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DEMOCRACY FUNCTIONS AND OPTIMAL EMBEDDINGS FOR
APPROXIMATION SPACES

GUSTAVO GARRIGOS, EUGENIO HERNANDEZ, AND MARIA DE NATIVIDADE

ABSTRACT. We prove optimal embeddings for nonlinear approximation spaces Ay,
in terms of weighted Lorentz sequence spaces, with the weights depending on the
democracy functions of the basis. As applications we recover known embeddings for
N-term wavelet approximation in LP, Orlicz, and Lorentz norms. We also study the
“greedy classes” 4" introduced by Gribonval and Nielsen, obtaining new counterex-
amples which show that 4 # Ag for most non democratic unconditional bases.

1. INTRODUCTION

Let (B, ||.|[s) be a quasi-Banach space with a countable unconditional basis B =
{e; : j € N}. A main question in Approximation Theory consists in finding a
characterization (if possible) or at least suitable embeddings for the non-linear ap-
proximation spaces Ag(B,B), a > 0, 0 < ¢ < oo, defined using the N-term error
of approximation oy(z,B) (see sections and 23] for definitions). Such char-
acterizations or inclusions are often given in terms of “smoothness classes” of the
sort

b(B:B) = Sx =) cie; €B: {[lejells}2 €b
j=1
where b is a suitable sequence space whose elements decay at infinity, such as ¢7 or
more generally the discrete Lorentz classes £™9.
The simplest result in this direction appears when B is an orthonormal basis in a
Hilbert space H, and was first proved by Stechkin when av = 1/2 and ¢ = 1 (see [31]
or [8] for general «, q).

Theorem 1.1. ([31, 8]). Let B = {e;}32, be an orthonormal basis in a Hilbert space
H, and o >0, 0 < g < 00. Then

AZ (B, H) = £7(B; H)
where T 1s defined by % =a+ %

Many results have been published in the literature similar to Theorem [L.I] when
H is replaced by a particular space (say, L?) and the basis B is a particular one (for
example, a wavelet basis). We refer to the survey articles [5] and [35] for detailed
statements and references.
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2 GUSTAVO GARRIGOS, EUGENIO HERNANDEZ, AND MARIA DE NATIVIDADE

There are also a number of results for general pairs (B, B) (even with the weaker
notion of quasi-greedy basis [13, @, 20]). We recall two of them in the setting of
unconditional bases which we consider here. For simplicity, in all the statements we
assume that the basis is normalized, meaning ||e;||g = 1, Vj € N. The first result can
be found in [21] (see also [11]).

Theorem 1.2. ([2I, Th 1], [IT, Th 6.1]). Let B be a quasi-Banach space and B =
{ej}321 a (normalized) unconditional basis satisfying the following property: there
exists p € (0,00) and a constant C > 0 such that

ZInpe < | ;eknﬂ < || (L)
c

for all finite ' C N. Then, for a > 0 and 0 < ¢ < co we have
AZ(B,B) = (™(B; B)
when T 1s defined by % =a+ %.
Condition (L)) is sometimes referred as B having the p-Temlyakov property [20],

or as B being a p-space [16], [11]. For instance, wavelet bases in L? satisfy this property
[33]. The second result we quote is proved in [13] (see also [21]).

Theorem 1.3. ([L3, Th 3.1]). Let B be a Banach space and B = {e;}32, a (normal-
ized) unconditional basis with the following property: there exist 1 < p < q¢ < oo and
constants A, B > 0 such that when x = EjeN cje; € B we have

Al{cjHlene < [lzllz < Bl[{cj}Hlen (1.2)
Then, for a >0 and 0 < s < oo we have
(7%(B;B) — AY(B,B) — ("°(B;B) (1.3)

where Ti =« +]—1) and Ti =a+ %. Moreover, the inclusions given in (I1.3) are best
P q
possible in the sense described in section 4 of [13].

Condition (.2)) is referred in [I3] as (B, B) having the (p, ¢) sandwich property,
and it is shown to be equivalent to

A'|D|Ve < H > :ekH < B'|T|? (1.4)
B
kel

for all I' C N finite. Observe that (I.4)) coincides with (LI]) when p = gq.

The purpose of this article is to obtain optimal embeddings for Ag(B,B) as in (L3)
when no condition such as ([L4) is imposed. More precisely, we define the right and
left democracy functions associated with a basis B in B by

h.(N;B,B) = sup HZ

IT|=N

H and hy(N;B,B) = inf HZ

lex|s T, lex||s H

for N = 1,2,3,.... We refer to section [l for various examples where hy(/N) and
h.(N) are computed explicitly (modulo multiplicative constants). As usual, when
he(N) =~ h,.(N) for all N € N we say that B is a democratic basis in B [23].
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The embeddings will be given in terms of weighted discrete Lorentz spaces Ef?’ ,
with quasi-norms defined by

Ity = (3 boeir's)"

where {c;} denotes the decreasing rearrangement of {|cx|} and the weight n = {n(k)}2,
is a suitable sequence increasing to infinity and satisfying the doubling property (see
section [Z4] for precise definitions and references). In the special case n(k) = kY7 we
recover the classical definition £] = (™.

Theorem 1.4. Let B be a quasi-Banach space and B an unconditional basis. Assume
that hy(N) is doubling. Then if « > 0 and 0 < ¢ < oo we have the continuous
embeddings

fz"‘h,qn(k) (87 ]B) - Ag(BaB) - Ezahg(k) (87 ]B) . (15)

Moreover, for fired o and q these inclusions are best possible in the scale of weighted
discrete Lorentz spaces (], in the sense explained in sections 3, 4 and 6.

Observe that this theorem generalizes Theorems and [L.3l In Theorem we
have h,(N) ~ hy(N) ~ NP and in Theorem [3], h,(N) < NP and hy(N) = N4,
When B is democratic in B, Theorem [l shows that AZ(B,B) ~ ({.,, (B;B) with
h(k) = h.(k) = he(k) . Compare this result with Corollary 1 in [13], §6].

Theorem [[.4] is a consequence of the results proved in sections [ and [l Section
Bl deals with the lower embedding in (L5) and shows the relation to Jackson type
inequalities. Section Ml deals with the upper embedding of (L) and its relation to
Bernstein type inequalities. Section [ contains various examples of democracy func-
tions and embeddings with precise references; these are all special cases of Theorem
[L4l In section 6 we apply Theorem [[L4] to estimate the democracy functions h, and
h, of the approximation space Ajg.

Finally, the last section of the paper is dedicated to study the “greedy classes”
¢ (B,B) introduced by Gribonval and Nielsen in [I3], and their relations with the
approximation spaces .Ag‘([)’, B). The classes ¢ are defined similarly to the approx-
imation spaces, but with the error of approximation oy(x) replaced by the quantity
|z —Gn ()]s (see section 2.3 for details). It is easy to see that 4*(B,B) C A7 (B,B),
and when B is democratic, 4*(B,B) = A¢(B,B). One may conjecture that for un-
conditional bases B the converse is true, that is 4;(B,B) = A7(B,B) implies B
democratic. We do not know how to show this, but we can exhibit a fairly general
class of non democratic pairs (B,B) for which ¢*(B,B) # A% (B,B) for all « > 0 and

€ (0,00]. These include wavelet bases in the non democratic settings of L9 and
LP(log L)*. We also illustrate how irregular the classes ¢*(B,B) can be when B is not
democratic, showing in simple situations that they are not even linear spaces.

2. GENERAL SETTING

2.1. Bases. Since we work in the setting of quasi-Banach spaces (B, || - [|5), we shall
often use the p-power triangle inequality

Iz +ylis < Izl + lyls. (2.1)
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which holds for a sufficiently small p = pg € (0, 1] (and hence for all u < pg); see [3]
Lemma 3.10.1]. The case pgp = 1 gives a Banach space.

A sequence of vectors B = {e;}22, is a basis of B if every x € B can be uniquely
represented as ¥ = » 7| c;e; for some scalars ¢;, with convergence in || -[|g. The basis
B is unconditional if the series converges unconditionally, or equivalently if there is
some K > 0 such that

H;)\chej . < KH;cje] . (2.2)
for every sequence of scalars {\;}32, with [\;| <1 (see eg [15, Chapter 5]).

For simplicity in the statements, throughout the paper we shall assume that B is
a normalized basis, meaning ||e;||p = 1 for all j € N. We can also assume that the
unconditionality constant in (22) is K = 1. To see so, one can introduce an equivalent
quasi-norm in B

o
Iz = sup 1> Naseslle, itz => xje;.
j=1

Ifinite,|\;| <1 jer

Observe that with this renorming we still have ||e;|lg = 1.

With the above assumptions, the following lattice property holds: if |yx| < |z
for all k € N and x = > 7, zxe;, € B, then the series y = > ;- | yrer converges in B
and ||y||p < ||z||s. Also, using (2.2]) with K = 1 we see that, for every I' C N finite

;r€1£|cj HZej < HZCJGJ < sup|c]| HZej

2.2. Non-Linear Approximation and Greedy Algorithm. Let B = {¢;}32; be
a basis in B. Let Xy, N =1,2,3,..., be the set of all y € B with at most N non- null
coefficients in the unique basis representation. For z € B, the N-term error of
approximation with respect to B is defined as

O'N(.T):O'N(.T7B,]B)Eyle%f Hx_yHB7 N:17273
N

(2.3)

We also set X9 = {0} so that og(x) = ||z||s . Using the lattice property mentioned in
§2.1 it is easy to see that for x = E]Oil c;e; we actually have

on(z) = inf {H:p—cheyHB}, (2.4)

ITl=N
vel’

that is, only coefficients from x are relevant when computing oy (z); see eg [11} (2.6)].

Given x = Z] 1¢e; € B, let m denote any bijection of N such that

lexpyerohll 2 llexgnyergnll,  forall j e N. (2.5)
Without loss of generality we may assume that the basis is normalized and then (2.5)

becames |cq(j)| > |cx(j+1)l, forall j € N. A greedy algorithm of step N is a
correspondence assigning

00 N

=Y cie; €Br— GY(2) =) apiieni)

J=1 J=1
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for any 7 as in (2.5)). The error of greedy approximation at step N is defined by
v (x) = yv(x; B,B) = sup ||z — G (2)s- (2.6)

Notice that oy () < yn(z), but the reverse inequality may not be true in general. It
is said that B is a greedy basis in B when there is a constant ¢ > 1 such that

v(z; B,B) < coy(z;B,B), VeeB, N=123,...

A celebrated theorem of Konyagin and Temlyakov characterizes greedy bases as those
which are unconditional and democratic [23].

2.3. Approximation Spaces and Greedy Classes. The classical non-linear ap-
proximation spaces Ay (B,B) are defined as follows: for a > 0 and 0 < ¢ < o0

A7 (B, B) = {:p €B: [|z]lag = l|[ls + [Z (NagN(x;B,]B))q%} ‘< oo}

n=1

When ¢ = oo the definition takes the form:
A% (B,B) = {z € B: |lz|| 4, = ||z||s + sup N%on(z) < co}.
N>1

It is well known that A7 (B,B) are quasi-Banach spaces (see eg [29]). Also, equiva-
lent quasi-norms can be obtained restricting to dyadic N’s:

lollag ~ llzlls + [ > (20 (2)']

k=0

1
q

and likewise for ¢ = oco. This is a simple consequence of the monotonicity of oy(x)
(see eg [29, Prop 2] or [7, (2.3)]).

The greedy classes ¥;*(B,B) are defined as before replacing the role of o (z) by
the error of greedy approximation vy (x) given in (2.0), that is

9°(B,B) = {:c €B: ||z]lge = |lxlls + [i (N (a3 B, JB%))‘%F < oo} (2.7)

N=1

(and similarly for ¢ = 00). We also have the equivalence

e ¢}

lallgg = s + | D2 (2592 @)"] " (2:8)

k=0

Q=

since yy(z) is non-increasing by the lattice property in §2.1.
Since oy () < yn(x) for all z € B it is clear thaﬁ
4 (B,B) — A7 (B,B) . (2.9)

When B is a greedy basis in B it holds that 4*(B,B) = A¢(B,B) with equivalent
quasi-norms. For non greedy bases, however, the inclusion may be strict, and the
classes ¢* may not even be linear spaces (see section [l below).

'Here, as in the rest of the paper, X < Y means X C Y and there exists C > 0 such that
llz]ly < C|lz||x for all z € X. The equality of spaces X =Y is interpreted as X — Y and ¥ — X.
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2.4. Discrete Lorentz Spaces. Let n = {n(k)}72, be a sequence so that
(a) 0 <n(k) <n(k+1)forall k=1,2,... and limy_ - n(k) = occ.
(b) n is doubling, that is, n(2k) < Cn(k) for all k =1,2,..., and some C' > 0.

We shall denote the set of all such sequences by W. If n € W and 0 < r < oo, the
weighted discrete Lorentz space E:’ is defined as

1

b= {s ={sitrz1 €0 : |[slle = [i(n(k)sz)rﬂ T~ oo}

k=1

(with [[s[lee = supgenn(k)s; when 7 = o0o). Here {sj} denotes the decreasing re-
arrangement of {|sy|}, that is sf = [sxx)| where 7 is any bijection of N such that
|57y = [Sxeqny| for all k= 1,2,... (since we are assuming limy_. s = 0 such 7’s
always exist). When n € W the set (] is a quasi-Banach space (see eg [4, §2.2]).
Equivalent quasi-norms are given by

I8l ~ [i }l/r, (2.10)

7=0
for any fixed integer k > 1. Particular examples are the classical Lorentz sequence
spaces (" (with n(k) = k'/?), and the Lorentz-Zygmund spaces " (log £)? (for which
n(k) = k'/?log” (k + 1); see eg [2, p. 285)).
Occasionally we will need to assume a stronger condition on the weights n. For an
increasing sequence n we define

My (m) = sup

Observe that we always have M, (m) < 1. We shall say that n € W, when n € W and
there exists some integer x > 1 for which M, (x) < 1. This is equivalent to say that
the “lower dilation index” 7, > 0, where we let

log M.
iy = sup 7051 n(m) )
m>1 ogm

m=1,23,....

For example, ) = {k®log”(k+1)} has i,, = , and hence n € W, iff @ > 0. In general,
if  is obtained from a increasing function ¢ : R™ — R™ as n(k) = ¢(ak), for some
fixed a > 0, then ¢, > 0 iff iy, > 0, the latter denoting the standard lower dilation
index of ¢ (see eg [24, p. 54] for the definition).

Below we will need the following result:

Lemma 2.1. Ifn € W then there exists a constant C > 0 such that
> n() < Cn(s"), VneN, (2.11)

where k > 1 is an integer as in the definition of W, .
Proof. Write 6 = M, (x) < 1. By definition M, (x) > n(x?)/n(x’*'), and therefore
n(k') < dn(x’*), Vji=0,1,2,.... (2.12)
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Iterating (2.12)) we deduce that n(x’/) < §"~In(x"), for j = 0,1,2,...,n and hence
n n 1

> () <n(s)> 8 < ph)—.
[

J=0 J=0
U

Remark 2.2. If 7 is increasing and doubling, then {k*n(k)} € W, for all o > 0.
Also, if n € W, then n" € W, for all » > 0.

We now estimate the fundamental function of ;. We shall denote the indicator
sequence of ' C N by 1, that is the sequence with entries 1 for j € I' and 0 otherwise.

Lemma 2.3. (a) If n € W then
HlpHZ%O =n(|T']), Vfinite ' C N.
(b) If n € W, and r € (0,00) then
| 1r o~ n(|]), Vfinite ' C N

with the constants involved independent of T'.

Proof. Part (a) is trivial since 7 is increasing. To prove (b) use (Z10) and the previous
lemma. U

Finally, as mentioned in §1, given a (normalized) basis B in B we shall consider the
following subspaces

(B, B) := {:c = icjej €eB: {¢}2, € ég},
j=1

endowed with the quasi-norm ||z ||, p) := [[{c;}[lez. These spaces are not necessarily
complete, but they are when

1D eseslle < Cll{esHlg, ¥ finite {c;},
i

a property which holds in certain situations (see eg Remark [3.2). When this is the
case, the space £ (B, B) is just an isomorphic copy of (1 inside B.

2.5. Democracy Functions. Following [23], a (normalized) basis B in a quasi-
Banach space B is said to be democratic if there exists C' > 0 such that

|X el < 2oe]
kel kel

for all finite sets I', I C N with the same cardinality. This notion allows to characterize
greedy bases as those which are both unconditional and democratic [23].

As we recall in §5, wavelet bases are well known examples of greedy bases for many
function spaces, such as LP, Sobolev, or more generally, the Triebel-Lizorkin spaces.
However, they are not democratic in some other instances such as BM O, or the Orlicz
L?® and Lorentz LP? spaces (when these are different from LP). In fact, it is proved in
[38] that the Haar basis is democratic in a rearrangement invariant space X in [0, 1] if
and only if X = L? for some p € (1, 00).

)

B
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Thus, non-democratic bases are also common. To quantify the democracy of a
(normalized) system B = {e;}32, in B one introduces the following concepts:

Sol, it neven= g | Sol,

which we shall call the right and left democracy functions of B (see also [9] 19,
12]). We shall omit B or B when these are understood from the context.
Some general properties of hy and h, are proved in the next proposition.

h.(N;B,B) = sup
INE

Proposition 2.4. Let B = {e;}32, be a (normalized) unconditional basis in B with
the lattice property from §2.1. Then

(a) 1 < hy(N) < h.(N)<NY? YN =1,2,..., where p= pg is as in (2.1).

(b) he(N) and h,(N) are non-decreasing in N =1,2,3 ...

(¢) h.(N) is doubling, that is, 3 ¢ > 0 such that h,(2N) < ch,(N), V N € N.

(d) There exists ¢ > 1 such that hy(N + 1) < chy(N) for all N =1,2,3...

Proof. (a) and (b) follow immediately from the lattice property of B and the p-
triangular inequality.

(¢) Given N € N, choose I' C N with [I'| = 2N such that || >, p ekHB > h.(2N)/2.
Partitioning arbitrarily I' = IV U I with |I'| = || = N, and using the p-power
triangle inequality, one easily obtains

OE] ) ST o2 o LY
kel kel ker”

(d) Given N € N, choose I' C N with |I'| = N such that || >, cp ekHB < 2hy(N). Let
I"=TU{k,} for any k, ¢ I'. Then

N+ 1) < [ el < (|
kel B kel B

Thus, using (a) we obtain hy(N + 1) < (2 + 1)%hg(N) < 2-2YPhy(N). O

* 1>1/p < (2 [h(N))7 + 1)1,

Remark 2.5. We do not know whether property (d) can be improved to show that
h¢(N) is actually doubling. This seems however to be case in all the examples we have
considered below (see §5).

3. RIGHT DEMOCRACY AND JACKSON TYPE INEQUALITIES
Our first result deals with inclusions for the greedy classes ¢*(B,B).

Theorem 3.1. Let B = {¢;}32, be a (normalized) unconditional basis in B. Fiz a > 0
and q € (0,00). Then, for any sequence n such that {k®n(k)}2, € W, the following
statements are equivalent:

1. There exists C' > 0 such that for all N =1,2,3,...

I3,

2. Jackson type inequality for (73, (B B): 3C, > 0 such thatV N =0,1,2.
(@) € CalN + 1) algs, w51, V0 € (500 (B.B). (32

< On(N), YT CN with|T] = N. (3.1)

n(k)
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8. 03,0 (B.B) — 93 (B,B).
4. Eqan(k (B,B) — 92(B,B) .
5. Jackson type inequality for fka k)(B B): 3Cayq >0 such that VN =0,1,2,.
’)/N(ZL') S Ca,q(N + 1) a||x||é;gan(k)(B’B)’ \V/ xr € E]ga (k: (B,B) . (33)
Proof. “1 = 27 Let © = 3 .y crex € 63,4, (B, B) and let 7 be a bijection of N such
that
|C7T(k)| > |C7r(k+1)|7 k= 15 27 3a s (34)
For fixed N = 0,1,2,..., denote \; = 2/(N+1). Then, the p-power triangle inequality

and ([23) give
fe=Gx@ll = || 2 cnern], < LT cacnn v,

k=N+1

IN

o0
Z ‘Cﬂ(kj)v) HZAjgk<>\j+1 En(
=0

There are exactly \; = 27(N+1) elements in the interior sum, so using (3.I]) we obtain

le = GR@IIE < C"Y(Gn(0)" = €D (Asen(A)" A
J=0 j=0
< CPlz||o (BB (N +1)70r Y220 27dor

E%n(k

Cop (N +1)7 |27 (B,B) *

k*n (k)

The result follows taking the supremum over all bijections 7 satisfying (3.4)).
Remark 3.2. The special case N = 0 in ([B.2) says that
[zlle < Clizlles, B8 (3.5)
which in particular implies ¢}, oy (B, B) — B, for all ¢ € (0, oc].
“2 = 3”7 This is immediate from the definition of 42 (and Remark B.2), since
|zllag 55 = llzlls + sup N®x(2) < Callzllezs,  5.2)-

“3 =17 Let I' € N with |I'| = N. Choose I'" with |[I'| = N and so that 'NI" =
and consider z =, - ex + >, . 2¢; . Then

0= el (36)

keT
and therefore
N> el = N (@) < llzlleg se)- (3.7)
kel
On the other hand, call w(k) = k“n(k). By monotonicity, Lemma 2.3 and the doubling
property of w we have

=2w(2N) < cw(N). (3.8)
(B,B) — 92 (B,B) gives (B.1]).

]| e 88) < 2||1rur || oo

Combining (3.7) and (B.8) with the ll’lChlSlOl’l o

n(k)
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“5 = 1”7 Let I' € N with |T'| = N, and choose IV and z as in the proof of 3 = 1. As
before call w(k) = k“n(k). Then Lemma 23 and the assumption w € W, give

2 lles 5.8 < 2| 1rur |4 & w(2N) < cw(N).
Since we are assuming 5 we can write (recall (B.0]))

1D enlly = (@) < Cap(N + 1) [|z]lesmr) S N w(N) = n(N),
kel

which proves ([B.1]).

“l = 4”7 The proof is similar to 1 = 2 with a few modifications we indicate next.
Given z € (., (B, B) and 7 as in B4) we write & = 3277 | > 0 jcoir Ca(k)En(h)-
Then arguing as before (with N = 2™) we obtain

I

o
Iz = Gu(@)lls < D lennl” | Soscicoins enti]
j=m

where we choose now any p < min{q, pgp}. Taking the supremum over all w’s and
using (B.0]) we obtain

e}

Yo (3 B, B)* < C* > (3 m(27))".
j=m
Therefore
S @)] < o[ S (S e n )]
m=0 m=0 =0

Since ¢/p > 1, we can use Minkowski’s inequality on the right hand side to obtain

1

[ i (2mavgm ($))q] = C [ i (i 2 [C;j+m 7](21+m)] q) “/‘1} 1

— =0 "m=0
= i = o wlay1/w
— 0[22 J u(z ot q[CQZn(Qf)]‘J) } < C'{exdleg,, -
=0 =

This implies the desired estimate

[E | PRI ’\{Ck}"é,jan(k)v

using the dyadic expressions for the norms in (2.8) and (2.I0) (and Remark B.2]).

“4 = 5" This is trivial since 4 implies {}.,, (B, B) — ¢(B,B) — 93 (B,B), and this
clearly gives (3.3)). O

Remark 3.3. The equivalences 1 to 3 remain true under the weaker assumption
{kon(k)} € W.

Remark 3.4. Observe that if any of the statements in 2 to 5 of Theorem [3.1] holds
for one fixed @ > 0 and ¢ € (0, 00], then the assertions remain true for all @ and ¢ (as
long as {k®n(k)} € W, ), since the statement in 1 is independent of these parameters.
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Corollary 3.5. Optimal inclusions into E?;‘.
Let B be a (normalized) unconditional basis in B. Fizx o > 0 and q € (0,00]. Then
Cean, ) (B, B) — 4 (B,B). (3.9)
Moreover, if w € W then, €4,(B,B) — 94(B,B) if and only if w(k) Z k*h,(k).
Proof. For ¢ < 0o, the inclusion (B3.9) is an application of 4 in the theorem with = h,
(after noticing that {k*h,(k)} € W by Proposition 2.4 and Remark 2.2]). The second

assertion is just a restatement of 1 < 4 with n(k) = w(k)/k*. For ¢ = oo use 3 instead
of 4. d

We now prove similar results for the approximation spaces Aj (B, B).

Theorem 3.6. Let B = {¢;}32, be a (normalized) unconditional basis in B. Fiza >0
and q € (0,00|. Then, for any sequence n € W the following are equivalent:

1. There exists C' > 0 such that for all N =1,2,3, ...
| X
B
kel

2. U], (k) (B, B) — A%(B,B) .
3. Jackson type inequality for £}, (B B): 3Cayq >0 such thatVN =0,1,2,...
on(x) < Coy(N+1)" O‘Hxﬂgq BB, VITE Ezan(k)([)’, B). (3.11)

ko (k)

< On(N), YT CN with|I] = N. (3.10)

Proof. 1 = 2 follows directly from Theorem B.Iland ¢* — AZ. Also, 2 = 3 is trivial
since Ay — AJ, and 3 is equivalent to £}, (k) (B,B) — A%L.

We must show 3 = 1. Let k > 1 be a fixed integer as in the definition of the class W,
(and in particular satisfying (ZI1I)), and denote 1o = >, e for a set A C N. For
any I',, C N with |T',| = x", we can find a subset I',,_; with |T',,_;| = ™! such that

I1r, = Ir, s < 201 (1r,).
Repeating this argument we choose I';_; C I'; with |I';| = #7 and so that
I1r, = 1r,_,|ls £ 204-1(1p,), forj=1,2...,n
Setting I'_; = (), and using the p-power triangle inequality we see that

|1r, Iz = HZIF —1r,_, <Z”1F —1r, 4 <2pZU,€j71(]_Fj)P
7=0

Now, the hypothesis (.11 and Lemma give
Uﬁj—l(lrj) S ﬁaHlF Hé

~Y

(BB) ~ ﬁ(/fj)-

k*n(k)

Thus, combining these two expressions we obtain
1p
M, [z < [ZT} (+7) } < Cn(s"), (3.12)

where the last inequality follows from the assumption n € W, and Lemma 21l This
shows ([BI0) when N = k™, n = 1,2,... The general case follows easily using the
doubling property of 7. O
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Remark 3.7. As before, if any of the statements in 2 or 3 holds for one fixed o > 0
and g € (0, 0o], then the assertions remain true for all o and g, since 1 is independent
of these parameters.

Remark 3.8. Observe also that 1 = 2 = 3 hold with the weaker assumption
{k°n(k)} € W, from Theorem Bl (and in particular hold for n = h, as stated in
(CH)). However, the stronger assumption n € W, is crucial to obtain 3 = 1, and
cannot be removed as shown in Example 5.6 below.

Corollary 3.9. Optimality of the inclusions into .Ag‘.

Let B be a (normalized) unconditional basis in B. Fix o > 0 and q € (0,00]. Then
Cian, vy (B, B) — AJ(B,B). (3.13)

If for some w € W, we have ((B,B) — AJ(B,B), then necessarily w(k) 2 k°.

Moreover if w(k) = k*n(k), with n increasing and doubling, then

(a) if iy > 0, then necessarily n(k) 2 h,(k), and hence o,y = Clap, )

(b) Zf in = 07 then 77("{7) Z h’r(k>/(log k)l/p and gzan(k) - gi{]kahr(k)/(logk)l/p}'

Proof. The inclusion (BI3]) is actually a consequence of ([3.9). Assertion (a) is just
2 = 3 = 1 in the theorem. For assertion (b) notice that in the last step of the proof
of 3 = 1, the right hand inequality of (B.I2)) can always be replaced by

n A 1p
el S [ Do nty] " < neemyntle
=0

when 7 is increasing. Thus h,(N) < 7(N)(log N)¥? holds for N = k", and by the
doubling property also for all N € N. Finally, if £Z(B,B) — A7 (B, B) for some general
w € W, then given I' C N with |I'| = N we trivially have

w(N) =~ |IIrlle 2 [1rllag, = (N/2) onp2(1r) =2 (N/2)%
]
Remark 3.10. Assertion (b) shows that the inclusion in (8.I3]) is optimal, except

perhaps for a logarithmic loss. The logarithmic loss may actually happen, as there
are Banach spaces B with h,.(/N) =~ log N and so that

Ag(B) = E,fa - E?kahr(k)/logk}'
See Example 5.6 below.

4. LEFT DEMOCRACY AND BERNSTEIN TYPE INEQUALITIES

It is well known that upper inclusions for the approximation spaces A7, as in (L),
depend upon Bernstein type inequalities. In this section we show how the left democ-
racy function of B is linked with these two properties.

We first remark that, for each a > 0 and 0 < ¢ < oo, the approximation classes AJ
and ¢ satisfy trivial Bernstein inequalities, namely, there exists Cy , > 0 such that

|zlaesm) < [Zllgoir) < Cog N2z, YV2eXy, N=1,2,... (4.1)

This follows easily from the definition of the norms and the trivial estimates oy (z) <
(@) < [l]s.
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We start with a preliminary result which is essentially known in the literature (see
eg [29]). As usual B = {e;}22, is a fixed (normalized) unconditional basis in B.

Proposition 4.1. Let E be a subspace of B, endowed with a quasi-norm ||.||g satisfying
the p-triangle inequality for some p = pg. For each o > 0 the following are equivalent:

1. 3Cy > 0 such that ||z||g < Co N* ||z, V2 € En, N=1,2,...
2. A%(B,B) — E.
3. 9%(B,B) — E.

Proof. “1 = 27 Given x € A5(B,B), by the representation theorem for approximation
spaces [29] one can write x =) ;- xp with 2, € ¥gr, £ =0,1,2,..., such that

> kap p 1/p
(D2 lanlig) " < Cllalagos) -
k=0

The hypothesis 1 and the pg-triangular inequality then give
lzllg <> llzellg < C8 Y 2*llaallg < C N2l 5.9
k=0 k=0

“2 = 3”. This follows from the trivial inclusion ¥;*(B,B) — A%(B,B) .
“3 = 17. This is immediate using (Z1). O

Theorem 4.2. Let B = {e;}%2, be a (normalized) unconditional basis in B. Fiz a > 0
and q € (0,00]. Then, for any increasing and doubling sequence {n(k)} the following
statements are equivalent:

1. There exists C' > 0 such that for all N =1,2,3,...
[>a
kel’

2. Bernstein type inequality for Egan(k)(B,B): 3 Chq > 0 such that

H.T”ggan(k)(B,B) S Cmq N ”;L’H]B, Y € EN, N = 1, 2, 3, Ce (43)
3. A3(B,B) — E,gan(k)(B,IB%) :
4. 92(B,B) — E,gan(k)(B,IB%).

L = &n(N), VI CNwith || =N. (4.2)

Proof. “1 = 2". Let x = ), [ cxe, € Y. For any bijection 7 with |c ()| decreasing,
and any integer m € {1,..., N} we have

x| 1(m) < Clexm || Y exills < CIDY - ertenilly < Clllls,
j=1 j=1

using (2.3)) in the second inequality. This gives

AR Rt S R .
||$||egan(k):[zl(m nm)c;,)'—| scnxnﬂ[zlm —|" ~ fafls N

“2=1". For any I' C N with |I'| = N, applying (£3) to 1r = }_, .- ex we obtain
I1rlle > z= N "|[1p]|e (BE) < n(N),

Ca,q k%n(k
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where in the last inequality we have used ||1r||,s 2 w(NN), when w € W.

“2 = 3”7. We have already proved that 1 < 2; since 1 does not depend on «, ¢, then
2 actually holds for all @ > 0. In particular, from Proposition 4.1}, we have

A — E = ﬁzan(k) (B,B) (4.4)
for & € (%,%) and some sufficiently small p > 0. Now, from the general theory

developed in [7], the spaces A satisfy a reiteration theorem for the real interpolation
method, and in particular

Ay = (Ag(?, ?11)1/2,11 ’ (4.5)
when a = (ag + a1)/2 with a3 > a9 > 0, and qo, 1,9 € (0,00]. On the other hand,
for the family of weighted Lorentz spaces it is known that

(e fq)ngfg, 0<f<1, 0<gq<oo, (4.6)

wo? Twi

when wp, w1 € W, and w = w}~%w? (see eg [25, Theorem 3]). Thus, for fixed a and gq,
we can choose the parameters accordingly, and use the inclusion ([4.4]), to obtain

A7 = (A5 AD) 1, = Cheonry ierni) 1y, = Chony (B B)-

“3 = 4”. This is trivial since gqa — Ag‘.
“4 = 27. This is trivial from (Z.1). O

Remark 4.3. Observe that 3 = 4 = 2 < 1 hold with the weaker assumption
{k*n(k)} € W.

Corollary 4.4. Optimal inclusions of .Ag‘ into £2.

Let B be a (normalized) unconditional basis in B. Fixz o > 0 and q € (0, o00].

(a) If he(N) is doubling then AZ(B,B) — (., 4y (B,B).

(b) If for some w € W we have AY(B,B) — £4(B,B) then necessarily w(k) < k*he(k),
and hence E,‘jahz(k) — (1,

Proof. Part (a) is an application of 1 = 3 in the theorem with n = h, (which under
the doubling assumption satisfies {k“h,(k)} € W, for all @ > 0). Part (b) is just a
restatement of 3 = 1 in the theorem, setting n(k) = w(k)/k“ and taking into account
Remark (3] O

5. EXAMPLES AND APPLICATIONS

In this section we describe the democracy functions h, and h, in various examples
which can be found in the literature. Inclusions for A (B,B) and ¢*(B,B) will be
obtained inmediately from the results of sections [3] and 4l The most interesting case
appears when B is a wavelet basis, and B a function or distribution space in R? which
can be characterized by such basis (eg, the general Besov or Triebel-Lizorkin spaces,
By, and F} . and also rearrangement invariant spaces as the Orlicz and Lorentz
classes, L* and LP7). Such characterizations provide a description of each B as a
sequence space, so for simplicity we shall work in this simpler setting, reminding in
each case the original function space framework.

Let D = D(R?) denote the family of all dyadic cubes @ in R?, ie
D={Qix=27(01)"+k) : jezZ kez'}.
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We shall consider sequences indexed by D, s = {sq}gep, endowed with quasi-norms
of the following form

1/r

L (5.1)

(32 (1o Isal xal+))")
QeD

where 0 < 7 < 00, v € R and X is a suitable quasi-Banach function space in R,
such as the ones we consider below. The canonical basis B. = {eg}gep is formed by
the sequences eg with entry 1 at ) and 0 otherwise. In each of the examples below,
the greedy algorithms and democracy functions are considered with respect to the
normalized basis B = {eq/|leg|ls}. Similarly, when stating the corresponding results
for the functional setting we shall write W for the wavelet basis.

Example 5.1. X = LP(R%), 0 <p<oo. In this case, it is customary to consider the
sequence spaces 2., s € R, 0 < r < oo, with quasi-norms given by

o= (2 eritisalxe())
QeD

It was proved in [16] [11], 18] that, for all s € R and 0 < r < o0,
he(N;§5,) ~ b (N3 f5,) ~ NP (5.2)

1/r

Is

Lp(RY)

and

As(f) = (5,0 = {5 {salleg

if % =a+ %, as asserted in Theorem
It is well-known that f; , coincides with the coefficient space under a wavelet basis W

fote€ ), (5.3)

of the (homogeneous) Triebel-Lizorkin space F;,,(]Rd), defined in terms of Littlewood-
Paley theory (see eg [10] 20, 22]). In particular, under suitable decay and smoothness
on the wavelet family (so that it is an unconditional basis of the involved spaces) the
statement in (5.3]) can be translated into

o s d\\ _ p« nkl d\\ __ pstad d
Aq <W7 Fﬁp,r(IR )) - gq <W7 Fp,r<R )) - Bq,J(; (R )
when % =9+ %. We refer to [16, 17, 5, 1T] for details and further results.

Example 5.2. Weighted Lebesgue spaces X = LP(w), 0 < p < oo. For
weights w(z) in the Muckenhoupt class A, (R?), one can define sequence spaces 5 .(w)
with the quasi-norm

b = (2 Q7 lsal xo()))
QeD

Similar computations as in the previous case in this more general situation will also
lead to the identities in (5.2) and (B.3), with f; . replaced by f; (w). We refer to
[27, 21] for details in some special cases.

When W is a (sufficiently smooth) orthonormal wavelet basis and w is a weight in
the Muckenhoupt class A,(R?), 1 < p < oo, then {9 ,(w) becomes the coefficient space
of the weighted Lebesgue space LP(w) (see eg [1]). One then obtains as special case

he(N: W, LP(w)) =~ hy(N; W, L (w)) &~ Nv .

1/r

Is

Lr(Re,w)
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Moreover, if w € A, (R?),
AW, 7)) ~ G2V, T (w) = B2 (u?), i L=t

Y

SR

where Bﬁq(w) denotes a weighted Besov space (see [27] for details).

Example 5.3. Orlicz spaces X = L?(R?). Following [12], we denote by §* the
sequence space with quasi-norm
xa() 2}
§72)) |

Il = H(%(

where L% is an Orlicz space with non-trivial Boyd indices. If we denote by ¢(t) =
1/®71(1/t), the fundamental function of L®, then it is shown in [12] that

he(N; %) ~ inf £02) and h(N;§®) ~ sup £&2)
s>0 >0 w(s)

LP([Rd)

o(s)

with the two expressions being equivalent iff ¢(t) = /7 (ie, iff L* = LP). Thus,
these are first examples of non-democratic spaces, with a wide range of possibilities
for the democracy functions. The theorems in sections [3] and (4] recover the embed-
dings obtained in [I2] for the approximation classes AZ(f*) and 42(f®) in terms of
weighted discrete Lorentz spaces. When using suitable wavelet bases, these lead to
corresponding inclusions for AY(W, L?) and ¢>(W, L?), some of which can be ex-
pressed in terms of Besov spaces of generalized smoothness (see [12] for details).

Example 5.4. Lorentz spaces X = LP9(R%), 0 < p, q < oo. Consider sequence
spaces [P defined by the following quasi-norms

Is||wa = H(Z |3Q|‘X5‘( ) )1/2

Their democracy functions have been computed in [14], obtaining

Lp,q(]Rd) )

h/[(]\[7 [p#]) ~ Nmaxl(P,Q) and h/r(N, [p7q) >~ Nminzp,q) .

These imply corresponding inclusions for the classes A% ([P7) and 42(I”7) in terms
of discrete Lorentz spaces ¢™° (as described in the theorems of sections B and H).
The spaces P9 characterize, via wavelets, the usual Lorentz spaces LP(RY) when
l<p<ooand 1< qg< oo ([32]). Hence inclusions for A¥(W, LP?) and 4*(W, L)
can be obtained using standard Besov spaces.

Example 5.5. Hyperbolic wavelets. For 0 < p < 0o, consider now the sequence

space
B ) \2) 172
o, = (S )
R
where R runs over the family of all dyadic rectangles of R?, that is R = I; x ... x Iy,
with I; € D(R), i = 1,...,d. This gives another example of non-democratic basis. In

fact, the following result is proved in [37, Proposition 11] (see also [34]):
(a) f0<p <2,

L_1y(d—
he(Ni o) ~ NYP(log N)E9 0 and b (N3 f2,) =~ NYP.
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(b) If 2 <p< o0,
1oLy
he(N; fiyp) = NP and he(N; foyp) & NYP(log N)z—3)ED

If H, denotes the multidimensional (hyperbolic) Haar basis, then fflyp becomes the co-

efficient space of the usual LP(R?) if 1 < p < oo (and the dyadic Hardy space HP(R?)
if 0 < p < 1). In this case, one obtains corresponding inclusions for the classes
A% (Hg, LP) and 9 (Hy, LP) (see also [19, Thm 5.2]), some of which could possibly be

expressed in terms of Besov spaces of bounded mixed smoothness [19, [6].

Example 5.6. Bounded mean oscillation. Let bmo denote the space of se-
quences s = {sj}ep with

1 1/2
I5lomo = sup(m S JssPl) <o (5.4)

JcI,jeD

This sequence space gives the correct characterization of BMO(R) for sufficiently
smooth wavelet bases appropriately normalized(see [36, [10, 16]). Their democracy
functions are determined by

he(N;bmo) =1, h.(N;bmo) ~ (logN)l/2 (5.5)

The first part of (B3] is easy to prove, and the second follows, for instance, by an
argument similar to the one presented in the proof of [28, Lemma 3]. Our results of
sections [B] and Ml give in this case the inclusions:

¢ — G%(bmo) — A% (bmo) — (f, = (/9. (5.6)

koy/logk
However, this is not the best one can say for the approximation classes Ag. A result
proved in [30] (see also Proposition 11.6 in [16]) shows that one actually has

« o afpo\ . pl/a,
Aj (bmo) = AZ((>) = (e,
for all @ > 0 and ¢ € (0,00]. For 0 < r < oo one can define the space bmo,

replacing the 2 by 7 in (E4); it can then be shown that h.(N;bmo,) ~ (log N) M
and A% (bmo,) = (/1.

6. DEMOCRACY FUNCTIONS FOR Ag(B,B) AND 4(B,B)

As usual, we fix a (normalized) unconditional basis B = {e;}52, in B. In this
section we compute the democracy functions for the spaces Ag (B, B) and ¥4°(B,B),
in terms of the democracy functions in the ambient space B. To distinguish among
these notions we shall use, respectively, the notations

he(N; AY),  he(N;9) and  he(N;B),

and similarly for h, (recall the definitions in section 2.5). Since we shall use the
embeddings in sections 3 and 4, observe first that

he(N: (3(B,B)) & hy (N3 £9,(B, B)) ~ w(N), (6.1)

for all w € W, and 0 < ¢ < co. This is immediate from the definition of the spaces
¢1(B,B) and Lemma 2.3

Proposition 6.1. Fiz o> 0 and 0 < ¢ < co. If h(-;B) is doubling then
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(a) he(N;9;) =~ N%hy(N;B).
(b) h(N;95) =~ N“h.(N;B).
In particular, B is democratic in 4 (B, B) if and only if B is democratic in B.
Proof. The inequalities “>” in (a), and “<” in (b) follow immediately from the em-
beddings
ey (BiB) = G (B,B) = (Lo 1) (B; B)
and the remark in (6.I). Thus we must show the converse inequalities. To establish
(a), given N = 1,2,3,... choose I' with |I'| = N and so that ||1p|z < 2h,(N;B).
Then, using the trivial bound in (£I]) we obtain
he(N;9;") < |rllge S N*|[irlls = Nhe(N;B).
We now prove “>” in (b). Given N = 1,2,..., choose first I' with |I'| = N and
|1r|ls > 2h,.(N;B), and then any I” disjoint with I' with |[I’| = N. Then
h.(2N;97) > HlFUF’nga 2 N°yn(lror: B) 2 N ||1r||; = N*h.(N;B).
The required bound then follows from the doubling property of h,.. O
Proposition 6.2. Fiz o > 0 and 0 < ¢ < 0o, and assume that hy(-;B) is doubling.
Then
(a) he(N;AY) = Nhy(N;B).
(b) hn(N; A7) S N®hy(N; B).

In particular, if B is democratic in B then B is democratic in Ag (B, B).

Proof. As before, “>" in (a), and “<” in (b) follow immediately from the embeddings
Ezahr(k)(B; B) — A (B,B) — EZah[(k)<B3 B).

The converse inequality in (a) follows from the previous proposition and the trivial
inclusion 4" — AZ. O

As shown in Example 5.6, the converse to the last statement in Proposition is
not necessarily true. The space B = bmo is not democratic, but their approximation
classes Ag(bmo) = (Y24 are democratic. Moreover, this example shows that the
converse to the inequality in (b) does not necessarily hold, since

he(N; A%(bmo)) = N®  but N, (N;bmo) ~ N*(log N)/2.

Nevertheless, we can give a sufficient condition for h,.(N; AY) = N“h,(N;B), which
turns out to be easily verifiable in all the other examples presented in §5.

PROPERTY (H). We say that B satisfies the Property (H) if for each n =
1,2,3, ... there exist I',, C N, with |I',,| = 2", satisfying the property

|1 |lp ~ h.(2";B), VI'CT, with |[['|=2"""
Proposition 6.3. Assume that B satisfies the Property (H). Then, for all « > 0 and

0<g< oo
he(N; Ay) = Nh,(N;B)
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Proof. We must show “>”, for which we argue as in the proof of Proposition [6.1]
Given N = 2", select I',, as in the definition of Property (H). Then,

he(N; AS) > lenHAg 2 Nonp(lr,).

Now, the property (H) (and the remark in (2.4)) give
oxp(ln,) = inf {1z : I C T, [ = N/2} ~ h(N/2B) ~ h(N;B).

Combining these two facts the proposition follows for N = 2". For general N use the
result just proved and the doubling property of h,. U

As an immediate consequence, the property (H) allows to remove the possible log-

arithmic loss for the embedding 5., (B, B) — AZ(B,B) discussed in Corollary B.9

Corollary 6.4. More about optimality for inclusions into .Ag‘.
Assume that (B, B) satisfies property (H). If for some a > 0, ¢ € (0,00] and w € W
we have £8,(B,B) — AY(B,B), then necessarily w(k) 2 k*h,(k), and therefore {1 —

gZahr(k) :

The following examples show that Property (H) is often satisfied.

Example 6.1. Wavelet bases in Orlicz spaces L?(R?) satisfy the property (H).
Indeed, recall from [12, Thm 1.2] (see also Example 5.3) that

he(N; L) ~ sup (N's)/p(s). (6.2)

Moreover, any collection I' of N pairwise disjoint dyadic cubes with the same fixed
size a > ( satisfies

Mrl[ze = @(Na)/p(a), (6.3)
(see eg [12, Lemma 3.1]). Thus, for each N = 2" we first select a, = 2/7¢ so that
h,(2%; L*?) ~ ¢(2"a,)/¢(a,) , and then we choose as T',, any collection of 2" pairwise
disjoint cubes with constant size a,. Then, any subfamily IV C I',, with |I'| = N/2,
satisfies

rllpe = o((N/2)an)/¢lan) = ©(Nan)/e(an) & hp(N) = h.(N/2),
by (€3) and the doubling property of ¢ and h,..
Example 6.2. Wavelet bases in Lorentz spaces LP4(R%), 1 < p,q < oco. These

also satisfy the property (H). Indeed, it can be shown that any set I" consisting of N
disjoint cubes of the same size has

1
1rllzre = N7,
while sets A consisting of N disjoint cubes all having different sizes satisfy
1
”1AHLp,q ~ NE .

(see [14] (3.6) and (3.8)]). Since h,(N) ~ N'® ) e can define the I',;’s with sets of
the first type when p < ¢, and with sets of the second type when ¢ < p, to obtain in
both cases a collection satisfying the hypotheses of property (H).
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Example 6.3. The hyperbolic Haar system in LP(R?) from Example 5.5 also
satisfies property (H). In this case, again, any set I' consisting of N disjoint rectangles
has )

|1l zemay = N7 .
On the other hand, if A,, denotes the set of all the dyadic rectangles in the unit cube
with fixed size 27", then

N[ =

1
||]‘An||Lp(]Rd) ~ /P p(d=1)/2 |An|1/p(log|An|)(d71)( *p) ' (6.4)

Moreover, it is not difficult to show that any A’ C A,, with |A’| = |A,|/2 also satisfies
©4) (with A, replaced by A’). Hence, combining these two cases and using the
description of h,.(N) in Example 5.5, one easily establishes the property (H).

7. COUNTEREXAMPLES FOR THE CLASSES ¥(3,B)

7.1. Conditions for ¢ # Ag. Recall from section 2.3 that 4*(B,B) — Ag(B,B),
with equality of the spaces when B is a democratic basis. It is known that there are
some conditional non-democratic bases for which 4> = A¢ (see [13, Remark 6.2]).
For unconditional bases, however, one could ask whether non-democracy necessarily
implies that ¢ # AZ. We do not know how to prove such a general result, but we
can show that the inclusion Aj < ¢ must fail whenever the gap between hy(N) and
h.-(N) is at least logarithmic (and even less than that). More precisely, we have the
following.

Proposition 7.1. Let B be an unconditional basis in B and o« > 0. Suppose that
there exist integers pny > gy > 1, N =1,2,... such that

lim 2 = and hu(a) 2 (]9_1\/) . (7.1)
N—oo gN he(pN) qn
Then the inclusion A*(B,B) — 4%(B,B) does not hold for any T € (0, c0].

Proof. For each N, choose I';, ", C N with |I'}| = py, |I';| = ¢qn, and such that

I lle < 2ho(pn),  Irlle = 5 he(an) - (7.2)

Set ny = 1r, +2- 1p,_p,r, - Since #(I' = Iy N T,) > py — gy, when k € [1, py — qn]
we have
lzn — Gr(en)lle > 1, lls > 5 he(an) -

Therefore, using py — gy > pn/2 (since py/qn > 2 for N large), we obtain that

PN /2 1
lonllows = 5[ 3 (Bhelax) ] 2 holan) piy (7.3)
k=1
On the other hand, we can estimate the norm of xy as follows:
lznllz S e, lle + [1r-rr B < he(an) + 2he(pn) S hr(aw) (7.4)
where the last inequality is true for N large due to (Z.1)). Thus
or(zn) < [onlls S hrlan) - (7.5)

Next, if k > qy. by (T2)
or(zn) <2/ 1r—ryar, e < 2|11 ls S he(py) - (7.6)
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Combining (7.4)), (ZH), and (Z.6) we see that
av—1 PN AN

h-(qn) + [ Z (;gahr(qN))T%+ Z (kahe(pN))T%]
k=1 k=qn

< he(an) + [he(an) ™ (an)® + he(pn) ™ (pn) 7]

S helaw) + helgn)(an)® S e (an) (gw)® (7.7)

where in the second inequality we have used the elementary fact EZJ;Z -t < b if

b > a, and the third inequality is due to (7). Therefore, from (Z3)) and (1) we
deduce

1
p=

N

||$N||Ag(B,B)

1
p

lenllge o helan)(pn)® (p_N)“
lznllae ™~ he(qn)(an)® qnN
as N — oo. This shows the desired result.

U
Corollary 7.2. Let B be an unconditional basis such that hy(N) < N® and h.(N) 2,
NP for some 31 > By > 0. Then, G # A2, for all a > 0 and all 7 € (0, 00].

Proof. Choose r,s € N, such that Zig? < = < 1. Take py = N* and qy = N". Then,

limpy o Iq’—x =limy_o N°" = 00 and

) o N (Y7 (o)
he(pn) ™~ N N7 an

which proves ([ZI]) in this case, so that we can apply Proposition [71] O

Corollary 7.3. Let B be an unconditional basis such that for some 3> 0 and v > 0
we have either

(i) h.(N) = NP(log N)Y and he(N) < NP, or
(ii) h.(N) 2 N” and he(N) < NP(log N)77.
Then, 95 # Ay for all a > 0 and all 7 € (0, 00].

Proof. i) Choose a,b € N such that 0 < § < 75. Let py = No2N" and gy = 2.
Then, limy_ Iq’—x = limy_o N% = co and

b b

hT’(qN) > (2N )B(IOg 2 )PY ~ N _ Nb’yfa,@ > N9 — <p_N>a
he(py) ™ N8 (2N")5 Neo qN

which proves (1)) in this case, so that we can apply Proposition [l to conclude the

result. The proof of i) is similar with the same choice of py and gqy. O

7.2. Non linearity of ¥(B,B). We conclude by showing with simple examples that
¢~(B,B) may not even be a linear space when the basis B is not democratic.
Let B = ®p 09,0 < ¢ < p < oo; that is, B consists of pairs (a,b) € P x (9,
endowed with the quasi-norm ||a||» + ||b]|sa . We consider the canonical basis in B.
Now, set 8 = a + % and x = {(k7”,0)}yen € B. For N = 1,2,3,... we have

o =(£ )"~ ()" =

k>N



22 GUSTAVO GARRIGOS, EUGENIO HERNANDEZ, AND MARIA DE NATIVIDADE

This shows that = € 92 (B,B). Similarly, if we let 7 = o + %, then y = {(0,777) }jen
belongs to ¥<. We will show, however, that x +y ¢ ¢2. In fact, we will find a
subsequence N; of natural numbers so that

1
W, (T +Y) ~ —a (7.8)
NS¢ /v
(notice that 3 < v since we chose ¢ < p). To prove (T8) let A; = {1} and
1 1 1
Aj={keN:— << ——1 j=23..
B R T AR A

The number of elements in A, is
Aj| ~ = (= 1) T =1,2,3, (7.9)
For J=2,3,4,... let N; = Z;‘]:1 |A;| + J. From (Z.9) we obtain

since v > (3. Thus,

v, (T +y) = < Z k‘_ﬁp)l/p + <Zj‘7q)1/q ~ [(Jv/ﬁ)—ﬁpﬂ]l/p + [J—Vq—i—l}l/q
% i>J

k>J8

proving (Z.§).
A simple modification of the above construction can be used to show that the set
&*(B,B) is not linear, for any o > 0 and any s € (0,00).
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