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trix pencils under generic structure-preserving additive low-rank perturbations is studied. Several
different symmetry structures are considered and it is shown that for most of the structures, the
generic change in the eigenvalues is analogous to the case of generic perturbations that ignore the
structure. However, for some odd/even and palindromic structures, there is a different behavior for
the eigenvalues 0 and oo, respectively +1 and —1. The differences arise in those cases where the
parity of the partial multiplicities in the perturbed pencil provided by the generic behavior in the
general structure-ignoring case is not in accordance with the restrictions imposed by the structure.
The new results extend results for the rank-1 and rank-2 cases that were obtained in [3}[5] for the
case of special structure-preserving perturbations. As the main tool, we use decompositions of matrix
pencils with symmetry structure into sums of rank-one pencils, as those allow a parametrization of
the set of matrix pencils with a given symmetry structure and a given rank.
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1 Introduction

The generic change in the Jordan structure of matrices under low-rank perturbations has been
established in [2I] and was rediscovered later independently in [36,[38,[39]: if a matrix A € C™*"
has an eigenvalue Ao with partial multiplicities n1 > --- > ng (i.e., these are the sizes of the Jordan
blocks associated with Ao in the Jordan canonical form of A), then a generic perturbation of rank
r < g has the effect that the perturbed matrix still has the eigenvalue Ao with partial multiplicities
nr41 = -+ = ng, while Ag is no longer an eigenvalue of the perturbed matrix if a generic perturbation
of rank r > g is applied.

Starting with [28] a series of papers has studied the generic changes in the Jordan structure of
matrices with symmetry structures under structure-preserving low-rank perturbations and it has
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been observed that sometimes the behavior differs from the one under arbitrary low-rank perturba-
tions due to restrictions in the possible Jordan structures of the matrices with symmetry structures,
see [61[15}22[28433].

There are many applications where low-rank perturbations of matrix pencils with or without
symmetry structures arise. For example, matrix pencils are the coefficient representations of linear
differential-algebraic equations, see e.g. [7}23] and the references therein. Structured low-rank pertur-
bations are then common when power networks or electrical circuits are considered, and the stability
is studied when interconnections are interrupted [IL[13,[19,[37]. These are typically perturbations of
rank one or two. Another class of problems where the perturbations are of low-rank compared to
the system size, but not low-rank in absolute terms, are switched systems which change their states,
see e.g. [18.20,241[25[35]. We will study low-rank perturbations of structured matrix pencils from an
abstract matrix-theoretical point of view and do not consider the many concrete applications where
this topic has major implications.

A result on the generic change of the Weierstral structure (namely, the partial multiplicities)
under low-rank perturbations of regular pencils without any additional symmetry structures has
been established as early as in [12], where genericity was understood in the following sense: a subset
of a finite-dimensional linear space of perturbations is called generic if it is an open dense subset with
respect to the natural topology on the linear space. In contrast to this notion, a stronger concept of
genericity had been used in the references starting from [28]: in that sense, a subset G of C™ is generic
if its complement C™ \ G is contained in a proper algebraic set, i.e., a set of common zeros of finitely
many polynomials in m variables that does not coincide with the full set C™. The latter concept is
not only stronger than the previous one (clearly any generic set in the latter sense is an open dense
subset of C™ while the converse is not true in general), but it also allowed an easy transition from
the complex to the real case as it was shown in [30]. This concept requires the parametrization of
the set of considered perturbations as a subset of C'™. In [I1] such a parametrization of the set of
pencils of rank at most r was introduced and the result from [I2] could be generalized to the stronger
concept of genericity in the sense of its complement being contained in a proper algebraic set. The
main result obtained in [I1] states that the generic behavior in the case of matrix pencils coincides
with the one for matrices. More precisely, if A + AB is a regular pencil and Ao € CU {o0} is an
eigenvalue of A + AB with partial multiplicities n1 > --- > ng, then a generic additive perturbation
of A+ AB with rank r “destroys” the r largest multiplicities, so that the perturbed pencil has the
partial multiplicities ny41 > -+ = ng at Ao.

Surprisingly, the case of matrix pencils with some additional symmetry structure has not yet
been as well studied as the matrix case. The first attempt to investigate the generic change in the
Weierstrafl structure of such matrix pencils under structure-preserving low-rank perturbations was
undertaken in [3H5], where the cases of rank-1 perturbations and special perturbations of rank two
were considered - the restriction to these cases was due to the fact that straightforward parameter-
izations were available in that case. While it was shown in [6] how the knowledge of the behavior
in the rank-one case can be extended to arbitrary rank in the matrix case, a similar transition is
not possible in the pencil case, since a structured pencil of small rank can in general not be written
as a sum of those rank-1 or rank-2 pencils that were considered in [3H5]. Therefore, the case of
structure-preserving perturbations of rank larger than two remained an open problem.

It is our aim to fill this gap by extending the ideas from [I1] to develop parameterizations of low-
rank pencils with symmetry structures and obtain results on the generic change in the Weierstrafl
structure of structured matrix pencils under low-rank structure-preserving perturbations. Moreover,
we will also consider one aspect that has not been considered in the pencil case so far: the generic
multiplicity of newly generated eigenvalues.

Low-rank perturbation of singular matrix pencils has been considered in [9], restricted to the case
where the perturbed pencil remains singular. A different generic behavior on the change of the partial
multiplicities of eigenvalues is shown in this case. In particular, for generic perturbations, all partial
multiplicities of any eigenvalue of the unperturbed pencil stay after perturbation. In this paper,
however, we restrict ourselves to regular matrix pencils which remain regular after perturbation
(which is a generic condition). Nonetheless, singular pencils naturally appear in the context of the
present work, since low-rank pencils are necessarily singular.
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The paper is organized as follows. In Section 2l we introduce some notation and recall the Weier-
stral canonical form. The symmetry structures considered in the paper are introduced in Section
Bl where we also present the rank-1 decomposition of low-rank structured pencils for any of these
structures. We consider the Hermitian and T-even cases in full detail, and from the results for these
two structures we derive the results for the remaining symmetry structures. Section [l contains the
main results of the paper, namely the description of the generic change of the partial multiplici-
ties of regular pencils with symmetry structures under low-rank structure-preserving perturbations.
If we restrict ourselves to pencils with real entries, the approach followed in the manuscript is no
longer valid. In the short Section [l we briefly discuss the case of real matrix pencils with symmetry
structures and explain why the results of the previous sections cannot be applied in that case. In
Section [6lwe summarize the contributions of the paper and we present some lines of further research.
Appendix [A] contains the proof of a couple of technical results used in Section [

2 Notation and basic results

By e; we denote the ith canonical vector of appropriate size, i.e., the ith column of the identity
matrix with the appropriate order. By i we denote the imaginary unit. The notation 0.,x, stands
for the m x n zero matrix. When either m = 1 or n = 1, then we just write O, or Om, respectively.
Note that we use the same notation for zero rows and zero columns, but which is the right one is
clear by the context.

As usual, C"™*" denotes the set of m x n matrices with complex entries, and C™ denotes the set
of vectors with n complex coordinates in column form (i.e., C" = C™*!). Given a matrix A € C"™*",
we denote by A(7,7) the (i,7) entry of A. By C[A]™ we denote the set of vector polynomials with n
coordinates, i.e., the set of vectors with n coordinates which are polynomials in the variable .

We use L()) for general pencils, as well as for the given (unperturbed) pencil, whereas E())
will be used for the perturbation pencil. The notation * is used for either the transpose (T) or the
conjugate transpose (*) of a matrix. Given a matrix pencil L(A\) = A+ AB (or just L, for short), by
L(M\)* (or L*, for short) we denote the pencil A* + AB*. It is important to note that, when * = x,
then the operator * does not affect the variable X\, but just the coefficients of the pencil. The pencil
is said to be regular if it is square and det L(\) is not identically zero. Otherwise, it is said to be
singular. The rank of L()\), denoted rank L, is the size of the largest non-identically zero minor of
L()) (considering the minors as polynomials in ), i.e., the rank of L()\) considered as a matrix over
the field of rational functions in A. In other words, it is the quantity maxyccrank(A4 + AB). This
is sometimes referred to as the normal rank in the literature (see, for instance, [I4]). Note that, if
A+ AB is a square n X n matrix pencil with rank r < n, then A 4+ AB is singular.

The reversal rev(A + AB) of a matrix pencil A 4+ AB is the matrix pencil B + \A.

By Lo we denote a right singular block of order a, i.e., the a x (a+ 1) pencil
P!

Lo = .
L Al ax(a+1)

By Ji(a — X) we denote a pencil corresponding to a k x k Jordan block associated with the
eigenvalue a, namely
fa—X 1

Je(a— ) = ,

L kxk
and R denotes the reverse identity matrix, namely

R:= ,
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where the size will be clear by the context.

Remark 1 If w € C[\]™ is a vector polynomial of degree (at most) 1, and v € C™ (i.e., a constant
vector) then rev(vw*) = v - (revw)*.

If A+ AB is a regular n X n matrix pencil, then it can be transformed to Weierstrafl canonical
form (WCF). More precisely, there exist nonsingular matrices S,T € C"*" such that

S(A+AB)T = diag (Jny 1 (a1 = A), -, Tna g, (a1 = A)s oo, Tnr (as = A), ooy T (@ — ),
rev Jn, 1 (=A), eV i g (=N).

Here k € N, and a1,...,ax € C are the finite eigenvalues of A + AB with geometric multiplicities
g1, .- -, 9x, respectively. The value g1 is the geometric multiplicity of the infinite eigenvalue, where
we allow gr41 = 0 for the case that co is not an eigenvalue of the pencil. The parameters n; i, ...,n; g,
are called the partial multiplicities of A + AB at \;. Without loss of generality, we may assume that
they are ordered non-increasingly, i.e., we have n; 1 > --- > n; g,.

If A+AB is a singular m x n matrix pencil, then the corresponding canonical form is the Kronecker
canonical form (KCF): there exist nonsingular matrices S € C™*™ and T € C™*"™ such that

S(A+AB)T = diag (L(\), Lay, - -, Loy L, - L, )

with Z()\) in WCF. Here, the parameters a1,...,an € Nand $1,..., 8¢ € N are called the right or left
minimal indices, respectively.

3 Representation of structured pencils as a sum of rank-1 pencils

It is well-known, see e. g. [I6], that any Hermitian or symmetric matrix A € C"*" with rank A =
r < n can be written as a sum of rank-1 matrices of the same structure (this is an immediate
consequence of the so-called spectral decomposition). In particular, if A is symmetric, then it can be
written as A = ululT + -+ uruTT (or A = slululT + -4+ sruruTT if we restrict ourselves to real
coefficients), whereas if A is Hermitian, then it can be written as A = sjuiuj + - -+ + sruruy where
S1,...,8r € {+1,—1} are signs. By Sylvester’s Law of Inertia, the numbers of positive (resp. negative)
signs among si, ..., sr are uniquely determined.

It is natural to ask whether an analogous decomposition holds for matrix pencils with symmetry
structures. The structures we are interested in are compiled in the following list. A matrix pencil
L(\) = A+ AB with A, B € C"*" is said to be

— Hermitian if A= A*, B = B*;

— symmetric if A = AT B= BT;

— skew-Hermitian if A* = —A, B* = —B;
— skew-symmetric if AT =-4A,BT = —B;
— %-even if A = A, B* = —B;

— x-odd if A* = —A, B* = B;

— x-palindromic if A* = B;

— x-anti-palindromic if A* = —B.

The name x-alternating is also used as an umbrella term for both x-even and x-odd.

For the sake of brevity, we will use the following notation for the set of n x n structured matrix
pencils with rank at most r, for each of the previous structures:

structure notation
Hermitian H,
symmetric Symy
skew-Hermitian SH.-
skew-symmetric SSymy
*-even Even}
*-odd Oddy
*-palindromic Paly
*-anti-palindromic Apaly
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Note that, for the ease of notation, and since all matrices considered in this paper are of the same
size n x n, there is no explicit mention of the size in the notation introduced above.

We start by showing the existence of a decomposition of structured low-rank pencils as a sum
of structured rank-1 pencils. For this, we will use structured canonical forms for these kinds of
pencils. These canonical forms comprise the information displayed in the WCF, with the appropriate
restrictions imposed by the corresponding symmetry structure. We refer to [4] for these canonical
forms, since they are all gathered in this reference, even though all of them were introduced in earlier
references. Furthermore, we focus on the case of Hermitian pencils and will give a detailed proof for
this case only, while for the cases of other structures we will either reduce them to the Hermitian
case or mention in which parts the proofs of the corresponding results differ from the Hermitian case.

3.1 Rank-1 decompositions for the Hermitian case

First, we recall the well-known canonical form for Hermitian pencils under congruence, see, e.g., [4]
Theorem 2.20].

Theorem 1 (Canonical form of Hermitian pencils). Let E()\) be a Hermitian n X n matriz pencil. Then
there exists a monsingular matriz P such that

P*E(\)P = diag (E1()), ..., Em())),
where each pencil Ej(X), for j =1,...,m, has exactly one of the following four forms:

i) blocks cRJi(a — \) associated with a real eigenvalue a € R and a sign o € {+1,—1};
ii) blocks
-1
-1 A
rev (0RJp(-\)) =0

-1 A
associated with the eigenvalue infinity and a sign o € {+1,—1};

iii) blocks Rdiag (Jk (7= A), Ji(p — N)) associated with a pair (u,71) of conjugate complex eigenvalues,
with p € C having positive imaginary part;
0 L}
L 0

iv) blocks
consisting of a pair of one right and one left singular block with the same indez k.

The parameters a,k,o, and p depend on the particular block Lj(X\) and may be distinct in different blocks.
Furthermore, the canonical form is unique up to permutation of blocks.

The signs o in the blocks of type i) and ii) in Theorem [I] are invariant under congruence transforma-
tions and their collection is referred to as the sign characteristic of the Hermitian pencil following the
terminology of [17[34]. The following result presents a decomposition of a given Hermitian pencil as
a sum of rank-1 Hermitian pencils, which extends the one for Hermitian matrices mentioned at the
beginning of this section. Hereafter, we deal with polynomial vectors, namely vectors v(X) € C[\]",
though, for brevity, in general we will drop the dependence on A. For a given v()\) € C[A]", by degwv
we denote the largest degree of the entries of v. In order to avoid confusion, it is important to recall
that, given a pencil A 4+ AB, we write (A 4+ AB)* to denote the pencil A* + AB*, i.e., we only apply
the conjugate transpose to the coefficients of the pencil, and not to the variable .

Theorem 2 (Rank-1 decomposition for Hermitian pencils). If E()\) is a Hermitian n X n matriz pencil
with rank E = r < n, then it can be written as

E(A) = (a1 + Ab1)urul + -+ + (ap + Abp)ugup + viwi + - -+ + vews + wivy + -+ - + wsvy, (1)

where a;,b; €ER, fori=1,..., ¢, and
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(i) L+2s=r,
(i) deguy = --- =degup =0=deguvy =--- = degvs and degws,...,degws < 1.

Proof Tt suffices to prove the statement for E()) being in Hermitian canonical form as in Theorem [I1
To see this, just notice that if Kg()\) is the Hermitian canonical form of E(\) and if it has a
decomposition

Kg(\) = (a1 + Xb1)u1ul + - - - + (ag + Abp) gy + 01W07] + -+ - + VstWs + w107 + - - - + Ws0s,

as in (), then there exists a nonsingular matrix P such that

E(X) = PKg(A\)P* = (a1 + Ab1)uruy + - - + (ag + Abg)upup
Fviwi + - +vswy +wivi + - + wsvs

with u; = Pu;,v; = Pvj;, and w; = Pwj, for i = 1,...,¢ and j = 1,...,s. This gives the desired
decomposition () for L()).
So we may assume E(X) to be in Hermitian canonical form, which is a direct sum of blocks of

the four different types i)—iv) as in Theorem [Il We will provide a decomposition like () for each of
these blocks.

1) A k x k block associated with a real eigenvalue a € R and sign o € {+1, —1} can be decomposed
as follows, depending on whether & is odd or even. If k is even then

oRJi(a— )
a—A 0
0 1/2 a—X1/2
a—A0 0 0
Y 0 1/2 to a—\1/2
a—A 0 0 0
0 1/2 a—X1/2
a—A a072)\ Ok_g
= o0 1/2 | ej+ ehot -+ la—X|e3
1/2
Op_s 1/2
Og—a
a—-A1" a%A 0p_o 1"
+olex | 1/2 +ep_o 1/2 +--texfa—A ,
Op—o 1/2
Ok—4a

which is of the form () with v; = geg; and w; = [Ok,gi a—X1/2 Ogi,g]*, fori =1,...,k/2. Note
that o can be included either in v; or w;, for i =1,...,k/2.
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If k is odd, then we can split the block in two pieces

oRJ(a— )
r a— A
1
. a—\."
—U(G*A)E%e%‘kd ol 1
a—A1
a—A 1 i
Ors |
Y o 7
:U(G,*A)eﬁeb +o 1 6;;-’- 6;;_1"“‘ + 6?-;1
2 2 0 1 1 2
k—2 0]4373 0E
2 |
" - e
a-\" 0)\ Ok%:
a— a—
A R TR e R B S A I
0k72 0k573 Okfl
L 2

and proceed as in the previous case with the last two summands.
2) A k x k block associated with co and sign characteristic o can be decomposed in a similar way,
replacing the roles of a — A and 1 in the previous case by —1 and ), respectively.

3) A pair of k x k blocks corresponding to a pair of complex conjugate eigenvalues p, 7 can be
decomposed as

= AT
1
w—A
. _ - 1
Rdiag(Ji (7 — N), Ju(u — A)) = =
1
=
i-x 1 ]
0p_
n=A1 vl Ok—1
1 62k+"'+ 1 6k+2+ ,Uz*)\ €k+1
O2k—2 0, O
*
- o p-A1"
Feprr | p—A| Fergr 1 + ot egg 1 ;
O 0, O2k—2

which is of the desired form.

4) Finally, a pair consisting of a left and a right singular block with respective sizes k x (k+ 1)
and (k+ 1) x k can be decomposed as

Ok—1

A *
1 €2k+1>
O

A
O2k—1



8 Fernando De Terén et al.

which is, again, in the desired form.

So each block in the canonical form has a decomposition like (IJ). Forming this direct sum by
padding up with zeroes in the entries of each vector corresponding to the other blocks, we arrive at
a decomposition (I)) for E(\) given in Hermitian canonical form.

Remark 2 Notethat ui,...,up and v1,...,vs are constant vectors, but w1, . .., ws are (column) pencils,
which means that their entries are polynomials in A with degree at most 1. Thus writing w;()\) =
w; A+ Aw; g fori=0,...,s with wy 4,...,ws.4,w1,B,...,ws,p € C" and using the notation
U::[ul...w], V::[vl...vs],
WA::[wl,A...w&A], WB::[wLB...w&B]7
DA ::diag(al,...,ag), DB ::diag(bl,...,bg),

we can write ({]) in the concise form
E(\) =U(Da+ADp)U" + V(Wi +AWg) + (Wa + AWp)V™. (2)

Remark 3 By the construction in the proof of Theorem [ the terms of the form (a 4+ Ab)uu™® in the
decomposition (I]) come either from blocks associated with real eigenvalues or from blocks associated
with the infinite eigenvalue, and in both cases the blocks have odd size.

Remark 4 1f (1) is a decomposition into rank-1 pencils as in Theorem [ then the vectors u1, ..., u,
v1,...,vs are linearly independent. To see this, assume that they are linearly dependent. Let X :=
[ X1 X2 X3] € C™™™ be nonsingular such that the columns of [X; X2] € C*(P+9) gpan the or-
thogonal complement of the span of v1,...,vs and the columns of X; € C"*P span the orthogonal
complement of the span of ui,...,up,v1,...,vs. Then we have p + ¢ > n — s and, because of the
assumed linear dependency, p > n — (£ + s). Observe that

p q n—p—q
p 0 0 X{E()\)X3
X*E(\)X =4 0 X;E(NXe X3E(\)X3
X3E(\

n—p—q | X3E(A\)X1 X3E(\)X; ) X3

from which we obtain that the rank of F(\) is bounded by
2n—p-q)+q=n—-p+tn—p-—q<_ltsts=r,

which is in contradiction to the assumption in Theorem [2] that E()) has rank r.

Unfortunately, the decomposition ([IJ) is far from being unique as the following example illustrates.

Ezample 1 Consider the Hermitian pencil
01 01 0 x-1
E(A)'_AL 0} a {1 0} B {)\71 0 }
T T T T
andletm:% [1 1] ,uQ:%[fl 1] , v = [10] ,and wy = [0)\71] . Then we have
E(\) = (A= Dugu] — (A — Dugus = viw] + wioi.

In particular, Example [Tl shows that also the parameters £ and s from Theorem [2] are not unique,
as in the first decomposition we have £ = 2 and s = 0 and in the latter we have ¢ = 0 and s = 2.
However, the values of ¢ and s can be fixed by requiring £ to be minimal. Interestingly, in that case

the minimal parameter ¢ depends on the sign characteristic of the Hermitian pencil. In order to state
the following theorem, we recall the definition of the so-called sign sum from [27].
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Definition 1 Let E()\) be a Hermitian n x n pencil and let u € R be an eigenvalue of E()). Assume

that (ni,...,%m,"m=+1,...,nq) are the sizes of the blocks associated with the eigenvalue p in the
Hermitian canonical form of F(\), where n1,...,nm are odd and ny,41, .. .,nq are even. Furthermore,
let (o1,...,0m,0m+1,...,04) be the corresponding signs (of the blocks associated with p) from the

sign characteristic of E(\). Then the signsum sigsum(FE, 1) of p is defined as

m
sigsum(E, u) := Z aj.
j=1

If oo is an eigenvalue of E()), then the signsum of co is defined as
sigsum(F, oo) := sigsum(rev E, 0).

Thus, the signsum of the real eigenvalue 1 of a Hermitian pencil is just the sum of the signs that
correspond to blocks of odd size associated with .

Ezample 2 Consider the following three Hermitian pencils

1-Xx 0 0 0
0 0 0 1-Ax
0 0 1-x 1 ’
0 1-x 1 0

E1(\) =

E2(0) = {%AAEJ’ B3(V) = [19)\1;)\}’

which all have just the single eigenvalue a = 1. Then we have sigsum(F1,1) = 2, since F1(\) has
two odd-sized blocks associated with a = 1 (one of size one and one of size three), both having the
sign 4+1. On the other hand sigsum(F3,1) = 0 as E2(\) has two blocks of size one, but with opposite
signs +1 and —1. For the pencil E3()), we also obtain sigsum(E3, 1) = 0, because it has no odd-sized
blocks associated with the eigenvalue a = 1, but just one block of size two. In that case, the sum in
Definition [l is empty and thus, by definition, equal to zero.

Theorem 3 Let E()\) be a Hermitian n X n pencil and let p1, ..., up € RU{oo} be the pairwise distinct
real eigenvalues of E(X). (Infinity is interpreted as a possible real eigenvalue here.) Furthermore, let ()
as in Theorem Bl be a decomposition of E into rank-1 pencils so that the parameter £ from Theorem [2 is
minimal among all possible such decompositions. Then

P

0= Isigsum(E, ). 3)

=1

Proof In the following, let £y denote the right-hand-side of (@), i.e., £o = 1;:1 | sigsum(E, )]
“<”: We first show that there exists a decomposition as in () such that ¢ = ¢y. Using the same
construction as in the proof of Theorem [2] we see from Remark [3] that in their decomposition into
rank-1 pencils only blocks of odd-size that are associated with real eigenvalues (including oco) have
a term of the form (a + Ab)uu® (with a,b € R and u € C™), and thus only those blocks contribute to
the number ¢ in the decomposition (IJ). Therefore and because it is sufficient to consider each real
eigenvalue separately, we may assume, without loss of generality, that E()) is regular and only has
a single eigenvalue p that is real and finite, such that all blocks in the Hermitian canonical form of
E()) associated with p have odd size. We then have to show that E()\) has a decomposition as in ()
with ¢ = |sigsum(FE, p)].

To this end, assume that the Hermitian canonical form of the pencil F(\) consists of m blocks
with size ni,...,nm (which are all odd). Let o1,...,0m be the signs from the sign characteristic of
E(X), where o is associated with n; for j = 1,..., m. By the construction in the proof of Theorem [2]
we then obtain a decomposition of the form

EQ\) =o1(a—Nuiul + -+ oma — Numuy, +viwl + -+ + vsws +wivl + -+ + wsvs.  (4)
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Suppose that m = my +m_, where m is the number of blocks with positive sign ¢; and m_ is the
number of blocks with negative sign ¢;. Then sigsum(F,a) = |m4 — m_|, i.e., if we try to pair up
the blocks into pairs consisting of two blocks with opposite signs (but possibly different sizes) then
the signsum of a corresponds to the number of blocks that will remain unpaired. In particular, all
of these remaining blocks will have the same sign. Thus, to prove the assertion, it remains to show
that in the decomposition (@) each summand

(@ = Nuiu; — (a— Nujuj

(where we have o; = 1 and ¢; = —1) can be replaced by a summand of the form viwj, + wyvj, with
v € C" and wy being an n x 1 pencil. This goal can be achieved by choosing vy = u; + iu; and
wy, = %(a — ) (u; —iuj).

“>7: It remains to show that ¢ cannot be chosen smaller than £g. Thus, let ([]) be a decomposition
of E()) into rank-1-pencils with some ¢ < £o. By Remark ] the columns of the matrix [U V | with
U= [ul Ug] and V = [1)1 vs] are linearly independent. Thus, let X € C**("=5=9 he such

that [X U V] is invertible and set P := [X U V]_l. Then we obtain

n—s—~ J4 s
n—s—~¢ 0 0 5’2 =+ )\Sg
PE(\)P* =¢ 0 D+ ADp " ,
s SA + ASB * *

where S5 + A\Sp are the first n — s — ¢ columns of (W} + AWg)P*, and where Dy, Dg, W4, Wg are as
in Remark 2l In particular, all eigenvalues of D4 + ADp are real and semisimple, because the pencil
D+ ADp is diagonal. Furthermore, we can assume that if D4 + ADpg has a multiple eigenvalue, say
u, then all signs in the sign characteristic of D4 + ADp associated with p are equal. Otherwise, we
may use the trick from the part “<” to get a decomposition of the form () with an even smaller .

Note that S4 + ASp must be of full normal rank s, because otherwise the pencil F(\) would have
less than r = s+ £+ s linearly independent columns. Thus, in particular S4 —nSpg has rank s for all
values n € C that are not eigenvalues of E(\). This implies that the only eigenvalues of F()\) are the
eigenvalues of D +ADp. Moreover, if we denote the eigenvalues of E(\) by u1, ..., pug, with respective
algebraic multiplicities m, ..., my, then we have ¢ = Z?:l mj. Now, it suffices to prove that m; =
|sigsum(E, pj)|, for j = 1,...,d. This will prove that £ = £o, a contradiction to the assumption ¢ < £g.
So let p be one of the eigenvalues of D4 + ADp, i.e., p is real (or infinite). Suppose first that u € R.
Then for sufficiently small ¢ > 0, we have that no Xe [w—e,pu+e]\ {u} is an eigenvalue of E()).
Consequently, for all such X, there exist a nonsingular matrix M € C(*—s=8x(n=s=0) (depending on
X) such that

n—r S

(Sa+ASp)M=s [ 0 5],

where S € C*** is invertible (and also depends on A). But this implies that

n—r s Y/ s
M*00 MO0 ner | 0000 0 0
~ 0 0 0 S*

0 I0| PEOOVP*|0T0]| =" ~
001 () 0071 L 0 0 Dy+ADp *
S 0 S * ES

and due to the nonsingularity of S, we can easily read off the inertia index from the Hermitian matrix
E\). If ind(H) = (vy,v_,vp) denotes the inertia index of a given Hermitian matrix H, i.e., vy, v_,
and vo are the numbers of positive, negative, and zero eigenvalues of H (counted with multiplicities),
respectively, then we easily obtain (see also [27, Lemma 6]) that

ind (E(\)) = (s,s,n — ) + ind(Da + ADp),
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where the sum of triples is taken componentwise. Assume that ind(D 4 + uDp) = (d+,d—,m), i.e.,
m is the algebraic multiplicity of the eigenvalue u of D4 + pDpg. Then it follows that

ind (E(u—¢)) =(s+dy,s+d-+mn—r) and ind(E(u+¢))=(s+dy+m,s+d_,n—r)

if the sign of p in the sign characteristic of D4 + ADp is positive (recall that all signs associated with
u in the sign characteristic of D4 + ADp are equal), or

ind(E(u—¢))=(s+dy+m,s+d_,n—r) and ind(E(p+e))=(s+dy,s+d-+mmn—r)

if the sign of p in the sign characteristic of Dy + ADpg is negative. Similarly, checking the change of
inertia index of E(/):) based on its Hermitian canonical form, a straightforward computation shows
that the number of positive or negative eigenvalues change by the number sigsum(u) when P\ passes
from p — e to p + . This shows that we must have m = | sigsum(u)|.

Finally, assume that = oo is an eigenvalue of D 4 + ADpg with algebraic multiplicity m. If n > 0
is sufficiently large such that all finite eigenvalues of E()) are contained in the interval | —n, n[, then
a similar comparison of the inertia indices of E(n) and E(—n) reveals that the algebraic multiplicity
of oo as an eigenvalue of D4 + ADp must be |sigsum(co)|.

3.2 Rank-1 decomposition for other structures

Next, we consider a decomposition analogous to () for the other structures mentioned at the begin-
ning of this section. For most of these decompositions, observations similar to the ones in Remark 2H4]
can be made, but for the sake of brevity we refrain from stating them explicitly.

Theorem 4 (Rank-1 decomposition for symmetric pencils). If E()) is a symmetric n X n matriz pencil
with rank E = r < n, then it can be written as

E(\) = (a1 + Mby)urug + -+ (ag + Abp)ugul +viw] + -+ +vswg +wiv] +---+wsvg,  (5)
where a;,b; € C, fori=1,..., ¢, and

(i) L+2s=r,
(i) deguy = --- =degup =0=deguvy =--- = degvs and degwi,...,degws < 1.

Proof The proof is similar to the one of Theorem [2] using the canonical form for complex symmetric
pencils [4, Theorem 2.17]. The only difference with the Hermitian case is that in the symmetric case
complex eigenvalues are not necessarily paired up by conjugation, so terms of the form (a + )\b)va
may come also from odd blocks associated with complex eigenvalues.

Remark 5 The minimal value of ¢ is achieved when all eigenvalues of the pencil
Dp+ ADp = diag(al, ey CL@) + /\diag(bl, Ceey bg),

as in Remark [2] have algebraic multiplicity equal to 1. If the multiplicity is larger than 1 for some
eigenvalue which is given, say, by the ith and jth diagonal entries a + Ab and c(a + Ab), with some
¢ € C\ {0}, then with a similar trick as in the proof of Theorem [J] two summands of the form
(a + Ab)usu, + (ca + )\cb)uju;r can be replaced by two summands of the form viw, + wyv, by
choosing vy = & (u; + idu;) and wy, = a(u; — idu;) + Ab(u; — idu;), where d € C is a square root of c,
i.e., d® = c. On the other hand, each eigenvalue of E()\) with odd algebraic multiplicity must occur
in one of the summands (a 4+ Ab)u;u, . Indeed, similar to Remark @ we can show that the vectors
Ul,...,Up,V1,...,Vs are linearly independent and with an argument similar to the one in the proof
of Theorem [3] we can show that E()) is congruent to a pencil of the form

n—s—~ V4 s
n—s—t 0 0 SA +ASE
‘ 0 Dy + ADp * ,

s Sa+ ASB * *
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which shows that any eigenvalue that is not an eigenvalue of D4 + ADpg must have even algebraic
multiplicity being an eigenvalue of both S4 4+ ASg and SX + )\Sg. Thus, we have just shown that
the minimal value of ¢ is equal to the number of pairwise distinct eigenvalues of E()\) that have odd
algebraic multiplicity.

We highlight in passing that in the case of complex symmetric matrices and other structures that
are based on the transpose rather than the Hermitian transpose no sign characteristic is involved.

Theorem 5 (Rank-1 decomposition for skew-symmetric pencils). If E(\) is a skew-symmetric n x n
matriz pencil with rank E = r < n, then v is even and E()\) can be written as

E()\):v1w1T+---+vswsT—wlvlT_"'_wsvsT’ ©6)
where s = 5, degvy = --- = degvs = 0, and degwy, ..., degws < 1.

Proof The proof follows the same steps as the proof of Theorem [2] All blocks in the skew-symmetric
canonical form are paired up (see [4, Theorem 2.18]). More precisely, the blocks in this canonical
form are of three different kinds, namely: (a) pairs of k x k blocks associated with the eigenvalue
0o, (b) pairs of k x k blocks associated with a complex eigenvalue, and (c) pairs of a k x (k + 1)
right singular and a (k4 1) x k left singular block. Then, following the proof of Theorem [2 we can
decompose any of these blocks as a sum of rank-1 pencils as in ().

Theorem 6 (Rank-1 decomposition for T-even pencils). If E(\) is a T-even n X n matriz pencil with
rank E = r < n, then it can be written as

vlwl()\)T+"'+Usws(/\)T+w1(fA)U1T+”'+w5(*/\)vsT7 if r is even, ()

E(\) =
) {uuT +orw1(N) T 4 Fosws(N) T+ w1 (=)o) 4 -+ ws(=A)vg , if 7 is odd,

where s = |r/2], degu = degv; = -+ =degvs =0 and degwi, ..., degws < 1.

Proof We proceed in a similar way as in the proof of Theorem [2] using the canonical form for T-even
pencils [4, Theorem 2.16]. Again, we may assume the T-even pencil L()) is given in canonical form.
Then, it is a direct sum of blocks of six kinds, namely: (a) (2k + 1) x (2k + 1) blocks associated
with the eigenvalue oo, (b) pairs of (2¢) x (2¢) blocks associated with the eigenvalue oo, (c¢) pairs of
(2m + 1) x (2m + 1) blocks associated with the eigenvalue 0, (d) (2p) x (2p) blocks associated with
the eigenvalue 0, (e) pairs of ¢ x ¢ blocks corresponding to a pair of eigenvalues p, —p € C\ {0}, and
(f) pairs of a right and a left singular block of size (r + 1) x r and r x (r + 1), respectively. Blocks
of type (d) can be written as a sum of two rank-1 pencils of the form vw' + wv ' using the same
decomposition as in the proof of Theorem [l Similarly, paired blocks of types (b)—(c) and (e)—(f) can
be written as a sum of paired rank-1 pencils vw! + wo using a combined row-column expansion.
For instance, a pair of blocks of type (e) has the form

- L AT
1

TS W
pw+Ax 1

w—A
pw—Ax 1

Lp=A 1 1 (29 % (20)

and can be decomposed into a sum viwi(A) " + -+ + vgwg(A) T 4+ w1 (=A)vf +---+ wq(—)\)v,;r of 2¢
rank-1 pencils with v; = egq—;11, for i =1,..., ¢, and w;(\) being, up to the sign, the (2¢ — i+ 1)th

column of the whole matrix pencil, namely w;(\) = [Oi,l p=XA102g_5_1 ] T fori= 1,...,¢q—1, and
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wq(A) = [0g—1 p—X 0g ] " Blocks of type (a), however, will need one extra term of the form uu ' . To
be more precise, the (2k + 1) x (2k + 1) block associated with oo having the form

- 1

- 4 (2k+1) x (2k+1)

can be decomposed as uu' 4+ viwi(A) " + -+ 4+ vywp(A) T + wi(=A)v{ + -+ + wp(=A)v] , where
u = eg,v; = eyp_i10 for i =1,...,k, and where for i = 1,...,k, w;(A\) T is the (2k — i + 2)th row of
the matrix pencil, namely w;(A) = [01x—1) 1 =X 01x (2k—s) |

The previous arguments show that F()\) can be written as

E\) = uiuf + -4 upu) +viwr(N) T+ vsws(A) T

+wi(=N)o] + - +ws(=N)vg ®

with £+ 2s = r, and degu; = ... = deguy = degv; = ... = degvs = 0. It remains to prove that,
given two vectors ui,us € C", there exist another two vectors v, w, with degv = 0, such that

uiu] +ugug =ovw' +wv' . (9)

Note that, if this is true, then we can group an even number of summands of the form uu' in (&) to
get a decomposition like in ().
To get the expression (@), just set v = uy + iuz and w = %(ul — iug).

Theorem 7 (Rank-1 decomposition for T-odd pencils). If E(\) s a T-odd n x n matriz pencil with
rank E = r < n, then it can be written as

B = viwr(A) T 4 Fvsws(A) T — w1 (=A)v] — - —ws(=A)vg if T is even, (10)
Tl Forwr (V)T F - Fosws(A) T —wi (=A) o] — - —ws(=A)vg, if ris odd,
where s = |r/2], degu = degvy = --- = degvs =0 and degwy,...,degws < 1.

Proof The result follows from Theorem [6] applied to the reversal of E()\) and using Remark [

The following decomposition for low-rank T-palindromic pencils has been presented in the recent
reference 8, Th. 3.1]. For completeness, we provide a different proof based on Theorem

Theorem 8 (Rank-1 decomposition for T-palindromic pencils). If E(\) is a T-palindromic n x n
matriz pencil with rank E = r < n, then it can be written as

viw] + -4 vswg + (revwr vy + -+ + (revws)v, if v is even,
E(\) = T T . T T .. T r. (11)
1+ Nuw' +viw] + - +vswg + (revwy)v; + -+ (revws)vg , if 7 is odd,

where s = |r/2], degu = degvy = --- =degvs =0 and degwy,...,degws < 1.

Proof The result follows from Theorem [2] using Cayley transformations. More precisely, let C—; and
C+1 be the Cayley transformations of a given matrix pencil P()\) defined as

C_1(P)(A) = (14 AP (%) and  C1(P)(A) = (1— AP (g) . (12)
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It is known that, if F(X) is T-palindromic, then C41(E) is T-even |26, Theorem 2.7]. It is clear, by
definition, that both C_; and C4+1 preserve the rank. Then C11(E) is T-even with rankC41(E) = r,
so it admits a decomposition like (7). We will focus on the case when r is odd, because the case
when r is even is analogous. Using that C_1(C4+1(P))(X) = 2P(X) for any matrix pencil P()\), see [26]
Proposition 2.5], it follows that

2E(\) = C_1 (uuT + 3750 (v () T+ wi(=\v))
= (14 Nuu' + > i=1 Y ((1 + Nw; (%)) +>5 ((1 + Nw, (ﬁ_ﬁ)) U;r7

where s = (r — 1)/2. Now, the result follows from the identity

rev((l—!—)\)w (%)) :)\(1+§)w(§+;) =(1+Mw (E) (13)

Using again appropriate Cayley transformations and the decomposition for T-even matrix pencils
in Theorem [6] we can also get a rank-1 decomposition for x-anti-palindromic pencils.

Theorem 9 (Rank-1 decomposition for T-anti-palindromic pencils). If E()) is a T-anti-palindromsic
n X n matriz pencil with rank E = r < n, then it can be written as

B = viw] + -4 vswg — (revawi)v] — -+ — (revws)v , if v is even, (14)
T LA =Nun Fow] + - Fvswd — (revwr o] — -+ — (revws)vg , if v is odd,
where s = |r/2| =0, degvy = --- = degvs =0, and degwy,...,degws < 1.

Proof The proof is similar to the one of Theorem[8] but first considering C_1(E), which is T-even [26]
Th. 2.7], and then applying C4+1 to get C41(C—1(E)) = 2E. The differences between ([4)) and (II])
come from the identities

Cir(un’) = (1= Nuu',

Coalrw) ) = (=20 (H2)) . Craw0eT) = 1= 2w () o7,

o (122) 2o ) 0o (12

We highlight that the parameter ¢ in the decomposition r = ¢+ 2s takes the minimal value zero
or one in the decompositions in Theorem BHI This is in contrast with Theorem 2] and Theorem [4]
where the minimal value for ¢ can be as large as r, for example if the pencil E()\) does only have
simple eigenvalues in the symmetric case, or only simple real eigenvalues in the Hermitian case.

The rank-1 decompositions for skew-Hermitian, *-even, and *-odd pencils can be directly obtained
from the decomposition in the Hermitian case, by means of the following observation (see [4, page
80]):

— If A+ \B is skew-Hermitian then i(4 + AB) is Hermitian.
— If A+ AB is x-even then A + A\(iB) is Hermitian.
— A+ AB is x-odd if and only if B 4+ A\A is x-even.

and

For completeness, we explicitly state these decompositions in a similar way as we have done for the
previous structures.

Theorem 10 (Rank-1 decomposition for skew-Hermitian pencils). If E()) is a skew-Hermitian n X n
matriz pencil with rank £ = r < n, then it can be written as

E(\) =i(a1 + Ab1)urul + - - +i(ap + Abp)upup + viwl + -+ + vswh — wivl — - - — wsvy, (15)

where a;,b; €ER, fori=1,... ¢, and
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(i) L+2s=r,
(i) deguy = --- =degup =0=deguvs =--- = degvs and degwi,...,degws < 1.
Theorem 11 (Rank-1 decomposition for #-even pencils). If E(\) is a x-even n X n matriz pencil with
rank E = r < n, then it can be written as

E(X) = (a1 + A(b1i))uaul + -+ + (ag + A(bei) Jueuy
Fo1w1 (A)* 4 -+ vsws(A)* + w1 (=A)v] + -+ + ws(—A)vs,
where a;,b; € R, fori=1,... ¢, and
(i) L+2s=r,
(i1) deguy = --- =deguy =0=degvi = - =deguvs and degwi,...,degws < 1.
Theorem 12 (Rank-1 decomposition for x-odd pencils). If E(\) is a *-0odd n X n matriz pencil with
rank E = r < n, then it can be written as

E()\) = (ali —+ )\bl)ulu’{ + -+ (agi + )\b@)Uguz

17
Forwr (A)* + -+ vsws(A)* —wi(=A)v] — - — ws(—A)vg, (a7
where a;,b; €R, fori=1,... ¢, and
(i) L+2s=r,
(i1) deguy = --- =deguy =0=degvi =--- = degvs and degwi,...,degws < 1.

The decomposition in (IH]) follows from ([I]) after multiplying by i and using that, for any pair of
vectors u, v € C[A]", we can write i(uw™ +wv™) = (iv)w* —w(iv)* = vw* —wv™, with v = iv. Similarly,
the expression ([I6]) follows from () applied to E(i\) and then multiplying the leading coefficient in
the decomposition by —i. Note that, if A4+A(iB) = vw(X)*+w(X)v* = v(wg+Iw] )+ (wo+Awr )v* (with
v € C" and w(A\) = wo + Aw1, wo, w1 € C™), then, multiplying the leading coefficient by —i, we get
A4 AB = v(wg—idw])+(wo—idwr )v* = v(w+A(1w1)*)+ (wo—A(iw1))v™ = vw(A)*+w(—A)v*. Finally,
the decomposition (1) follows from (I6) applied to rev E()\) and then applying the reversal to the
decomposition in the right-hand side. Note that, if \A+ B = vw(A)* +@w(—A)v* = v(wd+Aw]) + (wo —
Awq)v* (with v € C" and w(A\) = wo+Awi, wo, w1 € C"), then A+AB = v(w] +Awg) — (w1 —Awo)v™ =
vw(A)* — w(=A)v*, where w(\) = revw(A).

As for the *-palindromic structure, the decomposition follows from (I6) using appropriate Cayley
transforms, like for the T-palindromic structure.

Theorem 13 (Rank-1 decomposition for x-palindromic pencils). If E is a *-palindromic n X n matriz
pencil with rank E = r < n, then it can be written as
E(X) = ((a1 — b1i) + A(a1 + bri))urui + -+ ((ag — bei) + Aag + bei) ) uguy
Fviw] + -+ vsws + (revwi)v] + -+ + (revws)vs,
where a;,b; €ER, fori=1,... ¢, and

(i) L+2s=r,
(i) deguy = --- =degup =0=deguvy =--- = degvs and degwi,...,degws < 1.

(18)

Proof The proof is similar to the one of Theorem [§, but we include it here to illustrate where the
difference in the first ¢ summands comes from. In particular, if F(\) is #-palindromic as in the
statement, then C11(E) is x-even [26, Theorem 2.7]. Therefore, it admits a decomposition like (I6).
Now

2B(N) = C-1(C41(B)) = Co1 (Xiy (ai + Abib) iy ) +Cor (S (vy; (V)" + wi(-N))))
= Zle ((a1 — bii) + )\(ai + bii))uiu;k + Z;Zl (ij; + (reV w]‘)’l);f),
where, for the first sum, we have used that

C—1((a+ A(bi))uu") = (14 ) <a+ T

L bi) wu” = ((a— bi) + A(a + bi))uu”,

and, for the second sum, we have followed exactly the same steps as in the proof of Theorem B just
replacing T by x*.
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Note that the first £ summands in the right-hand side of (I8) come from eigenvalues of F(\) which
lie on the unit circle. Moreover, any complex value on the unit circle can be identified as a root of a
linear polynomial of the form (a — bi) + A(a + bi).

Theorem 14 (Rank-1 decomposition for *-anti-palindromic pencils). If E()) is a *-anti—palindromic
n X n matriz pencil with rank £ = r < n, then it can be written as

E(X) = ((a1 4 b1i) + M—ax + b1i))uawg + - + ((ag + bei) + M(—ag + bei) Jugug
Fviwi + - - +vsws — (revwr)v] — -+ - — (revws)vs,

(19)

where a;,b; €R, fori=1,... ¢, and

(i) L+2s=r,
(i) deguy = ... =degup =0=deguvs = ... =degvs and degwi,...,degws < 1.

Proof The proof follows the same steps as the proof of Theorem

Concerning minimality of the parameter ¢, there is a characterization analogous to the one in The-
orem [3] involving the signsum of real eigenvalues in the case of skew-Hermitian pencils, of purely
imaginary eigenvalues in the case of x-even and x-odd pencils, or unimodular eigenvalues in the case
of x-palindromic or *-anti-palindromic pencils. We refrain from explicitly stating these characteriza-
tions.

4 Structure-preserving low-rank perturbations

In this section, we will develop our main results on the change of the partial multiplicities of eigen-
values of matrix pencils with symmetry structure under generic structure-preserving low-rank per-
turbations. For this, we follow the approach in [I1]. More precisely, let S, be the set of matrix pencils
with structure S and with rank at most r, where S is any of the structures mentioned in Section [3]
let L()) be a regular pencil (with structure S) and let Ag be an eigenvalue of L()) (finite or infinite).
The procedure then consists of two main steps:

Step 1. Obtain a (polynomial) parameterization of S,.

Step 2. Prove that, for a generic set of parameters, all pencils E()\) € S, obtained from the
previous parameterization are such that the partial multiplicities of (L+ E)()) at Ao are the ones
described in the main results (given in Section [£.4)).

Step 1 is addressed in Section 3] and Step 2 is addressed in Section [£.4l For the realization of Step
2 we will need as a key ingredient a localization result that we develop in Section 1] where we will
also clarify the notion of genericity.

4.1 A localization result

Let F denote one of the fields R or C, we then use the following notion of genericity.

Definition 2 A generic set G of F"™ is a subset of F"* whose complement is contained in a proper
algebraic set, i.e., G is nonempty and coincides with the complement of a set of common zeros of
finitely many polynomials in m variables.

We highlight that even though in this paper we only deal with the case of complex matrix pencils,
we have to use the concept of genericity with respect to the real numbers when symmetry structures
involving the conjugate transpose are considered, because complex conjugation is not a polynomial
map on C. This problem can be circumvented if we identify C™ with R?™ by considering the real and
imaginary parts of each component separately. In this context, complex conjugation is an R-linear
map and thus in particular polynomial.

We will need the following result, which is almost identical to [33, Lemma 3.1]. (The parameter
u will be equal to 1 for most cases, which corresponds to simple eigenvalues. However, in the case of
skew-symmetric matrix pencils, considered in Theorem 21l we will apply the result with p = 2.)
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Lemma 1 Let A € C"*" have the pairwise distinct eigenvalues A1, ..., s € C with algebraic multiplici-
ties a1,...,ax, and let € > 0 be such that the discs

Dj:={peC: |)\j7u|<62/n}, j=1,...,k

are pairwise disjoint. Furthermore, let U C F™ be open and let C' : U — C"*™ be an analytic function
with C(0) = A, such that the following conditions are satisfied:

1) For all x € U, the algebraic multiplicity of any eigenvalue of C(u) is always a multiple of p € N\ {0}.

2) There exists a generic set G C F™ such that, for all z € GNU, the matriz C(x) has the eigenvalues
AL, ..., Ax with algebraic multiplicities ay, ..., ax, where a; < a; for j = 1,...,k. (Here, we allow
a; = 0 in the case that \j is no longer an eigenvalue of C(x).)

3) For each j = 1,...,k there exists x; € U with ||z;|| < e such that the matriz C(x;) has exactly
(aj—aj)/p pairwise distinct eigenvalues in D different from Xj and each one has algebraic multiplicity
ezactly p.

Then there exists € > 0 and a set Go, open and dense in {x € F™ | ||z|| < €'}, with Go C U, such that,
for all x € Go, the pencil C(x) has exactly Z;Zl %(aj —a;) eigenvalues that are different from those of
A and each of these eigenvalues has algebraic multiplicity exactly .

Proof The proof is almost identical to the one of Lemma 3.1 in [33] and therefore omitted. (One just
has to replace R in [33] with F and remove the final paragraph on the proof which is not needed
here, because the statement of Lemma [Tl has been adapted correspondingly.) (|

The next result generalizes [33, Theorem 3.2] (which itself was an extension of [6, Theorem 2.6])
from the matrix to the pencil case and will be the main tool in Section 4

Theorem 15 Let L(\) = A+AB be a regular complex n x n matriz pencil and let A1, ..., \x be its pairwise
distinct eigenvalues (finite or infinite) with geometric multiplicities g;, nonzero partial multiplicities n; 1 >
N2 2 2 Nyg, > 0, and algebraic multiplicities

i
a; = § Mg, 5,
j=1

fori=1,... K, respectively. Let & : F™ — C"*"™ x C"*" be a polynomial map and, for x € F™, let
us identify ®(x) = (P (z), Pp(x)) with the pencil D 4(x) + A\Pg(z). Furthermore, assume that, for all
z € F™, we have
(i) 2(0) = (0,0);
(ii) rank®(z) < 7y
(iii) if L+®(x) is regular, then the algebraic multiplicity of any eigenvalue of L+ ®(x) is always a multiple
of some p € N\ {0}.

Then the following statements hold:

(1) Ifz € F™ is such that L+®(x) is reqular and if ;1 > -+ = ng, are the partial multiplicities associated

with A; as an eigenvalue of L+®(x), fori =1,...,x (here we allow g; = 0 if \; is not an eigenvalue of
L+ ®(x)), then the list (n;1,...,m;5,) dominates the list (n;ry1,...,niq,), i.e., we have g; > g; — T
and n; 5 2 N jpr, forg=1,...,9; —randi=1,... K.

(2) Assume that, for all x € F™ for which L + ®(z) is regular, we have that, for each i = 1,...,k, the
algebraic multiplicity az(-z) of A\; as an eigenvalue of L + &(x) satisfies al(.m) > a;, for some a; € N.
If, for any € > 0 and each i = 1,..., K, there exists zo; € F™ with ||z ;|| < € such that L + &(z¢ ;)
is reqular, al(.lo’i) = a;, and all eigenvalues of L + (o ;) that are different from those of L have
multiplicity precisely u, then there exists a generic set G C F'™ such that, for all x € G, the following
conditions are satisfied:
(a) the pencil L+ ®(x) is regular;
(b) az(-w) =a; foralli=1,...,kK;
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(c) all eigenvalues of L + &(x) which are different from those of L have multiplicity precisely p.
If, in addition, we have a; = N pqp1+ -+ Ny g, for somei € {1,... K}, then the partial multiplicities
of A\i as an eigenvalue of L + P(x) are precisely n; pi1,...,Ni g, for all x € G.

Proof In order to introduce the dependence on X in the pencil ¢(z), we denote &z (\) := &(z) along
the proof. First of all, we may assume that oo is not an eigenvalue of L()\). Otherwise, consider
instead the pencil L(A\) = A + AMaA + B), for some a €]0,1[ such that oo is not an eigenvalue
of f()\) Note that this transformation only changes the eigenvalues, but not their corresponding
r/r\lultiplicities and their behavior under perturbation when the perturbation pencil is adapted to
Dy (N) = Pa(x) + Aada(z) + Pp(z)).

Part (1) is a direct consequence of [12, Lemma 2.1] using the fact that the rank of &.()) is at
most 7, for any z € F™.

For part (2), we first show that the set

Greg = {z € F™ | (L + ®2)()) is regular}

is a generic set. To see this, let z € C be a value which is not an eigenvalue of L()). Then p(z) :=
det ((L+®z)(z)) is a polynomial in the entries of x that is not the zero polynomial. The set of pencils
for which L + &, is singular is then contained in the set of pencils for which p(z) = 0, which by
definition is an algebraic set. Therefore, G.eg is generic.

Next, let Y;(z) be the matrix Y;(z) = ((L+®2)(\;))". Then, by assumption, we have rank Y;(zo,;) =
n — a;, for some o ; € F™™, and it follows from [28, Lemma 2.1] that the set

Gi = {x e F" | rankY;(z) > n —a;}

is a generic set, for i = 1,..., k. On the set G; N Greg the condition rank Y;(x) > n —a; is equivalent to
Ez) > a; holds for all z € Greg, it follows
that we have agz) = a; for all © € G; N Greg. Thus, setting G:= Greg N G1 N--- NGk, we find that G is
generic, as being the intersection of finitely many generic sets, and for all # € G the conditions (a)
and (b) are satisfied.

Finally, let xz(A\) denote the characteristic polynomial of (L+®,)()). Then the number of distinct

roots of x, is given by
1o}
rank S (Xm %) —n+1,

agz) < a;, and since, by assumption, the reverse inequality a

where S(p1,p2) denotes the Sylvester resultant matrix (see, for instance [2| p. 290]) of the two
polynomials p1(A), p2(X). (Recall that S(p1,p2) is a square matrix of size deg (p1) + deg (p2) and
that the rank deficiency of S(p1, p2) coincides with the degree of the greatest common divisor of the
polynomials p1(A) and pa(A).) Therefore, the set G of all € G on which the number of distinct
roots of x(z) is maximal, is a generic set. (Again this uses |28, Lemma 2.1], which states that the set
where a matrix depending on x € C™ has maximal rank is a generic set.) If we can show that this
maximal number is equal to k + > 7 | %(ai —@;), then clearly (a)—(c) are satisfied for all z € G. To
this end, observe that P as a polynomial is an analytic function and that, by assumption, z¢; can
be chosen to be of arbitrarily small norm. Furthermore, for g > 0 sufficiently small, the continuity
of P guarantees that, for all z € C™ with ||z|| < eo, the perturbed pencil (L 4+ @;)(}) is regular and
does not have co as an eigenvalue. But then B + & is invertible and we can apply Lemma[I] to the
matrix (B + &) (A + ®,) using the fact that matrix inversion is an analytic function to prove
that the maximal number of distinct roots of x; is as desired.

The additional part follows from the fact that the only list of partial multiplicities that both

dominates (1 y41,---,n4,9) and has agz) =Njrq1+ -+ g, is the list (ng r41,...,n4,9)- O

The key consequence of Theorem is the following: If we want to show that a pencil has
a particular behavior under perturbations, it is now enough to consider the pencil locally in the
following sense: it is sufficient to focus on a single eigenvalue and construct examples of perturbations
that provide the desired behavior for that particular eigenvalue. We will use this strategy exhaustively

in the following subsections.
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4.2 Revisiting the unstructured case

In this subsection, we will briefly revisit the case of general matrix pencils (possibly without additional
symmetry structures) and discuss their parameterizations from [IT]. This will not only give us an
idea on how we can extend this procedure to the case of structured pencils, but also allows us
to strengthen the main result in [11], which only considered the generic change in the Weierstraf3
structure of regular matrix pencils under low-rank perturbations, but did not discuss the multiplicity
of newly generated eigenvalues.

As in [I1], let us pick an integer r < n and let us define for each s =0,1,...,r the set
Viyeeoy Uy, w1, ..., wr € C[A]",
degv;,degw; <1, forj=1,...,r
— T T g Vi, gw; x 1, J ’ IR}
€5 i Ul(A)wl()‘) + + U""()‘)wr()‘) degm — ... = degys = 07
degwsy1 =~ =degw, =0

Then using [9, Lemma 2.8] it was shown in [IT, Lemma 3.1] that

Pr=CuUC U---UE&, (20)
where P, denotes the set of n x n matrix pencils with rank at most r.
Remark 6 It is important to note that the union in (20) is not a partition, as the sets €o,€q,..., &,
are not disjoint. In particular, if A € C™*" is a matrix of rank r, then the pencil A = A + X0 is

contained in each €5 for s =0,...,7r.

Definition 3 (Parameterization of the set of pencils with rank at most r). Let r € N. For each s =

0,1,...,r we define the map &; : C3™ — ¢ as follows: for z € C>"™ decomposed as z = [a|5|7|5]T
with
a= [all"’ Oén1|"'|0¢1r”~ OMW]E(Clxrn7
B=[Brss1 Bnsti||Bir - Bur] € Clx(r=s)n
Y= [711"''yn1--'71r---7m]e(C1XT"7
6 = [511...5n1...518.,,5%]6@“5717
we set
By(z) = vi(Nwi(AN) " 4 4 or(Nwr (M) T,
where v1,...,vr,w1,...,w, are defined via
Ui:[ali"'ani]T7 fori=1,...,s,
T .
vj = [o1j +AB1j -+ anj +ABnj ] forj=s+1,...,7,
wi = [0+ A0 - i+ A ], fori=1,...s,
T .
wj:[%j‘”%j] ) forj=s+1,...,7

With this preparation, we are able to prove the following result, which extends the main result
from [I1] by adding a statement on the simplicity of newly generated eigenvalues.

Theorem 16 (Generic change under low-rank perturbations of general regular matrix pencils). Let
L(\) be a regular n X n matriz pencil and let M\1,. .., \x denote the pairwise distinct eigenvalues of L(\)
having the partial multiplicities n; 1 2 ... 2 ny g, > 0, fori=1,..., K, respectively. Furthermore, let v be
a positive integer, let 0 < s < r, and let $s be the map in Definition[3l Then, there exists a generic set Gs
in C3™ such that Jor all E(X\) € ®5(Gs), the perturbed pencil L+ E is reqular and the partial multiplicities
of L+ E at A\; are given by ng py1 > -+ = ngq,. (In particular, if 1 > g; then A; is not an eigenvalue of
L+ E.) Furthermore, all eigenvalues of L + E that are different from those of L are simple.
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Proof By Theorem[I3lit is sufficient to focus on a particular eigenvalue \; and construct one particular
example E = &5(x) of a pencil such that the partial multiplicities of L + E are as claimed in the
theorem and such all eigenvalues that are different from those of L are simple. For the moment, let
us suppose that A; is finite and, for simplicity, let us write n1 > --- > ng instead of n; 1 > ... > n; g,
for its partial multiplicities. Since genericity of sets is preserved under multiplication with invertible
matrices, we may assume, without loss of generality, that L is in WCF and has the form

L(A) = diag (Jn, (A = A)s -+, Iny (N = X), L(N)),

where z()\) consists of all the blocks associated with eigenvalues different from ;. As in the proof
of [I1}, Theorem 3.4], let Ey (1) be the k x k matrix that is zero everywhere except for the (k, 1)-entry
which takes the value ¢ € C. Then it is straightforward to check that the pencil Jm (X; — \) + Em ()
has determinant equal to x(A\) = (A; — )™ 4+ (=1)™" 14, i.e., its eigenvalues lie on a circle centered
around \; with radius |1/)|%. Thus, consider the n x n pencil

E(X) = diag (En, (1), - .., En,.(¢r),0).

Then E()) is a constant pencil of rank r and hence, by Remark [, there exists = € C3" such that
E(M\) = ®5(x). Moreover, we find that L 4+ E has the partial multiplicities ny41 > -+ > ng at A;.

Furthermore, having chosen the values #1,...,%, € C appropriately such that all radii |1/1j|"%' are
pairwise distinct and smaller than the distance of A; to the spectrum of E()\), we can guarantee
that all eigenvalues of L 4+ E that are different from those of L are simple. Finally, by also choosing
Y1,...,%r to be of sufficiently small modulus, we can guarantee that the norm of z is arbitrarily
small. This gives the desired example. For the case A\; = oo consider the reversal of the pencil L(\)
and apply the result for the already proved case \; = 0.

4.3 Parameterization of low-rank structured matrix pencils

In this subsection, we finally consider the generic change in the Weierstrafl structure of structured
matrix pencils under structure-preserving low-rank perturbations. Following the procedure in [11],
we first look for a parameterization of the set of n x n structured matrix pencils with rank at most r,
for any of the structures considered in Section Bl Such a parameterization comes naturally from the
decomposition into a sum of rank-1 pencils provided in that section. More precisely, we decompose
the set of n x n structured matrix pencils as the union of subsets given by fixing the value of the
parameter s in Theorems [2 @ BHI3] and M4l Again, we will use the Hermitian case as a model for
other structures. Thus, while the Hermitian case will be presented in full detail, we only give a brief
remark on how other structures have to be dealt with whenever this is necessary, with one exception:
we will add a bit more details in the case of T-even pencils, because the effect of structure-preserving
low-rank perturbation needs a more detailed discussion for this structure and related ones. Thus,
the set of T-even pencils will be a subordinate case.

For the Hermitian structure, the decomposition outlined in the previous paragraph is as follows.
For each 0 < s < [r/2], let us define

{=r—2s,
ui,...,up € C",
¢l . (a1 + )\bl)ulu*f + -+ (ag + )\bg)ugu; v1,...,vs € C",
s +viwi + -+ vswi +wivf + -+ wsvk wi,...,ws € C[]A]",

degw; <1, for j=1,...,s,
a;,b; €R, fori=1,...,¢
Then, Theorem [2] states that
Hy = €5 UET U UL 5. (21)

We emphasize that, as in the general case without particular structure, the decomposition (2I)) is
not a partition, since the sets €' are not disjoint.



Low rank perturbation of regular pencils 21

The case of the structures Symy, SH,., Even;:, Oddy., Paly., and Apal;: is similar and the decompo-
sition is obtained through the same number of subsets as in (Z1I), using (&), (I5), [@4), (D), J),
and (I9)), respectively, and replacing * by T and allowing a;,b; € C for the case Sym,..

For the remaining structures SSymr, EvenTT, OddTT, Pal:, and Apal:, we also have to replace *
by T and allow a;,b; € C. In addition, the decomposition of the set of structured matrices of rank r
consists of only one set, since the value of s is fixed by s =r/2 if r is even, or by s = (r—1)/2 if r is
odd.

Next, we introduce a parameterization for the sets of n x n structured matrix pencils with rank at
most r by introducing a parameterization for each of the subsets that give rise to the decompositions
above.

Definition 4 (Parameterization of the set of Hermitian matrix pencils with rank at most r).
Let r € N. For each s = 0,1,..., |r/2] we define the map &, : R? x C"+)" — ¢ with ¢ = r — 2s

as follows: For z € C"T%)" decomposed as z = [oe|ﬂ|'y|(5]—r with

a= [an - ...|au ane] GC1X€n7
8= [ 11 - Bn1 ’”|/315~~- an] e Clxsn,
Y= [711 o Ynd|t | Yis 'yns] e(Clen7
0 = [511 v Ople|01s 5ns] e(cl><sn7

we set
T

o (fo o))
= (a1 + Ab1)urul + - + (ag + Abp)upu) + viwy + -+ + vsws + wivl + - - - + Wy,

where u1,...,up,v1,...,vs,w1,...,ws are defined by

ui:[au... anz‘]T, fori=1,...,¢,
T .

v = [B1j - Bnj] forj=1,...,s,

T .
and w; = [71j+)\51j ’ynj+)\6nj] Jforj=1,...,s.

Remark 7 For the other structures, the parameterization is defined analogously. More precisely, let
Sr be the set of n x m matrix pencils with rank at most r having the structure S and assume
that S, = QSI U...U €§k is a decomposition into smaller subsets, where the number k& depends
on the structure and on r. Then the parameterization of S, is a tuple of continuous, surjective
maps s : RPs x C™ —s ¢S, for s € {i1,...,i;}, and where ps,ms depend on s. (In fact, these
parameterizations are not only continuous, but are polynomials either in the entries of = or in the
real and imaginary parts of the entries of z.)

For the Hermitian, skew-Hermitian, x-even, x-odd, *-palindromic, and *-anti-palindromic struc-
tures, we have k = [r/2] + 1, {i1,...,5} = {0,1,...,[r/2]}, ps = 2(r — 2s), and ms = (r + s)n,
while for the symmetric structure, we have k = |r/2] + 1, {i1,...,ix} ={0,1,...,|r/2]}, ps =0, and
ms = 2(r — 2s) + (r + s)n.

In the remaining structures, we have k = 1,s = |r/2], ps = 0, and ms = |3r/2]n. For example,
for the case of T-even pencils, the map

¢ : CLF1" 5 Fyen, (22)

is defined by &(z) = E(\), with E()) as in (@), and where u,v;,w;, for j =1,...,[r/2], are defined

as follows: if « € CL37/21" is decomposed as o = [a|g][5] ", where
a=[ar - apy]eC>n
B=[Bn - Bl |Bulrsain  Balrsapn] € CXL7E
v = [ amf o geyagn o lejega] € CEET,
§=[811 - dn| |81, 1r2)m  Onlrain ] e clxlr/2in,
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with £ =r — 2[r/2], then

-
u:[a1~~'062n] )

T .
vj:[ﬂu"'ﬂnj] 7 . forj=1,...,|r/2],
w; = [’Ylj"')“slj 'an"_)‘(snj] yforj=1,...,|r/2].

Note that « is void if r is even, because we then have £ = 0.
We highlight that, in all cases, the map @5 is surjective.

4.4 Generic perturbation theory for pencils with symmetry structures

In this subsection, we will develop the eigenvalue perturbation theory of regular matrix pencils with
symmetry structures under structure-preserving perturbations with the help of the parameterizations
from Section 3] The sets of the form RPs x C™ that appear as domains for the parameterizations
constructed analogous to Definition @ will be identified with the set RPs+2™s by splitting the variables
in C into their real and imaginary parts. As noted before, this detour via the reals is necessary when
symmetry structures involving complex conjugation are considered. When we deal with symmetry
structures only involving the complex transpose, but not complex conjugation, then we have ps =0
and we can express genericity in terms of complex polynomials only.

Theorem 17 (Generic change under low-rank perturbations of Hermitian pencils). Let L(\) be a
reqular n x n. Hermitian matriz pencil and let \1, ..., A\« denote the pairwise distinct eigenvalues of L(X)
having the partial multiplicities n; 1 = ... =2 nj g, >0 fori=1,... K, respectively. Furthermore, let r be
a positive integer, let 0 < s < |r/2], and let ®5 be the map in Definitiondl and ¢ = r — 2s. Then, there
exists a generic set Gs in R2¢ 5 CU+9)7 gych that, for all E()\) € ®5(Gs), the perturbed pencil L + E is
reqular and the partial multiplicities of L + E at X; are given by n;p41 = -+ 2 Ny g,. (In particular, if
r = g; then \; is not an eigenvalue of L + E.) Furthermore, all eigenvalues of L + E that are different
from those of L are simple.

Proof By Theorem (applied for the case F = R and m = 2¢ + 2(r + s)n in accordance with the
identification R2¢+2(r+s)n — R2¢ (C(TJFS)") it is sufficient to show, for each i =1, ..., k, the existence
of one particular z; € R x Crt+s)n of arbitrarily small norm such that, with the corresponding
perturbation pencil E(\) = &s(x;), the perturbed pencil L+ E has precisely the partial multiplicities
Niry1 = -+ 2= Nig, at Ao and all eigenvalues of L + E that are different from those of L are
simple. Since genericity of sets is invariant under multiplication with invertible matrices, it suffices
to consider the case when L is given in Hermitian canonical form (Theorem [I)). To this end, we
distinguish three cases and for the ease of notation we will from now on drop the dependence on i
of the geometric multiplicity and partial multiplicities of \;, thus writing g and n1,...,ng instead of
gi and L RN 7 P
Case (1): A\; € R. Then we can assume, without loss of generality, that L is of the form

L(\) = diag (01 RJn, (\i = A), ..., 0gRIn, (A — X),L(N)),

where ); is not an eigenvalue of Z(A) Let F, = uwu™, with w =e; € C¥, and G, = vw" + wv™, with
U=eyr1, W= %61 € C"*t¥ ie., F, is the v x v matrix that is everywhere zero except for F(1,1) =1,
and G,y is the (v 4+ 7) x (v 4+ V) matrix which is everywhere zero except for G, 5(1,v + 1) =
G, (7 +1,1) = 1. Note that both F), and G, 5 are Hermitian matrices.

First, let us assume that r < g. Then, we set

E(\) =diag(a1Fn,, .-y Fng, B1Gngiineros - BsGnu_ynry 0) + A0nxcn (23)

for some values ai,...,ap, B1,...,8s € R to be specified later. The matrix pencil E()\) has rank r
and, from the construction of Fi, and G,, s, it is clear that E()) can be written in the form () (e.g.,
with a1 = ... =a; = 1,by = ... = by = 0). Thus, we have E(\) € €%, Then, since & is surjective,
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there exists some = € R x C("+*)" such that &s(z) = E()\), and provided that the parameters a;, §;
are sufficiently small, it is clear that this z can be chosen to be of arbitrarily small norm. (This uses
the fact that @, is not injective, i.e., we can “split up” the small values «a;, 5; and put them into the
parameters a;, b;, uj, v, wy, of Definition@din such a way that all entries of x are small.) Moreover, the
nonzero partial multiplicities of L+ F at \; are (ny41,...,ng). To see this, note first that only the first
r blocks of L are modified so, in particular, L+ E contains g—r Jordan blocks associated with \; with
sizes (ny41,...,ng). (If g = r, then this means that \; is not an eigenvalue of L+ E.) Furthermore, the
part of the pencil L + E corresponding to the first » blocks of L is block diagonal, and with the help
of the Laplace expansion it is easy to verify that the characteristic polynomials of its diagonal blocks
Rin;(Mi = A) +ajFn;, j=1,...,¢ and diag(RJne ;1 (Ai = A), Rdngo;(Ni = X)) + B5Grnppaj1mesn;
for j=1,...,s, are given by

(=1)% (A =X)"™ —ay), j=1,...,0 and (=1)24 (A= N;) ™24 _ g2) 5 =1 .. s,

respectively, where p1,...,004 are integers only depending on the sizes ni,...,n, and the signs
o1,...,0r0. Thus, the eigenvalues of this diagonal blocks lie on circles centered around \; with

radii |a1|711 ey |a¢|"%z, |61] "f+1i"f+2 seeey | Bs| o . Clearly, choosing the parameters aji,...,qp
and f1,..., s appropriately, we can guarantee that all eigenvalues of L + F that are different from
those of L are simple.

Now assume that g < r. If g < £ or if g has the same parity as £ (i.e. g — £ is even) then we define
E(X) as in 23), where we interpret n; = 0 for j > g. Then E()) has rank less than r, but still can be
written in the form (). Indeed, if g < £ then we set u; =0 for i > gand v; =w; =0for j=1,...,s,
and if g > £ then we set v; = w; =0 for j = ngequ,“.,s. If, on the other hand, g > ¢ and g has the
opposite parity to £, i.e. g — £ = 2x + 1, then we slightly alter the pencil in 23] to

E(X) =diag(a1Fny, -y 0uFng, B1Gngyinesny - - - BuGrppon—inasons Brot1Fng, 0) + A0nxn.

Also this pencil can be written in the form (IJ), noting that a block F, can also be represented in
the form vw™* +wv™ by choosing v = w = %61. In all cases, the perturbed pencil L + E does not have
the eigenvalue \; and all eigenvalues different from those of L are simple if the parameters «; and
B; are chosen appropriately.

Case (2): \; = co. This case follows by applying the already proved Case (1) to the reversal of
the pencil L.

Case (3): A; € C\ R. In the following we denote \; by p, for consistency with the notation used
before. In this case, the Hermitian canonical form contains 2k x 2k coupled blocks associated with p
and 1, each of size k x k, as indicated in the proof of Theorem [2 Then, we may assume that L()) is

of the form
L()\) = diag (Rdiag(Jn, (B — ), Jn, (b — A))y ..oy

Rdiag(Jng (H - )\)7 Jng (N - A))7 Z’(A))) ’

where, again, neither p nor 1 are eigenvalues of E()\) Furthermore, we assume that g > r. (The
subcase g < r can be treated analogously to the corresponding subcase in Case (1).)

Let by, = uu®, with u = e1 + eyy1 € C? and 621,72; = vw* + wo*, with v = egp41 + €ap 4511 €
C2WHD) gy = Lleitevyr) € C2W+P) Thus Fy, is the 2v x 2v matrix whose entries are all zero except
for the entries in the positions (1,1), (1,v+1), (v+1,1) and (v + 1,v + 1), which are all equal to 1,
and Gy, o5 is the 2(v + ¥) x 2(v + ¥) matrix whose entries are all zero except for the entries in the
positions (1,2v 4+ 1), (L,2v+v+ 1), v+ 1,20 +1), v+ 1,2v+v+1), 2v+1,1), Qv+ 1,v+1),
(2v+v+1,1), and (2v+ v+ 1,v + 1) which are all equal to 1. Let E()) be

E(}\) = diag(alfgm, RN alﬁQng7B152n5+1,2n5+27 - 7ﬂsé2nT71,2nT7 0) —+ >\0n><n7 (24)

where the real parameters ai,...,ap, B1,...,8s will be specified later.
By construction, rank E = r and E()\) € €Y. Again, since @5 is surjective, there is some z €
R x C'+5)" such that @s(z) = E()). (Again, = can be chosen to be of arbitrarily small norm
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provided that the parameters «;, 8; are sufficiently small.) It remains to see that the partial multi-
plicities of L + E at u are (ny4+1,...,ng) and that all eigenvalues of L + E that are different from
those of L are simple. Again, since the smallest g — r Jordan blocks associated with p in L(\) are
not modified by the perturbation E()\), they will stay in the WCF of L 4+ E, so (ny41,...,ng) is a
sublist of the list of partial multiplicities of L + E at Ag.

With the help of the Laplace expansion, one can easily show that the determinant of each block
Rdiag(Jn, (5 — ), Jn: (6 — A)) + @ Fu; n; is given by

Xi(A) = (=D (=)™ (A =)™ =X =)™ = as(A =)™,

where g; is an integer only depending on n;. It was shown in [29, Example 4.2] that such a polynomial
has simple roots (and clearly these are different from p and 1) if «; is chosen such that |ao;| < %
On the other hand, again with the help of the Laplace expansion and performing tedious but

elementary calculations, one finds that the determinant of each block

Rdia‘g(‘]nl+2j—1 (ﬁ - A)v Jn[+2j—1 (/U‘ - )‘)7 Jn[+2j (ﬁ - )‘)7 Jnl+2]‘ (/U‘ - A)) + /BjGnl+2j—lqnl+2j

is given by

Xe+5(N)
= (1) (A e s (s s (3 )" () e
o BJQ(A o Iu)nl+2j (A o ﬁ)n[+2j—1 o /3_72()\ o H)n[+2j—1+nk+2j o BJQ(A o ﬁ)n[+2j—1+nl+2]’).

If |3;] is sufficiently small, then x,y; is guaranteed to have only simple roots (that are clearly all
different from p and 7). Indeed, assume that X is a common root of x,; and X2+j- Then multiplying
the equation x4, = 0 with (A — ) (A —T) and using twice the equation x4 ;(A) = 0, we obtain that

/32 ((A o H)n[+2j—1+nl+2j 4 ()\ _ ﬁ)n£+2j—1+ne+2j) — O7

which implies |A — p| = |A — z]. Using the fact that roots of polynomials depend continuously on the
coefficients of the polynomials it follows that 5; can be chosen sufficiently small such that the roots
of x¢4; have a distance from either p or 7 less than “LQ;M which then contradicts |\ — u| = |A — &l.

Therefore, choosing ay, ..., ay, B1,.. ., Bs appropriately, we can guarantee that there are nq +---+
n, simple eigenvalues close to p or 71, respectively, corresponding to the » Jordan blocks that were
perturbed by E. Indeed, after having chosen a1, let 61 denote the smallest distance of a root of x;
to the set {u,}. Then choose as so small that the (simple) roots of y2 are located within circles of
a radius less then d; around p or 1, respectively. Then let d2 be the smallest distance of a root of x2
to the set {u,z} and continue in this manner choosing as, ..., ay, 81, ..., s such that all eigenvalues
of L 4+ E that are different from the eigenvalues of L are simple.

Theorem 18 (Generic change under low-rank perturbations of symmetric pencils). Let L()\) be a
reqular n x n symmetric matriz pencil and let A1, ..., A\« denote the pairwise distinct eigenvalues of L(X)
having the partial multiplicities n; 1 = ... 2 n; g, > 0 fori=1,..., kK, respectively. Furthermore, letr be a
positive integer, let 0 < s < |r/2]| and let s be the map as in Remark[ll and £ = r — 2s. Then there exists
a generic set Gs in C2F T such that, for all E(\) € ®5(Gs), the perturbed pencil L+ E is reqular and
the partial multiplicities of L 4+ E at A\; are given by n; p41 = -+ 2 ny g,. (In particular, if r > g; then A;
is not an eigenvalue of L + E.) Furthermore, all eigenvalues of L + E that are different from those of L
are simple.

Proof The proof is similar to the one of Theorem [I7] now applying Theorem for the case F = C
and m = 2¢+ (r + s)n. The only difference comes from the blocks in the symmetric canonical form,
which are different to the ones in the Hermitian canonical form. In particular, in the symmetric case
there is no need to distinguish between real and complex eigenvalues, so we can follow exactly the
same arguments as in the proof of Theorem [I7 for an eigenvalue \; € R, which now is valid for a
general \; € C.
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Theorem 19 (Generic change under low-rank perturbations of T-alternating pencils). Let L()) be
a regular n X n T -alternating matriz pencil and let \1,...,Ax denote the pairwise distinct eigenvalues of
L(X) having the partial multiplicities n; 1 > ... = ny g, > 0 for i = 1,..., K, respectively. Furthermore,
let v be a positive integer and let ® be the map as in Remark[D, i.e., ® is as in [22). Then, there exists
a generic set G in CL5I™ such that for all E(X\) € &(G), the perturbed pencil L + E is reqular and the
partial multiplicities of L + E at \; are the ones given in Table[l, where (P)) is the following property:

Njp = Njp41 = " = Ny ryd > N rtd+1s with d odd.
[ Structure | e-val \; [ case multiplicities
=0 Nirt1 f)dd and (P) holds (i1 + 1,05 042,00, 04g;)
K otherwise (M1, Mir g2, -5 Nig,
r even, n; r41 even, and (B)) holds (i1 + 1,0 rg2,...,04,g;)
T-even N = oo r even, otherwise (Mg, 1, Mir 2y -+, Mg )
v r odd, n; 41 even, and (B)) holds (Mirg1 + 1,05 g2, .0y Ng 9,5 1)
r odd, otherwise (M1, Mir 42, - -, Mgy 1)
X; € C\ {0} [ all (P15 My 425 - - - Mg,
r even, n; r+1 even, and (D) holds (i1 + 1,05 042,...,04,g;)
=0 r even, otherwise (Mg, 1, Mir 2y -+ Mg,
g r odd, n; 41 even, and (B)) holds (Mirg1 + 1,05 g2, 003N 9,5 1)
T-odd r odd, otherwise (M1, Mir 42, - -, Nigys 1)
= oo N rt1 f)dd and (D) holds (i1 + 1,05 042,. ., 04,g;)
v otherwise (M1, Mirt2, -5 Nig,
A; € C\ {0} [ all (i1, Nirt2, - -, Nig,

Table 1 Generic partial multiplicities at \; for rank-r T-alternating perturbations

In particular, if r > g; then \; is not an eigenvalue of L + E. Furthermore, all eigenvalues of L + E that
are different from those of L are simple.

Proof For simplicity, we drop the dependence on i in the geometric and partial multiplicities of \;,
i.e., we write g instead of g; and n1 > ... > ng instead of n;; > ... > n; 4,. We also replace A; by
Ao. We will only prove the case g > r in full detail. (The case g < r can be treated similarly by
constructing an analogous perturbation of rank g instead of rank r, thus showing that )\; is not an
eigenvalue of the perturbed pencil.) We aim to apply Theorem for the case F = C to any single
eigenvalue of the pencil. Here we make use of the fact that, in contrast to the Hermitian case, the
set Even, need not be decomposed into smaller sets that can be parameterized as in the sense of
Definition @ but the parameterization map & as in (22) is already a map onto Even, .

Case 1): property (Pl) does not apply. We first consider all cases except those where property (D))
appears in Table[Il In these cases, it is sufficient to prove the existence of one particular perturbation
E()) of arbitrarily small norm which belongs to Even,' .

Subcase 1a): Ao € C\ {0}. As in the proof of Theorem [I7] we may assume that L(\) is given in
T-alternating canonical form. Let us start with the T-even structure. In the T-even canonical form,
the blocks associated with A\ and —X¢ appear in pairs [4, Th. 2.16]. Then, we may assume that L())
is of the form:

L(\) = diag (Rdiag(—AI — Jn, (A0), AI — Jn, (o)), - -
Rdiag(—AI — Jn, (Xo), A = Jn, (X)), L(N)),

where )\g is not an eigenvalue of Z()\)

Let Fby, and égmgn be the same matrices as in the proof of Theorem [I7], and let E()) be the
pencil in (24)). Note that the pencil E(\) belongs to Even,' . Therefore, there is some € Cl51 such
that #(x) = E()), and x can be chosen to be of arbitrarily small norm provided that the parameters
a;, B; are sufficiently small. Moreover, with similar reasonings to the ones in the proof of Theorem
I it can be seen that the nonzero partial multiplicities at Ao in L + E are (ny4+1,...,ng), and that
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all eigenvalues of L+ F different from those of L are simple, if the parameters o, 8; in the pencil 24)
have been chosen appropriately.

The case of the T-odd structure can be addressed in a similar way, just multiplying by A the
perturbation blocks Fay, and Gam,2n in (24).

Subcase 1b): Ag = 0 and T -even structure. Recall that by assumption condition (P)) is not satisfied.
Then L()) is of the form

L(\) = diag(Lo()), Lo(N), L(N)),

where Lo()) contains the Jordan blocks corresponding to the largest r partial multiplicities at 0
(namely, n1 > --- = n,), Lo contains the blocks corresponding to the remaining partial multiplicities
at 0, and E()\) contains the information of the nonzero eigenvalues.

If ny41 is even or ny41 is odd, but nyp =npq1 =+ =n, 4 > npy g1 with d even (i.e., (P) does
not hold), then the part Lo()) is a direct sum of blocks of two types:

(i) a 2k x 2k block of the form

L-A 1 4 2kx2k

(ii) A pair of (2k + 1) x (2k 4 1) blocks of the form Rdiag(Jogi1(—X), Jogr1(X)).

This is a consequence of the fact that, in the T-even canonical form, the Jordan blocks with odd size
associated with the eigenvalue 0 are paired up, and can be matched up to form pairs as in blocks of
the form (ii) (see |4, Th. 2.16]). Therefore, the blocks in Lo(\) with odd size larger than n, (if any)
are paired up, and, since d is even, also those of size n, (if any) are paired up.

For each block of type (i) we can add a rank-1 perturbation by adding just one entry equal to
o in the upper left corner of the block. This perturbation is of the form uu' (actually, it is aFyy, in
the proof of Theorem [I7T)), and it is easily checked that the characteristic polynomial of the resulting
perturbed block is given by x = A2k (fl)ka which means that its eigenvalues are simple and on
a circle with center in the origin and radius |a|i. For each pair of blocks of type (ii) we can add
a rank-2 perturbation by adding entries equal to 2 in the positions (1,1) and (2k + 2,2k + 2). This
perturbation is of the form B(UUT +wa) with v = e; and w = egp 2, and, again, it is easily checked
that the characteristic polynomial of the resulting perturbed block is given by x = AR +2 4 32 which
implies that its eigenvalues are simple and on a circle with center in the origin and radius |/3|T1+1
Therefore, choosing the parameters o and 3 appropriately, we can construct a rank-r perturbation
E()) of arbitrarily small norm which is T-even such that the nonzero partial multiplicities at 0 in
L+ FE are (ny41,...,ng) and such that all eigenvalues different from those of L are simple, as desired.

Subcase 1c): Ao = 0 and T-odd structure. The case that r is even can be treated analogously
to the previous subcase 1b), by just replacing 1 with A in the nonzero entries of the perturbation
constructed above. However, the case when r is odd deserves some more effort. The reason for this
relies on the fact that any generic T-odd perturbation with rank r and r < n being odd contains 0
as an eigenvalue. This can be seen by looking at the summand M in Theorem[7] In this case, the
part Lo()) is a direct sum of blocks of two types:

(i) A pair 2k x 2k blocks of the form Rdiag(Jox(N), —Jor(—A)).
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(if) A (2k+1) x (2k + 1) block of the form

U = Al

(2k+1) x (2k+1)

Since the T-odd perturbation pencil E(\) = AE4 + Ep has odd rank r, it follows that the skew-
symmetric constant coefficient Ep has rank at most r—1. Then a straightforward dimension argument
implies that the geometric multiplicity of the eigenvalue zero can change at most by r — 1. Hence,
the geometric multiplicity of the eigenvalue zero must be at least ¢ — r + 1. Since the list of par-
tial multiplicities at zero must dominate the list (ny41,...,ng), but also must contain, at least,
g —r + 1 elements, the algebraic multiplicity of n,4+1 + --- 4+ ng is not possible for the eigenvalue
zero. Now, the (unique) list of partial multiplicities with minimal algebraic multiplicity that dom-
inates (ny41,...,ng) and is consistent with a geometric multiplicity of, at least, g — r + 1 is the
list (np41,...,ng,1). Thus, by Theorem [IH] it remains to construct one particular perturbation (of
arbitrarily small norm) such that the perturbed pencil has this list of partial multiplicities at zero
and such that all eigenvalues different from those of the unperturbed pencil are simple to show that
this is the generic case.

Now, we are going to show how to construct such a T-odd perturbation, like in the previous
case. For each pair of blocks of type (i) we add the pencil My := (A + a)ele;k_H + (A= oe)egk_HeI,
with ey, eqp11 € CH*4k Tt is straightforward to see that det(Rdiag(Jog(A), —Jor(—X)) + M) =
(A%* — X 4 a)(A\%* — X — ), and that the roots of this polynomial are simple for o # 0.

For each pair of blocks of type (ii), U, and Ug,, we add a rank-2 perturbation of the form
Ny ky = [S(ele;rkﬁ_2 - 62k1+261r), with e1, eqr, 12 € C2(kitk41) Tt i straightforward to see that
det (diag(U;cl7 Uk,) + Nkl’kz) = (=1)Fthk2\2(kitka+1) L 62 56 all the eigenvalues of the perturbed
pencil are simple for 3 # 0.

Finally, we must include a rank-1 summand of the form Aun! to get a perturbation like in (I0Q)).
This summand may correspond to either a pair of blocks of type (i) or to a block of type (ii) above.
The first case is not possible, since otherwise condition ([P) would hold. Therefore, we must have a
block of the form UnTT—l7 and we add a perturbation yeje{ , with u; € C™ . It is straightforward to

np—1

see that det(Un,—1 +vere] ) = (=1)" 2 A™ + Ay. Therefore, the perturbed pencil has Ap = 0 as a
simple eigenvaluze, and the remaining eigenvalues are simple for v # 0.

As before, choosing the parameters «, 3, and v appropriately, we can construct a rank-r pertur-
bation E()) of arbitrarily small norm which is T-odd such that the nonzero partial multiplicities at
0 in L + E are (ny41,...,ng,1) and such that all eigenvalues different from those of L are simple.

Subcase 1d) Ao = oo. For the eigenvalue Ao = co we just apply the result for Ag = 0 in the reversal
pencil (recall that L()) is T-even if and only if rev L(\) is T-odd).

Case 2) Property (P)) applies. Note that in this case we must have Ao = 0 or \g = co. We distinguish
several subcases.

Subcase 2a) Ao = 0 and T-even structure. This case corresponds to the first line of Table [Il By
part (1) of Theorem [IH] we know that, for any T-even rank-r pencil F, there are at least g —r partial
multiplicities at 0 in L+ E, say my41 = --- 2> mg, with m; > n;, fori =r+41,...,g. However, by the
canonical form for T-even pencils (see [4) Th. 2.16]), it is not possible that these partial multiplicities
be exactly nr41 = --+ = ng, because L + E is T-even, n,41 is odd, and its value appears an odd
number of times in the list {ny41,...,n4}, by property (P). Consequently, the algebraic multiplicity
Ny41 + -+ - + ng for the eigenvalue Ao of L + E is not possible in this case.

As in the previous case, we will instead construct a T-even perturbation E of rank r and of
arbitrarily small norm such that the algebraic multiplicity of L+ E at 0 is a = np41 + -+ +ng + 1
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and such that all eigenvalues that are different from those of L are simple. Then by part (2) of
Theorem there is a generic set G C cl% 1" such that for all corresponding perturbations E we
have the situation outlined above.

As before, let us assume that L()\) is given in T-even canonical form, so we can write it as

L(X) = diag (L1(X), Rdiag(Jn, (=), Jn, (X)), L2(X), J(N)),

where Li()\) contains the first r — 1 Jordan blocks associated with 0, La()\) contains the Jordan
blocks associated with 0 and with sizes nr12,...,ng, and j(A) corresponds to the nonzero eigenvalues
(including infinity). Here, we used the fact that n, = n,11 by property (P)). Now, let E()) be of the
form

E(\) = diag(E1,v(e1 + en,12)(e1 + en,12) ', 0)

where e1, ey, +2 € C2nr (with en, +2 interpreted as being the zero vector in the case n, = 1), and
where F1 is of size (n1+---4+np—1) X (n1+---+nr—1) and is constructed as a direct sum of blocks as
explained above for the precedent case associated with the eigenvalue Ao = 0. (Namely, F1 consists
of a direct sum of rank-1 blocks with sizes n; X n; or rank-2 blocks with sizes (n; +niy1) X (n; +ni41),
depending on whether Lq()\) contains a n; x n; block, with n; even, or a pair of blocks with sizes
n; X n; and n;11 X ni11, with n;417 = n; odd.) Then

det(L + E) = det(L1(A\) + E1)
-det (]-'idiag(Jm~(—)\)7 In.(N) +v(e1 + en,4+2)(e1 + €nT+2)T)) (25)
-det La(X) - det J(N).

With straightforward computations (using again the Laplace expansion) it can be seen that

det(Rdiag(Jn, (—A), Jn, (X)) +7(e1 + en,12)(e1 + en,2) 1)) = X" T 71— 29) (26)

if n- > 1, or det(Rdiag(Jn, (=), Jn, (A))+y(e14en, 12)(e14€n, 12) 1)) = A2 if n, = 1, see Appendix[A]
(see also [3| p. 663]). On the other hand, we have det La(\) = A" +2T 79 Thus, choosing the
parameters «; and 8; in 1 and the parameter v appropriately, we can construct a perturbation pencil
E of arbitrarily small norm such that the algebraic multiplicity of L4+ F at zerois a = np41+---+ng+1
and such that all eigenvalues of L + E that are different from those of L are simple, as desired.

However, the reader should keep in mind that part (2) of Theorem [[H only contains information
on the generic algebraic multiplicity of the eigenvalue 0 of L 4+ E for a generic T-even perturbation
E. Unlike the previous cases, it is no longer true that combining the parts (1) and (2) of Theorem [I5]
forces the partial multiplicities of L + E at 0 to be uniquely determined. Therefore, it is necessary
to further investigate which lists of partial multiplicities at 0 are possible such that both (1) and (2)
of Theorem [15] are satisfied. To this end, there are three possible situations:

(a) fnpp1—1¢ {nrt2,...,ng,0}, then the only possible partial multiplicities are nyy1+1 > nppo >
=g
(b) f nyy1 —1 € {nr42,...,ng}, say ny41 — 1 = n.y g1 (and d being minimal with this property),
then there are two possible lists of partial multiplicities:
(bl) ny41+1>mnpg42 >+ = ng, or
(b2) nypyp1 =" =nppa=nppaq1+1>np1qp0 > = ng.
(¢) If n, =1, then there are two possible lists of partial multiplicities:
(1) (2,1,...,1), 0r
——
g—r—1
c2) (1,...,1).
(c2) ( )
g—r+1

To see this, first note that, for any x € G, the algebraic multiplicity of L 4+ &(x) at 0 is, exactly, a.
Since the partial multiplicities at 0 are my41 > -+ = mg, with m; > n;, for i =r +1,...,g, then
either one of the partial multiplicities n,41 > --+ > ng at 0 in L increases one unit, or either a new
partial multiplicity equal to 1 appears after adding £ = &(x). However, it is not possible to add
or remove just one odd partial multiplicity after perturbing by E, since this would imply that the
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parity in the number of some of the odd-sized Jordan blocks associated with 0 would change, and
this is not allowed by the T-even structure. However, when increasing in one unit just one partial
multiplicity at 0 in L, say n;, either one odd partial multiplicity is added or removed, depending on
the parity of n;. In order for the number of each odd-sized Jordan blocks associated with 0 to stay
as an even number, the only possibility is that either n; = n,4+1 or n; = nr41 — 1. The first case
corresponds to cases (a), (bl), and (c1) above, whereas the second one corresponds to cases (b2) and
(c2).

With an argument identical to the one used in [4], we are going to prove that the generic partial
multiplicities are just the ones in either (a), (bl), or (cl), which essentially reduce to the same
behavior, namely, one of the largest remaining partial multiplicities increases in one unit.

Let us focus on case (b) first. By assumption on d being minimal, we have (n, =)ny4y1 = --- =
Npyd > Npgpdy1 = - = Ng and nyg1 — 1 = npy 441. Note that necessarily d is odd as we are in the
case of property (D).

Assume that the change in case (bl) is not generic. Then the set B C CL5I7 of all x for which
the partial multiplicities of L + ®&(z) at 0O are nypq11 =+ =1y g = Npgge1 + 1> npygio = - 2 nyg
is not contained in a proper algebraic set. (Note that it must happen that g —r > 2.)

Now, let us define the map

Dy (cm)d — Even,
u=(u,...ug) — S(u)=uiu] +---+uqu, .
and also consider the map
&:clFin (et — Even:_,_d N
(z,u) — P(z,u) = &(x) + Dy(u),

~ (rtd)
Observe that the map & may be different from the corresponding map (CL3 7 In — Even;:_d

from (22)). (Indeed, the dimensions of the domains do not coincide if r is odd.) Moreover, it is not
even clear whether the map @ is surjective. Nevertheless, & satisfies the hypotheses of Theorem
and thus by part (1) of Theorem [I5] we have that for any (z,u) € B x (C")? the list of partial
multiplicities of L + 5(x7u) at A; dominates the list n.1 441 +1 > npyrgio = -+ = ng. The key
observation is now that by [5, Lemma 2.2] the set B x (C™)¢ is not contained in a proper algebraic
subset of CLZ 17 x (C™)4. If we can show that there exist (zo,uo) of arbitrarily small norm such
that the partial multiplicities of L + 5(x0,u0) are Nypygi1 = Npadea = - = Ng, then by part (2) of
Theorem [ this hold for all L + &(z,u) with (z,u) from a generic set G C CLZ1" x (€)%, Since the
list npygy1 = Nppdqo = -+ = ng does not dominate the list 7,411 +1 > npq g2 = -+ = ng this
leads to a contradiction, because the sets G and B x (C™)4 must have a nonempty intersection, the
first set being generic and the second set not being contained in a proper algebraic set.

Thus it remains to construct one particular example with the properties outlined above. To this
end, note that, by assumption on k, the pencil L has the form

L(X\) = diag (L1(\), Rdiag(Jn, (—=A), Jn,. (N)),. .., Rdiag(Jn, (=A), Jn, (X)), L3(}), J(A)),

where the block Rdiag(Jn, (=), Jn, ())) is repeated £L times and L3()\) contains the blocks associ-
ated with the partial multiplicities n,4 ;42 = -+ > ng. Then the desired example for a perturbation
that does the job is given by

. T T T T
E(X) = ~ydiag(E1,e1e1 +en,+1€n,41,---,€1€1 + en,+1€n,.41,0),

where FE7 is as before, the block elelT + enr+1€;+1 is repeated % times, and v > 0 is chosen
sufficiently small. Indeed note that, as before, all blocks in L; and all the paired blocks of size n, are
perturbed in such a way that all eigenvalues lie on circles around zero, so that the partial multiplicities
of L+ FE at 0 are given by n,, 442 > -+ > ng. Moreover, E1 + 6161r is a T-even pencil of rank r and

thus, using the surjectivity of @, there exists z € CLFIm with ®(x) = E1 +e1eq . Since the remaining
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part of E is of the form uju{ +---+ugu, , this implies the existence of (z,u) € CLFIn x (€)? with
&(z,u) = E.

To show that in case (c) the subcase (cl) is generic can be shown by contradiction in a similar
way. In this case, there would be two generic sets of T-even perturbations with rank r + 1 giving
different behavior.

Subcase 2b) Ao = 0 and r odd and T-odd structure. In this case, the situation is similar to the
one in the previous subcase, but we are also in a situation similar to the one in Subcase 1c), i.e.,
the geometric multiplicity of the eigenvalue Ao = 0 after perturbation must be at least g — r + 1.
But then, it is straightforward to show that the algebraic multiplicity ny41 + --- + ng + 1 is not
possible in this case. Thus, we will construct a perturbation leading to the algebraic multiplicity
a=npt1+ - +ng+2. As before, let us assume that L()\) is given in T-odd canonical form, so we
can write it as

L(X) = diag (L1(X), Rdiag(Jn, (=), Jn, (X)), L2(X), J(N)),

where Li()\) contains the first r — 1 Jordan blocks associated with 0, La()\) contains the Jordan
blocks associated with 0 and with sizes n,42,...,ng, and j()\) corresponds to the nonzero eigenvalues
(including infinity). Since the pencil L1(\) does not have the property (PJ), we can construct a T-odd
perturbation E;()\) as in subcase 1b) such that the eigenvalues of the perturbed pencil Ly + E; are
all nonzero and simple. It remains to perturb the block Rdiag(Jn,(—\),Jn,.())) in an appropriate
way. For this we consider the perturbation yA(e1 + en, +2)(e1 4+ €n,42) |, with e1, en, 12 € C?™. It is
straightforward to see that

det(R diag(—Jn, (=X), Jn, (V) + M e+ en o) (€1 + eng2) | = N2 (A2 4 2y)(27)

(a proof of this identity is provided in Appendix [A]). Moreover, since, for Ay = 0, the perturbed
subpencil has the same rank as the original one, the geometric multiplicity of Ag = 0 at the perturbed
subpencil is the same one as in the original one, namely 2. Therefore, setting F(\) = diag(FE1, v\ (e1+
en,+2)(e14en,+2)",0) and choosing ~ sufficiently small, the eigenvalues of the perturbed pencil L+E
are Ao = 0 with algebraic multiplicity a, geometric multiplicity g—r+1, and the remaining eigenvalues
are all simple, for v # 0. The argument that the geometric multiplicities are as claimed in Table [ is
shown in a way that is analogous to the one in Subcase 1c).

Subcase 2¢) Ao = oco. The cases \g = oo where property (D)) appears in Table [ can be proved
from the cases A\g = 0 by using the reversal, which exchanges the roles of these two eigenvalues and
takes T-even pencils into T-odd ones and viceversa. In particular, the case \g = oo in the T-odd
structure can be obtained from the case A\g = 0 in the T-even structure, and the case Ao = co in the
T-even case can be obtained from the case \g = 0 in the T-odd structure.

Theorem 20 (Generic change under low-rank perturbations of T-palindromic pencils). Let A1, ..., Ax
be the pairwise distinct eigenvalues of the regular n x n T -palindromic or T -anti-palindromic matrixz pencil
L(X), having the nonzero partial multiplicities n; 1 > njo = -+ = ng g, >0, fork=1,... kK, respectively.
Furthermore, let r > 0 be an integer and let @ be the map as in Remark[ll Then, there is a generic set G in
clFIm such that, for all E(\) € #(G), the perturbed pencil L + E is reqular and the partial multiplicities
of L+ E at \o are the ones given in Table 2 where (D) is the same property as in the statement of
Theorem[I9l (In particular, if r > g; then \; is not an eigenvalue of L + E.) Furthermore, all eigenvalues
of L + E different from those of L are simple.

Proof We just prove the T-palindromic case, since the T-anti-palindromic one follows similar rea-
sonings.

Let L(\) be a given T-palindromic pencil satisfying the conditions in the statement, and let E())
be another T-palindromic pencil of the form (II). Let C4+1 and C_1 be the Cayley transforms in ([I2]).
Then

Cii(L+ E) =Cq1(L) + Ca(E),
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| Structure | e-val \; | case multiplicities
=1 N rt1 f)dd and (D)) holds (Mirs1 + L,ni g2, ... nig,)
¢ otherwise (Nirg1, Nirg2, -, Nig,
r even, n; r41 even, and (B) holds (i1 + 1,05 042,...,n4,9;)
T-palindromic o= 1 r even, otherwise (Mi,r g1, i g2, - -5 N Lg;)
v r odd, n; 41 even, and (B)) holds (Mir41 + 1,04 rg2,. 0,04 g, 1)
r odd, otherwise (Nirg1,Mir 2, -, Nig;s 1)
X €C {:I:l} all (ni,r+1,niyr+2, S Mgy
r even, n; +1 even, and (D) holds (i1 + 1,15 042,...,N4,g;)
=1 r even, otherwise (Mg, g1, Ni e g2, - -5 Mg,
* r odd, n; 41 even, and (B)) holds (Mir41 + 1,04 rg2,.. 04 g,,1)
T-anti-palindromic r odd, otherwise (Nirg1,Mir 2, -, Mgy, 1)
o= 1 N 41 pdd and (D)) holds (Mirg1 + 1Lnirg2,... N,
¢ otherwise (Nir 1, Nirg2, - -, NiLg;
i €C \ {:I:l} all (nim_,_l,ni,r_kg, < Nigs

Table 2 Generic partial multiplicities at Ag for rank-r T-alternating perturbations

with both the pencil in the left-hand side and the ones in the right-hand side being T-even [26, Th.
2.7]. Moreover, if r = rank F is odd, then

C+1(B) (1) = Ca((T+Nuu +vrw] + -+ v 1) /2000 1)/
+(revw1)v1 +- —I—(revw(T 1)/2)%} 1)/2)
= 2uu’ 4 v () " +- V1) 2W (1) 200
+(w1(—p))oi +- A+ (Do) 2(— ﬂ))U(TrA)/Q)v

(28)

with @;(p) = C1(w;) () = (1 - p)w(%ﬁ), fori=1,...,(r — 1)/2. The second sum in the last term

of ([28)) follows by using similar identities to the ones in ([3), which allow us to see that

Ihp oy (1=p
t\1+p

Cra(revuw;)(n) = Cy1(Awi(1/A)) () = (1 — p) - =5
=1+ pw; (}—Iﬁ) = w;(—p).-

If r is even, then we get a similar expression according to the expression for E(A) in (). This
means that the pencil C11(E) is of the form (7). Then, by Theorem [T9, there is a generic set G in
CL% I such that, for all z € G, the perturbed pencil (C+1(L) + @(x))(u) is regular and the partial
multiplicities at po are the ones given in Table [I] replacing po by A;, with uo = (A\; — 1)/(A; + 1)
if A; # 1, and po = oo if \; = 1, and furthermore, such that all eigenvalues that are different from
those of C4+1(L) are simple. Note that & is the map that takes a set of parameters = € cl¥ln ¢o a
pencil like in (28)).

Applying the Cayley transformation C_; we conclude that, for any = € G, the pencil L+C_1(®(z))
is regular and has the partial multiplicities at \; as given in Table 2] while all eigenvalues that are
different from those of L are simple. But, since &(z) = C4+1(E)(p), then C_1($(z)) = E(X), and this
concludes the proof for this case.

For the T-anti-palindromic case just replace C—1 by C+1 and vice versa, and refer to the T-odd
case instead of the T-even one.

Next, we turn to the skew-symmetric structure. As it is well known, the algebraic multiplicity
of each eigenvalue of a skew-symmetric pencil is necessarily even (see, e.g., [4, Theorem 2.18]). As a
consequence, the newly generated eigenvalues by a structure-preserving perturbation will generically
be double eigenvalues instead of simple ones.

Theorem 21 (Generic change under low-rank perturbations of skew-symmetric pencils). Let L(\) be
a regular n x n skew-symmetric matriz pencil and let A1, ..., \x € C be its pairwise distinct eigenvalues
having the nonzero partial multiplicities n; 1 > njo 2 -+ 2 n; g, > 0, fori=1,... K, respectively. (We
highlight that both n and all values n;j, j = 1,...,9;, © = 1,..., K are necessarily even.) Furthermore,
let v be a nonzero even integer and let & be the map as in Remark[ll Then, there is a generic set G in
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C*%" such that, for all E(\) € &(G), the perturbed pencil L+ E is reqular and the partial multiplicities of
L+E at \j arenjrqq1 2 -+ 2044, fori=1,..., k. Furthermore, all eigenvalues of L + E that are not
eigenvalues of L have algebraic multiplicity precisely two.

Proof Without loss of generality we may assume that L(A) is of the form

1= o 5]

where D()) is a regular pencil of size § x 5. This assumption can be made since L()) is congruent

to a pencil in the indicated form - a fact that follows easily by assuming that L()) is in the canonical
form of [4, Theorem 2.18] and then applying simultaneous row and column permutations. Clearly,

the eigenvalue \; of D(A) has the partial multiplicities ";*1 > n;z > > % By the proof of

Theorem [I}, there exists & € C*5* of arbitrarily small norm such that E(\) = &- () (with @ being

r
2

the map from DefinitionB]) is an § x 5 pencil of rank & such that D + E is regular, has the partial

multiplicities % > > % at \;, for i =1,...,k, and all its eigenvalues that are different from
those of D are simple. Then setting

ORIl

—E(N\) O
it follows that E is skew—symmgtfic and has rank r. Furthermore, due to the surjectivity of @ it
follows that there exists x € C™2 such that #(z) = E and it is straightforward to check that z
can be chosen to be of the same norm as z. Obviously, L + F now has the partial multiplicities
Nipy1 2 - 2 Nig, at \; for i =1,...k, and all eigenvalues of L 4 E that are not eigenvalues of L
have algebraic multiplicity precisely two. Then applying Theorem with p = 2 yields the desired
result.

As for the remaining structures (skew-Hermitian, x-alternating, *-palindromic, and x-anti-palindromic)
a similar result to Theorem [I7] can be obtained either from this result directly using the observations
in the paragraph right after Theorem [0 (skew-Hermitian, x-alternating) or using appropriate Cayley
transformations as in the proof of Theorem (¥-palindromic, and #-anti-palindromic). We gather
all these results in just one statement in Theorem

Theorem 22 (Generic change under low-rank perturbations of skew-Hermitian, x-alternating, *-
palindromic, and *-anti-palindromic pencils). Let A1, ..., A be the pairwise distinct eigenvalues (finite
or infinite) of the reqular n xn skew-Hermitian, x-alternating, *-palindromic, or x-anti-palindromic matriz
pencil L(X), with nonzero partial multiplicities i1 ZNio 2 2nig >0 fori=1,... kK, respectively.
Furthermore, let v be a positive integer and, for each 0 < s < [r/2], let s be the map as in Remark
[0 Then, there is a generic set Gs in REXCUTI™ such that, for all E(X) € @5(Gs), the perturbed pencil
(L+E)(X) is regular and the partial multiplicities of L+E at A; are njpqpq1 2 -+ 20 g, fori=1,... k.
In particular, if g; < r then A; is not an eigenvalue of L + E. Furthermore, all eigenvalues of L + E that
are not eigenvalues of L are simple.

The results presented in Theorems extend the ones in [3] and [5] from rank-1 and special
rank-2 perturbations to low-rank perturbations of matrix pencils with symmetry structures. Even
though some of the arguments and techniques in the proof of Theorems [I8H20] are analogous to some
of the ones used in [3,/5], the main approach, which uses the parameterizations constructed from
the rank-1 decompositions given in Section[3] is different to the one followed in [3}5].

If we compare Theorems with Theorem [[6] we will realize that, in most cases, the generic
behavior for pencils with symmetry structures coincides with the one for general pencils. However,
there are several cases in Theorems [I9 and where this behavior is different. In these cases, the
T-alternating and T-palindromic structures impose additional restrictions that must be fulfilled in
the canonical form, which prevent some behaviors, that in the general case are allowed, to occur
under structure-preserving perturbations of pencils having these symmetry structures.
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5 Outlook on the real case

So far, we have restricted ourselves to the complex case only. The main reason for this is the surprising
fact that in general real versions of rank-1 decompositions as in Theorem [2 or Theorem [] need not
exist as the following example shows.

Ezample 3 Consider the real symmetric pencil

01 10 —2) 2
E(A)*QL 0} _A[O—J - { 2 QA]
This pencil has the eigenvalues i,—i and a decomposition in complex Hermitian rank-1 pencils is
given by
B =" [-A2+ir] + - [14]
—i 2 —1iA

while for a decomposition into complex symmetric rank-1 pencil pencils we can take
N |- . N T
E(\) =(\+1) { 1 } [—i1]+(A—1) L} [i1].
However, E()\) does not allow a decomposition of the form

EQ) =v(w+xz)" + (w+Az)o|  with v= {Zj L w= {Zﬂ  x= [“”1} €R% (29)

Indeed, ([29) leads to the contradictory equations

2v1wq V1w + vowi 02 2011 v1x2 + voxt -20
= an: - ’
v1we + vowi 2v2w2 20 v1x2 + v2x1 20212 0 2

since these imply vi,v2 # 0 and thus w1 = wz = 0, which contradicts viws + vowi = 2. But E())
does not allow a decomposition of the form

E\) = (a1 + Ab1)uu + (a2 + Ab2)vo ' with u = {Zl} , U= {Zl}
2 2

either, because in that case the pencil would have real eigenvalues, which is not the case.

We expect that in the real case one will have to allow summands of rank two in order to obtain
a decomposition into low-rank pencils. This will be subject to subsequent research.

6 Conclusions and future work

We have described the generic change of the Weierstral Canonical Form (given by the partial mul-
tiplicities) of regular matrix pencils with symmetry structures under structure-preserving additive
low-rank perturbations. In particular, we have considered all the structures indicated at the begin-
ning of Section Bl We have seen that, for most eigenvalues and most of the structures, the generic
change coincides with the one in the unstructured case, namely: given an eigenvalue A\g € C U {o0}
of the pencil L()), with g associated partial multiplicities, for a generic perturbation, E()), of rank
r, the partial multiplicities of (L + E)(\) at Ao are exactly the g — r smallest partial multiplicities
of L(X). In particular, if r > g, the value Ao is not generically an eigenvalue of (L + E)()). However,
for the T-alternating structures, there is a (generic) different behavior for the eigenvalues Ao = 0
and Ao = oo, and similarly for the T-palindromic structures with the eigenvalues A\g = +1. These
differences arise in those cases where the parity of the partial multiplicities in the perturbed pen-
cil L + FE provided by the generic behavior in the unstructured case is not in accordance with the
restrictions imposed by the structure (for instance, the even-sized blocks associated with A\g = 0 in
T-even pencils must be paired-up).
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Our results contain the ones in [3], valid for rank-1 perturbations of pencils with symmetry
structure, and extend the ones in [5] that are valid for special rank-2 perturbations of pencils with
symmetry structures. However, the main tools and developments used in this work are different to
the ones in [3I[5]. More precisely, to obtain our main results we have introduced a structure-preserving
rank-1 decomposition of low-rank pencils with symmetry structures, for each of the structures con-
sidered in the paper.

Several lines of research arise as a natural continuation of this work:

— To analyze the generic change of the partial multiplicities under low-rank perturbations of pencils
with symmetry structures that have real coeflicients, together with the generic change of the sign
characteristic. In this work, we have restricted ourselves to the partial multiplicities, but the sign
characteristic is also a key ingredient in the eigenstructure, for instance, of Hermitian pencils.
The sign characteristic also appears in matrix pencils with real coefficients, for some of the other
structures considered in this work (like the T-even structure, see [40]). So it is natural to address
the generic change of the sign characteristic in the context of pencils with symmetry structures
having real coefficients.

— To describe the generic change of the partial multiplicities under low-rank perturbations of reg-
ular matrix polynomials with symmetry structures of arbitrary degree. The generic change of
the partial multiplicities of regular matrix polynomials without additional symmetry structures
has been described in [10]. However, the case of structure-preserving perturbations of matrix
polynomials with symmetry structures remains open.

A Appendix

This appendix is devoted to prove the identities ([26]) and 27).
‘We start with (EBD In this case n, is odd, say n, = 2k + 1. The case k = 0 is straightforward, so we assume
k > 0. Setting Ay, := det(Rdiag Jag+1(—A), (Jap+1(N)) +v(e1 + e2p+3)(e1 + 62]€+3)T we have

¥y 0 ... 0|0 ~v A
00 ... 0 Al
0 0 01X 1
Ak =75 0 —X0O0...0
¥ A 1|0~ ...0
-1 00...0

Using the Laplace expansion with respect to the (2k 4+ 1)st row and column we arrive at

v 0 ... 0|y A
0 0 ...0 A1
2 |0 o0 0[x 1
Ae = AT = =X~y 0 . 0|
~A 100 ...0
-x 1 00...0

Using the Laplace expansion with respect to the last column, we obtain

A o ¥ 0
Al Al
2|, A1l Al
A =27 | (=A) 5 [ + 5 P (30)
-1 -1
-1 !
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Computing separately the first and second determinant again via Laplace expansion, the first determinant is equal
to

¥ -2
A1
(71)k—1)\2k71 — (71)k—1>\2k—1 ((71)k71,y _ (71)k71(7>\)2k)
-1
— \2k—1 (7 _ )\2k)
and the second determinant is
v O 0 ~ v O 0 ~
v 0 Ay -
G 1| = !
- . -\
-2 1 -1
-
-1
= (—*y = —yA%
-1

so that for (BQ) we get

Ay = _)\2 <7>\2k(,y -~ )\21@) 77)\%) — )\2k+2 (AQk - 27) 7

as claimed.
The proof of (27) proceeds analogously, with only minor modifications. Now n, is even, say n, = 2k. Thus,
setting Ay, := det(Rdiag(—Jag (=), Jox () +yA(e1 + eapa2)(e1 + eapi2) | we have

YA 0 00X A
0 0 0 Al
~ 0 0 0x1
Ak =5 0 X0 O 0
YA A —1{0 yA 0
A -1 00 0

Using the Laplace expansion with respect to the (2k + 1)st row and column we arrive at

YA 0 ... 0 [yA A
0 0 ...0 Al

- L o 0 .ola1
Ap==A"- 2% X720 0
A —1|0 0 ...0
A -1 00..0

Using the Laplace expansion with respect to the last column, the previous expression is equal to

A YA YA
Al
-, A1 A
Ap = =21 (N |53 PNEDY TIox PNEDY (1)
A —1 A -1
A -1 A -1
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Computing separately the first and second determinant again via Laplace expansion, the first determinant is equal

to
YA A
A —1
(71)k—1)\2k—2 ) ) — (71)k—1>\2k—2 ((71)k—1,\/>\+ (71)k—1)\2k—1)
A -1
= AZh=1 (322 4 4)
and the second determinant is
YA 0 ... 0 A YA 0 ... 0 A
YA 0 LA YA A
(~1)h I e o
A A
A =1 A -1
A
A =1
= (=1FyA = A%

so that for [BI) we get

A = —22 <7>\2k()\2k72 1) 77)\%) — )\2k+2 <>\2k72 T 2w> 7

as claimed.
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