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Abstract

We present a space—time ultra-weak discontinuous Galerkin discretization of the linear
Schrodinger equation with variable potential. The proposed method is well-posed and
quasi-optimal in mesh-dependent norms for very general discrete spaces. Optimal /-
convergence error estimates are derived for the method when test and trial spaces are
chosen either as piecewise polynomials or as a novel quasi-Trefftz polynomial space.
The latter allows for a substantial reduction of the number of degrees of freedom
and admits piecewise-smooth potentials. Several numerical experiments validate the
accuracy and advantages of the proposed method.
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1 Introduction

In this work we are interested in the approximation of the solution to the time-
dependent Schrodinger equation on a space—time cylinder Q7 = 2 x I, where 2 C
RY(d € N) is an open, bounded polytopic domain with Lipschitz boundary 92,
and I = (0, T') for some final time 7" > O:

1
Sy =ioy + EAXW -V =0 in Qr,
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Vv =gp onIpxl,
On, ¥ = 8N on I'y x 1, (1.1)
On, ¥ — iUy = gr on 'R x 1,
¥(x,0) = Yo(x) on Q.

Here i is the imaginary unit; dp (-) is the normal derivative-in-space operator; V :
Or — Ris the potential energy function; ¢ € L°°(I'r x I) is a positive “impedance”
function; the Dirichlet (gp), Neumann (gn), Robin (gr) and initial condition (1) data
are given functions; I'p, I'n, ['r are a polytopic partition of 9€2.

The model problem (1.1) has a wide range of applications. In quantum physics [25],
the solution v is a quantum-mechanical wave function determining the dynamics of
one or multiple particles in a potential V. In electromagnetic wave propagation [24],
it is called “paraxial wave equation” and  is a function associated with the field com-
ponent in a two-dimensional electromagnetic problem where the energy propagates at
small angles from a preferred direction. In such problems, the function V depends on
the refractive index and the wave number. In underwater sound propagation [22], it is
referred to as “parabolic equation” and ¢ describes a time-harmonic wave propagating
primarily in one direction. In molecular dynamics [2], by neglecting the motion of the
atomic nuclei, the Born-Oppenheimer approximation leads to a Schrodinger equation
in the semi-classical regime.

Space—time Galerkin methods discretize all the variables in a time-dependent PDE
atonce; this is in contrast with the method of lines, which combines a spatial discretiza-
tion and a time-stepping scheme. Space—time methods can achieve high convergence
rates in space and time, and provide discrete solutions that are available on the whole
space—time domain.

The literature on space—time Galerkin methods for the Schrodinger equation is very
scarce. In fact, the standard Petrov-Galerkin formulation for the Schrédinger equation,
i.e., the analogous formulation to that proposed in [32] for the heat equation, is not
inf-sup stable, see [14, Sect. 2.2]. In [20], Karakashian and Makridakis proposed a
space—time method for the Schrodinger equation with nonlinear potential, combining
a conforming Galerkin discretization in space and an upwind DG time-stepping. This
method reduces to a Radau IIA Runge—Kutta time discretization in the case of con-
stant potentials. Moreover, under some restrictions on the mesh that are necessary to
preserve the accuracy of the method, it allows for changing the spatial mesh on each
time-slab, but not for local time-stepping. A second version of the method, obtained
by enforcing the transmission of information from the past through a projection, was
proposed in [21]. This version reduces to a Legendre Runge—Kutta time discretiza-
tion in the case of constant potentials. Recently, some space—time methods based on
ultra-weak formulations of the Schrodinger equation have been designed. The well-
posedness of such formulations requires weaker assumptions on the mesh. Demkowicz
etal., in [8], the authors proposed a discontinuous Petrov-Galerkin (DPG) formulation
for the linear Schrodinger equation. The method is a conforming discretization of an
ultra-weak formulation of the Schrodinger equation in graph spaces. Well-posedness
and quasi-optimality of the method follow directly from the inf-sup stability (in a

@ Springer



A space-time DG method for the Schrédinger equation... Page3of34 15

graph norm) of the continuous Petrov-Galerkin formulation. In [14], Hain and Urban
proposed a space—time ultra-weak variational formulation for the Schrodinger equa-
tion with optimal inf-sup constant. The formulation in [14] is closely related to the
DPG method in [8], but differs in the choice of the test and trial spaces. While for
the method in [8] one first fixes a trial space and then construct a suitable test space,
the method in [14] requires the choice of a conforming test space and then the trial
space is defined accordingly. We are not aware of publications proposing space—time
DG methods for the Schrodinger equation other than [8, 14, 20, 21], outlined in this
paragraph, and the space—time Trefftz DG method in [11, 12], which motivated the
present paper.

Trefftz methods are Galerkin discretizations with test and trial spaces spanned by
local solutions of the considered PDE. Trefftz methods with lower-dimensional spaces
than standard finite element spaces, but similar approximation properties, have been
designed for many problems, e.g., Laplace and solid-mechanics problems [31]; the
Helmholtz equation [16]; the time-harmonic [15], and time-dependent [10] Maxwell’s
equations; the acoustic wave equation in second-order [1] and first-order [27] form;
the Schrodinger equation [11]; among others. Nonetheless, pure Trefftz methods are
essentially limited to problems with piecewise-constant coefficients, as for PDEs with
varying coefficients the design of “rich enough” finite-dimensional Trefftz spaces is
in general not possible. A way to overcome this limitation is the use of quasi-Trefftz
methods, which are based on spaces containing functions that are just approximate
local solutions to the PDE. In essence, the earliest quasi-Trefftz spaces are the gen-
eralized plane waves used in [17] for the discretization of the Helmholtz equation
with smoothly varying coefficients. More recently, a quasi-Trefftz DG method for
the acoustic wave equation with piecewise-smooth material parameters was proposed
in [19], where some polynomial quasi-Trefftz spaces were introduced. As an alterna-
tive idea, the embedded Trefftz DG method proposed in [23] does not require the local
basis functions to be known in advance, as they are simply taken as a basis for the
kernel of the local discrete operators in a standard DG formulation. This corresponds
to a Galerkin projection of a DG formulation with a predetermined discrete space
onto a Trefftz-type subspace. In practice, it requires the computation of singular or
eigenvalue decompositions of the local matrices.

In [11], the authors proposed a space—time Trefftz DG method for the Schrédinger
equation with piecewise-constant potential, whose well-posedness and quasi-optimality
in mesh-dependent norms were proven for general discrete Trefftz spaces. Optimal /-
convergence estimates were shown in [11] for a Trefftz space consisting of complex
exponential wave functions, and in [12] for a polynomial Trefftz space.

In this work we propose a space—time DG method for the discretization of the
Schrodinger equation with variable potentials, extending the formulation of [11] to
more general problems and discrete spaces. The main advantages of the proposed
method are the following:

e The proposed ultra-weak DG variational formulation of (1.1) is well-posed, sta-
ble, and quasi-optimal in any space dimension for an almost arbitrary choice of
piecewise-defined discrete spaces and variable potentials.
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e A priori error estimates in a mesh-dependent norm can be obtained by simply
analyzing the approximation properties of the local spaces.

e The method naturally allows for non-matching space-like and time-like facets and
all our theoretical results hold under standard assumptions on the space—time mesh,
which make the method suitable for adaptive versions and local time-stepping.

e Building on [19], for elementwise smooth potentials, we design and analyze a
quasi-Trefftz polynomial space with similar approximation properties of full poly-
nomial spaces but with much smaller dimension, thus substantially reducing the
total number of degrees of freedom required for a given accuracy.

Structure of the paper In Sect.2 we introduce some notation on the space—
time meshes to be used and the proposed ultra-weak DG variational formulation on
abstract spaces. Section3 is devoted to the analysis of well-posedness, stability and
quasi-optimality of the method. In Sects. 4.2 and 4.3 we prove optimal /-convergence
estimates for the method when the test and trial spaces are taken as the space of piece-
wise polynomials or a novel quasi-Trefftz space, respectively. In Sect.5 we present
some numerical experiments that validate our theoretical results and illustrate the
advantages of the proposed method. We end with some concluding remarks in Sect. 6.

2 Ultra-weak discontinuous Galerkin formulation
2.1 Space-time mesh and DG notation

Let 7, be a non-overlapping prismatic partition of Q7, i.e., each element K € 7,
can be written as K = Kx x K; for a d-dimensional polytope Kx C €2 and a time
interval K; C I. We use the notation hg, = diam(Kyx), hx, = |K;| and hg =
diam(K) = (h%(X + h%(t)l/z. We call “mesh facet” any intersection F = K1 NJdK»
or F=0KNaQ0r,for K|, K € 7p, that has positive d-dimensional measure and is
contained in a d-dimensional hyperplane. We denote by iy = (1%, n’.) € R9! one
of the two unit normal vectors orthogonal to F with n'F =0or n% = 1. We assume
that each internal mesh facet F is either

a space-like facet if iy =0, or atime-like facet if n’ = 0.
We further denote the mesh skeleton and its parts as

]:h:= UaK’ f2:=QX{O}, fZ=QX{T}’
KeT,
F=Tpx0,T), F:=Tnx(0,T), F:=Tgx0,7T),
JFime .— the union of all the internal time-like facets,

pace |
FPee

the union of all the internal space-like facets.
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We employ the standard DG notation for the averages {-} and space [-]n and time [-];
jumps for piecewise complex scalar w and vector 7 fields:

1 .
{w} «.— 12 (w|K1 +w|K2) on BK] m aKz C f{ﬁme’
{r}:= 5 (vlk, +7lk,)

wlN = w|g, 0% + w|g,n¥ :
{[[ I |k, k2T, on dK|1 NAK,y C Fy™e,

[t]~n == 7lk, ~ﬁ’[‘(l + 7|k, -fi’,‘<2

[w]; := w|1<,n’Kl + w|1<2n’K2 =w —wT, ondK1NIK, C fzpace,

where 0} € R? and n € R are the space and time components of the outward-
pointing unit normal vectors on K N f}qime and 0K N f‘;pace, respectively. The
superscripts “—”" and “+4” are used to denote the traces of a function on a space-like
facet from the elements “before” (—) and “after” (+) the facet.

The space—time prismatic meshes described in this section may include hanging
space-like and time-like facets, so the proposed method allows for local time-stepping
and local space—time refinements. Tent-pitched meshes are popular in space-time
methods for wave propagation problems; see, e.g., [30] and [27, Eq. 3]. However,
such meshes approximate the solution to the Schrodinger equation do not lead to
a semi-implicit discretization of the Schrodinger equation because the propagation
speed of its solutions, which dictates the slope of space-like facets of the tents, is
infinite.

We denote space—time broken function spaces as H%(7y,) := {v € L2(QT), v|g €
HS(K)VK € 73},C° (1)) :={v: Or — C, v|g € C° (K) VK € 7}, for s € N.

2.2 Variational formulation of the DG method

For any finite-dimensional subspace V},, (7) of the broken Bochner—Sobolev space
V@) = ] #H' (K LK) 0 L2 (Ke: B2 (Ky).
ke,

the proposed ultra-weak DG variational formulation for the Schrodinger equation (1.1)
is:

Seek Yy € Vi (Ty) such that: A (Vips vap) = €(onp) Yunp € Vip(Th),  (2.1)

where

(Whp’ vhp : Z / wh,,Svhp dV+i (/F_pacc wh_p[[mﬂtdx—f—/}_r Iﬁhpmdx>
h h

keT,
/]:Ume Vx¥ip )} - [OmpIN + it [¥np]N - [OrplN
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- {{Wh[’}} [[VXWHN + iﬂ[[vx'(pthN[[me]]N> ds

1 . —
+§ fﬁ (8nxwhp + lOlWhp) Uhp ds

1 o -
+§ /fﬁ (_I/Ihpanxvhp +ip (anxl//hp) (anxvhp)) ds

! . S
+§[§(MMW@+41—Sﬁﬂww)<wp+5ﬁmww>ds

+i Z / uSYpSvpp dV,
keT, K

1
£(vpp) :=i/ woﬁdx—l-—/ gD (On, Vnp + iavy,) dS
P f2 4 2 fD ( n P p)

h

1
— —Vp, + i BOn Vnp) dS
+2 /_7:{; gN( U11p+113 nXUhp)

1 I8,
+§ /]:l; gR ((8 — Doy, + 5anxvhp> ds,

for some mesh-dependent stabilization functions
00 ime . )
ax el (fth U]jh)), eSSlnfﬂmeUf]h)a > 0,
o0 ime . .
B e Lo (Fime u A, essmfﬁmeuﬁﬂ > 0,

)

§eL®F), 0<s<

N =

weL>®Qr), essinfg, u>0.

More conditions on these functions, in particular on their dependence on the local
mesh size, will be specified in Sect. 4.

The variational formulation (2.1) can be derived by integrating by parts twice in
space and once in time in each element as in [11], and treating the Neumann and the
Robin boundary terms similarly to [11, Rem. 3.7]. However, as the current setting
does not require the discrete space Vy,,(7;) to satisfy the Trefftz property (Sv/, =
0, VK € 7p), there are an additional volume term that is needed to ensure consistency
(the first integral over K in A (-; -)), and a local Galerkin-least squares correction
term (the second integral over K in A (-; -)) that were not present in the previous
method. Such additional terms vanish when V), (7;) is a discrete Trefftz space, thus
recovering the formulation in [11].

Remark 1 (Implicit time-stepping through time-slabs). The variational problem (2.1)
is a global problem involving all the degrees of freedom of the discrete solution for
the whole space—time cylinder Q7. However, as upwind numerical fluxes are taken
on the space-like facets, if the space—time prismatic mesh I, can be decomposed into
time-slabs (i.e., if the mesh elements can be grouped in sets of the form Q X [t,_1, ty]
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for a partition of the time interval of the form 0 =ty < t) < ... <ty =T), the
global linear system stemming from (2.1) can be solved as a sequence of N smaller
systems of the form

K, ¥\ =b, 1<n<N,

where b, = RnlI/;(ln_l) forn = 2,..., N. This is comparable to an implicit time-
stepping, and it naturally allows for local mesh refinement in different regions of the
space—time cylinder Q1. Moreover, when T}, is a tensor-product space—time mesh, the
potential V does not vary in time, and the partition of the time interval is uniform, the
matrices K, and R,, are the same for every time-slab.

Remark 2 (Self-adjointness and volume penalty term). The well-posedness of the
variational formulation (2.1) strongly relies on the L*(K)-self-adjointness of the
Schridinger operator S(-) on each K € Ty (in the sense that fK Sy pdV =
fK v S dV forall y € V(Tp), ¢ € Co°(K), thanks to the fact that the only odd
derivative in S is multiplied to the imaginary unit), which makes the local Galerkin-
least squares correction term consistent. On the one hand, such term is essential in
the proof of coercivity of the sesquilinear form A (- ; -) (see Proposition 1 below). On
the other hand, numerical experiments suggest that it can be neglected without losing
accuracy and stability, see Sect.5.1.2 below. This is also the case for the quasi-Trefftz
DG method for the Helmholtz equation [18, §5.1.3] and for the wave equation [19,
§5.1], where a similar correction term was used. Nonetheless, in the design of an
ultra-weak DG discretization for a PDE with a non-self-adjoint differential opera-
tor L(-) (e.g., the heat operator L(-) = (3; — Ax) (+)), the corresponding local least
squares correctiontermy T, /, x WLYnp Lopp AV would not control the consistency

term ZKG'E Jx YnpL*vip AV arising from the integration by parts.

Remark 3 (Time-dependent potentials). The variational problem (2.1) allows for time-
dependent potentials V. This is an important feature as, in such a case, the method of
separation of variables cannot be used to reduce the time-dependent problem (1.1) to
the time-independent Schrodinger equation.

3 Well-posedness, stability and quasi-optimality of the DG method

The theoretical results in this section are derived for any spatial dimension d, and are
independent of the specific choice of the discrete space V(7).

Recalling that the volume penalty function u, the stabilization functions ¢, 8 and
the impedance function ¢ are positive, and that § € (0, %), we define the following
mesh-dependent norms on V(73):!

2

2 . 1 1 2 2
i = 3 bl (b, + 108 )

KeT,

I Observe that a factor % is missing in the first term of the DG norm in [11, Eqn. (3.2)].
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1 1 2 1 2
(a2 . v H e 1
g (e ol e+ [ 90N + [0 o, D
ploguwl| (91— 5))? 2 (5971)7 2
+H 2 ny, W +H - w +H N ny W ),
L2FD L2(F) L2(F)
2 2 1% .
iy, = Wl + 3 fu 2w, 3 o gz,
KeT,
1 1
(a2 vy H ~19 3.2
+2<H ? (Vw] LZ(]E““1e G PRI (3:2)
1 2
2 572 .
+Hﬂ tw} L2<f2"“e) Hﬂ L2<f”)+ H v L%ﬁf))
The sum of the LZ(K)-type terms ensures that ||| - |||DG+ isanorm. That ||| - |||y iSa

norm on V(7;) follows from the following reasoning (see also [11, Lemma3.1]):if w €
V(7) and ||wll,; = O, then w is the unique variational solution to the Schrédinger
equation (1.1) with homogeneous initial and boundary conditions. Moreover, by the
energy conservation (if ﬁ; = ) or dissipation (if ﬁ; # ), then ||lw(, t) IIi2
Jw(, 0)||L2(Q) =0, for all t € (0, T]; therefore, w = 0.

The DG norms in (3.1)—(3.2) are chosen in order to ensure the following properties

of the sesquilinear form A (-; -) and the antilinear functional £(-), from which the
well-posedness and quasi-optimality of the method (2.1) follow.

@ =

Proposition 1 (Coercivity). For all w € V(7},) the following identity holds
m (A w; w)) =[]l

Proof The result follows from the following identities (see [11, Prop. 3.2] for more
details):

/ - (me (u‘[[i]],)—%[[lv\z]],) dx =+ / e

/fﬁm (v} [z]~ + {z} - [v]N) dS = /Fime [vr]nds Y(v, t)e H'(Tp) x H (Tp)?,
h h

Jm ( Z / wadV) </ pm[[ |2]]tdx+/fz_ lw]? dx_/fﬁ lw]? dx)

kT,

[l |* dx Yve H\(Ty),

1
+—Jm(/ , ‘[[wvxw]]NdS—l—/ wa,.xwds) YweV(Th).
2 JFime aQxI

]
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Proposition 2 (Continuity). The sesquilinear form A (-; -) and the antilinear func-
tional £(-) are continuous in the following sense: Yv, w € V(1)

A W] = 201l oo, (33w)
| 2
¢ <(2 2 P ‘
L =(219002, g0 + 2o ], o
bon ot : 3.3b
2 2
e+ 2R ] ) G G30)

Proof The terms on f;pace, Fr. 7-2, fﬁlime and f-}? are controlled as in [11, Prop. 3.3].
The remaining terms are bounded similarly using Cauchy—Schwarz inequality and the
inequality 6 <1 -6 < 1. O

Theorem 1 (Quasi-optimality). For any finite-dimensional subspace V,(1,) of
V(1y), there exists a unique solution Yy, € Vp,(Ty) satisfying the variational for-
mulation (2.1). Additionally, the following quasi-optimality bound holds:

Y = ¥iplllog <3 inf_ 111Y = vaplll s - (3.4)

vp€Vip (Lp)

Moreover, if gp = 0 and gn = 0 (or T'p = W and I'n = @), then

) 1/2
LZ(f’;)) . 3.5)

Proof Existence and uniqueness of the discrete solution v, € V;,(7;) of the
variational formulation (2.1), and the quasi-optimality bound (3.4) follow directly
from Propositions 1-2, the consistency of the variational formulation (2.1) and
Lax—Milgram theorem. The continuous dependence on the data (3.5) follows from
Proposition 1, and the fact that if gp = 0 and gy = 0 (or I'p = @ and 'y = ), the
term ||w ||DG . on the right-hand side of (3.3b) can be replaced by [|w| - m]

2 —1/2
|||1/fhp|||DG =< (2 ”wOHLZ(]:(,:) + Hl? / gR‘

Theorem 1 implies that it is possible to obtain error estimates in the mesh-dependent
norm ||| - |||,g by studying the best approximation in Vj, (7;,) of the exact solution in
the [[|-]][,,+ norm. Moreover, according to Proposition 3 below, a priori error estimates
can be deduced from the local approximation properties of the space Vy,,(7j) only, as
the ||| ][] ,,+ norm can be bounded in terms of volume Sobolev seminorms and norms.
The proof of error estimates in mesh-independent norms on the full computational
domain for ultra-weak DG methods is a delicate issue; see, e.g., [15, Lemma 1] and [27,
§5.4] for related results concerning Trefftz methods for the Helmholtz and the wave
equations, respectively.

So far, we have not imposed any restriction on the space—time mesh 7. Henceforth,
in our analysis we assume:

e Uniform star-shapedness: There exists 0 < p < % such that, each ele-
ment K € 7}, is star-shaped with respect to the ball B := By, (g, sx) centered
at (zg, sg) € K and with radius phg.
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e Local quasi-uniformity in space: there exists a number Iqu(Z;) > 0 such
that hg) < hg2lqu(7,) for all K' = K! x K, K? = K2 x K? € Tj such
that K!' N K2 has positive d-dimensional measure.

The proof of Proposition 3 is a direct consequence of a collection of trace inequali-
ties (see [3, Theorem 1.6.6] and [27, Lemma 2]), which in our space—time setting can
be written for any element K = Ky x K; € 7j, as

10122 oy = Cor (B MO0 20y Hhk, 10i01320) Vo B! (Kii LA(KY).

1012 ki) = Cir (2 10122040y Hh 195013 g0 ) Voe L2 (Kt H' (Kv).

(3.6)
LZ(K)dxd)

voel? (Kii H (Ky).

”VX(p”LZ(aK x K )d = Ctr <h](1 ||VX§0||L2(K)(1 + th X(p’

where ngo is the spatial Hessian of ¢, and C; > 1 only depends on the star-shapedness
parameter p.

Proposition 3 Fix § = min(dhk,, %), and assume that V € L*(K), YK € T}, For
all ¢ € V(1p,), the following bound holds

3 _
eIl = 5Cu > [hK o112 k) + Rk, 1000172, + kD) 0117 k)
K=KyxK,; €T},

+(aghi, + bk hih) [Vx@l7a g0 + bichi,

x(p”LZ(K)dxd + H:u

2
L2k |’

LZ(K)
2

1
+ Humxw

_1
+ ”V”LOO([() HM (P HU 2p

L2(K) L2(K)

where

—1
a%( ‘= max { esssup  «, ( ess inf ﬂ) , esssup ¥ },
aKn(f}j‘“eu]-'hD) KN, UF) ) oV

—1
b%( = max { < ess inf oz) , esssup B, hg, }
3Kﬂ(ﬂlmeU h) IKN(FIm™UFY)

The factor %Ctr appearing in the bound of Proposition 3 is due to the integral
terms with arguments %cx [Twln| 2, %,3_1 {w}|? on ]:‘hime in the definition (3.1) of

2
the [[| - [||,+ norm. The volume term Hu%Sw HLZ(K) is controlled by the inequality

lyl; < /nlyl, Vy € C™.
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Remark 4 (Inhomogeneous Schrodinger equation). The space—time ultra-weak DG
variational formulation in (2.1) can be easily extended to approximate the solution to
inhomogeneous Schrodinger-type problems with a sufficiently smoothterm f : Qr —
C at the right-hand side of the first equation in (1.1); see [26, Ch. 3,§ 10] for the well-
posedness of such problems. In order to preserve the consistency of the method, it is
necessary to add the following term to the antilinear functional £(-):

> /K f (p + inSvpp) V.
keT,

The existence and uniqueness of the discrete solution for any choice of the discrete
space YV, (T1,), as well as the quasi-optimality estimate (3.4), follow from the coercivity
and continuity of the sesquilinear form A(-; -) on the continuous space V(1) in
Propositions 1 and 2, together with the consistency of the method. Thus, optimal
convergence rates can be proven for the full polynomial space as in Sect.4.2, since
this space provides a good enough approximation of any sufficiently smooth solution.
On the other hand, the quasi-Trefftz space introduced in Sect. 4.3 would require some
adjustments in order to approximate the solution of an inhomogeneous problem.

Remark 5 (Energy dissipation). It is well known that the Schrodinger equation (1.1)

with homogeneous Dirichlet and/or Neumann boundary conditions and TR =
preserves the energy (or probability) functional E(t; ) = %fQ [ (x, )| dx, ie.,
FE@Y) =0,

The proposed DG method is dissipative, but the energy loss can be quantified in
terms of the local least squares error, the initial condition error, the jumps of the
solution on the mesh skeleton, and the error on f? U .7-'2] due to the weak imposition
of the boundary conditions. More precisely, for gp = 0, gn = 0 and ]ﬂ; = (), the
discrete solution to (2.1) satisfies

1 2
E(0; Yo) — E(T; Yhp) = Eloss 1= 55 + z ” Yo — Ynp ||f2 s

where

1 2 1 1
+ 5 ” [[1//},[;]];||L2(ﬂpace) =+ 5( H()[Zlﬁhp‘

2
L2(K)

55 = Z H/L%Slﬁhp‘
keT,

1
+ |82 an, |

2
L2(F)

+ Hﬂ% [Vx¥mp]n iz(fﬁj"“) )

2
12 (ﬂ:mc)d

2 1
2
Lz(fg) + Ha [[WhpﬂN‘

This follows from the definition of the ||| - |||,g norm of the solution Yryp, the coercivity
of the sesquilinear form A (-; -), the definition of the antilinear functional £(-) and
simple algebraic manipulations; see [11, Rem. 3.6].
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4 Discrete spaces and error estimates

In this section we prove a priori i-convergence estimates on the ||| - ||| ., norm of the
error for some discrete polynomial spaces. In particular, for each element K € 7, we
consider two different polynomial spaces: the space P? (K) of polynomials of degree p
on K, and a quasi-Trefftz subspace QT? (K) C PP (K) with much smaller dimension,
i.e., dim(QT” (K)) <« dim(PP?(K)) (see Proposition 5 below). A polynomial Trefftz
space for the case of zero potential V has been studied in [12]. We denote the local
dimensions ng1,p := dim(QT” (K)) and r41,, := dim(P”(K)) in dependence of
the space dimension d of the problem and the polynomial degree p, but independent of
the element K . For simplicity, we only describe the case where the same polynomial
degree is chosen in every element; the general case can easily be studied.

4.1 Multi-index notation and preliminary results

We use the standard multi-index notation for partial derivatives and monomials,

adapted to the space—time setting: for j = (jx, ji) = (Jx;» - - -» Jxgs Ji) € Nd+,
V=g gl 1= sl + Je =+ e s
i Jx ix, j i i Jx Jx, i
DI f=0y" -0 0] . xIxtd=

We also recall the definition and approximation properties of multivariate Taylor
polynomials, which constitute the basis of our error analysis. On an open and bounded
set Y C R?*!, the Taylor polynomial of order m € N (and degree m — 1), centered
at (z,s) € Y, of a function ¢ € C"~! () is defined as

1 . . .
T lelx 0= Y =Dl s)x -2/ — ).

[jl<m

If ¢ € C" (Y) and the segment [(z, 5), (X, )] C Y, the Lagrange’s form of the Taylor
remainder (see [4, Corollary 3.19]) is bounded as follows:

1 . .
o, 1) = TP ol . 1)| < Iglomer, 3 ﬁ\(x—zw (t =)
|jl=m

< (d+'1)7

hﬁ |§0|C’”(T) s

where iy is the diameter of Y. In particular, if Y is star-shaped with respect to (z, s),
then the following estimate is obtained

m 1
- d+D2|Y|2
L2(Y) — m!

o =13l .1y W 1elem )
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which, together with the well-known identity (see [3, Prop. (4.1.17)]) D/ T(’Z 5 [p] =
T(Z’;)‘j | [D7¢].1jl < m, gives the estimate

_(d+r)\ @+ DT
H (")~ \ d (m —r)!

‘(p—T(';s) [¢] W2 gl iy, T <m. YoeC™ (T).
4.1
The Bramble—Hilbert lemma provides an estimate for the error of the averaged Taylor

polynomial, see [9] and [3, Thm. 4.3.8].

Lemma 1 (Bramble-Hilbert). Let Y ¢ R?*! 1 < d € N, be an open and bounded
set with diameter h, star-shaped with respect to the ball B := By, (z, s) centered
at (z,s) € Y and with radius phv, for some 0 < p < % If o € H™ (T), the averaged

Taylor polynomial of order m (and degree m — 1) defined as

Q" lpl (51 i= /B T ol (%, dV (2, 5),

satisfies the following error bound for all s < m

d +s> (d+ )" hy™*

- s <C his mepy <2 mery -
lop—0Q [</)]|H(T)_ dm, oy " 1@l gmery < ( J (m—s—l)!pd—gl @l zm vy

A sharp bound on Cy 1, > 0 is given in [9, p. 986] in dependence of d, s, m and p,
and the second bound is proven in [27, Lemma 1].

4.2 Full polynomial space

In next theorem, we derive a priori error estimates for the DG formulation (2.1) for
the space of elementwise polynomials

Vip(Tn) = [ PP(K). (4.2)
keT,

Theorem2 Let p € N, fix § as in Proposition 3 and assume that V. € L*®(Qr).
Let € V(Tp) N HPYL(T}) be the exact solution of (1.1) and Ynp € Vip(Ty) be

the solution to the variational formulation (2.1) with Vy,,(Ty,) given by (4.2). Set the
volume penalty function and the stabilization functions as

min {hzt,h%(x} < u|g < max {hzt,h%(x},

1 . .
alp=,— VF C Fi™ U R, Blr =hr, VF C F™ U F,

Fx
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where

hp, = hi, ifFCakn(FUF),
min{hK%,hK’%} <hp < max{hK%,th} if F = K'NnK?2c ‘F;:me’

then the following estimate holds

= d+ Hrt! Z

1
- ) 1
¥ = ¥nplllpg < 3v/6Cup o iyl hl"

K=Kgx KT,
1 - “Dp (d+2 _
+ ph by + Iqu(T;) (hKihg“ +2phh + (r=Dp <—) hih 1)

2 d+1
(p—1Dp <d+2

hg., hg Yht
+prnax{ Kx Kt}[(+ ) d+1

) max{hg,, hg, }h?"

1 . _ _ 1
+ 1V | ooy max{hgy, hi Y™ +minf{hy!, hghng™ ] Vg1 (x) -

Moreover, if hg, > hk, forall K € Ty, there exists a positive constant C independent
of the element sizes hk,, h,, but depending on the degree p, the L>°(QT) norm of V,
the trace inequality constant Cy in (3.6), the local quasi-uniformity parameter Iqu(7y,)
and the star-shapedness parameter p such that

|||1ﬁ - I/Ih[’”'DG =< C Z h1;< |¢|H7’+1(K) .
keT,

Proof The proof follows from the choice of the volume penalty function u and the
stabilization functions «, B, the quasi-optimality bound (3.4), Proposition 3, the

inequality /[v]; < ZINZI VTvi| Vv € RV, the fact that Q7! [W‘K] € Vjp(K) for all
elements K € 75, and the Bramble-Hilbert Lemma 1. O

4.3 Quasi-Trefftz spaces

We now introduce a polynomial quasi-Trefftz space. Let p € N and assume that V €
CP~2 (K). For each K € 7;, we define the following local polynomial quasi-Trefftz
space:

QT (K) =g, € PP(K) : DISqp(xi,10) =0, 1l = p =2}, (43)
for some point (Xg, ) in K. We consider the following global discrete space

Vip(Th) = [] QT7 (k). (4.4)

KeT,
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Forall j € Net1 if vV e V! (K)and f € Cl/*? (K), then by the multi-index Leibniz
product rule for multivariate functions we have

d

. o 1 S
DISF (i, 1) =i DI fxic, 1) + 5 3 DI fxe, )
_ =1 (4.5)
- Z (1>DJ_ZV(XK, tk)D* f(xk, tx),
z<j z
where {eg}Z:1 C R4 is the canonical basis,
J\_ J! . . . .
=————, and j=<z¢& j,;=<zy(l=i=<d)andj <z.
z z!(j — z)!

The next proposition is the key ingredient to prove optimal convergence rates in
Theorem 3 for the DG method (2.1) when Vy,,(7},) is chosen as the quasi-Trefftz
polynomial space defined in (4.3).

Proposition4 Let p € N and K € Tj,. Assume that V € C™*P=20 (K and ¢ €
CP (K) satisfies Sy = 0 in K, then the Taylor polynomial T(’;;ltk) [v] € QTP (K).

Proof By the definition of the Taylor polynomial, T(I;:][K) [¥] € PP(K). Therefore,

it only remains to show that DjST&;]tK) [V]1xk,tx) = O for all |j| < p — 2.

Taking f = T(f(:ltx) [v] in (4.5), all the derivatives of T&:Itk) [v] at (xg, tx) that
appear in (4.5) are at most of total order |j| + 2 < p, so they coincide with the

corresponding derivatives of y. Furthermore, since Sy = 0, then

DISTE Wik 1x) = DI Sy (x. 1) =0,

Xk,
which completes the proof. O

Proposition 4 allows for the use of the Taylor error bound (4.1) in the analysis of
the quasi-Trefftz DG scheme.

Theorem3 Let p € N, fix § as in Proposition 3 and assume that V. € L*®(Qr) N
cmx{p=2.00 (7). Let r € V(T;) NCPT! (T3) be the exact solution of (1.1) and Ynp €
Vip (1) be the solution to the variational formulation (2.1) with V;,,(7;) given
by (4.4). Set the volume penalty function ( and the stabilization functions «, 8 as
in Theorem 2. Then, the following estimate holds

p+l
3 1 d+1)7 _1 1
|||W_‘//hp|HDGSEVGCIHQTPW Z hK,2h2+
K=Kyx KT,
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1
3P -1, p+1 P d+2 . p—1
+(p+ Dhi hi +1qu(Tp) | hyg h' ™ +2(p + Dhi + p(p + 1) 2d D hih

d+2 \2 _
+ )max{th,hK,}hf(l

2(d+1)

+ (p + D max{hg,, hg g + p(p+1) (
+1 : -1 ;-1 +1
+HIVIleo g, maxthy. hi Yhg +minfhy . hig Yhie ]chw "

Moreover, ifhg, =~ hg, forall K € Ty, there exists a positive constant C independent
of the mesh size h, but depending on the degree p, the L°°(Q7) norm of V, the trace
inequality constant Cy in (3.6), the local quasi-uniformity parameter Iqu(7},) and the
measure of the space—time domain Qr such that

|||1ﬁ _wth'DG =< C Z h; |w|cp+1(K).
KkeT,

Proof The proof follows from the choice of the volume penalty function u and the
stabilization functions «, B, the quasi-optimality bound (3.4), bound (3), the inequal-
ity /IVI; < SN, /Tuil Vv € RY, Proposition 4, and the estimate (4.1). |

The a priori error estimate in Theorem 3 requires stronger regularity assumptions
on ¢ than Theorem 2 (namely ¥ € CPT!(7,) instead of ¥ € HPT!(7},)) due to
the fact that QT? (K) is tailored to contain the Taylor polynomial T(’;:’IIK ) ], but in
general it does not contain the averaged Taylor polynomial QP*! [y].

Remark 6 (Non-polynomial spaces) Optimal h-convergence estimates can also be
derived for non-polynomial spaces, by requiring the local space Vy,(K) to contain
an element whose Taylor polynomial coincides with that of the exact solution. This is
the approach in [11] for the Trefftz space of complex exponential wave functions for
the Schrodinger equation with piecewise-constant potential.

4.3.1 Basis functions and dimension

So far, we have not specified the dimension and a basis for the space QT? (K), which
is the aim of this section.

Recalling that rg,, = dim (PP (RY)) = (”47), let {ifiq},-"; and {7ig}s""" be bases
of P, (R?) and P p—1 (RY), respectively. We define

p+d)+<p+d—1) _(p+d—DI2p+d)

n =Trqptrdp-1=
d+1.p d,p T Fdp-1 (d d d!p!

and the following n441,, elements of QT” (K)

by X;P,-):ﬁj andaxlbj (Xg(l),-)zo ifJfrd,p

by <X3(1), ) =0 and axlbj (Xg(l), ) Zﬁjfrdyp ifrd,p < andJFl,p
(4.6)

{bj € QT” (K) : l
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)]

d ), ) denotes the restrictionof g : K — Ctox; = Xy , where xg) is the

where g (

first component of xg € R4,
Any element g, € QT” (K) can be expressed in the scaled monomial basis as

X — Xg jx t—tK jt
o= Lo (52 (52)

ljl<p

for some complex coefficients {C i } l<p" By the conditions D7 Sgq »(Xk, tg) = 0 for
all |j| < p—2, in the definition of QT? (K'), we have the following relations between
the coefficients

d

1
_(j; + DCjgit + 3 D U + Dlx, +DCT 120
K ¢=1
-tz
B ( K— z)'DJ_ZV(XK”K)CzJ =
Z<] J
which can be rewritten as
1
Ci = = 2ih +1Dc! 4.7
Jxt2erji (jx1+1)(le+2)( ihg Ge+DCj iy 4.7
d \J\ |z|4+2
=Y Ux, + DUy, +2C) 1o, +2 Z DIV (kL 110G )
=2 z<j

The conditions imposed in (4.6) on the restriction of by tox; = x%) fix the coefficients
of their expansion for all j with j,, € {0, 1}. In Figs. 1 and 2, we illustrate how the
coefficients that are not immediately determined by the conditions in (4.6) (i.e., those
for j,, > 2) are uniquely defined and can be computed for the (1 + 1)- and (2 + 1)-
dimensional cases using the recurrence relation (4.7).

Proposition 5 The set of functions {bJ}n"Ur1 "7 defined in (4.6) are a basis for the
space QTP (K). Therefore,

(p+d—-DI2p+4d)
d!p!

dim (QT7 (K)) =ngs1.p=

d+1+p

g )=O,Hoo<pd“).

=0pooo(p) < dim(P? (K)) = (

Proof We first observe that the set of polynomials {b;} ‘Hl b

is linearly independent
due to their restrictions to x; = x! K On the other hand the relations (4.7), imply

that ¢, is uniquely determined by its restriction g, (X K , -) and the restriction of its
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Jt
Cj. i
p
@ coefficient
DN relation
0 Jo

Fig.1 A representation of the relations defining the coefficients of b for the (1+1)-dimensional case. The

colored dots in the (ji, ji) plane represent the coefficients C, ;,. Each shape :)>\o connects three dots
located at the points (jy, jr + 1), (jx, jr) and (jx + 2, jr): this shape represents one of the equations (4.7)
which, given Cj (j,+1) and Cj, j;, allows to compute C(j, 12);,- If the 2p + 1 values with jx € {0, 1}
(corresponding to the blue nodes in the shaded region) are given, then these relations uniquely determine
all the other coefficients, which can be computed sequentially using the relations (4.7) by proceeding left
to right in the diagram. In the figure p = 7, the number of nodes is r , = 36, the number of nodes in the
shaded region is np ,, = 15, the number of relations is 1 , —na , = 21

derivative dy,gp (x%l), -). In addition, there exist some complex coefficients {ks}?:]"”
such that

Yd,p rd,p

1 ~ 1

dp (ng)7 ) = Z)\sms(') = Z)\sbs <X5(), ) )

s=1 s=1
nd+1,p nd+1,p

1 ~ 1

8x|ql7 (ng)a ) = Z )\xmsfrd,p(') = Z )‘saxlbs(xg()’ ),
s=rq,p+1 s=rq p+l
whence g, = Z::rll‘p Asbg, which completes the proof. O

Remark 7 (Quasi-Trefftz basis construction: difference between Schrodinger and
wave equations). The definition of the basis functions b in (4.6) can be modified by fix-
ing the restriction of by and its partial derivative d0x,bj to x¢ = X%) foranyl < (£ <d.
However; it is not possible to assign the values for a given time t = tg, as the order
of the time derivative appearing in the Schrodinger equation is lower than the order
of the space derivatives. How this affects the basis construction is visible from Fig. 1:
the coefficients (the colored dots) can be computed sequentially when all the other
coefficients of a relation (the Y-shaped stencil) are known, so it is possible to reach all
dots moving left to right, but not moving bottom to top. Imposing the values at a given
time is possible for the wave equation, as it is done in [19, §4.4), precisely because in
that case time and space derivatives have the same order.
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oJt

Fig.2 A representation of the relations defining the coefficients of b ; for the (2+1)-dimensional case. The
colored dots in position j = (jx, jy, ji), |j| < p, correspond to the coefficients C;_; ;. (here p =5
and rp = 56). Each white circle is connected by the segments to four nodes and represents one of the
equations in (4.7): given C, Jy e Cj, JyGetD) and Cj,r(j)r+2)j1’ it allows to compute C(j,x+2)jy ji (the
leftmost of the four nodes connected to a given white circle) using (4.7). The red dot exemplifies one of
these relations, for j = (0, 1, 2). Given the (p + 1)2 coefficients with jy € {0, 1} (the blue dots), all other
coefficients are uniquely determined

Remark 8 (Constant potential case). The space QTP (K) does not reduce to a Trefftz
space for the case of constant potential V. Nonetheless, the pure Trefftz space T ,(K)
defined as

T,(K) = {q, € PP(K) : Sqp =0},

does not possess strong enough approximation properties to guarantee optimal h-
convergence. In particular, it does not contain the Taylor polynomial of all local
solutions to the Schrodinger equation; ford = 1, p = 1l and V = Q, 'JTI,(K) =
span {1, x}; however, ¥(x,t) = exp (x + %I) satisfies SY = 0, and T(f)fo)l [v] =
L+x+ 5t ¢ Tp(K).

Remark 9 (Trefftz dimension). As seen in Proposition 5, the quasi-Trefftz polynomial
space has considerably lower dimension than the full polynomial space of the same
degree. This “dimension reduction” is common to all Trefftz and quasi-Trefftz schemes.
In particular, the dimensionng41,p of QTP (K) is equal to the dimension of the space of
harmonic polynomials of degree < p in R?*1 the Trefftz space of complex exponential
wave functions for the Schrodinger equation with piecewise-constant potential in [11],
the Trefftz and quasi-Trefftz polynomial space for the wave equation in [27, Eqgs. (42)—
(43)] and [19].
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5 Numerical experiments

In this section we validate the theoretical results regarding the h-convergence of

the proposed method, and numerically assess some additional features such as p-

convergence and conditioning. Although we do not report the results here, optimal

convergence rates of order O (h”*!) are observed for the error in the L?(Qr)-norm.
We list some aspects regarding our numerical experiments

e We use Cartesian-product space—time meshes with uniform partitions along each
direction, which are a particular case of the situation described in Remark 1.

e We choose (Xg, fx) in the definition of the quasi-Trefftz space QT? (K) in (4.3)
as the center of the element K.

o In all the experiments we consider Dirichlet boundary conditions.

e The linear systems are solved using Matlab’s backslash command.

e The quasi-Trefftz basis functions {b J}';d;’l"" are constructed by choosing 7, and
m y in (4.6) as scaled monomials and by computing the remaining coefficients Cj
with the relations (4.7).

o In the h-convergence plots, the numbers in the yellow rectangles are the empirical
algebraic convergence rates for the quasi-Trefftz version (continuous lines). The
dashed lines correspond to the errors obtained for the full polynomial space.

5.1 (1 + 1)-dimensional test cases

We first focus on the (1 + 1)-dimensional case, for which families of explicit solutions
are available for some well-known potentials V.

5.1.1 h-convergence

In order to validate the error estimates in Theorems 2 and 3, we consider a series of
problems with different potentials V. No significant difference in terms of accuracy
between the quasi-Trefftz and the full polynomial versions of the method with the
same polynomial degree p (corresponding to different numbers of DOFs ny41 , and
Yd+1,p respectively) is observed in all the experiments.

Harmonic oscillator potential (V(x) = ©32) For this potential, the Schrodinger
equation (1.1) models the situation of a quantum harmonic oscillator for an angular
frequency w > 0. On Qr = (-3, 3) x (0, 1), we consider the following well-known
family of solutions (see, e.g., [13, Sect. 2.3])

1 w\ 1/4 1 .
Yp(x,t) = eI (;) H, (\/ax) exp <—§ (a)x2 + (2n+ 1)1@[)) neN,
5.

where H, () denotes the n-th physicist’s Hermite polynomials as defined in [29,
Table 18.3.1, denoted by H, (-)].

In Fig. 3, we present the errors obtained for o = 10, n = 2 and a sequence of
Cartesian meshes with uniform partitions and 4, = h; = 0.05 x 271 i =0,...4.
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(c) DG error

(d) L%-error at T =1

Fig.3 h-convergence for the (1 + 1) quantum harmonic oscillator problem with potential (V(x) = 50x2)

and exact solution v, in (5.1). Convergence with respect to the mesh size / (top panels) and the total number
of degrees of freedom (bottom panels)

Rates of convergence of order O (h?) in the DG norm are observed, as predicted by
the error estimate in Theorem 3. A convergence of at least order O (h” ‘H) is observed
for the L2-error at the final time, which is faster (by a factor k) than the order that
can be deduced from the estimates in Theorems 2 and 3. We have also included the
plots for the error decay with respect to the total number of degrees of freedom, where
the same A-convergence rates are observed for both versions of the method (see also
the p-convergence plot in Fig. 4a for a clearer understanding of the dependence of the
error on p).

Due to the fast decay of the exact solution close to the boundary (see Fig. 5 (panel a),
the energy is expected to be preserved. In Fig. 6, we show the evolution of the energy
error, and the convergence of the energy loss &, to zero for the quasi-Trefftz version.
In the latter, rates of order O (h2” ) are observed, which follows from Remark 5 and
the error estimates in Theorems 2 and 3.

Reflectionless potential (V (x) = —a®sech?(ax)) This potential was studied in [5] as
an example of a reflectionless potential. On the space—time domain Q7 = (-5, 5) x
(0, 1), we consider the Schrodinger equation with exact solution (see [13, Problem

@ Springer



15 Page 22 of 34 S.Gémez, A. Moiola
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Fig.4 p-convergence for the coarsest mesh in the (1 + 1)-dimensional problems

2.48])

Yx, 1) = ﬁi\_/;itin:(“x) exp (i (ﬁx—z)). (5.2)

In Fig. 7, we show the errors obtained for a sequence of meshes with b, = 2k, =
02x27% i=0,...,4, anda = 1. As in the previous experiment, rates of conver-
gence of order O (h?) and O (hp “) are observed in the DG norm and the L? norm
at the final time, respectively. The real part of the exact solution is depicted in Fig. 5
(panel b).

Morse potential (V(x) = D(1 — e~**)2) This potential was introduced by Morse
in [28] to obtain a quantum-mechanical energy level spectrum of a vibrating, non-
rotating diatomic molecule. There, the following family of solutions was presented
(see also [6])

Yan(x, 1) = N, n)& )220 (£ (1)) (5.3)
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(c) V(z) = 8(1 — exp(—4x))? (d) Square-well potential (Vi = 20)

Fig.5 Real part of the exact solutions for the (1 + 1)-dimensional problems

X exp <—é(2—x) —it L(n +1/2) — %(n + 1/2)2J a)o) ,

where |- | is the floor function,n =0, ..., |[A—1/2], ]L,(f‘) denote the general associated
Laguerre polynomials as defined in [29, Table 18.3.1] and

(2,\—2n—1)r(n+1)J5 ,_2D

N()»,n):{ T o E(x)=2Arexp(—ax), w,=+2Dc.

In Fig. 8, we show the errors obtained for the Morse potential problem with D = 8§,
o = 4 and exact solution v 1 on the space—time domain Qr = (—0.5,1.5) x (0, 1)
for a sequence of meshes with i, = h; = 0.1 x 271 i =0,...,4 The observed rates
of convergence are in agreement with those obtained in the previous experiments. The
real part of the exact solution is depicted in Fig. 5 (panel c).

Square-well potential We now consider a problem taken from [11], whose exact
solution is not globally smooth. On the space—time domain Q7 = (—+/2, v/2) x
(0, 1), we consider the Schrodinger equation with homogeneous Dirichlet boundary
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.7 h-convergence for the (1 4 1) problem with potential V (x) = —sech? (x) and exact solution (5.2)
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(a) DG error
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Fig.8 h-convergence for the (14 1)-dimensional problem with Morse potential V (x) = D(1— exp(—otx))2

for D = 8 and o = 4 with exact solution (5.3)
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Fig.9 h-convergence for the (1 + 1)-dimensional problem with the square-well potential V (x) in (5.4)

conditions and the following square-well potential

_ 0 x e (—1,1),
V(x)‘{ Vo xe(=v2VD)\ (-1 D), G
for some fixed V, > 0. The initial condition is taken as an eigenfunction (bound state)
of —%33 + V oon (—v/2,V/2):

cos (k*ﬁx) x e (—1,1),

( )= CcOos .
W= st o (/70 - VAR (VA VD (10,

where k. is a real root of the function f (k) := / Vi — k% — k tan(k) tanh(y/ Vi — k2).
The solution of the corresponding initial boundary value problem (1.1) is ¥ (x, t) =
o (x) exp(—ik>t) and belongs to the space HP+!(7;,)NC™ (I; C! (Q)) \C* (I; C* (Q))
for all p € N, provided that 7}, is aligned with the discontinuities of the potential V;
therefore, Theorems 2 and 3 apply. Among the finite set of values k, for a given Vi, in
this experiment we take the largest one, corresponding to faster oscillations in space
and time.

In Fig. 9, we show the errors obtained for V,, = 20 (k, ~ 3.73188) and a sequence
of meshes with h, = ﬁhx =01x27% i=0,...,4. Optimal convergence in both
norms is observed for the errors of the quasi-Trefftz version of the method.

5.1.2 Effect of stabilization and volume penalty terms

In this experiment we are interested in the effect of neglecting some of the terms
in the variational formulation (2.1). To do so, we consider the (1 4+ 1)-dimensional
quantum harmonic oscillator problem with exact solution (5.1). In Tables 1 and 2
(quasi-Trefftz space) and Tables 3 and 4 (full polynomial space) we present the errors
in the DG norm obtained for the same sequence of meshes and approximation degrees

@ Springer



15 Page 26 of 34 S.Gémez, A. Moiola

Table 1 &-convergence for the quasi-Trefftz version applied to the quantum harmonic oscillator problem
with potential V (x) = 50x2 and exact solution Y in (5.1) for different combinations of the stabilization
parameters «, B and volume penalty parameter 7 0. Convergences rates are shown in bold

u=maxthg, , hg}

h a:ﬁ,ﬂ:hpx «=08=0 a:i,ﬂ:() a=0,8=hp,
DGerror  Rate DGerror Rate DGerror Rate DGerror  Rate
p=1
7.07e—02  1.00e+00 — 9.8le—01 — 1.0le+00 — 1.00e+00 —
3.54e—-02 7.67e—01 0.39 4.76e—01 1.04 6.72¢—01 0.58 6.53e—01  0.62
1.77e—02  4.40e—01 0.80 2.14e—01 1.15 3.62e—01 0.89 3.40e—01 0.94
8.84¢—03 2.29¢e—01 0.94 1.0le—01 1.08 1.85¢—01 0.97 1.70e—01  1.00
4.42e—03 1.16e—01 0.98 4.96e—02 1.03 931e—02 0.99 8.49¢—02 1.00
p=2
7.07e—02 4.47e—01 — 2.59e—-01 — 2.99%—-01 — 437e-01 —
3.54e—02 1.27e—01 1.82 6.90e—02 191 8.24e—02 1.86 1.20e—01 1.87
1.77e—02  3.28e—02 1.95 1.78e—02 196 2.15¢—02 1.94 3.05e—02 1.97
8.84¢—03 8.29¢e—03 1.98 4.50e—03 198 5.48e—03 1.97 7.68e—03 1.99
4.42e—03 2.08e—03 1.99 1.13e—03 199 1.38¢—03 1.98 1.93e—03  2.00
p=3
7.07e—02 854e—02 — 5.73e—-02 — 5.87e—02 — 8.65e—02 —
3.54e—02 1.27e—02 2.75 8.00e—03 2.84 8.28e—03 2.83 1.27e—02 2.77
1.77e—02 1.77e—03 2.84 1.08e—03 2.89 1.12e—03 2.88 1.75e—03  2.86
8.84e—03 2.35e—04 291 1.42e—04 293 1.48¢e—04 2.93 2.32e—04 292
4.42e—03 3.04e—05 2.95 1.82e—05 296 1.90e—05 2.96 2.99¢—-05 2.96
p=4
7.07e—02 1.06e—02 — 9.36e—03 — 9.27e—03 — 1.08e—02 —
3.54e—02 7.93e—04 3.74 6.56e—04 3.84 6.64e—04 3.80 7.95e—04  3.76
1.77e—02 5.97e—05 3.73 4.59¢e—05 3.84 4.66e—05 3.83 5.94e—-05 3.74
8.84¢—03 4.42¢e—06 3.76 3.16e—06 3.86 3.21e—06 3.86 4.39e—06 3.76
4.42e—03 3.13e—07 3.82 2.11e—07 390 2.14e—07 3.90 3.11e—07 3.82

as in the previous section, for different combinations of the stabilization terms «,
and the volume penalty parameter . Although the proof of well-posedness of the
method (2.1) relies on the assumption that «, 8 and w are strictly positive, in our
numerical experiments, the matrices of the arising linear systems are non-singular and
optimal convergence rates are observed even when all these parameters are set to zero.
Moreover, the errors obtained when « = 0 or 8§ = 0 are smaller as some terms in
the definition (3.1) of |||, vanish, while the presence of u seems to have just a mild
effect in the results. Not shown here, similar effects were observed for the error in
the Lz(fZ)-norm.
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Table 2 /-convergence for the quasi-Trefftz version applied to the quantum harmonic oscillator problem
with potential V (x) = 50x2 and exact solution Y in (5.1) for different combinations of the stabilization
parameters «, B and volume penalty parameter ; = 0. Convergences rates are shown in bold

nw=0
h a:i,ﬂ:hpx «=08=0 a:i,ﬂ:() a=0,8=hp,
DGerror  Rate DGerror Rate DGerror Rate DGerror  Rate
p=1
7.07e—02  1.04e+00 — 1.16e+00 — 1.07e+00 — 1.09e+00 —
3.54e—02 7.78¢e—01 0.43 5.02e—01 121 6.84e—01 0.64 6.69¢e—01  0.70
1.77e—02  4.42¢—01 0.81 2.18e—01 1.20 3.64e—01 0.91 3.42e—01 0.97
8.84¢—03 2.29¢e—01  0.95 1.02e—01 1.09 1.85¢—01 0.97 1.71e—01  1.00
4.42e—03 1.16e—01 0.99 4.98¢—02 1.04 9.32¢—02 0.99 8.50e—02  1.01
p=2
7.07e—02 4.63e—01 — 2.96e—01 — 323e—-01 — 4.60e—01 —
3.54e—02 1.29¢e—01 1.84 7.38e—02 2.00 8.58e—02 191 1.23e—01  1.90
1.77e—02  331e—-02 197 1.84e—02 2.01 2.19¢e—-02 1.97 3.09¢e—02 1.99
8.84¢—03 8.33e—03 1.99 4.58¢—03 2.00 5.54e—03 1.99 7.73e—03  2.00
4.42e—03  2.09e—03 2.00 1.14e—03 2.00 1.39¢e—03 1.99 1.93e—03  2.00
p=3
7.07e—02 8.73e—02 — 7.84e—02 — 7.59e—-02 — 8.85e—02 —
3.54e—02 1.31e—02 2.74 9.65e—03 3.02 9.72¢—03 2.96 1.31e—02 2.76
1.77e—02  1.82¢e—03 2.85 1.20e—03 3.01 1.23e—03 2.98 1.80e—03  2.86
8.84e—03 2.39e—04 2.92 1.50e—04 3.00 1.55e—04 2.99 2.36e—04 293
4.42e—03 3.07e—05 2.96 1.87e—05 3.00 1.95¢—05 2.99 3.02e—05 2.97
p=4
7.07e—02  1.09e—02 — 1.71e—02 — 1.56e—02 — 1.12e-02 —
3.54e—02 7.97e—04 3.77 9.77e—04 413 9.60e—04 4.02 7.98e—04  3.81
1.77e—02  6.02e—05 3.73 597e—05 4.03 5.98¢—05 4.00 5.99e—-05 3.73
8.84¢—03 4.50e—06 3.74 3.7le—06 4.01 3.74e—06 4.00 4.48e—06 3.74
4.42e—03 3.19e—07 3.82 231e—07 4.00 2.34e—07 4.00 3.17e—-07 3.82

5.1.3 p-convergence

We now study numerically the p-convergence of the method, i.e., for a fixed space—
time mesh 7, we study the errors when increasing the polynomial degree p. We
consider the (1 4+ 1)-dimensional problems above with the same parameters and the
coarsest meshes for each case. In Fig. 4, we compare the errors obtained for the
method with the two choices for the discrete space Vy,, (73) analyzed in the previous
sections: the full polynomial space (4.2) and the quasi-Trefftz polynomial space (4.4).
As expected, for the quasi-Trefftz version we observe exponential decay of the error of
order O (e~?Npors), where Np,F; denotes the total number of degrees of freedom. As

for the full polynomial space, only root-exponential convergence O (e_c‘/ Npor f) is
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Table 3 h-convergence for the full polynomial version applied to the quantum harmonic oscillator problem
with potential V (x) = 50x2 and exact solution Y in (5.1) for different combinations of the stabilization
parameters «, B and volume penalty parameter 7 0. Convergences rates are shown in bold

u =maxf{hg, , hg,}

h a:i,ﬂ:h& «a=08=0 a:i,ﬁzo a=0,8=hp,
DG error Rate DG error Rate DG error Rate DG error Rate
p=1
7.07e—02  1.00e+00 — 9.8le—01 — 1.0le+00 —
3.54e—02 7.67e—01 0.39 4.76e—01 1.04 6.72¢—01 0.58 1.00e+00  —
1.77e—02  4.40e—01  0.80 2.14e—01 115 3.62e—01 0.89 3.40e—01 0.94
8.84¢—03  2.29e—01 0.94 1.0le—01 1.08 1.85¢—01 0.97 1.70e—01  1.00
442e—03 1.16e—01 0.98 4.96e—02 1.03 9.31e—02 0.99 8.49¢—02  1.00
p=2
7.07e—02 4.46e—01 — 2.55¢e—-01 — 2.96e—01 — 434e—01 —
3.54e—02 1.27e—01 1.81 6.88¢—02 1.89 8.22¢—02 1.85 1.20e—01 1.86
1.77e—02  3.28e—02 1.95 1.77e—02 195 2.15¢—-02 1.94 3.05e—02 1.97
8.84e—03  8.29¢—03 1.98 4.50e—03 198 548e—03 1.97 7.68¢—03  1.99
442e—03 2.08e—03 1.99 1.13e—03 199 1.38e—03 1.98 1.93e—03  2.00
p=3
7.07e—02 7.62e—02 — 4.67e—02 — 493e—-02 — 7.65e—02 —
3.54e—02 1.03e—02 2.89 6.22e—03 291 6.68¢—03 2.88 1.0le—02  2.92
1.77e—02  1.33e—03 2.96 8.05e—04 295 8.7le—04 2.94 1.29e—03  2.97
8.84e—03  1.68e—04  2.98 1.03e—04 297 1.1le—04 297 1.62e—04  2.99
442e—03 2.11e—05 2.99 1.30e—05 2.99 1.4le—05 2.98 2.03e—-05 2.99
p=4
7.07e—02 8.63e—03 — 6.05e—03 — 6.14e—03 — 8.74e—03 —
3.54e—02 5.82e—04 3.89 3.95¢e—04 3.94 4.10e—04 3.90 5.77e—04  3.92
1.77e—02  3.74e—05 3.96 2.54e—05 396 2.66e—05 3.95 3.67e—05 3.97
8.84e—03 2.37e—06 3.98 1.62e—06 397 1.69¢e—06 3.97 2.32e—06 3.99
442e—03 1.49¢e—07 3.99 1.02e—07 3.99 1.07e—07 3.98 1.45e—07 3.99

expected. The superiority of the quasi-Trefftz version is evident in all cases. Exponen-
tial convergence of space—time Trefftz and quasi-Trefftz schemes has been observed in
several cases [1, 11, 17, 30] but no proof is available yet (differently from the stationary
case [16, §3]). In general, for a (d + 1)-dimensional problem, we expect exponential
convergence of order O(e™? YN DoFs) and O(e™¢ YN boFs) for the quasi-Trefftz and
full polynomial versions, respectively.

5.1.4 Conditioning
We now assess the conditioning of the stiffness matrix. In Fig. 10 we compare the
2-condition number x> (-) for the stiffness matrix K, defined in Remark 1, for the free

particle problem V = 0 on the space—time domain Q7 = (0, 1) x (0, 1). We consider
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Table4 h-convergence for the full polynomial version applied to the quantum harmonic oscillator problem
with potential V (x) = 50x2 and exact solution Y in (5.1) for different combinations of the stabilization
parameters «, B and volume penalty parameter ; = 0. Convergences rates are shown in bold

n=0
h a:i,ﬂ:h& «a=08=0 a:i,ﬁzo a=0,8=hp,

DG error Rate DG error Rate DG error Rate DG error Rate
p=1
7.07e—02  1.04e+00 — 1.16e+00 — 1.07e+00 — 1.09e+00 —
3.54e—02 7.78¢e—01 0.43 5.02e—01 1.21 6.84e—01 0.64 6.69e—01  0.70
1.77e—02  4.42e—01 0.81 2.18e—01 1.20 3.64e—01 0.91 3.42e—01 097
8.84¢—03  2.29¢—01  0.95 1.02e—01 1.09 1.85¢—01 0.97 1.71e—01  1.00
442e—03 1.16e—01  0.99 4.98¢e—02 1.04 9.32e—02 0.99 8.50e—02 1.01
p=2
7.07e—02 4.63e—01 — 2.93e—-01 — 322e-01 — 4.57e-01 —
3.54e—02 1.29¢—01 1.84 7.36e—02 199 857¢—-02 191 1.23e—01 1.90
1.77e—02  3.31e—02 197 1.84e—02 2.00 2.19¢e—02 1.97 3.09¢e—-02 1.99
8.84e—03  8.33e—03 1.99 4.58¢e—03 2.00 5.54e—03 1.98 7.72¢—03  2.00
4.42e—03 2.09e—03  2.00 1.14e—03 2.00 1.39¢e—03 1.99 1.93e—03  2.00
p=3
7.07e—02  8.09e—02 — 5.42e—-02 — 5.54e—-02 — 8.19¢e—02 —
3.54e—02 1.06e—02 2.93 6.74e—03 3.01 7.12e—03  2.96 1.0de—02  2.97
1.77e—02  1.35e—03 2.98 8.4le—04 3.00 9.02¢—04 2.98 1.31e-03  3.00
8.84e—03  1.69e—04  2.99 1.05e—04 3.00 1.13e—04 2.99 1.64e—04  3.00
442e—03 2.12¢e—05 3.00 1.3le—05 3.00 1.42¢e—05 3.00 2.04e—05  3.00
p=4
7.07e—02 9.27¢e—03 — 6.96e—03 — 6.94e—03 — 9.48e—03 —
3.54e—02 6.03e—04 3.94 4.27e—04 4.03 4.39—-04 3.98 5.99¢—04  3.99
1.77e—02  3.81e—05 3.98 2.66e—05 4.01 2.76e—05 3.99 3.74e—05 4.00
8.84¢—03  2.39e—06 3.99 1.66e—06 4.00 1.73e—06 3.99 2.34e—06 4.00
442e—03 1.50e—07 4.00 1.04e—07 4.00 1.08¢—07 4.00 1.46e—07  4.00

the proposed polynomial quasi-Trefftz space in (4.4), the full polynomial space in (4.2)
and the pure Trefftz space of complex exponential wave functions T, (7)) proposed

in [11]. A basis {¢¢}.2 T € T,(73) was defined in [11] as

K2

de(x, 1) =exp i W—Tﬁr ., e=1,....2p+1. (5.5)

We consider two choices for the parameters «;: the arbitrary choice used in [11]
kK¢ = —p, ..., p, and the choice k; = 2w {/h, which makes the basis orthogonal
in each element. The conditioning number k> (K) for the quasi-Trefftz space, the full
polynomial space, and the Trefftz space with orthogonal basis asymptotically grows
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Fig. 10 Conditioning of the stiffness matrix for the DG method with different discrete spaces

as O (h’]) for all p € N, while for the Trefftz space with a non-orthogonal basis,

asymptotically grows as O (h_(2P+1)). Unfortunately, with higher dimensions and
non-Cartesian elements, choosing the parameters and directions defining the basis
functions {¢,} so as to obtain an orthogonal basis is more challenging.

5.2 (2 + 1)-dimensional test cases

We now present some numerical test for space dimension d = 2. We recall that we
use Cartesian space—time meshes with uniform partitions along each direction.

5.2.1 h-convergence

Singular time-independent potential (V(x,y) = 1 — 1/x* — 1/y*) We consider the
(2 4+ 1)-dimensional problem on Q7 = (0, )2 x (0, 1) with exact solution (see [33])

Y(x,y, 1) = xzyzei'. (5.6)
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Fig. 11 h-convergence for the (2 + 1)-dimensional problem with potential V (x,y) = 1 — l/x2 - l/y2
and exact solution (5.6)

In Fig. 11, we show the errors obtained for a sequence of meshes with h, =
hy = h; = 0.1, 0.0667, 0.05, 0.04 and different degrees of approximation p. As
in the numerical results for the (1 + 1)-dimensional problems, we obtain rates of
convergence of order O (h?) in the DG norm, and O (hp“) in the L% norm at the
final time.

Time-dependent potential (V (x,y,t) =2 tanh?(v/2x) —4(r — 1/2)342 tanhz(ﬁy) —
2) We now consider a manufactured problem with a time-dependent potential (see [7]).
On the space—time domain Q7 = (0, )2 x (0, 1) the exact solution is

W (x, y, 1) = ie U2 sech(x)sech(y). (5.7)

In Fig. 12 we show the errors obtained for the sequence of meshes from the previous

experiment, and optimal convergence is observed in both norms.
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Fig. 12 h-convergence for the (2 + 1)-dimensional problem with time-dependent potential V (x, y, t) =
2 tanh? (ﬁx) —4(t —1/2)3 + 2 tanh? (ﬁy) — 2 and exact solution (5.7)
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Fig. 13 p-convergence for the (2 + 1)-dimensional problems

5.2.2 p-convergence

In Fig. 13 we show the results obtained for the p-version of the method applied to the
(2+1)-dimensional problems above, on the coarsest mesh. As expected, for the (2+1)-
dimensional case, the error of the quasi-Trefftz version decays root-exponentially
as O (e’b*/m )

6 Concluding remarks

We have introduced a space-time ultra-weak discontinuous Galerkin discretization
for the linear Schrodinger equation with variable potential. The DG method is well-
posed and quasi-optimal in mesh-dependent norms for any space dimension d € N,
and for very general prismatic meshes and discrete spaces. We proved optimal /-
convergence of order O (h”), in such a mesh-dependent norm, for two choices of
the discrete spaces: the space of piecewise polynomials, and a novel quasi-Trefftz
polynomial space with much smaller dimension. When the space—time mesh has a
time-slab structure, the method allows for the decomposition of the resulting global
linear system into a sequence of smaller problems on each time-slab: this is equivalent
to an implicit time-stepping, possibly with local refinement in space—time. We present
several numerical experiments that validate the accuracy of the method for different
potentials and high-order approximations.
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