arXiv:2004.09319v1 [math.NA] 20 Apr 2020

ESAIM: Control, Optimisation and Calculus of Variations Will be set by the publisher
URL: http://wuw.emath.fr/cocv/

RESIDUAL-TYPE A POSTERIORI ERROR ANALYSIS OF HDG METHODS
FOR NEUMANN BOUNDARY CONTROL PROBLEMS *

Ha1tao LENG! AND YANPING CHEN?2

Abstract. We study a posteriori error analysis of linear-quadratic boundary control problems under
bilateral box constraints on the control which acts through a Neumann type boundary condition.
We adopt the hybridizable discontinuous Galerkin method as discretization technique, and the flux
variables, the scalar variables and the boundary trace variables are all approximated by polynomials of
degree k. As for the control variable, it is discretized by the variational discretization concept. Then an
efficient and reliable a posteriori error estimator is introduced, and we prove that the error estimator
provides an upper bound and a lower bound for the error. Finally, numerical results are presented to
illustrate the performance of the obtained a posteriori error estimator.
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1. INTRODUCTION

Many optimization processes in science and engineering lead to optimal control problems where the sought
state is a solution of a partial differential equation. The complexity of such problem needs special care in order
to obtain efficient numerical approximations for the optimization problem. One particular method is adaptive
finite element method, which can reduces the computational cost and boosts the accuracy of the numerical
solutions by locally refining the meshes around the singularity.

Although the adaptive finite element method has become a popular approach for numerical solutions of partial
differential equations since the work of Babuska and Rheinboldt [1], it has only quiet recently become popular
for constrained optimal control problems. The pioneer work concerning a posteriori error analysis for distributed
optimal control problems is published by Liu and Yan [25| for residual-type error estimators and Becker, Kapp,
and Rannacher [2] for goal-oriented error estimators. Here, we further refer readers to [20127,31-33] for residual-
type estimators and [3]|21] for goal-oriented approach. Recently, in order to guarantee the performance of the a
posteriori error estimator theoretically, many scholars have tried to prove the convergence of an adaptive finite
element algorithm for distributed optimal control problems in [14}/15]/23]28].

Compared to distributed optimal control problems, there exists limited work on a posteriori error analysis for
boundary optimal control problems. In [26], the convex Neumann boundary control problem was considered on

polygonal or Lipschitz piecewise C? domain. Then a residual-type a posteriori error estimator was introduced,
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and the authors proved that the estimator provided an upper bound for the errors in the state and the control. In
[19], by introducing a Lagrange multiplier, the authors derived an efficient and reliable residual-type a posteriori
error estimator for Neumann boundary control problems on polygonal domain. In [22], Kohls, Rosch and Siebert
derived a unifying framework for the a posteriori error analysis of control constrained linear-quadratic optimal
control problems for the full and variational discretizations. In [4], Benner and Yiicel investigated symmetric
interior penalty Galerkin methods for Neumann boundary control problems with an extra coefficient in cost
functional. By invoking a Lagrange multiplier associated with the control constraints, an efficient and reliable
residual-type a posteriori error estimator was obtained for the errors in the state, adjoint, control and co-control.
As for Dirichlet boundary control problems, we just mention [8,/16] and references therein for more details on a
posteriori error analysis.

Recently, the hybridizable discontinuous Galerkin (HDG) methods [9], which keep the advantages of dis-
continuous Galerkin (DG) methods and result in a system with significantly reduced degrees of freedom, have
been proposed for convection diffusion problem [13], interface problem [6], flow problem [29], optimal control
problem [5/17], and so on. In [10412], Cockburn and Zhang studied HDG methods for second order elliptic
problems, and an a posteriori error estimator with postprocessing solutions was obtained. To the best of our
knowledge, there exists no work on residual-type a posteriori error analysis of HDG methods for boundary
control problems.

In this paper, we investigate a posteriori error analysis of Neumann optimal control problems under bilateral
box constraints on the control. The HDG method is used as discretization technique, and the flux variables,
the scalar variables and the boundary trace variables are discretized by polynomials of degree k. As for the
control variable, we adopt the variational discretization concept proposed by Hinze in [18] for approximation.
Then an efficient and reliable residual-type a posteriori error estimator without any postprocessing solutions is
introduced, and we prove that the error estimator provides not only an upper bound but also a lower bound up
to data oscillations for the errors. Finally, numerical experiments are presented to validate the performance of
the obtained estimator.

The remainder of the paper is arranged as follows: In Section |2| we introduce the model problem and the
associated optimality system. In Section [3|the discrete optimality system is given, and we prove that the discrete
scheme has a unique solution. Then we prove the reliability and efficiency of the error estimator in Section [4]
and Section [f] respectively. Numerical experiments are presented in Section [6] to validate the performance of
the obtained estimator. Finally, some conclusions are provided in Section [7]

Throughout this paper, let C' with or without subscript be a generic positive constant independent of the
mesh size. For ease of exposition, we denote A < CB by A < B.

2. THE NEUMANN BOUNDARY CONTROL PROBLEM

Let Q € R? (d = 2,3) be a polygonal (d = 2) or polyhedral (d = 3) domain with boundary 0f2. Before we
introduce the model problem, let us summarize some notation. For bounded and open set D € R% or D € R4™1,
we denote the usual Sobolev spaces by W*P(D) with norm | - ||s »,p and seminorm |- |5, p. The Hilbertian
Sobolev spaces are abbreviated by H*(D) = W*?(D) with norm | - ||s,p and seminorm | - | p. For s = 0,
H°(D) coincides with L?(D), and the inner product is denoted by (-,-)p for D € R? and (-, )p for D € R4~
Furthermore, we define H(div,?) := {v € (L*(Q))?: V-v € L*(Q)}.

Based on the domain €2, we consider the following Neumann boundary control problem

. 1 2 o 2
) =3 - S 1
yeHl(mQﬁeUad J(y,u) 5 ly —yallo.o + 5 lull5 o6 (1)

subject to the elliptic equations

—Ay+y=f inQ, (2a)
Vy-n=u+g on 0f, (2b)
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where the regularization parameter « is a positive constant, y4 € L*(Q), f € L*(Q), g € L?(99Q), n is the unit
vector normal to the boundary 9. The set U,q of constraints is given by

Upa = {v € L*(09) : uy < v < up a.e. x € 0N},

where u, and u, are assumed to be constant, and that u, < up.
From [24], we know that the Neumann boundary control problem — admits a unique solution (y,u) €
H(Q) x L*(99), and there exists an adjoint-state z € H'(Q) such that

Vy-n=u+g on 0Q, (3b)
—Az+z=y—yqg inQ, (3¢)
Vz-n=0 on 0Q, (3d)
(au+z,v —u)gq >0 Vv € Uyg. (3e)
Moreover, the variational inequality is equivalent to the projection formula
1
u:HUad(_Ezlf)Q)’ (4)

where Ily;,, is the L2-projection onto U,4. Then let p = —Vy and q = —Vz, the optimality system can be
rewritten in a mixed form as follows:

p+Vy=0 inQ, (ba)
Vopty=; inQ, (5D)
—-p-n=u+g on df, (5¢)
q+Vz=0 inQ, (5d)
V-q+z=y—yq in$, (5e)
—q-n=0 on 09, (5f)

(ou+ z,v —uyga >0 Vv € Uyq. (5g)

3. THE HDG DISCRETIZATION

Let 7, be a conforming and shape regular partition of the domain Q. For each K € 7, we denote 0K the
set of its faces. Then we define 07, = {0K : K € T,}. Denote &7 the set of all interior faces of 7, and 5}‘? the
set of all boundary faces of 7. Then we define &, = £ U 5,?. For any K € T, and F € &;,, hx and hg denote
the diameters of the element K and the face F' respectively. Furthermore, we define the mesh-dependent inner
product by

(w’v)Th = Z (va)Kv <wvv>3771 = Z <wa v>8K'
KeTn KeTn
For vector-valued functions, the notations are similarly defined by the dot product.

Based on the partition 7,, we define the discontinuous finite element spaces for the flux variables, the scalar

variables and the boundary trace variables as following

Vi ={ve (L2(Q)!: vk € (P*(K))¢, VK € Tp},
W = {we L*(Q) : w|x € PH(K), VK € Th},
ME ={p e L*(&,) : plp € PH(F), VF € &},
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where P¥(S) is the set of polynomials of degree no larger than k on the domain S. In this paper, we adopt
the variational concept proposed by Hinze [1§] for the control variable, which suggests to approximate the
state equation but not the control variable. Therefore the control variable will be implicitly discretized by
formula . Then the HDG scheme of the system G) reads as follows: Find (py,yn,yn) € V’,ﬁ x Wk x MF,

(s 205 2n) € VE X WF x M and uy, € Uug such that

(Pr,t1) 7, — (Yn, V- 11)75, + (Un, 11 - M)oT;, =0,
—(Pn, Vwi)7, + (Yn, w1)7, + (Pp, - m,w1)a7, = (f, w1)7,,
(Pr, -, 1) o090 = 0,

—(Pp, -, p1)aa = (un + g, p1)oq,

(ap,r2)75, — (21, V- 12)75, + (Zh,r2 - m)p7;, =0,

—(ap, Vw2) 7, + (2n, wa) 7, + (@ - 0, wa) a7, = (Yn — Yd, W2) 75,5

(@ -, p2)ar\00 =0,
_<ah -1, H2>8Q = 07
<auh + Eh, v — uh>3Q >0,

for any (r1, w1, p1) € VZ X W,ff X M,’f, (ro, wa, o) € VZ X W,ff X M,’f and v € U,q. Similarly, we know that the

inequality is equivalent to the following projection formula

1.
up =y, ( - *Zh|8Q)~
e
Here the normal component of numerical fluxes p;, - n and q, - n is defined as

Py n=p-n+7(ys —Yn) on 7y,
q, n=q-n+7n(z,—2, ondT,

for stabilization parameters 7 and 7.
For ease of exposition, we define operators B by

B(ry,wi, pu1; v, wa, fi2; T)
=(r1,r2)7;, — (w1, V - r2)7; + (11, T2 - Moy,
+ (V- w2)7, + (w1, w2)7;
+(T(wy — p1),w2)or, — (r1 -0+ 7(wi — p1), p2)o7;

Then the HDG scheme @ can be rewritten according to the operator B: Find (py,, yn, Un) € Vﬁ x WE x M},

(A, 20y 2n) € VE X WE x M and uy, € Uug such that

B(PhsYn, Yn;r1,wi, p1;11) = (f,wi)7, + (un + g, 1) o0,
B(qh7zh7/2\h;r27w27/1'2;7—2) = (yh - yd7w2)7—h,7

(aup + Zh, v — up)oa > 0,

for any (ry,wy, ) € VF x WEx MF, (ra,wa, pus) € VI x WEx MF and v € Ugg.

Theorem 3.1. We assume that 7, =712 >0 on 0T, and 0 € U,yq. Then the system @ has a unique solution.
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Proof. Since the system is finite dimensional, we only need to prove that the system just has the zero
solution for the case of f =Yd =9 = 0. Let (1'17 w1, /j/l) = (qh7 —Zh; —/Z\h) in and (I'g, w2, ,U/Q) = (_ph7 Yh, ?/J\h)
in , we have
0 =B(Ph: Yn: Yns Ay =2, —2ni T1) + B(Qns 2h, Zhs —Phis Y, Yni T2)
=Yn, Yn) T, — (Uns Zn)oa = (Yn, Yn) T, + un, un)oq,

from and the assumption 0 € U,q. Hence y;, = 0 and up = 0. Furthermore, let (r1, w1, u1) = (Py,, Yn, Yn)
in and (ra, wa, o) = (qp,, 2n, 21) in (7H), we have

0=(ppn,Pn)7. + Wn,yn)7 + (11 (Yn — Un), yn — Un)oT,
0 =(ap, an)7, + (zns 20) 75 + (T2(20 — Z1), 20 — Zn)oT;,

Therefore p;, =0, g, =0, q;, =0, 2z, = 0 and 2z;, = 0. Then we conclude the proof. O

4. THE RESIDUAL-TYPE A POSTERIORI ERROR ESTIMATOR

4.1. Auxiliary results

Before we start to prove a posteriori error estimator for the model problem, we first provide some auxiliary
results that will play an important role in the proof.

For each element K € 7, and face F' € &, we denote II and Hja- the L%-projections onto P7(K) and P’ (F)
for the nonnegative integer j. Then, from [6] we have the following error estimates

Lemma 4.1. For any K € Ty, and F € &, we have

IM5vllo,xc <[lvllo,xe Vo € L*(K),
M20llo,r <[[vllo,r Vo € L*(F),
lv =Moo,k ShilVolox Vo€ HY(K),
o — TIgvllo.0x SAL2IVollose Vo € HY(E).

We conclude this subsection by introducing a lemma that has been proved in [7].

Lemma 4.2. Let F be a face of the element K € Ty, np the unit vector normal to F, and s > 0. Assume that
v is a given function in H'*(K) and Av € L?(K). For any wy, € P*(F), we have

(Vo-np,wn) e S hp P llwsllo.r(1V0llo,x + bl Av]lox)-

4.2. Reliability of the error estimator

We begin this section by defining error estimators for each K € 7, in the following

Ns,5.1 =|Pn + Vunlloxs  Nas,x1 = llan, + Vaullo,x,
Ns, k2 =hillf =V -pPr —ynllox, MNasx2="hilyn —ya—V-q, — 21

|0,K7

Ns,0K ZhRI/QHyh — Unllo,0x Nas,0K = h;(l/zllzh — Znllo,0k-
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Furthermore, we define
2 2 2
- Z {ns,K,l + ns,K,Q + 775,8](}7
KeTh

2 2 2 2
Nas = Z {nas,K,l + nas,K,Q =+ nas,aK}'
KeTh

Next, we consider the following auxiliary problem: Find p(up), q(un) € H(div, Q) and y(up), z(up) € H* ()
such that

p(up) + Vy(up) =0 in Q, (8a)
V- -p(up)+y(up)=f inQ, (8b)
—p(up) -n=wup+g on I, (8c)

q(up) + Vz(up) =0 in Q, (8d)
V-q(up) + z(un) = y(up) —ya in Q, (8e)
—q(up) -n=0 on Q. (8f)

Now the error (un)llo.o + lly = y(un)lloo + lla = alun)lo.q + [z = z(un)lloo can be

1/2
bounded by ||zn, — z(un)||1.0 and {ZKET;L 7725,81{} .

Lemma 4.3. Let (u, p,y, q,2) and (up, P, Yns Y, Qs 21, 21) be the solutions of problems (@ and @ respectively.
Moreover let (p(up), y(ur), g(un), z(up)) as defined above. Then the following error estimate holds

lu —unllosa + 1P — plun)lloq + |y — y(un) oo + [|lg— qun)lo.q

/2
Fllz—2lloa S { 3 wuarc}) + o - 2w g
KE,]-}L

Proof. From , and integration by parts to yield
(z = z(un),u — un)og = lly — y(un)|3 o- (9)

Obviously, (p—p(un),y—y(up)) is the solution of system (5a))- with g = —up, and f =0, and (q—q(up), 2z —
z(up)) is the solution of system (5d))-(5f) with yq = y(up,). Therefore we have

P = p(un)llo.0 + ly — y(un)llo,o < llu—unllo,o0, (10)
la — a(uns) |z = z(un)llo,0 S ly — y(un) (11)
by the trace theorem. From , and @[), we obtain
allu = unl[§ oo <(Zn — 2(un),u — un)on
<[lzn = z(un)ll1,0llu — unllo,00
+ (2n — Zn, (P — P(un)) - n)oq
Slizn = z(un) ll1,ellv — unllo,00 (12)
1/2
+{ 3 nox} " (Ip=p@n)log
KeTh

+ ly = y(un) o).
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by the trace theorem and Lemma Then we can conclude the proof by combining —. O

Lemma 4.4. Let (p(up),y(up), g(up), z(upn)) and (up, By, Yn, Yn, Gy, 21, 21) be the solutions of problems (@ and
@, then the following error estimates hold

IV (yn — y(un)llo.x < ns.i1 + Ilpyn — P(un)llo,x (13)
IV (zh — z(un))llo,x < Nas, k1 + @ — q(un) ok, (14)
for each K € Tp,.

Proof. Since p(up) = —Vy(up) and q(up) = =Vz(up) in each K € Ty, we can obtain the error estimates ((13)
and directly by the triangle inequality. O

Now we are ready to prove a posteriori error estimators for ||p, — p(un)|lo.o + |lyn — y(un)|o,o and |lq, —

a(un)llog + [lzn — 2(un)

Lemma 4.5. Let (p(up), y(un), @(un), z(up)) and (un, Py, Yn, Yh, Gy, 2k, 2n) be the solutions of problems (@ and
@, then we have

1/2 P

1P — P(un)llo.q + lun — y(un)log + 1717 Wn — G0)llo.o7 S Mss (15)
1/2 P

g, — q(un) n—2(un) oo + 72”2 (zn = Z0)llo,07 S s + Tass (16)

form =1 = h}l on each OK for all K € Ty, where

| om = D 1]

KeTy,

Proof. According to the definition of the operator B to infer that
B(p(uh) — Php; y(uh) — Yh, y(uh) - @\ha r,w, i, Tl) = 07
for any (r,w,u) € Vﬁ x W} x MF. Then from the above equality and the definition of the operator B, we have
1/2 ~
1P = pCun) 30 + llyn — y(wn)l3 o + 712 (wn — 313 07

=B(p(un) — Pn, Y(un) = yn, y(un) — Un; P(un) — Pp.¥(un) — Yn, y(un) — Yn: 11)
:B(p(uh) - ph7 y(uh) — Yh, y(uh) - gha 6})7 5y7 5@7 Tl))

where 6p = p(ur) — py, — I, §y = y(up) — yr — w, and 65 = y(up) — Yn — p for any (r,w,p) € V’fI x WF x MF.
By integration by parts we yield

B(p(un) = Pps y(un) — yn, y(un) — Yn3 op, dy, 95 71)

= (Pr + VYn,0p) 75 + (f =V Py = Un, 0y) 75,

+ (Yn — Uns 0p - M)ar,, + (7L (Un — Yn), 0y) o,
—({(P(ur) = Pn) 0+ 71 (Un — yn), 05)o7;, -

From 7 and , we arrive at

_<(p(uh) - ph) n-+ 7'1( yh) 05 >a7*h =0.
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Now we set r = II§(p(un) — py,) in the definition of dp and w = II§(y(up) — yx) in the definition of d,. Then
from Lemma [£1] we have

- (ph + Vyh7 51))7—}1 + (f -V P — yh75y)7_h

1/2
S mika} Ip(un) —pullos
KeTh

/
+ { Z 775,1(,2}1 2||V(y(uh) - Yn)
KeTy

0,95

and

(T1(Un — yn), 0y)aTs

1/2
X o) IV =)l
KeTh
By using Lemma [£.2] to yield
<yh = Un, 6P ’ n>a7_h
=Y > Wh =T, 0p-m)p
KET;, FEOK
1/2
{0 wax) Ip(un) = pilloc
KeTn
ENVE ) 1/2
+{ Z "75,8}{} ({ Z 773,K,2} + ||yh—y(uh)||07ﬂ)-
KeTh KeTn

Now we can obtain the approximation result by combining Lemma Young’s inequality and the above
equalities and inequalities. Moreover, the error estimate can be proved similarly. g

Remark 4.1. Compared to the error estimators introduced in [10-12], the Lemma provides an a posterior:
error estimator without any postprocessing solutions, hence it is easer to calculate.

Combining Lemma Lemma [£.4] and Lemma [£.5] results in the following reliability estimate

Theorem 4.1. Let (u,p,y, q,z) and (un, Py, Yhs Un, Gy, 2, 21) be the solutions of problems (@ and (@ Then
we have the following error estimate

lu —unllo,00 + 12 — Prllo.o + |y — yrllie
+ ”q_ qh”O,Q + ”Z - zhHl,Q S Ns + Nas

form =1 = hl}l on each OK for all K € Ty,.

5. EFFICIENCY OF THE ERROR ESTIMATOR

In this section, we will prove that, up to data oscillations, the estimator 7, + 7,5 also provides a lower bound
for the error. Especially, we will show that the local contributions of the estimator can be bounded from above
by the local constituents of the error and the associated data oscillations.
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First of all, we define the data oscillations by
0sc*(f,Tn) = Z osc*(f, K),
KeTy,

OSCQ(ydan) = Z 0502(%{,}{),

KeTh
where
osc(f, K) = hg||f — 11} fllo,x,
osc(ya, K) = hillya — yyallo, k-

Obviously, osc(f, K) and osc(yq, ) are of same order with 1, k2 and 7,5 k.2 for non smooth f and y4 and of
higher order for smooth f and yq4.

Next we denote by A5, 1 <i < 3, the barycentric coordinates of K € Tj, and refer to Ex = 27II3_; \K as
the associated element bubble function. From [19], we have

Ipxlls x S (PP Ex )k K € Th, (17a)
Pk Exllo,x < pxllox K € T, (17b)
I Exllx < hi'llpkllox K € Th, (17¢)

for px € P¥(K). Then the following error estimates hold.

Theorem 5.1. Let (’LL, Py, q, Z)7 (p(uh)7 y(uh)> q(uh)7 Z(”h)) and (uh7 DnsYn, @\ha
ay, 2h, 21n) be the solutions of problems (@), (@ and (@ respectively. Then we have

Ns,i,1 <[P = Pullo,x + V(Y —yn)llox K € Th, (18)
ns,k,2 Sosc(f, K) + |lp — pyllo.x + |y — ynllox K € Th, (19)
Z n2ox Slu—unlg oo + 12— Pl + 1y — ynllf.q + osc(f. Th), (20)
KeTy,
and
Nas, k1 <I|q— @pllo,x + V(2= 2n)llox K € T, (21)
Nas, k.2 S05¢(Ya, K) + [|g — qllo.x + |2 — 2ullo,x
+ ly —ynllo,.x K € Th, (22)
Z 7725,01( Sl —up, 3,39 +1lg— Qh”g,n + 1z - Zh”isz
KeTh
+lly = ynll3 .0 + 0s¢® (ya, Ta).- (23)

Proof. Obviously, the inequalities and can be obtained directly by the triangle inequality. According
to the definition of 7, k2 and the triangle inequality we know that

Ns,k,2 < 0sc(f, K) + hi UL f =V - pp, — ynllo, k-

Setting px =113 f — V - p;, — y, we obtain

2 SHAYf — f+f =V Py —yn, Expr)x
=h3 (10 f — f, Expr)k + h (V- (P —Pr) + ¥ — Un, ExPK) K,

h%{ lpx
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from (|17a). Then we can obtain the error estimate by using , Young’s inequality and the above two
inequalities. And the approximation result can be proved similarly. Now we turn to prove the error estimate
(20). From the proof of Lemma we have

Z 775,31( Slp(un) = py,
KeTh

6.0+ ly(un) = mllt o

+ Z {ng,K,l + 772,1(,2}'
KeTs

Then by using , , , the triangle inequality and the above inequality to infer that

Z 773,31( S llw—unllopn + 1P — Ph||(2),Q +lly — %”%Q + 0s¢(f, Th)-
KeTy,

Therefore the approximation result is derived. And the inequality can be proved similarly. O

6. NUMERICAL EXPERIMENTS

Now we provide two examples in order to examine the quality of the derived estimator. As we know, an
adaptive algorithm consists of the loops "SOLVE—-ESTIMATE—MARK—REFINE”. In this section, a
fix-point iteration algorithm presented in [34] is used for solving the model problem. In step REFINE, the
newest vertex bisection algorithm [30] is employed, and the following marking strategy is used in step MARK

> k=0,
KeMy,

where
=13+ N,
2 2 2 2 2 2 2
Nk = ns,K,l + ns,K,Z + ns,aK + nas,K,l + nas,K,2 + nas,aK’

Furthermore, we define

E =|u—unllo,00 + [P — Prllo.o + Iy — ynll1.0
+lla—apllo.o + [z = znll10

Here, we note that the figures of convergence history are plotted in log-log coordinates.

Example 6.1. Based on the domain Q = (0,1)2, we consider an example with u, = —0.1, u, = 0.1 and
a = 1. Let the functions f, yq and g be such that the Neumann boundary control problem has the following
exact solutions

1
y = sin(27xq) sin(27xy), 2z = cos(2mxy), wuw= HUM{ - Ez\ag}.

We test the example for £k =1 and k = 2. From the convergence history in Figure[I]for # = 0.2 and 6 = 0.6,
we find that the error E' is equivalent to the estimator 1 and the error E and the estimator n can achieve the
optimal convergence order by adaptive refinement. Furthermore, the effectiveness index is presented in Figure
which indicates the obtained a posteriori error estimator is very efficient. Finally, the profiles of the numerical
control and adjoint state are shown in Figure
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Example 6.2. We consider an example with a boundary term faQ yg1dzx in the objective functional. Then the
adjoint problem possesses the Nuemann boundary condition Vz - n = g1. Here the designed domain is given by
Q= (=1, 1)%\([0, 1]

x (—=1,0]). The control constraints and the regularization parameter are set as uq, = —0.2, up = 0.2 and o = 1.
Furthermore let the functions f, yq and g be such that the Neumann boundary control problem has the following
exact solutions

y(r,01) = 0.
2
2(r, 01) = r2/3 cos (591),

u(r,01) =y, ( — 23 cos (;00),

where r = /2% + 22, 6; = arccos(r 1z - e1) and e; = [1,0]T.

FIGURE 4. The profiles of the initial mesh (Top-Left), the adaptive mesh (Top-Right), the numerical control
(Bottom-Left) and the numerical adjoint state (Bottom-Right) for k = 2 and 6 = 0.4.

The adjoint exhibits a typical singularity at the reentrant corner of the domain . In Figure ] we show
the profiles of the initial mesh, the adaptive mesh, the numerical control and the numerical adjoint state for
k =2 and 6 = 0.4. We can find that the mesh nodes are concentrated around the reentrant corner where the
singularity is induced. Hence the obtained a posteriori error estimator can grab efficiently the singularity of
the problem. In Figure [5, the convergence history for £ = 1 and k = 2 is presented, which indicates that the
estimator 7 is equivalent to the error E and the estimator n and the error F can achieve the optimal convergence
order while 6 is less than a certain value. In Figure[6] the effectiveness index for k = 1 and k = 2 are provided.
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FIGURE 6. The effectiveness index for k = 1 (Left) and k = 2 (Right).

We can find that the effectiveness index for k = 1 is between 0.96 and 1 and the effectiveness index for k = 2 is
between 0.6 and 1.2, which means the obtained a posteriori error estimator is very efficient.

7. CONCLUSIONS

In this paper, a Neumann boundary optimal control problem is considered. We use the hybridizable dis-
continuous Galerkin method as the discretization technique, and the flux variables, the scalar variables and
the boundary trace variables are approximated by polynomials of degree k. Then an efficient and reliable a
posteriori error estimator without any postprocessing solutions is obtained for the errors. Finally, two numerical
experiments are provided to verify the performance of the obtained a posteriori error estimator.

This work is just the first step for a posteriori error analysis of HDG methods for boundary control problems.
Next we extend the method and the result to the more complicated situations for instance the Dirichlet boundary
control problem and the Stokes optimal control problem.
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