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1. Introduction

The goal of learning theory (and a goal in some other contexts as well) is to find
an approximation of a function f, : X — Y known only through a set of pairs
z = (x;, ¥;){L, drawn from an unknown probability measure p on X xY (f, is the
“regression function” of p).

An approach championed by Poggio (see, e.g., [5]) with ideas going back to
Ivanov [7] and Tikhonov [13] is to minimize

1 m
— 2 (@) =3 + V1AL Iz

i=l

where A is an operator and E% (X) is the Hilbert space of square integrable func-
tions on X with measure py on X defined via p. See [4] (in the sequel denoted
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by [CS]*) for background on this and, even more importantly, for results used
here.

This minimization is well-conditioned and solved by straightforward finite-
dimensional least squares linear algebra (see Theorem 1 below) to yield f, , :
X — Y. The problem is posed: How good an approximation is f, , to f,, or
measure the error |, v (fyz — £»)*? and What is the best choice of y to minimize
this error?

Our goal in this paper is to give some answers to these questions.

Main Result. We exhibit, for each m € N and § € [0, 1), a function
E,s=E:Rt - R

such that, for all y > 0,

/X (fyz— [)* < E®¥)

with confidence 1 — 8. There is a unique minimizer of E(y) which is found by an
easy algorithm to yield the “best” regularization parameter y = y*.

The bound E(y) found is a natural one, a bound which flows from the hypothe-
ses and thus yields a y* which could be useful in the algorithmics for f, ;. Of
course, y* depends on the number of examples m, confidence 1 — &, as well as the
operator A and a simple invariant of p.

2. RKHS and Regularization Parameters

Let X be a compact domain or a manifold in Euclidean space and let Y = R (one
can extend all that follows to Y = R¥ with k € N). Let p be a Borel probability
measureon Z = X x Y.

For every x € X, let p(y | x) be the conditional (with respect to x) probability
measure on Y and let px be the marginal probability measure on X, i.e., the measure
on X defined by px(S) = p(r~'(S)) where 7 : XxY — X is the projection.
Notice that p, p(y | x), and py are related as follows. For every integrable function

* Corrections to [CS]:

(1) A regularity hypothesis on measure px on X requiring every open set on X to have positive
measure is needed for our extension of Mercer Theorem and its applications. This is a mild
hypothesis since open sets with zero measure can be deleted from X with no harm.

(2) Inconnection with the matrices associated to a Mercer kernel, the “positive definite” condition
should be relaxed to “positive semidefinite.”
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¢ : XxY — R aversion of Fubini’s theorem states that

/ w(x,y)dp=/ (/ w(x,y)dp(yIX)> dpyx.
XxY X Y

This “breaking” of p into the measures p(y | x) and px corresponds to looking at
Z as a product of an input domain X and an output set Y.
Define f, : X — Y by

fp(x)=fyydp(y [ x).

The function f,, is called the regression function of p. For each x € X, f,(x) is
the average of the y coordinate of {x}xY.
In what follows we assume that f,, € L:f) (X) is bounded. We also assume that

M, = inf(M >0|{(x,y)eZ]||y— fo(x)| > M) has measure zero}
is finite. Note that this implies that
Iyl =M =max{]| fplloc + M), 1}

almost surely.

Recall, || f|| denotes, unless otherwise specified, the norm of f in E%(X ). Let
K be a Mercer kernel. That is, K : X xX — R is continuous, symmetric, and K
is positive semidefinite, i.e., for all finite sets {xi, ..., x;} C X the kxk matrix
K [x] whose (i, j) entry is K (x;, x;) is positive semidefinite. Then (see Chapter I1I
of [CS]) K determines a linear operator L : E%(X ) — C(X) given by

(LKf)(X)=/K(x,t)f(t)dt

which is well-defined, positive, and compact. In addition, there exists a Hilbert
space Hg of continuous functions on X (called reproducing kernel Hilbert space,
RKHS for short) associated to K and X and independent of p such that the linear

map L}(/z is a Hilbert isomorphism between £ (X) and H. Here L],(/2 denotes
the square root of L, i.e., the only linear operator satisfying L}(/z o L}(/z = Lg.

Thus, we have the following diagram:

12
K.C

C(X)

L2(X)

L & Ik
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where we write Lk ¢ to emphasize that the target is C(X) and Ix denotes the
inclusion. If K is C* then I is compact. In the sequel, K denotes a C>* Mercer
kernel, and || || ¢ denotes the norm in Hg.

Letz = (z1,...,2m) Withz; = (x;,y;) € X x Y fori = 1,...,m. We also
write X = (X1,...,X,),yY = ()1, ..., ym). Note that since K is a Mercer kernel,
K[x] is positive semidefinite.

For y > 0, let ®(y) and ®,(y) be the problems, respectively,

min [ (760 =9+ y1F 1.
X
S.t. f € Hg,

and
1 m
min Z;(f(xi) ) +yIfl%,

S.t. f € Hg.
Forx € X,let K, : X — Rbe givenby K, (¢) = K(x, 1).

Theorem 1. For all y > 0, the minimizers f, and f,, of ®(y) and ®,(y),
respectively, exist and are unique. In addition,

fy=0d+yLH™'f,
and f, , is given by

Fra(®) =) aiK(x,x))
i=1

where a = (ay, ..., ay) is the unique solution of the well-posed linear system
in R™,

(ymId+ K[x])a =y.
Finally, for f =Y a; K, we have ||f||§< =a"K[x]a.

Proof. See Propositions 7 and 8 and Theorem 2 in Chapter III of [CS] and its
references, and [5] and its references. O

3. Estimating the Confidence

Define, for f € E%(X), its error

E(f) = fz (f(x) —y)?
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and, given a sample z € Z", its empirical error
1 & )
Ef) = — 3 (flx) =y,
i=1

Note that from the equality £(f, ;) = E(f,..) — E(f,) + E(f,,) we deduce that

E(fya) = 1E(fy) = EUDI+ES).

We will call the first term in the right-hand side, the sample error (this use of this
expression slightly differs from the one in [CS]) and the second, the approximation
error. Note that the sample error is a random variable on the space Z™. In this
section we will bound the confidence for the sample error to be small enough. The
main result is Theorem 2 below.

Forr > 0let B, ={f € Hx | || fllx < r}and H(r) = Ix(B,). Notice that
this is a compact subset of C(X) so that, for every n, the covering number

N (H(r),n) = min{s € N | 3 s closed balls of radius 1 in C(X) covering H(r)}

is finite. Also, let

Ckx = max {1, sup |K(x,t)|}

x,teX
and
o _ VxSl . _ JCcM

Theorem 2. Forall y,e > 0,

l;er(Z)’l"){'S(fy) - g(fy,z)| <e¢}

2.4
8)/ _ me-y’
>1—-4 NIH S 128m3+Cr)t |
= [m+ ( ) a0y +C1<)>}e )

The idea toward the proof of Theorem 2 is to write

g(fy) - g(fyz) = g(fy) - gz(fy) + gz(fy) - gz(fy,z) + gz(f)/,z) - g(f)/z)

from which it follows that

1ECf) —ESy Dl = 1E) = EfDIH1E(fy) = Efy D+ 1E(fr2) —E(fy 2]

We first (see Proposition 1 below), bound (with high confidence) the first and last
terms in the sum above. Toward this end, we give bounds on | f, I, Il fy.zllk»

I fy lloo> and || fy zlloc-
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Lemmal. Forally > 0,
I fllk <R,.

Proof. Let f, =) c;¢;. Then

[ee) % -1 [ee) o
=Z<l+;) Ci§0i=Z<y+l)v>Ci(Pi
i=1 t i

i=1

and, therefore,
o0
A
2 i 2
= —FFC:
I1f % ;(HW ;

2
S l>] (V+)")ZZ

IA

1 N s
by max A; I fol

C
AR O

IA

Lemma 2. Forally > 0,
I fyzllx <ry.
Proof. Since f,, =Y a;K,, we have || f, ,|% = a"K[x]a.
Also, since a = (ym Id 4+ K [x]) "'y it follows that

_ 1 M
lall < Iylll(ymId+ K[xD 7' < VmM— = —,
ym  ym

where ||a|| and |y]|| refer to the Euclidean norm in R™. Therefore

M? M?

I fy 2% < lalIKIx]I| < yz—mCKm = VCIO

where || K [x]| denotes the operator norm of K[x] : R™ — R”™ with respect to the
Euclidean norm in both domain and target space and we have used that, since each
entry of K[x] is bounded in absolute value by Cg, | K[x]|| < Cgm. O

Corollary 1. Forally > 0, || f,llco < Ck |l folloo/Y and || fy zllcc < CxM/y.
Proof. By Theorem 2 in Chapter III of [CS], || Ix || < +/Ck. O

Remark 1. Note thatforally > 0,7, > R,.
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Proposition 1. Foralle,y > 0,
(1)
Egg}?{lg(fy) - gz(fy)| < ¢}

2.4
ey s
>1—N(H(R,), ———— | 2¢ #0:CoF,
- ( (Ry) 8M<y+cK>>

(ii)
l;er(z)}l)ﬂg(fyl) - gz(fy,z)| <e}

2.4

ey ___meyr
>1—-N|{HG ,————————— | 2¢ smie+Cpt
- ( ) 8M(y+cK)>

Proof. Weuse Theorem B of [CS], but proved with Hoeffding’s inequality instead
of Bernstein’s. This yields, for a compact subset H of C(X) such that | f (x) —y| <
M almost everywhere for all f € H, the uniform estimate

62

o {;gg EC) = &N = s} >1-N (H, 8LM> -
For (i), use this estimate applied to H = H(R, ), and

Ck I folloo LM< M(y +Cx)

M = fylloo + My + I follo = S

and note that

Probl{IE(fy) — &(fy)l = e} = Prgy{ sup |E(f) — &) = 8} :
zc VA4S fEH(Ry)

A similar proof, now with H = H(r, ), and

M M
CkM MG +Co)
14

yields (ii). O

M = fyllo + Mp + | folloo =

We now proceed with the middle term |E,(f},) — &,(fy.2)I.

In what follows, for f : X — R and x € X", we denote by f[x] the point
(f(x1), ..., f(xn)) € R™. Also, if v € R™, we denote ||[v]lmax = max{|vy],
s |vm |}'

Proposition 2. Forall y,e > 0,
m£’2y4

Prob{| £, [x] = fyalXlllmax < 26} = 1 —dme “S0IC,
YASVAL
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Proof of Theorem 2. Recall,

IECf) —ESy Dl = 1ES) — &Syl
+ |gz(fy) - Ez(fy,z)| + |Sz(fy,z) - 5(fy,z)|~

The first and last terms are each bounded by ¢ with probabilities at least

2.4
8)/ _ me<y
1 -—N{H@E,), ——————— ) 2¢ so+Cp?
( ) 8M(y+cz<))

by Proposition 1 and the fact that », > R, . For the middle term note that

|gz(fy) - gz(fy,z)| =

D) =) = Y (fralx) = yi)
i=1 i=1

1

m
l m

< =Y 1A 00 = fraln)]
mio

=< ”fy[x] - fy,z[x]”max‘

Now apply Proposition 2 to bound this term by 2¢ with probability at least

me2y4

——
1 — dme ZCKM2(y+CK)2

and the conclusion follows by noting that 2C3 M?(y + Cx)? < 8M*(y + Cx)*
and by replacing ¢ by ¢/4. |

It only remains to prove Proposition 2. Toward this end, recall, Hoeffding’s
inequality states that if & is a random variable on a probability space Z bounded
almost everywhere by M with mean p, then

2

58} > 1 —2¢ 7,

1 m
P — > &) -
zggP H - S(Zz) 2

Lemma3. Forally,e >0andallt € X,

1 m
— > K. 0)(fp () = )
my i3

__me?y?
Prob <egt >1—2e 2CxMp?
ZeZlH

Proof. Consider the random variable

1
z > ;K(x, D(fp(x) = ).
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It is almost everywhere bounded by (1/y)Cx M. Its mean is O since, by Fubini’s
theorem,

1 1
/—K(x,o(fp(x)—y):/ Lk (/ fp(x>—ydp<y|x)> dpx
zV XY Y

and the inner integral is 0 by definition of f,. Now apply Hoeffding’s in-
equality. O

o)

Lemmad. Forally,e >0andallt € X,

Prob {
ZEZ”'

1 m
f, (1) — - ; K (xi, ) (fo(xi) — f(x))

me2y?

>1—2e 2C§((ufpuoo+./CKRy)2.

Proof. By Theorem 1,

fr=0d+yL )7 = Syl fy =1,
Lxfy +vfy =Lk/fp

=

1
= fy:_LK(fp_fy)
=

1
AOES /X (;K(x, D(fp(x) — fy(x))) dpx.

The function inside the last integral can thus be considered a random variable on
X with mean f, (¢). It is bounded by (Ck /y)(ll f5lloc + +/Ck R,). Again, apply
Hoeffding’s inequality. O

Lemmas$s. Forally,e >0,

Prob{” (Id+ K[X]> £, 1x) — Ky

P ym ym

me2yt

T5C2 a2 2
< 28} > 1 — 4me CkMo+Co?
max

Proof. From Lemmas 3 and 4 it follows that, with a probability at least

2.2 me2y?

_mely - mey
1—2|e 2Cxm” 1o 2C2 (1fplloo+a/ Ck Ry)?

foreveryt € X,

1 m
fr@ +— " K@i, 0)(fy (xi) — yi)| < 2e.
my =
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Note that, since

M@y +C
max(My. o+ /iRy ) = M+ /Cor, = ZLEEE
the confidence above is at least
rrx:2y4
1— 4672(:2 M2y+Cx 2
Applying this to t = x, ..., x, and writing the m resulting inequalities in

matrix form we obtain that, with confidence at least the one in the statement,

1 1
fy X1+ —KI[x]f, [X] - —K[x][y] < 2e. O
my my max
Lemma 6. Forally,e > 0,
K(x] Kx]y
( > fy,z(x) = .
ym ym
Proof. In Proposition 8, Chapter III of [CS] it is shown that
fra) = Z%K(x,, )
i=1
= ymfy. () = Z(y,- — fyai)K (xi, 1)
= ymfy.() + ny L) K (i, 1) = Zy,K(x,, ).
Applying this equality for t = xy, ..., x,, and writing the resulting m equalities
in matrix form we obtain
ymf,  [X] + f, X]K[x] = K[x]y
from which the statement follows. O

Proof of Proposition 2. From Lemmas 5 and 6 it follows that

K[x
”(Id—k—> Jy[x] = <Id+ y—) JylX]

(Id + V—> (fy [X fy,z[x])

< 2e,
max

i.e.,

<2

max

with the stated confidence. The result now follows since K[x]/ym is positive

definite and therefore ||(Id + K[x]/ym)~!| > 1.

O



Best Choices for Regularization Parameters in Learning Theory 423
4. Estimating the Sample Error

The expression |E(f, ) —£(f,2)|is called the sample error (of f, ;). Inthe previous
section we estimated the confidence of obtaining a small sample error when the
sample size m and an error bound ¢ are given. In this section we will fix a confidence
1 — § and a sample size m and obtain bounds for the sample error.

Lemma 7. Letcy,c; > 0ands > q > 0. Then the equation
x*—cixi—c, =0
has a unique positive zero x*. In addition,

x* < max{(2c)) /7D, (2¢,)'5).

Proof. Letg(x) = x* —c1x? — ¢,. Then, taking the derivative with respect to x,
@' (x) =sx* ' —gex47! = x4 (sx*~1 — gc;). Thus

_4qa
S

Px)=0 & x*71

and this derivative has a unique positive zero. The first statement follows since
(0) <0, ¢'(07) <0, and ¢(x) — +00 when x — +00.

L/

The second statement is a well-known bound (see [10, Theorem 4.2(iv)]). O

Remark 2. Note that, given ¢y, ¢3, s, and ¢, one can efficiently compute (a good
approximation of) x* using algorithms such as Newton’s method.

By Theorem 2, the sample error ¢ satisfies, with confidence 1 — 4§,

2,4
8)/ _ me-y’
AmN | H  — 2813+ Ct > §
" ( " 3ony +C,<))e b
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i.e.,

128M*(y + Cg)* ) 32M(y + Ck)

Now we recall (see Section 6 in Chapter I of [CS]) that, for every ¢ < 2, there
exists a constant C, independent of ¢ and y, such that

C.32M Co)\'
mN(me——iL——)s<”’ Vs “)
32M(y + Ck) ey
- 32C,M%(y + Cx)?\'
< o2
(a different bound appears in [15]). Note that in the last inequality we replaced
r, by its definition and used that o/Cx < (Ck + y). Using this bound for the
covering number, inequality (1) becomes

me2y* 4m 32C,M2(y + Cx)?\' -0
128M*(y + Cg)* B ey? -

2,4
me-y —1In (4_m> —lnN(H(ry), 84y> <0. (D

Write

gy?

' nmy + Cor
Then the inequality above takes the form

cov? —c; — e <0, )

where ¢co = m/4, c; = In(4m/8), c; = C!, the tth power of C;. Note that one
could fix, for example, t = 1.
Now take the equality in (2) to obtain the equation
(p(v) — vt+2 _ C_lvt _ 2 =0
Co Co
and note that this equation has only one positive zero by Lemma 7. Let v*(m, §)
be this solution. Then, also by Lemma 7,

_ 1/2 N\ 12
,,*(m,g)f{(w) (&) } )
m m
and
2 2
Pl M ECOR L
Y

and we can conclude stating the following result.

Theorem 3. Givenm > 1and0 < § < 1, forall y > 0, the expression

32M%(y + Cg)?
&w=——i%—llwww)

bounds the sample error with confidence at least 1 — 6. a
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5. Choosing the Optimal y

We now focus on the approximation error £(f,). To do so we first apply part (1)

of Theorem 3, Chapter Il in [CS] with H = E%(X),s =1,A= L;(/z, anda = f,,

and use that ||Lgl/2f|| = || f|l to obtain that, for0 < 8 < 1 (e.g., for 6 = %),

. —6/2
min (| f — £,12 + v I £1%) < v UL o112
feﬁ,%(X)

Since the minimum above is attained at f,, we deduce

—0/2
Lty = P+ 71K 0% < v UL £l

A basic result in [CS, Proposition 1, Chapter I] states that, for all f € E% (X)),

E(f) = /X f = [P+ 02, 4

2 . . . . .
where o is a nonnegative quantity depending only on p. Therefore the approxi-

mation error £( f)) is bounded by A(y) + 03 where

-6/2
AWy =y IL " £ 1P
Proof of the Main Result. Let

E(y) =Aly)+S®¥).
Recall
Efyn) < Ef) = ESr )| +Ef).
Then the error £(f, ,) satisfies the bound

E(fyn) < E() +07

and, therefore, subtracting opz from both sides and using (4) for f = f, ,,

/X Fro= £ < EGr).

This proves the first part of the Main Result. Note that this is actually a family of
bounds parametrized by r <2 and 0 < 6 < 1 and depends on m, §, K, and f,.

For a point y > 0 to be a minimum of E(y) = S(y) + A(y) it is necessary
that S’(y) + A'(y) = 0. Taking derivatives, we get

y +Cg
3

S'(y) = —64M*v*(m, §)Cxg
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and
Ay) =0y LY £, 1P
Thus the solutions of A’(y) + S’(y) = 0 are those of
0y ILE" f, P — 64M*v*(m, 8)Ck (y + Cx) = 0,
i.e., those of

by GAMPUT(m.8)Cx  64Mv*(m. 5)CY
- “0n s, VT o, =0
OlLg " foll OllLg " foll

®)

Using again Lemma 7, we obtain a unique solution y* which is a minimizer of
E since E(y) — oo as y — 0 or y — oo. This finishes the proof of the Main
Result. O

Corollary 2. Forevery0 <48 <1,
Jim E(y) =0.

Proof. The bound (3) shows that v*(m, §) — 0 when m — o0. Now, equation
(5) shows that y* is the only positive root of

v’ = Qu(m, 8)y — Qv (m.§)Cx =0, (©)
where Q = 64M2Cy /6| L’ f,||>. Then, by Lemma 7,

y* = max{2Qv*(m, )"V, 2Qv*(m, 8)Cx)" ")

from which it follows that y* — 0 when m — oo. Note that this implies that

Tim A(y*) = lim ) IL" f, )17 = 0.
Finally, it follows from equation (6) that

*(m, S
") — (Qy" + 0Cx) [w} —0

(y*)?

and, therefore, that [v*(m, §)/(y*)?] — 0 when m — oo. This, together with
Theorem 3, shows that lim,,_, o, S(y*) = 0. O

6. Final Remarks

(1) This paper can be seen as a solution of one instance of the Bias—Variance
problem. Roughly speaking, the “bias” of a solution f coincides with our approx-
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imation error, and its “variance” with the sample error. Quoting [3],

A model which is too simple, or too inflexible, will have a large bias, while
one which has too much flexibility in relation to the particular data set will
have a large variance. Bias and variance are complementary quantities, and
the best generalization [i.e., the smallest error] is obtained when we have
the best compromise between the conflicting requirements of small bias and
small variance.

As described in Section 3, Chapter II in [CS], the bias—variance problem amounts
to the choice of a compact subspace H of C(X) over which &, is minimized.
A too-small space H will yield a large bias while one too large will yield a large
variance. Several parameters (radius of balls, dimension, etc.) determine the “size”
of 'H and different instances of the bias—variance problem are obtained by fixing
all of them except one and minimizing the error over this nonfixed parameter.
Our solution considers the ball of radius r = || f, zllx in Hx and H = Ix(B,)
(a space over which f), , minimizes &,). The number r is our replacement of the
VC-dimension. Since y is inversely proportional to 7, large y corresponds to large
bias or approximation error and small y to large variance or sample error.

Failing to find a good compromise between bias and variance leads to what
is called underfitting (large bias) or overfitting (large variance). As an example,
consider the curve C in the figure below with the set of sample points and assume
we want to approximate that curve with a polynomial of degree d (the parameter
d determines, in our case, the dimension of H). If d is too small, say d = 2, we
obtain a curve as in (a) in the figure, which necessarily “underfits” the data points.
If d is too large, we can tightly fit the data points but this “overfitting” yields a
curve as in (b).

(a) (b)

For more on the bias—variance problem, see [3], the above-mentioned section in
[CS], [6], and the references in these papers. Note, however, that the literature on
this problem is vast and we have only touched on it.

(2) One could interpret the main estimates in this paper in terms of algorithms
for approximating solutions of integral equations by Monte Carlo methods. But
for most algorithms in the theory of integral equations the points x;,i = 1, ..., m,
are not randomly choosen but taken, for example, as a set of lattice points of a
domain X C R” (this would correspond to active learning in the learning theory
literature). Now one might take py as Lebesgue measure and the x; from a uniform
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grid of points. The theory in our previous paper [CS] should permit modifications
to deal with this situation and our main result here as well.

(3) Our work can be interpreted in the area of statistics known as regularized
nonparametric least squares regression. A general reference for this area is the
book by Sara van de Geer [14]. Besides the references in this book, the papers [2],
[1], [8], [9] are also related to our work. A result somewhat similar in spirit to our
main result appears in [11], [12]. Here a function E (m, n) is exhibited bounding
the error in terms of the number m of examples and the number n of basis functions
in a space of Gaussian radial basis functions and it is shown that, for each m € N,
E(m, n) has a unique minimizer n*.
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