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Abstract In the present paper, we derive a closed-form solution of the multi-
period portfolio choice problem for a quadratic utility function with and without
a riskless asset. All results are derived under weak conditions on the asset returns.
No assumption on the correlation structure between different time points is needed
and no assumption on the distribution is imposed. All expressions are presented
in terms of the conditional mean vectors and the conditional covariance matrices.
If the multivariate process of the asset returns is independent it is shown that in
the case without a riskless asset the solution is presented as a sequence of optimal
portfolio weights obtained by solving the single-period Markowitz optimization
problem. The process dynamics are included only in the shape parameter of the
utility function. If a riskless asset is present then the multi-period optimal portfolio
weights are proportional to the single-period solutions multiplied by time-varying
constants which are depending on the process dynamics. Remarkably, in the case of
a portfolio selection with the tangency portfolio the multi-period solution coincides
with the sequence of the simple-period solutions. Finally, we compare the suggested
strategies with existing multi-period portfolio allocation methods for real data.
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1 Introduction

Nowadays, the portfolio selection problem plays an important role in financial
research. A number of papers are devoted to questions like, e.g., how an opti-
mal portfolio can be constructed, monitored, and/or estimated by using historical
data (see, e.g., Alexander and Baptista (2004) , Golosnoy and Schmid (2007),
Bodnar (2009)), what is the influence of parameter uncertainty on the portfolio
performance (cf., Okhrin and Schmid (2006) , Bodnar and Schmid (2008)), how do
the asset returns influence the portfolio choice (see, e.g., Jondeau and Rockinger
(2006), Mencia and Sentana (2009), Adcock (2009), Harvey et al. (2010), Amen-
guala and Sentana (2010)), how is it possible to estimate the characteristics of
the distribution of the asset returns (see, e.g., Jorion (1986), Wang (2005), Frahm
and Memmel (2010)), how can the structure of optimal portfolio be statistically
justified (Gibbons et al. (1989), Britten-Jones (1999), Bodnar and Schmid (2009)).

In a seminal paper from 1952, H. Markowitz presented the idea of an optimal
portfolio selection by taking into account the trade-off between the portfolio ex-
pected return and its risk which is measured by the portfolio variance. The idea
of Markowitz’s approach is to minimize the portfolio variance for a given level of
the expected return. This method is equivalent to the so-called mean-variance util-
ity maximization problem. Although the suggested methodology is quite simple, it
provides us the most commonly used solution of the single-period (static) portfolio
choice problem that remains very popular today (see, e.g. Brandt (2010)).

Although the case of a long-term investment horizon is of greater importance
in practice much less has been done in that area. The first formulation of the multi-
period portfolio selection problem has already been given in the book of Markowitz
(1959) followed by the papers of Mossin (1968), Samuelson (1969), Merton and
Samuelson (1974). Although it is heavily discussed in recent literature (see, e.g.,
Konno et al. (1993), Li and Ng (2000), Steinbach (2001), Leippold, Trojani and
Vanini (2004), Brandt and Santa Clara (2006), Edirisinghe and Patterson, (2006),
Celikyurt and Ozekici (2007), Canakoglu and Ozekici, (2009), Kilianové and Pflug
(2009), Skaf and Boyd (2009)), to the best of our knowledge, a closed-form solu-
tion is not available in the general case up to now. Only under the assumption of
independence closed-form solutions are presented by Li and Ng (2000) and Leip-
pold et al. (2004). For more general models, the solution is frequently determined
by a numerical procedure (see, e.g. Dantzig and Infanger (1993), van Binsbergen
and Brandt (2007), Mansini et al. (2007), Koksalan and Sakar (2014)). Brandt
and Santa Clara (2006) suggested a solution of the multi-period portfolio selection
problem assuming that the portfolio weights can be presented as a linear function
of certain state variables. This assumption leads to a simplification of the opti-
mization problem. Note that the solution is only a local maximum which could
differ from the global one. Finally, the solution of the multi-period portfolio se-
lection problem in continuous time is given by Duffie and Richardson (1991), Yan
and Li (2008), Ait-Sahalia et al. (2009), Basak and Chabakauri (2010), Marzban
et al. (2013) among others.

We contribute to the existing literature by deriving the closed-form solution
of the dynamic portfolio choice problem with and without a riskless asset under
rather weak assumptions. The only conditions imposed on the distributions of
the asset returns are the existence of the conditional mean vectors and of the
conditional covariance matrices. No assumptions about the correlation structure



Closed-Form Solution of Multi-Period Portfolio Choice for Quadratic Utility 3

between different time points or about the distribution of the asset returns, like
normality, are needed. The suggested method can be applied for both stationary
and non-stationary stochastic models. The results are obtained assuming that the
investor makes his decision on the basis of the quadratic utility function. This
is one of the most commonly used procedures since the paper of Tobin (1958)
where it is shown that the Bernoulli principle is satisfied for the mean-variance
solution only if one of the following two conditions is valid: the asset returns
are normally distributed, which is rarely the case in application, or the utility
function is quadratic. On the other hand, the quadratic utility function is usually
considered as a good approximation of the other utility functions (cf. Brandt et al.
(2006)). Moreover, under the additional assumption of independence we show that
at each time point the optimal multi-period portfolio weights can be presented in
a similar way as the optimal single-period portfolio weights. Both representations
differ in the coefficient of risk aversion. Finally, if the asset allocation is based
on the tangency portfolio we prove that the solution of the multi-period portfolio
selection problem is the same as that obtained by solving the single-period problem
at each time point.

In an empirical study we apply the obtained results to real data by comparing
the performance of the suggested strategies with existing multi-period portfolio
allocation methods. It is shown that the multi-period portfolio strategies based on
the approximative solutions perform very well for different values of the coefficient
of risk aversion and different investment periods.

The rest of the paper is organized as follows. In Section 2, we introduce the
multi-period portfolio choice problem for a quadratic utility function without a
riskless asset. The main results of this section are given in Theorem 1 (Section 2)
where a closed-form solution of the optimal portfolio weights is given. In Corol-
lary 1 we present the results of Theorem 1 in terms of the classical one-period
Markowitz’s solution for independent observations. In Section 3, the solution of
the multi-period portfolio selection problem for a quadratic utility function with
a riskless asset is presented (see Theorem 2). As in the case without a riskless
asset the solution for independent returns is proportional to the solution of the
corresponding single-period problem at each time point. The process dynamics
exclusively influence the proportionality constant (Corollary 2). A very interesting
result is obtained for the tangency portfolio. In Theorem 3 we prove for indepen-
dent returns that the multi-period portfolio selection problem for the tangency
portfolio is equivalent to a sequence of the single-period problems. The same solu-
tion is obtained in both cases. Because the tangency portfolio is, usually, considered
as a market portfolio (see, e.g. Britten-Jones (1999)) in capital asset pricing theory
the obtained result is of great importance for practitioners. The findings of the
empirical studies are presented in Section 4. The paper concludes in Section 5. All
proofs are given in the appendix (Section 6).

2 Multi-Period Portfolio Choice Problem for a Quadratic Utility
Function: Without Riskless Asset

In this section we derive a closed-form solution of the multi-period portfolio
choice problem with k risky assets for the case of a quadratic utility function.
Let X; = (X1, Xt,2,...,X¢ k) denote the vector of the returns of k risky assets
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and let E(X¢|Fi—1) = p, and Var(X¢|Fi—1) = X¢. F; denotes the information
set available at time ¢t. X, is assumed to be a positive definite matrix. Note that for
deriving the closed-form solution of the multi-period portfolio selection problem
in the present case we need neither any assumption on the correlation structure
between different time points nor any distributional assumption. It is only de-
manded that the conditional covariance matrix of the asset returns exists. The
solution exclusively depends on the conditional mean vector and the conditional
covariance matrix. These quantities can be calculated depending on the underly-
ing model of the asset return process. For instance, if the investor assumes that
the asset returns follow a vector ARMA-GARCH process then the expressions for
the conditional mean vector and the conditional covariance matrix can be directly
obtained by applying the well-developed theory of the multivariate autoregressive
processes and the multivariate conditionally heteroscedastic autoregressive pro-
cesses (see, e.g., Brockwell and Davis (1991), Engle (1982, 2002), Bollerslev et al.
(1988), Bauwens et al. (2006)).
Let we = (we,1,we,2, .. . ,wt,k)/ denote the vector of portfolio weights in period
t. Note that wil = 1 where the vector 1 denotes a k-dimensional vector whose
components are all equal to 1. Then the wealth of the investor at time ¢ is given
by
Wi =Wio1(1+wi_1Xe) = Wemawy 1 Xy, (1)

where X; = 1 + X;. Then E(Xy|Fi—1) = i, = 1 + p, and Var(Xy|Fi—1) = 5.
Later on, we make use of X, instead of X; for simplifying the presentation of
the obtained results. In this section, we deal with an investor who invests his
money exclusively into k risky assets and whose investment strategy is based on
the quadratic utility function given by

U(W) = W = W7, (2)

where o > 0 is the slope parameter of the quadratic utility function. The corre-
sponding relative risk aversion coefficient (RRA) is given by

aWt

=T oW (3)

Yt
which specifies the attitude of the investor toward risk. Brandt and Santa Clara
(2006) considered 7: as a constant obtained by substituting Wy = 1 in . We
follow this procedure in the empirical part of the paper by choosing the value of «
in the definition of the utility function in such a way that v € {5, 10, 15, 20}.

The portfolio is allocated at time point 0 and thereafter reconstructed at time
1,...,T—1. The planning horizon contains 7" periods. The investor gets his reward
after the final period at time 7. The aim of the investor is to maximize his final
utility of wealth at time point 7T, i.e.

V (0, Wy, Fo) = max Eo[lUWr)]. (4)

{wow(1=1} 12

Here E:(-) stands for the expectation given the information set F; available at
time t. We assume that short-selling is allowed, i.e. w; could be negative. This
problem can be solved recursively.
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Let
V(t, Wy, Ft) = max E[UWr)) (5)
{Ws=W;1:1}ST;1

and let wr_;,; denote the optimal portfolio weights at time point 7' — ¢ + 1
which is in general a function of optimal weights of the next periods, i.e. of
WT_ 12, WI_413, ..., Wp_1. Following Brandt and Santa-Clara (2006) and Pen-
nacchi (2008) the optimization problem can be solved by applying the following
Bellman equation at time point 7" — ¢

V(T —t,Wr—_¢, Fr—¢)
= max ET_t[ max ET_t_H[U(WT)]]

W — X A T—1
wr W, 1=1 {ws.w_’sl—l}S:T7tJrl

= max ) Er_; [V(T —t+1, WT_tw;/_th_H_h .FT_tJ,_l):l (6)
W Wh_ 1=
fort=1,...,T. Note that
V(T,Wp,Fr)=UWr). (7)

First, we derive the closed-form solution for the weights at period T'—1 and then
formulate the general solution in Theorem 1. At time point 7' — 1 the application
of the terminal condition leads to

a
V(T,Wrg, Fr) =UWr) = Wr — §W% (8)
and, hence,
a
VT =1L Wy, Fro) = max | Bro [Br(Wr - SWE|
wWro1iwWh_ 1=
_ rox a rox)?
= {wT,llzfrvf;)fllzl}ET_l [WT—1WT71XT ~ 3 (WT—1WT71XT) ]

= max ) [WT—lW’/T—ll]T - SBr (WT—lwlT_liT)Q]

{wr_1:wl_;1=1 2

~ [0 ) /
= Wr_1wr_ifip — =Wi_ 1w Apwp_ 9
{wT_I?v}/z’;}fllzl} |: T—1Wr_1 1 B T—1WT_1ATWT 1] s ( )
where Ar = X1 + [J,Tﬂrlr

The first order conditions for the period T'— 1 are

Wr_1jip —aWi_1Arwr_1 +A1 =0 and 1'wr_; =1, (10)

where A is a Lagrange multiplier. Solving with respect to A and wr_; leads
to the portfolio weights for period T' — 1 given by

. Azl 1

N A t11' AL
Wr_1 = T E—
=t VAT aWry

1A'

Qrit; with Qr =A;' — (11)

In Theorem 1, the expressions of the optimal portfolio weights w}_, at periods
0 to T'— 1 are presented.
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Theorem 1 Let X, = (X71,Xr2,...,X k), 7=0,...,T, be a random return
vector of k risky assets and let E(X+|Fr—1) = p, and Var(X,|Fr-1) = X~ where
X'+ is positive definite. Then for allt =1,...,T the optimal multi-period portfolio
weights for the period T —t are given by

Azl 1 1 .
Wy = — + S g s 12
T—t VAL, 1 OéWT_tQT t+ 1 g1 (12)
with ) .
- A7l 1Azl
QT7t+1 = A;£t+1 - + 1 + ) (13)
1/AT—t+11
Y1+ fpfuy for t=1
Ap_tq1 = - - , 14
Tttt {ET—t[VT—t+2XT—t+1X'T—t+1} for t=2,...,T, (14)
~ % I]’T fOT‘ t=1
= . 1
I‘I’T—t+1 { ET—t[RT—t+2XT—t+1] fO?“ t= 27 ey T ( 5)
and
1Azl BT _tyo 1
RT7t+2 = T_tj_f A 3 VT7t+2 = a1 4 fOT‘ t= 2, . ,T . (16)
1/AT7t+21 1/AT7t+21

The proof of the theorem is given in the appendix. Theorem 1 shows that the
structure of the optimal portfolio weights remains the same during the investment
period. In practice, the calculation of the optimal multi-period portfolio weights
should be performed by starting with ¢ = T" and then proceeding to t = 1.

It is important to note that if the terminal condition is replaced by

V(T, Wr, Fr) = UWr) = Wr — %(WT — Br_1(Wr))?

then its solution is the same as in Theorem 1 except the expression at time point
T — 1. Here, we get

. | 1

byl B 1D vy
TS > R o '

1y

Qriip with Qr = X' —

An important property of the optimal weights is shown in Corollary 1 that
is proved in the appendix as well. Here, it is shown that under the assumption
of independence the optimal weights have the same structure as the ones that
are obtained by solving the single-period portfolio selection problem at each time
point with the common quadratic utility function given by

max  p,w — %w'ﬂtw subject to wil=1. (17

In the following we use the notations

12y, 1

, Ve , = ————, and s; = "Qip,.
1,2;11 GMV,i 1/2;11 l‘l’zQ lJ'z

Romv,: =
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Corollary 1 Let X, = (X;1,Xr2,...,X: k), 7 = 0,...,T, be a sequence of
the independently distributed vectors of k risky assets and let E(X;) = ., and
Var(X;) = X where X+ is positive definite. Then for allt =1,...,T the optimal
multi-period portfolio weights for the period T' —t are given by

Zrlial ]

Wp_ = —— " _ _ , 18

T—t 1,2;1_t+11 Tot4+1 QT —t+1H7 41 (18)
with

DIFNEEE b i b
Qr_i41 = 2;£t+1 _ —t+ — —t+ (19)
EDIPS I |

and

T
1
W II a|—-1—-Romvr—i+1
1 i=T—t42

a = with 20
T—t4+1 1+ s7—re1 (20)
14+ Romv,i

(14 Remv,i)?+ (1 +s)Vamv,i

a; =

The results of Corollary 1 are similar to those of Li and Ng (2000) who solved
the multi-period portfolio-selection problem assuming that the asset returns are
independent. Corollary 1 states that for solving the multi-period portfolio selection
problem with the quadratic utility function it is enough to solve the single-
period problem given in at each time point ¢t € {0,1,...,7 — 1} and then
to make an adjustment in the expression for the coefficient of the investor’s risk
aversion «. It is very remarkable that the optimal weights at time T — ¢ only
depend on the mean vector and the covariance matrix at time 7' — ¢ + 1 and the
risk aversion ar_¢41. The mean vectors and the covariance matrices at time points
7 > T —t+ 1 have an influence on the optimal weights only over the quantity
QP —t41-

Because in the case of the single-period portfolio selection problem the solution
of lies on the efficient frontier where « specifies the location of the optimal
portfolio within the efficient frontier, the same behavior can be observed in the
case of the multi-period portfolio allocation problem. The only difference is that
the efficient frontier is time-varying since the mean vectors g, and the covariance
matrices X' are used for its construction. Then the optimal portfolio is obtained by
choosing a; as specified in Corollary 1. In the special case when the process {X-}
consists of independent observations with time-invariant mean vector and time-
invariant covariance matrix the efficient frontier remains the same during the whole
investment period. Nevertheless, the optimal portfolio obtained by solving the
multi-period portfolio selection problem is time-varying because a is a function
of future wealths and it is not constant.

Hence, in the case of investing exclusively into risky assets, the solution of the
multi-period portfolio selection problem for the quadratic utility function is not
equivalent to the solution of the corresponding T single-period allocation problems.
Even if we assume that {X:} consists of independent observations and the mean
vector and the covariance matrix are constant during the investment period, the
risk aversion is time-varying.
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The results of Corollary 1 possess another important application. Using the
relationship between the mean-variance utility optimization problem and the
Markowitz optimization problem we get the formulation of the later in the multi-
period case. At time point T — t it is given by

min W' X7r_;41w  subject to (21)
L T
aWr_y '—Tl:[t+2 a; | —1— RGMV,T7t+1 ST—t+1
ufl"ft+1w = Remv,r—t+1 + Tr— 7
wl=1
fort=1,..,T.

3 Multi-Period Portfolio Choice Problem for a Quadratic Utility
Function: With Riskless Asset

In this section we present a closed-form solution of the multi-period portfolio
selection problem with k risky assets and one riskless asset. Let X be the random
return vector containing k risky assets as defined in Section 2 and let r; be the
return of the riskless asset at time ¢. Let wy = (w1, we,2,...,ws k) denote the
vector of portfolio weights in period ¢ invested into the k risky assets. Then the
evolution of the investor’s wealth is expressed as

Wi =Wi1 (14754 + w1 (Xe —r5.41)) = Wiy (Rf,t + w;,l)“(t) . (22)

where Ry = 1+ 75 and Xt = X¢ — rf4+1. The conditional mean vector of Xt
is fi; = p, — r5+1 and its conditional covariance matrix is given by Xy. In this
section we consider an investor who invests into k risky assets and one riskless
asset with the investment strategy based on the quadratic utility function given
in . The optimization problem is given by

V(0,Wo, Fo) = max E.UWT)]. (23)
Wsfs=0
Let
V(t, W, Fe) = . m?;(ﬂ E(U(WT)]. (24)

The problem is solved recursively by applying the following Bellman equa-
tion at time point 7' — ¢
V(T —t,Wr—, Fr—t)
= max Er_, [ max  Er_i41 [U(WT)]} (25)

T-1
Wr—t {WS}SZT—t+1

= max Fr_; [V(T —t+1,Wpr_; (Tf,T—t + W;“I—tJrlXT—t-l—l) 7-7:T—t+1)]

W —t

fort =1,...,T. Note that for ¢ = 0 the equality holds.
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As in Section 2, we first derive the closed-form solution for the weights at
period T — 1. After that the general solution is derived (see Theorem 2). At time
point T'— 1 the application of @ leads to

V(T, Wy, Fr) = UWr) = Wy — %W%. (26)
Let Ap = Sp + fur iy, Because
’ v 2 ’ o
Er_1 <WT,1(Rf’T + wT—le)> = Varp_1 (WTfl(Tf’T + wT—le))
o 2
+ (ET_l <WT_1(Rf’T + w’T,le))) =W2_, [W/TilATWT—l +R2 .+ 2Rf,Tw/T71,1T]
we get

03
V(T —1,Wr_1,Fr_1) = max BEp_, [ET[WT - EW%]

{wr_1}

= max Ep_; [WT_l (Rf’T +W'T,1)UCT> — % <WT_1(Rf,T +W’T,1XT)2]

w1
. o ¢ \\?
= max (W1 (Rpp + wh_yjar) 5 Br-1 (Wroa(Rpr + Wi, X)) |
y @ y
T Wiy [WT_l (R +wr_1hir) — EW%A (W/T71ATWT—1 +Rir+ 2Rf,TW/T71/"T):| :

The first order condition for the period T"— 1 is

Wr_sjig — aWi_y (Arwr o1 + Ryriig) = 0. (27)
This leads to the following expression of the portfolio weights for the period T'— 1
wii = (=1 _R.p) AR (28)

T-1= aWr_1 f,T T KT -

In Theorem 2, the optimal multi-period portfolio weights are presented. The
proof of the theorem is given in the appendix.

Theorem 2 Let X; = (X;1,Xr2,...,X.), 7 = 0,...,T, be a random re-
turn vector of k risky assets, let vy - be the return of the riskless asset, and let
E(X7|Fr-1) =, and Var(X;|Fr-1) = X+ where X+ is positive definite. Then
forallt =1,...,T the optimal multi-period portfolio weights for period T —t are
given by

-1

T
Wr_y = [#T_t ' H Ry - Rf,Tft+1}A;it+1p';’—t+1 (29)
i=T—t+2
with
% v/ p—
Ar—t41 = {gff—i—[(qTfungHﬂfotJrlXlT—t—o—l] ;Z: tt: 2f-~'vT - (30)
. Ly for t=1
Hr—tq1 = {ET—t ((1 - §T—t+2)XT—t+1) for t=2,....T (31
and

~ ok w—1 ok
S7—t42 = Py 40 AT _iofp_yio for t=2,...,T. (32)
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As in the case without a riskless asset the expression of the optimal portfolio
weights for each period T — ¢ looks like the solution of the single-period portfolio
selection problem at time point 7" — t. In Corollary 2, a stronger result under
the assumption of independence is proved, namely that the obtained weights are
proportional to the weights obtained by solving

max pw — %w'Etw. (33)
Corollary 2 Let X; = (X;1,Xr2,...,X; ), 7 = 0,...,T, be a sequence of
the independently distributed vectors of k risky assets, let vy . be the return of
the riskless asset, and let E(X;) = p,. and Var(X;) = X, where X, is positive
definite. Then for allt = 1,...,T the optimal multi-period portfolio weights for
period T — t are given by

* -1 —1 9
Wr_t = aT_t+1ET—t+1HT—t+1 ) (34)

where

-1
T
[anT,t < H Rf,i) _Rf,T7t+1:|
=T —t+2

AT —t41 = - — > . (35)
1+ .U/T—t+12T£t+1NT—t+1

Corollary 2 shows that the solution of at each time point T" — ¢ is similar
to the solution of the common single-period optimization problem given in .
The only difference is that the coefficient ar_; is time varying. It depends on
the future returns of the riskless asset. Leippold et al. (2004) suggested a similar
solution to one presented in Corollary 2 by using the geometric approach in the
case of independent asset returns.

It appears that the expressions presented in Theorem 2 are quite complicate
and cannot be evaluated for an arbitrary model of the asset returns. For this reason
we suggest a reasonable approximation for the weights and evaluate its accuracy.

First, the moments presented in and are approximated. Let & be
a random variable with support [0, 1]. The application of the Sherman-Morrison
formula to 1 — 57_;42 leads to

x L A (i1 Zrl B 1 (1 €)3r_eho
1—&Sr—t42 = 7 T = . (36)
L+ pp 1 X Br i + ST—t42

L+ (1 —&)8r—t+2
1487442
support is [0, 1] as well. Then, it holds for the i-th component of ft7._;; that

whose

) o/ —1 o
where S7_t190 = fip_y o X7 oty yio. Let nr_iyo =

L4+ (1 — &)3r—t42 o vin )
1457440 8

Er_y ( (1- €§T—t+2)XT—t+1,i) =FEr_4 (
=Er_¢ (TIT o X i1, z)
= FEr_y (ﬁT—t+2 (XT—t-‘rl,i — B i1, t ﬁT7t+1,i))
(

= Er— (nr—t+2f7_ 441, z) + Er—t (77T—t+2(XT—t+1,z‘ - p’Tft+1,i))

\
&
S

Nr—t42) By i1, + BTt (’7T SEI0 CNEE pT*tHvi)) ’
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Because nr—_¢12 <1 it holds

’ET—t (77T—t+2(XT—t+1,i - ﬁptﬂ,i))‘ < Br—y ( X710 = Bp i1

<A/ MSET_¢41,4,

where MSEr_141,; = Er_¢ (()V(T,Hu — ﬁT_t+17i)2) is the conditional mean

IN

)

square prediction error calculated for fir_; 4 ;. If MSEp_y41,; is small, what
should be expected if a good forecast of the process future values is performed,
then the quantity f7_, +1,; 1s well approximated by

p‘;}—t+1,i ~Er—t (Mr—t42) Br_4q1, - (37)
Similar results are obtained for . Here, it holds that
Er_y ((1 - §T—t+2)XT—t+l,iXT—t+l,j) =Er_4 (T]T—t+2XT7t+1,iXT7t+l,j)
=FEp_4 (77T—t+2(XT—t+l,i —Br_tq1, Tt /j'TftJfl,i)(XT*tJrl»j —PBr_4p1,;+ /~U"T7t+1,j))
= Er_¢ (Mr—t42bp 41 ibr—t41,5)
+ By (77T7t+2(XT7t+1,i —hr_epr,) X1y — ﬂT—tJrl,j))
Rl L Y O (77T7t+2(XTft+1,j - ﬁT7t+1,j))
+ By ;BT (77T—t+2(XT—t+l,i - ﬁT—t+1,i))
= (br—t41,ij — 0T —t4+1,i5) Br—t (M7 —t42)
+ Er_t (77T7t+2(XT7t+1,i —fip 1) Xrig1j — /V‘TftJrl,j))
+ Br_ip1,: BTt (77T7t+2(XT7t+1,j - ﬁT—t+1,j))
+ fp_yyq ;BT ('ﬂT—H—Q(XT—H—l,i - ﬁT—t+1,i)) )

where Br_;11 = ET—t(XT—zHX’T,tH) = (br—ts1,i5)i,j=1,..kand Br_y11 = (OT—¢41,ij)i,j=1,...k-
Because 0 < nr_i4+2 < 1 we get that

‘ET—t (77T—t+2(XT—t+l,i - ﬁT—t+1,i)(XT—t+l,j - ﬁT—t+1,j)>

— o741, B¢ (T —t42) + Br_i1 BT (nT—t+2(XT7t+1,j - prtJrl,j))

_l’_

By ;BT (77T—t+2(XT—t+1,i - p’T—H—l,i))’

IN

Er_y (‘XT7t+l,i =B I X1, — ﬁT—H—l,j‘) + |or—t41,i5]

)

) i g1, Er—t (|XT,t+M — Br_t41
< VMSEp_111,i/MSEp_¢11,; + |o7—t41,45]
iy g1,V MSEr—ei1j + ity g1 51/ MSET—141,: -

Furthermore, we point out that

+ | _ip1 i Er—t (|XT7t+1,j —Br_i41,5

lor—i141,i5] < V/OT—t41,0iv/0T—t+1,5; < VMSEp_i 4157/ MSEp_¢11 ;.

Hence, if M SE7_;41,; are relatively small for all ¢ = 1, ..., k we get the following
approximation

ATftJrl,i ~ Er_t (r—t+2) ETft(XT7t+1XIT—t+1)
= Er—t (r—t+2) (Z1—t41 + for_ g1y 11) - (38)
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1+ (1 —Er_i(nr—t42))857—t41

~ for
1487441

Finally, we note that n7 = 1 and nr—_¢+41 =

t>2.
Putting and together we obtain the following approximation for the
weights

—1
T
1 9 9 -1
W = [ H Ry ; - Rf,T—tJrl] (Br—t41 + B 1) Br_iq -
aWr_¢ i=T—t42

(39)
The approximation can be used for arbitrary models of the asset returns for
which MSEr_441,4,% = 1,...,k is relatively small. This is closely related to the
problem that the considered stochastic model for the asset returns provides a good
fit to real data. As a result, we conclude that if an appropriate stochastic model is
chosen the suggested approximation for the multi-period optimal portfolio weights
works well. Moreover, this approximation becomes an exact one if the asset returns
are independently distributed as it is shown in Corollary 2.

Very interesting results can be obtained for the tangency portfolio as well (see,
e.g. Ingersoll (1987, p. 89), Britten-Jones (1999)). The weights of the tangency
portfolio are derived at each time point T — t from by assuming that the
whole wealth is invested only into the risky assets, i.e. under the assumption
w/_,1 = 1. The results for the multi-period portfolio allocation problem with the
tangency portfolio under the assumption of independence are given in Theorem 3.

Theorem 3 Let Xr = (Xr1,Xr2,...,Xr 1), 7=0,...,T, be a sequence of the
independently distributed vectors of k risky assets, let 77+ be the return of the
riskless asset, and let E(X;) = p, and Var(X;) = X, where X, is positive
definite. Then for allt = 1,...,T the tangency portfolio weights for period T —t
are given by

v —1 o -1 o
Ar_ ity 4 . T_t+1HT—t+1

WIpT_t = (40)

o1 » I — 9 .
VAp_ifip_y g VY 1By

Theorem 3 shows that for the tangency portfolio the multi-period portfolio
selection problem is equivalent to the single-period allocation problem solved at
each time point T' — t. Because the tangency portfolio is, usually, considered as a
market portfolio in the single-period allocation problem (see, e.g., Britten-Jones
(1999)), it can also be treated as a benchmark portfolio in the multi-period case,
provided that the asset returns are independent.

4 Empirical Illustration

In this part of the paper we apply the results of Section 3 to real data. In the
first example we deal with the multi-period portfolio selection under return pre-
dictability. In this subsection a model presented by Brandt and Santa-Clara (2006)
is applied and approximative expressions to those presented in Theorem 1 are an-
alyzed. In the second empirical illustration we consider an investor who attends
to invest into the international portfolio consisting of five developed stock mar-
kets, namely Belgium, Germany, Japan, the UK, and the USA. The approximative
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solutions of multi-period portfolio selection problem are obtained in this case as
well.

The investment strategy based on equation will be called as the invest-
ment strategy based on the predictive loss approximation with a riskless asset and
it is briefly denoted as the LAMPS strategy. It is noted that the LAMPS strat-
egy coincides with the expressions given in Corollary 2 that are derived for the
multi-period portfolio selection problem with riskless asset under the assumption
that the asset returns are independent. Similar results are obtained in the case of
the multi-period tangency portfolio (MTP). The application of the predictive loss
approximation leads to the formulas presented in Theorem 2.

As a first benchmark strategy of the multi-period portfolio selection we consider
an investor who chooses the global minimum variance (GMV) portfolio which in
the present situation is calculated by the time-invariant weights expressed as

>
1yt
Because the same proportions of the wealth are invested into each stock at each
time point we consider this portfolio as a myopic strategy.

We also compare the results obtained by using the predictive loss approxi-
mation to the expression of the weights presented in Theorem 2 with two other
benchmark strategies in the case with a riskless asset. The first strategy is known
as a partial myopic strategy, i.e. the whole wealth is invested into the riskless asset.
This strategy was suggested by Mossin (1968) who derived conditions under the
utility function under which this strategy is optimal in the case of the portfolio
consisting of one stock and the riskless asset. A further considered benchmark
method is one suggested by Brandt and Santa Clara (2006) that is based on the
assumption that

WGEMV,t = for t=1,...,T. (41)

Wi = 9Zt 5 (42)

where z; is the vector of predictable variables taken at time point . We refer to
this portfolio strategy as the BSC strategy. In the empirical illustration, Brandt
and Santa Clara (2006) argued that the solution of the multi-period portfolio
selection problem based of this approach is very close to the one obtained from the
simulation approach applied to the dynamic portfolio choice problem as suggested
by Brandt et al. (2005) and van Binsbergen and Brandt (2007).

4.1 Multi-Period Portfolio Selection under Return Predictability

In this section we deal with the multi-period portfolio selection problem assuming
that the asset returns are predictable. This is one of the most commonly used ap-
proach applied for modeling the time series properties of the asset returns (see, e.g.
Campbell and Viceira (2002), Brandt and Santa Clara (2006)). Here, we consider a
special case of a model suggested by Brandt and Santa Clara (2006). They applied
it to monthly returns from January 1945 to December 2000 of one stock (r{) and
one bond (rf ). The term spread is used as a predictable variable z;. Brandt and
Santa Clara (2006, p.2200) obtain the model

In(1+7541) 0.0059 0.0060 )
In(1+7204) | =] 0.0007 | + |0.0035 | x 2+ |,y (43)
Ze41 —0.0028 0.9597 €i1
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with
€ir1 0.0018 0.0002 —0.0005
slt’H ~ MVN |0, 0.0002 0.0006 0.0007 (44)
€ir1 —0.0005 0.0007 0.0802

Note that the model can be presented as a vector autoregressive process
of order 1. Let Y; = (In(1 + r{y1),In(1 + 7“?+1)7 2zt)" then becomes

Y:=0+®Y; 1 +é (45)

with & ~ N(O, 2) Thus, for X we get an autoregressive representation with
X =Lo+L®Y; 1 +LE =v+ @Y1 +e (46)

where I is a 2 X 2 indentity matrix and 0 is a 2 X 1 vector of zeros. Consequently,
X¢|Fi—1 ~ N (g, X). We are interested in the conditional mean vector and in the
conditional covariance matrix of X; given F;—1. Note that

p, = EXi|Fi1) =v+®Y, 1, ¥ =Var(Xy|F1)=LEL,  (47)

Inserting in leads to the weights of the LAMPS strategy. In similar way
the weights of the other multi-period portfolio strategies are calculated.

We compare the performance of the above derived strategies with each other via
an extensive simulation study based on 10° independent repetitions. Multi-period
portfolio strategies are constructed for 7' € {6,12,18,24} and « € {0.833,0.909,
0.937,0.952}. The values of « correspond to v € {5, 10, 15,20} which are also used
in Brandt and Santa Clara (2006).

with L = [I 0],

5

T 10 15 20 Method
0.5904 (0.0061) 0.5474 (0.0016) 0.5324 (0.0008) 0.5245 (0.0004) LAMPS
6 0.5847 (0.0065) 0.5461 (0.0031) 0.5317 (0.0017) 0.5239 (0.0012) GMV
0.5837 0.5456 0.5316 0.5241 Part.Myopic
0.5834 (0.0157) 0.5459 (0.0039) 0.5317 (0.0017) 0.5242 (0.0010) BSC
0.5949 (0.0046) 0.5487 (0.0012) 0.5330 (0.0006) 0.5249 (0.0003) LAMPS
12 0.5858 (0.0092) 0.5460 (0.0035) 0.5310 (0.0024) 0.5229 (0.0021) GMV
0.5839 0.5457 0.5316 0.5241 Part.Myopic
0.5822 (0.0172) 0.5455 (0.0043) 0.5316 (0.0019) 0.5241 (0.0011) BSC
0.5975 (0.0027) 0.5493 (0.0007) 0.5333 (0.0003) 0.5250 (0.0002) LAMPS
18 0.5867 (0.0106) 0.5452 (0.0044) 0.5298 (0.0035) 0.5218 (0.0032) aMV
0.5841 0.5458 0.5317 0.5242 Part.Myopic
0.5801 (0.0195) 0.5450 (0.0049) 0.5313 (0.0022) 0.5239 (0.0012) BSC
0.5989 (0.0014) 0.5497 (0.0004) 0.5335 (0.0002) 0.5251 (8.5 - 10 D) LAMPS
04 0.5869 (0.0113) 0.5441 (0.0054) 0.5285 (0.0047) 0.5204 (0.0044) aMV
0.5843 0.5459 0.5318 0.5242 Part.Myopic
0.5757 (0.0240) 0.5441 (0.0058) 0.5309 (0.0027) 0.5237 (0.0015) BSC

Table 1 Medians and median absolute deviations (MAD, in parentheses) of the expected
quadratic utility for the LAMPS, the multi-period GMV, the partial myopic, and the BSC
strategies in the case of data from the example of Brandt and Santa Clara (2006).

In Table 1 we present the median of the expected utility functions for the con-
sidered values of v and the investment horizon T'. In each block the strategies order
is the LAMPS, multi-period GMV, partial myopic, and BSC. In the parentheses
the median absolute deviation (MAD) is given that is calculated as the median of
the absolute deviation of the sample values from the median. The monthly data
from January, 1945 to December, 2000 from the example of Brandt and Santa
Clara (2006) are used that consist of one stock and one bond return at each time
point the portfolio, while the term structure is used as a predictable variable for
modeling time series properties of the return process.
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We observe a very good performance of the LAMPS strategy which is the best
strategy for all T and 7. On the other hand it is not possible to provide a clear
ranking between the GMV, partial myopic, and BSC strategies. While the GMV
strategy is on the second place for smaller values of v and each T', the opposite
results are observed for larger values of v where the partial myopic and the BSC
strategies are ranked on the second and third places. Moreover, we obtained very
small values of the MAD for the LAMPS strategy, while the largest values are
attained for the GMV approach.

In Figures 1-4 we study the problem in more details. Here, we present the em-
pirical distribution functions of the expected quadratic utility functions obtained
via the simulation study. If we compare several strategies based on the performance
of their empirical distribution functions we should choose the strategy whose dis-
tribution function lies below the others. It follows from the fact that in this case
for a fixed value of W the probability to obtain stochastically larger value is the
largest one, i.e. with the higher probability larger values of the expected utility are
attained. Because the partial myopic strategy is based on investing into a riskless
asset it is a deterministic strategy and it’s distribution function is a step function.
The position of the given index is used for comparing the dynamic portfolio strate-
gies. This criterion is based on the maximum probability of exceeding the utility
of the partial myopic portfolio.

In Figure 1 we observe a very good performance of the LAMPS and BSC strate-
gies, especially for smaller values of v and T'. If v increases then the probability
of overperforming the partial myopic strategy decreases. It is always small for the
GMYV approach. For this method it is less than 40% for larger values of v and T,
while it is very large for the LAMPS strategy (about 80%).

In Figure 5 we analyse how quickly the resulting quadratic utility of the
LAMPS strategy converges to its maximum value as the investment horizon T'
increases. Here, we plot the median as well as 5% and 95% quantiles of the cal-
culated expected quadratic utility for T' = {4, 8,12, 16, 20, 24, 28,32, 36,40} and
~v € {5,10,15,20}. Note that the median quickly converges to the corresponding
95% quantile and that already for moderate values of T' > 25 a good approxima-
tion is obtained. The 5% quantile also becomes considerably large as T increases.
Consequently, the results presented in the figure lead to the conclusion that the ex-
pected quadratic utility converges to its maximum value as the investment horizon
becomes larger, although the convergence rate is not large, especially for smaller
values of 7.

4.2 Multi-Period International Optimal Portfolio

We consider an investor who invests into an international portfolio consisting of the
capital markets indices of five developed stock market, namely Belgium, Germany,
Japan, the UK, and the USA. The weekly data of the MSCI (Morgan Stanley
Capital International) indices for the equity markets returns are considered from
the 4th of January, 2002 to the 4th of December, 2009 and the return series for each
index are calculated. To the return series we fit the VAR(1)-CCC-GARCH(1,1)
process defined by

Xi=v+®Y, 1+ X%, with & ~iN(0,1I) (48)
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and ¥; = diag{h;}'/? R diag{h;}'/? with

h; =ag+ A§,_; +Bhy_1, (49)
where £, = (sf,l, ...,efyk)/; A and B are diagonal matrices.
We obtain
4.83e-04 0.2011 -0.1592 0.01892 -0.196 0.455
1.20e-03 0.3139 -0.1231 -0.00191 -0. 511 0.434
v=|6.74e-04 | ,® = | 0.0487 0.0888-0.12131-0.224 0.343 | , and  (50)
5. 54e-04 0.1829 -0.0889 0.00988 -0.441 0.382
2.79e-05 0.0766 -0.0643 -0.03049 -0.114 0.133

ap = [1.48e-05, 2. 51e-05, 2. 39e-04, 2. 17e-05, 1. 50e-05] ,
A = diag [0.0966, 0.0896, 0.0555, 0.1174, 0.1034] ,
B = diag [0.8946, 0.8936, 0.6405, 0.8637, 0.8729]

with the correlation matrix given by

1 0.7978 0.4406 0.8036 0.6629

0.7978 1 0.5411 0.8524 0.7998

R = | 0.4406 0.5411 1 0.5147 0.4780
0.8036 0.8524 0.5147 1 0.7556
0.6629 0.7998 0.4780 0.7556 1

It is noted that the last column of the matrix @ has the largest values. It shows
that the influence of the US market on the return indices is larger than those of
the domestic ones.

Next, calculate the weights of the three multi-period portfolio strategies (LAMPS,
GMV, and partial myopic) as already described in Section 4.1. We exclude the
approach of Brandt and Santa Clara in this study since there is no predictable
variable within the model . We choose v € {5,10, 15,20} and T € {4,8,12,16}.

I v 5 10 15 20 Method
0.5992 (0.0009) 0.5498 (0.0002) 0.5335 (9.4 - 10~ 0) 0.5251 (5- 107 9) LAMPS
0.5834 (0.0057) 0.5454 (0.003) 0.5314 (0.0018) 0.5237 (0.0012) GMV
4 0.5836 0.5456 0.5316 0.5240 Part.Myopic
0.6002 (2.6 - 10~ ) 0.5500 (6.5 - 10~ 0) 0.5336 (3.5 10 0) 0.5252 (2.4 - 10~ 0) LAMPS
0.5833 (0.0083) 0.5452 (0.0039) 0.5309 (0.0023) 0.5232 (0.0018) GMV
8 0.5838 0.5456 0.5316 0.5241 Part.Myopic
0.6002 (2.9 - 10~ 0) 0.5500 (1.8 - 10~ 0) 0.5336 (1.4 - 10~ 0) 0.5252 (1.2 - 10~ 0) LAMPS
0.5830 (0.0102) 0.5448 (0.0045) 0.5303 (0.0029) 0.5225 (0.0024) GMV
12 0.5839 0.5457 0.5316 0.5241 Part.Myopic
0.6002 (1.6 - 10~ 0) 0.5501 (1.2 - 10~ 0) 0.5336 (1.12- 10 0) 0.5252 (10 0) LAMPS
0.5831 (0.0115) 0.5443 (0.0050) 0.5296 (0.0035) 0.5218 (0.0031) GMV
16 0.5840 0.5458 0.5317 0.5241 Part.Myopic

Table 2 Medians and median absolute deviations (MAD, in parentheses) of the expected
quadratic utility for the LAMPS, the multi-period GMV, and the partial myopic strategies in
case of weekly MSCI data for the period from the 4th of January, 2002 to the 4th of December,
2009.
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In Table 2 we present the medians and the mean absolute deviations for the
expected utilities obtained via a simulation study with 10° independent repetitions
of the process with parameters . The results are similar to those of Section
4.1. We observe a very good performance of the LAMPS strategy which turns out
to be the best one. On the second place the partial myopic strategy is ranked
followed by the multi-period GMV portfolio.

More pronounced results are presented in Figure 6. Here, we observe a very
good performance for the LAMPS strategy for all v in the case of T = 12 weeks.
Both strategies overperform the partial myopic strategy with probability of almost
equal to one if v = 5. For larger values of v a similar behavior is present for the
LAMPS approach. The multi-period GMV portfolio performs much worse. For
v =5 and v = 10 the probability of getting higher values of the expected utility
is about 50%, while it is less than 40% for v =5 and + = 10.

Finally, in Figure 7, we plot the median and the corresponding 5% and 95%
quantiles calculated for the expected quadratic utility in the case of the LAMPS
strategy. In contrast to the example of Section 4.1 we observe that the expected
quadratic utility converges faster to its maximum value. A good approximation
is already obtained for T = 10. These results are also in-line with the values
presented in Table 2, where the medians of the expected quadratic utility attain
their maxima for T' = 8. Furthermore, we observe that the 5% quantile tends to
the maximum value for T' > 15 independently of ~.

Next we want to present a further example. Now the return of the US market
index is used as a predictable variable and an investment into four other capital
market indexes is considered. This example is motivated by economic theory -
the influence of the US market may be larger than of the domestic one, and it
is justified in the structure of the matrix @ (cf. (50)). In this example all of the
above described strategies are analyzed.

In Table 3 we present the medians and the MADs of the expected utilities. A
very good performance of the LAMPS multi-period portfolio strategy is observed.
This approach is ranked on the first place. A much worse performance can be
observed for the partial myopic strategy, for the multi-period GMYV portfolio, and
for the BSC method which can be ranked on the second, third, and fourth places.

T N 5 10 15 20 Method
0.6000 (0.0002) 0.5499 (7.5-10~7°) | 0.5835 (7.5-10"°) | 0.5251 (9.1-10"7) LAMPS
0.5835 ((J,l)(]78) 0.5453 ((].ll(li‘i7) 0.5310 ((].(J()22) 0.5233 (0.0017) GMV
4 0.5836 0.5456 0.5316 0.5240 Part.Myopic
0.4633 (0.1274) 0.5228 (0.0255) 0.5236 (0.0094) 0.5204 (0.0045) BSC
0.6001 (0.0001) 0.5499 (0.0001) 0.5335 (0.0001) 0.5251 (0.0001) LAMPS
0.5835 (0.0109) 0.5445 (0.0048) 0.5300 (0.0033) 0.5221 (0.0028) aMV
s 0.5838 0.5456 0.5316 0.5241 Part.Myopic
0.5295 ((J,l)656) 0.5320 ((J.(llﬁS) 0.5226 ((].(J()QQ) 0.5150 (0.0080) BSC
0.6001 (0.0001) 0.5499 (0.0001) 0.5335 (0.0001) 0.5251 (0.0001) LAMPS
0.5831 (0.0129) 0.5435 (0.0058) 0.5286 (0.0045) 0.5207 (0.0040) GMV
12 0.5839 0.5457 0.5316 0.5241 Part.Myopic
0.5276 (0.0678) 0.5205 (0.0271) 0.5055 (0.0216) 0.4963 (0.0155) BSC
0.6002 (7.4-10" %) | 0.5500 (6.8 10 °) | 0.5336 (6.7-10" D) | 0.5251 (6.6-10 D) LAMPS
0.5823 (0.0144) 0.5422 (0.0071) 0.5272 (0.0058) 0.5193 (0.0053) GMV
16 0.5840 0.5458 0.5317 0.5241 Part.Myopic
0.5101 (0.0845) 0.4906 (0.0517) 0.4730 (0.0372) 0.4640 (0.0250) BSC

Table 3 Medians and median absolute deviations (MAD, in parentheses) of the expected
quadratic utility for the LAMPS, the multi-period GMV, the partial myopic, and the BSC
strategies in the case of weekly MSCI data for the period from the 4th of January, 2002 to
the 4th of December, 2009. The investment into the four countries (Belgium, Germany, Japan,
and the UK) are considered, while the returns of the USA market are used as a predictable
variable.
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The same ranking is also observed in Figure 8 where 7' = 12 is used. It has to
be emphasized that the LAMPS strategy overperforms the partial myopic strategy
with probability almost 1 for all of the considered values of ~, while the multi-
period GMYV portfolio and the BSC method are really bad. Figure 9 shows that the
expected quadratic utility converges to its maximum value fast, since the median
coincides with the 95% quantile and the maximum values already for small values
of T'< 8.

The results of our empirical studies lead to the following conclusive remarks:

— The proposed method (LAMPS) shows superior performance for both VAR(1)
and VAR(1)-CCC-GARCH(1,1) processes estimated from the data. It can be
applied in the cases with and without predictable variables. Furthermore, a
considerable improvement in terms of the expected utility is obtained if the
time horizon and/or the re-balancing frequency of the portfolio weights in-
crease.

— The LAMPS strategy achieves the maximum utility gain when the time horizon
T increases. Indeed, the quadratic utility function attains its maximunﬂ at
the point Wi = 1/«, which leads to the maximum utility gain equal to 1/(2«a) €
{0.6002,0.5501, 0.5336,0.5252} if o € {0.833,0.909,0.937,0.952}, respectively.
Tables 2 and 3 show that even for T' at around 8 this level is achieved with a
small deviation.

— The inclusion of the predictable variable into the model leads to interesting
results. On one side, the median converges faster to the maximum value in
case of small 7. On the other side, a number of outliers is present which move
the 5% quantile away from the maximum value.

— It has to be mentioned that the influence of the re-balancing frequency of the
portfolio weights on the performance of the LAMPS strategy is remarkable.
In general we observe a better performance for weekly data. For monthly data
LAMPS has a little bit more uncertainty in the expected utility gains. This fact
shows that the increase of the re-balancing frequency improves the proposed
method.

The above mentioned observations indicate that the suggested LAMPS multi-
period portfolio strategy is highly recommended for long time horizons and/or high
re-balancing frequencies which is exactly the case when the approximate method
of Brandt and Santa Clara (2006) deviates from the exact one significantly.

5 Summary

Although in 1959 Markowitz has already formulated the multi-period asset alloca-
tion problem, no closed-form solution is available in literature up to now. Brandt
and Santa Clara (2006) provided an analytical solution by imposing some con-
straints on the structure of the portfolio weights and, thus, by transforming the
multi-period portfolio selection problem with time-dependent weights into a more
simpler one where the matrix of time-independent constants has to be calculated

a
1 1t can be easily shown that taking the derivative of W; — 7Wt2 with respect to W; and

setting it equal to zero leads to the maximum attainable wealth level at time point ¢ which is
equal to 1/a.
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at the beginning of the investment horizon. Moreover, note that the approach may
lead to a local maximum and not a global one.

In the present paper, we derive a closed-form solution of the multi-period
portfolio selection problem with and without a riskless asset which is obtained
under weak conditions on the process of the asset returns. The expressions of
the optimal portfolio weights are based only on the conditional mean vectors and
the conditional covariance matrices. Moreover, under the additional assumption
of independence they are similar to the solutions of the single-period optimization
problems that are performed at each time point. We prove that only the coefficient
of the shape parameter depends on the dynamics of the asset returns in the case
without a riskless asset. In the presence of a riskless asset the solutions of the multi-
period problem and of the sequence of simple-period problems are proportional
where only the coefficients of proportionality depend on the process dynamics. A
very remarkable result is obtained for the portfolio selection problem based on the
tangency portfolio. Assuming independent returns it is proved that the solution of
the multi-period problem and the solutions of the simple-period problems are the
same.

The derived multi-period portfolio choice strategies are compared with the
existing methods proposed in literature for two real data sets. The first data are
taken from the paper of Brandt and Santa Clara (2006), while the returns of five
developed stock market indices are used in the second example. We observe a very
good performance of the predictive loss approximation of the multi-period strategy
in case with a riskless asset which is always ranked on the first place.

The obtained results can be further extended by allowing the intermediate
consumptions. This can be done without any large effort by slightly modifying
the weights of Theorems 1, 2 and 3. Another possibility to extend the obtained
results is to impose some constraints on the structure of the portfolio weights. It is
remarkable that if the considered short constraints are based on linear restrictions
imposed on the portfolio weights then the multi-period portfolio selection problem
can be treated in the same way. This leads to an interesting extension of the
results obtained in our paper. The inequality constraint would require to develop
additional theoretical results which will be treated in a separate paper.

6 Appendix

In this section the proofs of the theorems are given.

Proof of Theorem 1:

First, we note that the expression of the optimal weights at period T' — 1 is given
in . The rest of the proof is done by using the mathematical induction on the
expressions of the portfolio weights and the value function. Let

A =E;i1[VipnX;X})] for i=1,...,T—1 and Ap= X7+ fpjy. (51)
Moreover, let

. {ﬁT for i=T

Bi = E171[Ri+15(¢] for i= 1,...,T—1, (52)
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VA

Ri= =t Vi= 1/141,*11 and 3; = i} 'Qifu} with
~ 1 A7l1r’a?
QZ:A’LliW fOI' Z—l, ,T*l
Note, that

1'Q: =0, Ql1=0 QAQ =Q;.
Let wi’; be the optimal portfolio weights calculated for period T — 1 given
in . First, we calculate the value function for period T — 2. It holds that

V(T —2,Wr_2,Fr_2)

(0%

/ ~ 2 /

= max Er_o [ max (VVT—1WT71H‘T - = WT,1WT,1ATWT—1) ]
W _2iWin_,1=1 W _1:Wih_ 1= 2

fe?
/o~ 2 * / *
= max Ep_o {WT_lw}_luT — *WT—1WT—1ATWT—1]
: 1= 2
WT_2iW/L_,

-1
A7l

VA1 aWroy

W _oiwi_,1=1

!
= max ET—Q{WT—l ( QTﬁT) Br

-1 4 -1
« A1 1 - A1 1 -
— w2 Sr -, - y A B - L ~
g Tt <1’AT11 + aWT_1QTMT> T (1/AT11 + aWrp_q Qrii ]

VAZYir 1 @b QrArALZ'L 1 VAT ArQriiy
= max ET72[WT71 =11 5 A1 Y 1 A1
wWp_giwh,_,1=1 razlt 2 1azlh 2 1Az
-0 =0
1 ~ 1 A - (6% ”72“_1
+ D - = ] b
2O[P'T(QTIJ'T 2 llA;ll

Using the definitions of R;, V; and §; we obtain

V(T —2,Wr_o,Fr_2)

1 . a
max Er_» [WT—IRT + 20T~ §W72“71VT}

W oW 1=1

max Er_s [WT—QW/T—2RTXT—1 + —8&p — *WZQ“72VT(WIZ“72XT—1)2]
W _ oW 1=1 200 2

. _ o
= max [WT72W/T—2HT_1 + F(37) — =Wi_o (WIT—QAT71WT72)} )
Wr_oWh_,1=1 2

where .
F(s17) = —FEr_5[57].
(31) = 5 Er—2[37] (53)
F(37) does not depend on wrp_s.

The last expression is similar to the value function at period T'— 1 (cf. @D)
Hence, the optimal weights w}_, are given by

A7l 1

-1 -1
_ AL 1VALT
1/A;£11 aWr_s

1A 1
(54)

Qr_1ftp_, with Qry = Az, —

W1 _2
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As a result, the following expressions are the basis of the induction

V(T = 2,Wr_g, Froz) = max [WT_Qw’T,gﬂi},l + F(3r)

W oW 1=
Q2 ’
- EWT—QWT—QAT71WT72]
1
Art,1 1
VA7 1 aWr_s

* . ~ %k
Wrp_9 = Qr-1ptp_4

with F(37) as defined in (53).

In the induction hypothesis we assume that the statement holds for ¢t = n, i.e.,

V(T —n,Wr_pn, Fr—n) = wp Bax [WT—nW/T—nﬁ*T—nH
—nWp_, 1=
. _ o
+Fr, 8715137 —n+2) — = Wiy Wi g ATy 1 W —p,
2
* A;£n+11 1 ~
Wr_p = + —n ~*7 )
Tt ral 1 oW, Qr—rt1hr—n+i
where
1 T—1
F(37,87—-1,...,8T7—ny2) = %0 Er_s[5r] + Z Erm—2[8m]

m=T—n+2

Note that the last quantity does not depend on wr_,,.
In the inductive step we prove that the last identities also hold for ¢t = n + 1.
It is sufficient to derive the value function for period T'— (n+ 1) which is given by

V(T — (n+ 1), Wr_(ny1), Fr—(n+1))

’ ~ ~ ~ -
= max Er_(n+1) Wr—nwip' iy iy + FGr, 871, .., 87 —ny2)

’
wT_(n+1)1_

O“/‘/-2 * / A *
Y T—nWT—nAT—n+1Wp_,

-1 ~ % ~ ~ ~ ~
VAL BT g 1R, 1 Qronsil 1 VQr—nt1RT_piy

= max Er_(nt1) [WTfn — —-= —T 1
W/T‘—(n,+1)1:1 1/AT—71,+11 2 1/AT—71,+11 2 1/AT—1L+11
=Rr_n41 =0 =0
I N 1 ., ~ s o 1 2
+ F(37,57—1,-+,8T—n+2) + 50 Pront 1 Qr—ntibr _ni1 =3 m WT—n] :
=57 _n41 ———
=V _n+t1

Hence, we obtain
V(T = (n+1),Wr_(ny1)s Fr—(n+1))

= max_ Er_(ny1) [WT—(n+1)W/T—(n+1)XT—nRT—n+1

w’/T—(n+1)1:1
-~ ~ Q2 / < 2
+ F(STa ST—15---5 ST*TH’l) - §WT7(7L+1)VT77L+1(WT—n—&-lXTfn) :|
’ ~ % ~ o~ ~
= , max (WT—(n+1)WT—(n+1)MT_n + F(ST, ST—1y-.+, 8T—n+1)
Wi (g1 1=1

«
— 5WQ%,(n+1)W'/T,(n+1)AT7nWT7(n+1)) )
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where

. - N - 1 -
F(37,37_1,...,37—ny1) = F(s7,87-1,...,87_ny2) + % T—(n+1)[5T—n+1] -

It is the desired form of the value function at period T'— (n + 1). Because this
expression is similar to the value function at period T'— n, we get the following
formula for the weights at period T'— (n + 1)

A7 1 1

+ Qr—n ity -
1’A;17n1 aWT—(n+1)QT nhr

*
WT_(n4+1) =

The theorem is proved.

For proving Corollary 1 we use the result of Proposition 6.1.

Proposition 1 Let X be a random vector with mean p and positive definite co-
variance matriz X. Let A = X + i’ with o= p+ 1. If

A1~ , - 4, A7t11’A7!
W= a4 P QR with Q=AT-Trien 69
then L L e
Y1 I . 1 XT1r Xy
and
1 a 'z ') -1y 'n & '—1-Rguv (57)
A+ x e 1+s ’
X' _oetye
where Romy = 5= s =R QR=pQpu.
Proof of Proposition 1:
From we obtain
1 L 1UE 4 —1 11~ —1 —1-
where R
1 'Y i _
Ch = B and ca=a'. (59)

11 vy
In order to prove the proposition we need to show that can be expressed in
the same way. The application of the Sherman-Morrison formula (Harville (1997,

Theorem 18.2.8)), i.e.,

B o _ E—Iﬁﬁ/z—l

Al = (x Nl_y-1_= FBE=
( +l"’“’) 1 +ﬁ/271ﬁ

leads to

1+ X -
A4+ 21211 — (1Y )2
pX 111 - Kat) at 1
(_ A+ 2 1y - (1Vx—1h)? i + ﬁ'zlp) ¥,

w=(1-Ka") 1 (60)
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where et
K=1A"'p= 12 F (61)
1+ Y 0
From the structure of and (60) we get
R A1 - Kat) N a!
I+ X 'prey—11—- 12 1h? 1+ 027 1h
_ a1’ ') -1UY'a & '—1-Rguv
42 e - X e 1+s

For proving the proposition we only need to show the equality of the coefficients
in front of X711 in 1) and . It holds that

S Uvxtnp 1
'Tryh vzt vz
3 ( a-t 3 A1 - Kat) ) 1Y
1+ 3 1 (Q+p/2 prr-l1-x> w2/ vy
_(1-Ka) N 1’2" 'p)2(1 - Ka 1l
T orx1 Vs (1+ g2 1 p)rs—1 - (V2 1p)?)
_ (1-Ka™) ( A+ a2 tprxz-11 )
1x—11 QA+ 2 'prey—11— w2 1tw?2) "’
The last identity completes the proof.
Proof of Corollary 1:
Under the assumption of independence it holds that
X7+ fupfur for t=1
Ar_ip1 = 10T _ _ 62
Ean { Vr—tpo(Er—t41 + Br_ppfip_ypq)  for t=2,....T, (62)
and
- fr for t=1
= . . 63
Hr—it1 { Rr_iyofpr_yyq for t=2,...,T (63)

Let Rr41 = V41 = 1. Then,

wh = (Vr—tq2(Br—iq1 + By )11 1
T V(2 (Br g1 + Br— iy y0)) 1 aWry

Qr_t41 (Rr—tq2fr_441)

- (Br—ig1 + By 0) ' Rp_i42
V(Zr g1 + by By )7L aWr V410

with

QT—H—lﬁTft«H

Qr_t+1 = (Zr—t41 + ﬁT—t+lﬂ{1"—t+1)_1
C Fra By ) T I (S A B By g)
V(X1 + By By q) M1

and

Rr_i12 (X, )11
1

T

= I v+ ),
i=T—t+2 1/( M, 4+, )11 i=T—142

Vr_iq2
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where the last identity follows from the definition of Rr_;4+2 and Vr_sy2 given in

(16).

_The rest of the proof follows from Proposition 1 if 3 is replaced by Xr_¢41,
A by pip_;,, and

1 Rr 2 1 X 1 £l

~—1 —t+ 1~

a ! = = I | V(X +nl) | = | | a; |,
aWr_¢ Vr_¢y2 aWrp_ i=T—t42 o ! aWr_y i=T—t4+2 ‘

where

i1~ 14+ Ramv,i
a; = 1 i+ i ; L i = 2 .
( Hafti) P (14 Ramv,:)?> + 1+ s:)Vamv,:

The last expression is obtained by applying the Sherman-Morrison formula. At
last, we recall Qr—_¢++11 = 0 and get . Thus the corollary is proved.

Proof of Theorem 2:

The expression of the optimal weights at period T — 1 is given in . The rest
of the theorem’s statement is proved by using the mathematical induction on
the expressions of the portfolio weights and the value function. We use similar
notations as in the proof of Theorem 1. Let A; = Ei_1[(1 - §1+1))V(Z}v(;] for ¢ =
1,...,T—1and Ap = X — fupjily,

c« [ hp . for =T
Hi = {Ei_l[(l—s‘i“)xi] fOI“ iZl,...,T—l, (64)
and & = jui 'A; pl fori=2,...,T.

Let w5’ ; be the optimal portfolio weight calculated at period T — 1 in the

case of a riskless asset as expressed in (28]). First, we calculate the value function
at period T' — 2. It holds that

V(T —2,Wr_2, Fr_2)

= wn%axz Er—2 [WT 1 (Rpr+wrpl 1HT) - %W;‘—l (W;LIATW;‘—I + R?‘,T + 2Rf1Tw:}/—1ﬁ‘T)}

1 < —
= max Ep_o [WT,1 (Rf,T + <(J/WT - — Rf,T) p'/TATlllT>

wWT -2

— w2 L Rys)iLArtA L Ryr) A g+ R
5 V-1 aWr 1 f,T | kp Ap AT aWr 1 £.T T KT £.T

o =1,
- Rf,T) ppAr uT> ] .

1
2R
+ s (‘XWT—I

Using the definition of s we obtain

° S
V(T = 2,Wr_o, Fr) = max Br_s|Wr_1Rpr(1 = 31) + =

«@ 1
— —W2 -R R 2R - R 5
2 Tt <(aWT 1 i T) ST+ Ryo+2Rpr (OéWT_1 f’T) ST>

SWE iR (1= 31)]

S
= max Ep_ Z[WT 1Ry r(1—387)+ —

W _2 2a

= ax [Wr—2Ryx (Broall = $71Ryr-1 + Wi _yji7_,)

a ~ ~ ok
- EWJ%—QR?‘,T (W’IT—QATfle*Q + Bp o[l —87|R} p_, + 2Rf,T—1W'T_2uT_1> t

Er_[37]

]-
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The last expression is similar to the value function at the period T'— 1. Hence,
it is maximized on the weights wi._, expressed as

" 1 _ -1 L4
Wr_2 = <m(Rf,T) T Rf,T71> Ar_ifip_y . (65)

Hence, the basis of induction are the following expressions
V(T -2, Wr_o,Fr_2) = max} [WT—QRf,T (brRpr—1 +Wr_oftp_1)
W1 _2

« o % )
— §W12“71R?‘,T (leuzAT—le—z +brR}p_1 + 2Rf,T—1W/T72“T71) + F(ST)]

* 1 —1 it B
o= |Ryr—1— ——(R Ar_
W2 ( £,T—1 aWT,Q( £.7) > T—1H7_1
with F(37) = 22257 and br = Er_o[1 - 37).
In the induction hypothesis we assume that the statement holds for ¢ = n, i.e.,

T
V(T =, W, Fr—n) = . max , [WTH1 ( H Rf,i) (br—nt2Rpr—ni1 + Wi i)

WT—n

i=T—n+2
o T
— EW:,%,” H R?’i (W/T,nAT7n+1WT7n + bT7n+2R§’T7n+1 + 2Rf,T*71+1w’/T—ni‘/"’}—n+l)
i=T—n+2
+ F(37,... 7§T—n+2)]y
1 r o .
Wi, = W H Ry —Rer—nt1 | Ap_ni1bir_pnys-
OWT—n \ =7 ny2

T-1
with F(§T7 e §Tfn+2) = i ET72[§T] + Z H biEm72[§m] and b; =
m=T—-n+2i=m
Ei_z[l — 51]
In the inductive step we prove that the last identities also hold for ¢t = n + 1.
It is sufficient to derive the value function for period T'— (n+ 1) which is given by

VT = (n+ 1 W (nt1) FT—(n+1))
T

= gomax B [Wrop T Bpi) (or—ny2Bprnir +wlnff_nin)
T—(n+1) i=T—n+2

T
> 2 2 %/ * 2 * 1 Lk
gWT—n ( I1 Rf,i,) (WT—nATf'rrFle—n tbrny2Ry popy1 t 2Rf,T—n+1“’T—n“‘T—n+1)

i=T—n+2
— F(Ep, ..., §T,n+2)]
[ T 1 T -1
= max  Ep_(p41) [(Wr—n 11 Rfi | b —ny2RfT—mni1 + | — 11 Ry —Rfr_mp1
WT—(n+1) ( ) i=T—nt2 aWr_pn \i=T_nt2

ook ) 24 —1 o o*
% “T—n+1AT_n+1”‘T—n+1>

@ 2 T 2 1 T - * / A—1
- -Wr_n IT L N I1 Ry Ry Tnt1 | BT 1A 1 AT —nt1
2 i aWr_p \i=T-n+42

X

-1

1 T 1 . 2

< ( 11 Rf,t') - Rf-,T—n+1) AL 1 AT g1 T 0T g2 R oyt
aWr_pn \i=T-n+42

1

+

T —1
~ a—1 ~ . .
( IT Rf,i) - Rf,Tfnﬁ»l) “}/—n+1AT7n+1y’;—n+l> + FEp, - 3T7n+2>] .
aWrp_

2R T pt1 (
i=T—n+2
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T
Using the definition of §; and denoting & = I[I Ry we receive
i=T—n-+2

V(T —(n+ 1), Wr_(nt1), Fr—(n+1))

o br—n+2
= max Er_(nt1) |:WT77LRf,T—n+1£bT7n+2(1 —S7_nt1) + 7H+ST7‘H+1
wr—(nt1)} a

1 2

o o o2 2 3 « 2

+ F(S7,...,81—nt2) — EWT,,LbenJrzf <<aWT—n - Rf,T—n+1> ST—nt1+ Ry i
et

+ 2R 17 ni1 | —————— —Rf7r—nt1 | 87-nt1 ]

! " O‘WTf(n#»l) ! " "
= max Er_(ny1) [WTfnfRf,Tf'nA»lefn%»Z(1 — ST—n41)

wr—(nt1)}

Sp_ o o (6] ~

+ <27;+1b7~7n+2 + F(37,..., 3T7n+2)> - EW%," (éRf,Tfn+l)2bT7n+2(1 - 5T7n+1)]

= max |:WT7(7-L+1)£RJ“7T771,+1bT—n+2 (ET7(71+1)(1 —8r—nt+1)Rfr—n + W},(nJrl)ﬁ;fn)
W (nt1)}

&2 2 = 2
- EWT,(,L+1)(€Rf,T7n+1) br—n2 (W/T,(n+1)AT7nWT—(n+1) +Er—(n+1y(1 = 8r—nt1) Ry 7,

+ 2Rf T Wi ()P + F(37, ., §T—n+1)) .

g Y _ 4 < 1 Er—(nt1 [57_ +1]
where 1‘7(87*7 ey ST—n+1) = F(ST, RN ST—n+2) + 5%()7“_714_2.

It is a desired form of the value function at period T'— (n + 1). Because this
expression is similar to the value function at period T — n, we get the following
formula for the weights at period T'— (n + 1)

. ERf 1 —py1) w—1
WT—(n+1) = <(£¢WTnn) ~Ryrn | Ar_nfir_,,
T
Substituting £ = I[I Ry, leads to the expression given in the statement
i=T—n+2

of Theorem 2. The theorem is proved.

Proposition 2 Let X bg a random vector with mean p and positive definite co-
variance matriz X. Let A =X+ pp' and i = p —rgl. If

w=5"A""} (66)

then
w=~"'> 'y with ~'= S — (67)
In

Proof of Proposition 2:
The application of the Sherman-Morrison formula, i.e.,

B E—lﬂﬁ/z—l

- —1 o u—1 —1
A =X =X n
(¥4 i) 1+ X0
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leads to

~—12_1ﬁﬁ/2_1ﬁ: 5/—1 M
1+ 2 h 1+ 2 n ’

what completes the proof of the proposition.

Proof of Corollary 2:
Under the assumption of independence

Ar_yi1 = { R o=l (68)
(1 —=8r—t42)(Xr—t41 + ﬂT_t+1lj’7,_t+1) for t=2,....T
and
. [ ir for t=1
AT—t1 = { (1 =8p—ty2)fbp_yyy for t=2,....T " (69)

Then the statement of the corollary follows from Proposition 2 if X is replaced
by X7 _¢11 and 1 by p’TftJrlv and

—1

1 1 £l
=l \ L R ) Rl

Proof of Theorem 3:
The results of Theorem 3 follow Theorem 2 and the application of the Sherman-
Morrison formula.
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