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Abstract

This paper provides a new framework for the derivation and estimation of consumption and the equity
premium functions. The novelty in our approach is that it does not require the explicit specification of
the underlying consumer preferences. Applying duality in a dynamic context, we derive simple explicit
expressions for both consumption and equity premium. We show that equity premium and consumption
functions can be easily obtained by "Roy’s Identity like" equations from the indirect utility function.

Using aggregate US data (1929-2000) we estimate the consumption and equity premium functions
using a nonparametric technique. We find that the model does well in explaining the observed smooth
consumption patterns and does reasonably well in explaining the high mean and volatility of equity
premia.
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1 Introduction

Following the seminal paper of Mehra and Prescott (1985), macroeconomists faced a
serious challenge to solve, what has become known as, the equity premium puzzle. The
challenge is to find a general equilibrium model which can replicate the observed smoothness
of aggregate consumption, as well as the high mean and volatility of equity premia.! Within
the consumption capital asset pricing framework (known as consumption CAPM), several
preference structures were proposed to solve this puzzle.? These include: habit formation,
time nonseparability and nonexpected utility. While these preference structures enrich our
understanding and address some aspects of the puzzle, they often pose serious technical
difficulties. One of the major challenges is tractability. As one enriches the preference
structures, it becomes increasingly difficult to obtain a tractable solution for consumption
and equity premium. On the other hand, when one can obtain closed form solutions for
consumption and equity premium, the restrictions imposed by preferences are, often, rejected
by the data. At this point, it is still a challenge to find a framework that: (i) allows for
sufficiently general preferences; (ii) maintains the spirit of the consumption CAPM; (iii) is
tractable; and (iv) can address the equity premium puzzle.

The purpose of this paper is twofold. First, we provide an alternative, more general
and practically useful framework for the derivation of consumption and equity premium
functions. Second, we implement the methodology empirically and use it to address the
equity premium puzzle.

The theoretical idea is simple and is based on the methodology that is, by now, standard
in the applications of duality in consumer and producer theories. Rather than focusing on
the primal utility function, we focus on the dual indirect utility function (IUF, hereafter)
and show that relationships of interest can be easily derived from this IUF. Specifically, we
use principles of duality, applied in a dynamic context, to derive the consumption function
and an explicit simple expression for the equity premium. It turns out that the equity pre-
mium can be easily obtained from the ratio of marginal utilities (obtained from the IUF)
of the standard deviation and the mean of market returns. This implies that the Sharpe
Ratio is easily obtained, within a general equilibrium setting, by the slope of the IUF, in
mean /standard deviation space. This result is reminiscent of the standard result in mean
variance portfolio choice theory. Similarly, the consumption function is easily obtained from
the ratio of marginal utilities of means of market return and household income. These ex-
pressions provide simple estimable equations for equity premium and consumption functions,
while being consistent with the underlying general equilibrium model.

Our approach has several advantages. First, by enabling us to derive an explicit and very
general expression for the equity premium, it provides considerable flexibility in addressing
the equity premium puzzle. Second, it is applicable to any underlying preference struc-
ture, including non-expected utility.> Third, the expressions for the equity premium and

IThe equity premium is calculated as the differeence between the return on a market portfolio (e.g., approximated by the
S&P returns) and the return on a risk free bond (measured by the US T-bill rate). The work following the seminal paper by
Mehra and Prescott (1985) tried to match the first moment of the equity premium. For the 1926-99 period, the equity premium
averaged about 7% according to Center for Research in Security Prices, and about 6% according to Mehra and Prescott (1985),
for the 1879-1979 period. Under reasonable assumptions, however, the standard asset pricing models predict an equity premium
of only 0.25%. Subsequently, Hansen and Jagannathan (1991), as well as Lettau and Uhlig (2002), emphasize the volatility
component of the equity premium puzzle.

2Qther possible explanations for the puzzle that were proposed in the literature include: market imperfections (Jagannathan,
McGrattan and Scherbina, 2000, Treynor, 1994) and crash state (Rietz, 1988). See also Cochrane and Hansen (1992) and
Kocherlakota (1996) for a literature review.

3The analysis of financial variables without committing to explicit preferences is becoming quite common. For example,



Sharpe ratio come directly from the indirect utility function, without explicitly involving the
preference based discount factor.*

We implement our approach empirically and use it to address the equity premium puzzle.
We estimate the consumption and equity premium functions, with US data for the period
1929-2000. To avoid the difficulties involved in choosing a functional form for the IUF, we
estimate the consumption and equity premium functions using a nonparametric estimation
technique, thus “letting the data” choose the appropriate form. We find that the model
explains the smooth consumption patterns very well. In addition, it performs reasonably
well in explaining the high mean and volatility of equity premia. It appears, therefore, that
our general framework (theoretically and empirically), allows us to make good progress in
addressing and trying to resolve the equity premium puzzle.

The paper is organized as follows. The following section lays out the theoretical frame-
work. Section 3 implements it empirically. Section 4 concludes.

2 Theoretical Framework

Consider a representative household who, at each date t,consumes ¢;, supplies a fixed
amount of labor (normalized at unity) to the firm, at a competitive wage, 1, and participates
in share and bond markets. A share is an ownership claim to the capital stock in the economy.
Define the stock of shares held by the household at date t as z;. At date ¢ the household
buys net shares of, z; — z;_1 at a price p;, in the stock market. Each share yields a dividend,
d;. The household also buys and sells bonds, b;, at a price p?, in the bond market. Such a
bond pays one unit of sure consumption in the following period.

The household, thus, faces the sequential budget constraint:

Zdy + P21 b+ =Ty = ¢+ praz + p?bt (1)
where T} is a lump-sum tax imposed by the government.’

The household’s wealth at date ¢, denoted by wy, is given by:

Wy = Z—1dy + prze—1 + b1+, — T

Using (1) one may rewrite the household’s budget constraint as:

W1 = (wy — ¢) [ResaMe + Rf(l — )]+ Y (2)
where

+d

Rt+1 — DPi+1 t+1 (3)
yZ;
Rl = (@)
P

Y+1 = ¢t+1 — T (5)

Alvarez and Jermann (2000) use asset prices to measure the cost of business cycles without fully specifying consumer preferences.

4In the consumption CAPM literature, the equity premium and the resulting Sharpe ratio depend on the consumption based
stochastic discount factor. Lettau and Uhlig (2002) show that one requires an implausibly large elasticity of this discount factor
with respect to the consumption innovations. Similar problems are reported by Hansen and Jagannathan (1991), who derive
an upper bound for the Sharpe ratio for asset returns. They show that one requires a highly variable stocahstic discount factor
to meet this upper bound, which is not consistent with the observed smooth process for consumption.

5Ty is the lump-sum taxes net of transfer. We assume that governement spending is wasteful in the sense that it does not
give houshold any direct utlity; nor does it serve any productive role in the economy.



and )\, is the market portfolio share, defined as:

Ptz
A Pz + piby ©)
The household solves its decision problem facing the processes {R;}, {y:}, {R!} as (para-
metrically) given. We assume that at each point in time, R;;; and y;,1 are continuous and
bounded random variables, but R{ is known. Let the evolution of R;; and y;.1 be given by
the stationary transition function G(Ry.1, yi11| Ry, v:). For any ¢, define the moments of the
distribution G as m;. Since the random variables are concentrated on a compact support, the
moments exist and uniquely determine the distribution G(.).% For any m; there is, therefore,
a unique distribution, denoted by G™*, whose moments are given by the same m,.
Following Kreps and Porteus (1978), given wealth w;, the joint distribution function,
G(.), and a continuous aggregator function, U, the solution to the household’s problem can
be obtained by solving the following functional equation:

o(wy; R{,Gmt) =

= Maxct,)xt U{Ct7 / ¢[<wt - Ct)[RH—l)‘t + R{(l - )\t)] + yt-l—l]dGmt} (7)

where ¢(wy; R{ , G™) is the value functional that characterizes the solution to the household’s
problem.

Given the relationship between distributions and moments, we can define the value func-
tion as:”

H(wy, R my) = ¢(wy; R, G™)
The value function, H (wy, R,{ ,my), is an indirect utility function and can be used in the
same way as in standard consumer theory. Moreover, H (wy, Rf ,my) can be shown to be
continuous and convex in m if we have expected utility and it maintains some monotonicity
properties.®
Assuming an interior solution, the first order conditions for consumption, ¢;, and the
portfolio share, )\, are given by:’

UsE, [MHEH} =1 (8)
and
A ;
B, | — - —
¢ Owy 1 (RtH Rt) 0 (9)

6Bounded support is a sufficient condition for the distribution function to be uniquely determined by the moments. This is
the so called “moments problem”. See, for example, Wilks (1964), Theorem 5.5.1. p. 126, Kendall (1969), Corollary 4.22, p.
110.

TSince ¢; € C and A\¢ € A, non-empty and compact subsets in R}r and given that F is continuous (and E¢[¢p(wit1;G) is
continuous in G), with a compact range, it follows from the Theorem of the Maximum (Berg (1963)), that ¢ is continuous and
the optimal solution is upper semi-continuous. This, of course, is the standard result from consumer theory. See Kreps and
Porteus (1978), Mas-Collel et. al. (1995). See also Machina (1984), where it is shown that, in the case of expected utility (in the
context of a static model), convexity and continuity in the distribution completely characterize the indirect utility functional,

so that any functional with these properties is the indirect utility functional for some preferences.

81f we do not have expected utility, H(wt, R{, m¢) may be either convex, or concave in the moments. The proofs are available
upon request.
9See Appendix A.I for derivation.



where

Rip1 = [Reahe + RL(1 = \y)] (10)
M4 is the stochastic discount factor, defined by:
_0¢
My = 25 (11)
Owt

_ ou
and Uz = 55 5tmmo

Since all households are identical, in equilibrium b; = 0 and it follows that:!°
A=1 (12)
which, in turn, implies that in equilibrium,
Riyi = Ri (13)

and the constraint (2) becomes:

Wipr = (W — ¢) Reyr + Yea (14)

Consequently, the first order conditions for consumption, (8) becomes:

U2Et [Mt+1 Rt+1] - ]. (15)

In principle, applying a primal approach, we could derive all underlying asset prices (re-
turns), solve for optimal consumption and then compute the equity premium. However, it is
very difficult to obtain closed form solutions for sufficiently general preferences. For simpler
preferences, closed form solutions are possible, but the restrictions imposed in these cases
are usually rejected by the data.!!

In the next section, we propose an alternative method for the derivation of consumption
and equity premium functions. This is a dual approach that uses the indirect utility function
to obtain explicit expressions for consumption and equity premium for any underlying pref-
erences. We show that consumption and equity premium are easily obtained as functions
of the moments of the forcing processes (as well as wealth) and can, therefore, be easily
estimated.

2.1 Consumption Function

One of the attractive features of our framework is that it enables us to derive the con-
sumption and equity premium functions for any underlying preferences by applying standard
duality principles. To see this, let the stochastic processes for 1,1, R;11 be parameterized
as:

Yip1 =Yg + Oys €y (16)

10See Appendix B for a more detailed discussion of the economy’s equilibrium.
I1See Lettau and Uhlig (2002) for an excellent survey of various types of closed form solutions for equity premium functions
and their limitations.




Rt+1 = Rt + OR, €Riy1 (17)

where €g,,,,€y,,, are white noise random variables (with zero mean and variance of one).
We also assume that the above processes satisfy stationarity conditions.
Using (16) and (17), the budget constraint is given by:

wt+1 = (wt - Ct){[ﬁt + URt ERt+1])\t + R{<1 - )\t)} + (?t + Uyt Eyt+1) (18)

and the household’s problem (7) can be rewritten as:

H(wbﬁtvgt; ORys Oyys R{a mi)
= Maze,,Ul(c, Ei[o((wy — ¢)[(Re + g, rp) M+ RE(1 = M)

(U + 0y €40 ); Ge)l) (19)
where G, is the distribution of the variables eg,, ,€,,., and m™ represents the moments of
G..

Differentiating the indirect utility function H and applying the Envelope Theorem, we
get: 12

Q

H

—~

)

o = Ual) () (20)
OHO) 1y Bl () (o

S = ) B0 (- e (21)
OHU) 1) B O = A — e (22)

OR!

which can be used to obtain the consumption function and the demand for the market
portfolio as:

_ . (OH()  0H(), 0H()
a=w—|Z5x OR! =5, (28)
_OH() OH()  OH()

M= TR /l OR,  OR! | (24

Since we are interested in equilibrium consumption and asset demand, let us consider the
implications of the economy’s equilibrium conditions. In equilibrium, all markets clear and
all prices, including R{ , are determined by the exogenous variables.!® Let the equilibrium
risk free rate, consumption and asset demand be given by R* = R (wy,m,), ¢ = ¢ (wy, my)
and \; (wy, my) respectively. Denote the derivatives of H, evaluated at the equilibrium, as:

12~ From the Theorem of the Maximum (Berg (1963)), it follows that the optimal solution for consumption is upper semi-
continuous. If, in addition, it is unique, then indirect utility is differentiable. This is the standard result in consumer theory
(see for example, Machina (1984)). Note that even if the utility function has kinks, the indirect utility function is differentiable
(with upper semi continuity and uniqueness). For example, a Leontief utility function gives rise to a differentiable indirect
utility function.

13Gee Appendix B.



OH(-) _ OH(x)
Tor laAaET T gy
fOI' alll' = wt,ﬁtyypo-Rt?O-yt?R{;

Since in equilibrium, \; = 1, it follows immediately from (24) that in equilibrium:

OH (%)
OR!

=0 (25)

In other words, in equilibrium, R{ will not affect utility, since the net supply of bonds in the
economy is zero.
The equilibrium consumption function is, therefore, given by:

_ 9H(») 9H(¥)
G o= w el / 7, (26)

= C:(wtuﬁbgtvalﬂvayw;mi) (27)

Equilibrium consumption easily obtained from the ratio of marginal utilities of R, and 7,
as a “Roy’s-Identity-like” equation. Furthermore, (26) is empirically tractable in terms of
the moments of R;,1, ;11 and wealth. In the next section we show how the indirect utility
function can be used to obtain the equity premium function as well.

2.2 Equity Premium and the Sharpe Ratio

Expanding equation (9), we obtain the expression for the equity premium, ep;, as:

covt[a—i%, Ry 1]

epr = Ey[Req] — R = — B[] (28)
L Owi 11
9¢
OVl Ry
T o (29)
Et[agil]
Applying the Envelope Theorem to H(-), we obtain:
OH() d¢
=UyE ) — A

Dor Us t[awt+1 er)(we — ci) e (30)

Evaluating this at the equilibrium and dividing by aaH—E(j) we get the equilibrium equity

premium as:'*:

. _[8H(*) 6H(*)] o (31)

do Ry 3?,:

* D = . —
€P; (wt7 Rt7 Yty ORy» Ogys > TN )

14Qee Appendix A.II. for derivation.



The equity premium can be easily related to the CAPM Sharpe ratio. Using (31), the
Sharpe ratio (sr;) can be written as:
ot = ey _8H(*)/8H_(*) (32)
OR, Oog, ' OR,
The Sharpe ratio, in our general equilibrium framework, turns out to be simply the slope
of the indifference curve (in Ry, or, space), given by the ratio of marginal utilities of the
standard deviation and mean return on market portfolio.

Equation (31) provides empirically tractable expressions for the equity premium. If we
know, or can estimate the form of the indirect utility function (and given information on the
exogenous variables), we can calculate the right hand side of (31). The attractive feature of
our model is that it enables us to obtain theoretical expressions for both the consumption
and equity premium, which are determined by the moments of the forcing processes (for R;
and y;) and the wealth. Furthermore, these expressions hold for any underlying preference
structure, including non-expected utility.

It is useful to contrast our approach to the standard approach in the literature. Since we
do not rely on a specific primal utility function, we do not encounter problems that often
arise from the choice of a specific functional form for the preference. For example, we are
immune to the empirical limitations of the standard constant relative risk aversion (CRRA)
class of utility functions frequently used in the literature.'®

Besides its empirical limitations, the CRRA utility function has theoretical limitations as
well. Geweke (2001) shows that the existence of an expected utility function is fragile with
respect to the change in the distribution function of the random variables. In our framework,
the stochastic discount factor, M, ;, is determined by the indirect utility function and the
moments of the underlying forcing process.! The only restriction is that the parameters of
H (-) must satisfy the restrictions required by an indirect utility function.!”

A standard problem with any “dual approach” is that it is not always possible to “go from
the dual to the primal.” As a result, it is not always possible to infer the exact properties
of underlying preferences from the indirect utility function. This is not a major issue in
our paper, because our objective is to study the equity premium, rather than the explicit
properties of preferences. We are able to study the equity premium without using an explicit
preference structure.

150ne needs an inordinately high risk aversion parameter if one uses a standard primal utility function of a constant relative
cll:; with a lognormal

Ct:trl ) (see Campbell,
Lo and Mackinlay, 1997, p. 307). One requires a large value of the risk aversion parameter v to reproduce the observed equity
premium. Epstein and Zin (1991) derive a flexible form power utility model which provides a useul form of the equity premium
nesting the consumption CAPM and the traditional CAPM. Using this nested model, Epstein and Zin and others test the
adequacy of consumption CAPM and find that CAPM predicts the equity premium better. However, their method again rests
on a specific functional form and the assumption of homoskedastic returns. Our method uses general preferences and allows for
heteroskedastic returns.

risk aversion (CRRA) type. For example, in the context of a widely popular power utility function

processes for consumption and returns, it can be shown that the equity premium is given by: yCov¢(Ri41,

16Note that by using (11), (19) and the envelope property, we have M1 = %.

17The properties mentioned in section 2.2. It may be possible to obtain additional properties, but this requires further
assumptions about the utility and aggregator functions, and the distributions of the random variables.



3 Empirical Application

3.1 Stochastic Processes

In principle R; and y; are endogenous in the model and are, therefore, functions of the
exogenous variables and wealth. Appendix B provides a fully specified general equilibrium
model which describes how R; and y; are determined. Without knowing the specific func-
tional forms for preference and technology, however, we cannot ascertain the exact reduced
form processes for {R;} and {y;}. Since neither our theoretical model, nor our empirical
application use specific functional forms, we hypothesize these processes by the following

simple AR form as an approximation.!®
Ry =vp+vpiBio1 + YpoRt—2 + €Re (33)
Yt = Vy T Vy1¥t—1 + VyalYt—2 + €yt (34)

where ep, e, are distributed according to a bivariate normal distribution with E(e,) =
E(er) = 0 and a covariance matrix S, with Var(e,) = o3, Var(eg) = 0% and Cov(eg, ¢,) =
ory-"? To obtain time varying values for the covariance matrix, the errors are assumed to
follow the multivariate ARCH process given by:?°

oo = By + Byey 11 (35)

Ohu = Br+ Brek 11
A multivariate ARCH specification similar to the one in (35) has been introduced by Engle,
Granger and Kraft (1984) and has been applied in several studies of financial markets?!.

3.2 Estimating Equity Premium and Consumption Functions

We use a non-parametric technique to estimate the consumption and equity premium
functions. The advantage of using this method is that we do not have to choose a functional
form for the indirect utility function, since this method lets the data “choose” the form.
Similarly, it frees us from having to make specific assumptions regrading the properties of the
stochastic process (the error terms, v.(t), ve,(t), which are defined below) in the consumption
and equity premium functions.

Given the estimates of the moments, we estimate the consumption and actual equity
premium functions nonparametrically.?? We rewrite the consumption and equity premium
functions (26) and (31) as:

G = Ct(wtaﬁtay_tvo-Rtvo-yt;m_) +U6(t) (36)

18 This approximation is not out of line with the theory. {R:} and {y:} would indeed display serial correlation because
the capital stock carries over the shock from one period to another, which is a typical property of this class of models with
Markovian decision rules.

19Note that the normal distribution is uniquely determined by the means and covariance matrix. Hence, in this case, a finite
number of moments completely characterizes the distribution function G.

201n general we should also consider the correlation between R and y and include: ORy t = BRy—&—ﬁ}%yeR t—1€y ¢t—1. Examining
the two series, we do not find any significant correlation (p = .07). Thus, we did not include the covariance in the ARCH
specification.

21See Bollerslev, Engle and Wooldridge (1988), Baillie and Myers (1991). See also Bera and Higgins (1993) for a survey of
multivariate ARCH.
22For a discussion of nonparametric estimation see Pagan and Ullah (1999).



epr = ept(wt> Eta i&ta ORy» Oyys m_) + Uep(t) (37)

where v(t) = {v.(t), vep(t)} is the column vector of disturbances at time ¢.
We apply the following procedure to accommodate the fact that the data is for observed
(actual) equity premium. We define the actual equity premium at time ¢, aep;, as:

aep; = ep; + 1, (38)

where 7, is a white noise variable (with zero mean). The actual equity premium equation
that we estimate is, then, written as:

aepy = epy (wt7 El‘n @57 O-RtJ O-yt; mi) + :17610 (t) (39)

where Uy (t) = vep(t) + 1,

We estimate the consumption and actual equity premium equations non-parametrically,
as follows. Consider, for example, the random variable X and a vector z = [z1,. .., z,].?
The a'* order conditional moment of X given z is is m,(z) = F(X%|z) for a = 1,2,.... We
consider the nonparametric kernel estimation of m,(z). In general, for a = 1, the kernel
estimator is simply a weighted average

ma(z) =Y Xawi(zi, 2 K (%, 2, hs,) (40)

i=1

where h,, is the window width, or smoothing parameter, K(z;, z, h.,) is the Kernel function
and the w]s are the weights. Intuitively, the estimator 1 (z) is the weighted average of the
X; values corresponding to those zs which are around z, the point at which m; is calculated.
The weights are given by the kernel function K (-) which is usually chosen to be a symmetric
density around zero and is such that it gives a low weight to these observations z; that lie
far from z. It is well known that the choice of kernel does not seem to matter a great deal
(see, for example, Ullah (1988, P. 643)). The window width A is an important parameter
and its choice determines the ‘size’ of the interval around z, over which the observations are
averaged. Usually, the larger the h is, the less is the variance and the smoother the curve,
but the larger the bias.

Note that m4(z) is the sample estimate of the population average of X values conditional
on z; E(X|z). One can, therefore, write the nonparametric estimators of m,(z), the average
of X® conditional on z, as*

a(z) = ) Xjw (41)

Using this, we can write the nonparametric estimator of the second conditional moment
around the mean as:
fin(X|2) = 1ia(2) — i (2) (42)

We use the programme “Portable Nonparametric Kernel Estimation version 1.7.17 for
estimation.?” The programme option that we use applies the “local linear” method, it allows
the data to choose the best band width and uses the Second Order Gaussian Kernel.?

23In our case X is either c¢t, or aep; and the vector z is given by: ws, Ry, ﬂt,JRHl,JyHl.

24The asymptotic properties of 14 (z) are well established in the literature (See for example, Singh and Tracy (1977)).
25The programme was developed by Jeff Racine.

26 Consider the function E(X/z). Assume that it is second order differentiable. The linear approximation around zg is given



3.3 Data

We apply the model to aggregate US data for the period 1929-2001. The data include
the (time varying) moments of R and y, wealth, consumption and the equity premium. The
series for the additive shock, y, is measured by wages plus transfer payments. The series
for the wealth, w, is measured by the year-end estimates of fixed assets. All these series are
inflation adjusted to be consistent with the theoretical model.?”

The series for actual equity premia is taken from Ibbotson and Associates (2002), where it
is computed as the difference between large company stock returns and the T-bill rates (both
inflation adjusted). To maintain consistency, our proxy for R is the (same) large company
stock return.

3.4 Results

Before we discuss the results, it is useful to compare our methodology with the common
approach in the literature. In earlier work, the equity premium puzzle was examined by the
calibration method, where one compares the summary statistics (e.g., mean equity premium)
of the model with the data. Our approach enables us to estimate the consumption and equity
premium functions using the entire historical series. We can, therefore, evaluate the extent
to which the equity premium puzzle is solved, by evaluating the model’s ability to explain
observed consumption and equity premia.

First, we use the maximum likelihood technique to estimate equations (33) and (34)
jointly, subject to the specification in (35).%® Using the parameter estimates, we obtain the
estimates of the means and covariance matrix of R and y. The parameter estimates for
equations (33) - (35) are given in Table 1.

Given the estimated moments, we use the nonparametric technique described above to
estimate the consumption and equity premium functions. The actual and nonparametric
estimated values of equity premia and consumption are shown in Figures 1 and 2 respectively.
Looking at these figures, we see that the nonparametric model is able to predict consumption
very well. In addition, it also does reasonably well in predicting equity premia. The measure
of “goodness of fit”, which corresponds to the usual R? in a parametric model, is .9 for the
consumption function and .67 for the equity premium function.?? The model captures the
observed smooth consumption patterns and the high volatility and mean of equity premia
during the sample period. The means and standard deviations of actual and predicted equity
premia are {9.71%, 0.186} and {9.89%, 0.130}, respectively.

Our results suggest that a preference structure which is general, both theoretically (based
on the indirect utility function) and empirically (using a nonparametric technique that lets
the data choose the functional form), can resolve the equity premium puzzle, at least, par-
tially.

by: E(X/z0) =~ E(X/z) + (0E(X/2)/8z)' (20 — 2) = a + b’ (20 — 2z). The estimation of the mean is the same as the estimation
of the intercept. Hence, we choose a and b to minimize: > (X; —a — b'(z — 2;))2K(-), where K(-) is the kernel function used.
The local linear method is described in Racine (2003) and is further discussed in Fan and Gijbels (1996). The scaling factors

for @,Et,oRHl,oyHl and w¢ were 9.58, 6.12, .519, 1.41 and .98, respectively.

2TFurther details of data computation and sources are described in the Data Sources Appendix.

28Tn addition to the specification above we also tried a wide range of other possiblities, such as various GARCH models
different AR orders, etc. The final results were similar in the sense that our conclusions regarding the consumption function
and equity premia were not affected.

R (XXX =X
T (X=X (X -X)?T

29For example, for the variable X, the goodness of fit measure is calculated as: R? = pi% =

This measure is identical to the traditional R? if the model is linear, with an intercept.

10



4 Conclusion

In this paper, we provide a general and practically useful framework for the derivation
of the consumption and equity premium functions. Applying duality in a dynamic context,
we derive simple explicit expressions for consumption and equity premium functions. We
show that these functions can be easily obtained by “Roy’s Identity like” equations, from
the marginal utilities of the indirect utility function. The advantage of our approach is that
one can derive and estimate these functions for any underlying preferences, including non-
expected utility functionals. In our framework, the Sharpe Ratio is easily obtained within a
general equilibrium setting and it resembles the standard result in a mean-variance portfolio
model.

Our method provides estimable equations for equity premium and consumption functions.
Applying a nonparametric technique, we estimate these two functions using US aggregate
data. We find that the model does very well in explaining observed smooth consumption
patterns. In addition, its ability to explain the observed high mean and volatility of equity
premia is reasonable. These empirical results suggest that a general and flexible preference
structure may be a promising approach to studying and solving the equity premium puzzle.

5 Appendix A

I. First order conditions (8) and ( 9):

w

(L.i) The first order condition for consumption is: Uy — Uy E; [ Rt+1] = 0, where
o0

U, = 8—U Divide both sides by U; to get UsE} [ Ll Etﬂl = 1. From the Envelope The-

orem, we obtain that ?—¢ = Uy E} [ T Rt+1] . But, the first order condition implies that:
UsE, [

Owe41

Rt+1] = U, and therefore = U;. Plugging this into the first order condition,
00

we get: Us B, [algil Etﬂ} =1.

Owy

(Lii) The first order conditions for \; is: Uy F) [
by Us(wy — ¢;), we get: Ey [m (Rtﬂ — Rf>].

(Rt+1 — R{) (wy — ct)} = 0. Dividing

w1

II. Equity Premium Function (31):

U2Et[d8$ gRt](wt - Ct) = UQCOU(%,gRt)(wt — ).
- . 9 OH (x
Thus, 80’ )/ <8w2_1 8Rt+1)/Et[8wil] = —epy/or,. Hence: ep, = — 60;)/ aRt .

6 Appendix B

6.1 A General Equilibrium Asset Pricing Model

In this appendix we lay out a fully specified general equilibrium asset pricing model, which
describes how R; and y; are endogenously determined.
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Technology

At date t, output, ¢, is produced with the predetermined capital stock, k;_; and labor,
l;, according to the constant returns to scale technology:

gy = EtF(kt—b lt) (43)

where ¢, is a random productivity shocks dictated by nature.
Households

At date t, the representative household consumes, ¢;, supplies a fixed amount of labor
(normalized at unity) to the firm, at a competitive wage, 1), and participates in share and
bond markets. A share is an ownership claim to the capital stock in the economy. Define
the stock of shares held by the household at date ¢ as z;. At date ¢ the household buys net
shares of, z; — z;_1 at a price p;, in the stock market. Each share yields a dividend, d;. The
household also buys and sells bonds, b;, at a price p?, in the bond market. Such a bond
pays one unit of sure consumption in the following period.

The household, thus, makes its decisions to maximize life time utility subject to the
sequential budget constraint (1).

Firms

The representative firm owns all the capital stock and makes production and investment
decisions. At each date ¢, after observing the productivity shock, ¢; and given its (previous
period) capital stock, k;_1, a representative firm chooses its output, ¢;, labour, [;, and physical
investment, ;. The firm pays labour a competitive wage, v, and its capital stock is subject
to a depreciation rate, §. The net cash flow, ¢ —,l; — I;, is distributed to the household as
dividend, d,.*°

The representative firm, therefore, solves the following maximization problem:

t

max {Eo > g0 — 1y — 1] [ —— : (44)

le,It,q¢ iy 1+ p; '
kft = (1 - 6)]{/},1 + ]t, and (43)
ke = given. (45)

where p; is the time varying discount rate facing the firm.
Government

The government finances a stream of spending, G, with lump-sum taxes, T}, paid by the
households.?' In other words, the government budget constraint is:

G =T, (46)

30This is a simplifying assumption, but as is well known, in this setting the firm’s dividend policy does not affect the value
of the firm (see Brock (1982).

31We assume that the government’s spending does not enter into the household’s utility function; nor does it serve any
productive role in the economy.
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Equilibrium

The equilibrium for this economy is specified as follows:

(i) Facing {d;}, {¢,}, {T;}, {p:}, {r}}, the household chooses {c;}, {2}, {b:} to maximize
lifetime utility.

(ii) Facing {et}, {¢),}, {p;}._; the firm chooses {I;,l;} by solving problem (44).

(iii) The discount rate, p,, facing the firm, must be consistent with the household’s per-
ceived marginal rate of substitution between ¢;—; and ¢; (MRS, ,.). In other words,

1
- = MRS, .,

(iv) The government’s budget constraint (46) holds.

(v) At each t, markets for stocks, bonds, labour and goods clear. This implies that:
= 1, bt:O, lt: 1, Qtzct+It+Gt-32

In equilibrium, labor (which is 1 unit in supply) gets paid its marginal product which
means:

TZ}t = EtFQ(lft_l, 1) (47)
Moreover, we have the following arbitrage condition equating the stock return to invest-
ment return.

Lemma 1 The gross rate of return on stock at date t, Ry = p];%ft =1+l (k-1,l;) — 0.

Since by definition, stock is an ownership claim to the capital stock, in equilibrium,
pt = k;. Using the fact that d; = ¢; — ¢, — I; (see, (44)), one can rewrite the equilibrium
gross return on stock (which we call R; hereafter) as:

kit eF (k) = — k4 (1= 0)k
B ki1

Finally, using the labor market equilibrium condition (47), we get Ry = 14 ¢, Fy(ki_1,1;) — 9.
Q.ED.

R,

In other words, in equilibrium Ry, v, are functions of K; ; and ;.
7 Data Sources

The series for equity premia come from Ibbotson and Associates 2002 yearbook. Yearly
data on personal income and its components as well as the CPI (US City Average, All
Items) come from the Bureau of Labor Statistics Website (www.bls.gov) while annual GDP,
fixed assets, and the implicit price deflator values are from the Bureau of Economic Analysis
Website (www.bea.gov). All are in per capita values (using mid-year estimates of the US
population), and deflated using the implicit price deflator. Data for wages and transfer pay-
ments come from the wages and salary disbursements component and the transfer payment
component, respectively, of personal income. Both these series are deflated by the CPI and
then added to generate a series for y. Fixed assets are year-end estimates of the current cost
of private fixed assets. The series for consumption come from the personal consumption
component.

32Equilibrium in the labor market means the labor (which is 1 unit in supply) gets paid its realized marginal product
et Fo(ki—1,1t). Since all households are identical, the net supply bonds (b:) is zero.
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Figure 1: Actual and Estimated Consumption
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Figure 2: Actual and Estimated Equity Premia

Table 1: Maximum Likelihood Parameter Estimates of Income and Return Equations

Parameter | Estimate | t- Statistic
YR 1.45 8.22
Vs -15 112
Y g -.16 -1.37
Yy .04 .60
Yyt 1.52 8.70
Yo ~51 2.84
Br A7 5.89
A -.40 -1.31
3, 21 5.82
11/ .61 2.97




