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Abstract

In this paper, we study finite dimensional approximations of Kohn-Sham models, which
are widely used in electronic structure calculations. We prove the convergence of the finite
dimensional approximations and derive the a priori error estimates for ground state energies
and solutions. We also provide numerical simulations for several molecular systems that support
our theory.
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1 Introduction

Density functional theory (DFT) is a theory of many-body systems and has become a primary tool
for electronic structure calculations in atoms, molecules, and condensed matter [16] 18] 2T 23] 25]
[26]. The most widely used is the Kohn-Sham model, in which a many-body problem of interacting
electrons in a static external potential is reduced to a tractable problem of non-interacting electrons
moving in an effective potential. The purpose of this paper is to analyze the finite dimensional
approximations of Kohn-Sham models so as to provide a mathematical justification for both the
directly minimizing energy functional method [24] 27] and the variational optimization method (i.e.
solving the Kohn-Sham equation self-consistently) [23] and some understanding of several existing
approximate methods in modern electronic structure calculations.

Throughout this paper, we restrict our mathematical analysis and numerical simulations to non-
relativistic, spin-unpolarized models. In the pseudopotential setting, the ground state solutions of
the Kohn-Sham model for a molecular system can be obtained by minimizing the Kohn-Sham
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energy functional

E({o:}) = —i/ Vil |d:c+/ Vioe(a d:c+z/ 61(2)Viss(2)da

/R/R |a:_ AP iy 1 | Elp@))da (1.1)

with respect to wavefunctions {¢;}2¥; under the orthogonality constraints

N[ —

/ ¢idj = dij, 1<1,5 <N,

R3

where N is the number of valence electrons in the system, p = Zi\il |pi(x)|? is the electron density,
Vioe and V,,; are the local and nonlocal pseudopotential operators respectively, that treat the core
electrons and the nuclei as a unit and represent the interactions on the valence electrons [23], and
E(p) denotes the exchange-correlation energy per unit volume in an electron gas with density p. The

Euler-Lagrange equation corresponding to this minimization problem is the so-called Kohn-Sham
equation: find \; € R, ¢; € HY(R3) (i = 1,2,---, N) such that

(—2A+Vepr({oi}) ¢i = XNy inR3, i=1,2,--- N,
/ ¢id; = dij, (1.2)
RS

where Ves;({¢;}) is the effective potential relative to the last four terms in energy functional (LI]).
This is a nonlinear integro-differential eigenvalue problem, and (L2) is often called self-consistent
field (SCF) equation as to emphasize the nonlinear feature encoded in Vers({¢;}). It is assumed
in most of the simulations that the ground state solutions can be found by occupying the lowest
eigenstates of Kohn-Sham equation ([2)). It is not known whether the assumption is true, but it
seems to be most often the case in practice.

The main difficulties of numerical analysis for Kohn-Sham models lie in what we have to either
handle the global minimization problems whose energy functionals may be nonconvex or deal with
the nonlinear eigenvalue problems whose eigenvalues may not be nondegenerate. To our best
knowledge, except for the very recent works of Cances, Chakir, and Maday [6] and Suryanarayana
et al [29], there is no any other numerical analysis for Kohn-Sham models in the literature. We
see that the numerical analysis of Kohn-Sham models is crucial to understand the efficiency of the
numerical methods widely used in electronic structure calculations. Under a coercivity assumption
of the so-called second order optimality condition, [6] provided numerical analysis of plane wave
approximations and showed that every ground state solution can be approximated by plane wave
solutions, and [29] gave the convergence of ground state energy approximations based on finite
element discretizations only. In this paper, we shall present a systematic analysis for a general finite
dimensional discretization and prove that all the limit points of finite dimensional approximations
are ground state solutions of the system, and every ground state solution can be approximated by
finite dimensional solutions if the associated local isomorphism condition is satisfied. We provide
not only convergence of ground state energy approximations but also convergence rates of both
eigenvalue and eigenfunction approximations. We point out that the local isomorphism condition
should be very mild and is indeed satisfied if the second order optimality condition is provided.

Besides the Kohn-Sham models, there is another approach in DFT that is not so popular and
is called of orbital-free DFT [10] [31], in which approximate functionals in terms of electron density
alone are used for the kinetic energy of the non-interacting system and only the lowest eigenvalue
needs to be computed. There are several related works on its convergence analysis [8, 19, [32] B3]
and a priori error estimates [5] @] [@].



This paper is organized as follows. In the coming section, we give a brief overview of the
Kohn-Sham models and some preparations. In Section Bl we derive the existence of a unique local
discrete solution under some reasonable assumptions. In Section [ we prove the convergence of
finite dimensional approximations of the ground state solutions with quite weak assumptions and
derive the error estimates of ground state energy, ground state eigenfunctions and eigenvalues.
In Section [B] we present some numerical results that support our theory. Finally, we give some
concluding remarks.

2 Preliminaries

Physically, the Kohn-Sham model is set over R3. But in a lot of computations, R? may be replaced
by some polyhedral bounded domain © C R3, for example, a supercell for crystal or a large enough
cuboid for finite system, which is reasonable since the solution of (L2 always decays exponentially
[1} 15, 28]. Thus we study numerical analysis of finite dimensional approximations of Kohn-Sham
equation as follows:

(_%A"'Veff({@}))@ = MN¢; inQ, i=1,2---,N,
2.1
/¢z¢; = 0, 4,j=12,--- N (2.1)
Q

with the Dirichlet boundary condition ¢; = 0 on 02 for finite systems and periodic boundary
conditions for crystals, where Q C R? is a polyhedral bounded domain.

We shall use the standard notation for Sobolev spaces WP () and their associated norms and
seminorms, see, e.g., [L1]. For p = 2, we denote H*(Q2) = W*2(Q) and H}(Q) = {v € H(Q) :
v|aa = 0}, where v|pq = 0 is understood in the sense of trace, || - ||ls,0 = || - ||s,2,0, and (-, ) is the
standard L? inner product. The space Y*, the dual of the Banach space Y, will also be used. For
convenience, the symbol < will be used in this paper. The notation A < B means that A < CB
for some constant C' that is independent of the mesh parameters.

Given ¢ € R and p, ¢z € [0, 00), we define

P(p,(c1,02)) = {f : Jaj,as € Rsuch that c1tP +a1 < f(t) < cot? +as V> O}.
For x € RV*Y | we denote its Frobenius norm by |x|. We consider the functional space@

H=(Hy( )" ={(¢1,62, - .on): ¢ € Hy(Q) (i=1,2,--- ,N)},

N 1/2
which is a Hilbert space associated with the induced norm || ®|; o = <Z(”¢Z| tat ||V¢i||379)>
i=1
N
and inner product (V®,VV) = Z(V(bi, Vi) for @ = (g1, 2, -+ ,dN), ¥ = (1,92, ,¥N) € H.
i=1

For simplicity of notation, we will sometimes abuse the notation by

N 1/2 N
”(I)”m#—d = (Z ||¢1||$n,w> ) ||(I)||07P7w = (Z ||¢i|g,p,w>
i=1 =1

n fact, our theory also applies to space H = (H;# (), where Q is the unit cell of a periodic lattice R of R%
and H#(Q) = {v|q:v € H! (R?) and v is R — periodic}.

loc

1/p




for subdomain w C Q and ® = (¢1,¢2, -+ ,¢n) € H. For any & = (¢1,¢2, -+ ,0n), ¥ =
N

(1,92, ,¥n) € H, we define pg = Z |¢i|* and

i=1
N
Ty = (/ ¢i¢j) e RVXN,
2 4,j=1
In our discussion, we shall also use the following three spaces:
SNXN:{MERNXN:MT:M}, ANXN:{MERNXNMT:—M}7

and

Q={PcH: T =1"*N}
We may decompose H as a direct sum of three subspaces [12| 22):

H=38sDAs ® To

forany@e@,whereS<p:<I>SNXN,Aq>:<I)ANXN,andB:{\IJE’H:\IJT(I):OERNXN}.

2.1 Kohn-Sham models

In the most commonly setting of local density approximation (LDA) [23], the associated Kohn-Sham
energy functional of (2]) is expressed as

N N
1 1
E(®) = / Z SIVOil* + Viee(x) po + Z¢ian¢i +&(pe) | + 5D(pa; po) (2.2)
Q2 \i=1 2 i=1 2
for ® = (¢1,¢2, -+ ,0n) € H, where Vi, is a smooth local pseudopotential, V,; is the nonlocal

pseudopotential operator (see, e.g., [23]) given by
M
an¢ = Z(¢a Cj)Cj
j=1

with ¢; € L*(Q)(j = 1,2,--+, M), D(pas, ps) denotes electron-electron coulomb energy with

1

D(f,g)=/9f(g*r’ )=/Q/Qf(w)g(y)md:vdy,

and £(t) is some real function over [0,00). We may assume that Vj,. € L*(Q). We see that the
function & : [0,00) — R does not have a simple analytical expression. In applications, we shall use
some approximations to &, for which we shall make the assumption that £(¢t) € (3, (c1, c2)) with
c1>0or E(t) € P(4/3,(c1,c2)) that is satisfied by most of the approximations.

First of all, we have

Proposition 2.1. Functional (2.2) is invariant with respect to unitary transformations, i.e.,
E(®) = E(®U) VoecQ

for any matriz U = (uij)fyjzl € ONXN where ON*N s the set of orthogonal matrices.



Using similar arguments in [8], we obtain that E(¥) is bounded below over Q. More precisely,
we have

Proposition 2.2. There exist constants C > 0 and b > 0 such that
E(@) >C7H¥|ig-b YVEeQ (2.3)

To prove the convergence of the numerical approximations, we need the lower semi-continuity
of the energy functional in the weak topology of H, whose proof can be referred to [g].

Proposition 2.3. If Uy converge weakly to VU in H, then

E(¥) < liminf E(Ty).
k—o0

The ground state energy of the system is the global minimum of F(¥) in the admissible class
Q@ and we shall study the following minimization problem

inf {E(®): ® € Q}. (2.4)

The existence of a minimizer of (2.4 can be found in [2] 20, 29] or by similar arguments to that
in the proof of Theorem Il We see from Proposition 2] that if ® is a minimizer of (24]), then
®U € Q is also a minimizer for any U € ON*N. Note that the uniqueness of a minimizer of (Z4) is
open even up to an orthogonal transform since the energy functional may not be convex for almost
all systems of practical interest. Therefore, we need to define the set of ground state solutions as
follows

G= {q) €Q: E(®) = minE(\If)}.

veQ

We see that a minimizer ® = (¢1, ¢o, -+, dn) of ([24) satisfies the associated Euler-Lagrange
equation:

N
(Aq)(bi,’u) = (Z)\ijgbj,v) V’UEH&(Q), i:1,2,~-~,N,
j=1 (2.5)
/ Pip; = dij,
Q
where Ag is the Kohn-Sham Hamiltonian operator given by
1
Ag = —§A+Vloc+Vnz+/ —()¢(Z/y)|dy+5’(pq>) (2.6)
ol —
with the Lagrange multiplier
N
A= (Nij)imr = (/ @Awi) . (2.7)
Q i,j=1
We define the set of ground state eigenpairs by
©={(A,®) eRV*N xQ:® € G and (A, ) solves )} .
Proposition and (2.7) imply that the ground state solutions are uniformly bounded
sup ([[®[l10+|A]) <C (2.8)

(A, @)€O



for some constant C'.
To obtain the a priori error estimates of the finite dimensional approximations, we shall represent
Kohn-Sham equation in another setting. Define

Y =RVXN

with the associated norm ||(A, ®)|ly = |A] + ||®]]1,o for each (A, @) € Y. We may rewrite [23) as
a nonlinear problem as follows:

F((A,®) =0€e Y™, (2.9)

where F': Y — Y™ is given by

N
(F((A, @) Z Avgi — Z)\u%u% Z xij ( /¢1¢J_ i) (2.10)

i=1 = i,j=1
with I' = (y1,72, -+ ,yv) € H and g = (xi5)5—, € RV*V.
The Fréchet derivative F(, gy of Fat (A,®):Y — Y™ is defined as

<F(/A,<I>) ((I}Jv \I}))7 (Xv F)>
N

= (Lo(A,2)0,T) - Z (Hij®j,7i) + Z XU/ Vid; + i) YV (u, V), (x, ) € Y,(2.11)

i,j=1 i,j=1

where

N
(L3 (A@)0,T) = 5" (@)(W,T) = 3 (hihyo0)

J
N M
= ) % (Vi Vi) + (Vioewi, i) + (G i) (G, 7i) + (€ ()i i) + Dl(pa, thirvi)
i=1 =1
N ’ N
Z)\u%a% (26" (p2) > G35,%i) + Y 2D(815, divi)) (2.12)
=1 =1

for ¥ = (¢17¢27 e 7¢N) € H and M= (:ulj)'f\,[gzl € ]RNXN'

2.2 Basic assumptions

The analysis of finite dimensional approximations will be carried out under certain assumptions,
which are stated as follows

Al ()] + [tE"(t)] € P (p1, (c1,c2)) for some py € [0,2].

A2 There exists a constant o € (0,1] such that [E”(t)| + [t ()| S 1+t Vi>0.

A3 If (A, ®) is a solution of (Z5)), then L (A, ®) is an isomorphism from 7s to T, namely,

there exists a positive constant « depending on (A, ®) such that

(L (A, ®)T, T)

inf sup (2.13)




We see that Assumption A2 implies Assumption A1l and the commonly used X, and LDA
exchange-correction energy satisfy Assumption A2 [5[§]. We shall mention that the above assump-
tions are necessary for the a priori error estimate, but none of them will be used in our convergence
analysis of finite dimensional approximations (in Section [£.1]).

Remark 2.1. It is open whether Assumption A3 holds for all Kohn-Sham models, though it may
hold for semiconductors and “closed shell” atoms and molecules. We see that the following assump-
tion

<‘CQI>(A7(I))\I}7 \I}> Z ’VH\I]H%,Q VVUe 7&’7 (2'14)

which implies Z13), is employed in [6, [27]. Note that (2.1]) is equivalent to 213) when (A, @) is
the ground state solution of (2.

The following lemma will be used in our analysis of the local uniqueness of discrete solution.

Lemma 2.1. Let y; = (A1, ®1) and yo = (Ay, ®2) € Y satisfy [[y1lly + |y2lly < C. If Assumption
A1 is satisfied, then there exists a constant Cr depending on C' such that

1F(y1) = F(y2)ll < Crllyr —g2lly Vyr,y2 €Y. (2.15)
Moreover, if Assumption A2 is satisfied, then there is a constant C'p such that
1Ey, = Fp, |l < Crlllyr — v2ll$ + s —w2ll3) YV yr,y2 €Y. (2.16)
Proof. To prove (2Z13), it is sufficient to show that
(Agp, @1 — Ap,®2,T) < CO|®1 — P2f1,0lT e VI €H, (2.17)

which together with (ZI0) indeed implies ([ZI5). Using the Holder inequality and the Sobolev
inequality, we have for ¢ = 1,2,--- , N that

1 1
((_EA + Woc)¢l,i - (_iA + Woc)¢2,i7 U)

1
< §||¢1,z' — ¢2illnellvllie + [Vieclloollg1i — ¢2.illo.3.allv]lo,6.0

< érs = d2ilhallvlie Ve Hy(Q)
and hence
1 1
((_§A + Vioe)®1 — (—§A + Vioe) @2, I‘) S|P — a1l e VI €eH. (2.18)
Due to
M
(Viu®1 = Viu®s,T) = Z (Z(Cp b1, — $2,1)C5, i)
i=1 j=1
we obtain

N
(V@1 = Viu®2,T) S [l 61s — dailloallvillon S 91— @afhalThe YT eH. (219)
=1

Obviously

(& (pa,)®1 — & (pa,)P2,T) S| @1 — 2f10lT]10 VI €H



when p; = 0 in Assumption A1l. If Assumption A1 is satisfied for p; € (0,2], then there exists
0; € [0,1] such that

N
(€' (p2,)01 = E'(pe,)®2,T) = Z/ﬂ (&' (p2,)1,i — €' (pas)P2,i) i

N
= ;/ﬂ(ﬁ’(ps)+2§§5"(p£))(¢1yi o)

IN

N
Z ||5/(P§) + 251'25”(05)”0,3/;)1,9||¢1,i - ¢2,i||0,6,sz||”Yi||o,6/(5_2p1),g

=1

N
S Z lpello’s ollPri — ¢2.illiellvillie S (11— Pall1,0lT]|10, (2:20)
i=1

where & = (&1,82,- -+ ,&n) with §& = 0;¢1,; + (1 — 0;)¢2,;, and the Hélder inequality, the Sobolev
inequality, and the fact

||P£||0,3,Q < ||P<I>1||0,3,Q + ||P<I>z||0,3,sz S ||(I)1||%,Q + ||(I)2||%,Q < c?

are used.
For Coulomb term, we obtain from the Young’s inequality and the Holder inequality that

I % (oo = po)llocc S e o allon, — pasllog S I o all®1 — @2l

where Q = {z —y : 2,y € Q}. Since

/ ((Til * Poy )P1,i — (7”71 * P<I>2)¢2,i)v
Q

/(7”71 * oy ) (1,0 — ¢2,i)v +/ 1 x (pa, — pa,)h2,iv
Q

Q
< ||7”71 * P@, ||0,oo,9||¢1,i - ¢2,z‘||0,sz||v||0,ﬂ + ||7"71 * (P<I>1 - P<I>2)||0,oo,£2||¢2,z‘||0,sz||v||0,52
< ¢ — d2illiallvlie + 121 — ®2fl1allviie Vv e Hy(Q)

holds for ¢ =1,2,--- , N, we have
(7" % pa, ) @1 — (17" % pp,) @2, T) S | @1 — PofligllTfe VI €. (2.21)
Taking (211), (Z19), 220), (Z2I) and definition (24 into account, we then arrive at (ZI7).

If Assumption A2 holds, then following [6, Lemma 4.5] we obtain for ¥ = (¢, %2, ,¥n),T =
(71,72, -+, 7v) € H that

1 N N
(€ a0 ) = E o)D) = [ [ 28 ae) (S e 60 = (3 vy

N

1
o— 1/2 1/2 1/2 1/2
/Q/O (1 +pq>(t§)/’<p/(t)/’<b/r<b2pq/ prdt

(2.22)



and

N N N
Z(¢1z p<1>1 Z¢1 j%,% Z ¢21 p<1>2 Z¢2J¢Ja'ﬁ
1 =1 1
” N ” N N
/Q/ [5” Pa(t)) Zsbl i) (D (b1 = d2.)%) + € (Paw) (D (14 — d2.)0) (D dilt)v:)
=1 =1 =1
N N N
+ E" (pay ))(Z $i() (D1 — 62.4)) (D di®)ws) (D dilt)vi) | dt
i=1 i=1
< [ [0 e 223

where (I)(t) =& + t(q)g — (I)l) with ¢t € [0, 1]
For all 0 < a < 1/2, we have

<

. N N 1/2
/0 Pagy dt / Z¢ A2 01020 — 1) + 12D (920 — 01,)%)" e
i=1 i=1

1/ N N N o N oo W2\ T2
/ (Z Bt S (ns— oo (14 Drmp 01020 =010 y2 (Fimy draldni = d1.1) ) »
0 i— i=1

Ziv (P2 — #1,4)? SN (oi — ¢1.4)?
Ez 1¢1 z(¢2z ¢11 20— 1 a 1/2d 1 a—1/2
/ o S (f2i — ¢1.0)2 | ; #1i = 1) = Ggzale—ay

which together with the fact that 0 < pg) < 2(pa, +t2pa, —,) implies that for all 0 < o <1

S
S

1/2 1/2 1/2 1/2 a/2 1/2 1/2
/Q/ (1 +pq> ) p¢/(t)pq>/1 <1>2P\1,/ pF/ dt 5/(/’«1){ o, +P<I>17<I>2)p\p/ pp/

||P<p17<p2||0,6/a,9||l’\p llo,12/(6— QHPF llo,12/(6—a),@ + [|P®: —2, 0,3, alled *llos.aller % los.a
(191 — ®2||F o + |P1 — P21 ) 1¥[11.0/IT]1.0 (2.24)

Similar arguments to that in (Z21]) yield that

N
> ID($1,t5, b1,iv) — D(a,jbj, ¢2.i0)]

j=1
N N
< D ID(Grgty — G rav)| + D [D(2,%5, 1,0 — p2,v))|
j=1 j=1
N N
S D lléns = deglieldslhiellvlie + > léri — dailluallvilialviie
j=1 =1
< @1 = PoliollPlialvlie VO EH, Vue HHQ). (2.25)

Therefore, taking (211), 212), (222), 223), 2.24) and (Z20) into account, we get

((F,

= F)((0,9)), 01)) < (lyr = w2ll$ + vy = 25 1@ Oy I Dy ¥ 1, 9), (2. D) € Y,

which implies (2I6) and completes the proof.

O



3 Finite dimensional approximations

For the sake of generality, we will not concentrate on any specific approximation, rather we shall
study approximations in a class of finite dimensional subspaces S, C X (n =1,2,---) that satisfy
Jim | inf [ —¢la=0 VoeX, (3.1)

where X is some Banach space containing the eigenfunctions of Z.1)), say, H}(Q2) or H;&(Q)

Assumptions (B is apparently very mild and satisfied by several typical finite dimensional
subspaces used in practice, for instance, spaces spanned by plane wave bases [7], spaces spanned by
wavelets [3} [13], and piecewise polynomial finite element spaces [11]. As a result, we may investigate
all these kinds of finite dimensional approximation approaches in computational either physics or
quantum chemistry in a unified framework. For convenience, here and hereafter we consider the
case of X = H}(Q2) only.

We see that finite dimensional subspaces

Ho=SN CcH
satisfying

lim inf |[U—®fio=0 V&ecH. (3.2)

n—oo WeH,
We shall study the numerical analysis of the following minimization problem
inf{E(®,): &, € H,NQ}. (3.3)

The existence of a minimizer of [B3]) can be obtained by similar arguments to that in the proof of
Theorem ET] (c.f., also, [6 [8]). However, the uniqueness is unknown even up to a unitary transform.
Therefore we define the set of finite dimensional ground state solutions:

gnz{fbne’ﬂnﬂ@:E(rbn): min E(\I/)}.

YeH,NQ

Given n > 1, any minimizer ®,, = (¢1,n, P2n, + , dn.n) of B3) solves

N

(A<I>n¢i,n7v) = (Z)\ij,n(bj,nuv) Voue S’ﬂu 1= 1727"' 7N7
= (3.4)
/ Gin@jn = Oij
Q
with the Lagrange multiplier
N
An = ()\ij,n)z]'\)[jzl = (/ (bj,nA(I?n(bi,n) . (35)
Q i,j=1

Define the set of finite dimensional ground state eigenpairs
0, = {(An,fbn) eRVN x (", NQ): ®, €G, and (A, d,,) solves (BEI)} )
Proposition and (&3] imply that the finite dimensional approximations are uniformly bounded
sup ([ ®allro+[An]) <C (3.6)

(An;q)n)e@nfnzl

10



for some constant C.
We then address the Galerkin discretization of (2.9]). Let

Y, = RVN 59,
and F, : Y, — Y, be an approximation of F' defined by
(En((Ans @n)), (s Tn)) = (F((Ans @), (s Tn)) - ¥ (Ans @), (ks D) € Yo
Then discrete problem (34 can be rewritten as
F.(An,®,))=0€Y,. (3.7)
We also denote the derivative of F,, at (A, ®,) € Y, by Fr/L,(An,én) 1Y, = Y as follows:

N
<F7;,(An,<1>n)((ﬂJm \Iln)), (Xnarn» = <‘C:I>n (Ap, @), ) — Z (Nij,n¢j,na%’,n)

i,j=1

N
+ Xij,n/(¢i,n¢j,n + Gin¥jn)-
ij=1 Q
Given (A, ®) € SNV x Q, we define
X =8VN x (S Ts)CY
with the induced norm ||(p, ¥)||x, = |p| + ||¥]|1,0 for each (p, ¥) € X¢ and
Xopn =8N x (Ho N (Se @ Ta))-

We assume here and hereafter that yo = (Ao, D) is a solution of () satisfying (Z13), where
Ao = (/\Oyij)gj:l and ®g = (¢0,1,¢0.2, ", Po,n). We shall derive the existence of a unique local
discrete solution y,, € Xg¢,, of B4) in the neighborhood of .

Lemma 3.1. F) : X, — Xg is an isomorphism.
Proof. Tt is sufficient to prove that equation
Fy (1, 9)) = (n, 9) (3.8)

is uniquely solvable in Xg, for every (n,g) € X%,- To this end we define the following bilinear
forms ag, : H x H — R and bs,, ca, : H x RVXN _ R by

ag, (U, T) = (Ly, (Ao, Po)¥,T),

N
bao (U,0) = > Xij(do.i0y),

i,j=1

N
co, (V) = ZXij((¢0,i,1/)j)+(¢0,j,1/1i))-

i,j=1

Using (2.10)), we may rewrite ([B3.8) as follows: find p € S¥*Y and ¥ € S, ® Ta, such that

ag, (U, T) — bg,(D,p) = (g,1) VT €Sp, ® To,
N
(3.9)
co,(V,x) = Z XijMij Yy e SVXN,
1,j=1

11



For any given y € SV*N | we can choose ¥ = ®gy, and thus

N
co,(W,0) =2 > il (3.10)

i,j=1

where ®1'®q = IV*¥ is used. Note that a simple calculation leads to

N
1910 = [Poxllre S (D X)) [®olle. (3.11)
ij=1
By taking into account (Z3), (310) and (B.I]), we obtain

) ca, (¥, %)
II}Vf o, Sup N =
XESM N weSa, [|Ul1,0(30; -1 X512/

K, (3.12)

where . > 0 is independent of y. Hence, there exists a unique solution ¥g € Sg, such that

N
cao(Vs,%) = Z Xijhi; Vg€ SV,

ij=1
Therefore (39) is equivalent to: find ¥y € Tg, such that
GQO(\I’(),F) = (g,l—‘) —GQO(\Ifs,F) VI e 7:I>0- (313)

The unique solvability of (813) is a direct consequence of (2.13)).
Using similar arguments to that from BI0) to BI2), we get

. b%(‘l’aﬂ)
H}vfxzv Sup N 2)1/2
XeSTN wess, W0 j=1 xijl*)

> Kb,

where kp > 0 is independent of y. This implies that equation
ba, (I b) = as, (Yo + Vs, ') — (9,I') VI € Sa,

has a unique solution pg € SV*V.
We have proved that for any (n,g) € X3, in (3.9), there exists a unique solution (pgs, ¥o+ ¥s).
This indicates that Féo is an isomorphism from Xg¢, to X3 and completes the proof. o

Note that F‘;O : Xo, = X}, being an isomorphism is equivalent to the following inf-sup condition

F' oy,
nf s WYL g (3.14)

Y1€Xaq y2€Xa, ||y1||X<1>0 ||y2||X<1>0

with the constant satisfying 57! = || F; '|.

For any ® € QQ, we define

Q*={TcQ:||¥—-]loo= min [|[VU - ®|¢a}

UcONXN

In our analysis, we need the following lemma, whose proof is referred to [6].
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Lemma 3.2. If ® € Q, then ¥ € Q® can be represented by
UV=04+5SW)e+ W,
where W € To and S(W) € SN*N satisfying

[SW)| = |[(IVN —wTw)H/2 -

(3.15)

Before giving a discrete counterpart with Lemma[3.T} we also need to introduce two projections.
First, we define the projection IT,, : Q — H,, N Q such that

—\Iler%m | — @10 VPeQ.

To project further into X ,,, we then define IL, : SNXN « Q — X pn by
I, (A, @) = (A, (II,2)U) V(A ®) e SNV xQ,

where

U= IL,,®)U — ®||o q.
argUergglxNH( ) llo.0

From Lemma 3.2 we see that IT,, : SN N x Q — Xg, is well-defined.

Lemma 3.3. If Assumption A2 is satisfied, then there exists ng > 1 such that Fr/L,Hnyo : Xogn —
X&o.n 18 an isomorphism for all n > ng. Moreover, there is a constant M > 0 such that

H anyo ||<M vn>nO

Proof. We first prove that
lim [y —yllx, =0 Vy=(A0) e SV x Q. (3.16)

Using the fact that ® € Q and (I, ®)U € Q®, we have
U — 1] = ||(I1,2)U = 11, @(j0,0 < [|(T1,@)U — @[o.0 + [T, @ — @[o.0 < [T ® — |10,
which implies

|(IL.2)U — @10 L@ — @[l 0 + | (IL,@)U — 1,210

<
< ® - @fo+[U—1]-
<

TL,® — ®1.0. (3.17)
Let ®" = (¢, ¢5,- -+ , ¢}y) = arg ‘I}m%l ¥ — ®|1.0, we may estimate ||II,® — ®||1.o as follows:
EHn
o Qn¢n
1,2 — @[10 < | — ®ill1.0
Z 1Qn @} |00
N
Qn¢"
< (1@nd5 = dillie + I )
2 1@l
N
1@nd7 1,0
< 14+ ) [|pi — Qndi'[1,0,
>0+ el ||
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where @Q,, is the Gram-Schmidt orthogonal operator:

i—1
(Quoy. ) _
L = n_E:—nn —1,---,N.
=N Qe e T

Note that
16— Qud?lhe < 67 ¢1||1Q+Z”Q"¢n”1” (Qud, 67 — 6) + (Qud?
PRAER
< 1+Z”Q"¢ ””’m ¢"||m+z”@"¢ 2, -

1Qn ¢ llo.0 < 1@nd} 115 0

we conclude
@ — @l < 12" — Pllo=_inf ¥ -0
WEH'VL
Using (3I7), (BI8) and the definition of II,,, we arrive at
My~ yllxa S jnf 19— @0,

which together with ([B.2)) leads to (BI6).

- ¢j7 (bl))

We then show the invertibility of Fy, , : Xo,n — X3, ,- We obtain from ([3.14) that

F 4,
sup { yoJ1 Ya)

———— 2> Vuy € Xogn.
y26Xay [1U111xa, V2] Xa,

Let P20 : Sp, N To, — Hn N (S, N Ta,) be a projection operator satisfying
(V@1 V(P — PP°®y)) =0 V@1 € Hy N (Say N Tag)-
Set

M = sup W — Prow|ogq,
VESa,NTaq, | ¥ll1,0<1

we have (see, e.g., [34])

10 = PPWloe Sl Pl VW ESeNTs with lim n, =0.

Let P, = (I, P®0), we obtain from definition [2.11) and (3.20) that

(Fy,y1, Paya) (Fyoy1,y2) — < WY1 Y2 — Puy2)
= (Fpy1,v2) + 3 (V‘Pl, V(@ — Pyo®s)) — (Fy 1, y2 —
> (Fyoy1,92) — C||y1||Xq>0||y2 Pryzllo.0
> (Fpy1,92) — enallyill xa, Y2l X, »

which implies that there exists n such that for all n > 7, there holds

(Fyoy1,2) B
2

Y%

sup

Mol ol v Y1 € X<I>0,n7
v2€Xagn (911l xa, 192l x4,

14

Pny2>

Qnd7 |10,

(3.18)

(3.19)

(3.20)



or equivalently

F! 1,
inf sup < wo YL ve)

T Tk, 4
V1€Xa0,n yoeXag.n (Y1l Xe [Y2] Xa,

8
=

Thus Fy, , is an isomorphism from Xg, » to X&,.n satistying

|F, -~ <287 Vn>na.

Y0

Note that F), satisfies the following discrete Holder condition
1 Ego = Frttge | S lvo = Wagoll%,, + llvo — Maol%,, -

It follows from (B.16) that there exists ng > 7 such that the inf-sup constant of F;, y , is uniformly
away from zero for all n > ng. This completes the proof. O

Theorem 3.1. If Assumption A2 is satisfied, then there exist § > 0, ny > ng such that (34 has
a unique local solution y, = (Ay, @p) € X, n N Bs(yo) for all n > ny.

Proof. The idea is to construct a contractive mapping whose fixed point is y,,. We rewrite (3.7)) as
Fo(yn) — Fo(Ilayo) = —Fu(Iluyo).
Using (Z10), we have
1En(Mnyo)llxz, . = IFInyo)lxag .. — FW0)lxe,.. llx;

Dg,n

< Fnyo) = Flyo)llx;, < llvo — Mnyollxa, -

From Lemma B3] we may define the map N : Br(IL,yo) N Xog.n — Xogn DY

1
F7/17Hny0 (N(‘T) - H"yo) = _Fn(HnyO) - (I - Hnyo)/ (Fvlz,l'[nyo—i-t(;v—l_lnyo) - F’,/]‘)Hnyo)dt
0

when n > ng.

We will show that NV is a contraction from Br(Il,y0) N Xo,n into Br(Il,yo) N Xo,n if R is
chosen sufficiently small and n is large enough.

First, we prove that A" maps Br(IL,y0) N Xo,,n to Br(Il,y0) N X, for sufficiently small R.
Note that FT'LHny0 is an isomorphism on Xg, , if n is sufficiently large. For each z € Br(Il,yo), we

have N (z) — II,yo € Xo,,, and
[N () = Mnyoll xa,

1
T (EAC RSN L N LRSS N )

CM (|Myo — yollxs, + R(R* + R?)).

IN

IN

Since CM (||[TL,y0 — Yol xs, + Rt + R?) can be estimated by R when R is sufficiently small and n
is sufficiently large, we have that N'(z) € Br(I1,y0). It is clear that R can be chosen independently
of n.

Next, we show that A is a contraction on Br(Il,y0) N Xoyn- If 21,22 € Br(Il,yo) N Xog.n,
then

1
Fin o (N(21) — Ni(z2)) = (21 — 72) / (Flts = Fhorst(onnn )
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Thus, [N (21) — N (z2)|lx,, can be estimated as
[NV (z1) = N(22)]l x4,

1
MHJ;2 - :CIHX‘I’O ~/O HF7/17Hny0 - F7/17I1+t(I2—I1)Hdt

CM(RO‘ + R2)HJJ1 - x2||X(p0-

IN

IN

We obtain for sufficiently small R that CM(R® + R?) < 1 and hence N is a contraction on
Br(I1,yo).

We are now able to use Banach’s Fixed Point Theorem to obtain the existence and uniqueness
of a fixed point y, of map N : Br(Il,y0) N Xoy.n — Br(Il,yo) N Xa,.n, which is the solution of
F,,(y,) = 0. This completes the proof. O

4 Numerical analysis

In this section, we shall prove the convergence of finite dimensional approximations and derive
various error estimates under different assumptions.

4.1 Convergence

The purpose of this subsection is to prove the convergence of the numerical ground state solutions,
for which we need to introduce the following distances between two sets. We define the distance
between two subsets A, B C Y by

D(A,B)= sup inf (JA—p|+|[®—¥[10)
(A,D)eA (W, Y)EB

and the distance between two sets M, N C ‘H by

day (M, N) = inf [|® — ¥, o.
(M, N) ;g}l\}q}g]vl\ 1.0

Theorem 4.1. There hold

lim D(O,,0) =0, (4.1)
n—00
nh_)rrgo E, = {pnelaE(\If), (4.2)

where E, = E(®,,) for any ®,, € G,.

Proof. Let (A, ®,) € O, for n =1,2,---. Given any subsequence {®,,} of {®,} with 1 <n; <
ng < --- < my <---, we obtain from the Banach-Alaoglu Theorem and (3.0]) that there exist ® € H
and a weakly convergent subsequence {@nkj} C {®,, } such that

®,, — O inH. (4.3)
Next we shall prove ® € G and
lim [[® — @, [1,0=0, (4.4)
Jj—o0 J
Jim B (P, ) = min B(P). (4.5)
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From (L3 and Proposition 23] we have

lim inf B(®, ) > B(®). (4.6)

J—0o0

Note that 2) implies that {(I)nkj} is a minimizing sequence for E(¥) and the Rellich theorem

shows that
/¢i>nkj ¢j>nkj —>/¢1¢J J — o0,
Q Q

Therefore ® € Q is a minimizer of E(¥), which together with (6] leads to

lim E(®,, )= E(®) = min E(V). (4.7)

Jj—o0 J veQ

This further implies (£3]) and ® € G.
Since H}(Q) is compactly imbedded into LP(Q) for p € [2,6), we have that Giny,, — @i strongly
in LP(Q) as j — oo for ¢ = 1,2,---,N. This indicates that {p%kv} converges to pg strongly in
J
L1(Q) for g € [1,3), from which we obtain that
lim [ Viee(2)(pa,, () = pa(z))de =0,
9] J

J—o0

lim (5(p<pnkj ) — E(pa(x)))dx =0,

j—oo Jq

and

lim D(pa,, ps,, )= D(pe.ps). (4.8)

j—oo
Consequently, we can get from (@) to [L])) that each term of E(-) converges and in particular
N N
Jim. ; IVim,, 150 = ; IVe:5.0-

N 1/2
Using (4.3)) and the fact that 7 is a Hilbert space under norm <Z |V¢i||(2))ﬂ> , we obtain (4.4)).

i=1
If (A, @) solves (Z3)), then

lim |A — An,, |=0

J—00

is a direct consequence of (Z7), (EH) and (£4). Hence we arrive at ([@I). This completes the
proof. O

Remark 4.1. Theorem [{-1] states that all the limit points of finite dimensional approzimations
are ground state solutions. We note that [29] gave the convergence of ground state energy ap-
prozimations only while we provide further convergence of approximations of both eigenvalues and
eigenfunctions.
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4.2 Error estimates for the energy approximation

We shall derive the quadratic convergence rate of ground state energy approximations, which is a
generalization and improvement of [6] [29)].

Theorem 4.2. Let E be the ground state energy of (Z4) and E, be the ground state energy of
B3), namely, E = E(®) for all ® € G and E,, = E(®,,) for all ®,, € G,,. If Assumption A1 holds,
then

|E — En| < d3,(G, Hy). (4.9)
Proof. We see from the definition of ground state energies E' and E,, that
0<E,—-E<EW)-F VUVeH,NQ.

Following [6l 27], if Assumption A1 holds, we obtain from the Taylor expansion that for any
U € Q, there holds

E(¥)— E(®) = (E'(9),V — D) + %(E”({)(\IJ — D), ¥ — ), (4.10)

where £ = ® + §(¥ — ®) with ¢ € [0, 1]. Since ® is a ground state solution, we get from (23] that
(E'(®), ¥ — @) = 2(PA, ¥ — &) = 2(PUUTAU, VU — ®U),
where the orthogonal transform U diagonalizes the Lagrange multiplier A by
UTAU = diag{\;,--- , An}.

Denote ® = ®U and ¥ = YU, we have

N o ~ N B
2Y % [ Ei-6) £ Y16 - dilka
i=1 Q2 i=1

5 ||‘i’_‘i’||isz = ”(I)_\IJ”%,Q' (4-11)

(E'(®), ¥ — @)

It is observed by a simple calculation that

N N N
(B"(§)W,T) = QZ(AH%W) +4 Z D(&vi, &v5) +4 Z /Q E"(pe)&ibi€j;
i=1 ij=1 ij=1
and hence
(E"(O¥ ~ @), ¥ - @) S[|¥ - @[ o, (4.12)

where the hidden constant depends on the H-norm of .
Taking (4.10), (@.11I) and ([4.12]) into account, we have proved that for ® € G there holds

E(W)-E@®) S2-Y|7q VEeH,NQ,
which together with the definition of II,, and (BI8) implies that I, ® € H, NQ and
0< B, - E < E(I,®) - B(®) < 1,2 - ®[f o < d3y(F, Ha),

where the hidden constant, by using ([3.6), is only dependent on the problem. This completes the
proof. O
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4.3 Error estimates for ground state solutions

In this subsection, we shall derive the a priori error estimates for finite dimensional approximations
of Kohn-Sham equations under Assumptions A2 and A3. Note that yg = (Ao, Po) is a solution of

Z3) satisfying 213).
We define bilinear form a’(®o; -, -) by
d(Bo; U,T) = (L, (Ao, Bo)¥,T) ¥V U,T € H.

Obviously, a/(®g; -, ) is continuous on H x H.
Now we shall introduce the following adjoint problem: for f € (L?(Q2))", find ¥ € T, such
that

a'(®o; Vs, )= (f,T) VI ETs,. (4.13)
Since L, (Ao, ®o) is an isomorphism, (AI3) has a unique solution and
Lo S 1 floe- (4.14)

Let K : (L2(Q)N,(+,)) = (Ta,, (V-, V) be the operator satisfying

1]

(VKw,Vv) = (w,v) Ywe L),V ve Ts,. (4.15)
Then K is compact. Set

Pn = sup inf ||V ((Llp, (Ao, ®0) K f—¥)o.q,
FEL2INV [ fllo.o<1 YEHR

we then have the following estimate (see, e.g., [4])
IV (L5, (Ao, o)) T K f — Py (L, (Ao, ®o)) 'K f)]

with

00 Srallflloe Ve @)Y (4.16)

lim p, =0,
n—oo
where P! : Tg, — To, N H,, is the projection operator satisfying
(V((I)l —P,’Z<I>1),V<I>2):0 V &y E%OQIHﬂ.

Theorem 4.3. If Assumptions A2 and A3 are satisfied, then there exists 6 > 0 such that for
sufficiently large n, B4) has a unique local solution (A, ®,) € Xayn N Bs(yo) satisfying

@0 — Pnlli0 S du(G, Hn) (4.17)
and
[®0 — Pnllo,0 + [Ao = An| S pul|Po — Pull1,0 (4.18)

with p, — 0 as n — oo.

Proof. We obtain from Theorem B.1] that there exists § > 0 such that for sufficiently large n, (3.4)
has a unique local solution y, = (Ap, ®p,) € Xa,.n N Bs(yo). Hence, we have

Fn(yn) - Fn(HnyO) = _Fn(Hny0)7
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which leads to

1
’r/L,Hnyo (yn - HnyO) = _Fn(HnyO) - (yn - HnyO)/ (F’r/L,Hny(ri’t(’yn*Hnyg) - F’r/L,Hnyo)dt'
0

Using the similar arguments in the proof of Theorem [B.I] we obtain from Lemma that for
sufficiently large n

lyn — Hn?JoHX% S llyo — Hn?JOHX% + lyn — Hn?JOHX%(Hyn - HnyOHgt(@o + lyn — Hn?JO”%ﬂpo)’
which together with [BI0) and the fact that y,, € Bs(yo) implies that for sufficiently large n

||yn - Hny0||Xq>0 S ||y0 - Hny0||X<b(,' (419)
Using (319) and (#19), we conclude

1ym = Yol xoy S 190 = Tngollxay + lly0 = Unyollxa, S inf [ —Pof10,

which implies (@I7).
Since there exists d; € [0, 1] such that

(&' (po, )i — E (poo)b0i> Pjn) = /sl(g/(PE) + 262" (pe)) (b — D0,i)Pjms

where § = (£1,&2,- -+ ,&n) with & = 6;¢in + (1 — ;) ¢0,4, using Assumption A2 we get

(€ (po.)biom — E'(p3)b0ss i) /g (pe 4+ P2) (Bim — 60.0)1m

S eglos/aallfin — do.illo.ell@snllos)3—2a).0 + leellos.allpin — doillo.cll@nlose
S N@in — 0.illo.0s

from which we have

((8’([).:}") - gl(p':bo))d)i,nv ¢j,n)
= (&' (pa,)0in — E (pay)D0,i, Djn) + (€ (poe)(P0,i — Pin), Pjm)
S @in — doilloq-

Note that
Xijn — Aoij = (Aa, Gin, Pjn) — (Asdo,i, G0,5)

= (Aao($in — G0,i), Pjn — ¢0,5) + /Q Z A0,ik 00,k (Dj,n — Po,5)
k=1

+ /Q ; 0,jk®0,k (Pin — G0,i) + /9(5'(pq>n) — & (pay))Pinbin

+D(9i,nBjin, P2, — PDy)-
Hence we conclude that
A = Aol S @5 = PolT o + [P — Polloq. (4.20)
By Lemma [3.2] we decompose ®,, as
O, =09+ S(W)Py + W, (4.21)
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where W € T, and S(W) € SV*N satisfying
SV < W50 < [1®o — @ull§ o- (4.22)
Setting ¥ = Uy, _g, and applying the duality problem of (£13]), we obtain
H(I)n - (I)0||3,Q = ((I)n — o, P, — (I)O)

((I)n - (bO;S(W)(bO) + ((bn - ¢07 W)

= (D, — Py, S(W)Dy) + a'(Pp; ¥, W),
which together with ([@2]]) leads to

[®n — Poll5q = (Pn— Po, SW)Pg) — a'(Po; U, S(W)Do) + a'(o; ¥, ©,, — D)
= (‘I)n - QO,S(W)(I)Q) - a/(fl)o; \IJ,S(W)(I)O) + a/(q)o; v — P{l\I/, ‘I)n — (1)0)
+CL/((I)0; P;I\IJ, (I)n — (1)0)

Note that from (Z3) and 34, we have

2d (Pg; PV, D, — ®g) = E"(P)(PV, D, — Do) — E'(P,)(P,V) + E'(Pg)(P,¥)
N
+2 Z (Aijyn — Aojiz) /Q Gj.n Py i
ij=1

while the fact that U € Ty, yields

GinPrib; = / (Djn — Po,5)0i + / Gjn(Ppibi — ),
Q Q Q
we then come to
||(I)n - (1)0”379 = (‘I)n - (1)0,8(W)(I)0) - a/((l)o; \IJ,S(W)(I)()) + a’(@o; v — P,;‘I’, (I)n - (1)0)

5 (B (@) (PL0) — ' (20) (PLW) — E"(%0) (P, B, — B0)

N
+ 3 (g — )\o,ij)(/ﬂ(%,n = ¢o,)ti + /Q Gjn(Pthi — i)

i,j=1
Using the Taylor expansion, we have that there exists § € [0, 1] such that
E'(®0)(P,¥) — E'(R0)(P,¥) — E"(Q0) (P, ¥, ©, — Do)
= E'(&)(PV, @, — o) — E"(®0)(P, ¥, D, — Do)
S (190 = @ollfq + 190 — @0l .0)[Pn — Pollf g (4.23)

where £ = &g+ 0(P,, — Pg) and the last inequality is obtained by the similar arguments in the proof
of 222)) or Lemma 4.5 in [6] when I'y = &, — &g, I'y = ®,, — &g and I's = P, ¥, and using the fact

1P, %][1,0 S 1¥]1,0 < [[®n — Pollo,0-
Taking (£14), [@I4), (£22) and @23) into account, we obtain that

1@ — Dolloe S [1®n— Pollf.q + pnll®n — Poll1.a + [[Pn — Dol 0 l|Pn — Pollo.o
+ [An = Ao|([[®n — Pollo, + pn),

which together with (@20 and Theorem [£.1] produces
[®n — Pollo,2 S pul|Pn — Poll1,0

when n > 1. This completes the proof. O
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Remark 4.2. Theorem[].3 shows that under certain assumptions every ground state solution can
be approximated with some convergent rate by finite dimensional solutions. We see that [6] pro-
vided numerical analysis of plane wave approximations only while our results apply to general finite
dimensional discretizations and the analysis is systematic and carried out under very mild assump-
tions.

Remark 4.3. If in addition, V.. € HY(Q), (; € HY(Q) (j = 1,2,---,M) and £ € C*(]0,00)) N
C3((0,00)), then for sufficiently large n, estimates [EI7) and [@IS) are also satisfied with pp, — 0
as n — 0o. Here

Pn = sup inf [|V((Lp, (Ao, o)) 'K f —T)lloq
FEM|Iflla<1 YEHR

and K : (H,(V-, V) = (To,, (V-, V) satisfying (EI5).

Remark 4.4. Let yo = (Ao, o) be the ground state solution of (23] satisfying 213). We assume
that 2 is a convex bounded domain and S, is replaced by the standard finite element space S’g’k(Q)
of piecewise polynomials of degree k (k = 1,2) of H}(Q) over a shape-reqular mesh with size h. Let
(A i, Phic) € Xay.n be the ground state solution of BA) and Assumption A2 hold. Then

Ao — Ap 1|+ |®o — @hillo.q + hll®o — Phill1a S A2

when h < 1. If in addition, Vi,e € HY(Q), ¢; € HY(Q) (j = 1,2, , M) and & € C*([0,00)) N
C3((0,00)), then

|Ao — Apa| + hl|®o — Prolloo + h2||Po — Pholl10 S A

when h < 1.

5 Numerical examples

In this section, we will report several numerical examples that support our theory. These numerical
experiments were carried out on LSSC3 cluster in the State Key Laboratory of Scientific and
Engineering Computing, Chinese Academy of Sciences. Our code is based on the PHG finite
element toolbox developed in the State Key Laboratory of Scientific and Engineering Computing,
Chinese Academy of Sciences.

In these examples, we solved Kohn-Sham equation (Z.5). We chose our computational domain
Q as [-10.0,10.0]%. In computation, we used the norm-conserving pseudopotential [30] obtained by
fhi98PP software and applied the local density approximation (LDA) for the exchange-correction
potential. We applied the standard linear and quadratic finite element discretizations over uniform
tetrahedral triangulations. The finite dimensional nonlinear eigenvalue problems were then solved
by self consistent field iterations. In each iteration, the Kohn-Sham Hamiltonian is constructed
from a trial electron density, the electron density is then obtained from the low-lying eigenfunctions
of the discretized Hamiltonian, the resulting electron density and the trial electron density are
then mixed and form a new trial electron density. The loop continues until self-consistency of the
electron density is reached.

We present numerical results for No, CoH4 and SiH4 molecules. Since analytical solutions are
not available, we use the numerical solutions on a very fine grid for references to calculate the
approximation errors.

Let us first come to the ground state total energy approximations. The errors of total energy
of Ny, CoHy and SiHy are presented in Figures (.11 and .3 respectively. We can see that
convergence rates for linear and quadratic finite elements are h? and h* respectively, which agrees
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well with the results predicted by Theorem We then present the approximation errors of the
first two eigenvalues for these three molecules, see Figures [5.4] and We may see that these

results coincide well with our theory (see, e.g., Remark [£.4), too.
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Concluding remarks

We have analyzed finite dimensional approximations of Kohn-Sham models. We have proved the
convergence and shown the optimal a priori error estimates of finite dimensional approximations.

As we see, the ground state solutions oscillate near the nuclei [14] [I7]. Tt is natural to apply

adaptive finite element discretizations to carry out the electronic structure calculations. Indeed, it
is our on-going work to study the convergence and complexity of adaptive finite element methods
that will be addressed elsewhere.
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