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Abstract

A new nonlinear representation of multiresolution decompositions
and new thresholding adapted to the presence of discontinuities are
presented and analyzed. They are based on a nonlinear modification of
the multiresolution details coming from an initial (linear or nonlinear)
scheme and on a data dependent thresholding. Stability results are
derived. Numerical advantages are demonstrated on various numerical
experiments.

Key Words. Multiresolution, nonlinear thresholding, stability, com-
pression.
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1 Introduction

This paper is devoted to the analysis of a new nonlinear multiresolution re-
presentation scheme and associated thresholding for discrete data. Given f*
a data where L stands for a resolution level, a multiresolution representation
of f¥is any sequence of type {f°,d°,...,d"*1} where f7 is an approximation
of fI at resolution j < L and d/ stands for the details required to recover
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7+ from fJ. The couple {f7,d’} contains the same information as fI*+!
and therefore the same is true for {f°,d°,...,d*~'} and f~.

Inter-resolution operators are named decimation (from fine, i.e. large
value of j, to coarse, i.e. small value of j) and prediction (from coarse
to fine). The reconstruction and discretization operators act between the
continuous level and any discrete level (see [6], [15] for more details).

Linear multiresolution representations of data are multiresolutions in-
volving linear inter-resolution operators. It turns out that the efficiency of
linear multiresolution decompositions, for instance for image compression,
is generally limited by the presence of discontinuities or edges, since the de-
tail coefficients d’/ close to the discontinuities remain significant even when
J — +oo. In wavelet multiresolution for instance, the numerically significant
detail coefficients dj, are mainly those for which the corresponding wavelet
support is intersected by discontinuities.

Different steps towards adaption near singularities has been proposed
involving nonlinear prediction operators [2], [3], [5], [6], [7], [8], [9], [14],
[16], [18].

The aim of this paper is to describe and analyze a new nonlinear rep-
resentation for multiresolution transforms and new thresholding strategy
that incorporate the presence of discontinuities. It is based on a nonlinear
modification of the multiresolution details generated by an initial scheme
and on a data dependent thresholding. We present several results related
to the stability of these multiresolution schemes. Numerical properties are
demonstrated on various experiments.

Our strategy is related to the notion of normal approximation for curves
or surfaces that can be found in [9], [13]. A multiresolution approximation
of a curve or surface is normal if all the detail vectors align with a locally
defined normal direction which only depends on the coarser levels. Because
they depend on the computation of a normal, these approximations lead
to nonlinear representations. When one uses normal multiresolution only a
single scalar coefficient needs to be stored instead of the standard 2-D or
3-D vector; memory saving is then performed. It turns out to be that the
direction of the normal provides also some information on the signal, that
can be used for better compression in the presence of discontinuities.

The paper is organized as follows: we recall in section 2 the discrete
pointvalue framework for multiresolution and its relation with subdivision
schemes. Our algorithm is then described and analyzed theoretically in
sections 3, 4 and 7. Numerical performances are presented in section 8 and
finally some conclusions are provided in section 9.



2 The interpolatory multiresolution setting

Let us consider a set of nested grids in [0, 1]:
X ={a},, wh=kh;, hj=279)Jy, Jj=2U,

where Jy is some fixed integer and the point-value discretization operator

- {C([O,l]) — VI Q)
s = = (Dl = (FED)il,

where V7 is the space of real sequences of length J; +1 and C([0, 1]) the set
of continuous functions on [0,1]. A reconstruction operator R; associated
to this discretization is any right inverse of D; on V; which means that

(R f)(@}) = fl = f(z]). (2)

The operator D;;1R; provides a subdivision scheme. Moreover, since
Dj+17?,jfj 7& 7Tt for any function f, details should be added to recover
7+t from f7 and multiresolution transforms are then available (see [6] for
details).

2.1 Data independent Lagrange interpolation

Given two integers r > 1,7 > s > 0, data independent Lagrange interpola-
tion can be defined using a fixed set of indices (a stencil)

S§=8(rs)={-s,—s+1,...,—s+r}, r>s>0,r>1,

such that the predicted value at scale j + 1 and position CC%;F}FI is the value
at the same position of Z;(z, f7), the Lagrange polynomial of degree r in-
terpolating the set of values {f;,,,,m € S} at positions {x7_, ,m € S}.

Linearity and reproduction of polynomial of degree less or equal to r
implies that for any function f € C"*1,

fi=fal) = Ty, ) = f(ady,) + O(hy)™H

The prediction procedure for smooth data is then said to be of accuracy
p=r+1.

The Lagrange interpolatory techniques lose much of their accuracy in
the presence of isolated singularities. Indeed, if there exists a discontinuity



point of f in [Cﬂi_l, xfc], it is easy to check that any divided difference! based

on a set of s + 1 points containing {xiil, x{c} verifies
f[xg7 e ,.%'ngs] - O(A‘;c)/hj7

where Ai = fg — fgflj Therefor‘e7 for any polynomial piece Z;(x) which sten-
cil S contains both a7, _; and xj, (that is, the stencil crosses the singularity)
the error becomes

f(@) = T(x) + O([f)),

where [f] stands for the jump of f at the discontinuity. In other words, the
accuracy of the prediction on the corresponding interval is reduced to zero.
More details can be found in [6].

3 A new multiresolution representation and asso-
ciated thresholding

In this section we introduce a new nonlinear representation for multiresolu-
tion. It is based on a nonlinear modification of the multiresolution details
coming from an initial scheme in order to obtain a specific adaptation to
the presence of discontinuities.

We first focus our attention on the simplest case: the two-point interpo-
latory scheme Sp that reads:

{ (S1fN)or = f,i}

, i
(S1f)ak41 = T

3.1 Adapting the two-point interpolatory multiresolution scheme

The encoding associated to the two-point interpolatory multiresolution scheme
S1, is given by

i el
fe = Ja
J J
N N TR | o | 48
dling, = foryq — B )

Fa)—f@]_))
zifzifl

'The divided differences are defined by induction flzl ,,zl] := and

J J J J
Fleg g1 xk*_m+n]_f[xk7m """ Tl mtn—1J
J
x

f[x{cfn’w e 7x{cfm+n] =



and the decoding by

o .
fgk = féa

1 f+ g
2%+l = + dliny,.

2

As we have mentioned in the previous section, in smooth regions, using
the properties of Lagrange’s interpolation, the details verify

dlin], = O(h3). (3)

However, in presence of discontinuities, the accuracy is lost and the details
verify

dlin] = 51A4] + O(hy). (4)

Our aim is to reduce the size of the details in presence of discontinuities.
We propose to consider the projection of the detail on the normal to the line
[(f]g ) 56‘]1)5 (ngrl’ x?ﬁLl)]’ see Figure 1.
After basic algebraic manipulation we obtain that the normal projection
of the detail dlz'n?C is:
: dlin?
k
dy = (5)

24 /477 + (A)2

Pythagorean theorem gives ]di‘] < ]dlmi] Moreover, close to isolated

discontinuities, di = O(277). The nonlinear multiresolution decomposition
that we then propose reads

j j+1
f,lz; = fgk )
J+1 i+l
dj o ( 2k+1 2 )
e =

21\ /477 + (A])?

and the reconstruction
J+1 J
o = Jis

J J
i+1 Je + Jiea ; - ~
ki1 = Tt 2 ATT (A2



Figure 1: A nonlinear modification of the details using a projection strategy

However, this reduction of the detail size cannot be exploited, without

adaption, by a standard tresholding procedure. Indeed, such a thresholding
72° reads:
Given jo < L—1and ¢ > 0,jo < j < L — 1 with 37" "¢; = ¢, the

thresholding operator 2% is defined as:

For any jo <j < L -1, if |d{€| < ¢; then di; = Tejo(di) =0,

otherwise d, = °(d}) = dJ..

We propose the following thresholding procedure (see Figure 2)that in-
volves both d), and dlinj, (that can be recovered from f7 and dj.):

For any jo <j<L-—1:

If |dlin]| < ¢; then & =7(dl) =0,



~ . 1AJd
28%

k= ) = if & >0
. . j € k . j k="
If |dlin)| > ¢; and |d}| < ¢; then o 2J\/@ A
df = Fdl)=-——222 _ifdl <0,
J 211 /4=3+(A7)2

If |dlin]| > ¢; and |d}| > ¢; then &l = 7°(dl) = di.

Note that when ]dlini] > ¢ and \dﬂ < ¢; it is only required to store the
sign of di and, moreover, |d§“| <0270+,

Remark 1 The above procedure takes into account discontinuities at order 0
since it approximates jumps of a piecewise constant function. Approximation
at order 1, compatible with the scheme Sy reads (see Figure 3):

For any jo <j < L—1:

If |dlind| < ¢; then & =7 (dl) =0.

~ . . AN YN )

dk — 6]0 d] — 2( k k+1
) = ol

k Jo( iy %(Ai—Aiil)

d¥ = 72 (dk) —

201/4=i+(A])2

If |dlin]| > ¢; and |d},| > ¢; then &l = r°(d)) = di.

if di. >0,
If|dlinf;| > €j and |d?€| < ¢; then ‘
if dj, < 0.

4 Stability analysis

At this stage, since di goes to zero in continuity regions (Afg and dlini go
to zero at least as 277) as well as close to discontinuities, it is clear that the
proposed thresholding reduces significantly the number of non zero details.
A crucial point is to establish stability, i.e., that the sequence reconstructed
from the threshold details lives at a distance from the original sequence
controlled by the threshold value.

Sy . L—1 2
Considering {fF} kez, jo < L —1 and € = >ie € >0, we call {fE kez
the sequence obtained after decomposition, 7/°-thresholding and reconstruc-
tion, starting from the sequence { ka}kez. We then have the following result:

Theorem 1 If the sequence {f;f}kez comes from the sampling of a smooth
function but on a finite number of isolated discontinuity points, then, there
exists a scale Jo such that for any thresholding 72°,Jy < jo, with € >



Figure 2: Nonlinear truncation order 0
0(2-U),

L
1FE =l <D €= (6)
J=Jo
Proof:
The proof is detailed for the order 0 procedure but can be adapted to

order 1.

We analyze \fjH — fjH

2%+1 2k+1’ since
1 s L
\for = far 1= 1R~ Al

Two cases have to be considered:

£J £J
Je + Jen
SR or

7 S
2k+1  — )
B, 7 w
Al fk + fk+1 Y A] 2 4 4-J 1/262]' ith \dlmk\ > €5,
forta 2 +27((A4)" +47) P dy,, wi A < €.

8



Figure 3: Nonlinear truncation order 1

The first case coincides with the linear case where the stability bounds
are known [4]. We then focus our analysis on the second case.
We write

J+1 A+l flg—i_flg—i—l f/i"‘f/gﬂ
’f2k+1_f2k+1‘ = [ 5 - 5 )

H( (AL +47)12d) = (21 (AL)? +479) 1)
R+fa R+

(Pt -

(2T (AL +479)2d]) — (27((A])? +479)'2d)))|

H(7 (AL +479)2d]) — (27((A])? + 479)12d)))),

and analyze the different right hand side terms.

IN

e Bound for the first two terms
The function F(z) := 27(z2 + 479)1/2 verifies

F . .
@) i T <o,
dx a2+ 4-7



then

(27 ((AL)? +479)2d0) — (2 ((A])? +479)1/2d))|

IN

C|A], — A
Cl(fl = 10 = (flar = £
< C‘(flzud - f]g+1) - (flg - fg)’,

IN

where C' € R* verifies |C| < 27|d]| < 4.
Since C' < 1/2 it follows that the first and second terms are bounded
by

1

G+ O = Pl + (5 = ONF = Flloo =117 = e

e Bound for the third term

Let us assume, without loos of generality, that di > 0, then d{; =
A '
2041, [4=3 4 (A])2
corresponds to a smooth region then dlin), = O(2-U*Y) and A} =
) . J .
O(2~U+1)) while in discontinuity regions dlinj, — % =02 UtY). In
both cases the third term is less than €; from a given scale Jp.

and the third term coincides with dlini — AT{“ If &

Combining the three bounds and iterating, we finally get

L
1=l <D 6=

Jj=Jo

that concludes the proof.
O

5 Generalization to centered Lagrange interpola-
tion of degree r

A generalization of the previous results can be performed for centered La-
grange interpolation scheme. There, r = 2p + 1 and s = p — 1. Using
fundamental properties of linear subdivision schemes [12] one get that

(Syfort1 = (S1/)ops1 + (Sr1A)ops1,

where S, 1 is a scheme for the differences AJ. Moreover, if r is odd and
therefore the scheme S, centered, the expression of (S, 1A7)s;4+1 does not

10



contains the term Ai. Since in smooth regions A{ = O(277). This implies

that, for any value k such that [mfc, x?ﬁ +1] contains a single isolated singularity

(Srf)ak1 = (S1£7)2k1 + O(27).

Therefore, for such values of k

fl+ F

5 +0(279). (7)

(Srf7)ak41 =

The implications of (7) are twofold. First the scheme S, behaves, in the
singularity interval as a perturbation of the two point scheme S; and there-
fore the nonlinear detail constructed following (5) is, up to a perturbation,
a normal projection. Second, the stability analysis can be derived similarly,

J J .
transposing % by (Spf7™ ) opt1.

6 Generalization to the nonlinear scheme PPH

Up to now, we have concentrated our attention to linear schemes that
are known to generate large coefficients close to discontinuities. Nonlinear
schemes have been specifically designed to circumvent this drawback.
An archetype for a large class of nonlinear schemes is the scheme Sppys
that we recall briefly [3]. ‘ ‘ ‘
Introducing the second order differences D fJ’LC = fli1—2f] + fi_, the
interpolatory PPH reconstruction is defined as

{ (Sppif?)o i

: F+£,
(Sppaf7)oky1 = T

| | 8)
- %H(Df]g_Fl,Df]g),

where H is given by:

(2,9) € B = H(r,y) := ——(sen(ay) + 1) ©)

Yy
where sgn(z) =1if z > 0 and sgn(z) = —1 if z < 0.

The function H plays indeed a key role. In fact, Sppy has been obtained
substituting the arithmetic mean by the function H in the expression of the
S3 centered Lagrange interpolating scheme. Even if the function H satisfies
different properties that lead to a competitive scheme, it appears that when
ngHng < 0 Spppy coincides with the scheme S7. Moreover, this situation
occurs in the interval crossing a discontinuity.

11



A nonlinear modification of Sppy therefore consists, following (5) in
substituting (dppg ), by

(dPPH)i

21\ /47 + (A])2

7 Stability via an error-control strategy

& =

(10)

Error-control algorithms have been developed in [1]. They aim to construct
a truncation procedure that ensures a prescribed accuracy. They are defined
as a modification of classical truncation algorithms that allows to keep track
of the cumulative error.

They can be adapted to the above defined truncation procedure. As it
will be shown, they lead to a stability result for the nonlinear/error control
truncation, without any hypotheses on the initial sequence or the threshold.

The modified encoding procedure reads:

Algorithm 1
for j=L—-1,...,0
fOT’ kél,...,Jj_l

=1
end
end
Set f0= f0
for 7=0,...,L—1
=1
fOT kizl,...,g]j,1
i (i fAfaay o5 fami 4 (Ady2)-1
dk - (f2k+1 - 2 )(2 477 + (Ak) )
&l = ()
end
fOT kizl,...,g]j,1
Ny 2 i A : —
0 = Dt o) i (A])2d]
pg+1L fj
o = Jk
end
end

fl=f0.d, ... dl).

12



Given a tolerance parameter T'OL, we consider the following truncation
procedure

2_(j+1)sgn(d£) if 2j\/4_j + (f,i — ng)QHdﬂ - 27U < TOL,

7 i ; - N .
%=1 0 i 27\/477 + (f] — fl,,)?d]] < TOL,

d;? otherwise.
(1)
Following the numerical results and commentaries of the previous sec-
tion, taking an adequate parameter T'OL, a high compression is expected.

Moreover, we have ensured stability properties.

Theorem 2 Given a discrete sequence fL and a tolerance level TOL, then
the sequence f satisfies

15 = fHllp < TOL (12)

for p=o00,1 and 2. Thus, the modified algorithm for the interpolatory case
1s stable.

Proof:
From the definition of the error-control algorithm we obtain

Jj+1 R Y | £J
f2k; —J2k - fk_fk;’

Gl il 1 R+ flz+1 i Ja—i L (AIN2
famr = foam = fa - T WA (A%,
= 2\ (A - &),
Taking norms and using the definition of the truncation procedure the

proof is completed.
O

8 Numerical experiments

In this section some numerical experiments are presented. We perform a
comparison between the classical implementation and our nonlinear stra-
tegy. The evaluated error is the [? error between the initial data and the
reconstructed one after compression. We call nnz the number of non zero
coeflicients after thresholding.

13



1. We start with the sampling of a smooth function f(z) = 8sin(8-7-z),
x € [0,1].
We fix the error after decoding and compute the compression. Both
schemes give similar results (see Table 1).

Nonlinear | Linear (two-points)
Error 0.03 0.03
nnz 47 43

Table 1: Smooth data, L =38, jo =5

2. Next, we consider the sampling of the following piecewise smooth func-
tion: f(z) = 8sin(8-7-x), x € [0,1/2] and f(x) = 8cos(8 - 7 - z),
z e (1/2,1].
In this case, we consider a full-compression and compute the error.
Full-compression means for us that

1) For the linear (two-points) scheme we put all the details equal to
zero.

2) For our nonlinear multiresolution we put all the details smaller than
2-U+1) equal to zero and the others equal to

N J J

& Je = Je 1

b 2J+1((A?;)2+4—j)1/2(w g1

that is, our data dependent thresholding. Note that in both cases,
nnz = 2700,

Reconstructed signals are plotted on Figure 4 while errors are gathered
in Table 2. Efficiency of the nonlinear approach is quite visible.

Nonlinear | Linear (Two-points)
Error 0.33 6.91

Table 2: Non smooth data, L =10, jo =7

9 Conclusions

In this paper, a new multiresolution framework has been presented involv-
ing a nonlinear evaluation of details and a nonlinear truncation. The corre-

14
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Figure 4: Non linear (left) and linear (right) reconstructions after full-
compression

sponding algorithms have been analyzed in terms of accuracy, compression
and stability. It appears that this nonlinear scheme competes favorably with
its natural neighboring schemes.
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