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Abstract

Because physical phenomena on Earth’s surface occur on many different length
scales, it makes sense when seeking an efficient approximation to start with a crude
global approximation, and then make a sequence of corrections on finer and finer
scales. It also makes sense eventually to seek fine scale features locally, rather
than globally. In the present work, we start with a global multiscale radial basis
function (RBF) approximation, based on a sequence of point sets with decreasing
mesh norm, and a sequence of (spherical) radial basis functions with proportionally
decreasing scale centered at the points. We then prove that we can “zoom in” on a
region of particular interest, by carrying out further stages of multiscale refinement
on a local region. The proof combines multiscale techniques for the sphere from Le
Gia, Sloan and Wendland, SIAM J. Numer. Anal. 48 (2010) and Applied Comp.
Harm. Anal. 32 (2012), with those for a bounded region in R¢ from Wendland,
Numer. Math. 116 (2012). The zooming in process can be continued indefinitely,
since the condition numbers of matrices at the different scales remain bounded. A
numerical example illustrates the process.

1 Introduction

In many modern areas of geosciences, such as geomagnetic or gravitational field mod-
eling, the problem of interpolation from scattered data on the sphere arises naturally.
Such problems are often of multiscale nature, so one would like models that can be
used to draw conclusions globally as well as locally. For example, in modeling the
global gravitational field one should be able to see the general nature of the global field
as well as local gravitational anomalies.

Multiscale interpolation and approximation for functions on the unit sphere has
been considered by a number of authors using different techniques. Some authors
used wavelets defined on spheres [2, 24], but these are not suitable for scattered data.
Other authors have proposed kernel methods based on truncations of the expansions
of some special kernels into spherical harmonics [5l I8 [15]; these methods require a
quadrature scheme on the sphere which can integrate spherical polynomials exactly,



but the construction of a good quadrature based on scattered data is itself a non-trivial
problem [0 [8, 111 [4], 16].

In recent articles [12] [13], we proposed a multiscale interpolation framework using
radial basis functions for functions that lie in Sobolev spaces defined on the unit sphere.
The theory underlying our multiscale method will work for scattered data. In this
paper we introduce a “zooming-in” framework, which allows the multiscale algorithm
to model the data from the global scale and then zoom in to local regions. We do
this by combining multiscale techniques for the sphere with those for a bounded region
established in [27].

The paper is organised as follows. In Section [2| we review necessary materials
about Sobolev spaces on spheres and positive definite kernels defined via radial basis
functions (RBFs). The global and local multiscale algorithm using spherical RBFs is
then introduced in Section[3] A convergence results for functions in the native space in
given there. The next section, Section [4] deals with convergence results for function in
Sobolev spaces with lesser smoothness. Finally we conclude the paper with numerical
experiments given in Section

2 Preliminaries

In this section, we will introduce necessary materials for the main results presented in
the paper.

2.1 Sobolev spaces on the unit sphere

Let S? be the unit sphere in R*!. Denote the inner product in Ly(S%) by

(v, w) ::/ vwdsS,
Sd

where dS is the surface measure on the unit sphere, and denote the measure of the
whole sphere by wy (so, for example, ws = 47). Recall [17] that a spherical harmonic is
the restriction to S? of a homogeneous harmonic polynomial Y (x) in R%*!. The space
of all spherical harmonics of degree ¢ on S%, denoted by Hy, has an Ly orthonormal
basis
Yor: k=1,...,N(d,0)},

where

(20+d—-1)T(+d-1)

N(d,0) =1 and N(d,¢) = T(¢+ 1)I(d)

for ¢ > 1.

The space of spherical harmonics of degree < L will be denoted by P, := @gL:oHE; it
has dimension N(d + 1, L).
Every function f € Lo(S%) can be expanded in terms of spherical harmonics,

F=Y"" feaYers  for=(f Yer).
/=0 k=1



For a non-negative parameter o, the Sobolev space H°(S%) may be defined by

0o N(d,0)

HO(S) = { f € La(S) ¢ f1eieny = S . (L4 07| Fuul <00y (1)

(=0 k=1

Note that H?(S%) = Lo(S?).
Sobolev spaces on S? can also be defined using local charts (see [14]). Here we use
a specific atlas of charts, as in [9].

Let z be a given point on S?. The spherical cap centered at z of radius 6 is defined
by

G(z,0) = {yeS?:cos7i(z-y) <0}, 6 € (0,m),

where z - y denotes the Euclidean inner product of z and y in R4,
Let n and § denote the north and south poles of S%, respectively. Then a simple
cover for the sphere is provided by

U = G(fl, 90) and Us; = G(é, 90), where 6y € (7‘(’/2,27‘(’/3). (2)

The stereographic projection oy of the punctured sphere S?\ {f} onto R? is defined as a
mapping that maps x € S?\ {f} to the intersection of the equatorial hyperplane {z = 0}
and the extended line that passes through x and n. The stereographic projection og
based on § can be defined analogously. We set

1 1

1 = m%’w and g = mffﬁwp (3)

so that 1y, k = 1,2, maps Uy onto B(0,1), the unit ball in R. We conclude that
A = {Uk, Yr}r=12 is a C* atlas of covering coordinate charts for the sphere. It is
known (see [21]) that the stereographic coordinate charts {ty}r=12 as defined in
map spherical caps to Euclidean balls, but in general concentric spherical caps are not
mapped to concentric Euclidean balls. The projection ¢, for kK = 1,2, does not distort
too much the geodesic distance between two points x,y € S%, as shown in [10].

With the atlas so defined, we define the map m; which takes a real-valued function
¢ with compact support in Uy, into a real-valued function on R¢ by

-1 .
mlg)) = { §° 0 0 e DO

0, otherwise .

Let {xx:S% — R} k=12 be a partition of unity subordinated to the atlas, i.e., a pair of
non-negative infinitely differentiable functions x; on S with compact support in Uy,
such that ), xx = 1. For any function f : S? — R, we can use the partition of unity
to write

2
F=>_xkf, where (xif)(x) = xr(x)f(x), xe8%
k=1
The Sobolev space H°(S?) is then the set
{f € La(s?) s mlxif) € HOR?)  for k=1,2},
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which is equipped with the norm

9 1/2
I Moy = (Z ||m<xkf>||§,g(Rd)> . (4)

This norm is equivalent to the H°(S%) norm given in (see [14]). From now on we
will use only the || - || notation for the equivalent norms.
We recall that [I] the Sobolev space H°(R?) is the set

{£ena@y: [ 1F@PQ+ Ilydw < oo,

where F(f) is the usual Fourier transform

F(f)(w) = (2m) 42 9 f(x)e_ixT“’dx.

Before introducing local Sobolev spaces on subdomains of the unit sphere, let us
recall a few key definitions on Sobolev spaces defined on a given bounded domain D in
R<. For a given non-negative integer m, the Sobolev space H™ (D) consist of all f with
weak derivatives D*f € Lo(D), |a] < m. The semi-norms and norms are defined by

1/2 1/2

| flem (D) = Z 1D F112,m and || f|gm(p) = Z 1D f112,0)

laj=m laj<m

For m € Ny, 0 < s < 1, the fractional Sobolev spaces H™1*(D) is defined to be the set
of all f for which the following semi-norm and norm

D — D 2
= ([, P o

laj=m

1/2

1 sty 2= (112 () + |fer+s<D>>1/2

are finite.

Let Q C S? be an open connected set with sufficiently smooth boundary. In order
to define the spaces on Q, let Dy = ¢ (Q N Uyg) for k = 1,2. The local Sobolev space
H?(Q) is defined to be the set

{f € LQ(Q) : ﬂk(ka)‘Dk € HU(Dk) for k = 1727 Dk 7& ®}7

which is equipped with the norm

9 1/2
1l e () = (Z H?rk(ka)\Dk\?ka)> (5)

k=1

where, if Q = {), then we adopt the convention that || - || zo(p,) = 0.
We observe, following [9], that there exists a positive constant C'4, depending on
A and the partition of unity {x1, x2}, such that the geodesic distance of supp yj from



the boundary of Uy, is strictly greater than C 4. A spherical cap G(z,0) with § < C4/3
will have its closure being a subset of at least one of the open subsets U; or Us, defined
by , and if the cap G(z,6) is not a subset of one of these subsets, say Us, then its
intersection with supp y2 must be empty.

Now we state an extension theorem for a spherical cap on the sphere.

Theorem 2.1 (Extension operator) Let Q = G(z,0) be a spherical cap for some
z € S% and § < Cy/3. There is an extension operator E : HY(Q) — HY(S) for all
v > 0, with E independent of v, such that

1. Ef|q = f for all f € H(Q),

2. |Efllgvsey < Cull fllmv@)-

Proof: The case of v being an integer was proved in [9, Theorem 4.3]. The framework
for the case of fractional order v is also available in [9] even if the explicit statement is
not given there. For the sake of completeness, we give the proof here.

When v is not an integer, let k£ be the non-negative integer for which v = k+ s, with
s € (0,1). By [9, Theorem 4.3], there is an extension operator which maps H**(Q2) to
H**+i(S%) and there are constants Cy; for i = 0,1 so that

IEflgrvisay < Crillfllgsri, =01

Using the operator interpolation property (see [25]) we conclude that E is a bounded
linear map from H"(Q) to H”(S?) and

IEf v (say < Crg®CRall fll v (-

Property 1) follows from the fact that H”(S?) ¢ H*(S?) and H"(Q) C H*(Q). O

2.2 Positive definite kernels on the unit sphere

A continuous function ® : S x S — R we call a positive semi-definite kernel [23] 28]
on S if it satisfies the following conditions:

(i) @ is continuous,
(ii) @(x,y) = ®(y,x) for all x,y € S%,

(iii) For any set of distinct scattered points X = {xi,...,xx} C S? the symmetric
K x K-matrix [®(x,,X4)] is positive semi-definite.

We call ® positive definite if the matrix is positive definite.
We will work with a zonal kernel @ defined in terms of a univariate function ¢ :
[—1,1] = R by
d(x,y) = d(x-y) forall x, y e S% (6)

Following Miiller [I7], let P(t) denote the Legendre polynomial of degree ¢ for RI+!,
and expand ¢(t) in a Fourier—Legendre series



_ wld S N(d, € 30 Pu(t). (7)
=0

Due to the addition formula for spherical harmonics [17), page 10]

Zm Wirly) = 200 by, (®)

Wd

the kernel ® can be represented as

Dx,y) =Y. > o(OYer(x)Yer(y), xy €S

i@ +0)2°(3(0))2N(d, £), for all x € S (9)

w
4=y

Chen et al. [3] proved that the kernel ® is positive definite if and only if gg(é) >0
for all £ > 0 and ¢(¢) > 0 for infinitely many even values of ¢ and infinitely many odd
values of ¢; see also Schoenberg [23] and Xu and Cheney [28]. Here, we assume there is
a o > d/2 and there are positive constants ¢; and co such that

AA+0)72 <o) <BA+0)72, forall £ >0, (10)

hence, ® is positive definite. Also, since N(d,¢) = O(¢?!) as £ — oo, the sum @
is finite for each fixed x € S?. Thus the function y + ®(x,y) belongs to H(S%).
Moreover, this function is continuous by the Sobolev imbedding theorem.

The reproducing kernel Hilbert space (RKHS) (also called the native space) induced
by @ is defined to be

=

2

oo N(dt
Nodfema®) =3 3 f

(=0 k=1

(11)

ﬂ)

Alternatively, N is the completion of span{®(-,x) : x € S?} with respect to the norm
| - ||@. The norm is associated with the following inner product

N(d,6)
= fe kge k

ZZ ) fage-/\/(b-

(=0 k=1

The kernel ® has the reproducing property with respect to this inner product, that is

f(x) = (f,®(-, X))o, x €S f e Np. (12)

It follows from that the norms in H7(S?) and N are equivalent.



2.3 Kernels defined from radial basis functions

Let IT : R*"! — R be a compactly supported radial basis function (RBF) with associated
RKHS HT(R4*!) with 7 > (d + 1)/2. Examples of such RBFs are the Wendland
functions (see [26]).

By restricting the function II to the unit sphere S¢ C R¥*! we have a positive
definite, zonal kernel on the unit sphere

o(x,y) =l(x—y), xyes

Lemma 2.2 (Native spaces) Let IT : R4 — R be a positive definite function with
native space Nif(R™) = H™(RT) with 7 > (d +1)/2. Then Ng(S?) = H(S?) with

1
g =T — 5-
Proof: Using [19, Proposition 4.2], we deduce that
c(1+ 0727 <p(l) <CA+0)~2

So the result follows from the definition of the Sobolev spaces and the native spaces

on S¢. 0
For a given ¢ > 0, we define the scaled version ®;s of the kernel ® by
Bs(x,y) = 6I((x — y)/9). (13)
We can expand ®; into a series of spherical harmonics

0o N(d,0)

ZZ% )Yer(x)Yek(y),

(=0 k=1

in which the Fourier coefficients satisfy the following condition (see [12], Theorem 6.2])
(146072 < 4a(0) < (1 +350)7, (14)

with the coefficients ¢; and c¢o from possibly relaxed so that holds for all
0<d<1.

For a function f € H(S?), we define the norm corresponding to the scaled kernel
®; by

[ flles = Z ) (15)
(=0 k=1 )
and the corresponding inner product is
oo N(dve) J/c\ §
0.k90.k
ey =S 3 T80k e ng (16)
=0 k=1 9s(0)
Clearly the norms || - ||, for different ¢ are all equivalent, as given in the following

lemma.



Lemma 2.3 (Norm-equivalence) Let I : Rl — R be a reproducing kernel of
HT(RHY) with 7 > (d+1)/2. Let ®5(x,y) = 6 I((x —y)/8) with x,y € S?. Then
with o =71 —1/2,

cllulle; < llullgo ey < 0™ |ulle,

for all w € H(S%).
Proof: See [12, Lemma 3.1]. O

From it follows that the reproducing property extends to general §, that
is
f(x) = (f, ®s(x,-)a,, x €8 fe H(ST). (17)

3 From global to local multiscale RBF interpolation

In this section we first consider RBF interpolation with a single scale, then turn to
multiscale interpolation, both global and local.

3.1 Interpolation using spherical RBF's

Let X = {x1,...,xx} C Q C S? be a finite set of distinct points on Q. We define the
mesh norm hx o and the separation radius gx of this point set by

h = sup min 0(x,x;), = —minf(x;,X,;),
X,Q xengEX ( i) ax 2 (xi, %)

where 0(x,y) = cos~!(x-y) is the geodesic distance on S%. If ) is a proper subset of S%
then we say that hy o is a local mesh norm. If Q = S? then the mesh norm is global,
and we simply write hx.

We define the interpolation operator Ix s associated with the set X and the kernel
®;5 by

N
Ixof(x) =) bi®s(x,%;), Ixsf(x;) = f(x;) forall x; € X. (18)
j=1

If § = 1 then we simply write Ix f instead of Ix 1 f. From the interpolation condition
and we deduce that

(f — vagf, (I)(;(-,Xj))q>6 = f(Xj) — IX’5f<Xj) = 0, for all X; c X.

Hence Ix 5f is the orthogonal projection of f into span{®;(-,x;) : x; € X}, from which
it follows that
1f = Ixsflles < [[flles- (19)

From Lemma [2.3] we then have

1f = Ix5.f 1o (say < 26 7| fllos- (20)



Lemma 3.1 (Zeros Theorem) Let Q C S? be either an open connected region with
Lipschitz boundary or Q = S%. Assume that a finite set X C Q has a sufficiently small
(local) mesh norm hx q. Then, for any function u € H°(), o > d/2, with u|x =0,
for all 0 < v < o we have

[ull () < CRS G lull 5o (o)-

Proof: For Q C S? an open and connected set with Lipschitz boundary, the proof
follows from the zeros lemma for Lipschitz domains on a Riemannian manifold in [7,
Theorem A.11]. The case Q = S? was proved earlier in [10]. O

Theorem 3.2 Let Q C S?¢ be either a spherical cap that satisfies the conditions of
Theor@m or Q =S Assume that a finite set X C Q has a sufficiently small (local)
mesh norm hx q. Then,

If = Ixsfllr.) < CO™ 7Rk ollflae()-
In particular, when 6 = 1, we have
If = Ix fllro) < Ch%allfllae (o)
Proof: Let u:= f — Ixsf, then u|x = 0. Using Lemma we have
If = Ixsfllro) < Chkollf — Ixsfllmo (o)

If Q is a spherical cap our assumptions on 2 allow us to extend the function f € H(Q)
to a function Ef € H?(S%). Moreover, since X C  and Ef|q = f|q, the interpolant
Ix s f coincides with the interpolant Iy s(E£f) on €. Therefore,

|f = Ixsfllao) = 1Ef = Ixs(Ef)lur) < CINES — Ixs(Ef)ll go s

< CNESf 0 by
< C5 | Ef| gose by Lemma [2.3
< CO [ fll He () by Theorem
The case = S? was proved in [I2, Theorem 3.2]. O

3.2 The global and local multiscale algorithm

Suppose X1, Xo,..., X, C S% is a sequence of finite point sets with mesh norms
hi,ha, ..., hy respectively. The mesh norms are assumed to satisfy hj 1 ~ ph; for
some fixed p € (0,1). After that, suppose X;41, Xim+2,-..,Xn C Q is a sequence
of point sets with local mesh norms h,,41,0,...,hn0, Where Q C S? is some open
connected subset. In future we will write h; for hx, o for all j =1,...,n.

Let 01,02, ... be a decreasing sequence of positive real numbers defined by d; = vh;
for some v > 0. Taking the scale proportional to the mesh norm in this way is desirable
for both numerical stability and efficiency, since the sparsity of the interpolation matrix



is maintained. For every j = 1,2,... we define the scaled SBF ®; := ®;, and also define
the scaled approximation space W; = span{®;(-,x) : x € X;}.

We start with a widely spread set of points on the global scale and use a basis
function with scale d; to recover the global behavior of the function f by computing
f1 = s1:= Ix, 5 f. The error, or residual, at the first step is e; = f — f1. To reduce
the error, at the next step we use a finer set of points Xy and a finer scale d9, and
compute a correction sy = Ix, s,er and a new approximation fo = fi + sz, so that
the new residual is ex = f — fo = e1 — Ix, 5,e1; and so on. After m global steps we
switch to local refinement, i.e. from step (m + 1) onwards the set X, is localized to
a small region 2 on the sphere, and the new correction s,,41 is constructed from the
local space W,,+1 and the new approximation is fi,+1 = fimn + Sm+1. The multiscale
algorithm then is continued for a further local n — m steps.

Algorithm 1: Multiscale global/local algorithm
Data: Right hand side f, number of levels n
begin
Set fo = 0, €0 = f
for j=1,2,...,ndo
Determine the (global or local) interpolant s; € W; to ej_;
Set f;j = fj—1+s;.
Set €j = €51 — §5.

Result: Approximation solution f,, € Wy +--- + W,

Remark Clearly, we could continue the algorithm by choosing an even smaller region

2 C Q and a sequence of point sets X, 11, X;12,... C €, and so on, until a desired

resolution is reached. For simplicity of presentation, we restrict ourselves to the situ-

ation of one zooming-in region {2 in the subsequent error analysis (though not in the

numerical example). Extension of the convergence theory to the general case is trivial.
We will show convergence for the scheme within a spherical cap €2.

Theorem 3.3 (Convergence for functions in H?(S%)) Let X1,..., X, be a sequence
of point sets in S* and let Xpi1,..., X, be a sequence of point sets in Q C S%, where
Q satisfies the requirements in Theorem [2.1. Assume that we are performing m steps
of the global multilevel algorithm on S* and then n — m steps of the local multilevel
algorithm, localised to ). Let hy,...,hy, be the global mesh norms and hpyi1, ..., °hn
be the local mesh norms of the sets Xi,..., Xm and Xp41,. .., Xy, respectively, and
assume that, for some p € (0,1), hjy1 = phy, for each j=1,...,n— 1.

Let ® be a kernel generating H(S?) and let Q; := Dy, be defined by with scale
factor 0; = vh; where 1/h1 > v >~/ >1 with a fired v > 0. Assume that the target
function f belongs to H (S?).

Then the algorithm converges in the Lo(S2) sense linearly in the number of levels.
To be more precise, there is a constant C > 0 and a constant a > 0, where a < 1 for
w sufficiently small, such that

1f = fall o) < Ca|| fll o sa
for all f € HO(SY).

10



The theorem is a generalisation of the main result in [12].
In preparation for the proof of the theorem we first prove the following technical
lemma.

Lemma 3.4 Letej for j =0,...,n be as in Algorithm 1, and let E be the extension
operator from Q to S as defined in Theorem . Then

(Z) HejHHU(Sd) < C(S]'_U||6j—1||q>j fOTj = 1) sy,
(i) |lem+1llme) < Co5 llemlle,.
(i) HejHHU(Q) < Cé;UHEe]-,lHq)j forj=m+2,...,n.
Proof: For j =1,...,m we have, using ,
lejll o say = llej—1 — Ix;6,€5-1l o say < €657 |lej-1lla, -
For j =m+2,...,n we have, by using the property of the extension operator and

lejllze ) = llej—1 — Ix; s,¢j-1ll o) = [Eej—1 — Ix; 5, Eej-1llHo (o)
< C||Eej—1 — IXjﬁjEej—lHHU(Sd)
S C(S;UHEEJ‘_1||<I>]..

For the intermediate case, when 7 = m + 1, we avoid the extension operator by arguing
as follows

lem+1llze() = llem — Ixp i1 6miremllme(@) < Cllem — Ix, 11,641 €mll o (s9)

< Co % lemll e -

Proof of Theorem In the proof we use repeatedly the fact that e;|X; = 0,
allowing us to use the zeros theorem (Lemma , and we also make essential use of
the extension theorem (Theorem and Lemma

We start by noting that

1f = fallio@) = lenllia) < Chillenllro) = ChyllEenl| go )
< ChyllEen| gosay
< Chpd 0 Eenllo, .
= CHEen”‘PnHv (21)

where in the second-last step we use Lemma with § = d,41, and in the last step

b [On1 = 1/(pv) < 1/7.
The result will then follow by establishing the recursions

||6j||‘1>j+1 < Oé”ej—l||<1>]~7 J=1...,m (22)
HEem—&—1||<I>m+2 < O‘H6m|"1>m+17 (23)
HE@chijrl < aHEej_1||¢,j, j :m+2,...,n, (24)

11



where « is some real number satisfying 0 < o < 1.

The first of these is exactly as in [I2]. We shall prove the third recursion (24),
noting that can then be recovered by replacing € by S¢ and omitting the extension
operator E.

For j =m+2,...,n we have by definition of the norm together with

N(d0) |, ——
st o 2 (Bl
H 6J||q)j+1 - T
=0 k=1 ¢51+1(€)
0o N(d,0)
< CY (Be)oxl? (146,010
=0 k=1
= Il + 127
where
N(d,0)
=C Z Z Eej gk| 1+(5j+1£)20
0<1/85,1 k=1
0o N(d,0)
<0223 N |(Bej)el = CllEejll7, s
(=0 k=1
< Cllejlz,0 by Theorem
< C’h?”||ej||§{g(m by Lemma
h‘ 20 9
<C <(5j> | Eej-1lls, by Lemma [3.4] iii)
= Ov ™| Eej_1lp, < Cp || Bej 3,
and

N(d,0)

=C Z Z (Eej)oxl® (1+6;410%

0>1/541 k=1
o N(d0)

C(20;11)> Z Z (Bej)oxl? €2

<0639 HEeJHHU 1) < C:74lejl[70 () by Theorem 2.1]

5. 20
<o (%) 1B, by Lemma i)
J

= Cu™||Bejl3,.

Thus we have proved HEe]Hq)J+1 < Cp~?||Eej-1]le,- With p small enough, we can
choose a = Cu? < 1, so proving the recursion .
Next, we discuss the switch over from global to local. We have

: d
em4+1 = €m — IXm+1,5m+1em7 with X,,, C S ,Xm+1 c Q.

12



As before, we decompose
|Eemiall3,,,, =i + L.

Now we have

L < CHEem-H”%Q(sd)
< Cllemtlli e
< C’hz,f+1||em+1\|%[g(ﬂ) by Lemma [3.1
h, +1 20
< C <5m+1 ) lemll3, ., by Lemma[34]ii).
m

The second term can be bounded by

L < O&7 ol Bemilfo gy < OO allemrillie(q)
(S 20
< C’( m+2> ”em”éwr1 by Lemma [3.4] ii).
6m+1

Hence we find
1Bemtill},. . < Cu*llemld, ..
and this can be no larger than oz2||em\|?{)m | for p sufficiently small.
The first recursion follows by the same proof if E' is omitted and €2 is replaced
by S¢.
Taken in the reverse order, the recursive steps , and give

1Benllo,., < o | Eemiillo
<a"™emlla

< alleolle, = ||l e (sa),

n+1 m—+2

m-+1

which together with proves the desired result. O

The following result on the condition numbers of the matrices is adapted from [12]
Theorem 7.3].

Theorem 3.5 Assume that the conditions in Theorem[3.3 hold, together with
qj < hj <cgqj for j=1,2,...,n with ¢g > 1.

There exists C' > 0 such that the condition number of the interpolation matrices at each
level of the multiscale approximation in Algorithm 1 are bounded by

k<C, j=1,...,n.

13



4 Escaping the native space

In this section, our target function f will be assumed to be in H?(S?) for some 3 €
(d/2,0). The extension of an approximation result to spaces rougher than the native
space is often referred as “escaping the native space”.

Let K be the reproducing kernel of the Sobolev space H+1/2(R%1). We define the
kernel ¥ by restricting K to the sphere,

U(x,y)=K(x—y), xyesh.
For 0 < § <1, the scaled version of V¥ is defined by
Us(x,y) = 0K (x —y)/3), xy €S
It can be expanded into a series of spherical harmonics as

oo N(d,t

)
Us(x,y) =Y D Us(0)Yer(x)Yer(y). (25)

(=0 k=0

It is known [I3], Lemma 2.1] that there are positive constants cs, ¢4 independent of §
and ¢ so that .
AL +60)72 <ps(0) <A +60728, 1>0. (26)

We can define the RKHS with the reproducing kernel ¥s and its norm || - ||y, as
in and (15). By Lemma the norm || - ||y, defined on Ny, is equivalent to
1 W s sy

For the multiscale convergence theory, the sole thing that prevents us from using the
proof of Theorem with ®5 replaced by s is that a key stability property is missing:
the orthogonal projection property no longer holds. We therefore approximate a
function in ¥s by a polynomial (which of course lies in all Sobolev spaces), and apply
the orthogonal projection property to that polynomial.

For a given smooth function f, the following lemma [I3, Lemma 4.3] asserts the
existence of a spherical polynomial that interpolates f on a set of scattered points X
and, simultaneously, has a W5 norm comparable to that of f.

Lemma 4.1 Let f € H(S), B> d/2 and let X be a finite subset of ST with separation
radius qx. Let § € (0,1] be given. There exists a constant k, which depends only on d
and 3, such that if L > kmax{d/qx,1/d}, then there is a spherical polynomial p € Pr,
such that px = f|x and

IF = plies < 511l

Remark The dependence of the lower bound for L on the mesh radius ¢x in the last
lemma makes it necessary to impose a weak condition on ¢x in the following theorem.

Theorem 4.2 (Convergence outside the native space) Let Xi,...,X,, be a se-
quence of point sets in S and let Xyt ..., X, be a sequence of point sets in Q C S
where Q satisfies the requirements in Theorem [2.1. Assume that we are performing m
steps of the global multilevel algorithm on S% and then n—m steps of the local multilevel
algorithm, localised to €.

Let the (global or local) mesh norms hy,...,h, and the separation radii qi,...,qn
satisfy

14



(i) hjp1 = phj for j=1,...,n with p € (0,1),
(i) qj < hj <cq\/qj for j=1,2,...,n.

Let ® be a kernel generating H(S%) and let ;= Dy, be defined by with scale
factor 6; = vh; where 1/hy > v > v/pu > 1 with a fited v > 0. Let ¥ be a kernel
generating HP(S?) with o > 8 > d/2 and let V; = W5, be the scaled version (28] using
the scale factor §;. Assume that the target function f belongs to HP(SY).

Then, Algorithm 1 converges in the Lo(S2) sense linearly in the number of levels. To
be more precise, there is a constant C' > 0 and a constant o > 0, which for p sufficiently
small is < 1, such that

1f = fallLoy@) < Ca®|| fll gs(se
for all f € HP(S%).

Similarly to the case of Theorem [3.3] the proof of the theorem rests upon the
following technical lemma. But in this case the proof is necessarily different, because
the orthogonal projection property is not available.

Lemma 4.3 Let ej for j =0,...,n be as in Algorithm 1, and let E be the extension
operator from Q to S* as defined in Theorem . Let the assumptions on h; and q; be
satisfied as in Theorem[{.3. Then

(Z) HejHHB(Sd) < C(SIBHeJ—lH‘I’j fO’l"j = 17 ceey M

(ii) lemsillms@) < Cnllemllw, .
(iii) |lejll o0y < C8; 7|\ Eejr|lw, for j =m+2,... n.
Proof:

We prove part iii) since part i) follows easily by replacing Q by S? and omitting the
extension operator, and part (ii) is in an obvious sense intermediate. See also the proof
of [13, Lemma 4.4].

We use the extension operator to extend e;_1 to Fe;_; defined on the whole sphere,

for j =m+2,...,n. Then, with L; := [xmax{d;/q;,1/d;}], by Lemma [£.1] there is a
polynomial p € P, that interpolates and approximates Fe;_1, in the sense that

plx, = Eej-1lx, and [|p — Eej_1w; < 5[|Eej1llw,. (27)

We note that the RBF interpolant for e;j_; coincides with the RBF interpolant for
FEe;_1 on X;. Therefore,

lejllas) = llej—1 — Ix;o-1llms (o)
[Eej—1 — Ix;.5;,Eej-1 ms )

< CllEej—1 — Ix; 5, Eej—1 g sy
< C(I1Bejor = Pllass + Ip = Ix,5,Bellmsn ) - (28)
The first term of can be bounded using Lemmas and

1Bej—1 — pllpssey < cad; || Bejr — pllw, < 5cs8; | Bejllw,. (29)

15



For the second term, since p| X; = Eej_l\ X; the interpolant [ X0 Ee;_1 is identical to
Ix; s5;p, hence by using Lemma and , we have
lp — Ix, 6, Eej—1ll gosey = Ip — Ix,,pll o (sey < ChTllp = Ix, spll o ga)
o—Bc—0c -B
< Ch; 757 plle;, < Co; " lIplle;-

For the polynomial p of degree L;, using the definition , condition and the fact
that 8 < o, we have

L; N(d,0)
Ipl3, <CY - > (1+6;0% [l
/=0 k=1
L; N(d,0)
<CA+6L)% N> (14 6;0% |pul®
(=0 k=1
< Cllpl3,,

where in the last step we used L; < C/d;. (Since hj < ¢4,/g; and since §; = vh;, we
see that ¢;/q; < ¢/d; and hence L; < C/d;). Thus, combining these above estimates
together with the fact that [|p|y, < 6|[Ee;j—1|w, we obtain

Ip = Ix; 5, Bej 1|l o sey < CO; P || Bej i, (30)
Combining , and , we obtain the desired result. O

Proof of Theorem The proof is identical to that for Theorem [3.3] once we have
established Lemma the only difference is that o is replaced by 8 and ®; by ¥,.
We leave the details to the reader. O

5 Numerical experiment

In this section, we describe a numerical experiment that illustrates the multiscale algo-
rithm described in previous sections.

Let p = (1/v3, 1/v/3, 1/3/3)T and q = (—0.7476, 0.5069, 0.4289)7 be two given
points on §?, and let o := 7/12 and p := 7/96. Let Q1 = G(q,a) and Q2 = G(q, p) be
concentric spherical caps centered at q, with geodesic radii o and p respectively. Note
that the successive areas of S?, Q1 and €y are decreasing by a factor of roughly 60.

A point on S? is parametrized by polar coordinates 6, ¢, with

x = (sinf cos ¢, sin @ sin ¢, cos 0) for 6 € [0, 7] and ¢ € [0, 27).

Let t = cos™!(p - x) and let s = cos™!(q - x).
The target function f is given by

f(x) =2+ [sintcos(100t) + (1 — 3s/2p)% cos(20000)] S(6),
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Exact function

Figure 1: Exact function from a global view

where S() is a cubic spline which takes the values of 1 for 6§ € [0,7/2] and 0 for
0 € [2m/3,7]. The function f, shown in Figure [l is designed to have both global
features and finer features. On the global scale, the effect of the spline multiplying
the second term is that f has the constant value 2 below a latitude of 30° south.
This feature was chosen because we want to be sure that the approximation scheme
approximates a constant satisfactorily. (We remind the reader that approximating a
constant with compactly supported radial basis functions is non-trivial, specially if the
scale is comparable to the mesh norm.) The function f also contains a slow oscillation
(seen in Figure|l) and a localized fast oscillation inside the spherical cap €9, as shown
in left panel of Figure Note that the period of the oscillation, given by the last
term in the expression for f, corresponds to approximately 20 km if mapped to Earth’s
surface. This finer oscillation is too localized to be seen in Figure

In the experiment we use 9 multiscale levels, zooming in to the cap 2y after three
global levels, and zooming in again to the smaller cap €2 after a further three levels.
In the first three (global) levels, the sets of points X, X2, and X3 are each centers of
equal area regions generated by a partitioning algorithm [22]. The number of points in
each set X7, Xo, X3 is increasing by a factor of 4 (see Table [1| below); the sets are not
nested. The sets X4, X5 and Xg are also centers of equal area regions, but the regions
are partitioned from €21 rather than the whole sphere. For simplicity of language we call
levels 4 to 6 the “local” levels. Similarly, X7, Xg and Xg are the results of partitioning
Q9 into equal area regions. We call levels 7 to 9 the “superlocal” levels. At every stage
the scale is halved exactly and the mesh norm halved approximately. The parameter
details for the successive levels are given in Table [T}

The RBF used in the experiment is the Wendland function

I(||x[1) = (1 — [lx])3 (4l + 1)
and its scaled version is

(1) = 672(1 — [l /8)% (4ll[| /8 + 1),
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Level N 5j hj ||6j ||L2(92) Rj
1 200 1/4 0.1129 | 4.24e-02 | 1.68
2 2000 1/8 0.0569 | 4.07e-02 | 1.68
3 8000 | 1/16 | 0.0281 | 3.45e-02 | 1.69
4 500 1/32 1 0.0186 | 1.56e-02 | 3.25
) 2000 | 1/64 | 0.0089 | 9.83e-03 | 3.39
6 8000 | 1/128 | 0.0041 | 8.94e-03 | 3.30
7 500 | 1/256 | 0.0018 | 7.87e-03 | 3.24
8 2000 | 1/512 | 0.0009 | 2.87e-03 | 3.37
9 8000 | 1/1024 | 0.0005 | 7.97e-04 | 3.28

Table 1: Parameters and local errors using 9 levels of global and local interpolation

where at level j, we set § = §;. It is known that II generates H3(R3) (see [26]) and
hence the kernel ®(x,y) = II(x — y) for x,y € S? generates H°/2(S?) (see [20]).

In Figure |2 we show the approximation after the three global levels, using the
point sets X7, Xo and X3. We also show on this figure the spherical cap €)1, to show
the first region where we intend to zoom in. At this stage it is clear visually that the
approximation scheme not yet resolved the slower oscillations, but the broad features,
including the constant value in southern latitudes, are already apparent.

RBF approximation after 3 glabal levels

Figure 2: The global view after three global levels, with the cap 2; shown

In Figure |3, we show the approximation on the spherical cap Q; after 6 levels (3
global and 3 local). We also show the smaller spherical cap g, inside which it is clear
that after 6 multiscale levels the slow oscillations have largely been resolved but fine
scale features have not.

Finally, in Figure 4] we show the approximation on the small spherical cap Q9 after
9 levels (3 global, 3 local and 3 superlocal). By this stage even the fine scale features
are well resolved.

For comparison, we carry out a more modest multiscale approximation in which we
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RBF approximation after 3 global + 3 local levels

Figure 3: The local view after 3 global and 3 local levels, showing both the large cap
Q; and the small (“superlocal”) cap Qs

use just the last three (superlocal) levels, and separately also a single scale (‘one-shot’)
approximation, in the second case using the final scale § = 2710 and the 8000 sampling
points inside the cap (29. Poorer approximation quality of the one-shot interpolation
can be seen by eye in the right panel of Figure [f] For the multiscale result in the left
panel of Figure [] that uses just the last three levels the visual result is of intermediate
quality: not as good as the full multiscale result, but certainly better than the one-shot
result.

Level | N 9j hi | llejllia@s) | Ky
1 500 | 1/256 | 0.0018 | 2.75e-02 | 3.24
2 | 2000 | 1/512 | 0.0009 | 1.49e-02 | 3.37
3 | 8000 | 1/1024 | 0.0005 | 9.18¢-03 | 3.28

Table 2: Local errors table when using multiscale approximation only at the last 3
superlocal levels

In Tables (1| and [2| approximate Lo(£22) errors are given, in the first case for the full
9-level multiscale approximation, in the second case for the 3-level superlocal version.
These were computed over a rectangular grid G of size 1/64 degree times 1/64 degree
restricted to the spherical cap o,

1/2
18] 2
lejliaen = | 5=a= D, 1f(0:0) = fi(6,9)] ;
|G N Q|
x(0,0)€GNN2

where the area [Q| of the cap €9 is included so that the computed quantity is an
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RBF approximation after 3 global + 3 local + 3 superlocal levels

26"

144°E 146 E 148°E

Figure 4: Superlocal view of multiscale RBF approximation after 9 levels, showing
small cap Q9

approximation to the L2(S?) norm of the error. With the grid G as above the number
of points in the cap 2 is |G N Q] = 50063. The condition number of the interpolation
matrix at level j is denoted by k.

The |le]|1,(q,) error for the one-shot approximation is 2.00e — 02, which is much
larger than errors from the level 9-level multiscale approach, and also larger than the
error from the 3-level multiscale approach in Table Indeed, it is even an order of
magnitude larger than the approximate Ly(£22) norm of the function f itself, which is
7.20e — 03. The reason for this bad result is that the one-shot approximation, with its
relatively small scale compared to the mesh norm, fails to resolve well even the slowly
varying background features — witness the “pepper and salt” nature of the image on
the slowly varying part of the right-hand image in Figure[f] Even the 3-level multiscale
approximation is struggling to resolve the slowly varying background.

A final conclusion might be that the “zooming in” multiscale approximation is
successful at all levels. It could be continued indefinitely to smaller and smaller regions,
giving a consistent approximation scheme at all levels if the data is available.

Acknowledgement The authors gratefully acknowledge the support of the Aus-
tralian Research Council.
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