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Abstract

Higher-order tensor canonical polyadic decomposition (CPD) with one or more of the latent factor
matrices being columnwisely orthonormal has been well studied in recent years. However, most existing
models penalize the noises, if occurring, by employing the least squares loss, which may be sensitive to
non-Gaussian noise or outliers, leading to bias estimates of the latent factors. In this paper, based on
the maximum a posterior estimation, we derive a robust orthogonal tensor CPD model with Cauchy
loss, which is resistant to heavy-tailed noise or outliers. By exploring the half-quadratic property of the
model, a new method, which is termed as half-quadratic alternating direction method of multipliers (HQ-
ADMM), is proposed to solve the model. Each subproblem involved in HQ-ADMM admits a closed-form
solution. Thanks to some nice properties of the Cauchy loss, we show that the whole sequence generated
by the algorithm globally converges to a stationary point of the problem under consideration. Numerical
experiments on synthetic and real data demonstrate the efficiency and robustness of the proposed model
and algorithm.
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1 Introduction

A tensor is a multidimensional array. Owing to its ability to represent data with intrinsically many dimensions,
tensors draw much attention from the communities of signal processing, image processing, machine learning,
etc; see the surveys [7,28,40]. To understand the relationship behind the data tensor, decomposition tools are
needed. In general, tensor decomposition aims at factorizing the data tensor into a set of lower-dimensional
latent factors, where the factors can be vectors, matrices or even tensors. Among the decomposition models,
tensor canonical polyadic decomposition (CPD), which factorizes a tensor into a sum of component rank-1
tensors, is one of the most important models. Tensor CPD finds applications in blind multiuser CDMA, blind
source separation, and so on [40]. Different from matrix decompositions, tensor CPD is unique under quite
mild conditions [28].

In some applications, one or more latent factors of the CPD are required to have orthonormal columns.
For example, in linear image coding [39], one is given a set of data matrices of the same size; to explore their
commonalities, one projects the matrices onto a latent lower-dimensional subspace in which the subspace can

be represented by the Khatri-Rao product [28] of two columnwisely orthonormal matrices. Such a problem
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has been formulated as a third-order tensor CPD with two factor matrices having orthonormal columns. On
the other hand, simultaneous foreground-background extraction and compression can also be formulated as
a model of the same kind; this will be illustrated in Sect. 5. Other applications of CPD with orthonormal
factors can be found in [8-10,41,44].

In reality, due to the NP-hardness of determining the tensor rank [20], and due to the presence of noise,
tensor CPD model with orthonormal factors is rarely exact, and it is necessary to resort to an approximation
scheme. To numerically solve the problem, one usually formulates it as an optimization problem that minimizes
the Euclidean distance between the data tensor and the latent tensor over orthonormal constraints, and then
applies an alternating optimization type method to solve it based on polar decomposition [5,18,24,31, 35,43,
46,48]. Other types of methods can be found in [11,26,30,37]; just to name a few.

Although the optimization model mentioned above is effective in some circumstances, note that the Eu-
clidean distance, built upon the least squares loss that is not robust [25]. As a result, when the data tensor is
contaminated by heavy-tailed noise or outliers, such least squares based models often lead to bias estimates of
the true latent factors, as having been observed in practice. This drawback of the least squares based models

motivates us to develop a new model that is robust to heavy-tailed noise or outliers.

In this work, from the maximum a posterior estimation, we derive a robust tensor CPD model where one
or more latent factors have orthonormal columns. Such a model is based on the Cauchy loss, whose robustness
comes from the redescending property of the loss function, as pointed out in robust statistics [25]. We then
explore the half-quadratic property of the model, based on which, the half-quadratic alternating direction
method of multipliers (HQ-ADMM) is proposed to solve the model. An advantage of HQ-ADMM is that
every subproblem involved in the algorithm admits a closed-form solution. Under a very mild assumption
on the parameter, HQ-ADMM is proved to globally converge to a stationary point of the problem under
consideration, owing to some nice properties of the Cauchy loss. In fact, the spirit of HQ-ADMM can be
extended to solving other Cauchy loss based machine learning and scientific computing problems (besides
tensor problems), which will be remarked later in Sect. 3. Finally, we show via numerical experiments that
the proposed model is resistant to heavy-tailed noise such as Cauchy noise, outliers, and also performs well
with Gaussian noise; the proposed HQ-ADMM is observed to be efficient.

The rest of the paper is organized as follows. The robust tensor approximation model is formulated in
Sect. 2, with some quantitative properties given. The HQ-ADMM is developed in Sect. 3; the convergence
analysis of HQ-ADMM is provided in Sect. 4. Numerical results are illustrated in Sect. 5. We end this paper

in Sect. 6 with conclusions.

2 Problem Formulation and the Optimization Model

Notations Vectors are written as boldface lowercase letters (x,y,...), matrices are denoted as italic capitals
(A, B,...), and tensors are written as calligraphic capitals (A, B, ---). R denotes the real field. R™*™ denotes
real matrices of dimension m x n and R™*"*"d denotes tensor space of size ny x --- X ng. The Frobenius
norm, |||z, of a matrix or a tensor, is defined to be the square root of the sum of squares of all the entries.
The inner product (-, -) between a pair of matrices or tensors of the same size is given by the sum of entrywise

product. ® denotes the outer product of two vectors. Other notations will be introduced whenever necessary.

Let A = (A;,..;,) € R"> %" he a d-th order observed data tensor. We consider the inexact CPD of A,
i.e., approximating A by a sum of rank-1 tensors:

R d
A=Y 0@ w kN e RN (2.1)

here u;; € R",1 < j <d, ®?:1 u;; denotes the rank-1 tensor given by the outer product of u;;’s, o;’s are



real scalars, R > 0 is a given integer, where usually R is such that R < min{ng,...,ng} for a possibly low-rank

approximation, while A/ denotes the noisy tensor.

Denote U; := [u;1,...,u;r] € R%*F and o := [01,...,0r] € RE. Then U;’s are called the latent factor

matrices of A. Throughout this work, we follow [28] to write the sum of rank-1 terms as

R d
[[O';Ul,...7Ud]] = E i_lai®j_1uj)i;

moreover, we write [o;U;] := [o;Ui,...,Uq] for short. In the sequel, we base our work on the following

setup:

e One or more Uj’s are columnwiely orthonormal. Without loss of generality, we assume that the last ¢

(1 <t < d) matrices are columnwisely orthonormal, i.e.,
T .
U;Uj=1,d-t+1<j<d,
where I is an identity matrix of the proper size;
e The columns of the first d — ¢ matrices are normalized, i.e.,

Juji|=1,1<j<d—t,1<i<R;
e Entries of the noisy tensor A are i.i.d..

We immediately have the following proposition.

Proposition 2.1. There holds ®§.l:1 u;;|| =1,1<i<R, and <®?:1 uj,z’1»®?:1 uj712> =0, i1 # is.
F

Note that the constraints on u;,; and U; are all Stiefel manifolds st(m,n) := {P € R™*" | PTP = [}.
Therefore, in the following, we write the constraints on u;; and U; as

u;; €st(n;, 1), 1<j<d-t,1<i<R,
Uj €st(nj, R), d—t+1<j<R.

In the presence of the noisy term N, it is natural to deal with (2.1) via solving the following optimization
problem [5,18,43,46,48]:
- 2
. 2
min 1A= T3 Ul = 3 (A — [o; Uj]]il.__id) : (2.2)

O'7Uj‘i€5t(’ﬂ]',1)7UjESt(TLJ, =1 ig=1
=1,...,iq=

From a statistical estimation viewpoint, the above model is built upon the least squares loss £5(t) := t2/2, i.e.,
it employs the #5(-) loss to deal with noise. However, it is commonly known that the estimators induced by
the least squares loss are sensitive to heavy-tailed noise or outliers; in other words, by using the model (2.2),

one assumes that every entry of A/ obeys the standard Gaussian distribution by default.

Derivation of our model In real-world applications, data may be contaminated by heavy-tailed noise,
and even outliers/impulsive noise. A typical non-Gaussian and heavy-tailed noise is the Cauchy noise, whose

probability density function is given by

1

P auc. T /L \9 /9
Canehy (1) & = 52752

where § > 0 is the scale parameter and c is the location paramter. By assuming the symmetry of the noise,

we let ¢ = 0 in the above function.



We derive our model from the maximum a posterior (MAP) estimation by assuming that A obeys the
Cauchy distribution whose density function is given above. To this end, denote respectively the indicator
function 1¢(+) and the characteristic function ¢ (-) of a closed set C' as follows

le(x) =1, if xe C; 1¢(x) =0, f x¢C,

te(x) =0, if xeC; 1o(x) =400, if x¢C.
From the constraints on u;; and Uj, it is natural to impose a uniform prior belief distributional assumption
on {u;;,U;} as follows

d

d—t R
P([o;Uj]) o szl IT_ e, (wii)- Hj:d—t+1 Lst(ny Ry (Uj)- (2.3)

On the other hand, in the presence of Cauchy noise, the probability of the observed data tensor A conditioned
on [o;U;] is given by

1+ ([[0'; Uj]]i1~~~id — Air"id) /52

With (2.3) and (2.4) at hand, using Bayes’s rule, the MAP estimation is given by

{o", U} = argmax P ([o;U;] | A
P(Al[e;Ujl) -

)
) - P([o;Uj])
P(A)

= arg max

MN1,y...3Ng
= arg max H P (Ai1~~id | [o; Uj]]ilmid> - P ([o;U5])
i1=1,...,iq=1
MN1,...Nd

i1=1,...iq=1

2 2
1 + ([U;Ujﬂil--ﬁ'd — -Ailmid) /5 )
log
1

te—log(t) arg min Z log (

d-t R d

=D log (Lam, (W) = Y log (Lan,, ) (Uy))
j=1i= j=d—t+1

7117 - Nd 2
= arg min log (1 + ([o;U; ]]“ iy Ai1~~-id> /52)
i1=1,. ;Zd 1

d-t R d

+ Z Lst (nj,1) u], + Z Lst (nj,R )a
j=1l1i=1 Jj=d—t+1

where in the last equality, we have defined log(0) = —oo. Therefore, from the above deduction, to deal with

(2.1) in the presence of Cauchy noise (or even other heavy-tailed noise or outliers), we prefer to solve the
following optimization model

62 e 2
min ®5(A - [o;U;]) == 5 Z log (1 + ([[a' iy, — Az'l---id) /52)
i1=1,...,iq=1 (2.5)
s.t.u;; €st(n;,1),1<j<d—-t1<i<R,
Ujest(n;,R),d—t+1<j<d.
Comparing (2.5) with (2.2), we see that the difference is that the least squares loss £ (t) = t2/2 is replaced by
the statistically motivated loss function

ps(t) == %Qk)g (1+t2/6%). (2.6)

¢s(+) is called the Cauchy loss. In recent years, various research has been focused on Cauchy loss based models;
see, e.g., [12,17,19,27,32, 34, 38,49].
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Figure 1: Left: Plots of ¢s(t) = glog (1+t°/6%) with different & values versus (»(t) = t*/2; Right: Plots of
#5(t) =t/(14+1*/6%). o = 0.1 (the dashed curve), o = 0.2 (the dotted-dashed curve), and o = 0.5 (the dotted curve);
l2(t) (the solid curve).

We discuss some properties of the proposed model (2.5) from the robust statistics viewpoint, which shows
(2.5) is not only resistant to Cauchy noise, but may also be resistant to other heavy-tailed noise or outliers.
Firstly, we observe that

t
li ()= 1 —_—
|t\—1)r£oo %5(%) \t|—lg-loo 1+ ¢2/42

=0. (2.7)
Such a property is called the redescending property in robust statistics [25], and the minimizer of (2.5) is
called a redescending M-estimator. It is known that the redescending M-estimator is robust to heavy-tailed
noise and outliers [25]. As a comparison, the derivative of the least squares loss f5(t) = t2/2 is t, whose limit
is infinity, which does not have the redescending property. Other loss functions admitting the redescending

property include the Welsch loss [13,14,21], the Tukey loss [3], the German loss [15], and so on.

Secondly, the parameter ¢ in (2.6) controls the robustness of the model (2.5). From (2.7), we see that the
smaller § is, the faster ¢f(t) converges to zero. We plot ¢%(t) with different ¢ in the right panel of Fig. 1.
On the other hand, taking Taylor expansion of ¢s(t) at 0 yields ¢s(t) = t2/2 + o(t?/6%), which shows that
¢s(t) ~ t2/2 as § — oo. These observations imply that a small § can enhance the robustness of (2.5). This
also reminds us that our model (2.5) is also resistant to Gaussian noise by simply setting a large enough 9.
We also plot ¢s(¢) with different § in the left panel of Fig. 1.

Remark 2.1. We discuss several differences between our model (2.5) and some existing robust tensor models.
In recent years, robust techniques have been incorporated into tensor decomposition/approximation/recovery/-
completion/PCA problems, where the Ly loss function, namely, €1(t) = |t|, is frequently employed to deliver
robustness. In general, such kind of models can be formulated as [16]

min L) = b, + AR(Y), (2.8)
where L is a linear operator, and b has the same size as L(X); R(X) denotes a certain regularizer that controls
the low-rankness of X, such as the sum of nuclear norms of unfolding matrices of X [42], and X > 0 is the
regularization parameter. A special case of (2.8) is the robust tensor PCA, in which L is the identity operator
and b denotes the observed tensor [16]. It is known that Ly loss is more suitable for Laplacian noise; on the
other hand, one sees that the derivative of |t| does not tend to zero as |t| — 400, meaning that it does not admit
the redescending property, while it was pointed out in [33] that the Ly estimator might behave as bad as the {5(t)
estimator in some cases. Comparing with the resulting tensor, (2.8) yields a full tensor of size ny X+ - -xXng, while



ours is compressed into a set of factor matrices, which takes much less storage. Moreover, our orthonormality

assumption on some factor matrices is more suitable for certain applications [8-10, 39,41, 44].

In [1], a robust tensor CP decomposition model has been considered. The differences are that the noise there
are required to be sparse, and all the factor matrices are assumed to be columnwisely orthogonal, which are
stringent. By using outlier detection techniques, [36] proposed a robust Tucker model. However, the underlying
model cannot be clearly formulated as an optimization problem, and the tensor model is different from ours.
By wusing variational inference and Kullback-Leibler divergence, [6] devised a robust algorithm to find CP
approzimation with orthonormal factors, where the model and the solution method are quite different from
ours. In particular, the authors pointed out that their algorithm boils down to the alternating least squares [43]
in the absence of outliers. In a recent survey [22], various statistically motivated loss functions are incorporated
into tensor CPD, in which the Huber’s loss is considered. As Huber’s loss can be regarded as a smoothed {1
loss, it does not admit the redescending property as well. The orthonormality is not taken into account in [22].
Note that the idea of employing Cauchy loss has been considered in the authors’ earlier work [49]. Comparing
with (2.5), the resulting tensor in [49] is a full tensor and also does not take into account the orthonormality,

and the solution method is also different.

The remaining problem is how to solve (2.5) efficiently. For this purpose, several quantitative properties
concerning the Cauchy loss for designing and analyzing the solution method are first introduced in the following

subsection.

2.1 Quantitative properties concerning ¢s(-)

First, we introduce the so-called half-quadratic (HQ) property of ¢;(+), which turns the function into a weighted
least squares problem and is crucial for designing the algorithm. Such a property of the Cauchy loss has
appeared in the literature; see, e.g., [17,19], in which the verification is based on the utilization of conjugate

functions. While we present a very direct and concise proof. Recall that we have defined log(0) = —oc.
Lemma 2.1 (Half-quadratic property). Given [t| < 400, it holds that
2

65(t) = min 2+ o(w), (2.9)

where p(w) = w — log(w) — 1. Moreover, the minimizer of (2.9) is given by

52
BEEENZE

*

(2.10)

Proof. First we verify that (2.10) is a minimizer of the right hand-side of (2.9). Denote g(w) = wt?/2 +
520(w)/2. As o(-) is convex, it suffices to show that w* in (2.10) is a stationary point of inf,>g g(w). Since
|t|] < 400, we see that the minimizer of inf,>og(w) cannot occur at w = 0. Thus any stationry point of
inf,,>0 g(w) meets

52
g’(w)ZO@t2+52—;=0,

and so w = (1 +t2/6%)~!, which is exactly (2.10). Inserting this expression into (2.9), we get

2
2(t) = 62(1 = (t2 + 62) 4 6% log(1 + t2/62) — 62

52 log(1 + 2/6%),

boiling down to the expression of ¢s(t). The proof is completed. O



Note that the HQ property has a very clear indication on robustness: Take t = A;,...;; — [0 Ujﬂil"'id in
Lemma 2.1 as the noise; we see that the larger the magnitude of ¢, the smaller the weight w it yields, and so

the corresponding ¢s(t) is less important in the objective ®5(-) in (2.5).

The next two properties are helpful for convergence analysis. Recalling that ¢4(t) = %, we have

Proposition 2.2 (Lipschitz gradient). For any t1,ts € R and § > 0, it holds that

5%ty 5%ty

- < [ty — ta.
02 + 3 52+t§—|1 2

Proof. By the mean value theorem, It suffices to show that |¢} (¢)] < 1. In fact,

62
62 +¢2

52(5% — 12)
(52 + t2)2

<1

|65 ()| = <1,

and the result follows. O

Proposition 2.3 (Liptshitz-like inequality). Let t1,t2 € R be arbitrary, and let § > 0. Then it holds that

= |6%t; r o1 < |t; —taf.
2+t 2+t3)|

Proof. 1t is clear that

(t1 + t2)(t1 — t2)
(02 +t3)(0? +13)

2 2 [t1] + [t2]
el =|o°t <ot -t — tol.
el ! sl 1|(02+t%)(02—|—t§) [t =]

To prove the above relation, it suffices to show the coefficient of |¢; — to| is not greater than 1, i.e.,
p(tr,t2) = (0 +11) (0% + 13) — *[ta[(|ta] + [t2]) > 0.
In fact,
p(ti,ta) = o' + 0% + [tita| (tita] — 0°)
!
> a4+02t§—Z > 0.

Therefore, |e| < |t; — ta], as desired. O

3 HQ-ADMM

By using Lemma 2.1, we equivalently rewrite the objective function ®;(-) of (2.5) in what follows. Specifically,

since ®(-) is the sum of ¢s(-) functions, taking t = A;, ..., — [o;U;]i; s, in Lemma 2.1, we have

®;5(A - [o;Uj])

1 . Ni,...,Ng 9 )
5 angzo 12 ‘ [Wil'“id (Ail'“id - [[U; Uj]]il"'id) +4 Q(Wil“'id) ) (311)
11=1,...,2q

where we denote W = (W;,...;,) € R™M X" %74 a5 a tensor variable. From Lemma 2.1, we see that the optimizer
—1

2
is Wi,...i, = 62 (1 + ([[0'; Uily, s, — Ai1-~~id) /(52> . As explained in the paragraph below Lemma 2.1, W

can be interpreted as weights to the problem. From the expression of W, we see that the larger the noise is,

ig
the smaller the weight gives to the problem. Such a mechanism helps mitigate heavy-tailed noise or outliers.

In view of (3.11), a straightforward idea to solve (2.5) (with the objective replaced by (3.11)) is to employing
an alternating minimization method (AM) by iteratively updating o,U;, and W. In fact, applying AM to



solve Cauchy loss-based problems have been considered in the literature; see, e,g., [17,19]. However, for our
problem, this would result in that the subproblems related to U; do not have closed-form solutions. [32] also
applied AM to solve Cauchy loss-based problem; however, as their proposed model is unconstrained and the
objective function is smooth, AM yields closed-form solutions to each subproblem. [38] incorporated Cauchy
loss into models for image processing. However, the problem is convexified by imposing a quadratic term,
which results in that the Cauchy loss related subproblem admits a unique solution that can be analytically
solved by solving a cubic equation. If the subproblem is nonconvex, then numerical methods have to be applied
to solving the Cauchy loss related subproblem, as pointed out in [38], which might result in inefficiency. For
other Cauchy loss based image processing problems, [12,27,34] proposed to use the conventional alternating
direction method of multipliers (ADMM) directly. However, without noticing the HQ property, in the ADMM,
solving the Cauchy loss related subproblem also does not admit a closed-form solution. As a result, solving
such a subproblem still requires an iterative method. [49] used a linearization technique, which ignored the
HQ property.

In view of the above limitations in dealing with Cauchy loss-based problems, in this section, by combining
the HQ property and the ADMM framework, we proposed a new method, termed as HQ-ADMM, to solve
our model (2.5). The advantage of HQ-ADMM is that all the subproblems involved in the algorithm admit
closed-form solutions. In what follows, we derive our method step by step.

Note that (3.11) is quadratic with respect to each Uj, leading to the following formulation

®5(A - [o:Us]) =

min |
il,“idzo

1
Somin Ve A-[oTD B +5 Y oW,
where VW = (1/Wi,...i,) € R"**"d and ‘®’ denotes the Hadamard product. With this expression at hand,

by introducing a slack variable T € R™ X *"d_we rewrite (2.5) as

62 ni,...,Ng

min | @(A-T) = SIVWOA-T)+5 Y o)

o, U;, T, W |
i1=1,..., id
st. T =[o;U;], W>0, (3.12)
“;i“j,z' =1,1<j<d-t,1<i<R,

U'Uj=I,d-t+1<j<d.
By introducing a Lagrangian multiplier ) € R™1*"*"4the augmented Lagrangian function of (3.12) is given

by

1 62 MN1y...4Ng
Lo(o,Up TV W) =g [VW@ (A-TE+ 5 D eWiil)

11=1,...,%4

=003 U1 = T) + s U] = Tl (3.13)

where 7 > 0. In what follows, for notational convenience we denote (Y + 77) ®7¢ jw; € R™ as the gradient

of <y +77, ®ld:1 ul7i> with respect to u;;. Then, the last two terms of (3.13) can be rewritten as

-l Ul =T+ Sl Ul = Tl = 0T+ 51Tl = Y+ 7T [ Ul + 50T (3.14)

R d
= T+ 2T - <y+ T o ®uj,i> +20To
=1 J

1

R d
V. T)+ %HTH% - o <(37 +7T) ®ul,i7uj,i> + %UTU,
i=1

I#7

where the first equality is due to Proposition 2.1.



Before presenting the algorithm, we first derive the stationary point system. To this end, we further define
Lagrangian multipliers n;;, € R, 1 < j < d—t, 1 <4 < R attached to the constraints u;-':iuj)i =1, and
Aj e RFXE d—t+1 < j<dattached to U] U; = I, where A;’s are symmetric matrices. Denote

Lo, U, T, VW) == L (o,Ur,...,Us, T, YV, W)

d—t,R d
+ Zj,i:l njl (u.;ljlu]’l B 1) + Zj=d—t+1 <A]’ UJTUJ - I> : (315)

Thus taking derivative of ﬁ() with respect to each u;;,1 < j <d—t,1 <4< R and noticing (3.14) yields

d
a(V+1N Q)

W =nj4, 1<j<d-—-t 1<i<R (3.16)
Since u;;’s are normalized, we get n;; = 0; <y + 7T, ®ld=1 ul7¢>. On the other hand, noticing the representa-

tion (3.14), taking derivative of L(-) with respect to o gives that o; = <J) +7T, ®;i:1 ul_’i> /7, which together

with the expression of 7;; gives n;; = 027; therefore, (3.16) is in fact as follow

V+NR’

l;‘é.ul’i:UiTiji, ].éjgd—t, 1§Z§R (317)
J
Next, taking derivative with respect to u;,;,d —t+1 < j <d,1 < < R and noticing (3.14) gives

d R
(Y +7T) ®l¢j w, = Zrzl(Aj)Muj,,., 1<j<d—t, 1<i<R. (3.18)

Denote £ € R™*"X"4 ag the all-one tensor; taking derivative with respect to 7 and rearranging terms yields

We(T—A)+Y—r(lo;U;] - T) =0
& W+tE@T =WeA-Y+1[o;Uj]. (3.19)

As a result, taking (3.17), (3.18), (3.19) and Lemma 2.1 into account, any stationary point {o,U;, T,Y, W}

satisfies the following system

OV +7T) @iy w,i = oiruyi, 1<j<d—t 1<i<R,

ulu =1, 1<j<d-t, 1<i<R,

oV 47T @iy wi = S (M), 1<j<d—t, 1<i<R,

UjU; =1, d—t+1<j<d, (3.20)
W)@ T=WaeA-Y+[o;Uj],

lo; U] =T,

Wigeoig = 02 (02 4 (Tiyiy = Airi)?)

HQ-ADMM framework Combining the HQ property and the ADMM, our HQ-ADMM computes the

following subproblems at each iterate

k+1 . k+1 k+1 .
UMt e argmingy, =11<icr Le(0®, UF Y UPHL UG UR L UE TR DR WVE), 1<j<d—t,
Urtt e argming Le(o®, UFt UM Uy, Uk Uk TR YR W), d—t+1<j<d,

J

Tk+! = arg ming L. (o*, U;H'l,T, YE Wk,
Ve = Yk o ([ok Uf T - TR
o**! = argming L+ (o, Uf+1, TrHL YR Wh),
Wh+1 — argminyy Ly (wk—Q—l’ Uf+17 Tk_‘—l, yk+17 W)
Comparing with the standard ADMM framework, HQ-ADMM involves an additional subproblem to update

the weights W. In what follows, we present how to solve each subproblem.

Uj-subproblems For notational convenience, let

k41 . (yk oy g b1 k+1 k k
vii =0T @ eul [ oui, @ @ uyg,



represent the gradient of <yk + 7Tk, ®7 1 ulyi> with respect to u; ; at the point (u]ffl, ce u?fii, u” . ,u’(fl,i).
k+1 k+1 v
Denoter+ ::[JT,..., +]€]R"JXR

When 1 < j < d—t, from the definition of L,(-), v;;, and noticing the expression (3.14), we have that

each column of U; can be updated as follows

Rl —arg min —o} <vk+1 u;;) & uhtt = k+1/|\vk+1|\, 1<i<R

u,
1)
]7 Hu./ L” 1 Js ]7

However, for the convenience of convergence analysis we compute the following instead

f‘fl = ~k+1/||Vk+1|| where v]“'1 okv k+1 +ouf, 1<i<R; (3.21)
here a > 0 is an arbitrary constant. Note that u’“’1 ,u?'}'%l can be updated simultaneously.

When d —t+ 1 < j <d, from the definition of L, foa VkJrl and recalling (3.14), it follows

k+1 _ k+1 _ B+l g k
U; arg mm E <0'7;Vj,i ,uj,i> = arg max <V - diag(o™), Uj> ,
j U7—I i—1 Uj Uj=I

RRXR

where diag(o) = diagloy,...,oR] € is a diagonal matrix. Similar to (3.21), we in fact compute the

following problem instead

Ukt <17jk+1,Uj>, where V1 = V¥ diag(a*) + aU%. (3.22)

= arg max
Ulu=I

The above problem is to compute the polar decomposition of ‘7jk+1, which admits a closed-form solution.
Specifically, assume ‘7jk+1 = PEQ" is the SVD of f/ij, where P € R%>*F A Q € REXE pTp = I
QTQ = QQT =1, E = diag(\1,..., \g) with )\; being the singular value of f/kH. Then Uf“ = PQ'.
Moreover, letting H; F+1.— QE2QT. Then we see that (3.22) gives the following relatlon

rk+1 k+1 rrk+1
VL = it (3.23)

T-, o- and W-subproblems From (3.19), we have that
7;’1@"’1(1 = (Wikl~~~id"4i1"'id AN - Uf“]]ilmid) J(WE i, +7). (3.24)

To compute o**1, from the expression of (3.14) it is easily seen that

d
of = (M TP Q) ultlr 1<i<R (3.25)
Jj=1
To compute W**1 similar to (3.20) we have
2 71
WETL =62 (52 + (TEEL = Adyay) ) : (3.26)

In summary, the HQ-ADMM is described in Algorithm 1, where each subproblem admits a closed-form

solution.

Remark 3.1. 1. HQ-ADMM can be applied to a more general form of (2.5). Specifically, consider the data-
fitting term given by ®;5 (L ([o; U;]) — b), where L is a linear operator, and b denote the observed data of the
same size as L (Jo; U;])). When L represents the identity operator and b denotes A, the data-fitting term boils
down to the objective of (2.5). When ®; (L ([o;U;]) —b) = ®5(Q® ([o;U;] — A)), where Q € R™* %" s
a given 0 — 1 tensor with §;,..., = 1 if A;,...;, being observed while Q;,...;, = 0 if A;,..;, missing, it can be
used to deal with robust tensor approximation with incomplete data. When L is formed by a set of input data

tensors, and each entry of b denotes the output score of the corresponding input data tensor, it is the objective

10



Algorithm 1: HQ-ADMM for solving (2.5)

Require: U = [uf,,...,ul o], with [luj;| =1, 1 <j<d—¢t,1<i < R; (U)TU =1, d—t+1<j<d;a% T Y, WO,

a>0,7>06>0.

1: for k=0,1,...,do

2 Compute ujjl via (3.21), 1<j<d—t1<i<R

3. Compute U]’?“ via (3.22), d—t+1<j<d

4. Compute TF+! via (3.24),

5. Compute YFt1 =Yk — 7 <[[0'k; U]I?Jrl]] — 'Tk+1>,

6. Compute o**1 via (3.25),

7. Compute WFH1 via (3.26).

s: end for

of the (robust) tensor regression problem. To minimize ®5 (L ([o;U;]) —b) over orthonormal constraints,

similar to (3.12), one can also formulate the problem as

Lmin @5 (L(T) = b) = gV (LT -b) [+ 5 3, elw)

uu;=1,1<j<d-t1<i<R,
T .
UJUj =Ld—t+1<j<d,
where w is the same size as b defined similar to that in (3.11). The framework of HQ-ADMM then applies

as well.

2. The idea of combing HQ) property and ADMM framework can also be extended to solve other Cauchy
loss based problems such as those studied in [27, 34]. Specifically, for problems of the form

min ®5(Lx — b) + R(x),
where L is a matriz, b is a vector of proper size, one can also convert it to
. 2
min [[Vw ® (Ly =b)[[, + > e(wi) + R(x), st. x =y,
with w defined similar to that in (3.11); an algorithm in the spirit of HQ-ADMM can be applied to solve it.

3. An alternative way to obtain closed-form solutions in ADMM for solving (2.5) is to use a linearization
technique. For example, one can apply a linearized ADMM to solve the original problem (2.5) instead of
the equivalent form (3.12), in which one also replace [o; U] by T; however, to solve the T -subproblem, i.e.,
ming ®5(7 — A)+ (V,T) +7/2||T — [o;Uj] ||§,, which does not admit a closed-form solution, one linearizes
®5(T — A) and then imposes a prozimal term. The issue is that by doing this, one does not fully explore the
structure of the model, which may lead to inefficiency. On the other hand, extra effort has to be paid to find

a suitable step-size for this linearized subproblem.

4 Convergence of HQ-ADMM

This section establishes the convergence of HQ-ADMM. We note that to ensure the convergence, the only
requirement is that 7 > 1/10. Throughout this section, to simplify the notations, we denote

k+lk _ prk+1l _ prk
AU]- =Uj; U;.

11



The definitions of A’;—H’k, A’;\Tl’k, and A§,+l’k are analogous. In addition, we define the following proximal

augmented Lagrangian function
~ 2
L:(o,U;, T, Y, W>TI) =L (o,U;, T, Y, W) + ;”Tﬁ TlH%a

which is needed to study the diminishing property of the terms HA@jlkH and HA];-H’]CH . For convenience
F F

we also denote
Lyttt o= Lo(oHH U TR PR Wit 7). (4.27)

We present the first main result in the following, showing that the sequence generated by the algorithm is
bounded, and every limit point of the sequence generated by HQ-ADMM is a stationary point. The proof is
left to Section 4.1.

Theorem 4.1 (Subsequential convergence). Let {a*, Ufﬂ'k,yk, WF} be generated by Algorithm 1 with T >
V10 and o > 0. Then

1. {ak,U]k,Tk,yk,Wk} s bounded;

2. the sequence {LFTV*} defined in (4.27) is bounded, nonincreasing and convergent;

3. it holds that

) d
S bt + s ) < e (2
= j=1 ’ F F
and
a5 =0, ], >0 it U1 =T 0 (4:29)

Moreover, every limit point {a*,Us,T*,Y*,W*} satisfies the optimality condition (3.20). In particular,

{o*, U} is also a stationary point of the original problem (2.5).

Next, based on the Kurdyka-Lojasiewicz (KL) property [4] which is widely used for proving the global
convergence of nonconvex algorithms, we can show that the whole sequence converges to a single limit point.
The proof is left to Sect. 4.2.

Theorem 4.2 (Global convergence). Under the setting of Theorem 4.1, the whole sequence of {UF, T"}
converges to a single limit point, i.e.,

im UF=U;, 1<j<d, lim 7"=T"
k—oo

k—o0

4.1 Proof of Theorem 4.1

To prove the convergence of a nonconvex ADMM, a key step is to upper bound the size of the successive
difference of the dual variables by that of the primal variables [23,29,47]. For HQ-ADMM, the weight W*
brings barriers in the estimation of the upper bound. Fortunately, this can be overcome by realizing the

relations between W¥, 7% and 7#~! by using Lemma 4.1. The resulting estimate is given as follows.

Lemma 4.1. It holds that

k+1,k k+1,k kk—1
JATT e < |AF Y e + 1AF )

Proof. From (3.24), we have

WE® (TH — A) + V5 =7 ([o" U '] - T*) =0,

12



which together with the definition of Y**1 yields
WEe (TH! — A) + YFt! =o. (4.30)
Therefore we have

k+1,k
A

e (771 - 4) - e (T - ),

Wre (T8 = A) =W (TF = A) + W e (TH - 4) - W (TF - )|

IN

wre (T80 = 74)|| + v - wE e (T4 - 4) (4.31)

|-

Now denote Ey := |[W* @ (TF+! — T*) HF and FEy := H(W’“ -WEh e (TF - A) We first consider Ej.

I

From the definition of W*, we easily see that Wlklzd <1 for each i1, ...,%4. Therefore,
k+1,k
By < [lAKFLR. (4.32)
Next we focus on Ey. To simplify notations we denote afl,,,id = 77fw — Aj,..i;, and
1 1
2 k
€iyig ) L % - k—1 ) :
e (52 + (air“id)z 42 + (a’i1"-id)2
Then F5 can be expressed as
ni,...,Nd 9
2
Eg = Z (W1]€1+17d - Wzklzd> (7;11(1 - Allld)
i1=1,..,i4=1
Nn1,...,Ng 1 1 2 N1,...,Ng
— Z 54((1’?.)2( _ ); Z e2 .
i1 k k—1 i1
i1=1,...,ig=1 o 6% + (ai1-~id)2 5% + (ai1~--id)2 i1=1,...,ig=1 e
It follows from Proposition 2.3 that
|€i1~~~id| < Iai’iwid - affl_.}id )
and so
- kk—1

Ey <|TF = A—(TF = A)lr = 1A7" | p. (4.33)

(4.31) combining with (4.32) and (4.33) yields the desired result. O

With Lemma 4.1, we then establish a sufficiently decreasing inequality with respect to {f/’ﬁ“‘l’k} defined in
(4.27).

Lemma 4.2. Let the parameter T satisfy T > +/10. Then there holds

2 2

1
+ o v

F

d
Fhk—1 _ Fhk+lk < & k+1,k
P o

j=1

where o > 0 is defined in (3.21) and (3.22).

Proof. We first consider the decrease caused by U;. When 1 < j < d — ¢, according to the algorithm, the

13



k+1

k+1

expression of L.(-), that Hu H = 1 and recalling the definition of u;7", vi7" and fol, we have
k prk+1 k+1 77k d 7k vk Wk
L.(a" U, U]+1,U JUS TR VR WE) —
k41 k+1 k gk yk ok
T(O’,Ul yoees Uj U_H,...,Ud,’T,y,W)
R
— k. (yk kY k1 k+1 B+l k
= Z<Jl SV TT S @ @ufT 1Z®u]+“® ®udz,u uj,i>
i=1
R
— ko k1l k1 k
= D (orviTh gt - g
i=1
& 2
_ ko, gkt koo ktl k+1 _ ok
= D (0 Tl >+*||“ uj|
i=1
R ~k+1 5
— okl Vi k Xl gkt _ ok
- Z Vii o E k+1|| — W Hu uy,|
i=1
3 2ot =l = 5 Jat
> Y 4.34
= 2 [ D) P (4.34)

—

1=
k+1 k+1

andvjZ ,

where the fourth equality follows from the definition of u;

for any vectors u, v of the same size with ||ul| = 1.

and the inequality is due to ||v] > (v, u)

The decrease of U; when d — ¢ + 1 < j < d is similar. From the definition of ijH, It holds that

Uk, Tk, Yk wk)

k+1 _

& - ®udz>u

2
Uil

(4.35)

L(a®, UF UL UYL UG TR YR WE) -
Lo (a®, U, U U,
= Z <O’ y’“ + T’Tk)ulftl -® u§+11 ; ® u]+1 i
= <V-’Hl - diag(a®), UJ’-“Jr1 - UJ’?>
_ k+1 k oprk+1 k « k41
= (VM- diag(e") + aU}, U] —Uj>+§y|Uj -
« k+1.k
N

where the inequality follows from the definition of U f“ in (3.22).

To show the decrease of T, note that L, (-) is strongly convex with respect to 7, which we can easily deduce

that

Lo (0%, USTY TR YF WF) — Lo (o, UFF TR Yk k) > g HA’;“”“H; (4.36)
Next, it follows from the definition of Y**! and Lemma 4.1 that
L, (c*, UJI;H7 THAL Yk WhY — [ (o, UJ{chl7 THhHL Yhtt yky
_ <yl/c+1 —yk, [[:k; U]Hl]] _ Tk+1>
- A,
s (e ). o
Finally, it follows from the definition of &**! and W**! that
L. (", UJI_@+177—k+17yk+17Wk) _ LT(a,k-',-l,U]k+17Tk+1,yk+1,Wk+1> >0. (4.38)
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As a result, summing up (4.34)—(4.38) yields

Lo (o™, U}, TF, VP W) — LT<a’““, Ut T YR

d
53 Jas L+ (5-2) o - 2 a1
> h A - -2 A A%
- 2ZH Uj FJr 2 F
Jj=1
d
a k+17kH2 2 1 H k+1,kH2 2H k,HHQ
> - A Z+2)A —ZA 4.39
N 232—:1“ A P T LA PR | I | (4.39)

where the last inequality follows from the range of 7. Rearranging the terms of (4.39) gives the desired results.
This completes the proof. O

We then show that L¥*~' defined in Lemma 4.2 is lower bounded and the sequence {a*, UF, 7% Y* WF}
is bounded as well.

Theorem 4.3. Under the setting of Lemma 4.2, {L**~1} is bounded. The sequence {O'k,U]k,Tk,yk,Wk}
generated by Algorithm 1 is bounded as well.

Proof. Denote QF(T) H\/ ke (T —A) H thus we have VQF(T) = W* & (T — A), and it then follows
from the quadraticity of Qk( ) and V¥ = —WF1 @ (T* — A) from (4.30) that

Q"N TH) = QN (Io™ Up D) — (V8 [o™5 UFT - T)
= (We (o801 -A), T - [o"U)])
5 VT e (ot Ut - T - (0 et Ut - T
- e -
+ W@ ([o% U] — A) =W @ (TF — A), T" = [o%;US)
- e G et

k 1

I o (4.40)

where the last inequality uses the fact that 0 < Wfflld <1
Based on (4.40), it follows from the proof of Lemma 4.2 that for any k > 2,

Efil’kiz :i ( k—1 Uk 1 Tk: 1 yk 1 Wk 1 Tk 2) (0_ Uk: Tk: yk’kalkarfl)

62 ni,...,Nd

— T 2 2 kk— 2
= Q 1(Tk)+5i1:1;¢d:1 oWiTh,) = <37’“,[[0’“;Uf]]—Tk>+§||[[0'“;Uf]]—TkHF+;HAT 1HF
> k—1 k. 77k k.r7k k 5 e k—1 2 Ak,k—l 2
> Q[ UD + - =T+ G 3 VT + 2 Ak

11: yeeesld=
> —oo, (4.41)

where the first inequality follows from (4.40) and the last one is due to the range of 7 and p(-) > 0. Thus
{Lk*=11 is a lower bounded sequence. This together with Lemma 4.2 shows that {L**~1} is bounded.

We then show the boundedness of {o*, UF, T Y* WF}. The boundedness of {UF} and {W*} is obvious.
Next, denote g(o*) as the formulation in line 3 of (4.41) with respect to o*. Since by Proposition 2.1, namely,
the orthonormality of ®?:1 ut,

2 2
Jio%s0$1 - 741, = lo* 2 (1o 17 + 7

I I

while Q*~1([a*; U]k}]) is convex with respect to o, we see that g(o*) is strongly convex with respect to o*.
This together with the boundedness of {L**~1} and (4.41) gives the boundedness of {¢*}. Quite similarly we
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have that {7%} is bounded. Finally, the boundedness of {)*} follows from the expression of the 7T-subproblem
(3.24). As a result, the sequence {a*, Uj’-“, T* Yk, WF} is bounded. This completes the proof. O

Proof of Theorem 4.1. Lemma 4.2 in connection with Theorem 4.3 yields points 1, 2, and (4.28); (4.28) to-
gether with Lemma 4.1 and the definition of Y**1, o*+1 and W**! gives (4.29). On the other hand, since
the sequence is bounded, limit points exist. Assume that {o™, U}, T, V*,W*} is a limit point with

Jim {o U TR YR WY = (o, U7 T, 97 W),

—00

(4.28), (4.29) then implies that
lim {gHt, gt TR YR Ry — ot U, T, Y, W)
00 ’7a ’ ’ ’ Vi o .

Therefore, taking the limit into [ with respect to the u; ;-subproblem (3.21) yields

vior Fauwg; = |V w, 1< <d—t 1<i<R (4.42)
Multiplying both sides by u}; gilves
d
[Vl = a+ o7 (v uj;) =a+o; <y* +777, ®j:1 “;n‘> = a+7(a})? (4.43)

where the second equality follows from the definition of v;; and the last one is given by passing the limit into
the expression of o1 (3.25). Thus (4.42) together with (4.43) gives
d
T
o+ I,
i.e., the first equation of the stationary point system (3.20).

Tu’ (4.44)

_ *
= i T

*
ul,i i

Taking the limit into [ with respect to the U;-subproblem (3.22) and noticing the expression (3.23), we get
Vidiag(o™) + aU; = U H},
where H7 is a symmetric matrix. Writing it columnwisely, we obtain
d R ) _
of (V41T )@l# uj,; = Zizl(Hj)i,Tuj,r —oul;, d-t+1<j<d 1<i<R
Denoting A} := H — al, the above is exactly the third equality of (3.20). On the other hand, passing the
limit into the expression of 7% (3.24) and W¥ (3.26) respectively gives the 7*- and W*- formulas in (3.20).

Finally, the first expression of (4.29) yields 7* = [o*; U;]]. Taking the above pieces together, we have that
{o*,U;, T, Y*,W*} satisfies the stationary point system (3.20).

Next, we show that {o*, U/} is also a stationary point of problem (2.5). We define its Lagrangian function
as Lg = ®5(0,U;) — S0 5y (wlu — 1) = 00, (A, U U — I), similar to that in (3.15). Taking
derivative yields

aujvi@(;(a'; Uj) =njiuj,; W ([o,U;] — A) - oy ®l;ﬁj Uj i =155, 1<j<d-t,1<i¢<R,

Oy ®s(0,Uj) = E (A)irujr W ([0,Uj] = A) 00 @y Wy = Soiy (Ag)ipttjr,, d—t+1<j<d1<i<R,

0 ®s(0,U;) = 0 < <W ® ([o;Uj] - A), @7, um> =0, 1<i<R,
(4.45)

9 -1
where W, ..., = 62 [ 1+ ([[0'; Uili, i, — Az'l---id) /52> ; multiplying u;; in both sides of the first equality

above, and noticing the last equality, we get 7;; = 0.

Since T* = [[a'*; Ujf"]], the T-subproblem (3.24) also gives Y* = W* ® ([[0'*; Uﬂ] — .A). This together with
* d * * * d * * gk : * * * * :
(4.44) and that 7" @), uj,; = lo*;:Ur] &z us,; = ojuj,; gives W' ® (lex.Uz] - A) Qi u;; =0, ie,
the first equality of (4.45) by noticing 1, ; = 0. In a similar vein, we get that

oW e ([0 U] = A) = 30 (H) )i, = (a+ 7o

=1V Jor 35
Taking A; := HY — (a + 70})I gives the second relation of (4.45). The last equality follows directly from
wre ([e*, U;]] —A) &);; uj; = 0. The proof has been completed. O
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4.2 Proof of Theorem 4.2

To prove Theorem 4.2, we first recall some definitions from nonsmooth analysis. Denote domf := {x € R" |
F(x) < +o0}.

Definition 4.1 (c.f. [2]). For x € domf, the Fréchet subdifferential, denoted as éf(x), is the set of vectors
z € R" satisfying
v [x—yll

y—x

The subdifferential of f at x € domf, written Of, is defined as
of(x) :== {z eR": I 5 x, f (xk) — f(x),z" € Of (Xk) — z}.

> 0. (4.46)

It is known that df(x) C df(x) for each x € R” [4]. An extended-real-valued function is a function
f:R™ = [—00, 0], which is proper if f(x) > —oo for all x and f(x) < oo for at least one x. It is called closed
if it is lower semi-continuous (l.s.c. for short). The global convergence relies on the the Kurdyka-Lojasiewicz
(KL) property given as follows:

Definition 4.2 (KL property and KL function, c.f. [2,4]). A proper function f is said to have the KL property
at X € domdf := {x € R" | 9f(x) # 0}, if there exist € € (0,00], a neighborhood N of X, and a continuous
and concave function ¢ : [0,€) = Ry which is continuously differentiable on (0, €) with positive derivatives and
¥(0) = 0, such that for all x € N satisfying f(X) < f(x) < f(X) + €, it holds that

U (f(x) = f(X))dist(0,0f(x)) > 1,
where dist(0, 0 f(x)) means the distance from the original point to the set Of(x). If a proper and l.s.c. function
f satisfies the KL property at each point of domdf, then f is called a KL function.

We then simplify I}() by eliminating the variables W and o. First, from the definition of W**! and
Lemma 2.1, we have that

MN1y..-3Nd

H\/W’Hl ® (TH1 - 4) Hi + 62 | S oWETL ) = @s(TH — A),

i1tg
7,1:1,...,id:1
where ®(-) is defined in (2.5). This eliminate the W from ET() On the other hand, it follows from the
definition of o¥*1 (3.25) that

SO T 4 ] et U - T
2
R
= <yk+177~k+1> + % HTkHHi . % Z (yk+1 + T7~k+1) ® u?;—l

i=1 j=1

Thus o is also eliminated. In what follows, whenever necessary, o¥

 still represents the expression (V¥ +

TTr) ®?:1 u?’i /7, but we only treat it as a representation instead of a variable.
Then L, (o**1, UJ’?“, ThHL YEHLWEFLTEY can be equivalently written as

ET(UJI’C—‘Fla Tk+1a yk+1a Tk)

” .

2
R d
_ 1 k1 kil gkr1y Tkt L k1 k41 k1 2| Akt 1.k]2
S R 1 A o o] (e A L
In addition, we denote
0l d—t,R d
LT,(X(UjaTm))aT/) :LT(UJ7Tay7T/)_EZHUJ”%—F Z Lst(nj,l)(uj,i)+ Z Lst(nj,R)(Uj)'
=1 j=1,i=1 j=d—t+1
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We can see that under the constraints of the optimization problem (2.5), Ly () = L,(-) 4+ ¢ where ¢ is a
constant. This together with Theorem 4.1 shows that {I~/T7Q(U]]-€+1, ThEHL YE+L THF) 1 s also a bounded and
nonincreasing sequence. In addition, we have that L, ,(-) is a KL function.

Proposition 4.1. ET)O[(Uj,'T7 Y, T") defined above is a proper, l.s.c., and KL function.

Proof. Tt is clear that I~JT7a(~) is proper and ls.c.. Next, since the constrained sets in (2.5) are all Stiefel
manifolds, items 2 and 6 of [4, Example 2] tell us that they are semi-algebraic sets, and their indicator
functions are semi-algebraic functions. Therefore, the indicator functions are KL functions [4, Theorem 3].
On the other hand, the remaining part of l}ﬁa (besides the indicator functions) is an analytic function and
hence it is KL [4]. As a result, L, o(U;,7,Y,T") is a KL function. O

In the sequel, we mainly rely on ZNLﬂa(-) to prove the global convergence. For convenience, we denote
LER o= L o (U TR PR TR and OLEENY i= 0L, o (UFT, THEL YR TH);

denote A’f]jl,rk = (UJE+177~k+1) _ (Ujk, T*), and

k+1k Z k+1k k+1,k
H UJ’T \/ j= 1 Ui H +HA HF

Lemma 4.3. There exists a large enough constant cy > 0, such that

dist(0, DLFHIF) < ¢ (HAk+1kH +H N 1” ) (4.47)

Proof. We first consider 8ujyif/’ﬁi‘¥1’k, 1<j<d—t,1<i<R,and 8Ujl~'/fj;1’k, d—t+1 < j <d, respectively.
In what follows, we denote

— d —k+1 _ _
k+1 . k+1 k+1 k+1 k+1 k+1 o [ok+1 k+1
Vii =0 (y+ 4-7’7"4-)@9@é uy touf;, and Vo= [vj,1 ""’Vj,R]'
We also recall v;“jl = (YF + TTk)lllfj;l ® - ® ugcfllz Qui,®--® ud ;, and ka =oF fzﬂ + auf; for
later use. In addition, denote f/j’”l = [{,;?7{17 ... ,\7;}1].
For 1 < j <d—t, one has
d
auJ lLk-‘rl ko —Uerl (yk+1 + TTk-i-l) ®Z¢J ufjl + aLst(nJ 1)( +1)
= b Oty 1y (W T, (4.48)
we then wish to show that
Y € Oty 1) (0T C Dy, 1y (0T, (4.49)

The proof is similar to that of [48, Lemma 6.1]. First, from the definition of ¢g(,,,,1)(+) and ébst(nj’l) (+) in (4.46),
it is not hard to see that if y & st(n;, 1), then (4.46) clearly holds when z = ijl, otherwise if y € st(n;,1),
e., |lyll = 1, then from the definition of uj,i , we see that

Wi = arg max (y, Vi) & (@5t —y) 2 0, Vy) = 1,

J5t llyll= L P ]7' X
which together with tsi(n;,1)(¥) = 0 and ts4(n;,1) (1] +1) = 0 gives
k1 k+1 k+1
Lst(nx,l)( ) — Ust(n; ,1)( ) < Vii oY~ >
lim inf 2 J k+1” > 0.

+1 ‘

yAul T y—ult

As a result, (4.49) is true, which together with (4.48) shows that

vﬁl k“eau”Lk“’“ 1<j<d-t, 1<i<R.
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Let 0 denote the original. Then by using the triangle inequality and the boundeness of {a*, U* T* V*} and
k+1,k

noticing the definition of AUJ-,% , there must exist large enough constants ¢1,co > 0 only depending on 7, «,
and the size of {a*, U*, T*, Y*}, such that
dist(0, Dy, , LEHLF)

u; i1,

S
s 6]+ sl + s
- 32:21 Ui F 7 F Y F

d

k+1,k k+1,k kk—1

S P10 MR i P e

j=1
< allotp, +faste],) vsisae a0

On the other hand, for d —t + 1 < j < d, by noticing the definition of Vj“, we have

= —k
Oy, L = <V 4 0y, iy (UFH).

From the definition of U*" in (3.22) and similar to the above argument, we can show that V' € i, r) (U T).
Thus

~ —k - .
VLV e oy I d— 41 << d.

Similar to (4.50), there exists a large enough constant ¢ > 0 such that

dist(0, By, , LET1F) < ¢ (HA’““’“” +HA’5’“71H) d—t+1<j<d (4.51)

We then consider
VTZ]ng}’k — Wt @ (Tk+1 _ .A) LR ([[o.kJrl; UJI»CH]] _ Tk+1) + é (Tk+1 _ Tk) )
’ T

Note that W*+! and o**! above are only representations instead of variables, which represent (3.26) and
(3.25). From the expression of Y**1 in (4.30), we have

WE @ (TH = A) + VI = OV = W) @ (T4 = A

k+1,k
< [lar],

F

where the inequality follows from Proposition 2.3. On the other side,

r ||[[o_k+1; U]’»H_l]] _ Tk+1||F =

T H[[0'k+1; Uf"’_lﬂ — [[O'k; UJ]?'H]] + [[Uk; UJ]F‘H]] — Tk+1HF
. H[[o_lc+1; U{cHH o, UJ@H]]HF n HAI:;Jrl,kHF

e (ot ]+ 28] (1.52)

IN

IN

where ¢4 > 0 is large enough. Combining the above pieces shows that there exists a large enough constant
c5 > 0 such that

[vrzeat], < e (ot ]+ a8],)- (459
Next, it follows from (4.52) that
oz, oo -7, < (], o). o
Finally,
ootz -2, s
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Combining (4.50), (4.51), (4.53), (4.54), (4.55), we get that there exists a large enough constant ¢y > 0
independent of k, such that

w2 <o (a3, + o157,

as desired. 0
Now we can present the proof concerning global convergence.

Proof of Theorem 4.2. We have mentioned that {i’j‘glk} inherits the properties of { L¥T1F} i.e., it is bounded,
nonincreasing and convergent. We denote its limit as [N/j,a = lims_ 00 f)’jfglvk = IN/T,Q(U;-‘,’T*,y*,T*) where
{U;, T, Y*, T"} is a limit point. According to Definition 4.2 and Proposition 4.1, there exist an ¢y > 0, a
neighborhood of {U, 7*,¥*, 7"}, and a continuous and concave function ¢(-) : [0, €9) — Ry such that for all
{U;, T, Y, T'} € N satistying Ly , < L+ o(U;, T, ¥, T") < L , + €0, there holds

V' (Lro(U;, T, Y, T') = L% )dist(0, 0L, (U;, T, Y, T') > 1. (4.56)

Let €1 > 0 be such that
Be, :={(U;, .2, T) | I|U; = U ||, <e,1 << T =T lp < e, |V =V ||p <260, || T =T, <21} CN,

and let BUJ’T ={U;,T) | |U; - U*|| <e,1<j<d,||T —T"|p < er}. From the stationary point system
(3.20) and the expression of Y**1 in (4.30), we have

V=2, = W te(Th—A) -W e (T -

Al

< Wre (TF—A) - Wre (TF - A)|| .+ W e (TF—A) - W e (T - A,
_ kk—1 k,x
R a
where the last inequality follows from Propositions 2.3 and 2.2. On the other hand,
— * k,k— k,*
747 = < [l ] (ac8)

As Theorem 4.1 shows that there exists kg > 0 such that for & > ko, ‘A];ik_lHF < €1, (4.57) and (4.58)
tells us that if & > ko and (Uj’-“,Tk) € ng’T, then {UF, 7% Y* T*~'} € B., C N. Such ko must exist as
us,7+,Y7, ’T*} is a limit point. In addition, denote ¢; := min{a/2,1/7}; then there exists k1 > kg such that
(Uk1 Tk) eB 1/2 and

o ’Akl,quH €1 o HAkl 1,k1— QH a8 @ Lkl,kl 1_ €1
2\/07102 16 2\/762 16 2\/71/}( T ) 4’ (459)

L, <LE=1 <Lt +e,
where cq is the constant appeared in Lemma 4.3, and ¢y is a constant such that co > 16¢0/,/c1.
In what follows, we use induction method to show that (Uj’-“,Tk) UJ’T for all £ > ky. Since ¢(+) in
Definition 4.2 is concave, it holds that for any k,
WA ) (LA — L) — (B~ L)) < w(TAA — L) —w(IARM — L2, (460)
on the other side, from the previous paragraph we see that (U’Cl Th) € IB%e ’/’2 , {Uk1 Th Yk Thi=11 ¢
B., C N, and so (4.56) holds at {Uk1 Tk Yk Thki=11" Recall ¢; = min{a/2,1/7}. From Lemma 4.2 and

the relation between L and LT «, We obtain

k1+1,k Tki,k1—1 Tki+1,k
S
Y(Lhk=t — Lx ) — (Lt — Lx )
= Fhkiki—1 7
¢(Lria ™ — L)
< e (w(i’:a;’“*l — L o) — (Lt — Ei,a)) ¢y Hdist (0, OLEFI ),
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where the second inequality is due to (4.60) while the last one comes from (4.56). Using vab < “£ for
a > 0,b >0, invoking (4.47) and noticing the range in (4.59), we obtain

ki41,k C2 Fk1,k 717~* o (Thitlkr T
valagst < 2 (w(LTfal Lro) — (Lt - L ))
20, 2557+ a2 )
c c
- Verer n Verer < \/761’
4 8 2
and so
K +1,% K141,k kh a, a _
a7 < sz =]+ [agr], < 5 +F ==

namely, (Ukl'Irl Thitl) e BT

Now assume that (UJ]?7 T € ng’T for k = k1, ..., K. This implies that (4.56) is true at {Uf, TR Yk TE-1Y,

and similarly to the above analysis, we have

stz < st B v B (ot ).
2
(4.61)
We then show that (UK+1 TE+ € IB%U”T Summing (4.61) for k = ky,..., K yields
X c
Ak+1,kH < 3( Fhuki=1 _ fx oy _ o (LEFLE _ [ ) (H kqu HAk 1,k— 2H )
\/akzk H U;,T o ) QZ)( T,Q T,a) w( T,Q T,a) 282 U;, T F+ U;, T F
=R1
< D (it - L) —wLEE ~ 1))
co 2¢
0 k+1,k “Co k1 k1 1 AFL=LF=2
v S g, 2 oty 2 e, e
=k1
Rearranging the terms, noticing (4.59) and noticing that 02 > \{g,
15\/> AR+LE \[161 Ve
Z H Ui, T H 6 " 16
and so
AF+Lx < HAK-H,Icl HA/CI,*
H U T || S o, T || TR | s
K €
k+1,k
) d
k=k1
3
< % + % < €1.

Thus induction method implies that (UF, 7%) € B&?” for all k > ky, Le., {UF, TF, Y5 TF1} € N, & > ki.
As a result, (4.61) holds for all & > k1, so does (4.62). Therefore, letting K — oo in (4.62) yields

o0

k+1.k
> [[auir ], < e,
k=1

which shows that {U]k,T’“} is a Cauchy sequence and hence converges. Since (U, 7*) in Theorem 4.1 is a
limit point, the whole sequence converges to (U7, 7T*). This completes the proof. O

5 Numerical Experiments

We evaluate the robustness of model (2.5) solved by HQ-ADMM in this section using synthetic and real data.

The least squares based model (2.2) is used as a comparison. (2.2) is solved by the alternating least squares
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(ALS) method. All the computations are conducted on an Intel i7-7770 CPU desktop computer with 32 GB of
RAM. The supporting software is Matlab R2015b. The Matlab package Tensorlab [45] is employed for tensor
operations. The Matlab code of HQ-ADMM is available at https://github.com/yuningyangl9/hqadmm_

rota.

The stopping criterion for HQ-ADMM is w okt Uf“]] — AHF — || [e*; UJ’?]] - AHF‘ < 107% or k£ > 2000
for practical reasons. The parameter a in HQ-ADMM is set to 1078, 7 € {0.7,1}; § = 0.05.

Synthetic data We consider randomly generated tensors contaminated by different kinds of noises listed in

the following

o A=A/ | Aollp+ B -N/|N|F, where Ay is the ground truth tensor specified later, and N denotes the
Cauchy noise, with scale parameter § = 0.05. 5 = 0.5;

o A= Ay/ || Aol + O. Here O denotes sparse outliers, with sparsity 0.1, i.e., 10% of the entries of Ay are

contaminated by outliers. Outliers are drawn uniformly from [0, 10];

o A=A/ || Aollp+ B -N/|N|F, where N denotes Gaussian noise, with § = 0.1.

The ground truth tensor Ay = Zf;l o; ®;l:1 u; 4, where U; are randomly drawn from a uniformly distribution
n [-1,1]. U;, d—t+1 < j < d, are then made to be columnwisely orthonormal, while the remaing U; are
columnwisely normalized. o; are drawn from Gaussian distribution. For convenience, we set d = 3 or 4,
ny = --- =ng, and R =5 in all the experiments in this part. The initializers for HQ-ADMM and ALS are

randomly generated. The reported results are averaged over 50 instances for each case.

Table 1: Comparison of HQ-ADMM for (2.5) and ALS Table 2: Comparison of HQ-ADMM for (2.5) and ALS

for (2.2) when the ground truth tensor is contaminated for (2.2) when the ground truth tensor is contaminated

by Cauchy noise. by outliers.

[HQ-ADMM for (2.5)  ALS for (2.2) [HQ-ADMM for (2.5)  ALS for (2.2)
n (d,t) err. iter. time err.  iter. time n (d,t) err. iter.  time err. iter. time
10 (3,1)[5.57E-02 395 0.16] 4.29E-01 149 0.04 10 (3,1)[4.54E-01 89 0.04[1.40E4-00 150 0.04
20 (3,1)|4.66E-02 315  0.21| 4.20E-01 147 0.05 20 (3,1)[5.95E-02 46  0.04|1.41E4+00 251 0.09
50 (3,1)|4.30E-02 45  0.09| 4.33E-01 309 0.27 50 (3,1)[1.99E-02 31 0.10/1.41E4+00 757 0.95
0 (3,1)[3.06E-02 71 0.77| 4.31E-01 190 1.16 80 (3,1)[2.21E-02 27  0.55/1.41E+400 1456 12.17
90 (3,1)(3.04E-02 47 0.76] 4.29E-01 152 1.28 90 (3,1)(3.52E-02 28 0.70{1.41E400 1204 11.59
100 (3,1)[3.21E-02 86 1.62| 4.41E-01 210 1.82 100 (3,1)|2.82E-02 31 0.91{1.41E4-00 1390 15.44
10 (3,2)|5.25E-02 453  0.19| 3.84E-01 33 0.01 10 (3,2)|4.32E-01 56  0.03|1.41E4+00 120 0.04
20 (3,2)|2.93E-02 137 0.10| 4.12E-01 17 0.01 20 (3,2)(6.13E-02 35 0.04(1.41E400 314 0.15
60 (3,2)(2.25E-02 200  1.03| 4.42E-01 11 0.04 50 (3,2)|7.50E-03 25 0.07|1.41E+400 592 0.69
80 (3,2)[2.20E-02 58 0.60| 4.18E-01 11 0.07 80 (3,2)|7.40E-03 25 0.42{1.41E400 820 6.05
90 (3,2)(2.02E-02 136  2.11| 4.33E-01 14 0.11 90 (3,2)|6.66E-03 26  0.65/1.41E4+00 828 7.80
100 (3,2)[2.57E-02 96  1.84| 4.23E-01 10 0.09 100 (3,2)|8.16E-03 27  0.90[1.41E400 928 11.99
80 (3,3)[1.39E-02 35 0.34|1.41E400 2 0.02 80 (3,3)6.08E-03 25  0.42|1.41E+00 2 0.02
100 (3,3)[2.08E-02 89 1.69]1.41E4+00 2 0.03 100 (3,3)|6.72E-03 27  0.80|1.41E4-00 2 0.04
10 (4,1)|3.86E-02 64 0.08| 4.12E-01 341 0.21 10 (4,1)|1.04E-01 76 0.23[1.42E400 187 0.14
20 (4,1)|7.98E-02 40 0.16| 4.45E-01 613 1.02 20 (4,1)2.91E-02 34 0.281.41E4+00 439 1.02
30 (4,1)|7.37E-02 28 0.71| 4.25E-01 485 6.55 30 (4,1)4.40E-02 28 1.06|1.41E+00 1173 18.40
40 (4,1)|5.08E-02 25 1.62| 4.47E-01 637 16.68 40 (4,1)|6.09E-02 27 2.00({1.41E4-00 885 26.09
10 (4,2)|4.98E-02 75 0.09| 4.56E-01 299 0.19 10 (4,2)|1.31E-01 67  0.08{1.41E4+00 246 0.16
20 (4,2)|1.11E-01 53 0.20] 4.73E-01 527 0.94 20 (4,2)|5.23E-02 28 0.13{1.41E400 729 1.12
30 (4,2)(7.33E-02 36 1.09| 4.76E-01 394 6.06 30 (4,2)[6.17E-02 27  0.85/1.41E4+00 697 12.68
40 (4,2)6.85E-02 27  1.75| 4.70E-01 705 19.25 40 (4,2)(3.36E-02 29  1.88|1.41E+00 1047 29.12
0 (4,3)|9.57E-02 100 0.12| 4.83E-01 664 0.41 10 (4,3)|1.40E-01 64 0.08(1.41E400 208 0.13
20 (4,3)[8.60E-02 69  0.27| 5.00E-01 707 1.04 20 (4,3)(8.14E-02 29 0.12|1.41E4+00 622 0.92
30 (4,3)[1.29E-01 35 0.98| 5.18E-01 645 9.72 30 (4,3)8.45E-02 38  1.15/1.41E4+00 900 14.85
40 (4,3)(1.40E-01 30 1.86| 5.41E-01 878 22.68 40 (4,3)[1.13E-01 30 2.12|1.41E+00 846 24.38
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Comparisons of HQ-ADMM for solving (2.5) and ALS for solving (2.2) with Cauchy noise are reported
in Table 1, where err. = [[Ao/ [[Aollp — A*/ |A*|| pll p, With A* = [o*;U7] the tensor generated by the
algorithm. “iter.” denotes the number of iterates, and “time” stands for the CPU time consumed by the
algorithm. From the “err.” columns, we see that in all cases, HQ-ADMM performs much better than ALS;
in particular, “err.” of HQ-ADMM is smaller than 0.1 in almost all cases, which confirms that the proposed
model and algorithm are consistent with Cauchy noise. Considering the efficiency, we see that HQ-ADMM
all converges within 500 iterates, and it consumes 1 ~ 2 seconds. Comparing with ALS, when d = 3, ALS is
more efficient in most cases, while HQ-ADMM outperforms ALS when d = 4. Thus HQ-ADMM is efficient.

The cases contaminated by outliers are reported in Table 2, from which we can still observe that HQ-
ADMM for solving (2.5) is consistent with outliers, owing to the redescending property of the Cauchy loss.
HQ-ADMM outperforms ALS in terms of the iterates and CPU time.

The cases with Gaussian noise are reported in Table 3. It is known that model (2.2) is consistent with
Gaussian noise, which can be seen from the table. We also observe that (2.5) is consistent with Gaussian noise
from the third column, although the results are slightly worse than (2.2), as reported in the table. However,
it is interesting to see that in some cases, namely, (n,d,t) = (80,3,1),(30,4,1), (40,4, 1), (20,4, 2), (30,4, 3),
HQ-ADMM for (2.5) is slightly better than ALS for (2.2). HQ-ADMM still shows its efficiency, and is more
stable than ALS, as ALS needs much more iterates when ¢ = 1.

Table 3: Comparison of HQ-ADMM for (2.5) and ALS for (2.2) when the ground truth tensor is contaminated by Gaussian

noise.

HQ-ADMM for (2.5) ALS for (2.2)
n (d, t) err. iter.  time err. iter. time
10 (3,1)  4.51E-02 198 0.09  4.09E-02 676 0.18
20  (3,1)  3.62E-02 53 0.04  2.73E-02 564 0.19
50  (3,1)  2.24E-02 30 0.08  2.18E-02 550 0.58
80  (3,1)  2.14E-02 34 0.57  2.72E-02 716 5.78
90  (3,1)  2.70E-02 33 0.79  2.44E-02 696 6.69

100 (3,1)  2.79E-02 34 0.98  2.28E-02 712 7.75
10 (3,2)  3.89E-02 296 0.13  3.48E-02 16 0.01
20  (3,2)  2.15E-02 65 0.05  1.87E-02 17 0.01
50  (3,2)  7.99E-03 24 0.07  7.67E-03 14 0.02
80  (3,2)  4.90E-03 24 0.40  4.82E-03 20 0.15
90  (3,2)  4.68E-03 25 0.60  4.34E-03 41 0.40

100 (3,2)  3.85E-03 24 0.72  3.85E-03 7 0.10
10 (4,1) 1.01E-01 673 0.83 8.62E-02 613 0.42
20 (4,1)  7.46E-02 67 0.31  6.21E-02 699 1.33
30  (4,1)  6.22E-02 29 1.05  6.61E-02 692  11.90
40  (4,1)  8.68E-02 27 1.92  1.11E-01 858  24.49
10 (4,2)  1.39E-02 45 0.15  1.74E-02 20 0.02
20  (4,2)  4.75E-03 23 0.20  9.09E-03 17 0.05
30 (4,2)  5.42E-03 26 0.91  2.71E-03 14 0.25
40  (4,2)  2.26E-03 26 2.10  1.96E-03 41 1.24
10 (4,3)  1.29BE-02 48 0.17  1.23E-02 10 0.01
20 (4, 3) 4.93E-03 24 0.21 4.73E-03 10 0.04
30 (4,3)  2.72E-03 25 0.98  2.88E-03 30 0.53
40  (4,3)  1.95E-03 26 2.15  1.92E-03 21 0.67

Table 4: HQ-ADMM for video surveillance with different R. The last column shows the compressed ratio of the compressed
background factors D, U,V to the sum of background frames By, 1 <r <.

R e _ume Mg
10 43 33.86 0.05%
20 31 26.02 0.1%
30 26 21.58 0.16%
40 43 38.13 0.21%
50 31 28.78 0.26%
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Figure 2: Some extracting frames by HQ-ADMM from the video airport. Column (a): The original frames;
Columns (b) and (c): Extracted with R = 10; Columns (d) and (e): Extracted with R = 30; Columns (f) and
(g): Extracted with R = 50.

Simultaneous foreground-background extraction and compression Foreground-background extrac-
tion finds applications in video surveillance, where the aim is to detect moving objects such as human beings
from static background. As the background changes little in the video, it is reasonable to project the back-
ground frames to a low dimensional subspace to compress the data. We show how this problem can be fitted
into our model (2.5). Assume that a gray video consists of ! frames, each of size m x n, resulting into a
third-order tensor A € R>™*"_ Let A; denotes its i-th frame. Our goal is to decompose it as A, = B, + F}.,
in which B, and F, denote the back-/foreground frames, respectively. Under the assumption that B,’s lie in
a low dimensional subspace with commonalities, we write B, = UD,V T = Zf‘;l(DT)iiuiviT , 1 <r <, where
U=uy,...,ug|,V = [v1,...,Vg| are orthonormal matrices, D, is diagonal, and R is a parameter. On the
other hand, the foreground is often sparse and can be recognized as outliers. Therefore, the Cauchy loss can

be employed to control the effect of outliers. Denoting

m,n

¢5(A, ~UD,VT):=Y"  og (1 + (A0t — UDVT)y)” /52) :

s=1,t=1 2

the problem can be modeled as

!
MingTy—ryTy=r Zr:l bs(A. —UD, V).

If we further denote D € R % where the r-th row is exactly the diagonal entries of D, the it can be written
in the form of (2.5), i.e.,
mingry_ryvrv_; ®s(A—-[D,U,V]),

where o is absorbed into D.

The tested video “airport” was downloaded from http://perception.i2r.a-star.edu.sg/bk_model/
bk_index.html. The video consists of 4583 frames, each of size 144 x 176. We use 1000 frames, resulting
into a tensor A € R1000x144x176 = A is then normalized for conveniently choosing parameters, where we set

§ =005 7 =1, and a = 1078. The parameter R varies in {10,20,30,40,50}. The quantitative results
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are reported in Table 4, in which we can see that HQ-ADMM stops around 30 ~ 40 iterates, and consumes
around 30 seconds, which demonstrates the efficiency of the algorithm. The last column shows the compressed
ratio of the compressed background factors D,U,V to the sum of background frames B,, 1 < r < [, from
which we observe that the ratio is very high, resulting into low storage space. Some extracted frames with
R € {10,30,50} are illustrated in Fig. 2. From the figures, we see that even when R = 10, HQ-ADMM can
successfully seperate the back-/foreground; of course, when R > 30, the extrated frames are of higher quality,

in that the background frames reconstructed from UD,V T are more clear.

6 Conclusions

Heavy-tailed noise and outliers often contaminate real-world data. In the context of tensor canonical polyadic
approximation problem with one or more latent factor matrices having orthonormal columns, most existing
models rely on the least squares loss, which is not resistant to heavy-tailed noise or outliers. To gain robustness,
a Cauchy loss based robust orthogonal tensor approximation model was proposed in this work. To efficiently
solve this model, by exploring its half-quadratic property, a new algorithm, termed as HQ-ADMM, was
developed under the framework of alternating direction method of multipliers. Its global convergence was
then established, thanks to some nice properties of the Cauchy loss. Numerical experiments on synthetic as
well as real data demonstrate the efficiency and robustness of the proposed model and algorithm. In future
work, it would be interesting to incorporate other robust losses in the orthogonal tensor approximation problem
and to apply HQ-ADMM to solve other Cauchy loss based problems, as noted in Remark 3.1.
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