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Finite horizon risk-sensitive continuous-time Markov decision
processes with unbounded transition and cost rates

Xin Guo? Qiuli Liu" and Yi Zhang?

Abstract: We consider a risk-sensitive continuous-time Markov decision process over a finite time
duration. Under the conditions that can be satisfied by unbounded transition and cost rates, we show
the existence of an optimal policy, and the existence and uniqueness of the solution to the optimality
equation out of a class of possibly unbounded functions, to which the Feynman-Kac formula was also
justified to hold.
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1 Introduction

Risk-sensitive Markov decision processes (in discrete-time) have been studied intensively since 1970s,
with one of the pioneering works being [I1], and a recent and updated work being [I], to which the
interested reader is referred for more references. Compared to the discrete-time framework, there
have been fewer works on risk-sensitive CTMDPs (continuous-time Markov decision processes), also
known as controlled Markov pure jump processes. An early work on this topic seems to be [18], which
obtained verification theorems and solved in closed-form meaningful examples of problems over a fixed
time duration. In the recent years, there have been reviving interests in risk-sensitive CTMDPs, see
[5, 6, 21] for problems with a finite horizon, [23] for problems over an infinite horizon, [5, 16, 22] for
problems with average criteria, and [2] for an optimal stopping problem with a more general utility
function than the exponential one.

In greater detail, the CTMDP considered in [5] is with bounded transition and cost rates. In [21],
the boundedness on the transition rate was relaxed and replaced by a drift-type condition, but the cost
rate was still assumed to be bounded. Both papers followed the same line of reasoning: they showed the
existence of a solution to the optimality equation, and then showed that the solution coincides with the
value function of the problem by applying the Feynman-Kac formula. In Section 7 of [21], the author
mentioned that following his method it was unclear how to relax the boundedness assumption on the
cost rate at that time, as a suitable version of the Feynman-Kac formula must be established first. The
present paper provides a response to this. In greater detail, the main contributions are the following.
We provide conditions that allow unbounded transition and (not necessarily nonnegative) cost rates,
under which a suitable version of the Feynman-Kac formula was established, and we show that the
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value function is the unique solution out of a large enough class of functions (possibly unbounded with
unbounded derivatives with respect to time) to the optimality equation. It is important for practical
applications to consider models with unbounded transition and cost rates. We illustrate this with
an example of controlled M/M /oo queueing system. Compared with [5], 21], which concentrated on
Markov policies, we consider a more general class of policies. When the cost rate is nonnegative, a
different method was followed in [6], which is not based on the Feynman-Kac formula. If the cost
rate is nonnegative, then the conditions on the transition and cost rates in [6] are weaker than in the
present paper. Moreover, in that general setup of [6], the value function is generally not the unique
solution to the optimality equation. In this sense, the present paper also complements [6].

The rest of the paper is organized as follows. In Section [2] we describe the optimal control problem
under consideration. Section Bl contains preliminary results, where we establish a version of the
Feynman-Kac formula. The optimality results are proved in Section 4l This paper is finished with a
conclusion in Section [l

2 Model description

Notation: For a Borel space X endowed with the Borel o-algebra B(X), we denote by Cy(X) the
space of all bounded continuous functions on X with the norm |u|| := sup,¢ x |u(z)|. Throughout this
paper, measurability is understood in the Borel sense.

We consider the CTMDP model M := {S, A, A(-,-),q,¢c,g} consisting of the following elements.
The state space S is a denumerable set, endowed with the discrete topology. The action space A is
a (nonempty) Borel space. The multifunction (¢,4) € [0,00) X S — A(t,7) € B(A) specifies the set of
admissible action spaces given the current time and state, and is assumed to be with a measurable
graph K := {(t,4,a) € [0,00) x S X A : a € A(t,i)}, containing the graph of some measurable mapping
from [0,00) x S to A. The transition rate is given by a signed kernel ¢ on S given K, assumed to
satisfy q(j|t,i,a) > 0 if j # ¢ with j,i € S, q(S|t,i,a) =0, and

¢*(i):== sup q(t,i,a) <oo, VieS, (2.1)
t>0,a€A(t,0)
where ¢(t,4,a) := —q(i|t,7,a) > 0 for all (¢,i,a) € K. The running cost rate c¢ is a measurable function
on K. We shall consider the problem over a finite time duration. The terminal cost g is a function on
S.
We briefly describe the construction of a CTMDP as in [I4], 15]. Let Sa := SU{A} (with some
A ¢ S being an isolated point), Q0 := (S x (0,00))> be the countable product. The canonical sample
space © is the union of QY and all the sequences in the form of (ig, 61,71, . .. ,0k,ix, 00, A, 00,...) for
some k > 0 (accepting 6y := 0). Let F be the Borel o-algebra on Q. For each w € €, introduce
To(w) := 0, Tyr1(w) := 01 + 02+ ... + 011, Xp(w) := ix. In what follows, the argument w is often
omitted. Let F; be the internal history of the marked point process {7}, X;,}. Let Tio := limy_, 00 Tk.
The controlled process {{;} is defined by

&(w) = Iimy<tty, yin + Aoty V >0,
k>0

Here and below, Iz stands for the indicator function on any set F, and for notational convenience, we
defined that ¢ -0 =0 and i -1 =i for each 7 € Sa.
We do not intend to consider the controlled process after moment T, and put

q(-[t, Ayan) =0, r(t,Ayan) =0, A(t,A) :={an}, Ar :=AU{an},

where ap ¢ A is an isolated point.



A (history-dependent) policy 7 is determined and often identified by a sequence of stochastic
kernels {7*, k > 0} such that

ﬂ(da\w, t) = I{t:(]}ﬂ'o(da‘io, 0) + Z I{Tk<t§Tk+1}ﬂk(da‘i07 (91, il, e ,Gk, ik, t— Tk)
k>0

21y (an} (da)-

A policy 7 is called Markov if, with slight abuse of notations, 7(da|w,t) = w(dal&—,t), which is
denoted by m;(da|-), where &_ = limgy &. A Markov policy m(dal-) is called deterministic Markov if
there exists a measurable mapping f on [0, 00) X S such that m;(dali) is a Dirac measure concentrated
at f(t,7). A deterministic Markov policy will be denoted by the underlying measurable mapping f.
We denote by II the set of all policies, by II7, the set of all Markov policies, and by II% the set of all
deterministic Markov policies.

For each w € II, the random measure m™ defined by

™ (|, £)dt = /A 0\ A&t &1 a)(dalw, t)dt (2.2)

is predictable, see [12]. For each m € II and i € S, let PT be the probability on (€2, F) such that
PT(& = i) = 1, and with respect to which, m™(j|w,t)dt is the dual predictable projection of the
random measure ), <, (7, x,)(dt, dz) of the marked point process {7, X;,} on B((0,00) x ), see
[12, 14] or Chapter 4 of [15] for more details. Let ET be the expectation taken with respect to P7.
For the intuitive description, a CTMDP is a continuous-time Markov pure jump process whose
local characteristics (transition intensity and post-jump distributions) are controlled. After the n-th
jump, and a history of state and sojourn times h,, = (ig,b1,...,0,,4,) is observed with 6, < oo,
the conditional (joint) distribution of the next state and sojourn time is determined by [, q(j|t, +

tyin, a)my(dalhy, t — t,)e” Jo Ja (sttnsin,a)mn(dalhn,s)ds gy 5 £ wwhere ¢, is the observed value of the
n-th jump moment. In particular, the next sojourn time has the conditional distribution obeying a
nonstationary exponential distribution, and a policy specifies the selection of an action at any time
moment based on the observed history.

We consider the following optimal control problem over the finite time duration 7" > 0:

Minimize over = € II: V(i) := ET elo [ C(t’gt’a)”(dalw’t)dt+g(£T)] . (2.3)

Conditions imposed in the next section guarantee that the above expectation and integral are well
defined. For each i € S, let

V(i) = ;2%1)(77,2).
A policy 7* € II is said to be optimal if V(7*,i) = V*(i) for all : € S.

Problem (23]) is often said to be with a risk-sensitive criterion, as the exponential utility reflects
that the decision maker is increasingly averse to the higher cost, see [11]. This is in contrast with a
linear utility, which is called risk-neutral. In discrete-time, risk-sensitive Markov decision processes
received increasing interest in the recent years, see [3| [4, 13| [I7] for example. These works mainly
consider infinite-horizon problems; in the discrete-time setup, problems on finite horizon can be readily
solved using backward induction. See also [1], which considered a more general utility function.

The objective of this paper is to provide conditions that can be satisfied by unbounded transition
and cost rates, under which, there exists a deterministic Markov optimal policy, and the optimality
equation has a unique solution out of a certain class of functions. We present an example in the next
section, demonstrating a natural application of CTMDPs to controlled queueing system, where the
transition and cost rates are both unbounded and thus not covered by the previous literature.



3 Preliminaries

In this section, we impose a set of conditions allowing one to consider unbounded transition and cost
rates, see Example B.1] below, and present several preliminary statements, which will serve the proof
of Theorem 1] below.

Condition 3.1. There exist a [1,00)-valued function V' defined on S and constants p > 0, M > 1
such that

(@) $yesaliltsi: )V (§) < pV () for each (t,i,a) € K;

(b) ¢*(i) < MV (i) for all i € S, where q*(i) is as in (21);

(¢) 20+Deltsal < MV (i) for each (t,i,a) € K, and 2D < MV (i) for each i € S.

The immediate and relevant consequences of Condition [3.I] are collected in the next lemma.

Lemma 3.1. Suppose Condition [31 is satisfied. For each 7 € 11, the following assertions hold.

(a) PT(Too = 00) =1 for each i€ S.

(b) EF[V(&)] < €'V (i), for eacht >0 and i € S.

(c) V(m,i) < MeTPV (i) for alli € S and 7 € 11.

Proof. Parts (a) and (b) are known, see e.g., [8, 19, 20]. We next verify part (c). By part (a), for
PT-almost all w € §, there are finitely many values taken by in {{(w)} over [0,T]. For such w € Q,
by Condition B1l(c), we legitimately write

T
| [ ettgarmtaato. e+ g(er) - /(m | b aym(dale (),

where p(dt) = Ijo7)(t)dt + dr(dt), with dr(dt) being the Dirac measure concentrated on {7}, and
¢(t,i,a) := c(t,i,a)ljor)(t) + g(i)I{ry(t) for each (t,i,a) € K. Now,

Er [efoT 14 c(t,ét,a)w(da\w,t)dtng(ﬁT)] =T [ef[o,T] fA(l-l—T)E(t,Ema)W(daw,t)“T(—jfl):|

1 . M T
o1 (14+T) [, [é(t,€a) m(daleo,t) < T
< MePTV (i), (3.1)

where the first inequality is by the Jensen inequality, the second inequality is by Condition B.Il(c), and
the last inequality is by part (b). O

Part (a) of the previous lemma asserts that under the imposed conditions therein, the controlled
process is nonexplosive under each policy. This fact is used in the proof of Theorem BTl below, see the
first paragraph therein as well as (3.7).

Condition 3.2. There ezist a [1,00)-valued function Vi defined on S, and constants p1 > 0, My >0
such that

(Ll) ZjeS V12(])Q(]’t727 a) S P1V12(Z) fOT’ each (t7i7 a) € K;'

(b) V2(i) < MyV1(i) for all i € S, with the function V as the Condition [,



The role of this condition is seen in the proof of Theorem [3.I] where the Cauchy-Schwarz inequality
is used, see ([B.4) therein. Conditions B.1] and guarantee the growth of the value function and its
derivative to be suitably bounded by the weight functions V and Vi, and it is out of this class of
functions that we show the Feynman-Kac formula applies. The previous works [5, 21] only showed
that the Feynman-Kac formula is applicable to a class of bounded functions, and so confined themselves
to the class of bounded cost rates, which excludes some potentially interesting applications. Let us
formulate such an example, which are with unbounded transition and cost rates and satisfy Conditions

B and B2

Example 3.1. Consider a controlled M /M /oo queueing system, where the common service rate a
of each server can be tuned from a finite interval [p, ] C [0,00]. Let the arrival rate be denoted by
A > 0. The holding cost is Cyi given the current number of jobs in the system being i > 0, where
C1 > 0 is a constant, and maintaining a service rate at p costs p per unit time. A terminal reward
of Cai is received if there are i jobs remaining in the system at the end of the horizon [0,T], where
Cy € (—00,00) is a constant. The decision maker aims at the optimal control of the service rate to
minimize the expected exponential utility of the total cost over the horizon [0,T].

This problem can be formulated as a CTMDP with the following primitives. The state space is
S =1{0,1,...}, the action space is [u,r] = A(t,i). The transition rate is given by q(i + 1|t,i,a) = A,
q(i—1lt,i,a) = ai ifi > 1, q(t,1,a) = A+aiifi>0, and q(t,0,a) = A\. The running cost rate is given
by c(t,1,a) = Cri+ a, and the terminal cost is given by g(i) = —Cai.

Observe the following. Let d > 0 be a fized constant. Let p(d) := e4T'\. Then for each con-
stant p > p(d), Y s q(jlt,i,a)e¥ = DN 4 =D — (X + a)e® < pe for each i > 1, and
Zjes q(j|t,0,a)e¥ = Xe? — X < p. Therefore, for the verification of Condition [31, one can take
M = 20+DFE L4 X, V(i) = e’ with di = 2(1 +T)(Cy + |Ca|), p = p(d1). For the verification of
Condition [33, one can take My = 1, and V1 (i) = e®' with dy = 2dy, and p; = p(ds).

Let us introduce some additional notations, which will be needed in the next statement. In
particular, it formalizes what we mean in the Introduction by “a large enough class of functions” to
which, the Feynman-Kac formula applies. Let X be a Borel space. For each measurable function v
on [0,T] x X, if ¥(-,x) is absolutely continuous on [0,7], then we put ¢’ a measurable function on
[0,7] x X such that ¢(t,z) — (0,z) = f(f Y (s,x)ds for each x € X and ¢t € [0,T]. Consider the
functions V' and V; as in Conditions B1] and A function ¢ on [0,T] x S is called V-bounded if the
V-weighted norm of ¢, [l¢llv 1= supg ;)cjo,11xs ‘ﬁ/(lé’ii))', is finite. Let C‘l,yl([O,T] x S) be the collection
of V-bounded functions ¢ on [0,7] x S such that ¢(-,4) is absolutely continuous on [0,7] for each
i € S, which admits some Vj-bounded ¢'.

Theorem 3.1. Suppose Conditions [31] and [3.3 are satisfied. Then, for each i € S, @ € II and
pe C\lf,Vl([O’T] x S);

T
ET /0 zp/(w,t,&)—i-zw(w,t,j)/Q(j‘tafna)ﬂ(da]w,t) dt

jES A
= ET [Y(w,T,&r)] — ¢(0,1),

where outside a PT-null set, say Q\ ', Too = 00,
w(w7 t?]) = efg fA C(v7gv7a)7r(da‘w7v)dv()0(t7j)’ v t e [07 T]? ] e S7

Y(w, -, 7) is absolutely continuous on [0,T] so that we can take

¢/(w,t,j) _ /Ac(t,gt,(l)ﬂ'(da|w,t)€fg Ja C(U’gv’a)ﬂ(dalw’v)dvgp(t,j)
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yelo Lacwgoan(dalow)do 1y 5y (3.2)
for each w € Q' and j € S.

Proof. According to Lemma B.](a), we concentrate on Q' on which T, = oo, and hence ([3.2)) holds.
Since ¢ € C‘l,yl([O,T] x S), we have |p(t,7)| < ||l¢llvV (i) for all (t,i) € [0,T] x S, which, together
with the relation (1 + T)|c(v,i,a)| < MV (i) (by Condition B.I](c)), leads to

|¢,(w7t7§t)|

M
< —V
- 1+T

lellv + ll¥llv
- 14+T

By the Cauchy-Schwarz inequality,

t t
(gt)ef() fA |c(v’£v’a)|ﬂ—(da‘w’v)dvH(PHVV(&}) + HSO/HVI ef() fA ‘C(%gv’a)‘ﬂ(da'wvv)dv‘/’l(é't)’

(L+T + MM;)elo Jalev&nallmawo)dvys (¢ (33)

E7 |:€f0t Sa \c(v,gv,a)\ﬂ(daw,v)dvvl(é-t)] < \/E;T [GQIS Sa \c(v,{v,a)\ﬂ(daw,v)dv] EF [V12(§t)]

IN

BT [2fo Jalewsointalonite] BT [V2(g)] < Me™?V ()ET [VP(60)]
MeTPV (i)eP TV2(3), t € [0,T), (3.4)

IN

where the second to the last inequality is obtained by a similar argument to the one for (B.1]), and the
last inequality is by Lemma B.II(b). Now it follows from (B3] that

By [ / ' W(w,t,@ndt} < oo, (3.5)

On the other hand, by Conditions B.1] and B2l we have
t . .
Z efo Ja |C(v,§v,a)|7r(da\w,v)dv’(P(t7])‘ '/ q(]]t,gt,a)w(da]w,t)'
jes A
lellv (pV (&) + 2V (&) el La o€ linionae
< lelly Ma(p + 2M)els [l sodltdelo oy, (g,

IN

Now it follows from (3.4]) that

T
[ Somr || ] atitgearmtaatonn) et e < o 39
0 jes A
For each 0 < s < T,
T
= ! A .
(e, T.er) = (w,0,60) + /0 (w1, &)t + 2231 /m (o, 1,607, (dt) (3.7)

with AY(w,t,&) == Y(w,t, &) —Y(w,t—,&—). (Recall that the function ¢ (w,t, ) is absolutely contin-
uous in ¢ over finite interval, and for each fixed w € Q' with €’ being defined in the beginning of this
proof, &(w) is piecewise constant in ¢ € [0, 7], and assumes finitely many values over that interval.)
By (35) and (B.0), we take legitimately the expectation on the both sides of the previous equality,
and obtain

T
ET (. T, &r)] = ET (w, 0,60)] + EF [ / w'<w,t,st>dt]

6



+ET | A (w, t, &), (dt)

n>1 (0,71

— (0.0 +E7 | /O Vgl

+E7 |3 /0 Bl t, ) — (@, &)™ (flw, t)dt

jeSs

= ¢(0,i) +ET U w/(%t,gt)dt}

+E7 Z/ [ et atile - ym(dali, )t |

Jj€eS

where the last equality holds because the random measure m”™ defined by (2.2]) is the dual predictable
projection of the random measure >, - d(z, x,,)(dt, dx) on B((0,00) x S) under P7, see p.131 of [15].
The statement is proved. O

The above Feynman-Kac formula in the above theorem was justified in [21], see Theorem 3.1
therein, when 7 is a Markov policy, and ¢ is assumed to be bounded.

The next statement provides a verification theorem, which was known in [I8] when the transition
rate is bounded.

Corollary 3.1. Suppose Conditions[31 and[3.2 are satisfied. If there exists ¢ € C‘l/vl([O, T]x S) and
a deterministic Markov policy f € TI%, such that

T
o(s,i) — eIV = / inf S c(t,i,a)p(t,i) + Y @t )q(ilt,i,a) p dt
S a’eA(tvl) ]ES

T
:/ (b, f(ti)e(ti) + 3 ot Nalilt i, £(£1)) b dt,

JES
se[0,7], i €8S, (3.8)

then
V(f,i) = ¢(0,i) = V*(i), VieS. (3.9)

Proof. Concentrate on ' as in the proof of the previous theorem. It holds for almost all ¢ € [0, 7]
that

- Sol(t’ gt) + aEziélI%tf,ft) C(t? gt, a)@(t, gt) + ];S gp(ta ])Q(.]|ta gt’ (Z)

= G(6,&) +clt, &, F(E))e(t &) + Y @t 1)alilt &, F(,€))

jES

< G0+ [ Jelt g aplt &) + X elt alltna) pa(daleo )

JeS



Now by applying Theorem [B.1] to the deterministic Markov policy f and an arbitrarily fixed = € 1II,
we see

T
V(ﬂ-’ Z) _ QO(O, Z) — E;‘- |:ef0 fA c(vvgvﬂ)ﬂ(da'wvv)dvgp(T’ gT):| — @(07 Z)

T t
— B /0 fi L et oa)m(dale)an /A (et &, 0)plt, &) + &' (1, 6) + 3 (s Dalilt, & a))m(dalw, 1)
jeSs
> 0,

where the first equality holds because ¢(T,i) = €@, see ([B8); similarly, replacing f for 7 in the
equalities in the above, V(f,7) — ¢(0,7) = 0. Consequently, V(f,7) = ¢(0,7) < V(m,i) for each i € S.
Since 7 was arbitrarily fixed, V(f,7) = ¢(0,7) = V*(i), as required. O

According to the previous statement, (B.8)) is called the optimality equation, and the policy f in

(B29)) is optimal.

The next statement was basically obtained in Theorem 2.1 in [5], see also [21].

Proposition 3.1. Suppose that the transition and cost rates are bounded, i.e.,

supq*(i) < oo, sup |c(t,i,a)|] < oo, suplg(i)] < oo.
€S (ti,a)e K ieS

If for each i € S and t € [0,T], A(t,i) is compact, c(t,i,a) is lower semicontinuous in a € A(t,1),
and q(jlt,i,a) is continuous in a € A(t,i), then there exists a unique ¢ in Cll,l([O,T] x S) and some

f € I¢, satisfying (38) and (39).

The main objective in this paper is to relax the boundedness requirements in the previous state-
ment.

4 Optimality result

We impose the following condition, which guarantees the existence of an optimal policy.
Condition 4.1. (a) For each (t,i) € [0,T] x S, A(t,i) is compact.
(b) For each t € [0,T],i,5 € S, the function q(j|t,i,a) is continuous in a € A(t,1).

(c) For each (t,i) € [0,T] x S, the function c(t,i,a) is lower semicontinuous in a € A(t,i), and the
function 3o V(j)a(jlt. i, a) is continuous in a € A(t,i), with V' as in Condition 3.1

Under Conditions B.I] and E.I(b) and (c), the function ), ¢ q(jlt,4,a)u(t, ) is continuous in
a € A(t, 1), for every fixed (t,i) € [0,T] x S and V-bounded measurable function u on [0,7] x S, see
the proof of Lemma 8.3.7(a) in [10]. This fact will be used in the proof of the next statement.

Also note that Condition [4.1]is satisfied by Example [3.11

The main optimality result is the following one.

Theorem 4.1. Suppose Conditions [3.1), and [{1] are satisfied. Then there exists a unique ¢ in
C‘l/vl([(), T]xS) and some f € %, satisfying (3.8) and [(33). In particular, there exists a deterministic
Markov optimal policy.



Proof. The statement would follow from Corollary Bl once we showed the existence of some ¢ €
C‘1/7V1([0,T] x S) satisfying ([B.8]). We verify this fact following a similar reasoning as in [7] dealing
with a risk-neutral CTMDP problem, which was also adopted in [2I], dealing with a model with a
bounded cost rate. Namely, we shall obtain the desired solution ¢ as a limit point of an equicontinuous
family {¢,,} of functions, which in turn are obtained from a sequence of CTMDP models with bounded
transition and cost rates. The denumerable state space serves to prove the equicontinuity of the family
{¢n}. The details are as follows.

For each integer n > 1, let S, :={i € S: V(i) < n}. Without loss of generality, assume for each
n>1,5, #0. For each i € S and t € [0,00), let A,(¢t,7) := A(t,i). For each (¢,i,a) € K,, :== K,
define

Qn(j|t’i’a) = Q(j|t’i’a)ISn (Z)a VjEeS, Cn(t’iaa) = C(t’i’a)ISn (Z)’ gn(l) = g(i)ISn (Z)

We consider the resulting sequence of CTMDP models M,, := {S, A, (¢,7),¢n, Gns qn} -
Note that the models {M,,} are all with bounded transition and cost rates, and so Proposition B.1]
implies, for each n > 1, the existence of a unique ¢,, in C’il([O, T] x S) and some f, € I, satisfying

T
on(5,) — €9 = / it S eulti)gn(ti) + 3 pultalilt o)
s @ o jes

T
= [ S ealtiis fultDnlt ) + 3 gnltean Gl St D) p
§ jes
s€[0,T], i € S. (4.1)

Let n > 1 be fixed. For each s € [0,T], consider the s-shifted model
M = {8, A0 (1, 1), 65, e gn }

with A,(f)(t,z') = A, (t + s,1), qﬁls)(-|t,i,a) = qn(-|s + t,i,a) and cgf)(t,i,a) = ¢p(t + s,7,a). Then
Condition B.Ilis clearly satisfied by ./\/lgf), so that one can apply the reasoning in the proof of Lemma
BIc) and deduce

B [eli 16 @en 8 @eldrtlon(Er—o)l] < preTry (i)

(s)
where E{ " denotes the expectation in the M) model under the shifted policy f,ss)(t, i) = fn(t+s,1).
On the other hand, according to the uniqueness of the solution to (41 in 011,1([0,T] x §) and the
discussions at the end of Section 3 of [6] after Theorem 3.2 therein,

Elfff) [BIOT‘Scﬁf)(t,&, W e dttaner-)] — o (s ).

(The cost rate and the terminal cost were assumed to be nonnegative in [6], but the results obtained

there apply because Mgf) has bounded transition and cost rates, which can be reduced to the non-
negative case after one add to the cost rate and the terminal cost a large enough constant.) Thus, we
obtain the bound

lon(t,3)| < MeTPV (i), ¥ n>1,(t,i) €[0,T] x S. (4.2)



Next, we show that {¢,,n > 1} is an equicontinuous family of functions on [0,7] x S, as follows.
Let

Hy(t,i) = inf S en(ti,a)en(t,i) + > enlt,f)anlilt,i,a) p, ¥ (t,4) € [0,T] x S.

a€An (1) ies

Then, from Condition .1l and ([@.2]), we see

[Ha(t,6)] < sup S lea(tida)on(t )l + Y lon(t j)llan(ilt, i, a)l

< sup §MV(@MPV (i) + MY lq(lt i, a)|V(5)
< eP(MPVE(i) + pMV (i) + 2M |q(ilt, 3, a)|V (i)
< MeTPM(3M? + p)Vi(i) =: L(i), ¥ (t,i) € [0,T] x S. (4.3)

(Recall that M > 1.)

Now, fix arbitrarily some (sg,i9) € [0,7] x S and € > 0, and take 0 := min{ﬁ, +}. Then, for
every (s,7) in the open neighborhood {(s,7) € [0,7] x S : |s — so| < d,|i —ig| < 6}, we have i = ig,
and

T T
lon(s,7) — @n(s0,70)] = lpn(s,i0) — @n(so,i0)| = / Hn(taio)df—/ Hn(t,io)dt'
s S0

< L(ig)ls —so| <&, Vn>1

Hence, {¢n,n > 1} is equicontinuous at (sg,%g), which, together with the arbitrariness of (sg,i9) €
[0,7] x S, yields that {¢,,n > 1} is equicontinuous on [0, 7] x S. By Arzela-Ascoli theorem, see, e.g.,
p.96 of [9], there exist a subsequence {¢y,,k > 1} of {¢,,n > 1} and a continuous function ¢ on
[0,T] x S such that

lim i, (5,) = (s, 1), and [p(s,0)| < MeTPV (i) ¥ (5,0) € 0,7 x 8, (4.4)
—00

where the last inequality is by (£.2]).
Let

H(t,i) := aeifrll(ﬁ,i) c(t,i,a)p(t, i) + jez;scp(t,j)q(j]t,i,a) Y (t,1) €[0,T] x S.

We next verify that limy_,o Hy, (¢t,7) = H(t,i) for each (¢,7) € [0,T] x S, as follows. Let (t,i) €
[0,T] x S be arbitrarily fixed. Since gy, (j|t,i,a) = q(j|t,,a) for all j € S and a € A(t,4) as k — oo,
by virtue of Lemma 8.3.7 in [10] and (£.2]), we have

hmsup an(t?z) S hmsup an(tai,a)@nk (tal) + ngnk(ta])an(‘”t’zaa)

k—o0 k—o0 jes

< ot a)p(ti) + Y ot 4)alilt i a), Y a € A(t,i),
jeSs

10



so that

limsup Hy,, (t,i) < inf < e(t,i,a)p(t,9) + D ot 5)a(ilt ia) p - (4.5)

According to the fact mentioned below Condition BLT], there exists a sequence of policies { f,,, } € I1¢,
such that

Hy (i) = nf Cng (£8,0) P (5,8) + > @y (8 )y, (it 7, @)
aEAnt jes
= C(t,i, fnk (t7i))()0nk (t7i) + Z QOnk (taj)an (j’t,i, fnk (t,i)).
JES

Since A(t, 1) is compact, by taking subsequences if necessary, we can assume without loss of generality
that liminfy,_ oo Hy, (t,7) = limg_,o Hy, (t,4) and for some a € A(t,4), fn,(t,1) = a as k — co. By
the virtue of Lemma 8.3.7 in [10], we have

lian inf Hy (1) = T inf Q e(t, i, g (1, 1) o, (1,9) + 2; G (b 1) (i1t f (8,1))
J

> ofsi,a)p(t,i) + Y e(t,)alilt,i a) > e{{‘l(f; " ot i, a)p(t,i) + ) olt, (it isa)
jes Aot jes
(Recall Condition BIl) This, together with (AH), implies that limy_ o, Hy, (s,4) = H(s,i). Since
(s,i) € [0,T] x S was arbitrarily fixed, we see from (1)), ([43]) and (£4) that ¢ satisfies (B.8). The
same argument as in (43]) leads to

| (t,0)| = |H(t,i)] < MeTPM(3M? + p)Vi (i), V (t,i) € [0,T] x S.

Therefore, we see that ¢ € C’xl,y1 ([0,7]%xS). The required deterministic Markov policy f exists because
of the fact mentioned below Condition .1l a measurable selection theorem, see Proposition D.5 of [9].

Finally, we verify the uniqueness part. Let ¢ € C’\l,y1 ([0,7] x S) be an arbitrarily fixed solution to
[B:8). (The above reasoning shows that there exists at least one.) Let s € [0, T] be fixed, and consider

the s-shifted model M) = {S,A(S) (t,1),q, c(s),g}, which is defined as for the Mﬁf) model with n
being omitted everywhere. Let

V) (i) := inf EF |:ef0T " a C(S)(tvft7a)7r(da\w,t)dt+9(£T7s)]
mwell v

with ET signifying the expectation in the s-shifted model. Then the function ¢®) € C’xl,y1 ([0, —s]xS)
defined by ¢ (,4) := @(7 + s,1) for each (7,i) € [0,T — s] x S satisfies

T—s
o) (r,d) — 9O = / inf e (t,4,a) o (1,0) + 3 0Ot 1)g D (jlt, i, a) § dt
T a€ A (t,3) jes

T—s
= / A (i, FO 1) (8,4) + Y @ (t5)g") (it i, £ (£,0)) ¢ dt,
T jes
rel0,T—s], i€s,

11



for some deterministic Markov policy f(). By applying Corollary BIl to the s-shifted model M), we
see p(#)(0,7) = V) (i), and thus o(s,7) = V) (i) for each i € S. Since s € [0, T] was arbitrarily fixed,
it follows that ¢ is the unique solution to ([B.8]) out of ¢ € 0‘1/7‘/1([0, T] x S). The proof is completed.
O

5 Conclusion

In this paper, we considered a risk-sensitive CTMDP problem in a denumerable state space over a
finite time duration. Under conditions that can be satisfied by unbounded transition and cost rates,
the optimality equation was shown to have a unique solution out of a class of functions, to which
Feynman-Kac formula was shown to be applicable. The results obtained in this paper can be viewed
as a response to the remark in Section 7 of [2I], and complemented the relevant results in [6].
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