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1 Introduction

The Ginzburg-Landau equations have been extensively used as a model in fields including
low-temperature superconductivity, superfluidity, Bose-Einstein condensation and physical
phase transition processes [LI2l[4131]. With the development of quantum mechanics, the
concept of fractality has been successfully applied in fractal environments [1136]. Laskin
proposed fractional quantum mechanics by extending the Feynman path integral
approach from the Brownian-like to the Lévy-like quantum mechanical paths. As a typical
example, the space fractional complex Ginzburg-Landau equation was first discussed by
Tarasov and Zaslavsky [32][33], and involves a fractional spatial derivative instead of the
Laplacian in the standard complex Ginzburg-Landau equation.

Much research has focused on investigations for the fractional complex Ginzburg-Landau
equation from a theoretical view of point. For example, Guo and Huo studied the local
well-posedness in a subcritical space and the inviscid limit behavior of the solution of the
fractional Ginzburg-Landau equation. Pu and Guo considered the global well-posedness
including global existence, some uniqueness criterion on weak solutions, and long-time dy-
namics for the nonlinear fractional complex Ginzburg-Landau equation. Next, Millot and
Sire [25] considered the asymptotic analysis of the fractional complex Ginzburg-Landau e-
quation in bounded domains. Bates et al. discussed the initial boundary value problem of
the fractional complex Ginzburg-Landau equation in three spatial dimensions, and derived
an a priori estimate under the assumption that the nonlinearity satisfies certain growth con-
ditions. In addition, there is work devoted to investigating soliton solutions [3] and random
attractors of the fractional complex Ginzburg-Landau equation with additive noise |28].

However, the theoretical analysis mostly offers qualitative results, which are insufficient
for quantitative calculations since the analytical solutions of the nonlinear fractional complex
Ginzburg-Landau equations is generally unavailable. Thus, efficient and stable numerical al-
gorithms are important and necessary. For example, combined with a compact difference
technique, Wang and Huang proposed a fourth-order linearized compact scheme for the
fractional Ginzburg-Landau equation [34]. Later, Li and Huang [21][22] constructed efficient
difference schemes for the nonlinear fractional Ginzburg-Landau equation and its coupled
case based on the Galerkin finite element method. He and Pan [I5] considered an implicit
finite difference scheme for the one-dimensional fractional Ginzburg-Landau equation, for
which unconditional stability and convergence in the maximum norm was proved. Zhang et
al. proposed a fast iterative solver based on a new splitting technique for the fractional
Ginzburg-Landau equation, and Hao and Sun analyzed a linearized compact scheme for
the one-dimensional complex fractional Ginzburg-Landau equation, and established conver-
gence in a pointwise sense.

To the authors’ knowledge, there is limited work in the literature which focuses on
the numerical solution of the nonlinear fractional complex Ginzburg-Landau equations in
high dimensions. Recently, Zhang et al. [39] utilized linearized ADI schemes to solve the
two-dimensional space-fractional nonlinear Ginzburg-Landau equation, and the order of the
convergence was proved to be O(72+h2 +h?), where 7 denotes the temporal step size and h,
hy the spatial step sizes in z-direction and y-direction, respectively. However, a very strong
stability condition is required. Subsequently, an efficient three-level finite difference method
with a preconditioning technique to solve the two-dimensional case with convergence of
(9(72+h§,+h§) was proposed, greatly decreasing the CPU time [40]. In addition, there is work
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concerned with the numerical solution of the two-dimensional space-fractional nonlinear
Ginzburg-Landau equation by using Fourier spectral methods [2426].

Although a significant amount of relevant works have already been developed, they often
lack theoretical support, or only offer error estimates in L2. In fact, L2-error estimates do not
provide insight into the local numerical error as the time evolves. However, error estimates in
the pointwise sense are grid-independent. Therefore, pointwise error estimates are relevant
in theoretical analysis and practical application. Although there is already an embedding
theorem for the fractional Riesz derivative in one dimension, it is unfortunately not
applicable to the two-dimensional case, and it is required to develop new embedding theorems
for the two-dimensional case.

In this paper, we analyze the pointwise error of an efficient numerical algorithm for the
two-dimensional fractional Ginzburg-Landau equation in space as

Oru — (v +1in) (0 +85)u+(;1+i()|u|2u77u:0, (r,y) eR?, 0<t<T, (1.1)
u(@,y,0) = p(z,y),  (z,y) €R™ (1.2)

Here i = /=1 denotes the imaginary unit, 9 and 97 in ([.I) denote the Riesz fractional
derivative operators for 1 < «, 8 < 2 and are defined as [12],

aau(x t) = — 1 6_2 /OO |x _ 5‘1705u(§ t)df (1 3)
2= 2cos(arm/2)I1(2 — a) 022 J_ Y ) .

and

4 = L & / T B
Oju(z,y,t) = Seos (BT =B 92 ). ly — w|" Pu(z, w, t)dw. (1.4)
For a = 8 = 2, the Riesz fractional derivative operator recovers the classical Laplacian and
(LI ([C2) reduces to the classical complex Ginzburg-Landau equation, which have been
extensively studied numerically, see e.g., [BISITOIIRIB0]. When 1 < «, 8 < 2 and v, kK — 0,
the solution of the fractional Ginzburg-Landau equation asymptotically approximates the
fractional Schrodinger equation for which, a three-level linearized scheme and L?-norm error
estimates were presented [41].
The main contributions of the present paper are as follows:
— We develop a fractional Sobolev inequality at a discrete level. This is useful for the
pointwise error estimate of two-dimensional spatial fractional problems.
— Pointwise error estimate is proved rigorously for the numerical scheme of the two-
dimensional nonlinear fractional Ginzburg-Landau equation.
— Solution uniqueness and stability of the numerical scheme are ensured under very mild
conditions.
— The use of the difference scheme is illustrated through some examples of the nonlinear
complex fractional Ginzburg-Landau equation.

The remainder of the paper is organized as follows. In Section [2] we provide some pre-
liminary material including the definition of fractional Sobolev norms, the discrete Sobolev
inequality, and discuss the equivalence of the fractional seminorm. Section [3]is the main part,
where a three-level linearized finite difference scheme is proposed and the corresponding the-
oretical analysis including uniqueness, convergence in the pointwise sense, and stability are
presented. Numerical support for the theoretical analysis is shown in Section[4] followed by
the concluding remarks in Section[5l The derivation of the local truncation errors is provided
in the Appendix.
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4 Qifeng Zhang et al.

2 Preliminary

In this section, we introduce the fractional Sobolev norms and the discrete Sobolev inequality,
which play important roles in the following analysis.

2.1 Fractional Sobolev norms

Denote Zj, as the infinite grid with grid points x; = ihs, y; = jhy for (i,j) € Z. For any

grid functions u = {u;;},v = {v;;} on Z;, we define the discrete inner product and the
corresponding {?-norm as

(u0) = hahy 3 wigly, ul® = (ww), [ulee = mag fuy, (2.1)
ijez
where v]; denotes the complex conjugate of v;;. Set L} = {ulu={uy}, [ul® < 400} .

For u € L} ([~7/hy, 7/hs] X [=7/hy,7/hy]), the semi-discrete Fourier transform @ in two
dimension is defined as

hyh
Wk, ko) = ——2 Z Z ugj exp(—ikiz; — ikay;).
(Vo) iz

The continuous inversion formula is given as

1 [F [Pz
Uij = 5 / ’&(k’l, kg) exp(iklsci + ikgyj)dkldkz, (22)

and we define the inner product

(U,U) = / / ﬂ(lﬁ, kg)f)*(lﬁ, kz)dkldkg (23)

&Iz
Therefore,
2 R R 2
|2 = / / ik, o) 2y .
Note that 21) and (Z3) are equivalent due to (2:2)). For given constants o, 8 > 1, we define
the fractional Sobolev norm || - || a5, semi-norms | - | ;a6 and |- | 3.0 88
h h HZ2

h

ny  [Pe
||U||§{;f=6 :/ i / i (L4 (K| + [ko|® + 20k |*[k2]® + k1 [** + [ko|*P)| (K1, k2)|*dkydks,
B

(2.4)
By [T

P g = (el + ol )k, k) kg e (2.5)
wC “hy Y T
By [T

0l :/ / @l |2 al® + ka2 + ko |?) a(ka, o) [y dks. (2.6)
S
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Clearly,

s = lull® + uf® o 5+ [ul?
h Hh

HP:

We define H? {u |u = {u;;}, ||u||Hs,/s < +oo} .

2.2 Discrete Sobolev inequality

Since the standard discrete Sobolev inequality only holds for one-dimensional problems (see
Lemma 3.1 in [I7]), we introduce a new discrete Sobolev inequality for the two-dimensional
case.

Lemma 2.1 (Discrete Sobolev inequality) For every «, 8 > 1 and u € H,?’ﬁ, it holds that
[ulliee < Capllull goos- (2.8)
where C g > 0 is a constant depending on «, 3 but is independent of h, and h,.

Proof We have

|uij| =

Fa .
27T / kla lk’lﬁq‘,‘l‘lksz dkldk’g

i —_ T
hy hg

= r%
/ / ik, ko) |dky ks
27T T T
h hg
1 i 1 By—1 i~ 1 8
= [ [T I T )k kI )1+ [eal)E b
e
1 By [he 1 :
< Ak, dk
27 (/hl/_hlw (1 [a ) (1 + k2 ) 2)

2

< /- N / )+ el k) dkldk2>

<Caglltlp,

1
2

1 Ry [T 1
where C, 3 = — / / dkidk is bounded provided «, 8 >
’ 277(% g TR0 + R ) ’ ’
1.

Define

grtants(R?) = { V (1+ |1 " + [ewa] )| f (w1, o) |dwrdeos < 00, f € L (R?)}
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Lemma 2.2 (sce [6]) For every o, 8 > 1, suppose f(x,y) € €>*t*2T8(R?) and the fractional
central difference is defined as

53 fw,y) = —h* +Z 98 f(@ — phavy), 00 f(z,y) = —h,” +Z a$P f(x,y — qhy).
T o (2.9)
Then
5 f(a,y) = 09 f(x,y) + O2), 6, f(a,y) = 8} f(z,y) + O(h?). (2.10)
Provided g*) (s = o or ) is defined as
9 = T(s/2 —(kﬁkll)ﬂl(“?;;)—i— 1) FeT (2.11)

Lemma 2.3 (Equivalence of the fractional seminorm) For every «, § > 1 and u € H;:’ﬁ,
the second-order fractional centeral difference operator for the space fractional derivatives
is defined as

o0

1
62“1‘]’ = ha Z g(a)uz—l,j7 65”74 = -l Z gT(r?)ulj m-
T l=—00 h’y m=—oo
Then
Caplul 4 5 < (=05 +0))uu) < Jul® 4 4, (212)
22 22
and
(Cop)? [l s < (05 + 87D, (85 + 6)u) < Julfye s, (2.13)
where C,, 5 = (2\m)mexleest
Proof In [6], the generating function for z € R is given by
|2sin(z/2)]¢ Z g7 exp(ilz). (2.14)

l=—o0

Taking the semi-discrete Fourier transform of (6% + 55 )u;j, and noting (2.14), we have

((50‘-1'56 UU = ho‘ Z gl Ui—1,5 — hﬁ Z gm ulv] m

T Y m=—oc0
1 S (o) hah, oo .
-~ (7 2 o 5w explci o =)
T l=—00 i€Z jeZ
S <5>h hy
5 Sy DO wijexp(—ikiz; — ika(j — m)hy)
hy m=—oo i€Z jeZ
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1 X
= (ha Z gl exp(llkl )—l—h—ﬁ Z 98 exp(imkyh, )) (ky, k2)

T l=—0 Y m=—o0

1 [ kiha \ ¢ . [ kah, “\ .
=— (@ 23111( 12 ) 2S1n< 22J>’ )U(khkg).

Using Parseval’s identity, we have

(— (63 +55)u7u)
¢ B
2 ln<k12h$) QSln(kQth>‘ > |ﬂ(k1,k’2)|2dk1dk2_

vy [Re (1

_/_L /_L he
Ty T

Since ki € [—m/hgy,7/hy] and ko € [—7/hy,w/hy], we have kih,/2 € [—-7/2,7/2] and

kohy/2 € [—m/2,m/2]. As (2/7) - 2| < |sin(z)| < |z|, x € [—7/2,7/2], it yields

2 | kb i kiho \| _ [ kiha 2 | kahy . kahy \ | _ | k2hy
2 2 2 2 2 2
a 3 8
z o 2 1 )
2sin (M1 <|kl™, (2) |k2)? < = |2sin kahy < |kl
2 ™ 5 2

caﬁ/ / (ks + kol ks, ko) Pk iy

+

1
hy

1
)
hy

_|_

X bl S

™ ™

and

2 1
2 -
(ﬂ) |Fer | ha

Hence, we recover

<(—(6$+55)u,u) </ / (Jk1|® + |k2|®) |k, ko) |*dky dkg,
-

or,

Caplul’ 4 5 < (=(63 + 6] )u,u) < Juf’

ﬁ.
HZ2 2

TR

h F

Following the same approach, we obtain
(65 + 65)u, (85 + 65 )u)

/hﬂy /hﬂ L o gin [ Frhe ’
= — Sin
_ . J_ = h% 2

Ty Tz
Can® [ [T Ul + ol Pl k) Pkl
o)

L1
hy

kahy\ [P\
23in< 22?’)‘ > (k1 ko) *dk1dks,

to recover

<((6% + 8%, (62 + 6%)u) / / (a2 + Vo )2 (R o) Pl R,

Hence,

(Coltulfyes)? < (05 + 05, (05 + 7)) < Julfpes-

This completes the proof.
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Remark 2.1 Denote (2 = [a,b] X [¢,d] and suppose f*(x,y) is defined by

. [, y), (z,y) € 12,
f(xvy):{o, Y (x,z)€R2\Q,

such that f*(x,y) € €2T*2+5(R?). It follows from Lemma 22]that for 1 < a, 8 < 2,

[522] [4]
@O +00)f=—hy > gif@—iha,y)—hy® > gl f(z.y—jhy)+O(hZ +h2).
=[] =[]

Denote

72t [4<]
OGS+ f == > g5flw—ihey)—h," > gl f(xy—jhy).  (2.15)

i==[5] =[]

3 A three-level linearized scheme and the numerical analysis

We assume that the solution decays to zero smoothly in space. For the finite difference
method to capture the behavior of the solution, we set the function values outside the
domain {2 to zero without losing accuracy. The fractional Ginzburg Landau equation (1)
(L2) can be truncated on the domain {2, subject to homogeneous boundary condition as

8tuf(V+i77)(8§‘+85)u+(l@+i()|u|2u77u:0, (r,y) € 2, 0<t<T, (3.1)
u(z,y,0) = o(z,y), (z,y) € R, :
u(z,y,t) =0, (z,9) ER}N\2, 0<t < T, (3.3)

where 1 < a, <2, v >0,k >0,n, ¢, v are real constants, ¢(z,y) is a given function
vanishing in R\ (2. The boundary condition (3.3]) is referred to as the nonlocal volume
constraint and the corresponding problem (L.1)-(1.2) can be viewed as the volume constraint
problem [7l[9]. The fractional derivatives and (T.4]) are reduced to

_ L &
2 cos(am/2)I'(2 — a) Ox?

b
O%u(z, y, 1) = / & — €[ (e, y, 1)d

and

1 82 d
B — _- —o|tP
0 u(z,y,t) Scos(Br2) T2 = B) By /c ly — w|" Pu(z, @, t)dw.

Given a positive integer N, let t" = nr, 0 < n < N, where 7 = T/N. Denote 2, = {t"]0 <
n < N} and define a grid function v = {v" |0 < n < N} on £2;. Denote

_ 1 1
no__ _ n+1 n—1 A no_ n+l _  n—1
v 2(1} +0" ), LU o (v o),
, 1 . s 1 , ,
(StU’H_% — _(Un+1 _ v'n)’ U” _ Z(,UTH-Q + 21}” + U’L_Q).
T
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For two positive integers M, M, let hy, = (b—a)/My, hy = (d—c)/M,, and denote
x; = a+ihg, y; = c+ jhy, 0 < i < My, 0 < j < M,. Denote 2, = {(z;,y;)|0 < i <
M, 0< < M}y, Qp=902,N92,002, = 2,092, 0 ={(i,5) |0 <i < M, 0<j< M},
w={0,7) (i, y;) € 2n}, Ow =0\ w.

3.1 Some useful lemmas

Define Vi, = {v|v = {vi;},0 < i < My, 0< 5 < My}, Vi = {v € Vi, vij = 0if (i,7) € dw} .
We have the following lemmas.

Lemma 3.4 [16] For any grid functions u, v € f/h, it holds that
Ap(u™v™) = u" A" + o™ A (3.4)

Lemma 3.5 For any grid functions u, v € f}h, there exists a linear operator A% such
that
(= (63 + 60 )u, v) = (A*Pu, 4*Py).

Lemma 3.6 (Discrete Gronwall’s inequality, [29]) Suppose {E¥}2° is a nonnegative se-
quence which satisfies

E"" ' <(1+07)E" +7g9, n=0,1,2,---.

Then we have

E"™ < exp(onT) (Eo—f—g), n=12---,
o

where o and g are nonnegative constants.

3.2 The derivation of the linearized difference scheme
Assume there exists a solution u(z,y,t) € C**3(£2 x [0,T]) for (GI)—(3.3), define

" S ulz,y.t), (x,y) € £,
S LA e <

and suppose u* € €2+%2+5(R2). Define the grid function
Ujy = u(wg,y;,t"), (4,j) €0, 0 <n <N,
Now, we consider (3.1I) at the point (x;;, ™)
atu(xiv Ys» tn> - (l/ + in)(ag + ag)u(x% Yi» tn) + ("'i + 1<>|U(,{E“ Yjs tn)‘2u(xi7 Yis tn)
—yu(z;,y;,t") =0, (i,j) Ew, 0<n<N. (3.5)
Using the Taylor expansion, we have
Oru(zi,yj, t") = AUl + o(r?), (3.6)
lu(zi, yy, 1) Pulei, y;. t") = [UG1PUT + O(),
w(xg,yj,t") = UE +0(1?).
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From Lemma [2:2]and (2.15), we have

(02 + 0 Yulzi, y;,t") = (9% + IUL + O(7?)

M, M,y
1 ¢ (a)yra 1 B) 7rn 2 2 2

T 1=0 Y m=0
= (03 + 60U} + O(r + hZ + k). (3.9)
Substituting (3:6)-(3:9) into ([3.5) gives

AU = (v +in) (65 + 0))US + (r +1Q|USPUS — UT; = RY,
(i,j) €w, 1<n<N—1. (3.10)

Therefore, there exists a positive constant C'r such that
R < Cr(m® + % + hy),  (i,5) €w, 1<
[ARG| < Cr(r? + b+ hy), (i) € w, 2

1,

<N -1, (3.11)
n<N-—1. (3.12)

The detailed proofs of (3.11) and (3.12) are technical, and postponed to the Appendix.
For the approximation scheme at the first level, we consider 1) at (z;,y;, t%) and have

Outu(as, g, t5) = (v i) (03 + 07 (s, j, 1%) + (s + 30w,y 12)Pulai, yj, 1)
—'yu(a:i,yj,t%) =0, (i,)) €w. (3.13)
From the Taylor expansion, we have
(s, yj,t7) = (@i, gy, to) + gﬁtu(l‘m yj o) + O(r%).
Using (3:5), we have

atu($i7y_j,t0) = (l/ + in)(ag + ag)u(zzvyjato) - ('L{ + i<)|u(xi7yjat0)|2u(xi7yj7t0)
+ r}/u(wivyjato)i (Z7j) € w.

By the linearized Crank-Nicholson method, we obtain

5tU5' —(v+in) (67 + 55)[]5 +(k+ iC)m?ﬂng - ’YUS‘ = R?p (i,7) € w, (3.14)
where
" T . o .
W%y = U+ 5 (v + )95 +0))US = (r +1Q|UG UG +1UD)
and
R < Cr(r® + 13+ hy),  (i,)) € w. (3.15)
Noticing the initial and boundary conditions (3.2) and ([B.3)), we have
Uy = (i yy),  (6,5) €, (3.16)
U; =0, (i,j) €0w, 0<n<N. (3.17)
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Pointwise error estimate for space-fractional GL equation 11

Ignoring the higher order terms R}, in (3I0) and R}, in (3:14) and replacing the exact

solution U ™ with the numerical bOhlthIl us, the finite dlfference scheme becomes

2 — (v 4+ i) (08 + 802 + (k+i0)|aY 2uZ — yud =0, (i) € w, (3.18)
Auly — (v +in) (05 + 00)uls + (5 + 1{)\uij ugy —yuj =0,

(i,j) €Ew, 1<n <N —1, (3.19)
ug; = ¢(@i,y5),  (i,4) €@ (3.20)
ui; =0, (i,j) € 0w, 0<n < N. (3.21)

3.3 Unique solvability

Theorem 3.1 (Unlqueness) When v < 0 ory > 0 and 7 < %, the linearized finite

difference scheme (318)—-(321) is uniquely solvable.

Proof Tt is easy to see that u" is determined by ([B:20) and (3:2I). The linear system of
equations for u! is defined in (3.18) and (3.2I). Considering the homogeneous linear system
of equations, we have

1 1 1
;u}] — 5(1/ +1in) (65 + 65)%1] + 5(/{ + iC)\ﬂgj Qu}j ——u;; =0, (i,)) € w, (3.22)
ul; =0, (i,5) € Ow. (3.23)

Taking the discrete inner product of (3.22) with u!, we have
T S0 (6 + 5t ut) + (s QP ) - TP =0, (32
By Lemma [355] we have
Re(— (62 + 00)ul,ul) = [|A*Pul |2
Taking the real part in (3:24) , we have
e e R T (3.25)

When vy < 0orvy>0and T < 2 we have ||u1 | = 0, and hence the difference scheme (3.18)
is uniquely solvable.

For given ", "1, (3.19) and (3:21) also determine a linear system of equations. Con-
sidering its homogeneous linear system of equations, we have

1 n+1 1 . @ B 7L+1 1 2 n+1 i n+1l __ ..
;uij - 5(1/ + 177)(6 +4 )’LL 2(’% + IC)‘U zg 2“’1] O (7’7.7) cw
(3.26)
uftt =0, (i,j)€dw, 1<n<N-1 (3.27)

Similar to the case of n = 1, we have
1 v K
R+ —HAaﬂu"“H? S (Pt
2T

When v < 0ory>0and 7 < 2, we have ||[u"!|| = 0 and hence u"*! is uniquely solvable.

Using induction, this completes the proof.

W) = Tt =0

)
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3.4 Convergence

Denote the error

e = Ul — gy, (i,j) €w, 0<n <N,
and
12|=0b-a)d=c), |ullow= — sup  {lu(z,y, D)},  Cu=max{|[ufoec, [uelo}

(w,y)€£2,t€[0,T]

L a0 ) 1 1 |ec
o= VR FCCRCH D+ (Cut 1)+l +5, =g+

16¢2 4eq
2
cs = exp (16¢1T)ca, €4 = max {cl, Ig—'} , cs = 16¢ic3 + 40%|0Q|T,
v
1
%= 13 — (34 +4T)C%, cr = (C2 +2C,) ( K2+ (2 + |;Y| > , cg = 2(Cy + 1),
40+/K2 2 4 2 2
09:07 K2+ (2, clO—C7max{ OVK"+¢ T,B(K +C)},
v v v

4 4 =~
ci11 = K + W) C%|02| + 4(cs + c6 + 07)} exp ((160C + 64cq + 16)T),

C12 = aa’ﬁvc?, + c11.

a,p

We have the following convergence result.

Theorem 3.2 (Convergence) Let u(x,y,t) be the solutz’on of the problem EI)-E3),
{uiy [(i,7) € @, 0 <n < N} be the solution of the scheme . We have

[€"lie < c12(T® + R+ h2), 0<n<N. (3.28)

Proof Subtracting (B-I8)-(3:21) from (3-10), (3:14), (3-I6) and (3:I7), we obtain the error

equations

Srek — (v +in) (08 +60)e + (k+ 1) [ [Pef, — ek = RY,  (i,5) € w, (3.29)
Agels — (v +1in) (05 + 55)6% + (k +iQ)py — VGU = R},

e; =0, (i,j) €®, (3.31)
ey =0, (i,j) € 0w, 0 <n <N, (3.32)
where
n o o__ n|2rrn n 2 n nrin n n n
Py = \ULIPUL — |ufy Puly = [ufl el + URUT (e )" + Ul (ufy) el (3.33)

We will prove ([3.28) by induction. By employing (3.31), it’s easy to see that (3.28) holds for
k = 0. When k = 1, taking the discrete inner product of ([3:29) with e', we have

1 1, 1
et = S0 (52 + 8 ) + S0+ Qa0 Pel e = Tel P = (R, e!). (3.34)
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Pointwise error estimate for space-fractional GL equation 13

Considering the real part of (3.34)), we have
Tl 7 + S AT + S0 )  Tlle! |2 = Re(RY, 1), (3.35)
and
Dt + Zacsery < ey a0y - ey, (3.36)
Hence, when 7 < ITII’ we have

T

le*ll < —57 IRl < 27| R°)l. (3.37)
-5
By using (3:36) and (3:37), we also obtain
V) fa nla
) aeter2 < DT et Oy - e, (3.38)
To recover 5
[A%Fet| < [R°]I. (3.39)
Vapliz

For further estimation of e!, take the discrete inner product of (3.29) with — (5% + 55)61 as

1 1 1
;‘|Aa,ﬁ€1”2 4 5(7/“'177)”(5? +55)61H2 + 5(%—0—iC)(|ﬁO|2Aa’B€1,Aa’B€1) _ %HAa’ﬁelHZ

= —(R°, (62 + 82)e). (3.40)
Taking the real part of (3.40), we have
LIV A 4 (63 + 5 + (a0 AP, A%ty < RO 15 + 6]
T2 PR 2 ' - =y '
(3.41)
When v <0or~v>0and 7 < %7wehave
o By 1 2 0
16z + 0y )e”ll < 1Bl (3.42)
Combining (2.7), B15), (3:37), (3:39) and (3:42), and recalling Lemma[2.1] we have
le' | < (Cap)? (|€1|2 +letfan el o a)
h Hh2’2
(COA )2 « @
< ~7BQ(||61H2 A% 4 (05 + 6))et 1)
(Ca,ﬁ)
=2y (TP + 2+ hi)Q. (3.43)

Therefore, (3.28)) holds for the case n = 1. Next, we assume that (3.28) is true for 1 < n <
I, (1 <1< N—1). Then we seek to prove that (3.28) holds for n = [ + 1. By the induction,
it yields

He"”lx <012(T2+hi+h§), 1<n<l
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and
lu" |liee < ||€™J10e 4+ U |J10e < Cu + 612(7'3 + 2h(2)) <Cu+1, 1<n<l, (3.44)

for 7 < 719, hy < ho, hy < ho, where Tg + th < é
Step 1: Proof in || - || norm. We take the discrete inner product of (3.30) with e to have

(Are™, ") + (v +in)[|[A¥Pe™ (2 + (5 +10) (p", ") = ylle™ > = (R", ™). (3.45)

Noticing that

_ 1 B
Re(Ae™, ") = =([le™H* = [le" %), (3.46)
(pn,eﬁ) _ (|Un|2€ﬁ,€ﬁ) 4 (UnUﬁ(en)*,eﬁ) + (Uv'r’z(u'n)>i<€7L’eﬁ)7 (3.47)
and taking the real part of (3.45), substituting (3.46)([3.47) into (3.45), we have

1 _ _
o (e % = flem M) + v AP 4w (um e, )
= — Re{(k +iQ)[(U"U™(e™)*, ™) + (U™ (u™)*e™, e™)]} +7/e™]|*> + Re(R™,e™).  (3.48)
From (3:44), we have
1

= (e = lle™ 1%

VA2 + ([T (™), e+ U™ (W) e e™)]) + [yl - ™12 + [1R™ ] - lle™|
1 n n n 1 n 1 n
<GV F CCUC+ D)2+ 1Em2) + 17l - €2+ 5 1€ + 5 1’12
1
<cr(lle™ P+ e+ e P + S IR 1<n <l (3.49)

Therefore, we have

e 42 = e M < derr(fle™ 12 + lle™ 1 + lle”H1*) + 27| R™?, 1<n <l (3.50)

Let
By = e + e,
and (3:50) becomes
E,—E,_1 <4c17(E, + E,_1) + 27| R"?, 1< n<, (3.51)
and
(1—4am)E, < (1 +4e17)Enq +27||R™?, 1<n <. (3.52)
When 7 < 19 = i, we have 1 —4ei7 > % Thus,
E, < (14+16c17)Ey_y +47|R™|?, 1< n<L (3.53)
By (3.37), we have
Eq = [le!]|* < 47%||R%||%. (3.54)
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Pointwise error estimate for space-fractional GL equation 15

Using Gronwall’s inequality in Lemma [3.6]for (3353) and recalling (3.11), (3-15), we have

R™ 2
He”“”2 + ||e"|\2 = E, <exp (16cint) <E0 + —H I )

401
< cpexp (16617 (7% + bl + h2)?
—os(PP+h2+ 022, 1<n<l (3.55)

Step 2: Taking the discrete inner product of (3.30) with — (6% + 6/’) , we have
= (Aee™, (87 +87)e™) + (v + i) (6 + 87)e” ||
= (k+IQ)(P", (67 + 0)e™) +(e™, (67 + 87)e"™) = —(R", (57 + 8))e"). (3.56)

Noticing that

— Re(Awe", (65 + 0)e") = (H/l"ﬁ PR — A% Pen ), (3.57)
— (", (65 + 67)e™) = (ju"? e 1550 (UMY 4 UG (524 07)e")
(3.58)
Taking the real part of (3.56), and substituting (3.57)(3.58) into (3.56), we recover
1 @ n « n— @ n
4 P2 — [ AP H2) + v||(65 + 6))e™ |1
= Re {(x +iQ)[(U"U™(e ”)* (67 +5’3) M)A (U™ () ", (65 4 65 )e™)
+(ju"Pe™, (62 + 80)e™)]} — (€™, (65 + 65)e™) — (R™, (55 + 65)e™)
<VE2 + C[C, (20, + D)[le"|| - 165 + 65)e™ | + (Cu + 12 [|e™] - | (65 + 65 )e™ (1]
]l 185 + d)e™ ||+ IR - 1|6 + 65 )e™ |

<1{” CZ[ Cu(2C, + 1) + (Cy +1)]+|l+2}

2 2 2

x (185 +35)em™ 2 + 152 + 60 ?)

+ DL em b2 4 flen 1)) + YL gy 20, + Dl + 517
<er(lle 2 + )2 + len )

+en (187 + o)™ 2+ 11(67 + 8y)e" %) + %HR”II2, lsn<l (3.59)
Following the result in Step 1, we have
"M+ [le™]|* + [le"H1? < En + En_1 < 2c3(t® + hi +h2)?, 1<n<l  (3.60)
Again, we compute the discrete inner product of with —(6% + 65)Ate” to recover

« n V+”7 « n « n—
|47 Age™|? + (85 + 6™ M2 = [1(65 +8,)e™)1?)

— (R +iQ (", (55 + 55)At6 )+ (e, (85 +6)) Ave™) = —(R", (85 +6,) Are™).  (3.61)



O Joy Ul W

OO OO U OUTOTUTOTOTUTOUTOTO R DD DNDNDNEDNWWWWWWWWWWNNDNDNNDNNDMNDMNDNDNDNNNDNNNR R RRRRRRRRE
b wWNhRPFPROoOWOWOJIJOUDdWNRFPFOWOJOUdWNRFPROWOJOHUDd WNEFEFOWOJHU DS WNE OWOWJoU D WP O W

16 Qifeng Zhang et al.

Taking the real part of (3.61), and using the Cauchy—Schwarz inequality, we have
a n v o n a n—
149 g2 4 2 (182 + 65)em E — 62 + 851 ?)
<Re{(k +10)[(p", (55 + 6) Ase™)[}

+Rel|(R", (85 + 0,) Ave™)| + e - |A%Fe™|? + % (A% Age™ |2 (3.62)

[y

Taking ¢ = -, we recover

v (e n (o3 n—
L1052+ 8502~ 155 + e )
< Ref(s -+ 50)I(0", (05 + ) ™)} + Rel (R, (55 + ) e
2
"y « n « n—
+ OE g assersrz o pamsenye) (3.63)
Combining (3.59) and (3.63), we have

By n+12 Bon+1)2 By n—12 Bon—1)2
(167 +0,)e™ |7 + [[A%7e™ ™ 7) = ([[(67 + 0y )e™ |7 + [[A%7e™||%)
27| R™* + derr ([l + [le™]” + le™ 1> + 1185 + 65)e™ M I* + (65 + 6)e™ 1)

4 M 7 (o3 n 4 T (o3 n
+ —Re{(x+10)|(p", (95 +67) Are™)[} + —Rel (", (65 +5]) Are”)|

|7|2T [e3 n « n—
+ LT (APt P 4 A en ), (3.64)

Denote
Fo = [(65 + o)™ 12+ 11(05 + 8 )e"||* + | AP | 4 [ A*Pem %,
Then (3.64) becomes
F, —F,1
eyt (F + Froq) + 477-].:{6{(.‘-1 +1iQ)|(p™, (65 + 55)Ate")|}

4
+ “TRe|(R", (63 + ) Ae™) 4+ derr(em 2 + e P + []en 12 + 27| RV, (3.65)

When 7 <19 = %4, we have

g
Fp <(1+16¢47)Fpmq + %TRe{(m +10)|(p"™, (62 + 62) Are™)|} + %TRe\(Rm (02 + 6) Ase™)|
+8err([le™ I+ [le 1 + [le" P + 4| R, 1< n<l (3.66)
Replacing n with k in (3.66) and summing over k, we recover
F, <16¢y47 ;Fk_l + Fy+ 877 ; Re {(r + i0)| (", (6% + 65)Atek)|}

87 — o ~ _
+— > Re|(RF, (62 + 6)) Are®)| +8earm > ([l 17 + [[e*(|* + [leF~)1?)
k=1 k=1
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Pointwise error estimate for space-fractional GL equation 17

+47) " ||RM|2. (3.67)
Step 3: We estimate each term in (3.67)). Noticing (3.11)) and (3.60), we have

8err (eI + [leF]P + e H1%) + 4r Y (IRF|
k=1 k=1
<(16c1c3 + ACH|QNT (% + hZ + h2)? == c5(7> + hi + hi)*. (3.68)

In addition, for the fourth term on the right hand side of (3.67), we have
TS T Re(RE, (62 + 60) Arek)

k=1
n+1

87’2

=—Re {(R", (63 + 60)e™ ™) + (R, (60 + 6, )e™) — (R?, (65 +6))e')}

1 k+1 « ﬁ k+1 o ]
2R(R (68 +69) 22 e(RM1, (65 + 60)ek)

87X Z Re(AR*, (82 + 6)eb). (3.69)
k=2

Using the Cauchy-Schwarz inequality, and recalling (3-11), (3:12) and ([3:42), we have

o> Rel(R¥, (55 +57) Acc)
k=1

<4 {;HR 1185 + 69)em | + IR M- 16+ 68)em || + ;||RZ|| 168+ 8)et|
gr il
+— D IARE 182 + 85)e") |
k=2

16 n||2 16 n—12 2 2112 « By, 112 1 « By n+1(2
SR+ S I B+ S BT + 211007 + 0y )e || + 71100z + 8y )e™ |
n—1 n—1
1
—H(5a+5ﬁ) n||2+4TZ_||AtRkH2+4TZH (65 +8,)eM)|?
k=2 k=2
n—1
« : 1 @ n 1 « n
<47y (85 + 65)e) 1 + 2102 +0De™ 1P + 1153+ 07)e™ 1 + eo(r? + hi + h)*.
k=2
(3.70)

Next, the third term on the right hand side of (3:67) can be estimated as follows

877 > Re{(k+iQ)®*, (55 +0))Awe®)}

k=1

=2 Re { (s + 501", (53 + 8)e™) + (", (53 + 57)e) — (9, (53 + 57)e)]}
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ZRC{ +10) (A", (02 + 65)eM)}, (3.71)
where
plc _ |Uk‘2UE _ |uk|2uE
— (Uk)*UEek + UkUE(ek)* + Uk(Uk)*efc _ (ek)*eEUk _ ekeE(Uk)*
. ek(ek)*UE +€k(6k)*67€
and

Aipt = A(UF)URR) + A (UFUH(ER)) + A UHU) ) - Au((e Fyreut)
= AP UM)) = A () UF) + Ar(eH () eh) = Z Ji

Clearly, we have

7

A" < Z [1J;]]- (3.72)

Following (3:30), we have
DK < 1+ i) (B + )™ + [+ 3P| + ] - e + 1B
< VT oz 60+ 152 + 0 )+ v/ F G|
'”' e+ =11 + IR (3.73)

Using the result of Step 1, we have [le"*![|> + [[e"||* < ¢e3(7® 4+ h2 + h2)* < 1 when 7,
ha, hy < 3/%73. With the help of Lemma [3.4] and (Im, the seven terms in m can be
bounded, respectively, as follows
1] = [|A(UR)*eF U + Ak (UF)* U* + AUFUF)* R
< Nutlloo - Nulloo - ¥+ Nl - | Are* (] + lllloo - l[ulloo - €]
Ser(le" I+ XM+ 1IRM + 1" + 165 + 6))e™ M + 165 + 85)e* 1), (3.74)

ol = [ AUFUMER)* + Ay() URUF + AUFUFR ()7
luelloo - luelloo - l€¥] + llul% - [Ace® | + fluelloo - lulloo - [l€¥]|

<
< er(le I+ e+ IR+ IpE 1+ 11685+ 8)e M I+ 11(85 + 65)e D), (3.75)

[ J3]| = [|AUR(UR)*e* + A (UF)*UFReR + UF(UF)* AeF|
<utlloo - Nulloo - 1]+ Nluelloo - llulloo - €¥( + [l - [| Are®||

< er(le" P2+ lle® ]l + e 2l + | RM + | R
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A 1 11005 + o)™ 2]+ 105 + 0)e® ||+ 11(05 + )" 2[)), (3.76)

172l = [ AU*(F) ek + Ay (k) Ure 4+ UF () Avet|
< Nuelloo - NeFl - e |+ lulloo - 1€ - [[Aee®| + lulloo - lle®] - | AreF|
< er(lle® ] + (| Aek || + | Ace®|l)
< cr(leF 2] + [l + ek (| + [le" | + fleF=2]]
+ I REFH 4+ R+ IR+ "]+ 1p* )+ 1P
+ 182 + 8L)eR T2 + (82 + 85)er | + [1(82 + 85|
+ 182 + )R+ [1(8 + 85)eF 2], (3.77)

5] = [|Ae(U*)*eF ek + Arek (UFY* ek + (UF)* ek Age®||
< lluelloo - X1~ e |+ lulloo - Pl - | Ae® ] + lulloo - ll€¥]] - [ Ace"|
< er(lle® ] + (| Aek|| + | Are®l)
< cr(lleF 2 4 [leF Y+ fle¥|| + et + llek 2|
RS+ IRM|+ IREY 4+ 51+ lp* )+ (1052
+ 1106 + 05)e+2 ] + (182 + 62)eM | + (162 + 85)e¥|
+ 1106+ 65)er 2 + 1182 + 67)e 2], (3.78)

1Tl = | Avek (€F)*U* + Ay (") e UF + AUFe () |
_ 1 _ -
< 2fulloo - €] 140l + 5 uelloe - el - (Ul + fle*)

< er(le I+ lle I + 1 Ae® )
< er(le FHI+ e+ IR+ 1pE 1+ 11655+ 8)e M ]+ 11(05 + 6)e D), (3.79)

7]l = | Ak (eF) er + Ay(e) ekek + eF (k) Ae®|
< 20l€F |- el 1Ak + [1€F)2 - (A < er(|Ae®]] + || Ae])
e[l F2) + [l eF T+ ek + el + lle" =2 + [ RFFH| + | R*| + || RF2
P A IR+ 1+ 1O 4 88)eR+2 ]| 4 (182 + 68 )ek+Y|
(1062 + 85)eR || 4 (82 + 68)eR Y| + (182 + 68 )ek2)). (3.80)
Combining (3.33) and (3.44), we have
P12 = P +TRU ()" + UF () et
< (Cu + 1)2eF + Cu(2C, + 1)e||?
<3| 4 ([ + 11 1?) < 9eZes(r? + h2 + h2)?, (3.81)
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Then combining with (3:74)(3:80), we have

7
(A", (55 +6)eM)] < DIl - 1655 + 6)e" |

i=1
<er(le" 2P + ([P + eF 1 + [l HIP + fle"2)1%)
+er([1(55 + 8,)e* 212 + [1(55 + 65)e 12 + 1185 + 65 )e*||?
BN k=112 By, k—212
+[[(67 +6,)e"° + (63 + d,)e"=1%)
+er([RFFHZ 4 [ RFIP + (RSP 4 112 + (1™ + 110" 1) (3.82)

According to (3.81)—(3.82), we have
TSR i0)[(p*, (05 + 6)) Are®
” > Ref{(k +10)|(p", (05 + 65) Ave®)[}

k=1

7Y AWM 1167 + 6" || + === [Ip" || - |(65 + &)e" |
Hlp" 1S+ 8)em |+ 121 - 1665 + 65)e ]

8VRZ+ = [ . AR+ ey L e .
S YO DD 165 4 8 ) +4 %Hp 17 + 5116 + 8+

k=2 \i1=1

(+C)n12 o a2 L B ane s Lisa L sByly2
+V7H =+ ||(5 + 4, )e"||* + 9,2 llp7]| +5||(5w+6y)8 [
8\/ +¢

w Z (X212 + |e¥H11% + [leF]1% + [l 117 + [|e¥2]1%)

/-2 2
8 a +C 207 159+ 00)eFT2 112 + 1 (6% + 80)e" 2 4+ 11(63 + 65)e¥|?

+ (85 +85)et™ 1|\2 + 185 +87)e" 2%

8\/524—(
7207 (IBEFHP 4+ IR 4+ RSP + 112 + ™1 + 1121

k=2
16(k° + ¢ K*+C - 1, o n 1, "
+¥Hp e+ B gy Ly 4 apen R 4+ 2o+ 80)en
2(k*+ ¢ o
+¥H 2|2 4 262 + 5]

<400972 185 + 6,)e"||* + (8o + — )(||(5°Y +0,)e" P 41165 4 6))e"||?)
k=1
+eo(T? + hE + Ry (3.83)

Substituting (3:63), (3:70) and (3:83) into ([B3:67), we have

n n

F, <1647y Fio1 + Fo + (40co +4)7 > (|65 + 65))e¥||?
k=1 k=1
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+ (8eom + )(H(5°‘+56) TEYZ 11085+ 65)e"I?) + (c5 + o + er) (78 + hE + hY)®

<(40co + 16¢4 + 4)7 ZFk 1+ (BcoT + 5 )(||(5“+5B) T2 (07 + 8))e" )
k=1

+ (5 + c6 + cr) (7% + ha + hy)?. (3.84)
When % — 8¢coT > i, we have

n
F < 4(40co + 16c4 +4)7 > Fp_1 +4F +4(cs + cg + ) (72 + b2 + h2). (3.85)
k=1

With the help of ([3:39) and (3:42), we have

N N 4 4
Fo = [[(62 + 62)e! |2 + AP < ( MV) CRIQ|T® + 13 + h3)?, (3.86)
and (3:85) becomes
Fo <(160co + 64cy + 16)7 > Fj
k=1
4
+ K I ) C%102| + 4(cs + ¢ + C7):| (7% + h2 + h2)>. (3.87)

By the discrete Gronwall’s inequality, we have

4 4

X exp {Z(160a9 + 64cy + 16)7-} (T> +h2 + h2)?
k=1

< K S | 4| ) C22] + 4(cs + oo+ 07)} exp (160co + 6dey + 16)T)(7% + h2 + h2)?
=cin (7% + hl + hl)>. (3.88)
We now combine the results (3.55) and (3.88), to recover
lem FHIZ + A% P2 + (03 + 8 )em 1>
<En+Fy < (cs+en)(m?+hi+ 0% 0<n<l

Using the Sobolev imbedding theorem in Lemma [2:I] we have

Ca,
le™ 7 < (Gas) (™[> + [ AP Y2 4 |85 + 8,)e™ %)
T (Cap)?
=y (TP + hi+ )%, 0<n<l (3.89)

Consequently,

N

e lie < c12(7® + h3+h2), 0<n<N. (3.90)

This completes the proof.
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Remark 3.2 Although the theoretical results were proved on the requirement of the temporal

step sizes in (3.37), (3.42), .53), (3.:66), (3.85), the numerical examples in Section [lshow

that these conditions might be relaxed.

Corollary 1 (Stability) Let u(x, y,t) be the solution of the problem (B1)-B3) and {u}};| (i,)) €

@, 0 < n < N} be the solution of the scheme (318)~(B3:21). Then for T < 170 and max{hy, hy} <
ho, we have

[u[lie <13, 0<n <N, (3.91)
where 19 and hg are some positive constants.
Proof From Theorem[3.2] we have

[u e = U™ = el < U2 + [le" |1 < Cu + c13(75 +2h5), 0

N
S
N
=

for 7 < 10 and hy, hy < ho. When 7¢ + 2h2 < -1, we have

13’
lu"llie <c13, 0<n<N,

where ¢13 = C, + 1. This completes the proof.

4 Numerical validations

We present two examples to verify stability and convergence in the pointwise sense with
order of convergence O(7% + h2 + h2).

To improve the computational efﬁciency, we use the preconditioned GMRES algorithm to
solve the linear system of equations which arises from the numerical scheme (3:18)—(3:21).
The computational cost of applying the linear system of equations can be reduced from
(MZM3) to (M,M,(log M, + log M,)) with the help of the two-dimensional fast Fourier
transform (FFT). The detailed illustration on the preconditioner and the algorithm is dis-
cussed in [40]. The stopping criterion of GMRES is ||r*||/||7°|| < 1077, where r* denotes the
residual vector of the complex linear system of equations after k iterations, and the initial
guess is chosen as the zero vector.

All numerical tests were performed on a Windows 10, 64 bit PC-Intel(R) Core(TM)
i7-7500 CPU @ 2.70GHz, 4GB of RAM using MATLAB R2016a with the machine epsilon
10716 in double precision floating point arithmetic.

The spatial step sizes along the 2- and y- directions are taken to be equal (hy = hy = h
or M, = M, = M). We define the discrete {*-norm for the numerical error as follows

_ N_ N
(R, )|l = KTZI}%M{\UU — g}

— When the exact solution is known, we will test the order of convergence in space and
time, respectively, by

E(h, ) VB 1)~
O dhoo =1 <”7 , Ord/. =1 — . 4.1
i~ =log { EG/z e ) O =108 \ [5G 7/2) e (4.1)
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— When the exact solution is unknown, we can test the order of convergence in space and
time, respectively, by the following posterior error estimation

[u(h, 7) — u(h/2, 7)1 l[u(h, 7) = u(h, 7/2) i

82 Tu(h/2,7) — u(h/4,7) i’ 52 u(h, 7/2) — ully /)i~
(4.2)

Ordl. =1o

Ord/~ =1o

Ezample 1 Consider the problem in

Ou — (v +1in) (05w + Ogu) + (k + i) |u)?u — yu = f(z,y,1),
(x,y) € (—1,1) x (=1,1), t € (0,1],

where v=n=x=1,(=2,v=3 and

fla,y,t) = —iexp(=it) - (1+2)* (1 - 2)* (L +9)*(1 - y)*

(v )1+ )1 - y>ﬁ
X {;4:_0(—1)'“ (i) 24”“% [(1+ @)= 4 (1 = )h+i=e] }
+ (v i) (1 +a)'(1 - 1)4%
: {ki)(l)k (&) QH% (1) 7 4 (1 - x)k+4—ﬁ]}

+ (k)| (1+2) (1 - 2)* (L + )" (1 - y)* exp(~it)[®
x (L+2)' (1 —2)' (1 +y)* (1 —y)" - exp(~it)
(1 +2)* (1= 2) (1 +y)* (1~ y)* - exp(~it).

The initial-boundary value conditions of the above truncated problem are determined by
the exact solution u(z,y,t) = (v + 1)*(x — )*(y + 1)*(y — 1)* exp(—it).

Numerical results are reported in Tables[1}B] and Figuresmﬁl

Table[T]shows that the order of convergence (calculated by (1)) in the spatial dimension
in the pointwise sense are in perfect agreement with the theoretical results for different
fractional orders (a,3). The temporal orders of convergence (calculated by (4I)) in the
pointwise sense are shown in Table[2] which confirm that our numerical scheme are second-
order accurate independent of the values we take for the fractional orders o and f3.

Figure [1] shows that the numerical errors at the fixed the time step but varying space
step size (M = 8,16, 32,64, 128,256) with different fractional orders o and §. We see clearly
that the numerical errors ultimately approach a fixed value as the spatial error dominates
the temporal error. This illustrates that our numerical algorithm does not require a time-
step restriction, which indirectly confirms that the stability for the current algorithm is very
good.

The numerical solutions and corresponding contour profiles are illustrated in Figure[2] for
different fractional orders av and 3 at the same final time. From these figures, we see that the
fractional orders directly affect the numerical results. For example, when («, 8) = (1.2, 1.8),
the problem will be anisotropic as captured by the numerical result.
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Numerical error with logarithmic scale

102}

Numerical error with logarithmic scale

10°% ) —— =14 ] L
—A—r=1/8 —A—=1/8
—¥—=1/16 —v—7=1/16
ok r=1/32 ke r=1/32
—&—7=1/64 —®—=1/64

10 : : 10

10° 10' 102 108 10°

(a)

10’

M

(b)

102

Fig. 1 The numerical errors in logarithmic scale via the fixed 7 but varying h for the stability test with

different o and S

20 40 60 80 100 120

20 40 60 80 100 120

20 40 60 80 100 120

20 40 60 80 100 120

Fig. 2 The numerical solutions and corresponding contour profiles. The parameters are taken with («, 8) =
(1.1,1.1), (1.2,1.8), (1.5,1.5), (1.9, 1.9) from left to right; The final time is 7' = 1 and the grid sizes M = 128,

N =200
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Table 1 The maximum norm errors versus temporal grid size reduction and convergence orders of the
difference scheme (3.18)—(3.21) in time with fixed h = 1/256

(o, 8) T 1E (R, )|l Ordje
1/2 1.9363e — 1 X
1/4 3.4756e — 2 2.4780
(1.2,1.8) 1/8 8.2517¢ — 3 2.0745
1/16 1.8508e — 3 2.1565
1/32 4.5568e — 4 2.0220
1/2 1.9339% — 1 ¥
1/4 3.4412¢ — 2 2.4905
(1.5,1.5) 1/8 8.6226e — 3 1.9967
1/16 1.9118e — 3 2.1732
1/32 4.6982e — 4 2.0247
1/2 1.9385e — 1 X
1/4 3.4969e — 2 2.4708
(1.9,1.1) 1/8 8.0120e — 3 2.1258
1/16 1.7961e — 3 2.1573
1/32 4.444%¢ — 4 2.0148

Table 2 The maximum norm errors versus spatial grid size reduction and convergence orders of the differ-

ence scheme (B3:18)-(3-2T) in space with fixed 7 = 1/512

(a, B) h | E(h, 7)|| 100 Ordl,
1/4 2.9701e — 2 x
1/8 7.7677e — 3 1.9350
(1.2,1.8) 1/16 1.9633¢ — 3 1.9842
1/32 4.9292¢ — 4 1.9939
1/64 1.2444e — 4 1.9859
1/4 2.8914e — 2 X
1/8 7.4816e — 3 1.9504
(1.5,1.5) 1/16 1.8818e — 3 1.9912
1/32 4.7148¢ — 4 1.9968
1/64 1.1902e — 4 1.9860
1/4 3.0190e — 2 X
1/8 7.9503e — 3 1.9250
(1.9,1.1) 1/16 2.0157¢ — 3 1.9797
1/32 5.0667¢ — 4 1.9922
1/64 1.2793¢ — 4 1.9856

FEzample 2 Consider the nonlinear fractional Ginzburg-Landau equation as

Ou — (v +1in) (05w + 85u) + (k + i) |u|*u — yu = 0,
(z,y) € 02, t € (0,T],
u(z,y,0) = sech(z)sech(y) exp(i(z +y)),

u(z,y,t) =0,

(z,y) € 2, t € (0,T],

(z,y) € 2= 02U,

where 2 = (—10,10) x (—10,10), v =7 = k = ( = v = 1. The exact solution is unknown.

The convergence behaviors of the proposed algorithm are reported in Tables[3}4] Since
the exact solution is unknown, we calculate orders of convergence by (£2). Similar results
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are observed as for Example[I] which show that our theoretical result is consistent with the
numerical results in the pointwise sense.

In addition, we study the numerical evolution in Figure [3] and the influence of the frac-
tional orders in Figure[d In Figure [3] for fixed a and 3, we see that the numerical results
are diffusive. In Figure [4] we find that the fractional orders indeed have an effect on the

solution.

Table 3 The maximum norm errors versus temporal grid size reduction and convergence orders of the

difference scheme (3-I8)—(3:2I) in time with fixed h = 5/64, T =1

(@, 8) T 12 (R, 7)llioe Ord/
1/4 1.1760¢ — 2 X
(1.1,1.9) 1/8 2.7348¢ — 3 2.1044
1/16 6.4542¢ — 4 2.0831
1/32 1.5920¢ — 4 2.0194
1/64 3.9065¢ — 5 2.0269
1/4 9.7617e — 3 *
(1.5,1.5) 1/8 2.3333¢ — 3 2.0647
1/16 5.6950e — 4 2.0346
1/32 1.4103¢ — 4 2.0137
1/64 3.5390e — 5 1.9946
1/4 1.0267¢ — 2 *
(1.7,1.3) 1/8 2.4244e — 3 2.0823
1/16 5.8758¢ — 4 2.0448
1/32 1.4563¢ — 4 2.0125
1/64 3.6091e — 5 2.0126

Table 4 The maximum norm errors versus spatial grid size reduction and convergence orders of the differ-

ence scheme (B3:18)-(3:21) in space with fixed 7 = 1/16, T = 1

(. B) h 1B (A, )]0 Ordjte
1/4 1.0814e — 2 *
(1.1,1.9) 1/8 2.7407e — 3 1.9803
1/16 6.8252¢ — 4 2.0056
1/32 1.7081e — 4 1.9985
1/64 4.2711le — 5 1.9997
1/4 1.0396e — 2 *
(1.5,1.5) 1/8 2.6967e — 3 1.9468
1/16 6.7326e — 4 2.0020
1/32 1.6831e — 4 2.0001
1/64 4.2093e — 5 1.9994
1/4 1.0369e — 2 *
(1.7,1.3) 1/8 2.6864e — 3 1.9485
1/16 6.7586e — 4 1.9909
1/32 1.6888e — 4 2.0007
1/64 4.2235¢ — 5 1.9995
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20 40 60 20 40 60 20 40 60 20 40 60

Fig. 3 The numerical solutions and corresponding contour profiles. The parameters are taken with T' = 0.1,
0.4, 1.6, 3.2 from left to right and the grid sizes 7 = 0.01, h =5/16, « = 8 = 1.5

60 60 60 60
40 40 40 Q 40
20 20 20 20
20 40 60 20 40 60 20 40 60 20 40 60

Fig. 4 The numerical solutions at the fixed time T" = 2 and corresponding contour profiles. The parameters
are taken with (o, 8) = (1.1,1.1), (1.2,1.8), (1.5,1.5), (1.9,1.9) from left to right and the grid sizes M = 64,
N =100

5 Conclusion

In this paper, we develop pointwise error estimates for a three-level linearized finite difference
scheme for the two-dimensional nonlinear space fractional Ginzburg-Landau equation. The
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optimal error estimate O(72 + h2 + hgz/) is obtained in the discrete infinity norm. Solution
uniqueness and stability under very mild conditions are also given. The theoretical results are
confirmed by our numerical experiments. Moreover, the practical numerical implementation
is efficient since the coefficient matrix, arising from the numerical scheme is a block Toeplitz
matrix with a Toeplitz block, which can be efficiently preconditioned with the block circulant
preconditioner and implemented by the two-dimensional FFT. The analysis technique can be
extended to other two-dimensional problems with Riesz fractional derivative including the
two-dimensional space-fractional diffusion equation and the space-fractional Schrédinger
equation [4I]. In the future, we will study the pointwise error estimate of the higher order
numerical scheme for the nonlinear space fractional Ginzburg-Landau equation in higher
dimensions.

6 Appendix

The following lemma plays an important role in deriving the local truncation errors R;-; and A¢R;;.

Lemma A.7 Let g(t) € C3([tn—1,tn+1]); then

%fﬂ"*l) =¢'(tn) + %2 / 1ot + 57) 4 )t — )1~ 5)%ds, (A1)
)
i) 2alloo) g4 T [ 1o e 457 + 9 tn = 51— ). (A2)

Proof Based on the Taylor expansion with the integral remainder
ko s s+l 1
g(tn +7) = ;) Zg“)(tn) + T/o g* D (b, + s7)(1 — s)*ds, ge CFH,

the results follow.
Lemma A.8 Suppose dyq(w, tn) € €2+ (R). Then it holds

(—hz 8% Argle, tn) — S Avg(a, tn) = O(R2) (A3)
uniformly for x € R and t, € [0,T].
Proof Let p(z,t) = Orq(z,t). A straightforward application of Lemmal[2:2]gives

—hz %63 p(x,t) = 83p(x,t) + O(hD),
or
—hy %63 0eq(, t) = 03 0eq(, 1) + O(h3). (A4)

Let t = tp—1 + 270 in (A.4). Integrating the result from 0 to 1 for 6, we have
1 1 1
—h;‘%g/ Orq(z, tn—1 + 270)d0 = 8;‘/ Orq(z, tn—1 + 207)d0 +/ O(h2)de. (A.5)
0 0 0
Notice that
1
/ Orq(@, tn—1 + 270)d0 = Arq(z, tn),
0

such that (A.5) becomes
—hg ®8% Avq(,tn) = 08 Arq(z, tn) + O(h2),

which implies m
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Next, we derive the local truncation errors R;} in (3.11) and AtR% in (3.12). Denote
72 1
(R(l));?j =T / [Oreeu(zij, tn + s7) + Opeu(wij, tn — s7)] (1 — 5)2ds,
0
) 72 1
(R( ))Z = o / [attu(l‘ij,tn +s7) + 3ttu(l’7;j,tn —s7)] (1 — s)ds.
0
Using (A.I) and (A2), we have
MU = dyul@i,yg,tn) = (R, (A.6)
\UBIPUR — [u(@i, yj, tn)lu(@i, ys, tn) = [UR[? - (RO, (A7)
Using (A22) in Lemma [A77]and Lemma[2:2] we have
SQUR — 03 u(wi, yj, tn) = 05 (R} + O(h3), (A.8)
S0UT — Ofu(wi,y;,tn) = 8 (R + O(RD). (A.9)

Subtracting from and noticing (A-6)-(A9), we have

Ry = (RO — (v +im) (05 +05)(RP)) + (s +iQIUR 2 - (R — /(R + O(h2 + h2).

Thus, the local truncation errors R7; in (311} holds. Furthermore, we have

n 1 n n—
At(R<1))ij - E((R(l))i;rl _ (R<1))ij 1y

1
-
=3 / [Beetw(ws, yj, tng1 + T) + Oreewl(wi, yj, tng1 — s7)] (1 — 5)°ds
0
-

1
3 / [Oreeu(zi, yj, tn—1 + sT) + Bperw(as, yj, tn1 — s7)] (1 — s)?ds
0

1

-

=3 / [Oeeew(@i, vy, tns1 + 7)) — Oreew(@i, yj, tn—1 + s7)] (1 — 8)2ds
0

1

-

+ s / [Oreew(zs, yjs trgr — ST) — Oupeu(s, yj, tn—1 — s7)] (1 — 5)2ds
0

2 1 pl
= % / / [Oreeew(i, Yjs tn—1 4+ (20 + 8)7) + Opreeu(s, yj, tn1 + (21 — 8)7)] (1 — 5)2dpuds.
o Jo

Therefore,
A(RD)" | < er?,
where c is a positive constant. Similarly, we have
IA(RD)" | < er®, |AdU™ (R:)™)] < e
Combining (A.3) in Lemmal[A.§and (A.10), we have
14602 (RD)M)[| = O(r* + h3), 14685 (R*)™)I| = O(7* + hy).

Thus, the local truncation errors AtRfj in m holds.

(A.10)

(A.11)
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