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ON THE CONVERGENCE OF TIME SPLITTING METHODS
FOR QUANTUM DYNAMICS
IN THE SEMICLASSICAL REGIME

FRANCOIS GOLSE, SHI JIN, AND THIERRY PAUL

ABSTRACT. By using the pseudo-metric introduced in [F. Golse, T. Paul:
Archive for Rational Mech. Anal. 223 (2017) 57-94], which is an analogue of
the Wasserstein distance of exponent 2 between a quantum density operator
and a classical (phase-space) density, we prove that the convergence of time
splitting algorithms for the von Neumann equation of quantum dynamics is
uniform in the Planck constant h. We obtain explicit uniform in h error es-
timates for the first order Lie-Trotter, and the second order Strang splitting
methods.

1. INTRODUCTION

One of the main challenges in quantum dynamics and high frequency waves is
that one needs to numerically resolve the small wave length which is computation-
ally prohibitive [1, 6, 13, 11]. When a numerical method is developed one would like
to know its mesh strategy, namely, the dependence of the time step and mesh size
on the wave length A (for a misuse of notation in this article we will not distinguish
the difference between the reduced Planck constant & and the wave length).

Finite difference schemes for the Schrodinger equation typically require both time
step and mesh size in the semiclassical regime (i.e. for A «< 1) to be of order O(h)
(see [16]), or even o(h). On the other hand, the time splitting spectral method can
improve the time step to be of order O(1) if only the physical observables are of
interest [2]. An important mathematical object to understand these mesh strategies
is the Wigner transform [18], which is a convenient tool to study the semiclassical
limit of the Schrédinger equation [7, 15]. In fact, the mesh strategy of At = O(1),
for the time step At, of the time-splitting spectral method can only be understood
in the Wigner framework, and not in terms of the wave function [2].

Since the solution to the Schrodinger equation is oscillatory with wave length of
order h, if one uses a standard metric, such as the L? or Sobolev norm, one would
end up with an numerical error of order O((At/h)™) for some integer m which
depends on the order of the method. This will not allow one to see an & independent
mesh strategy. The argument of an A independent time-step strategy in [2] for the
time splitting discretization to the linear Schrédinger equation, which was also
useful in establishing a similar mesh strategy for the nonlinear Erhenfest dynamics
[5], was made at a formal level without quantifying the numerical error.One would

be interested in finding a suitable metric which allows one to establish such a
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mesh strategy at the rigorous level. In the present paper, we use the pseudo-
metric introduced in [9] to establish a uniform (in &) error estimate of the time
splitting methods for the von Neumann equation (which describes the evolution of
mixed quantum states, and reduces to the Schrodinger equation in the case of pure
quantum states [3]) in the semiclassical regime.

2. A PSEUDO-METRIC FOR THE CLASSICAL LIMIT

Definition 2.1. A density operator on $ := L>(R?) is an operator R € L($) such
that

R=R">0, tracesz(R)=1.
The set of all density operators on $) will be denoted by D($H).

In the definition above, the notation £($)) designates the algebra of bounded
linear operators defined on $. Henceforth, we also denote by L£P($)) for all p > 1
the two-sided ideal of £($)) whose elements are the operators T € £($)) such that
|T|P = (T*T)P/? is a trace-class operator on §). For instance £'($)) and £2($) are
respectively the sets of trace-class and of Hilbert-Schmidt operators on ). The
notation traces (1) designates the trace of T e £L1(§).

We denote by D?($)) the set of density operators on $) such that

(1) traceg,(Rl/Q(—hQAy + |y YRY?) < 0.

If ReD?*($), one has
(2)
traceﬁ((—hQAy + |y|2)1/2R(—h2Ay + |y|2)1/2) = tracef_,(Rl/Q(—thy + |y|2)R1/2) < 00

as can be seen from the lemma below (applied to A = A?|y|* - h?A, and T = R).

Lemma 2.2. Let T € L() satisfy T =T* >0, and let A be an unbounded operator
on $ such that A= A*>0. Then

traceg (T2 ATY?) = traces (AY*T AY?) € [0, +00] .

Proof. The definition of T2 and A'/? can be found in Theorem 3.35 in chapter V,
§3 of [14], together with the fact that A'/? and T'/? are self-adjoint.

If traces (TY/2ATY?) < oo, then AY2T'Y? ¢ £2($) and the equality holds by
formula (1.26) in chapter X, §1 of [14].

If traceg (T2 AT'?) = oo, then traceg (AY?T AY?) = +oo, for otherwise T/ A'/?
and its adjoint A'/>T"/2 would belong to £2(£)), so that TY2AT/? ¢ £(£), which
would be in contradiction with the assumption that traceq(T2ATY?) = co. [

Let f = f(x,&) be a probability density on R? x R¢ such that
2 2
3) S (ol + ) (. ) dods < oo,

Definition 2.3. Let f = f(x,£) be a probability density on R?*? and let R € D($).
A coupling of f and R is a measurable operator-valued function (z,£) — Q(x,§)
such that, for a.e. (z,&) e R4 xRY,

Q($,§) = Q(fL}f)* 20, trace;)(Q(m,g)) = f(xvf)7 /]Rde‘i Q(x,ﬁ)dwd& =R.
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The second condition above implies that Q(z,¢) € L1($) for a.e. (z,¢) e RIxR4.
Since L£1($) is separable, the notion of strong and weak measurability are equivalent
for @. The set of couplings of f and R is denoted by C(f,R). Notice that the
operator-valued function (x,&) — f(z,£)R belongs to C(f, R).

In [9], one considers the following “pseudometric”: for each probability density
f on RY xR and each R € D?($),

1/2
En(f,R) = f(f[ £ OYV2e(z, 6y, hD ,1/2dd) ,
n(f, R) e o \ Jrorre races (Q(z, ) " “e(x, &y, hDy)Q(x, ) /7 )dwdS
where the quantum transportation cost is the quadratic differential operator in v,
parametrized by (z,¢) e R? x R%:
o(x,&,y,hDy) =[x -y + |~ hD, >, D, :=-iv,.
Let R € D($). The Wigner transform of R is

W (R)(@.6) = gy [, v+ bhy.z ~ Shy)e " <Vay,

where 7 = r(z,y) is the integral kernel of R. It is a well known fact that Wy (R)
is real-valued (since R = R*). It is also well known that W (R) is not necessarily
nonnegative a.e. on R% x R, For instance, if 7(X,Y) = ¢(X)y(Y) with ¢ odd,
one has

Wa(R)(0,0) =~y [ [w(3hy)Pdy <0.
The Husimi transform of R henceforth denoted Wi(R) is defined in terms of its
Wigner transform by the formula
Wh(R) = M=/ (R) .

Finally, we recall the definition of a T6plitz operator. The family of Schrédinger

coherent states is
lg.p) () 1= (wh)~eTlemal /2heipamaD/h =g g pe R

Let 11 be a positive Borel measure on R? x R?%; the T6plitz operator with symbol p
is

OPT (1) = e [, lasp)a. plie(dqdp).

One easily checks that, if p is the Lebesgue measure (denoted by 1), then
OP;(1)=1.

Moreover, one easily checks that, if y is a Borel probability measure on R% x RY,
then OPL ((27h)%u) € D($H). In addition, if x has finite second order moment as
in (3), then one has OPL ((27h)%p) € D?(9).

The pseudo-metric Ej satisfies the following fundamental properties. Hence-
forth, we denote by distyik,2 the Monge-Kantorovich or Wasserstein distance with
exponent 2 defined on the set of Borel probability measures satisfying the finite sec-
ond order moment condition (3) (see chapter 7 in [17]), whose definition is recalled
below.

Definition 2.4. For all p and p', Borel probability measures on R??, we set

1/2
distua(p )= it ([ (a=d/ =9 P)r(dadpq'ar))
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where M(p, p') designates the set of couplings of p and p'. More precisely, II(p, p")
is the set of Borel probability measures on R?>*xR?¢ with first and second marginals
p and p' resp., i.e. such that

mexRQd (¢(q,p) +¢'(¢',p"))7(dgdpdq'dp")
- /r;zd ¢(q,p)p(dgdp) + _[de ¢'(q',p')p'(dq’dp')
for all ¢,¢" € Cy(R2).

Specifically, the proposition below explains how the pseudo-metric Ej compares
to the Wasserstein distance distyk 2.

Proposition 2.5. Let R € D*($)) and let f be a probability distribution on R xR
with finite second order moment (3).
(a) One has
En(f,R)? > dh.
(b) One has
En(f,R)* > dista 2 (f, Wa(R))? - dh

(c) For each Borel probability measure i on RIxR? with finite second order moment
as in (3), one has

En(f,0P% ((2rh)?p))? < distaric 2 (f, 1)? + dh.

The pseudo-metric Ej can be used to obtain a quantitative formulation of the
classical limit of quantum mechanics, as explained in [9]. Henceforth, we denote by
V' a real-valued function satisfying

(4) V- eL¥?(RY), and VeCYH(RY).

(Here, the notation V'~ designates the function z » V() := max(-V(x),0).)

Let A >0, and set

Hy(w,6) = AP + V().

(From the physical point of view, the parameter A > 0 which appears in the defini-
tion of the Hamiltonian H) can be thought of as the reciprocal mass of the particle
whose dynamics is defined in terms of the Hamiltonian flow associated to Hy, whose
definition is recalled below. In the present paper, the parameter )\ is used only as a
convenient notation for defining the various time-splitting algorithms considered.)

Since V satisfies the second condition in (4), we deduce from the Cauchy-
Lipschitz theorem that the Hamiltonian H) generates a globally defined flow de-
noted

(X(t;2,8),2(t;2,8))
on R4 xR%. In other words, ¢t = (X (t;z,€),=2(t; z,€)) is the solution to the Cauchy
problem

X =), Z=-VV(X), (X(0;2,8),E(0;,8))=(z,£).

Equivalently, for each probability distribution ™ on R% x R? satisfying (3), the
function f*" o ®_;, where ®; is the map (x,&) » ®:(z,§) = (X (¢;2,8),2E(t; 2, E)),
is the solution to the Cauchy problem for the Liouville equation

(5) Of +{Hx.f}Y=0,  fl_ =™
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Here, the notation {-,-} designates the Poisson bracket defined on R% x R? by the
relations

{wj, o6} = {88 =0, {&, 7k} =0jk-

Likewise consider the quantum Hamiltonian
Ha=-1hAA, +V(y).

The parameter A\ that appears in the definition of the operator H) has the same
meaning, and is used similarly as in the classical setting.

The first condition in (4) implies that H has a self-adjoint extension (still de-
noted by Hy) on $ (see Lemma 4.8b in chapter VI, §4 of [14]). By the Stone
theorem, U(t) := e®®™/? is a unitary group on £, and, for each R ¢ D(§), the
density operator R(t) := U*(t)R"U(t) is the generalized solution to the Cauchy
problem for the von Neumann equation

(6) ihoyR=[H\,R],  R|_ =R".

Theorem 2.6. Let R™ € D2($)) and let fi" be a probability density on R x R¢
satisfying (3). Then
Ep(f™ o @, U®)*R™U(t)) < En(f™, R™)exp (5t(A +max(1,Lip(VV)?))) .

This is a straightforward variant of Theorem 2.7 in [9] with an external potential
and without interaction potential (i.e. in the special case N =n = 1). The parameter
A > 0 appearing in the statement above is the other (unessential) difference with
the situation discussed in [9].

3. MAIN RESULT

The simple time-splitting method for the von Neumann equation is

RO — };LTL’
- ihOy Ap = [-3h*Ag, An], Anl,_, = Ry, neN,
ih0; By, = [V (x), Bx], Bhl,_, = An(At),

Ry = By (At).

Theorem 3.1. Let V satisfy (4), and assume that R™ € D?($) is a Téplitz op-
erator on $). Let t = Ry(t) be the solution of the Cauchy problem (6), and let R},
be the sequence of density operators constructed by the simple splitting method (7).
Let T > 0, and pick a time step At € (0, %) Then, for each n = 0,...,[T]At],
the simple splitting method satisfies the following error estimate, stated in terms
of the quadratic Monge-Kantorovich or Wasserstein distance between the Husimi
functions of the approximate and the exact quantum density operators:

distar 2 (Wh(R"™), Wh(R(nAt)))
< CrAt+2Vdh (1 +exp (AT(1 +max(1, Lip(VV)?))))

where the constant Cp depends only on T, VV (0) and Lip(VV'), and is defined in
formula (12) below.
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Instead of the simple splitting method, one can instead consider the Strang
splitting method

R =Ry
ihOy Ap = [-3h* Ay, Ap], Anl,_, = Br,

(8) ih0; By, = [V (x), By], Bh|,_, = An(3At),  neN,
ih0yGp = [-2h°A,, G ], Ghl,_, = Bn(At),
Ryt = Gr(3At).

Strang splitting is a second order (in At) method, so that the convergence rate
obtained in the previous theorem can be improved as indicated below.

Theorem 3.2. Let V satisfy (4) and
V"V eL®(RY), m=1,23.

Let R™ € D%($)) be a Téplitz operator on $, and let t = Ry (t) be the solution of the
Cauchy problem (6). On the other hand, let R} be the sequence of density operators
constructed by the Strang splitting method (8). Let T > 0, and pick a time step
At € (0, %) Then, for each n=0,...,[T/At], the Strang splitting method satisfies
the following error estimate, stated in terms of the quadratic Monge-Kantorovich
or Wasserstein distance between the Husimi functions of the approrimate and the
exact quantum density operators:

distaic,2 (Wa (R™), Wa (R(nAt)))
< DrAt? + 2\/%(1 +exp (%T(l + maX(l,Lip(VV)2)))) )

where the constant Dt depends only on T and |[V™V|p~ for m =1,2,3, and is
defined in formula (16) below.

Our strategy is the following. First, Theorem 2.6 gives the error between the
solution of the von Neumann solution (6) and that of the classical Liouville equation
(5). Then we obtain an analogous error between the time split von Neumann and
the time split Liouville. Finally we estimate the time splitting error of the classical
Liouville equation, measured in distance distjsxo. Then a triangle type inequality
leads to the results in Theorem 3.1 and 3.2. This strategy is best illustrated by
Figure 1.

The error estimates Theorems 3.1 and 3.2 do not provide a uniform in A error
estimate, since they contain an O(hl/ 2) term in their right hand side. In particular,
these error estimates are useful only in the vanishing A limit. Yet these two theorems
contain all the new information on the time splitting methods for quantum dynamics
in the semiclassical regime that can be obtained with our approach. Besides, these
two theorems are of independent interest, and lead to better convergence rates that
the uniform error estimate given below in the vanishing A regime. In contrast, a
classical L% norm estimate gives an error of order O(At/h)™ [1] (for some positive
integer m that depends on the order of the splitting), which blows up as A — 0.

In order to obtain uniform in A error estimates for the simple and the Strang
splitting methods, we need to optimize these estimates with the error estimates for
the time splitting method in the case of the Schrodinger equation with fixed A (or
equivalently for A = 1). Such error estimates have been studied in detail and can be
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von Neumann Liouville
R(nAt) E}, (f(nAt), R(nAt)) f(nAt)
h—0
distarrc,2 (WA(R")- Wi (R("Al))) At —0 At — 0 | distark 2 (f(nAt), f7)
h—0
R En (/" R") i

time-split von Neumann time-split Liouville

F1GURE 1. Figure 1: the limits At - 0 and h - 0.

found for instance in [4]. The idea of combining and optimizing the error estimates
in the asymptotic (macroscopic) regime and the microscopic regime is often used in
numerical methods for kinetic and hyperbolic equations involving multiple scales,
a computational methodology known as Asymptotic-Preserving Schemes [8, 12].

Our final uniform error estimate will be formulated in terms of an optimal trans-
port distance denoted distq, already used in [10] (see formula (13) in [10]). All
the convergence statements in Theorems 3.1 and 3.2 are ultimately formulated
in terms of the Monge-Kantorovich-Wasserstein distance distyk,2, to which the
“pseudo-metric” Ep, can be conveniently compared (see Proposition 2.5), the uni-
form in A error estimates stated below as Corollaries 3.4 and 3.5 are all based on
some optimization procedure comparing the L' and the disty 2 distances between
the Husimi transforms of the exact and of the approximate solutions of the quan-
tum dynamical problem. This optimization procedure is precisely the reason for
using the distance dist;, a weaker variant of the Monge-Kantorovich-Wasserstein
distance of exponent 1, with a transportation cost that is truncated at infinity. The
definition of dist; is recalled below for the reader’s convenience.

Definition 3.3. For all p and p', Borel probability measures on R??, we set

dist1(p,p') = inf f min(1,\/|g - ¢'12 + |p - p'|*)m(dgdpdq'dp’) .
mell(p,p’) JR24

Here, the notation (p,p') designates the set of couplings of p,p’ already used to

define the Monge-Kantorovich-Wasserstein distance distyk 2 (Definition 2.4).

Our uniform estimates for the simple splitting method is given in the following
statement, which is a consequence of Theorem 3.1 and of the error estimate in
Theorem 2 of [4].
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Corollary 3.4. Let V e C?(R?) satisfy (4), and let R™ = OP% ((2wh)u™), where
" s a Borel probability measure on R%¢ such that

W
2 2y, ,in
LGl + ) (dadp) < oo.

Lett = Ry (t) be the solution of the Cauchy problem (6), and let R} be the sequence
of density operators constructed by the simple splitting method (8). Let T >0, and
pick a time step At € (0, %) Then, for each n =0,...,[T/At], the simple splitting
method satisfies the following uniform in h error estimate:

disty (Wa(RY), Wh(Ra(nAt))) < 2C[T, V, '™ ] At/

where C[T,V,u'™] is defined in (20). In particular, the constant C[T,V,u'"] is
independent of h.

Likewise, Theorem 3.2 and the error estimate in Theorem 3 of [4] lead to the
following statement.

Corollary 3.5. Let V € WH*(R?) satisfy (4), and let R™ = OP} ((2wh)?u'™),

where '™ is a Borel probability measure on R?? such that
2 2y, in
.Gl + )™ (dadp) < oo.

Let t — Ry (t) be the solution of the Cauchy problem (6), and let R} be the sequence
of density operators constructed by the Strang splitting method (7). Let T >0, and
pick a time step At € (0, %) Then, for each n=0,...,[T/At], the simple splitting
method satisfies the following uniform in h error estimate:

disty (Wx(RY), Wi (Rr(nAt))) < 2D[T, V, i | A2,

where D[T,V, ™) is defined in (21). In particular, the constant D[T,V,u"] is
independent of h.

As will be clear from the proofs, the uniform in A estimates obtained in these
two corollaries involve the O(hY?) term in the convergence rates in Theorems 3.1
and 3.2, and the nonuniform bounds in Theorems 2 and 3 resp. of [4].

Specifically, the uniform O(A#/?) error bound in Corollary 3.4 is obtained as
the minimum of the O(h'/?) term in Theorem 3.1 and of the (nonuniform) O(At/h)
error bound in Theorem 2 of [4]. This O(At'/?) uniform error estimate corresponds
to the “worst” possible distinguished asymptotic regime i ~ At*/3. Although the
O(At) term in Theorem 3.1 is smaller than the O(At'/?) uniform error estimate in
Corollary 3.4, the O(At+h'/?) error estimate in Theorem 3.1 is still of independent
interest in all cases where A is small and satisfies h = O(At?).

Likewise, the uniform O(At?/?) error bound in Corollary 3.5 comes as the min-
imum of the O(h'/?) term in the convergence rates in Theorem 3.2 and of the
(nonuniform) O(A#?/h?) error bound in Theorem 3 of [4]. In this case, the “worst”
possible distinguished asymptotic regime is A ~ At*®. Here again, the O(At?) term
in Theorem 3.2 is smaller than the O(At??3) uniform error estimate in Corollary
3.5. Nevertheless, the O(At? + h'/?) error estimate in Theorem 3.2 is of interest
independently of the uniform O(At??) bound in Corollary 3.5 whenever A is small
and satisfies h = O(At?). Observe that the Strang splitting method is of second
order in time in that regime, for the quantum dynamics as well as for the classical
dynamics.
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4. THE SIMPLE SPLITTING ALGORITHM

4.1. The Simple Splitting Algorithm for the von Neumann Equation in
the Semiclassical Regime. In this subsection we estimate the error between the
time split von Neumann and the time split Liouville equations. By analogy with
the simple splitting method (7) for the von Neumann equation, consider the simple
time-splitting method for the Liouville equation:

=1,

8ta+{%|§|2,a}:0, a|t:0:f", neN,
ob+{V(x),b} =0, b, , = a(At),

= b(AL).

Applying Theorem 2.6 to one time step of the free dynamics, i.e. with V =0 and
A =1 shows that

En(a(At), An(A1)) < En(f", R") exp(5At).

Next we apply the same Theorem 2.6 to the Hamiltonian dynamics defined by the
potential V', with A = 0: thus

En(f™, R™") =By (b(At), By (At))

<Ep(a(At), Ap(At)) exp(: At max(1,Lip(VV)?)).
Putting both estimates together shows that
Ep(f™' R™) < Ep(f", R™) exp(: At(1 + max(1,Lip(VV)?))).

Let T > 0; then for each n=0,...,[T/At] + 1, one has
© En(f",R") SEh(f’:", R’") exp($nAt(1+max(1, Lip(vV)?)))
<Ep(f™, R™)exp(3T(1 +max(1,Lip(VV)?))).

Observe that the amplification rate exp(%T(lﬂnax(l, Lip(VV)?))) in this estimate
is uniform in (i.e. independent of) h. This is the key point in our analysis.

4.2. The Simple Splitting Algorithm for the Liouville Equation. In this
subsection, we estimate the distance between the classical Liouville equation and
its time split approximation. The error analysis for the simple splitting method is
well known in general. However, for our purpose in this paper, we shall formulate
this error analysis for this splitting method applied to the Liouville equation in
terms of the quadratic Monge-Kantorovich or Wasserstein distance.

One expresses the solutions a and b of the kinetic and the potential part of
the Liouville evolution as follows, by using the method of characteristics. For the
kinetic phase

a(t,y,n) = f"(Ki(y,m))  where Ky(y,n) = (y—tn.n).
As for the potential phase

b(t,y,n) = a(At, P (y,n)) where P (y,n) = (y,n+tVV(y))

Hence, one step of simple splitting corresponds to setting

(10) frh= "o Pago Ka,
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with
(y,n) = Paro Kai(y,n) = (y - Atn,n+ AtVV (y — Atn))
Since the transformation Pa; o Ka; has Jacobian one, the formula (10) means that
7 (y,m)dydn is the image of the measure f™(y,n)dydn by Pas o Kag.
Next we seek to estimate the splitting error
distmi 2 (f" 0 @_(ns1yae, f o (Paro Kar)™)?
< f | X (~At,z,8) = (y - Atn)[Pq" (dwdEdydn)
+ [ 1BC-At2,) - (n+ MYV (y - Atn) " (dwdedydn)

where ¢" is any coupling of f(nAt,-,-) and f.

For this, we seek to bound
|(Xa E)(_tv :L‘,f) - (K H)(_t7y777)|2 )
where
(Y,H)(=t,y,n) = Pro Ki(y,m) = (y = tn,n +tVV(y —tn))
is the numerical particle trajectory. First we derive the dynamic equations for

(Y, H). Inverting these relations, and denoting Y; := Y (¢;y,7n) and H; := H(t;y,7n)
for simplicity, we see that

(y,m) = (Yoo +t(H_ —tVV(Yy)), H —tVV(Yy)).
Equivalently
(y,m) = (Y = t(H +tVV(Y2)), He +tVV (YY) -
Differentiating in time, we find that
Y =H +tH + 2tV (Y) + *V2V (Y)Y,
H=-vV(Y)-tv?V(Y)Y,
or equivalently
Y =H +t(-VV(Y) —tV2V(Y)Y) + 2tvV (V) + 2V2V (Y)Y
=H +tvV(Y),
H=-vV(Y)=tv?V(Y)-H-t*V>V(Y) - vV (Y).
Thus, we seek to compare the trajectories of the two following differential systems:
{ , o {Y:HH&VV(Y),
E=-vV(X), H=-vV(Y)-tv?V(Y) -H-t*V*V(Y)-VV(Y).

R
I
(1]

Therefore, we set
{(X—Y): (E-H)-=z(1),
(E-H)=~(VV(X)-VV(Y))-((1),
with
2(t) :=tVV(Y) =tVV (y + tn),
{C(t) ==tV V(y+tn) - (n-tVV (y +tn)) = t*V2V (y + tn) - VV (y + tn).
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Set E :=|VV(0)|. Then, by the mean value inequality,

=] <[H(E + [V*V ] 2=yl + [tIn]) ,
ICOI<IV2V L= [t (Il + [H(E + [V2V [ = (gl + [elln])))
+ VAV | (B + [ V2V 2= (ly] + tn)) -

On the other hand
d
a%lX—le =(X-Y)-(E-H)-2(1)- (X-Y),
d - - =
a%lz—HF =-(VW(X)-vV(Y))-(E-H)-((t) - (E-H),
so that
d
£|X—Y|2 SIX-YP+E-HP+2(0)]+|X -Y)?,
d,_ - -
B HP <[ VPV = (X =Y+ [E- H?) + [C(OF +[=- HI,
By Gronwall’s inequality, setting A := max(1, E,||V?V|r=)), one has
X =Y P(t) + 2= HP () <l = yf® +1¢ - )N

(2+A)|t|_1

€ 2 2
sup (|z(s)|” +|C(s .
24 A f|t|<3<|t|(| ()7 +1¢(s)7)

Assume that 0 <t < % for simplicity; then

sup(|2(s)* +1¢(s)[*) < FA(5 + A)* (1 + |yf* + Inf*).

|s|<t

Choosing at this point an optimal coupling ¢" of f(nAt,-,-) and f™ (see Theorem
1.3 in [17] for the existence of an optimal coupling), one has

distyi 2 (f((n+ 1)At,-,-), f771)2 = f(|X-Y|2+|E-H|2)q"+1(dXdEdeH)
=f(IX(—At;x,E)—Y(—At;y,n)IQ+|5(—At;x,€)—H(—At;y,n)IQ)q"(dxdédydn)

< @A [ (f - yf? 1 lg = nf2)q" (dodedydn)

26(2+A)At_1 ) )
a——— | f "(y, dd)
5T A (+ (lyl* + %) ™ (y, m)dydn

= distyk 2 (f(nAt, -, ), f")26(2+A)At

26(2+A)At -1 ) )
(14 [l Py (nyyan)

+IA%(L+A)°A

+IA% (2 + A)At
and it remains to control the last term in the right hand side.

Since f"(y,n)dydn is the image of the measure f"~!(y,n)dydn by the transfor-
mation Pa; o Ky, one has

[ <) mdydn = [ (y+ At + g = ATV (y + Atm)[2) £ (g, m)dydn
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(by substitution in the left hand side), so that
ly + Atn* + [ = AtV V (y + Atn)[* < (lyl* + At(lyl* + []*) + AL%[nf*)
+(L+ A +2(A8 + ALY (B + A (ly* + At(ly* + [n*) + At[nl*))
< ([P + ) (1 + At)?(1 + 2A%At(1 + At)) + 2At(1 + At)E?.
Denoting
fin = /(Iyl2 + ) " (g, m)dydn,
we easily check that
pin < (1+ At + 2A%2AH(1+ At)?) (1 + At) -1 + 20t (1 + AL E.
Therefore
fin < (1 4+ At +2A%At(1+ At)?)" (1 + At)" o
1+ At+2A2AL(1+ A))(1+ At)" -1
(1+At+2A2A8(1 + At)?2)(1+ At) -1
<exp(2nAL(1+ A%(1+ At)*)) o
exp(2nAt(1+A%2(1+At)?)) -1
1+ (1+A1)(1+2A2(1+ At)2)

+2At(1 + At)E(

+2(1+ At)E

Thus, we arrive at the inequality
distax 2(f((n + DAL, -), f71)? < distai 2(F(nAL - ), f1) DA
t2 6(2+A)At -1

2 2
+IA%(5+A)°A TR

(1 +exp(2nAt(1+ A%(1+ At)?*)) o

+2(1+At)E

exp(2nAt(1+A%(1+At)?)) -1
1+ (1+A0)(1+2A2(1 + At)?)

Iterating in n, we conclude that, for n=0,1,...,[T/At]

(11) distpmi 2(f (nAtL,-,-), ) < CrAt,

where
(2+A)T _
e
Ct:=9A%(5 +A)?

4

1 2 2
5T A (1+exp(2T(1+A (1+ A8)*))po

(12)

2201+ ADE exp(2T(1+ A%(1+ At)?)) -1 )

1+ (1+A8)(1+2A%2(1+At)?)

4.3. Error Estimate for the Simple Splitting Method. According to Theorem
2.6, for each n =0,1,..., one has

En(f(nAt,-,-), R(nAt)) < Ex(f™, R™) exp ($nAL(1 +max(1, Lip(vV)?)))
and in particular
(13)  En(f(nAt,-,-), R(nAt)) < Ex(f™, R™)exp (%T(l + max(l,Lip(VV)Q)))
for n=0,...,[T/At]. Putting together (9), (11) and (13) shows that
En(f", R") + distmk 2 (f (AL, -, -), f) + Ea(f (nAt,-,-), R(nAt))
<2Ex(f™, R™) exp (%T(l + maX(l,Lip(VV)Q))) +CrAt.
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According to Proposition 2.5 (b) and using the triangle inequality for distymk 2, we
conclude that

diStMKQ(Wh(Rn), Wh(R(TLAt)))
< 2B, (f™, R™) exp (3T(1 + max(1,Lip(VV)?))) + CrAt + 2Vdh.

In particular, if R™ is the Toplitz operator with symbol (27h)¢f™, we conclude
from Proposition 2.5 (c) that

distaric,2 (Wa(R™), Wa(R(nAt)))

(14) <CrAt + 2\/%(1 + exp (%T(l + max(l,Lip(VV)Q)))) .

5. THE STRANG SPLITTING ALGORITHM

In this subsection we estimate the error between the time split von Neumann
and the time split Liouville equations. The Strang time-splitting method for the
Liouville equation is

o=y,

8ta+{%|£|2,a}:0, a|t:0:f”7

Opb+{V(x),b} =0, b, =a(3At),  neN,
deg + {5167, 9} = 0, g,y = b(nA?),

[ =g(3A0).

Applying Theorem 2.6 to one time step of the free dynamics, i.e. with V' =0 and
A =1 shows that

En(a(3At), An(3A1)) < By (", R") exp(L At)

Next we apply the same Theorem 2.6 to the Hamiltonian dynamics defined by the
potential V', with A = 0: thus

En(b(At), Br(At)) < Eh(a(%At), Ah(%At)) exp(%At max(1,Lip(VV)?)).

Finally, we apply again Theorem 2.6 to the last time step of the free dynamics, so
that

En(f™', Ry*Y) = En(g(3A1), Ga(3A1)) < En(b(At), By(At)) exp(§At)
< Eh(a(%At),Ah(%At))exp(iAt + 1 Atmax(1, Lip(VV)?))
< Ep(f", R") exp(2At + JAtmax(1,Lip(VV)?) + 1 At)

= Ep(f", R™) exp(3 At(1 +max(1,Lip(VV)?)).

Hence the uniform in A estimate (9) also holds for the Strang splitting method.

Next we analyze the Strang splitting method for the Liouville equation in terms
of the Monge-Kantorovich or Wasserstein distance. With the same notation as in
the previous section, we seek to bound

distarc 2 (/™ 0 @ (niryae, 0 (Kiag 0 Paro Kip)"™)?.
In order to do so, we seek to bound

|(X,E)(-t,:[:,€) - (ng)(_tvzaw)Fv



14 F. GOLSE, S. JIN, AND T. PAUL

where the numerical particle trajectory or bi-characteristic flow of the Liouville
equation is
(Z,Q)(~t,2,w) = Kt/2 oPo Kt/Q(Zaw)

=(z-tw- %tzvV(z - %tw)),w +tVV(z - %tw)) .
Writing Z, := Z(t,2,w) and Q; = Q(¢, z,w) for simplicity, we first observe that
Zt— %tQt :z+%tw, Qt :w—tVV(Zt—%Qt)

Hence
Z - 10, - %tQt = 1w
O+ YV (Z - 1) +tV°V (2, - %tQt)%(Zt - 110,)
= O + YV (Zy - 3t) + $tv2V(Z, - 319w =0,
so that

0=2; - 3(Q +w) - 20y = Z, - Q- LtV (Z, - 3t - 310,
=Z; -+ 1PVV(Z, - 2w
Likewise
0=Q + VV(Zy - 3tQ) + 2V?V(Z, - 310w
=+ VV(Zy) - 39V (Z)
+APVOV(Zy - 30t0) 1 Q% + VPV (Z, - tQ)w
= O+ VV(Zy) + 2(VPV (2 - 3t) - VPV (Z0)) %
+3tV2V (2, - 1) (w - Q) + 12VPV(Z, - LotQ,) : QF?
= O+ YV (Zy) + 2(V2V (2 - 3tQ0) - VPV (Z0)) %
+IPVPV(Z, - 1) VV (2, - $t)
+2 VOV (Zy - 301Q) : QF°
Summarizing, the numerical bi-characteristic field for the Strang splitting method
1S
Zy =y - VPV (Z, - 20w
=0 + s(t)
Q== VV(Z,) - V2V (Z, - L) - V2V (Z,))
- 3PVPV(Z, - Q) VV (2 - $t)
- V(2 - 10ty - QF?
=-VV(Z)+o(t)

where
s(t) =— it2V2V(z + %tw)w

o(t):=- %t(sz(z + 3tw) - ViV (2 + Stw + 310))Q
- %tQVQV(z +2tw)VV (2 + Ltw)
- 19V (Z, - Loty) - QF°
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Here again, we seek to compare the solution (Z;,€);) to the Strang splitting
differential equation with the solution (X¢,Z;) of the Newton system of motion
equations, i.e.

X=Z,
==-vV(X),

Arguing as in the case of the simple splitting method, we observe that
X-Z=(2-Q)-s,
E-Q=—(VV(X)-VV(2))-a(t),

so that y

£|X—Z|2 =2(X-2)-(E-Q)-2(X-2)-s
AX -ZP+E-QP +|X - Z +|s
d
£|E—Q|2 =-2(E-Q)-(VV(X)-VV(2))-2(E-Q) 0o
<Lip(V)(E-QP +|X - Z?) +|2-Q* + o
One easily checks that
s +lo (O <t* (GIVV 7= |wl® + V2V 212"
+ 1 IVVIL=VVITe + g IV V L 12)
<t (§IV2VIEw Wl + 31V L (o' + | VV ] 2)
+ i IVVIE< V0 + 351V VI 2 (W + 2|V V[2)) -
Setting
M = max(L, [VV[Z, [VZV 7=, [V*V 1)
we see that
ls(®))? + o) <t*(§M|w]* + IM (Jw|* + t* M) + 1 M? + LM (Jw]? +t°M))
SEMAH A+ 2+t + W+ |w]?)
Choosing an optimal coupling ¢™ of f(nAt,-,-) and f™, one has
distyx 2 (f((n+ 1AL, -, f)2 < f(|X ~ZP + |2 - Q)" (dX d2dZdQ)
= [ UX(~Bt,)Z(- b 2,0) P+ E(- Dt 0,€) = Q(-At; 2,0)[)q" (dadgdzd)

< o2+t f(|x —2? + € - w|?)¢" (dededzdw)

e(2+A)At -1

Mt (1 FAR AP f(|w|2 " |w|4)f"(dzdw))
< 6(2+A)At diStMK,2(f(nAt7 ) ')7 f’ﬂ)2

6(2+A)At -1

A (10 a2 e A+ [l ¢ ol ()

Arguing as in the case of the simple splitting algorithm, one has
= [l )5 (dzdw) = [ (900t 2,0)F +19(-A 2,w)") 17 (dzdw)

< /((|w|+\/MAt)2+(|w|+\/MAt)4)f"‘1(dzdw)
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by substitution in the integral on the left hand side, since f"(y,n)dydn is the image
of the measure f"~!(y,n)dydn by the transformation KinpoParoKipy. Since

(Jw| + VM AL < |w* + At(M + |w]*) + MAE? < (1 + At)(|w]? + MAt)
and
(Jw| + VMAD)* < (1 + At)? (Jwf* + MA)? < (1 + At)*(|lw|* + M2AL),
one has
U < (14 A3 (vp_y + M(1+ M)AL) < 32 (vy_1 + M(1+ M)AE)
so that
3nAt sare’ -1
vn <e V0+M(1+M)At€ m
<e®Atyg + M(1+ M)At(eA - 1).
Hence
diStMK,Q(f((n + I)At7 K ')7 fn+1)2 < 6(2+A)At dlStMK,Q(f(nAt7 K] .)7 fn)2
6(2+A)At -1
2+A
so that, iterating in n,

IMBAE (1+ AP + At* + 32y + M(1+ M)At (> - 1))

diStMKQ(f(nAtv ) ')a fn)2
e(2+MNAL _
T LMPAR (1+ AR+ A+ A+ M(1+ M)A - 1))

2+ A

8(2+A)T— 1

WMSAtZl (1 + 63T(l/0 + MZ))
for n=0,1,...,[T/At] with 0 < At < . In other words
(15) distyx 2 (f(nAt,-,-), f*) < DpAt?
for n=0,1,...,[T/At] with 0 < At < 1, with

2 eI g 3 3T 2

(16) DT:ﬁM (1+€ (1/0+M ))

Putting together (9), (15) and (13) shows that
En(f", R") + distyk 2(f (nAt, -, -), f) + En(f(nAt,,-), R(nAt))
<2E, (", R™) exp (3T (1 + max(1,Lip(VV)?))) + DrAt>.
By Proposition 2.5 (b) and the triangle inequality for distyk 2,
distyri 2 (Wa(R™), Wh(R(nAt)))
< 2B (f™, R™) exp (1T (1 + max(1, Lip(VV)?))) + DrAt* + 2Vdh
forn=0,1,...,[T/At] with 0 < At < 3.

In particular, if R™™ is the T6plitz operator with symbol (27h)9 £, we conclude
from Proposition 2.5 (¢) and the inequality above that

distuic 2 (Wa(R™), Wa (R(At)))

(17) < DrAt? + 2\/%(1 + exp(%T(l + maX(l,Lip(VV)2)))).
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6. UNIFORM IN i ERROR ESTIMATES
Proof of Corollary 3.4. Throughout this section, we denote
Ut) = exp(—it(—%th +V(x))/h),
and
Uk (t) = exp(3ithA), Uy (t) == exp(—itV (z)/h).
For the first order time splitting, one has

Ry — Rp(nAt)
= (Uy (AUK (A1) Ry (U (A1) Uy (A1) )" ~U(nAt) Ry U(nAL)*
= (U (AU D))" ~U ) g, )Pl Ui (A1) U (A)*)" ™ (dadp)

b [ UMDY 0, p] (U (A1) Uy (A1) ~U(nA)*) " (dadp)
Hence
| Rh=Ra(nAt) |1 <2 fRded | @y (AUK (A" ~U((nAL)) g, )| 12 gay 1" (dgdp) -

At this point, we apply Theorem 2 from [4] for the error of the simple splitting
scheme:
| Uy (At)UK(AL)" = UNAL)) g, D) L2 (rey

At
< 2?M(V) (M) +h)lg, p) g (ray) »

where
M(V) = max (2| VV | = (ray, [V?V ] L= ra)) -
One has
P2 (11a: P32 (ray + | VIg: )| T2 qmay ) = B2+ P + $h < 207 + [pl* + &
so that

(18) 1B} - R(nA0)]s <4550 (MONE +VBheds [ ol (dadp)) .

Next we apply Lemmas 8.2 and 8.1 in [10]:
(19) } .
disty (W (Ry), Wi (Rp(nAt)))

< min(|Wa(Rp) - Wa(Rn(nA1))| 1 (ra2a), distax 2 (Wa (BR), Wa (B (nAt))))
< HliIl( HRZ - Rh(nAt) Hlv diStMKﬁg(Wh(R;:), Wh(Rh(nAt)))) .
Using (18), (14) to bound the right hand side of (19) shows that
disty (W (Ry),Wh(Rn(nAt)))

< min (4AhtM(V) (M(V)t2+\/§h+d+ fR |p|m"(dqdp)),

CrAt+2Vdh (1 +exp (1t(1+max(1,Lip(VV)?)))) )
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so that
dist, (Wh(RY), Wa(Rn(nAt))) < C[T, V, 1'™] (At +min (%, \/E))
= C[T,V, "] (At + At'3)

with
(20)

C[T,V, '] := max (4\/§M(V), Cr,AM (V) (M(V)T2 +d+ /R \pW"(dqdp))

2V/d (1 +exp (37(1 + max(1, Lip(VV)?)))) ) .

O

Proof of Corollary 3.5. Arguing as in the proof of Corollary 3.4 for the Strang
splitting, we write
S(At) = Uk (Bh) Uy (A UK (5E)
and
Ry — Ry (nAt) =S(At)" R (S(A)*)" —U(nAt) Ry"U(nAt)*
=fRded(S(At)"—U(nAt))lq7p>(q,pl(8(At)*)”ui”(dqdp)

! fmxm U(nAt)|g, p) (g, pl(S(A)*)" = U(nAL)* )™ (dgdp) ,
so that
1Ry = Ra(naDr <2 [ (S0 ~UmAD)lg,p)| gy 1 (dadp).
By Theorem 3 from [4]:

n ! n AtQ
[(S(AN" ~U(mAD) P ey € M[T, Vo™ ==

where the constant M’ depends on the final time 7', on V|4, (ga), and on
2 in
me Ipl” 1" (dgdp) < oo,
since

Mg, ) ray = O(Ipl) — while  h?[|g, p)| 2 (rey = O(Ipl?) -
Thus

dist; (Wa(RY), Wa(Rr(nAt)))
) 2
< min (M’[T, Vv, W]A%, DrAt +2Vdh (1 +exp (3¢(1 + max(1, Lip(VV)z)))))
2
< D[T,V, "™] (At + min (A}:, \/ﬁ)) ,
where

(21)
DT, V, "] := max ( Dy, M'[T, V, 5], 2v/d (1 + exp (3T(1 + max(1, Lip(VV)?))))) -
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Optimizing in h leads to
disty (Wh(RY), Wh(Rn(nAt))) < D[T,V, i’ (At + At?/3)
corresponding to the choice h = AtY/3, O

Acknowledgements. The work of Francgois Golse and Thierry Paul was partly
supported by LIA LYSM (co-funded by AMU, CNRS, ECM and INdAM). The
work of Shi Jin was supported by NSFC grants Nos. 31571071 and 11871297.

REFERENCES

[1] P. Bader, A. Iserles, K. Kropielnicka, P. Singh: Effective approzimation for the semiclassical
Schrédinger equation, Foundations Comput. Math. 14 (2014), 689-720.

[2] W. Bao, S. Jin, P.A. Markowich: On time-splitting spectral approzimations for the
Schrédinger equation in the semiclassical regime, J. Comp. Phys. 175 (2002), 487-524.

[3] H.-P. Breuer, F. Petruccione: “The theory of open quantum systems”, Oxford University
Press, Oxford, 2002.

[4] S. Descombes, M. Thalhammer: An ezact local error representation of exponential operator
splitting methods for evolutionary problems and applications to linear Schrédinger equations
in the semi-classical regime, BIT Numer. Math. 50 (2010) 729-749.

[5] D. Fang, S. Jin, C. Sparber: An efficient time-splitting method for the Ehrenfest dynamics,
Multiscale Modeling & Simulation 16 (2018), 900-921.

[6] B. Engquist, O. Runborg: Computational high frequency wave propagation, Acta numerica
12 (2003), 181-266.

[7] P. Gérard, P. A. Markowich, N. J. Mauser, F. Poupaud: Homogenization limits and Wigner
transforms, Comm. Pure Appl. Math. 50 (1997), 323-379.

[8] F. Golse, S. Jin, C.D. Levermore: The convergence of numerical transfer schemes in diffusive
regimes I: Discrete-ordinate method, SIAM J. Numer. Anal. 36 (1999), 1333-1369.

[9] F. Golse, T. Paul: The Schrédinger Equation in the Mean-Field and Semiclassical Regime,
Arch. Rational Mech. Anal. 223 (2017) 57-94.

[10] F. Golse, T. Paul, M. Pulvirenti: On the derivation of the Hartree equation from the N-
body Schrodinger equation: uniformity in the Planck constant, J. Funct. Anal. 275 (2018),
1603-1649.

[11] M. Hochbruck, C. Lubich: Ezponential integrators for quantum-classical molecular dynamics,
BIT Numerical Mathematics, 39 (1999), 620—645.

[12] S. Jin: Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equations:
a review, Riv. Math. Univ. Parma (N.S.) 3 (2012), 177-216.

[13] S. Jin, P.A. Markowich, C. Sparber: Mathematical and computational methods for semiclas-
sical Schrodinger equations, Acta Numerica 20 (2011), 121-209.

[14] T. Kato: “Perturbation Theory for Linear Operators”, Springer Verlag, Berlin, Heidelberg,
1966, 1976.

[15] P.-L. Lions, T. Paul: Sur les mesures de Wigner, Revista Mat. Iberoam. 9 (1993), 553-618.

[16] P.A. Markowich, P. Pietra, C. Pohl: Numerical approzimation of quadratic observables of
Schrédinger-type equations in the semi-classical limit, Numerische Math. 81 (1999), 595-630.

[17] C. Villani: “Topics in Optimal Transportation”, Amer. Math. Soc., Providence (RI), 2003.

[18] E.P. Wigner: On the quantum correction for thermodynamic equilibrium, Phys. Rev. 40
(1932), 749-759.

(F.G.) CMLS, ECOLE POLYTECHNIQUE, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: francois.golse@polytechnique.edu

(S.J.) SCHOOL OF MATHEMATICAL SCIENCES, INSTITUTE OF NATURAL SCIENCES, MOE-LSC,
SHANGHAI JIAO TONG UNIVERSITY, SHANGHAI 200240, CHINA
E-mail address: shijin-m@sjtu.edu.cn

(T.P.) CMLS, ECOLE POLYTECHNIQUE & CNRS, 91128 PALAISEAU CEDEX, FRANCE
E-mail address: thierry.paul@polytechnique.edu



