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Abstract Metamorphosis is a method for diffeomorphic matching of shapes, with
many potential applications for anatomical shape comparison in medical imagery,
a problem which is central to the field of computational anatomy. An impor-
tant tool for the practical application of metamorphosis is a numerical method
based on shooting from the initial momentum, as this would enable the use of
statistical methods based on this momentum, as well as the estimation of tem-
plates from hyper-templates using morphing. In this paper we introduce a shoot-
ing method, in the particular case of morphing images that lie in a reproducing
kernel Hilbert space (RKHS). We derive the relevant shooting equations from a
Lagrangian frame of reference, present the details of the numerical approach, and
illustrate the method through morphing of some simple images.
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1 Introduction

Metamorphosis is a pattern matching framework that combines diffeomorphic
mapping with variations in shape or image space; it has potential for interesting
applications in shape analysis and computational anatomy [30,2629]. One of its
advantages is to allow for transgression of the diffeomorphic constraint, inducing
changes in topology between the template and the target image, enabling an exact
matching between template and target, through the minimization of a geodesic
cost associated to a Riemannian metric on the product space of shapes and de-
formations. For images, this is accomplished by allowing both deformations of the
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template as well as smooth changes in the template’s intensity values. Through
this combination of changes, the template is morphed into the target (see [25L[15]
31] for a precise description, and Section [2] for more details).

In this paper, we generalize previously known results for image metamorphosis,
and introduce a new shooting method for computing minimizers of the image meta-
morphosis matching functional, in the case where the images have some degree of
smoothness (they are elements of a certain reproducing kernel Hilbert space). Our
work builds upon [15], which introduced a general formulation of metamorphosis
using the Euler-Poincaré framework, and then derived the continuous-time evolu-
tion equations for metamorphosis (EPMorph) in several concrete situations, such
as image matching, density matching, and measure matching. This paper also sug-
gested extensions of its analysis and numerics for further work, e.g. the numerics
for morphing of discrete measures which was analyzed by the authors of this pa-
per in [24]. In Section 11.2 of [I5], Holm et al. apply metamorphosis to the case of
images that are members of a reproducing kernel Hilbert space (RKHS), and then
they propose the development of numerical methods for the EPMorph equations
in this context. In this paper, we develop this idea into a shooting method for mor-
phing RKHS images, by deriving the appropriate forward and adjoint equations,
and then we present some numerical experiments that illustrate the use of such a
method for simple examples of shape matching. We also complete the theoretical
analysis of these methods, in a framework that covers a large range of applications.

The first part of the paper provides a formal presentation of the approach,
leaving the detailed discussion of the hypotheses and rigorous proofs to the second
part, constituted by section [7}] The basic notation and assumptions are presented
in section [2| together with the metamorphosis variational problem and associated
optimality equations. Section [3] describes a family of singular solutions that sat-
isfy the optimality equations, providing a key component of the proposed nu-
merical procedure. These singular solutions are then reinterpreted in section [4] as
the solutions that arise from a relaxation of the original problem replacing the
infinite-dimensional boundary conditions in image space with a finite number of
constraints. The numerical solution of the relaxed problem is then described in
section[5} with complements given in the appendix. Section [f] then provides exper-
imental results.

2 Mathematical Setup

Reproducing kernel Hilbert spaces will be key elements in our construction. If X
is a Banach or Hilbert space, we will denote by (1 | ) the pairing between a linear
form p € X* and a vector h € X; the inner product in a Hilbert space X will
be denoted by (h, k), h,k € X. In the Hilbert case, we will denote by K x the
isometry map between X* and X, such that (u |h) = (Kxp, h)y, and by Ax its
inverse, Ax = K;(l. If X and Y are Banach and A: X — Y a bounded operator,
we let A* : Y* — X™ be the adjoint, defined by (A*p |h) = (p|Ah). f X =Y
are Hilbert, we let AT be the transpose, defined by <ATh7 iL>H = <h, AiL>, or

AT = KxA*Ax. We will also denote by AT the transpose matrix of a finite-
dimensional operator. Finally, if X, Y are two Banach spaces £(X,Y) denotes the
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set of bounded linear operators from X to Y, and the operator norm is denoted
[-llzx,y)- HY = X, we will use £(X) instead of L(X,Y).

A Hilbert space X continuously embedded in L? (Rd, R* ) is a reproducing kernel
Hilbert space (RKHS) if, for all z € R?, the Dirac measure d, : X — R* defined by
6z (h) = h(z) is a bounded linear map. If X is an RKHS, and given a € R¥, we will
denote by a - 6 the continuous linear form (a -8z |h) = a- h(x), where the latter
denotes the usual dot product in R*. The kernel of X is then the matrix-valued
function (z,y) — Kx(z,y) defined by

Kx(z,y)a=Kx(a-dy)(z).

(Kx(z,y) is a k by k matrix, and k will be either d or 1 in the following discussion.)

Metamorphosis is a diffeomorphic registration framework: it is formulated us-
ing a certain subgroup of diffeomorphisms of R? acting, as a left group action,
on images (see [2119,25L[15L24] for more general classes of metamorphoses). This
group, denoted Diffy/, is the set of all diffeomorphisms of R? that can be attained
as flows of time-dependent vector fields v € L*([0, 1]; V'), where V is a reproducing
kernel Hilbert space continuously embedded in BP := Cg(Rd; Rd) for some p > 1
(the space of CP vector fields that decay to zero at infinity). More precisely, ¢ € G
if and only if ¢ = (1), where ¢ is the solution of

¢(t) = v(t) o p(t),
»(0) =id

for some v satisfying fol |v(t)||3 dt < co. The group Diffy is then embedded in the
space Diff? of diffeomorphisms ) such that ¥ —id and ¢~ —id both belong to B,
which forms an open subset of the affine space id + BP.

In most this paper, the image space is a scalar RKHS, denoted H (we will
weaken this assumption in some of the results of section @ To simplify the dis-
cussion, we will assume that H is equivalent to a Sobolev space H" (R?) (the space
of functions with square integrable partial derivatives up to order r) for some
r > d/2+1, so that elements of H are differentiable. Assuming that p > r, we will
consider the the action of CP diffeomorphisms H given by ¢ -q=qo¢ !

In order to connect two images ¢(?) and ¢(*) in H with a continuous path q(t),
image metamorphosis solves the optimal control problem

1! 5 1t 5 :
3 [ s oy [ Il — min
subject to 4(t) = Vg(t) -v(t) + (1), q(0) = ¢ and ¢(1) = ¢ (1)
We will prove in section |Z| that, under some additional conditions, solutions of

this problem exist and satisfy a Pontryagin maximum principle (PMP) that we
derive formally here. Introduce the control-dependent Hamiltonian

1 1
H(p,q,v,¢) = (p | Va-v+¢) = 5llol¥ — 5 5lICI-
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The PMP [27[3] states that optimal solutions of satisfy

q(t) = opH
p(t) = —0qH
('U, C) = a‘rgmaXH(p7 q, )

yielding
q(t) = Vq(t) -v(t) + ¢(t)
p(t) + V- (p(t)v(t)) =0
((t) = oK prp(t)
v(t) = —Kv(Vq(t) - p(t))

We will use the following reformulation of problem . The evolution equation
for ¢ is an advection and is equivalent to

m(t,-) = C(t, ¢(t,-))

with m(t,-) = q(t,¢(t,-)) € H. Considering (p,m) as a new state, we can define
the problem

1! 1 [t .
5/ [o(t)]I5-dt + 272/ l¢()]13;dt —> min
0 7= Jo

subject to ¢(t) = v(t)op(t), m(t) = C(t)op(t), m(0) = ¢'» and m(1) = q<1>0¢(1).( |
3

One of the interests of introducing is that the formulation does not require
m to be differentiable (in space) anymore (one can however use a generalized
form of the evolution equation in to make this problem equivalent to (3) —
see [25]). Moreover, applying (still formally) the PMP to yields another set
of optimality conditions that will be convenient later. Introduce a co-state p =
(pp, pm) € (BP)* x H* and the Hamiltonian

1 1
H(pg, prms ,m,0,C) = (pp [vo @) + (pm [Cop) — §Hv\|%/ - @IICII%-

For ¢ € Diffy, introduce the operators T, : v — v o ¢ and T¢ (= (o,
respectively from V to BP and from H to itself. The PMP then gives the equations

p=voyp

m=_(op

po=—0p(pp |0 @) —0p(pm |Cow) (4)
fpm =0

v=KyTyp,

(:UQKHT:;pm

These conditions imply, in particular, that p,, is constant. The boundary condition
m(1) o (1) = ¢V implies a boundary condition for p, namely that (py(1) { w) +
(pm | 2z) = 0 whenever

z=Vm(1)- Dp(1) " w,
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since Vg 0 (1) = Dp(1)"Tvq¢™V). This yields

(po (1) [w) + (pm | V(1) - De(1)'w ) =0,
for all w € BP, or, replacing w by Dy(1)w,
(pe(1) [ Do(L)w) + (pm [ Vm(1) -w) =0 (5)
holding for all w € BP.

Note that system implies that

9t ((pe(t) | Dp(t)w) + (pm | Vm(t) - w)) =
— (pp(t) | Du(t) o p(t) Dp(t)w) — (pm | V{(t) 0 (1) - Dep(t)w)
+ (pp(t) | Dv(t) o p(t)Dp(t)w) + (pm | V((E) 0 p(t) - Dp(t)w) = 0,

for which we have used 8; Dg(t) = Du(t) o p(t)De(t) and 8;Vm(t) = De(t)TV((t) o
©(t). This implies that the linear form

p(t) 2w = (pp(t) | De(t)w) + (pm(t) | Vm(t) - w)

is invariant along , and the boundary condition propagates over all times,
i.e., p(t) =0 over [0,1].

Finally, we let the reader check that one can pass from solutions of to
solutions of with the change of variables ¢(t) o ¢(t) = m(¢) and

(0(t) |2) = (pm [206(1)).
Note also that the boundary condition can be rewritten in terms of ¢ = mo ™!

(Pe(t) [w) = (pm | Vq(t) - w). (6)

3 Singular Solutions

It was recognized in [I5] that system admits a family of singular solutions.
These solutions are obtained directly from by taking p, and pp, in the form

N
pet) =Y zi(t) - 8,0 (7)
k=1
N
Pm — Z ak&xﬁf) (8)
k=1
Here, z(?) = {x,go)}évzl is a collection of points, or particles, in R%, z(t) =

{zx (t)}kN:1 is a collection of time-dependent vectors in RY, a = {ak}szl is a time-
independent collection of scalars.
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Introduce the trajectories z(t) := p(t, ;r( )) Using this notation, we have

N
(Thwype(t) |w) = (pe(t) [wod(t)) =D z(t) - w(zk(t))
k=1
so that
N
Toype(t) = Z 2 (t) * Oy (1)
k=1

and implies that (using the reproducing kernel of V)

N
(t,) =D Kv(ze(t))z(t).

{=1
Similarly, one gets

N
() =0 Ku(ze(t))ae.
{=1
The third equation in gives for w € BP,

N

3w w) = Z - Do(ay(t))w(z”) - Zakvmk(t)) w(w)”)

k=1 k=1 =
from which we get
4(t) = =Do(ag(6)) T 2k (£) — ax V(i (1)).
Using the expansions of v and ¢ and the fact that 2 = v(t,z}), we obtain the fact

that and provide solutions of as soon as x, m and z satisfy the coupled
dynamical system

N
=" Ky (ap(t), o (t))z(t)
=1

N
= Z K (zp(t), ze(t)) oy

l= 1

zwv ret) me(0) (1) 21 (8) —

N
Z ViKg (zg(t), zo(t)) o

(9)
(with the notation my(t) = m(t, x,(co))). The boundary condition applied to p, and

pm 18
N

Z zi(t) - w= Zaka(t x(o)) Dgo(t,xl(ﬁo))flw
k=1 =
yielding
2 (t) = —aDe(t, o)~ Um(ay”) = —anVa(t, ax (1))

Note that, given the initial positions {m,(co)}, and initial image q(o), the above
system is uniquely specified by the choice of the scalar field «, since z;(0) =
—apVq® (méo)). The solutions {xj, 25} then determine the controls v and ¢ for all
t and z € R?, which define in turn the evolving image ¢. This will allow us to
design a shooting method for computing metamorphoses that will look for initial
conditions that bring trajectories to a desired endpoint.
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4 Discrete Relaxed Problem

Equations @D are optimality equations for the following relaxation of :

1 [t 1 [t .
5 o(t)3-dt + 5 l¢(¢)]|3;dt — min
2 0 20 0

subject to @ () = v(t, 24 (1)), 1k (t) = C(t2x (1)), mi(0) = ¢ (2”),
and my (1) = ¢ (z4(1)).  (10)

This is just with boundary conditions only enforced at the initial and final
points of the trajectories x(t),k = 1,..., N. Because the constraints only depend
on the evaluation of v and ¢ along the discrete trajectories, the optimal ones should
minimize their respective norms subject to the values taken at these points. Well-
known results on RKHS’s [6l[28] imply that these optimal solutions must assume
the form

N
o(t,) = Ky (zk(t)z(t)
kj;l

~
Il

1
for some coefficients z and «, and that their norms are given by

N

ol = Y 2k(t) - Ky (@ (t), ze(t)) 2 (t)

k=1

N
KO = Y Ko (we(t), ze(t))an(t)ag(t).

k,0=1

Solutions of are therefore solutions of the reduced problem

L 3 1 K t t)dt ! 3 lK t t t t)dt i
3 2 [ A Kv@®mz0d+ 5z Y [ Kalod). ) bard — min

k,f=1 k=1
(11)

subject to

N
a1 (t) = ) Ky (zx(t), ze(t) 2 (b),
=1

N
g (t) = K (zi(t), ze(t))ee(t),
=1

mg(0) = ¢ (2\”) and my, (1) = ¢ (24(1)).
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The PMP associated to this problem derives, as before, from a control-dependent
Hamiltonian

Ho 2 (po,pmy@,m) = Y pai(t) - Ky (), me(t))2e(t) (12)
k=1

+ Z Ky (zp(t), 2e(t))pm k(L) ae(t)

N
D7 a(t) - Ky (2 (t), we(t))ze(t)dt

1
2
k=1
1 N
5z O Knler(®)we(®)ar(Bac(®
k=1

It is then easy to check that the optimality conditions 9, H = 0 and 9o H = 0 imply
that p; = z and p,, = «; from 9, H = 0, one finds that « is constant; finally, the
equation z = —0, H yields an equation identical to the evolution of z in @

The boundary condition for is

(1) = =, VgV (2, (1))
This identity propagates over time as follows: define m(t) € H by dym = ((t) o p(t)
with m(1) = ¢/ o o(1). Define §(t) such that m(t) = G(t) o o(t). Then
2 (t) = = Va(t, zx(t))

at all times. To prove this statement write
O Vin(t) = De(t) V(1) 0 (t)
on the first hand, and, on the other hand,
vin(t) = (De(t)"Va(t) 0 (1))
= Dyp(t)" Do(t) 0 p(t) T Vi(t) 0 p(t) + De(t) 9 (Vi(t) o (1))
Identifying the expressions, we find
0(Vq(t, oy (1)) = —Do(t,x ()" Vit zx (1)) + V(8,24 (2)).
This implies
e(2k () + ax V(t (1)) = —=Do(t, 21 (1)) (24 () + ax V(L 2 (1))

proving that Dg(t, 21(0))7 (21 (t) + . Vi(t, z1(t))) is conserved along the motion.
This quantity therefore vanishes at all times as soon as it vanishes at time ¢t = 1.

Note that this boundary condition differs from the one we had in the unrelaxed
problem, because m and ¢ are not necessarily identical to m and ¢q. We have,
actually, q(t, 25 (t)) = (¢, zx(t)) for all £ and ¢, since they have the same derivative
and coincide at ¢ = 1, but this identity does not hold for the the full functions
q(t,-) and ¢(t,-), since the constraints at ¢ = 1 only involve the particles. Note

also that, if one initializes system (9)) with 2 (0) = —aqu(O)(x,(co)), one also gets
2(t) = —apVq(t,xzr(t)) at all times. This can be an interesting constraint to

enforce, since it is consistent with the continuous problem, even though this does
not provide a solution of the relaxed problem.
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5 Solution of the Discrete Problem

We now describe a shooting method for the solution of , in which we solve
for (a1,...,ay) and (zgo),...,z](\?)) such that the solution of @ initialized at
z(0) = a:,(co), my(0) = q(o)(:p,(vo)) and z(0) = z,(co) satisfies my,(1) = ¢V (z4(1)) for

k=1,...,N. Considering z;(-) and my(-) as functions of a and z(?), we minimize
N

Ba,2) = (mx (1) — ¢ (1 (1))%. (13)
k=1

Here, we assume that q(l) is defined and known everywhere (by interpolation, for
example). Computing the differential of E gives

N

dE =2 " (mg(1) — g (2x (1)) (dmy (1) = VgD (24 (1)) - dag (1)) (14)
k=1

where dmy and dzj are differentials dual to infinitesimal changes in the discrete
variables my and x.

To compute dE, we apply the well-known adjoint method to compute deriva-
tives of functions of solutions of dynamical systems. Writing 0(¢) = (x,m, 2), and
defining F so that (9) is 6= F(0,0), we let 8(t,0(9) o) denote the solution of this
equation with initial condition 6(0) = #(®) and parameter a. Given variations da
and 56’(0), then

50(t) := 9y, 0.50'") + 000.50

satisfies the ODE
0160 = g F (0, 0).00 + 0o F (0, )0

with initial condition 66(0) = 60(?). Introduce the solution & = (&4, &m, £2) of the
adjoint ODE
at§ = _89F(67a)§

so that
(£ 60) = £ - 0aF(0,a).0c. (15)

If one takes
(1) = {~2(mp(1) — ¢V (2r(1)) Vg (2x(1)), 0, 2(mp, (1) — ¢ (21,(1)), }oZ,  (16)
then, from and ,

T

dE.50 = £(1) - 50(1) = £(0) - 60 + (/1 DaF (0, a).gdt) sa.
0

In other terms, defining £(¢) and 7n(t) as solutions of the system

(17)

0p¢ = —0pF(0,0)"¢
Om = —0aF(0,0)"¢

with £(1) as above and n(1) = 0, one finds

gy E = £(0) and 94 E = n(0).
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Detailed expressions for system (|17)) expressed in terms of z, a and z are provided
in the appendix.

This system is used for the adjoint method to transport the discrete covector
dE backwards in time, in order to find a descent direction for the optimization.
In our implementation, the initial conditions m® and z(® are fixed, and the
optimization only operates on z(°) and «, yielding Algorithm

Algorithm 1 Shooting Algorithm

Require: template ¢(?), target ¢(1); specify kernels Ky, K i7; matching parameter o
a0, 20 0
while (not stop CG) do
1. Compute 8z(0> E,0.FE:
1.1 Compute dE = 0z, E dxj 4 Om, E dmy, given by
1.2 Compute £:(0),7(0): solve the adjoint system backwards in time starting from
dE at t = 1.
2. Update conjugate direction and perform line search
3. Update 2(9) | a
end while

If, as discussed at the end of Section [d] the minimization is run with the con-
straint z,io) = —(3¢;€Vq(0)(x,(€0))7 the gradients obtained at step 1.2 of Algorithm
only have to be combined into 7;,(0) = n;,(0) — V¢(® (a:]io)) - &, 5(0) in order to
update a. Note also that the obtained derivatives, £.(0) and 7n(0) (or 7(0)) can be
conditioned according to their natural inner product before performing step 2, us-
ing the linear transformation 1(0) — Kz ((©)™1n(0) and £, (0) — Ky (z(°)71£.(0),
where K (2(®) is the matrix with entries KH(x,(CO),Jcl(O)) and Ky (2(°) is formed
similarly with d by d blocks Ky, (xio), ml(o)).

6 Numerical Experiments

We now illustrate our method with some simple numerical experiments. We used
Python for our implementation, making extensive use of the open source packages
Numpy, Scipy, and the f2py tool to integrate Fortran and Python [I7]. The results
in the examples below are visualized using Paraview [13].

For all numerical results, we use

Ky(z,y) = (14 u+3u®/7+ 2u®/21 + u*/105) e “ Idga

and i
Kp(wy)=(1+a+a’/3)e "

with v = |z — y|/7y and @ = |z — y|/7H, where 7 and 7y are width parameters
associated to the reproducing kernels. These kernels provide RKHS’s equivalent
to Sobolev spaces H*(R? RY) and H"(R?) with k = (94 d)/2 and r = (5 + d)/2,
yielding respective inclusions in B* and C2 (]Rd). All experiments are discretized
on a 2D grid with isotropic resolution Azxy = Azg = 1.
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The first examples match images from the training set in the MNIST character
recognition database: the letter “D” and the digit “8”. We use a discrete square
with 722 points and a time discretization At = 0.1 (10 timesteps). Images from
the character database are upsampled at the sampling rate for this grid. We used
7y = 1.5 and 7, = 0.5. Figure [I] illustrates the matching of two versions of the
letter D (bottom row at left, to bottom row at right). The top row shows the
optimal evolution of the template m(¢), while the bottom row shows the evolution
of the deformed template q(t) = m(t)o(t)~*. Figure [2| shows matching of versions
of the digit eight (top left to bottom right), along with the deformed gridlines to
visualize the minimizing deformation.

In Figure we show the metamorphosis of two leaves from the LeafSnap
database [18], after downsampling the images to a grid of 100? and converting to
grayscale images. Here, 7, = 3.0 and 7, = 0.5.

Figure [] shows the minimizing momenta o when matching the image on the
top row to each of the seven images of the final row (which shows the final morphed
image); the second row is an intensity map of the momenta. On the linear space
of momenta, we can take linear combinations, as depicted in Figure [5} this allows
us to generate random images based on the ones obtained in Figure [d] by solving
@ with initial momentum

7
a(0) = ao + ﬁ ;; &k (a0, — Qo) (18)
where £1,..., &7 are independent standard Gaussian random variables, o j is the

initial momentum obtained for the kth image in Figure [ and ag is their average.
The covariance structure of the resulting random momentum «(0) coincides with
the empirical covariance estimated from the seven examples.

DIDIDIDIDID
DIDIDIDIDID

Fig. 1 Morphing of letter D from MNIST training set: top row shows evolution of the template;
bottom row shows evolution of deformed template.
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Fig. 2 Morphing of smoothed version of digit 8 from MNIST training set, where the coordinate
grid is warped by the diffeomorphism and illustrated with grid lines.

Fig. 3 Matching of two leaves from LeafSnap database using metamorphosis.

7 Rigorous Results
7.1 Notation and Preliminary Results

We first recall our main assumptions. Images (m or ¢) belong to a Hilbert space
H, with norm equivalent to the H" (Rd) norm for some integer » > 0, with notation

for the H" norm
fal2s = 3l
la|<r

where a denotes a d-dimensional multi-index (a1, ...,aq), |a| = a1 + -+ + ag,

alely
Do = 0%y ...0%xy
and || ||2 is the L? norm. We will use the usual notation H"(R%)* = H~"(R%). Most
of the time, we will assume that r > d/2 + k for some k > 0, which implies [2l[7]
that H is continuously embedded in the space CF (Rd) of k-times continuously dif-
ferentiable functions that vanish at infinity, together with their first k£ derivatives,
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P ' - .
A A G g Ty 7 e A
. i %’ t'.. '. L
i o ,Q' .‘ "'o.' - . PALI .
’c-. () > rﬁo" o .“.“’ » - Y ow

Fig. 4 Momentum field («) for matching template to several targets for letter B in MNIST
training set; figure in top row is the image chosen to be the template; second row shows a
with color intensity indicating magnitude, negative values of « are colored blue, positive are
red; third row shows final morphed image shooting from the a above.

Fig. 5 Result of shooting with random momenta (described in equation ([18))) learned from
letter matching. The figure provides ten independent samples.

with norm

lllgoo = Y l10atlloo-

jal<k

We have denoted BP the space CF(R?, R?), with norm || ||p,0, and we will denote
I l|p,00,+ the associated norm on the dual space (B?)*. We will assume that V is a
Hilbert space which is continuously embedded in B?, with p > max(r, 1) at least,
and p > 7 + 1 most of the time. If v € L?([0, 1], BP) (which contains L?([0,1],V)),
the associated flow, p"(s,t,-), solution of d:p"” = v(t, ") with ¢"(s,s,x) = x takes
values in Diff? (R), the group of diffeomorphisms 1 such that ¢ —id and ¢~ —id
both belong to BP. More precisely[3,2531], there exists a continuous function c
such that, for all s,¢ € [0, 1],

0" (s,t,+) — idlp,oo < ¢ (vl L2((s,81,80)) 101l L2 ([s,81,87) -



14 Casey L. Richardson, Laurent Younes

In the following, we will use the generic notation c(-) to represent some continuous
function of its arguments (the actual function can change from an equation to
another, even if we still denote it ¢). The notation cst will denote a generic constant.

The mapping v — ¢V (s, t,-) is differentiable from L?([0, 1], B”) to Diff’~! with
derivative

t
A’ (s,t,).h = / D’ (u,t, 0% (s,u,))h(u, p*(s,u,-))du.

Moreover, one can show that, if v, o € L?([s, ], B"), then

e (s,t,7) = ” (5t Mlp—1.00 < € (10l 2(1s,10,87) 1Bl L2 ((5,81,8%)) 10 = Dl L2 1s,00,87) -

Note that [|v]|2([s,¢],8#) is bounded, up to a multiplicative constant, by [[v|| 12 ((s,q,v)-
Finally, we note that weak convergence of a sequence v, to a limit v in
L?([0,1],V) implies that © converges to " in the (p,o0) norm over compact
subsets of R? [T0,31].
To simplify our expressions, we will simply denote ¢(t,z) = (0,t,2) when
s =0.

We let Diffy, C Diff? denote the group of diffeomorphisms that can be obtained
from flows associated to some v € L?([0,1],V). For 4 € Diffy, we introduced the
translation operators Ty, : V' — BP and Tw : H — H defined by Tyv = voy
and Tyh = ho1). The fact that T, maps H onto itself (with (Ty)" ! = wal)
is a consequence of H being equivalent to HT(Rd) and of p > r (see justification
below). The following lemma, which can be proved by induction, describes how
Tw commutes with partial derivatives.

Lemma 1 Let o be a multi-index. Assume that z : R* — R has at least |oo| continuous
derivatives, and let 1) € Diff? with p > |a|. One can write da(z 0™ 1) 04 in the form

da(zov ) ow(y) = Y QF(¥)(1)9s2(y)

BLa

where Q5 (1) (y) depends on derivatives of 1 at y, and can be written as a sum of terms

(DY) (8y,15,) ™ -+ (Db, )™

with |yq| > 1 forq=1,....k and |8 + Zszl Ly(lvql — 1) < |a|. In this expression,
; denotes the jth coordinate of 1 and o is a continuous function of D, which can
be expressed as the ratio of a polynomial in the coefficients of D divided by | det D]
to some power.

This result (or a similar version of it) can be found in many places in the
literature: see [I2L[ITL16] and their references. This lemma implies, in particular,
that

> 06T 12 < e —idllpoc) Y Ty-110azl,

la|<r la|<r

from which one obtains the continuity of wal , with the operator norm ||Ci“w71 lcca,m)
a continuous function of ||y — id||p,co-
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We will use the following result. Assume that ), is a sequence of diffeomor-
phisms of R? that converges pointwise to a diffeomorphism , and such that
1 11,00 is bounded. Then, for any z € L2(R%), z o 4y, converges in L? to z o).
This can be proved by using the fact that for any £ > 0, one can find a compact
subset of R%, A., such that z is continuous on Ae, AS = R?\ A. has measure less
than e and [|z14¢|l2 <e. Assume without loss of generality that ¢ = id and write

Hzo%_zn%:/ 22(|detp(¢;1)|—1)dx+/ z(zoq/;n—z)dx—f—/ 2(z0tn —2)d.
Rd

A, Ac

The last integral is less than ||z 0 ¢n — z||2[z1 ¢ |2 < cst.|[z[|2e and the rest can be
made arbitrarily small by letting n go to infinity.

This result combined with Lemmaimplies that, if 2z € H’”(]Rd), then ¢ — ’_i“wz
is continuous in ¢ as a function from Diff? (p > r) to H"(R?) (or H). More gener-
ally, if ¢, € Diff? and its p first derivatives converge to those of 1 € Diff? point-
wise, with |4, *||p,c bounded, then T, 2 converges to Twz in H"(R?). Finally
Tw is, in addition, differentiable in ¢ in the following setting. If z € H"TH(R%),
then 1 — Td,z is differentiable, as a function from Diff? to H, with differential
u — Vz o1 - u. Indeed, starting with a smooth z, one writes

1
Tyruz—Typz— (Vzo) ~u:/ (Vzo (¢ +eu) —Vzor)) - ude.

0

An application of Leibnitz formula yields

(V20 (i +eu) = Vz o) - ullra < cstl[Vz o (¢ + eu) — Vz 0 2 flullro0

yielding
~ ~ 1
1T ytuz—Tyz— (Vzoup) ullr2 < cstHanoo/ IVzo (¢ +eu) — Vzoi)|rade,
0

which can be extended to arbitrary z € H" 1 (Rd) by density. The conclusion then
follows from the continuity of ¢ — Vzo1 as an H" (]Rd, ]Rd)—valued mapping, since
Vz € HT(Rd,Rd). From this, it also follows that ¢ — T;;,p is differentiable in 1,
for the H~"(R?) norm, as soon as p € H'~"(R%).

We will also be interested, for ¢ € Gy, in the operator L, = T;AHTW where
Ap is, as before, the duality isometry from H to H*, with inverse K . Ly, provides
a bounded invertible mapping from H to H*, and one has

(L¢_1z |z) = Hzow_ln%g.

Note that ‘|L1/J|‘£(H,H*) < ||T1b|‘%(H) and, using L;l = T¢_1KHT¢—1, Hqu;l“,C(H*,H) <
Ty . More generally, if ¢ € , then maps o H"™
Ty |2y M lly, if ¢ € B"T¥, then Ly, H™H(RY) to HF (R
and ”Lw”[)(HT*k,Hk*T) S CSt”TwHL',(H“"Jrk) HTw”l)(HT*k)- Similarly, L;l maps Hk_T(Rd)
k(md : T T
to HT+ (R ) with HLIPHE(Hk*T,HT‘*'k) < CStHTw*I||[,(HT+’°)||T1[J*1HL(HT*"")'
From the differentiability of T, and TZ,, one obtains the fact that L,z and
L;lp are differentiable in ¢ as soon as z € H™"*(R?) and p € H'™"(R?) (note
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that Ay maps H™ ™' onto H'™"). One can go a little further by assuming that
p > r+ 1 and that the norm on H results from a differential operator, i.e.,

2l = | S badaz

la|<r

2
2

for some coefficients bn. One has, in this case,

2
[ :/Rd( 3 baozpﬁa(zow*l)ow> | det Dyp|dy

o] <r

and using Lemmal[I] to expand the partial derivatives, one sees that the integrand
can be written as a polynomial in the partial derivatives of z, with coefficients
expressed as smooth functions of ¢ and its first r derivatives. From this, one con-
cludes that L, is differentiable in ¢~ for the £(H, H*) operator norm, and so

is the inverse map L1, .

Finally, let ¢ : [0,1] — Gy be a continuous mapping (e.g., ¢ = " for some
v e L2([0,1],R%)). Define the operator

1 1
—1 nd ~ %
Re :/0 Ld)(t)*ldt:/o TowyKuTpdt,

defined on H*, with values in H. This operator is continuous in ¢ (for |¢| =
sup;co,1] l¢llp,00), and is invertible. To prove the last statement, first notice that
R, has closed range. Indeed, if Rypn — &, then py, is bounded because

1 1
. o
(pn | Ropn) = / ||T¢<t>pn||%pdtz( / ||T¢<t>71n£§mdt> lonll3- (19)
0 0

so that
-1

1
lonllm+ < [Ropnllm </ HTcp(t)*1||Z(2H)dt)
0

This implies that pn, has a weakly converging subsequence in H*, say pn — p,
which implies Rypn — Ryp so that { = Ryp. Thus, R, is one-to-one and has
closed range, which implies that it is R, is invertible.

From and a similar upper bound for the inverse, we obtain the fact that
| Roll2(rr+,mry and ||R<;1 |2z, 7r+y are bounded by continuous functions of ¢. From
this, and the identity R;l —R;,l = R;l(RW —R¢)R;,1, it follow that R;l is also
continuous in ¢. The differentiability of R, in ¢ comes from the differentiability of
L;l, so that ¢ Ryp is differentiable as soon as p € H!™"(R?). This statement
holds also for p € H™"(R%) if || || is associated to a differential operator. From
these results and the continuity of the inverse map, one also concludes that R lzis
differentiable in ¢ if z € H™ 1 (R?) (or H"(R?) if || ||z is associated to a differential
operator).
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7.2 Existence of Solutions of the Boundary-Value Problem
We start with the existence of solutions for Problems (3] and (10).

Theorem 1 Assume r > d/2 and p > max(1,r). Then Problems and have
non-empty sets of solutions.

Let (O™ = {mlio’n)}ivznl be nested sets of points in R such that U, 2@m s
dense in R?. Let (0™, ¢™ o™ mY be solutions of Problem with (0 =
PACRON Then, possibly after replacing them with subsequences, both v and C(”) weakly
converge to limits v and ¢, while o™ and m(™) converge pointwise to the corresponding
@ and m such that (v, ¢, o, m) is a solution of .

Proof Let (v(™,¢(™ o™ m™) be a minimizing sequence for Problem . Then
(using a subsequence if needed), the bounded sequences v™ and ¢ weakly
converge to limits v and ¢ in L*([0,1],V) and L*([0, 1], H) respectively, with

llvllzz(0,17,v) < Hminf”U(n)”L?([O,l],V) and |||l z2(f0,1),11) < 1iminf||C(n)||L2([o,1],H)-

This weak convergence for v(™ implies that (™) converges to ¢ uniformly on
compact sets. For x € Rd, write

t
m™ () — m(t,z) = / (€ (5,0 (s, 2)) — ¢ (s, o(s, 2)))ds
(0]

t
+ /O (¢ (s, 05, 2)) — C(s 9(5, 7)) ds.
Since the linear form .
¢ /0 ¢ (5, 0(5,2))ds

is continuous in L2([0,1], H), the last term in the right-hand side converges to 0.
Recall that Ky denote the reproducing kernel on H, defined by Ky (-, z) = Kgdz.
Rewrite the first term as

/0 (¢ (s, 0™ (5,2)) — ¢ (s, p(s, 7)) ds

= [ (Ko 0,2) — KanCips,a)), € (6,9) s

0

1 1/2
< ( / IKw (0™ (s,2)) —KH<-,@<s,x)>||%1ds> 1¢™ N 20,11, 50)
0

1 1/2
- ( [ (e 501,65 2)) = 26 () 5,20, 0,2) + Kool s x>>>2ds)
X HC(n)HL?([O,l],Hy

This last term goes to 0 because r > d/2 implies that Ky is continuous. As a
consequence, we find that m(1) = ¢(*) (p(1,z)) is still satisfied at the limit, imply-
ing that (v,¢,p,m) is a solution of . The proof for is exactly the same,
since the only difference is that the constraint is enforced on a finite set instead of
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everywhere.

Now, let (v(™, ¢ o™ m(™) be a sequence of solutions of Problem with
(0 = z(®7) Since (10} is a relaxation of , the optimal cost of the former is less
than the optimal cost of the latter, implying that v™ and §(”) (or a subsequence)
weakly converge to v and ¢ with pointwise convergence of (™ and m(™ to ¢ and
m as above. Since the sets (™) are nested, the constraint m(1) = ¢¥ (¢(1,z)) is
satisfied for all 2 in their union, and therefore everywhere in R® since the union is
dense. Finally, since the cost of the limit is no larger than the liminf of the costs
of the sequence, which is itself no larger than the optimal cost of , we find that
(v,¢,,m) is an optimal solution of .

The existence of solutions for the continuous problem is in fact true as soon
as r > 0. Indeed, one can write

1
0

1
[ = [ (Lo )

since m(t) = ¢ o ¢¥(t), from which it results that the optimal m at fixed v is
such that L. )-17 remains constant over time. Letting o2pm € H* denote this

constant value (the normalization by o2 ensures that pn, coincides with the one
introduced in (4))), we get

t
m(t) — q© = (02/ L;vl(t)_ldt) pm
0

and using m(1) = ’_i“wv(l)q(l), we get
02pm = R;,l,l(’_i”@v(l)q(l) — q(O))

so that
! 2 1 /7 1 0 T 1 0
/o 1<) zdt = (R;v (T@'U(l)q( ) — ¢ ’Twu)q( ) — ¢ )>-

The optimal v must therefore minimize
1 [t 2 1 (17 ENONE; 1) _
5 lv(®)llv-dt + 592 (Rw (Tyryg’ —q") ‘va(1)q —q ) (20)
0

and an argument using minimizing sequences combined with the continuity of Tw
and R, leads to the existence of a minimizer (this generalizes the result proved
in [25] in the L? case). Of course, the discretization in does not make sense
for r < d/2, unless one replaces point evaluation by some other continuous linear
forms on H, like evaluation against test functions. This would, however, have less
practical interest, since test functions do not evolve in a computationally simple
way under the action of diffeomorphisms.
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7.3 Optimality Conditions

We pass to the necessary conditions for optimal solutions of , and now assume
that 7 > d/2 + 1 so that H is embedded in C}(R%). Note that, since can be
reduced to , which is finite dimensional, its optimality conditions follow from
the standard Pontryagin maximum principle. For the infinite-dimensional case, we
have:

Theorem 2 Assume that both ¢*) and ¢(©) belong to H" TV (RY). Then, if (v, ¢, p,m)
is an optimal solution of , there exist p, € (BP)* and pm € H* such that is
satisfied, with

(ng(t) |’LU) + (Pm V(](l) Otp(l) ~w) =0

for all w € BP.

Proof Let (v,¢,p,m) be an optimal solution and let pp, = R;l(TW(l)q(l) —q©).
As remarked at the end of the previous section, the optimal ¢ with fixed v is given
by

$®) =Ty Loy-1om = KuTowpm, (21)

which is consistent with .
We now consider the optimal v when ( is given by , which minimizes
Loz L e PR CO N (O N B S D R (0
Sz o) + 52 (Be (Toya ™ —a ) | Tomya ™ —a
subject to ¢(t) = v(t) o p(t). (22)

If z € H™"(R?) the mapping ¢+ (Ry'z | z) is differentiable with differential

1
&,((R;lz z))w = 72/ <8¢(T¢(t)n).w ‘KHT:;(t)n)dt

0
with n = R;lz.

Let E(v,¢) denote the minimized term in (22)). We assume that both ¢*) and
¢ belong to H™ ' (RY), which implies that ¢ o (1) — ¢(® € H™(R?) too.
From the previous discussion and the expression of pn,, E is differentiable in ¢,
with

Oy E.w = —/01 (8¢(T;(t)pm).w(t) ‘C(t))dH— (pm ‘vqu) op(1) .w(l))

=- / 0 (o | T 0(0))wl0)t + (b | V4™ 0 0(1) - w(1))
0

Define u(t) = 9y (pm | TwC(t) ) oo The derivative exists, since pm € H~"(R?)

and ¢ € H™1(R?), and provides a a bounded linear form on C” (R RY). Define also
the form v : w (pm ’ (Vg™ o (1)) ~w), which is also bounded on C"(RY,R?).
Define p,(t) as the solution of the ODE

pe = =0y (pe | Tpeyv(t)) n(t)

lp=e(t)
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with p,(1) = —v (this ODE is the third equation in ) To see that this solution
is well defined, first note that, for any given p € (BP~")* and w € V, the mapping
P (plwor), defined on BP is differentiable in 1, with differential

Oy(p|lwop) -9 =(p|Dworp-6¢).
As a consequence, we have
Dy(plworp) € cPH (R, RY),

with norm bounded by st. o1, [0 [¥llp—1.0c - The map Quy : p
Oy (p |w o)) therefore is a bounded linear map on cP (R, RY)*, satisfying

1
/ 1Qu (0.0 124t < o0
0]

as soon as fol [v(t)[13,00dt < 0o, which is true for a minimizer of (22). Since both
u(t) and v belong to C§(RY,RY)* ¢ b~ (RY, RY)* (since p > r + 1), the solution
pe of po = Qu,ppe + p initialized at p,(1) = —v is uniquely defined over [0, 1].

If 6v € L?([0,1],V), the directional derivative dp := dyp'.6v satisfies (since
p=¢")
Ou86(t) = Do (Tyyv(t)) - 5(6) + 60(8) 0 (1)
with 6¢(0) = 0. From the definition of p,, we have

n(pe |0¢) = —(p [6¢) + (pp [dv o)

so that

1

- / (1) | 80(8) )dt + (v(1) | 5(1)) = — / (P (8) [80(t) 0 (1) .

If v is an optimal solution of , we must have

1 1
| Avet) 16va)ie = [ (oett) 150(0) 0 0))a =0
0 0
for all dv, which implies that

v(t) = KyTope(t).

This is the fifth equation in , and completes the proof of Theorem
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7.4 Existence of Solutions of the Initial-Value Problem

We now discuss the existence and uniqueness of solutions of with initial condi-
tions (0) = id, m(0) = mo, px(0) = pp,0 and pm(0) = pm,0. We will assume that
po0 € (BP72)* and pmo € H 7" (RY) with p > r + 1.

Since pm, is constant and m is obtained via quadrature given ¢ and ¢, we will
focus on the subsystem

P(t) = v(t) o p(t)

Pe(t) = =01y (P (t) [0(t) 0 p(t)) — Dty (Pm [ C(2) 0 (1))
u(t) = KVT;(t)Pcp(t)

() = U2KHT:;(t)Pm

(23)

If pe (BP"2)* and w € V C BP, the mapping ¢ — (p |wov) = (p ’Tww) is
differentiable in ¢ € Diff” with 0y (p |wo v ).h = (p | Dwov.h). One deduces from
this that p+— 9y (p |w o) is a bounded endomorphism of (BP~2)* with operator
norm bounded by ¢(||t — id||p—2,00)[[w|p—1.00- If pm € H* ™" and ¢ € H"(R?), we
have Oy (pm [(o).h = (pm | V(o - h).

From the expressions of v and ¢, one easily checks that

1 « 1 ~ ~
Oy(pp |votp) = 5@7(!’@ | Ty KvType) and dy(pm [Cov) = §8w(Pm ‘TwKHTTM’m)-

One also has ||[v]|3 = (py |vop) and ||¢|F = 0%(pm | o ¢), from which one de-
duces that, along any solution of , one has

2 2, 2
or (oI +11¢l13:/0”) =0
since this time derivative is equal to

(Otpp [vo @)+ 0p(pp |vow).0up + Op(pm |Cow).0p

which vanishes since ;¢ = v o ¢. This implies, in particular, that v € L2([0,t], V)
and ¢ € L*([0,t], H) along any solution of on the interval [0, ¢].
Conversely, as soon as v € L2([0,t],V) and ¢ € L*([0,t], H), the equation

P = —0p(pp [vop) = dp(pm [ (o) (24)

is a well-defined linear equation on (BP~2)*, with a unique solution, since we
assume py 0 € (BP~2)*. Its solution can be made explicit by noting that

9 (pe | Dew) = —(pp | DvoypDow) — (pm | VCo @ Dow) + (pp | DvopDow)
—(pm |V (Cop) -w),

from which we conclude that

t
(P (1) | De(t)w) = (pp,0 |w) —/0 (pm [ V(L(s) 0 p(s)) - w)ds.
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Given this, we can summarize system with a single consistency equation for v,
namely, for all w € V:

t

(Ayo(t) |w) = (pp0 |Adw(t)_1w)—02/0 (pm ’V(L;vl(s),lpm) : Adw(t)_lw)dt,

(25)

in which we have introduced (for ¢ € Diff’"') the “adjoint” operator Ady -

w — (Dyw) o' as an operator from V to BP~2 and used the fact that

Cop = 02T¢KHT;pm = UQL;me. Equation with ¢2 = 0 is of course

the well-known momentum conservation equation over diffeomorphisms with a
right-invariant metric [4,/5120114].

Let 8 denote the time-dependent linear form applied to w in the right-hand
side of (28], which therefore can be summarized as v(t) = Ky 8"(t). Fix a constant
M. We first check that, for small enough ¢, 3°(t) € V* as soon as v € L%([0,t],V)
and ||v||z2([0,4,v) < M implies |8°||L2(j0,,v+) = IEKvB"[IL2(j0,4,v) < M also.

We have, for ¢ € Diff”, Ad,-1w = (D)™ —Idga)w o ¢ + w o 1, from which
one gets

(pp,0 | Adgo(py—1w) < c(ll(t) = idlp—1,00) 1pg,0lp—2,00,« Wl p—2,00
Since
() —idllp—1,00 < c(l[vllz2 (0,6, V)10 L2((0,4,v)
we find

(P%O |Adw(t)*1w) < C(HUHL2([O,t],V))HP%OHP*QOQ* [wllp—2,00- (26)

Since L;}l maps H!~"(R%) onto H"TH(R?) for ¢ € Diff?, we have

-1 =2
1Ly =1 pmllr1,2 < est|Tyllz2griny llomlli—r.2 < c(l¥llr+1,00) lpmll1-r.2-
Combined with the previous estimate, this yields, for v, ¢ € Diff?,

(o [ V(LG pm) - Adg ) < elbllrtoos (Dl —1.00) lom 2l w200
Since » < p — 1, we can conclude that

18" (D) lp—2.00.x < ellvll L2 f0,0,v)) (100 llp—2.00, + tllpmlIF—r,2), (27)

from which it follows that 5Y(t) € (BP~2)* C V* with

18”1122 (10.,v+y < te(lvll L2 (o,0,v)) (1pg.0llp—2.00,% + tlpm |7 —r,2)*.

If we assume that ||v||z2(j0,4,v) < M, we get [|8”|12(jo,4,v+ < M for t < to, where
to is chosen such that toc(M)(||pp,0llp—2,00,« + tollpmlli—r2)* < M. It is important
to notice that, beside universal constants and M, to only depends on Hp%on,_Q,OO,*
and ||pm|l1—r2. In the following, we take M large enough so that any solution of
must satisfy ||v||r2(jo,],v) < M for any to < 1. This is possible since we have
remarked that |lv(t)||3 + o~ 2||¢()||3 remains constant along any solution of
so that, if to < 1, one must have

10122 0,011y < I(O)IF + 0~ 21C0) 7 = llpp,0llV + o™ loml 7
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We now estimate the Lipschitz constant of v — 8Y on the ball of radius M of
L2([0,t],V) for t < to. In the computations that follow, we will use repetitively the
fact that [¢"(t) —id|;,e0 < (M) for any I < p, as soon as [[v||r2([o,4,v) < M (recall

that ¢ is a notation for a generic continuous function). Recall also that p > r + 1.
Writing, assuming max(||v]|£2([o,¢,],v), 101122 (0,40),v)) < M,

Adge () 1w=Ad gy 1w = (D" (1) T =De” () wo" (1) +Dp" (1) T (woi” (1) —woy” (¢))
and using Lemma [I] and Leibnitz formula, we get
||Ad<p“(t)_1w - Adwﬁ(t)—lw”p—?,oo < c(M)|"(t) - ‘Pﬁ (®)llp—1,00llw]lp-1,00  (28)
as soon as 1,1 € DiffP ! and w € BP~!. This immediately implies
(A0 -1 — Ad )10 llp—1.00,6 < (M) lpp.0llp—2.00.4 10" (2) = 7 (8) lp—1,00-
Write
(pm ’ V(L 1om) - Adgpyw — V(LS apm) - Adw(t),lw)
- (pm ‘(V(L;ﬂl@)—lpm) = V(L (gy-1m)) - Ad«’““)”w)
(o [F(E m)- Ad Ad )
< estllpmlli—r2l Lo -1om = Lo 1omlr2llAdge1wllr-1,00  (29)

+cst HpmHl—n2||L;v1(s)—1pm||r,2||Adgav(t)—1w - Adga“(t)—leT—LOO

We have (letting 1) = ¢"(s) and ¥ = ¢(s))

— — ~ ~ % ~ ~ %
||L¢31Pm - L@LPM”T’Z =Ty KuTypm — le,KHTipmHT’Q

~ ~ % ~ %
STyl KaTypm — KaTgpmlr2  (30)
—|—H1~—’wKHT:Z,pm - TQLKHT:},pm”r,Q

Let us consider the last two terms separately. We have ||Ci“w||r’2 = c(||lv —
id||r,00) < e(M). Also,

VK0T pm—K T ipmlra < ostIThpm—T5oml -2 = ost sup ((pm | Tyz = Tgz) ¢ zllna < 1)
and we have

(om | Tz = T32) < llomlli—rl Tye-T g2llr-1.2 < (M) lpumlls—rallb=dllr—1.0ll2l2

so that

~ ~ % ~ %k 7
1Tyl 2| KaTypm — KgTgpmllr2 < co(M)|lpmlli—r2llt) — ¢llr—1,00- (31)
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For the second term in , write
~ ~ % ~ ~ % ~ ~ %
ITy KT jpm — T KgTypmlre < c(M)[¢ = ¢llr,co [KaTypmllr+1,2

~ ~ %
(MY = Pl [T gomll1—r2
(M)l = llrc0llpmll1—r,2

INIA

From this and , , we get

1Ly s pm = L2 pmlirz < c(M) 1§ = dlr.collpmll1-r.2 (32)
Since
IAd o (-1 wllr—1,00 < c([l"(£) —id]

ro0)[lwllr—1,00

we find that the first term in is less than c(M)||v) = ||r,c0llpml|F—r 2llw]lr—1,00-
For the second term in , we have \|L;,U1(S),1pm||r72 < e(M)|lpmll1—r,2 while,

similarly to ,
[Ad oy -1 — Adgo gy -10][r—1,00 < e(M)[|" (t) — ¢” (1) lIr,00 |0 r,00-

This finally gives the upper-bound

(pm [ V(L 1pm) - Ad w0 = V(L5 apm) - Adguyrw )

2
< c(M)llpml[i—r,2|lw]

7,00

r,00 SUP H‘Pv (5) - ‘Pﬁ (s)]
s<t

so that (using r <p—1)

18 (£)=B" (t)llp—1.00,+ < c(M)(llpy.0

o]

|p—2,oc,*+t”Pm||%fr,2) SliItD H‘PU(S)—W (3)”1)—1,00-
RS

Using the fact that

s<

sup " (5) = ©°(8)llp—1,00 < c(M)[[v = Bl £2((0,10],V)
>to

we find that v — Ky Y is Lipschitz on the ball of radius M in L?([0, o], V), with
Lipschitz constant less than ¢(M)to(||pg,0llp—2,00,« + tollpm|li—r2)-

Reducing the value of tg if needed, one can make this upper-bound less than
1 to ensure that v — Ky 8" has a unique fixed point in the ball of radius M in
L%([0,t0], V). This shows that system has a unique solution (with the consid-
ered initial condition) over the interval [0, ¢o].

A valid choice for ¢y9 can therefore be made in terms of M, ||pe,0llp—2,00,%
and ||pm||1—r2 uniquely; since M can itself be chosen as a function of the last two
norms, their values are sufficient to specify to. If we now define Ty to be the largest
time Tp < 1 such that a solution exists over all intervals [0,¢] C [0,70), we must
have Ty = 1 unless ||py(¢)]lp—2,00,« tends to co when ¢ tends to Tp (recall that pm
is time-independent). Since py(t) = Tz;(t),lAVv(t) =T 1y-18"(t), equation
shows that ||pe(¢)]|p—2,00,+ must remain bounded, showing that Ty = 1 necessarily.

Since one can obviously replace the unit interval by any interval [0, T], we have
obtained the following result.
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Theorem 3 Assume that p > 1+ d/2 and p > r + 1. Then system has a unique
solution over any bounded interval as soon as pyo € (BP~2)* and pm € H' 7" (R?).

Note that, with metamorphosis, the boundary condition requires that (py,0 |w) =
(pm | Vqo - w). Assuming that go € H'(R?) (which is restrictive only for r = 0),
we see that py, € H'~"(R?) implies that p, o € (B"1)* C (BP~2)* since p > r+1,
so that the regularity condition for p, o is automatically satisfied.

Remark In the previous result, we “lose” two derivatives in the initial condition
for p, and one in pp,. This can be improved under more restrictive assumptions
on the spaces V and H.

— Assume that the norm on H is specified by a differential operator. We have
seen that ¢ — (pm ‘ Laflpm) was a smooth function of ¥ € Diff? as soon as
pm € H, with

(pm ’v(L;me) ‘w) = (1/2)d, (pm ‘L;}lpm).w.

Using this property, one can carry on the estimates on the second term in 8
using only the assumption p,, € H~ ", and therefore extend the conclusion of
the theorem to this case.

— If one makes the same hypothesis for V, namely that V ~ HP(R% R?) with
p > 14+ d/2 and p > r (note that this assumption only implies that V is
embedded in Bl), the associated group Diffy is then included in the Hilbert
manifold DP of diffeomorphisms v such that ¢ —id and ¥ ~! —id both belong to
HP(R?,R?), on which the right invariant metric is a strong Riemannian metric
(i.e., the Riemannian topology coincides with the one induced by HP (R, R%)).
This is a consequence of Lemma 1 and of results on the stability of Sobolev
spaces by products which implies that all terms (9-,47,)%" - - (9,4, )+ 952 are
square integrable as soon as |8| + 25:1 Ly(|vql — 1) < p [23]. (It has actually
recently been showed that DP coincides with Diffy; see [8].) The right-invariant
metric

1€ y.q) = €007 Y +o 2oy 72

on the product space Diffy, x H" (Rd) is then also a strong metric as soon as
r < p, and since is the geodesic equation on this manifold, its solutions are
uniquely defined over arbitrary time intervals without loss of derivatives (see
[LOII2,TTL221[16], and the references therein, for more details).

8 Discussion

In this paper we developed new numerical tools, combined with an extension of
known theoretical results, on image metamorphosis. We proposed, in particular,
a particle-based optimization method for their estimation, based on the deter-
mination of initial conditions of the geodesic equation performed via a shooting
method. The resulting algorithm allows for a numerically-stable sparse represen-
tation of the target image in a template-centered coordinate system, which was
hard to achieve using previous methods. This improvement was made possible by
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the introduction of a Sobolev norm in image space, allowing for particle solutions
that were not available when using an L? norm.

One of the limitations of the discretization scheme discussed in section [3] is
its asymmetry, since the evolving image is represented using a moving grid, =z,
which is specified at time ¢ = 0, in the template coordinate frame (the continuous
problem itself is symmetric, so that the asymmetry disappears in the discretization
limit). Our scheme can, however, be modified to incorporate more symmetry by
introducing a second set of particles, this time defined in the target coordinate
frame. More precisely, one can add to another set of constraints, associated
to a new grid y and image value n (in addition to x and m) in the form g = v(t,yx),
e = C(t k), ni(0) = ¢ (y1(0)), np(1) = q(l)(yl(cl)). The optimality equations are
similar to those derived in () (the states are simply extended from = to (z,y) and
from m to (m, n), with extended control variables z and «). The shooting algorithm
must then be parametrized by the initial controls, as described in this paper, but
also by the initial position of the y variables, with a new objective function

N N N
E=%" (mi(1) = ¢V @e(D) + D (ne(1) = a P ) + D e (1) — P
k=1

k=1 k=1

This symmetrized discretization scheme can be addressed along the same lines as
the one studies in the present paper.

9 Appendix
9.1 Forward and Adjoint Systems

We here provide more details on the implementation of the adjoint method de-
scribed in Section |5} We assume, in the following, that Ky, is a scalar multiple of
the identity matrix, and taking variations of @ in the discrete variables zy, z1,, my,
yields a forward system of equations that evolves these variations (note, to keep
the equations below compact, we do not write the explicit evaluation of Ky, and
Ky at zg,z):

N
1
Oe(dz1) = —5 Z (ViKvy) - 0wpze(t) + (V2 Ky ) - 0xz(t) + Kvoz(t)) ,
L&
On(0z) = - —3 Z 20(t) - 2 () (DI Ky ) 0wy + 20(t) - 2 (1) (DI2 Ky )T 6y
+ leVZk( ) . 52@(15) + Vlszg(t) . 52%(1:))
N
-> (akaz DY Ep)" 8y, — apag(DiaKy)" 6z — ViKgogdo, — VlKHasz) :
=1
N
5mk Z Oég(leH 51‘k+a2(V2KH) '5$5+KH5OQ),
=1

where 0z (t) denotes a variation in the value of the position of the node z; at
time ¢ (and analogously for dzx, dmy), and Ky, Ky are treated as functions on
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R% x Rd, and so the subscripts for the gradient and Jacobian denote differentiation
with respect to the first and second variables zy,z, € R

Let &z,€2,&m,na denote dual forms to the variations dx,dz,dm, and 7o the
associated variation in «, as introduced in , which expands as (again without
writing the evaluation of the kernel terms, and combining the summations for
compactness of notation):

N

CIDEDY { - %(WK\/Z@(U Eak(t) + ViEyzp(t) - £o0(t) + 20(t) - 2 (£) DI Ky &, 1o (1)
/=1
+ 25 () - 2o (t) D31 KvE, () + anay DI K &, 1 (t) + apay D31 K€, o(t)
— ViK€ i (t) — Osz1KH€m,e(t)},
N
@) = 75 D { = Kvéant) + 2 O(VIEY) - €4(0) + 2e()(V2Kv) - €..0(8) |
=

WE

(atna)k = {O‘Z(VlKH) ' §z,k(t) + O‘K(VQKH) ' §Z,Z(t) - KHém,f(t)}‘

=1

Note that since no other variables depend on my, in the forward system, the dual
variable &, is constant in time, and so we do not display its evolution in the list
above.
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