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Abstract

The Reduced Basis Method can be exploited in an efficient way
only if the so-called affine dependence assumption on the operator and
right-hand side of the considered problem with respect to the parame-
ters is satisfied. When it is not, the Empirical Interpolation Method is
usually used to recover this assumption approximately. In both cases,
the Reduced Basis Method requires to access and modify the assembly
routines of the corresponding computational code, leading to an intru-
sive procedure. In this work, we derive variants of the EIM algorithm
and explain how they can be used to turn the Reduced Basis Method
into a nonintrusive procedure. We present examples of aeroacoustic
problems solved by integral equations and show how our algorithms
can benefit from the linear algebra tools available in the considered
code.

1 Introduction

In many problems such as optimization, uncertainty propagation, and real-
time simulations, one needs to solve a parametrized problem for many values
of the parameters. Among the various available methods to reduce the com-
putational cost, the Reduced Basis Method (RBM) has received increased
interest over the last decade (see [8, 10} [IT] [13] for a detailed presentation



and [6] for some convergence results). Consider the following problem: Find
u, € V such that
ay(uu,v) = cu(v), Yo eV, (1)

where ;1 € P is the parameter, a, is a sesquilinear form, ¢, is a linear form,
and V is a finite-dimensional functional space of size n, where n is typically
very large. Since the linear problem is written on a finite-dimensional
space, we can consider the following matrix form:

AU, =C, (2)

where 4, € C"" and C, € C". We refer to the solutions to (1)) as truth
solutions.

The RBM allows one to compute very fast an approximation of the
truth solution u, by means of an offline/online procedure. The online stage
is a Galerkin procedure written on a basis of so-called truth solutions u,,,
1 <1 < n < n, rather than on a basis of V. The parameter values pu; are
selected by a greedy algorithm in the offline stage, where the functions u,,
of the reduced basis are also precomputed. Denote by U the rectangular
matrix of size n x n such that (U);; = vi(w), where v;(1y), 1 < i < n, are
the coefficients of u,, on the basis of V. Then, the RBM approximation
is computed by solving the reduced problem A,fy(u) = C'M, where flu =
U'A,U and CA'/L = U'Cy, so that

Ay (x) = Z’?l(ﬂ)um () = up().
=1

The efficiency of the RBM hinges on the assumption of an affine depen-
dence of the operator and the right-hand side with respect to the parameter.
This assumption states that

d
(Ap)ij = Z (1) (A )i g 1<4,5 <n, (3)

m=1

where A,, denote parameter independent matrices, and «,, are complex-
valued functions of the parameter. We only discuss the case of the operator
Ay, the right-hand side C), being treated in the same way. Owing to the
separated representation , the assembly of the reduced problems and the
computation of the a posteriori error bound are performed in complexity in-
dependent of n (see [4] for the computation of the error bound). It consists
in precomputing the matrices A,, = U'A,,U in the offline stage, and then
considering flﬂ = an:l am(u)flm in the online stage. However, this proce-
dure requires in general nontrivial modifications of the assembling routines
of the computational code since various terms of the variational formulation



at hand corresponding to the matrices A,, in have to be accessed sep-
arately. This issue can be readily dealt with in simple cases. For instance,
consider the model problem where

ay(uy,v) = / Vuy(x) - Vu(z)de + u/ uy(x)v(z)de,
Q Q
and P is one-dimensional. Define Ay, A1 € R™ "™ by

(Ao)ij = / Voi(z) - Vj(z)de, 1<i,j<n,
Q

and
(A1)ij = / wi(x)pj(z)dz, 1<i,j<n,
Q

where ¢;(x) are the finite element basis functions, so that
A, = Ag+ pA;. (4)

Taking two values p1 # po of the parameter, can be rewritten as

M2 — [ b= p1

A= M2 — A M2 — A ©)
which still has an affine dependence with respect to the parameter. In ,
we only require to evaluate A, for some values of u. Since the matrix A, is
the result of the whole assembly procedure and is therefore easily accessed in
computational codes, the formula () is called nonintrusive. More generally,
we say that a formula to compute A, or C), is nonintrusive if it only requires
to access the whole matrix or the right-hand side for some selected values
of the parameter . The first goal of this work is to extend the idea leading
to to more complicated parameter dependencies, and to apply it to
obtain nonintrusive formulae for the matrix and right-hand side of with
an affine dependence on the parameter.

The second objective is to develop a nonintrusive procedure to get ap-
proximate affine representations of the operator and right-hand side, when
affine dependence does not hold. In this case, the Empirical Interpolation
Method (EIM) can be used. In this work, we present variants of the classical
EIM algorithm, and, to the price of an additional EIM approximation the
accuracy of which we can control, we derive, in a quite general framework,
nonintrusive approximations of, say, the system matrix in the form

Au ~ Z ﬂm(/‘l’)Aﬂ'nﬂ (6)
m=1

where fi,, 1 < m < r, are some selected values of the parameter (which
are different from the parameter values p;, 1 < [ < n, selected by the



greedy algorithm in the offline stage of the RBM), and where 3,,(1) can be
computed efficiently (namely with a complexity independent of n).

The article is organized as follows. In Section[2] we briefly recall the clas-
sical EIM algorithm, and present some variants that are useful in the present
context. Then, nonintrusive procedures to approximate A, are derived in
Section In Section we consider the case where affine dependence
is already available, and in Section [3.2] the general case. Finally, numeri-
cal simulations are presented on aeroacoustic problems solved by integral
equations in Section |4}, where the use of the nonintrusive formulae is crucial.

2 Classical EIM and variants

Consider a function g(u, ) defined over P x Q) for two sets P and Q2. We look
for an approximation of this function in a separated form with respect to p
and z. There are different possible ways to achieve such an approximation
using EIM-like algorithms. An EIM algorithm consists of an offline stage,
where some quantities are precomputed within a greedy procedure, and
an online stage where the approximation is computed making use of these
precomputed quantities.

2.1 Slice 1

First, we recall the classical EIM as introduced in [I], see also [11]. We denote
the offline stage of this algorithm by EIMS!, S1 refering to Slice 1, since the
first variable is treated before the second variable in the construction. Fix an
integer d > 1 (the total number of interpolation points). For all 1 < k < d,
the rank-k approximation operator I ,§1 is defined as

Aot (1) (), (7)

M=

(15%9) (1) =

m=1

where the functions A3l (1), 1 < m < k, solve the linear system

k
S OBI NN W) =g(p,27t),  VI<I<Fk (8)
m=1

The functions ¢5!(-) and the matrices BS! € R¥*¥ which are lower trian-
gular with unity diagonal, are constructed as in the offline stage described
in Algorithm [1} where 63! = Id — I?! and || - ||q is a norm on Q, for in-
stance the L™ (Q)- or the L? (Q)-norm. In practice, the argmax appearing
in Algorithm [I] is searched over finite subsets of P and 2, denoted respec-
tively by Pirial and Q¢ria1- Note that Algorithm [I] also constructs the set of
points {x?l}lglgd in © used in (§8]), and a set of points {p?l}lglgd in P. The
following assumption is made.



(H) The dimension of Span (g(u, -), ) is larger than d, so that the functions
neP
{9(1P', ) }1<i<q are linearly independent (otherwise, (03 g) (i1, 25} ,) =
0 for some k in Algorithm .

Algorithm 1 Offline stage EIMS!

1. Choose d > 1 [Number of interpolation points]
2. Set k=1
s. Compute pf! := argmax||g(u, -)|o
neEP
s. Compute 25! := argmax|g(uf?, )| [First interpolation point]
e
5. Set ¢71(-) == ﬁ [First basis function]
. 1 .
g(ui", 7")
6. Set Bls}l =1 [Initialize matrix BS!]

7. while k < d do
s, Compute pfl, = argrr;ax\\(é,%lg)(u, e
pe

o.  Compute x| := argmax]| (83" g) (3t , )| [(k + 1)-th interpolation
e
point]
(62" 9) (1)
(581 )(Nker x%iﬂ
1. Set Bk+1 L= (:L’k_H) forall1<i<k+1 [Increment matrix B5!]

2. k+k+1 [Increment the size of the decomposition]
13. end while

1. Set Qk:+1( )= [(k + 1)-th basis function]

The online stage of EIM®! amounts to — for kK = d. This yields

d

(I3'9) (m.x) == > AT (w)ay) (), (9)

m=1
where the functions )\7Snl (1), 1 <m < d, solve the linear system

d
S B () =g(p,2t),  VI<I<d. (10)

m=1

Eliminating AS! (1) leads to

d d
(Iglg) (:U’v $) = Z Z BSl mlg Ky T ) Sl(‘r)v (11)

m=1 [=1

where the matrix (BSl)_1 is computed during the offline stage.



The function I} 91g can be rewritten without using the functions {g5! }1<m<d-
By construction, it is clear that Span (g (-)) = Span (9(13),-)). There-
1<m<d

fore, there exists a matrix 'St e RI%d gych that, for all 1 <1 <d,

d
Z FSl lmqﬁ} (z) = g(u?l,x), Vz € Q. (12)

m=1

Owing to assumption (H), the matrix I'S! is invertible. The construction of
the matrix I'! is detailed in Lemma Using in yields

d
> B LT, g i) g (St @)
1 r=1

M=

(I'g

(13)

MWM&
M-

APrg(p, 2P g1yt @),
1

~

1r

where the matrix AS! := (I'S1(BS1)))~! can be computed during the offline
stage.

Lemma 2.1. The matriz TS can be constructed recursively in the loop in
k of Algorithm[1] in the following way:

e k=1:
(M) 11 = g(ui, 27Y),
o k—k+1:
(T5 ) kg1 hr1 = (00 9) (1, 2340,
(M) k11 =0, VI<I<k,
(T g1 = 171, V1 <<k,

where the vector k5% is such that Z’:nzl(Ba)l,m/f,snl = g(ul,, 2P,
forall1 <1< k.

Proof. The case k = 1 results from line 5 of Algorithm [I] Suppose that the
assertion holds at rank k. Using the definition of TSt at rank (k + 1),
for all 1 <1 <k and all z € Q, we infer that

(P k1031 (@) +ZFSIZWQm ) = g(', o).

Using the same definition at rank & leads to (I'®1); ;41 = 0 for all 1 < [ < k.
Then, using the same definition for [ = k 4 1, we infer that
k
(FS Jk+1, k+1qk+1 ) + Z FS Jk+1, mqm( ) = 9(#2}&@)'

m=1



Using line 10 of Algorithm we identify (I81) 1 k41 = (0819) (W34, 2321 1)
Yk _ (st Sla) = (IP'g) (13} F ~(T0 fer that
and 37 (T%) kst .mtnn () = (1" 9) (141 @)~ From (@)-(10), we infer tha

k k k
Sl () = 30 S (B (g 2.

m=1 =1 m=1

Therefore, (I'S!)gy1m = Zle(BSI);leg(ukH, zp!), finishing the proof. [J
O

We recall the interpolation property of I5'g; see [I1, Lemma 1]:
Proposition 2.2 (Interpolation property). For all 1 < m <d,

{(Iglg)mwfn) g(u, 25, forall ye P,
(13" 9) (s, @)

Proof. Let p € P. Since BS! is invertible, (I5'g)(u, -) is uniquely determined
by (9)-(10) as an element of Span ( ¢ (-)) = Span (g(,uTSnl, -)). Replacing
1<m<d

the values of the coefficients of BSl defined in line 11 of Algorithm 1 in ,
we infer that

g(pSt ), forall z € Q.

d d

(15 9) () = > A (wgnt (271) = D BELA (1) = g, 231,

1

m=1 m

for all 1 <1 < d. Therefore, for all 1 <m < d, (Iglg)(,ul ,+) is the element

of Span (g(y31,-)) such that (I3'g )(um,x,snl) = g(udl, 251, The linear
1<m<d

independence of {g(p5L, ) H<m<a vields (I51g)(ubt,z) = g(pdl, z), for all

1<m<dandall z €. O

Remark 2.3 (Alternative expression for 131). It is readily verified that

d
(I7'g Z g(p,23)), (14)
where the functions )\Sl( ), 1 <m < d, solve the linear system
d
S BN @) =¢(x), Vi<i<d (15)
m=1

Remark 2.4 (Stabilized EIM). When d is large, it can be interesting to
stabilize each step in the k-th loop of the offline stage of the EIM with re-
spect to round-off errors, in the same spirit as the stabilized Gram-Schmidt
procedure; see [4)]. The numerical simulations presented in Section use this
stabilized version.



2.2 Slice 2

A variant of Algorithm [I] is obtained by switching the roles of p and = in
the offline stage. We denote this variant by EIM®2, S2 refering to Slice 2.
Fix an integer d > 1 (the total number of interpolation points). Then, for
all 1 < k < d, the rank-k approximation operator SQ is defined as

k

(1%9) (o) =Y A2 (@)dy (k) (16)

m=1

where the functions A$2(z), 1 < m < k, solve the linear system

k
> BR AR (x) =g(ui%x), VI<I<E (17)

m=1

The functions ¢>2(-) and the matrices BS? € R*** which are lower tri-
angular with unity diagonal, are constructed as described in Algorithm 2
where 672 = Id — I3 and || - ||p is a norm on P, for instance the L (P)-
or the L? (P)-norm. Note that Algorithm [2| also constructs the set of points
{MZSthlgd in P used in , and a set of points {:L’l }1<l<d in Q. Similarly
to (H), we assume that the dimension of Span (g(-, z$?)) is d.

1<i<d

Algorithm 2 Offline stage EIMS2

1. Choose d > 1 [Number of interpolation points]
2. Set k:=1
s. Compute z9? := argmax||g(-, z)||p
xeQ)
s. Compute p$? := argmax|g(p, z3?)| [First interpolation point]
HEP
S2
5. Set ¢72(-) == M [First basis function]
6. Set B2 :=1 [Initialize matrix B52]

. while k < d do
s, Compute 732, := argnsllaxll(é%)(-, z)|p
xe

o.  Compute up%, := argn;ax[(é,%zg)(y, 32| [(k + 1)-th interpolation
pe
point]

(52%9) ( 2331)
(582 )(Mkﬂ, ey
1. Set Bk+1 = (,LLk+1), forall 1 <i<k-+1 [Increment matrix B5
2. k+k+1 [Increment the size of the decomposition]
s. end while

0. Set qk+1( )= [(k + 1)-th basis function]

-




In the same fashion as in Section the approximation of g is given by

d d
(I9) (mx) = D> (B, Lo, )a52 (1), (18)
m=1 [=1

where the matrix (BSQ)_1 is computed during the offline stage.

Remark 2.5 (Equivalence between S1 and S2). Since the roles of x and
w are not symmetric, the algorithms EIMS! and EIM®? lead in general to
different approximations of the function g. Howewver, in the case where the
norms are || - lla = || - o) and || - lp = || - [[zoe(p), it can be shown
by induction on k that the same sets of points p; and x; are selected by
Algorithms 1 and [3, and that the same matrices B and T' are computed.
Therefore, (15 g)(u, ) = (I529)(u, ) for all (u,x) € P x €.

There exists a matrix ['°2 € R4 such that, for all 1 <1 < d,

d
> O man (w) = 9w, 27%),  VpeP. (19)

m=1

The construction of the matrix I'S? is detailed in Lemma Using

in yields
d d
(I29) (o) =YY APPg(ui® x)g(p, 277). (20)

=1 r=1

where the matrix AS? := (I'S2(B%2)%)~! can be computed during the offline
stage.

Lemma 2.6. The matriz TS? can be constructed recursively in the loop in
k of Algorithm[d in the following way:

o kL=1:
(T5%)11 = g(uf?, 27?),
o kL —>k+1:
(FSQ)k+1,k+1 = (51529)(/@317 97231)
(T%) k1 =0, V1<I<k,
(T52)10 = K52, V1 <i<k,

where the vector k52 is such that 25121(382)”%%32 = g(u?%x%iﬂ,
forall1 <l <k.

Proof. Similar to that of Lemma O



The following interpolation property holds.
Proposition 2.7 (Interpolation property). For all1 <m <d,
(I3%9)(p, 252) = glp, 237),  for all p € P,
(I29) (152, ) = g(u2,x), for all & € Q.

Proof. Similar to that of Proposition [2.2 O

3 Nonintrusive procedure

The goal of this section is to obtain a nonintrusive approximation, using an
offline-online procedure, of the following quantities:

@) =Y [ guaus@ds, Ve {LN) @)
s=1 Q

where ¢ > 2, while N is supposed to be large. The functions ¥, ; are basis
functions or products of basis functions involved in the evaluation of the
entries of the vector C), and the matrix A, in (2, see Section 4| for various
examples. We want the procedure to be robust with respect to N. This
means that EIM algorithms can only be carried out to approximate the
functions (u, ) — gs(p, ) and not the functions (u,x) — gs(p, z)Wsy(z).
An example is

ay(u,v) = /Qg(,u,x)Vu(:L‘) -Vo(z)dx
so that
(4is = [ o0.2) V(@) - Vi),

which corresponds to with ¢ = 1, ¢t = (4,7), and Uy 4(x) = Vi(z) -

Vepj(x).
The main results of this section are approximations of in the form

-
Qu(p) =D Br(1)Qilpr), (22)
r=1

for some integer d?, coefficients {3, (1) }1<r<q= and parameter values {p, }1<r<d=.

3.1 Affine dependence available

To illustrate our main idea, we first consider the case where the function g;
only depends on p, but not on x. This corresponds to the case where an
affine dependence is already available, so that

Q) =3 gs(w) / U, (r)de, Ve {l...N}. (23)
s=1 Q

10



The key idea is now to apply an EIM procedure to the function gs(u) seen
as a two-variable function

v i (1, 8) = gs(),

where € P and 1 < s <. The two approximation procedures S1(y) and
S2(7y) are possible for the approximation of y(u, s), where now s plays the
role that z played in Section [2| and where we indicate specifically in the
notation that these procedures are related to the approximation of ~y(u, s).
The finite sets used in practice to compute the argmax appearing in the
offline stage of the approximation procedures S1(y) and S2(7y) are Piia and
{1...¢}. We keep the same notation as before for the constructed matrices
B, the vector-valued functions g, (), and the selected points p,,, while we
introduce the indices s; selected by the EIM procedures to approximate
~(u, s). Employing for instance the procedure S1 and using leads to
d

d
9s(m) ~ (13" 7)1, 8) = {z AP g s1c (N)} 0 (451,
r=1 \l=1

=B, (1)
where d < ¢ is the number of points used in the EIM applied to . Using
this approximation in (23)) and exchanging the order of summations leads
to

S d
Qul) = 3757 B gs (110 /Q W,y ()da

s=1r=1

d
= Br(w)Qi(p" ™),
r=1

which corresponds to . A similar nonintrusive approximation can be
derived using the procedure S2(7); details are skipped for brevity.

3.2 Nonaffine dependence

When the affine dependence considered in Section [3.1] is not available, the
first classical step consists in approximating the functions gs(u,x) for all
1 < s < ¢ using the procedure S1 or S2. This leads to the construction of
¢ sets of points z, points u, matrices B, I'; A, and vector-valued functions
q(-). We denote these quantities with an additional index s; for instance,
EIMS! carried out on g,(u, x) leads to the construction of the vector-valued
functions ¢>'(-), of components q§1m fx qss}n(ac), for all 1 < m < d. For
simplicity and without loss of generality, we assume that each EIM algorithm
stops at the same rank d.

Consider the procedure S1. Injecting the approximation of gs(p, x),
for all 1 < s < ¢, into yields an approximation of Q:(u), which we

11



denote by (Z5'Q:)(11) and which is given by

S1 : 2)dx
e =3 /Q )0, ()
c 4 4 (24)

=33 S (A8 g (,SY) /Q G5, )W ()

The key idea is that is a linear form in a vector z € R, whose com-
ponents, denoted by z,(p), 1 < p < ¢d (the index p collects the indices s, m
in ), contain all the u-dependencies:

<d

(T3 Qi) () = Y 2p(1) Qs (25)

p=1
where

d
Z(A§l)l,mgl(uv'x§}l)7 1<m<d, p=m,
=1
d
> (A mga(ma3y),  1<m<d, p=m+d,
2p(p) == ¢ =1

MQ“

c lmgcﬂa «;l) 1<m<d, p=m+(sc—1)d,
l:l

/ gl(u%,lmvx)\pl,t(m)dxa 1<m<d, p=m,
Q

0 /KZQQ(MS}m>x)\P2,t(x)d$7 I<m< da p=m-+ d7
tp "=

[0l ov@ar,  1sm<d p=m+-Da
Q

Now, following the same procedure as in Section a nonintrusive approx-

imation for Q;(u) of the form is achieved by applying another EIM to
zp(p) seen as the two-variable function

C : (M?p) = Zp(:u)’

where ¢4 € P and 1 < p < ¢d. The finite sets used in practice to compute
the argmax appearing in the offline stage of the approximation procedures

12



S1(¢) and S2(() are Pyia and {1...cd}. We denote d* < ¢d the number of
points used in this second EIM.
Injecting the approximation of {(u,p) using S1(¢) into the right-hand

side of yields

cd

(Z3Q0) (1) = Y5V (1, 9) Ot

p=1
§d d# d?

_ZZZAM ZSl(c) )z (fl(o)Qt,p'

p=11=1 r=1
Switching the order of summations in (26)) leads to

1Qt ZZAZT z Sl(C) Zzp Qt,p

r=1 [=1

_ZZAM Zsm;) (1) (Z51Qy) (SO,

r=1 [=1

where has been used in the second line. Replacing Ingt by @Q: yields
the following nonintrusive approximation formula for Q¢ (u):

Z{ZAM ZSl(C )}Qt( ). (27)

=0 (H)

In the same fashion, injecting the approximation of ((u,p) using S2(¢) in
the right-hand side of yields the following nonintrusive approximation
formula of Q;(u):

d* d*
~3 {Z ARz s w)} Qu(k). (28)
r=1 \i[=1

It is also possible to use the procedure S2 to approximate the functions
gs(p, x), leading to the construction of another vector z,(u), which can be
approximated using either S1(¢) or S2(¢). Details are skipped for brevity.

Remark 3.1 (Alternative procedure). Ezpression also holds with the

13



following choices for z,(p) and Q p:

d
Z(Blsl);:lgl(lu’a x?}l% 1 <m< d7 p=m,
=1
d
Z(Bgl);l}lQZ(lu’a $§,1l)7 1 <m< d7 p=m+ da
2p(p) == ¢ =1

d
> B g afh),  1<m<d, p=m+(s—1)d,
=

[y

(29)
/ @G (@)Ury(2)de, 1<m<d, p=m,
Q
/ qg,lm(w)‘liz,t(x)dx, 1<m<d, p=m-+d,
Q= (30)

/ qgsin(l‘)qj@,t(*x)dl‘, 1<m<d, p=m+(sc—1)d,
leading to the same kind of nonintrusive procedures.

Remark 3.2 (Computational cost). Using the approzimation formula (27))
to gain monintrusiveness leads to additional computations mainly in the
offline stage, corresponding to the EIM applied to z,(p). In the online
stage, the classical formula (which is intrusive) contains ¢d? terms,
whereas contains d* terms. Both online formulae are of complexity
independent of N, and the difference of computational cost between them
depends on the values of <d* and d>.

4 Nonintrusive RBM for aeroacoustic problems

In this section, we consider discrete variational formulations of aeroacoustic
problems modeled by the Helmholtz equation or the convected Helmholtz
equation. The finite element method (FEM) and the boundary element
method (BEM) are used to obtain the matrix and the right-hand side of
the problem [3| 5]. The entries of both quantities are of the form Qy(u) as
defined in . For the matrix, the index t in Wy ;(z) refers to the product
of two finite element basis functions, while for the right-hand side, the index
t refers to the basis functions themselves.

In our simulations, we use the nonintrusive formula for the matrix
and the right-hand side, with L>°(€)- and L*(P)-norms (so that S1 and S2

are equivalent, see Remark [2.5)), and the choice for z,(p) and for

14



Qi p- We only need to compute matrix-vector products involving A, and
scalar products to precompute in the offline stage all the quantities needed
to construct efficiently the reduced problem and compute the error bound
in the online stage.

In Section we discuss some issues concerning the computation of
the inf-sup constant associated with the discrete problem; recall that an
approximation of this constant is needed to evaluate the a posteriori error
bound in the RBM. Then, we present nonintrusive RBM simulations for
three aeroacoustic problems in Sections and The in-house
EADS software ACTIPOLE has been used in our simulations.

4.1 Computation of the inf-sup constant

Applying the Successive Constraint Method (SCM, see [7]) as an online-
efficient procedure for computing the inf-sup constant requires to solve con-
strained linear optimization problems with a number of constraints propor-
tional to the square of the number of selected parameter values. This is
particularly demanding when considering reduced basis strategies for the
(convected) Helmholtz equation approximated by BEM with the frequency
as a parameter, since it is required to take a rather large value of d* to obtain
an accurate approximation in the form of the affine decomposition . Al-
ternatively, the power iteration method (see [12]) associated with the inverse
matrix can be used to approximately compute the smallest eigenvalue of the
eigenvalue problems to be solved when evaluating the inf-sup constant. This
would imply solving many eigenvalue problems associated with the inverse
operator, and therefore does not appear to be reasonable for the present
industrial test cases.

We proceed as follows in our test cases. In Sections and we
compute a single value of the inf-sup constant (for centered values of the
parameters) and use it for any error bound evaluation. Even if the inf-
sup constant depends on the parameters, its values are not expected to
exhibit significant variations since the considered formulations do not feature
any resonant frequency (for Helmholtz problems with resonant frequencies,
see [9]). In Section the test case has much more unknowns than those
from the two previous sections. Therefore, we do not compute the inf-sup
constant, so as to temper the offline computational cost. Dealing further
with the derivation of an online-efficient strategy to compute the inf-sup
constant for test cases with a large number of unknowns goes beyond the
present scope. Finally, for simplicity, we take the Euclidian norm of the
discrete vectors in the computation of the a posteriori error bound in the
RBM.
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4.2 An optimization problem for an impedant object in the
air at rest

Figure 1: Test case 1. Left: mesh for test case 1. Right: impedant surface
Iy

Consider the object whose mesh is represented in the left panel of Fig-
ure The surface of this object, denoted by I', is partitioned into three
simply connected disjoint zones denoted by I'y, I's, and I's respectively.
The surface I's is represented in the right panel of Figure On each
of these zones, a Robin boundary condition is enforced with a specific
impedance coefficient p; for i € {1,2,3}. Thus, the impedance coefficient
on I', denoted by ur, is piecewise constant and takes the form ur(z) =
il (x) + polr, () + pslr,(x), for all x € T, where 1, i € {1,2,3},
are characteristic functions. The source is a plane wave whose wave vector
is supported by the axis of symmetry of the object, creating an incident
acoustic pressure field denoted by pifoc, where po = % is the wavenumber
of the source with w the pulsation of the source and c¢ the speed of sound
in the air at rest. The variational formulation of the problem is as follows:
Find (x, \) € H2(T') x L%(T') such that for all (¥, \) € H2(T) x L3(T),

(Nuox - ;Mﬁx, X)F + (DW)\, fc)r = (MP X)p s

, (31)
(3:2ux), = (1Siur+ gmr) == (Rranls), .

where (-,-)p denotes the extension of the L?(T')-inner product to the du-
ality pairing on H _%(F) x H %(F) and o and 7; respectively denote the
Dirichlet and Neumann traces on I'. The operators N,,, D,,, DNO, and
Sy, are boundary integral operators expressed in terms of the Green ker-
nel Gy, (z,y) = % associated with the Helmholtz equation at
wavenumber pg. The pressure field around the object is then obtained
by applying a representation formula to (x, ), the solution to (31). We
refer to [3, Chapter 2] for more details on the formulation and its well-

16



posedness. The considered finite-dimensional approximation of has
2240 unknowns.

The parameters of the problem are the frequency of the source and the
impedance coefficient of each of the three zones composing the surface of
the object. The frequency varies from 487 to 1082 Hz, and each impedance
coefficient varies from 1 to 5. The quantity of interest is the far-field acoustic
pressure along the axis of symmetry of the object, but in the opposite direc-
tion of the source. A goal-oriented RBM is carried out to select a basis of
n = 20 truth solutions using the nonintrusive formula to approximate
the matrix, the right-hand side of the direct problem, and the right-hand
side of the adjoint problem needed to evaluate the quantity of interest. For
the matrix, the approximation procedure S1 is applied to

g(po,r) :=exp (ipor), r=|z—y|, z,y €T, (32)

and the procedure S2(() is applied to

()‘7Sn1(uo)7 1<m<d, p=m,
poA (o), 1<m<d, p=m+d,
A (no),  1<m<d, p=m+2d
@7 p=3d+ 17
M1
ﬂ7 p=3d+2,

ZP(MO:/j’laMQ?,u?)) = Zg (33)
0 p:3d+3,
M2
&a p:3d+4,
Ho
ﬂa p:3d+5,
u3
&a p:3d+6,
Ho

where we recall that AS! () = Z?ZI(BSI);leg(MO,xZSI). For the approxi-
mation formula of the right-hand side of the direct and dual problems, the
procedure S1 is applied to

9(po, ) := exp (iuocf- f) , z €T, (34)

where d is respectively the direction of the incoming plane wave and the
direction of measure of the far-field; and the procedure S2(¢) is applied to

Zm(110) := A (pp), 1<m<d, p=m. (35)

The EIM algorithms are carried out with d = 13 and d® = 20 for the
matrix, and d = 13 and d* = 13 for the right-hand side of the direct and

17



dual problems. Over the considered parameter values, the relative error for
the three nonintrusive formulae is of the order of 1072 (in Frobenius norm
for the matrix and Euclidian norm for the vectors). The maximum error
bound (over a discretization Piyia) is of the order of 1075, the online stage
takes 2.8 x 1073 s to compute a reduced solution and the error bound, while
the full direct problem is solved in about 30 s in parallel on 4 processors,
which corresponds to an acceleration factor of 10%.

Let us now illustrate the interest of the RBM on an optimization prob-
lem, which is a natural context where the parametrized problem has to be
solved for many values of the parameters. Consider a set of values py,,
1 < i < ¢, for the wavenumber of the source and denote by J;(p1, po, 13),
the quantity of interest computed for the wavenumber p, of the source and
depending on the three impedance coefficients. Consider the following cost
function:

/
(M17M27M3) = \7(“15”27M3) = ZaiJi(ulaM%M:i) + h(/ib/wa/ﬁ?»)- (36)
=1

The goal of the study is to find values of the impedance coefficients that min-
imize the cost function . With such a cost function, we can minimize the
far-field acoustic pressure scattered by the object, taking into account that
some frequencies are more harmful than others for the human ear (through
the weights «;), and that some treatments of the object surface to modify the
impedance coefficients are more expensive than others (through the function
h). To illustrate the procedure, we choose ¢ = 20, a; = 2 for 1 < i < 7,
a;=1for 8 <i<13, and o; = 3 for 14 <7 < 20, and

h(ps, pi2, p13) = é(o.zul—% +0.3u5 "% 4+ 0.5u51) — 8.

The cost function is computed for 1000 values of the impedance coefficients
(each coefficient being sampled by 10 values). Notice that for each evalua-
tion of the cost function, we need to compute the solution of the aeroacoustic
problem for 20 values of the frequency. Using the online stage, the mini-
mum of the cost function over this sample of impedance coeflicients is 0.366,
reached for (u1, p2, u3) = (2.8,1,1.9), and is found in less than 24 s.

Figure [2| shows a screenshot of a java applet computing the quantity
of interest at 50 values of the frequency, and at values of the impedance
coefficients selected by the user.

4.3 An uncertainty quantification problem for an object sur-
rounded by a potential flow

Consider an ellipsoid with major axis directed along the z-axis. This object
is included inside a larger ball, see Figure The external border of the
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RB online

B

Number of freq.:
pressure 50

Imp. coef. 1:
\ 1.34
— Imp. coef. 2:

4.852
Imp. coef. 3:
2.644

fraquency

B r=sipart of pressure W imaginary part of pressure

log of the error bound

Online run time:
0.14s

1reduced pb.:
0.00137 s
1 error bound:
0.00141 s

fraquency

Impedance coef. 1
.

1 2 3 4 5
Impedance coef. 2

1 2 3 4 5
Impedance coef. 3

. .

1 2 & 4 5

Figure 2: Java applet for the online stage of the RBM for test case 1. Top
panel: real part and imaginary part of the far-field pressure for 50 values
of the frequency. Middle panel: error bound as a function of frequency.
Bottom panel: selection of the impedance coefficients
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ball after discretization is denoted by I's,. The complement of the ellipsoid
in the ball is denoted by Q7. A potential flow is precomputed around the
ellipsoid and inside the ball, such that the flow is uniform outside the ball,
of Mach number 0.3, and directed along the z-axis. An acoustic monopole
source lies upstream of the object, on the z-axis as well.

Figure 3: Test case 2. Left: representation of the mesh. Right: potential
flow around the ellipsoid

The considered formulation is a coupled BEM-FEM formulation, see [3]
Chapter 3] and [5] for more details and well-posedness. It consists in (i) ap-
plying a change of variables to transform the convected Helmholtz equation
into the classical Helmholtz equation outside the ball, in order to apply a
standard BEM on I's,, and (ii) stabilizing the formulation to avoid resonant
frequencies associated with the eigenvalues of the Laplacian inside the ball
of boundary I's,. Consider the product space H := H! () x H 2 (To) x
H'(T') with inner product

((q)a Aap) 3 (q)ta )‘t7pt))H = (q)a (I)t)Hl(Q—) + (>\a )\t)H_%(FOO) + (p7pt)H1(Foo) .
The weak formulation is: Find (®, A, p) € H such that V (<I>t, )\t,pt) € H,

VHO((I)’ (I)t) + (Nuo(’}/()_q))af)/o_q)t)roj_ ((DHO_%I) (>‘)770_(I)t)r

= (NSt ) s

(37a)
()‘tv (Duo_%l) (Vt;q)))r; ()‘t’ Suo()‘))roo_ U ()‘tvp)roo: - ()‘tWOf/if(l)C)poo’

(37b)
(Nuo (00 @), 9") 1 ((Dﬂo—i_%I) (A),pt) o O (p.p") = (NS P s

(37¢)
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where (-,-)p_ denotes the extension of the L?(T's)-inner product to the

duality pairing on oz (Tso) X H? (I'so), ¥y is the interior Dirichlet trace
on ', and flijsc is related to the source term with pg the wavenumber of

the source (so that the frequency of the source is % in the air at rest), and

51_‘00 (p7 Q) = (ﬁfoopv ﬁFmQ)F + (p> q)Foo )

oo

where

with 611’0 the surfacic gradient on ', and
Vi (@, @) := / Eﬁcbﬁqﬂ—ﬂg/ 5q>q>t+¢u0/ V. (Eﬁqﬁ - @tﬁ@ :
Q- Q- Q-

Whereﬂzzr<(g+'y P) 7§OM§O>,X7::T((§+7 )NM v3 M )
E = rtNON with r := p%, ¢ 1= L2 vy 1= 7%1_11\/1&, P := M - M,
N =T 4 CouMyML, © := 1 — MM7T, and Cs := 7;’[2_1. In the above
notation, the subscript co is used for quantities outside the ball, p is the
dens1ty of the flow, ¢ is the speed of sound when the flow is at rest, and
M = Y. where ¥ is the velocity of the flow. The considered finite-dimensional
approx1mat10n of . has 1711 unknowns.

The potential flow, represented in the right panel of Figure (3], is part of
the data of the problem. We perturb this flow uniformly in space. Although
the boundary condition on the solid surface I' and the transmission condition
on I'y, are violated by a nonzero flow perturbation, the present study can
be viewed as a first step towards quantifying uncertainties on the potential
flow and their impact on a quantity of interest. The flow perturbation takes
the form §M = p1€x + p2ey + pze;. The quantity of interest is the acoustic
pressure at a point located on the axis of symmetry, downstream of the
object. The parameters of the problem are the frequency of the source,
and the magnitude of the uniform perturbations of the potential flow in
each Cartesian direction. The frequency varies from 487 to 1082 Hz, and
the magnitude of the uniform perturbations of the flow varies from 0 to
0.1. A goal-oriented RBM is carried out to select a basis of 7 = 20 truth
solutions using the nonintrusive formula to approximate the matrix of
the problem, the right-hand side of the direct problem, and the right-hand
side of the adjoint problem corresponding to our quantity of interest. For
the matrix, the approximation procedure S1 is applied to

g(lu’07r) = eXp (iHOT)a r= |I’ - y‘ , LY S FOO:
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and the procedure S2(() is applied to

Ao (10), 1<m<d, p=m,

poA (mo),  1<m<d, p=m-+d,

AN (o), 1<m<d, p=m+2d,

1, p=3d+1,

Ho, p=3d+ 2,
2p(pto, p11, p2, p13) := ,ug, p=3d+ 3,

Ho 13, p=3d+4,

o3, p=3d+5,

FhO i 5 1<9<3, p=3d+5+1,

POk 3, 1<i<3, p=3d+8+i,

il 1<4,5<3, p=3d+11+i+3(j—-1),

where these parameter dependencies have been identified upon injecting
M — M +6M in (37), while using that M. is collinear to €,. For the right-
hand side of the direct and dual problems, the approximation procedure S1
is applied to

9(po, ) := exp (ipolz — xo]), @ € I,

where xq is respectively the position of the source and the point where the
quantity of interest is computed, and the approximation procedure S2(¢) is
applied to

() i Aol (), 1<m<d, p=m
T  wodSi(me),  1<m<d, p=m+d

The EIM algorithms are carried out with d = 13 and d* = 25 for the
matrix, and d = 13 and d* = 18 for the right-hand side of the direct and
dual problems. Over the considered parameter values, the relative error for
the three nonintrusive formulae is of the order of 1072 (in Frobenius norm
for the matrix and Euclidian norm for the vectors). The maximum error
bound (over a discretization Piia)) is of the order of 1077, the online stage
takes 2.8 x 1073 s to compute a reduced solution and the error bound, while
the full direct problem is solved in about 14 s, which corresponds to an
acceleration factor of 5 x 103.

To illustrate the procedure, we suppose that the perturbation of the
potential flow is modelled by random variables: the law of u; is a truncated
Gaussian, that of p9 is a uniform law, and that of u3 is a truncated log-
normal law. The goal is to compute the probability density function of the
quantity of interest. Figure [4] shows a screenshot of a java applet computing
an histogram of the values taken by the quantity of interest, at a frequency
selected by the user.

22



RB online +_0x
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Figure 4: Java applet for the online stage of the RBM for test case 2. Top
panel: histograms of the real part and imaginary part of the quantity of
interest. Bottom panel: histograms of the three components of the pertur-
bation of the flow
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4.4 A scalable RBM implementation applied to an industrial
test case of an impedant aircraft in the air at rest

In BEM implementations for the Helmholtz equation, the Fast Multipole
Method (FMM) allows one to approximately compute matrix-vector prod-
ucts, and then approximately solve linear systems using iterative methods,
in complexity scaling with n logn, where n denotes the number of unknowns
[2, 14]. For boundary integral systems, the matrices are dense, and have a
priori n? nonzero complex coefficients. In this section, we consider a test case

(©

. 2
where the matrices AMSQ(Q, where the ui are parameter values selected

when applying the nonintrusive formula to the approximation of A,
are so large that they cannot be stored on the hard drive of the computer
used for the simulations. Therefore, each time a matrix-vector product is
carried out, the matrix is assembled, and the FMM is used.

We consider the same problem as in Section [4.2] i.e., the scattering of an
incoming acoustic field by an object whose surface has been coated on three
zones by three impedant materials. However, the considered scattering ob-
ject is now an aircraft, see Figure |5 Two meshes are considered: the coarser

Figure 5: Second impedant surface, with the finest mesh for test case 3

one leading to a discrete formulation with 11831 unknowns, the finer one
leading to a discrete formulation with 60866 unknowns. The source is an
acoustic monopole, located under the right wing of the plane. The param-
eters of the problem are the frequency of the source, and the impedance of
the three zones composing the surface of the aircraft. The frequency varies
from 27 to 135 Hz, and each impedance coeflicient varies from 1 to 2. We
take 532400 parameter values in P (400 values for the frequency and 11
values for each impedance coefficient).

First, the RBM is applied to the problem on the coarser mesh. To recover
the affine dependence assumption, we use the nonintrusive approximation
formula , with — for the matrix decomposition (with now d = 35
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and d* = 50) and — for the decomposition of the right-hand side of
the problem (with d = 50 and d* = 60). With 1 = 30 basis vectors selected
by the greedy algorithm, the relative error between the direct solution and
the reduced solution, in Euclidian norm, at the value of the parameters that
maximizes the error bound, is less than 3%. The two steps of the procedure
with highest computational complexity are the matrix-vector products in
FMM and the exploration of Pi,ia by the greedy algorithm. The former can
be parallelized, and this is so in ACTIPOLE, while the latter is trivial to
parallelize. Therefore, the procedure is expected to be extremely efficient on
distributed architectures, that is, to be scalable with respect to the number
of processors.

We now consider the finer mesh. Each time a vector U,; is added to
the reduced basis, we have to compute the d* = 50 matrix-vector products
A#i?(() Uy 1 < m < d*, where the ,u;qng © are the values of the parameter

in the nonintrusive approximation formula . Therefore, in addition to
the resolution of the direct problem, 50 matrices have to be assembled at
each step of the greedy algorithm, which is time-consuming. However, once
a matrix is constructed, it is relatively cheap to compute many matrix-
vector products with the same matrix. Hence, a greedy algorithm is not
considered on the finer mesh, but the values of the parameters selected by
the greedy algorithm on the coarser mesh are directly used to build the
reduced basis on the finer mesh. This way, the 50 matrices are constructed
once, and only 30 matrix-vector products (corresponding to n = 30 values
of the parameter selected by the greedy algorithm on the coarser mesh) are
carried out for each matrix. The simulations have been performed on a
laptop with a quadricore CPU, and 4 GB of RAM. The formula allows
us to directly use the FMM. Without the FMM, this simulation on this
computer would have been impossible, since one matrix needs 60 GB to be
stored. An approach attempting to compute and store the 50 matrices of
the decomposition would need 3 TB of memory.

The online stage takes 1.5 x 1072 s to compute a reduced solution and
the error bound, while the full direct problem is solved in about 40 minutes,
which corresponds to an acceleration factor of 1.6 x 10°. The offline stages
are computed in about 2 days, and the last step of the greedy algorithm
in the offline stage of the RBM with the coarser mesh takes 1 hour. The
FMM we used computes matrix-vector products with a relative accuracy of
approximately 1073; therefore, we cannot expect to achieve a much more
accurate RB approximation.

The acoustic field in the exterior domain is computed from the solution
to using a representation formula, which is a linear operation. We
consider the acoustic field on an array of 1681 points located behind the
aircraft. We can precompute this field using the vectors of the reduced
basis as solutions, and the quantity of interest is directly obtained at any
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parameter value from these precomputed fields and the components of the
reduced solutions. Figure [6] shows a screenshot of a java applet computing
this acoustic field at a set of parameters selected by the user (frequency and
impedance coefficients). Consider the following parameter values: frequency
= 122.3 Hz, pu; = 1.21, up = 1.87, and pu3 = 1.45. The error bound is
5.4x 1074, and the relative error between the direct solution and the reduced
solution, in Euclidian norm, is 1%. On the array of 1681 points located
behind the aircraft, the relative error for the scattered acoustic field is 1.4%.
Figure [7| shows the corresponding acoustic pressure fields and the difference
between the reduced basis and direct solutions.

[E2) RB online

Imp. coef. 1:
1.129

Imp. coef. 2:
1.837

Imp. coef. 3:
1.34
Frequency:
126.19 Hz

Estimator:
3.196E-4

Online run time:

reduced pb.:
0.00238 5
error bound:
0.01264 s

sl part of the scattered pressure Compute

Impedance coef. 1
3

1 1.25 1.5 1.75 2
Impedance coef. 2

1 1.25 1.5 1.75 2
Impedance coef. 3

1 1.25 1.5 1.75 2
Frequency (Hz)

27 54 81 108 135

Figure 6: Java applet for the online stage of the RBM for test case 3. Top
panel: total acoustic pressure field on an array of 1681 points located behind
the aircraft. Bottom panel: selection of the impedance coefficients and of
the frequency

5 Conclusion

In this work, we derived nonintrusive procedures for the reduced basis
method. Their implementation is relatively simple: they have been suc-
cessfully and easily applied to the approximation of various matrices and
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Figure 7: Test case 3. Left: acoustic pressure fields on the aircraft and on
an array of 1681 points located behind the aircraft computed solving the
direct problem. Right: difference between the reduced basis and the direct
solution

right-hand sides within aeroacoustic simulations. In particular, these proce-
dures allow for the direct use of advanced linear algebra tools, since we are
only dealing with quantities already assembled by the computational code
at hand.
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