)1—7AR/(2K1)1—’YAR/(2K2)+ ' 2}

By the choice of K», the expression in brackets, [- - -], is smaller than 1/12 and by assumption on R, the term
CayaR < 1/2. Hence, the induction step is completed. m

E Analytic regularity for Poisson Problems
We consider, on the half-ball Bﬁ, solutions u of
—div(A(z)Vu) = f  in B}, ulr, = 0. (E.1)
Here, the matrix A is pointwise symmetric positive definite and satisfies
A€ A®(Ca,va,B}), A > Mpin > 0. (E.2)
The data f is assumed to satisfy, for some ¢ € (0, 1]
1971l o) < Cprymax{p/R,e'F WpeNo. (B3)

Note that this problem has been considered in [34, Lemma 5.5.15] where a recursion for the tangential deriva-
tives, i.e., for the seminorm Np (u), is derived. We use this result here to derive the following estimate.

Lemma E.1 Assume (E2) and (E£3) and R < 1. Then there exists K > 0 depending solely on Amin, Ca,
YA, vf such that a solution u of (E1]) satisfies

R2 ma’X{p + 15 R/E}p 4

Npp(u) < KP*2 Oy p!

(0 + DR|Vul )| Y020, (E4)

Additionally, Np, _(u) < R/2|[Vul 12(p1)-

Proof. The estimate N _;(u) < R/2[|Vul[;2p+) is a direct consequence of the definition. The case p =0
’ R

follows directly from [34, Lemma 5.5.15]. The case p = 1 follows from an inspection of the arguments below.

For p > 2, the proof is by induction on p, assuming that (E.4) holds for all p’ < p — 1 for some p > 2.

From [34) Lemma 5.5.15] we get

2 N\ P mMax P p+1
Npol) < Gl (5) (%) 2B o) (B5) g (8:5)
o (p+ D! (1R (-9, : :
# 02 y (157) ™ M)+ N0+ N ]

The induction hypothesis gives for g =1,...,p

P+ (p—q) _ max{p + 1, R/e}? -
(p+1-9q)! p Npp—ql(u) < KPF279 | CpR? ) + P+ DR[Vull 2y | = KPt2map,

where B, abbreviates the expression in brackets, [ . } Inserting the above and the induction hypothesis in
(E.5) gives, assuming v4aR/(2K) < 1,

Ly \? Ly (yaR\T vaR 1 P
(L ol A K4+ K2,
e (ag) +Ca ( ok ) TSk Toarier) TR T ]

Np(u) < KP*2CB, |

7



Selecting K sufficiently large shows that the factor C'z[- - -] can be made smaller than 1, which concludes the
induction argument. m

The following theorem generalizes [34] Prop. 5.5.2] from homogeneous Dirichlet boundary condition on the
whole boundary of B}, to the condition ulp, =0,

Theorem E.2 Assume (E3) and (E23) and R < 1. Then there exist K1, Ko > 1 depending solely on Apmin,

Ca, Y4, vy such that a solution u of (E1) satisfies, for all p >0, ¢ > —2 with (p,q) # (0,—2)

prax{p+q+3, R/}
(p+9q)!

Proof. We control the normal derivatives as in the proof of Theorem[D.5l Inspection of the arguments leading
to [34, (5.5.30)] shows that we have

Np o o(w) < KPP2EIY | Oy

+ (P +a+3)RIVull 2t | - (E.6)

—&u=f+AVu+ BV, (B.7)

where, for C’, v > 0 depending solely on Apin, Ca, V4, V7,

HVPJ?HL?(B;) < O'CyyP max{p/R,e~}¥ Vp € Ny, (E.8)
A, B e A®(C',~,B};), Bz =0.
We abbreviate
max{p + q + 3, R/e}PT4
M, , = |C;R? { [T (p+ 4+ 3)R|Vull 2y | =2 MgL) + MZ). (E.10)

(p+q)

The proof is by induction on ¢, the cases ¢ € {—2, —1,0} being shown in Lemma[ET]if we select K; = K with
K given by Lemma [EJl Assume that (E.6) holds for all ¢ < g — 1 for some ¢ > 0 and all p. From (E.7) we
get

Nppg(t) € My, o (F) + Mp, o (AVU) + Mp , (B: V?u), (E.11)
~ ptq
Mppq(f) < a (5) My.q, (E.12)

where the estimate for Mp  (f f) follows from a direct calculation. The terms Mg,

are treated as in the proof of Theorem [D.5l This is done in the following steps.
1. step: We note that for p, a € Ny the function

(AVu) and Mg, (B: V?u)

— |
T % =p-r+1)---(p—r+a is monotone decreasing. (E.13)
p—r)!

2. step: The induction hypothesis and the monotonicity assertion (EI3) imply

(1;) (z) S!T!(p(—; 3—71)7; — [Nprt2,0-5—2(t) + N1 g1 (w)] (E.14)

< KVTTRRITYM,  [KEKS 2+ KKy

To see this, one write M, , = MIS}(} + M, (q) as in (EI0). The terms involving MIS}(} are treated exactly as
in the treatment of My (32 . 5. (a.)£(3.3) Aaﬁaa[)ﬁu) in the proof of Theorem [D.5l The terms involving

Mé,q) are handled by noting that a two-fold application of the monotonicity assertion (EI3]) implies

() (1) mrracst oy (5.13)

3. step: Analogously, as in the treating of the term Mll?,,p,q(Zj,a,ﬁ;(a,ﬁ);e(s,g) gfjﬁﬁaaﬂuj) in the proof of
Theorem [D.5 we get for M}’%7p7q(B : V2u) by observing that the assumption Bsz = 0 leads to a sum of terms

of the form (E.14)

2 -q+2 YyR\" [ YR \°®
My, (B : V) < KPPEIPM,  [K2Ky? + KK }0/2(27) (2_K2> . (B16)

7,8
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4. step: The induction hypothesis gives
P\ (a\ s p+q—r—s—1]!
<7°> <8> (p+q) [NRp-rg-s-1(1) + N ps1-rg—s—2(w)]
—r —s M,
< BKPTTTRRGTSTE_hd
pt+qg+3

(K, '+ KK, (B.17)

in this estimate, for the contribution M1§1q> of M, 4, the calculation is as in the treatment of M}’%7p7q((§éj Opu;)i);

)

for the contribution Mé?q) of M, , one has to consider

p! ¢ p-r+qg—s—1]!

p! q' (p—r+q—8)!dE;1_5-|>3
(p—7)(g—s) (p+9)! -

(p=r)l(g=s)! (p+q)!

p—r+q—5+3)<3

)

where the term (p — r + ¢ — s + 3) arises from M@ Since Mé?q) ={p+q+ 3)R|\Vu||L2(B;), the result

p—r,q—s’
(EXT7) follows.
5. step: As in the treatment of the terms Mp , (B4 dsu;) in the proof of Theorem [D.5], we get from (E.I7)
the bound

_ C’ R\" (vR\’
, P2 g2 —1 —2 2 gl
Mpp, o(AVu) < 3KV KT M, 4 [Ky ' + K1 K57 Ptq+3 Z (2[(1) (2[(2) '

r,s

6. step: Selecting Ko sufficiently large depending solely on C’ and ~ completes the induction argument. =
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