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Abstract

To ensure all products as perfect, inspection is essential, even though it is not possible to inspect all products
after producing them like some special type products as plastic joint for the water pipe. In this direction, this
paper develops an inventory model with lot inspection policy. With the help of lot inspection, all products
need not to be verified still the retailer can decide the quality of products during inspection. If retailer founds
products as imperfect quality, the products are sent back to supplier. As it is lot inspection, mis-clarification
errors (Type-1 error and Type-1l error) are introduced to model the problem. Two possible cases are
discussed for sending back products as defective lots are immediately withdrawn from the system and send
back to supplier with retailer’s payment and for second case, retailer sends defective products during
receiving next lot from supplier with supplier’s investment, like in food industry or in hygiene product
industry. The model is solved analytically and results indicate that optimal order size and sample size are
intrinsically linked and maximize the total profit. Numerical examples, graphical representations, and
sensitivity analysis are given to illustrate the model. The results suggest that sending defective products
maintaining the first case is the more profitable than the second case.
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1. Introduction

Since the establishment of the economic order quantity (EOQ) model by Harris (1913), this model has
become a “well-known” inventory problem and many studies have followed and studied this
problem. Andriolo et al. (2014) developed a good review of all the research that has been taken for this last
century. Throughout its evolution, the EOQ model keeps receiving attention for several research studies and
publications, which tried to fill the weaknesses of the model’s assumptions that are never met.

One of these assumptions stated that the received items are perfect quality. This problem has received
considerable attention for the last thirty years. Porteus (1986) first considered investments for the quality
improvement problem and setup cost reduction. He believed that the number of defective items in a lot
depends of the probability of the production process (machine) becoming out of control and he concluded
that quality of items can be improved by reducing lot sizes. After dealing with the same issue, Rosenblatt
and Lee (1986) came to the same conclusion.

After almost a decade, Salameh and Jaber (2000) worked on this similar problem of quality related issue
with a different approach. Instead of focusing on how to reduce defective items in production, they tried to
determine how to compensate this quality problem on the traditional EOQ model. They suggested a model
where the lot is 100% screened. At the end of the inspection, the items of imperfect quality are not
considered defective, but they are sold as a single batch with a discounted price.

However, in some modern supply chains areas, the inspection of each product or component is nowadays no
longer possible. The quantities of products have increased significantly; the inspection cost of each item
might be too high. A sampling method is then required and applied in most of these sectors. Another reason
for using sampling methods is in the requirement of a sample inspection, i.e., after inspection of a product
might render it unmarketable. Some examples of industries requiring this method are for example food
products, hygiene products or even matches.

Another trend in today’s industry concerns the quality warranty from suppliers. As the power of retailer is
increasing, some suppliers could offer the possibility of returning back the defective lots. This usually
occurs when the retailer obtains strict quality requirements from the customers and can’t sell the defective
items at a lower price in the market.

This study fills the gap described previously; it presents an inventory model, in which defective lots are
detected through a sampling inspection. As soon as the inspection reduction from the whole shipment is
concluded, defective lots are sent back to the supplier and are not charged. The mathematical model
develops in this paper to determine the optimal order size and the optimal sample size, which minimizes the
system costs, taking into account this quality related problem. The items used in the sampling inspection are
no more marketable and withdraw from the supply chain stream. This study doesn’t investigate the policy to
accept or reject a lot. It simply supposes that a lot accepted by the quality office contains only perfect quality
items. This last assumption is applicable in sectors, where the probability of having identical items
throughout the lot is high, (examples: products issued from the same recipe process or same raw material).

This proposed study is extended from Salameh and Jaber’s (2000) model, described previously. Since 17
years, this publication has received a lot of interest. Cardenas — Barrén (2000) updated this study,
Goyal and Cardenas — Barron (2002) simplified the model, and Rezaei (2005) made an extension by
allowing shortages. Huang (2002) extended the model into a two-stage vendor-buyer supply chain.
Papachristos and Konstantaras (2006) clarified a point about the conditions ensuring that shortages will not
occur in the original model of Salameh and Jaber (2000) they also propose an extension, supposing that the
withdrawing of defectives takes place at the end of the planning horizon. Skouri et al. (2014) built a model



illustrating what would happened if there is a probability that the entire shipment may be defective. In short,
Khan et al. (2011) gave a good review of the research areas and extensions of this model.

Most of the research always considered that the items are subject to a 100% screening. Tai (2013) proposed
a model, where items are subject to multiple of successive 100% screening. However, only a few models
have considered a sampling process. Moussawi-Haidar et al. (2012) investigated the case, where only a
sample is inspected instead of the whole lot. If the number of defective items is below a certain “acceptance
number’’, the lot is accepted. Otherwise, the lot is subject to a 100% screening. They determined the optimal
lot size and the optimal sampling plan to achieve the requirements of quality established. However, they
obtained a profit significantly higher when compared to the optimal profit using Salameh and Jaber’s (2000)
model, but couldn’t guarantee a zero defective item on the output quality.

Al-Salamah (2011) developed an inventory model with a sample inspection, and an acceptance sampling
and possible Type 11 errors of miss-classification, but didn’t consider the Type I errors. He assumed that a
lot could be classified as non-defective if it is less than a certain percentage of items that are found as
defective items. It means that a lot could still present defective items even though it has passed the
inspection process. Finally according to his model, defective lots are withdrawn as soon as detected and sold.

Many studies have reflected about other solutions to make efficient use of the defective items rather than
selling as second quality goods. Chan et al. (2003) proposed a production-inventory model, extension to the
Salameh and Jaber’s (2000) model, and provided a framework to integrate three possible uses of the
defectives: sell at a lower price/rework/reject. Jaber et al. (2014) proposed an inventory model as defective
items are either sent for reworking or replaced by good ones from a local supplier. They found that there
exists a threshold value to the replacement unit cost and the fraction of defectives to which it is more
beneficial to either buy or repair. Yu et al. (2012) established an inventory model, where a portion of the
defective items (called the acceptable defective parts) can be used as perfect quality.

However, only some studies have already investigated some models which return defected items as soon as
detected. Only Hsu and Yu (2011) proposed an inventory model in which all items are immediately returned
back, as soon as they are detected. Yu et al. (2013) proposed the same model with an integrated policy.
However, we consider in our proposed model that the retailer is still responsible for the safekeeping of the
defective lots during the inspection. Indeed, the retailer has to keep defective lots, and send them back to the
supplier as soon as the inspection phase for all the lots is concluded.

Khan et al. (2011) proposed an extension by considering that the inspector may commit errors while
screening. They build an inventory to depict this scenario. However, this model is based again on a 100%
screening process and the defectives are sold at a lower price. This model has been updated by Hsu (2012a,
b) and extended by allowing shortages in Hsu and Hsu’s (2013c) model. The same approach has been used
to build the analogue production-inventory model (Hsu and Hsu, 2013b). Thereafter, Khan et al. (2013)
extended the model of Khan et al. (2011) for a two-stage vendor-buyer supply chain, similar as Huang’s
(2002) model with the incorporation of learning in production.

Sarkar (2013) addressed a production-inventory model with defective items, but those defective items were
due to deterioration. Due to improvement of the quality of defective products, Sarkar and Moon (2014),
Sarkar et al. (2015) developed integrated inventory models. Even though the system contains defective
products, how the service level can be maintained, that is given by Sarkar et al. (2015). During
transportations of products (perfect or defective), how transportations cost and carbon emission cost effect
on total cost, that is discussed by Sarkar et al. (2015). In this direction, several research are done by Skouri
et al. (2011), De and Sana (2013), Céardenas-Barron et al. (2014), Sarkar et al. (2015), Roy et al. (2015),
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Wang et al. (2015), Sarkar et al. (2015), Cardenas-Barrén et al. (2015), Lashgaril et al. (2015), Sarkar
(2016), Jaggi et al. (2016), Sarkar and Saren (2016), Taleizadeh et al. (2016), Sarkar et al. (2016), Tayyab
and Sarkar (2016), Taleizadeh et al. (2016), Sarkar and Lee (2017), Misra et al. (2017).

This study extends the model of Salameh and Jaber (2000). The model considers a sampling process to
identify and reject the defective lots. It includes Type | and Type Il errors resulting from an imperfect
inspection, following the approach of Khan et al. (2011). However, this model doesn’t consider sales return.
After the inspection process, the defective lots follow two scenarios. In the first one, defectives are
immediately returned back to the supplier by the retailer. In the second scenario, defective items are kept in
inventory and are taken back during the next shipment from the supplier. We don’t allow shortages and
don’t consider an integrated supply chain model.

Table 1 summarizes the contribution of this study compared with other models from the literature review.

Table 1 Literature review

Study EOQ model De_:fectlve _Defectlve _Sampl_mg Assuming
items items are | Inspection errorsin
withdraw sent back inspection
as a single to process
batch supplier
Salameh and Jaber (2000) v v
Hung (2002) v
Rezaei (2005) v v
Papachristos and v/ v/
Konstantars (2006)
Al-Salamah (2011) v v v
Hsu and Yu (2011) v v v
Khan et al. (2011) v
Moussawi-Haidar et al. V4 V4
(2012)
Yuetal. (2012) v
Tai (2013) v
Sarkar (2013) v
Yuetal. (2013) v v
Khan et al. (2013) v v
Hsu and Hsu (2013 c) v
Skouri et al. (2014) v
Sarkar et al. (2014) v v
Sarkar and Moon (2014) v v
Cardenas-Barrdn et al. V4
(2014)
Wang et al. (2015) 4
Cérdenas-Barron et.al. V4 V4
(2015)
Sarkar et al. (2015) 4
Sarkar et al. (2015) V4




Study EOQ model De_fectlve !Defectlve _Sampll_ng Assuml_ng
items items are sent inspection errorsin
withdraw as | back to inspection
asingle supplier process
batch
Sarkar et al. (2015) V4 V4
Taleizadeh et al. (2016) V4 V4
Sarkar (2016) v
Taleizadeh et al. (2016) V4 V4
Sarkar and Saren (2016) V4
Sarkar et al. (2016) V4
Tayyab and Sarkar V4
(2016)
This study V4 V4 V4 V4 V4

The remainder of this paper is organized as follows: Section 2 gives a list of assumptions and nomenclatures
used in our study; Section 3 presents the mathematical model itself. A numerical example and managerial
insights are given for illustration in Section 4 and a sensitivity analysis is given in Section 5. Finally, some
concluding remarks about the study are provided in Section 6.

2. Assumptions and notation

The assumptions, taken in this paper, are as follows:

1.

The study considers an inventory model for single-type of products with a certain percentage of
imperfect quality product’s shipments. Based on Sarkar et al. (2014), the model assumes the rate of
defective production follows a random variable, which follows any probability distribution (for this
model, it is assumed as uniform distribution).

Shipment of product contains several lots without inspection as supplier sends products without
inspection and the retailer inspects to ensure the brand image of retailer in the market.

As soon as the shipment is received, a sampling process is applied. A quality inspection to n items in
each lot is applied. If the lot passes the quality inspection, one can consider that all items in the lot
are of perfect quality. Otherwise, the lot is intended to return to the supplier. The inspection is not
error-free. During inspections, some imperfect products are accepted and some perfect products are
wrongly rejected, thus Type | and Type Il errors are incorporated within the model.

Lots, which do not meet the quality standard, have to be kept in inventory until they are sent back to
the supplier. Either defective lots are sent back immediately after inspection, or the supplier will take
them back in the next shipment.

The inspection phase and the demand proceed simultaneously. However, the study considers that the
number of perfect lots identified is greater than the demand rate.

The demand rate is constant and uniform over the entire planning horizon.

Shortages are not allowed and the time horizon is infinite.



Notation

Decision variables

y
n

Parameters

SESIIGIGEG

IEC

order quantity size (units)
number of items inspected per lot (integer)

unit inspection cost ($/unit)

lot purchase cost ($/lot)

cost of falsely accepting a defective lot ($/lot)

cost of falsely rejecting a non-defective lot ($/lot)

demand rate (units/year)

holding cost of a good quality item ($/unit/year)

holding cost of a defective item kept in inventory (for the second subcase model) ($/unit/year)
ordering cost ($/order)

transport cost of defective lots back to supplier (for the first subcase model) ($)
number of items per lot

random variable representing the Type | error

random variable representing the Type Il error

unit selling price ($/unit)

fraction of defective lots supplied

screening rate (units/year)

expected value of a random variable

time to screen a shipment (years) = %

Holding costs of the subcase n
Inspection costs

Inspection error costs

Purchase costs of the sub-case n
Total profit of the sub-case n
cycle time (years)

optimal order quantity size (units)

3. Mathematical model

The study develops an inventory model with imperfect items. The items are detected with 100% inspection
process is not possible during delivery time. This model emphasizes about a sample inspection to avoid
maximum possibility of Type | and Type Il errors of defective items. The mathematical model analyzes two
ways how to reduce defective lots. Retailer chooses the way, after inspection of defective items, they are
immediately sent back to the supplier or wait for next shipment from supplier to send defective items. The
model mainly stands on two major factors: order size (y*) and sample size (n*), which are related each other.
Actually, products depend on taking quantity of sample products and number of quantity lots, which are
ordered from supplier. Applying both related factors, the model obtains the total profit (TP) of retailer.




In this section, the mathematical model is introduced. Let y represents the order quantity size of lots, a new
constant L is introduced, which represents the number of items per lots.

In order to satisfy the demand D of items per year, a shipment containing several lots is received
every T unit of time. In a perfect model and without defected items, the relation D = yL/T is established in
the stationary state, where T represents the cycle time. To calculate the total cost of the model, the following
costs hand to be calculated.

Inspection costs

Upon receiving an order, an inspection based on a sample is applied. Let n represents sample size and
satisfying constraint 1 <n < Landn € N . It is supposed that the arbitrary number of items used for the
inspection is sufficient to provide a trustfully test. In other words, there isn’t a single defected item in the lot
inspected if the inspection phase had been successful. It is also considered that the inspection time for a
shipment t; depends from the order size and from the number of samples used for inspection. Thus, one can

obtain relation t; = 3;(—” where X is the screening rate (constant).

A unit inspection cost c; is introduced, which represents the cost for applying a quality inspection on an item.
The inspection cost (IC) for a shipment is

IC=cny 1)
Inspection errors

As described in the model by Khan et al. (2011), their screening process is assumed to be error free. But it is
quite realistic to account for Type | and Type Il errors committed by inspectors as it is offline inspection by
the inspectors, thus there is a chance for accepting imperfect products as perfect and rejecting perfect
product as imperfect. For this reason, the increased number of samples permits to reduce the risk of falsely
qualifying a lot. Depending on the sample size n, inspectors classify some non-defective lots as defectives,
i.e. (1 — p)m,™, while some defective units as non-defectives, i.e. p m,™. For this reason, the percentage of
defective items perceived by the retailer p, is different from the actual one p. Thus, the fraction of defectives
units perceived can be obtained as

Elpe] = (1 = E[pDE[m]" + E[p](1 - E[m,]")

It is considered a cost of misclassification due to an insufficient number of samples to qualify the quality
of the lot. One can assume that the number of items, which goes into Type | error (false rejection) is
dependent on n. The inspectors falsely reject a lot if the inspectors have a Type | error, which happens on
each non-defective item from the sample.

y(1 = E[pDE[m]"

The number of items, that goes into Type Il error (false acceptation), is dependent on n. The inspectors
falsely accept a lot if they have a Type Il error, which happens on each defective item from the sample.

YE[p]E[m,]"



Let ¢, and c,, respectively be the cost of rejecting a non-defective lot (Type I error) and the cost accepting
a defective lot (Type Il error). In case of critical products, such as food, medical, or parts of an aircraft, the
cost of acceptance c, is much more than that of a false rejection (see for reference Raouf et al., 1983).
Costs of inspection error (IEC) per cycle can be expressed as

IEC = coyE[p]E[m,]™ + ¢, y(1 — E[pDE[m4]"

Figure 1 represents the behavior of the inventory level. It can be noticed that the number of items that are
withdrawn from the inventory is p.yL + ny(1 — p.), which represents the number of defective lots plus the
number of items used for the inspection in the accepted lots. Under this condition, the inventory cycle T, is
determined as

_yL—(pyL+ny(1—-p.)) y(1—pe)(L—n) @)
B D B D

To

The remainder of the model is subdivided in two cases. The first case (Case 1) considers a special transport
is organized to send the defective lots back to the supplier. The model has an additional transport costs K,
but the defective products are no longer stored in the warehouse to avoid additional holding costs. The
second case (Case 2) considers that for the sake of convenience, the supplier can take back the defective
items in the next shipment. These two cases are the more efficient possibilities as it is logically be more
expensive to send a transportation cost not immediately after the screening process (because of the holding
costs of defective items).

Case 1 Defective items are immediately sent back to supplier with an additional transportation
cost

Inventory
yL
yL — Dt,
$ peyL + HY(l - pe)
tl 7
Z T, Time

Figure 1 Behavior of the inventory model sub-case (1)

As h is the holding cost per unit per item, the holding costs per cycle for the first case (HC,) can be
determined from the Figure 1 (summing the 2 areas, see Appendix 1 for the complete development) as

@)

y2(1 - pe)*(L —n)? 4 y*nL(p.L+n(1—p))
2D X

HC1:h<



In this case, the defective lots are sent back to the supplier with an additional cost for transportation cost K.
The purchasing costs (PC) per cycle is determined as

PC; =Kg +y(1 —pelcy 4)
Total revenue (TR) in a cycle is
TR = P(yL = peyL — (1 = p.)ny) = Py((L —n)(1 — pe)) (®)

where P is the unit’s selling price. Total profit TP(y, n) is the total revenue per cycle less the total cost per
cycle divided by the cycle time, and is given as follows:

TR — PC, — IC — IEC — HC,

TP (y,n) = T,
_pp— Dey cnD 3 (K+Kyz)D
L-n) @L-n)(T-Elp]) y(d-E[p])(L—n)
_ DcE[plE[m,]"  De,(1—E[pE[m]*  y(1—E[p.)(L —n) ©)
(I-Elp DL -n) (- E[pNL—n) 2

DLyn(E[pe]L + n(1 — E[p,]))
X(1 - E[p. D@L —n)

For maximization of the profit, by taking partial derivatives with respect to y and n, one can obtain

STP(y,n) _ (K+Ka)D (1 =E[p.D(L=n)  DLn(E[pc]L +n(1 - E[p.]))
Sy y2(1 = E[pe DL —n) 2 X(1 —E[p. DL —-n) )

and
6TP (y,n) _ Dey ¢, DL 3 (K+Ky4)D

sn (L - n)j5 : ](b}[— E]glpe])(L —n)?2  y(1—E[p. DL —n)?

_ CoLPlEIM,
TR @ [ mEmD]
_ De,(1 = E[pDE[m,]" [ 1
(1 -E[peD(L —n) L(L—n)
_ , DLy(Elpc]L* ¥ 2nL(1 ~ E[p.]) — n*(1 — E[p.])

X(1 — E[p. (L — n)?

_ 8)
+ ln(E[ml])] + hy—(1 ZE[pED

For sufficient condition, the second order derivative can be obtained as follows:
All terms of Hessian matrix are obtained as follows:

§°TP (y,n) 2(K+Ky)D
5y? ~ Yy (1 —Elp.DL—n) <0 )




§°TP (y,n) _ 8TP(y,n)
sndy  Syén
(K+Ky)D (1 —-E[pe])
Y2 —Elp D@ —np T 2 (0
B hDL(LZE[Pe] +2Ln(1 - E[p.]) — n*(1 - E[p]))

X(1 = E[peD(L —n)?

8°TP(y,n)  2Dcy 2¢,DL _ 2(K+K)D
O e e g
__DcgE[p]E[m,]" i n(E[m, 5
U M (RO i) ”
_DCr(l_ [pPDE[m,]" 1n(E[m1D+ln(E[m ])2]
=t (Tt T 1
2DylL3 0

X(1 = E[pe DL —n)?

Proposition 1 For n < L and for X more than 1, the expected profit function TP, (y,n) is concave. Thus,
there always exist an order size y and a sample size n which maximizes the total profit.

Proof The function TP (y, x) is concave and have the global maximum if the principal minors are
52TP,(y,n) §2TP,(y,n)
5 and 57
Thus if the 2" principal minor is positive definite, then the profit function has the global maximum.

are negative definite.

alternating in sign. For the 1% principal minor, it is found that

2 2 2 2
To prove, the 2™ condition, the relation ) , S TPalym) _ (6 Tpl(y'")) > 0 should be verified. As
5y én2 ondy

§TPU4(y, S5TPU4(y,
1(y,n) and 1(y.n)

the terms pror o are always strictly negative according to the conditions, the determinant
is negative if:
1 5§2TP,(y,n) 82TP4 (y,n)
) §y? éndy
and
2 SZTPI(an) SZTpl(yrn)
’ én? Sndy

The 1% condition is obviously true for every y > 1. The complete explanation of the 2" condition is
provided in Appendix 2. Consequently, it could be stated that the function is always concave and has a
solution, which maximizes the total profit.
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Case 2 Supplier will take back defective lots in the next shipment

\ Inventory level

yL — Dt; — ny
Lpyy —nyp,

4

T, Time

Figure 2 Behavior of the inventory, sub-case (2)

In this case, the holding costs are the same as in Equation 3 increased by an additional term corresponding to
the holing costs of the defective items (grey area on Figure 2). The holding costs are determined as

201 _ 207 _ 3\2 2 _
HC, = h[y (L—p) L —m)*  Ly*(pel +n(l —pe))
2D X 12)
y2pe(1 —p)(L —n)?  Lyp.(L+n)
+ hy [ ) + <

Supplier takes back defective items in the next shipment. Thus, there isn’t any additional cost for
transportation. The purchase costs (PC) per cycle is determined as

PC, = y(1 —pelcy (13)
Total profit TP(y, n) is determined in the same way and is given as

TR — PC, — IC — HC,

TP, (y,n) = Ty
_pp_ Dey — ¢nD KD B DcyE[plE[m,]"
(L-n) (L-n) y(A-ElpDEL-n) 1—-E[pDL—-n)
D (1= E[pDE[m]*  y(1—E[pe])(L =) (14)
(1= E[pe])(L —n) 2
_ , PLy(Elp]L + (1 —p)) hyElpu](L — ) — hy D LELPI L+ )

X(1 = E[pD(L —n) X(1—=E[p DL —n)

If one can consider a transportation cost is zero and a holding cost of the defective lots is zero, i.e. K; = 0
and h; = 0, one can observe that Equation 6 and Equation 14 are the same, supporting the evidence that the
two cases are based on the same model.
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A similar statement on Proposition 1 can be proposed regarding the existence of a maximum for the
TPU, (y, n) function.

Proposition 2 Based on this model, there exists a threshold value of K consider K;*, after which it is more
profitable to conduct a transporting of defective items to a supplier rather than to keep the defective items in
a warehouse. This threshold value is dependent from the optimal couple (y,n) and is given by

2 — — 2
Y7Elpel( ~ Elpe DL = n)" LyE[Pe](L+n)) (15)

Proof As Equation 6 shows the total profit TP, (y,n) and Equation14 shows explicitly TPU,(y,n). The
validity of the theorem that TP, (y,n) — TP,(y,n) > 0. After an arrangement of the terms, the Equation 15
IS obtained. Hence, this implies the proof.

NBBARY algorithm

As the solutions are dependent to each other, thus we need an algorithm for the numerical study. Here one
can present a procedure in order to find the optimal solution of the problem.

- Step 1 Find the maximum values of TP; (y,n) and TP, (y, n) by solving the zero value of gradients,
using Newton- Raphson’s method.

- Step 2 Compare both cases and select the more profitable one. If the two cases give profits then
more profitable case can be accepted and less profitable case can be rejected. Otherwise, Step 3 must
be applied for both cases.

- Step 3 Let (y*,n*) be the optimal values obtained corresponding to the optimal total profit function.
The aim is to obtain an integer value of n and y corresponding to convenient practical cases.
Compute the values of TP(|y],|n]), TP(ly] + 1, [n]), TP(ly], [n] + 1) and TP(Jy| + 1,|n] + 1),
choose finally between the four results with the twin value which gives the highest profit.

4. Numerical examples

In this section, the behavior of mathematical model is presented for practical cases. Five relevant numerical
experiments are conducted. In the first numerical example, parametric values, similar to the numerical
example by Salameh and Jaber (2000), are considered. The above solution procedure in order to obtain the
optimal twin (y*,n*) is applied. In the second numerical example, the ratios between the total profits (TP)
of both cases are observed, while varying the holding costs and transport costs of defective items. In the
third numerical example, the behavior of the optimal values (y*,n*) are analyzed, while varying the lot size.
On the fourth example, the implication of ordering costs and inventory costs are observed on the optimal
values (y*,n"). Finally, the same scenario is replicated on the fifth example, while varying the screening
rate.

Example 1 NBBARY algorithm to obtain the optimal order size and sample size is applied. Table 2 gives
the values adopted by this numerical example; similar to the work of Salameh and Jaber (2000). A lot size of
300 has been arbitrary chosen, the remaining values are adjusted in order to correspond with the same range
of costs.

12



Table 2 Standard values adopted for the numerical example

Description Symbol Value Units Description Symbol Value Units

Demand rate D 50,000  units/year Screening cost G 15 $lunit

Number of items per lot L 300 units Lot purchase cost cy 500 $/lot
. Cost of falsely accepting a

Ordering cost K 3,000 $lorder defective lot Ca 900,000 $/lot

Transport cost of defectives to Cost of falsely reject a non-

supplier Ka 5,000 $ defective lot & 700 $lot

Holding cost h 2 $/unit Fraction of defective lots supplied p U~(0.04)

Holding cost of defectives hq 5 $/unit Type | error in inspection my U~(0.05)

Screening rate X 5,840 units/year Type Il error in inspection m, U~(0.10)

Selling price P 8 $/unit

Prior to computing the TP(y, n) and find the optimal twin (y*, n*), it is necessary to compute

Elo] fb (o) pd fb 1 4 b+a 004+0 0.02
pl= | pf(Ppdp=| p p= = = 0.
a b—a 2 2

a

Following the same process, the values of E[m;] = 0.025 and E[m,] = 0.05 are obtained. Finally,

Elp.] = 0.98%0.005" + 0.02( 1 — 0.01™)

(16)

17)

By numerical experiment, a maximum profit of 248,291 occurs for an order size y of 47.04 and a sample
size n of 2.48. The second case has a maximum profit of 278,924 for an order size of 37.45 and a sample
size of 2.79. The second case is consequently the model to adopt as in these conditions it is more profitable
to keep defective lots in inventory until the next shipment. After analyzing the four possible values of
integer parameters, the optimum combination of decision variables reveals to be (y*,n*) = (2,37) with
a profit of 278,924. It can be found from the results that with such parameters, the total profit among all
four values is almost the same. In order to validate these results, the curve of the profit function is

represented on Figure 3.

y order size

sample size

Figure 3 Total profit (TP) behavior for parameters issued from Table 2
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Example 2 The ratio between the two total profits for relatively different values of the ratio K, /h, is
represented (K, is fixed in this numerical example). The results are represented for three fixed values of the
lot size L, the lot purchase costs c,, has been adapted in each case in order to maintain the proportionality to
the lot size. All others parameters remain unchanged from Table 2.

One can notice from the results of Figure 4 that the bigger the lot sizes, the more the ratio between the two
cases differ. Also, one can observe on the same figure that the bigger lot sizes, the more profitable the first
case is (TP1/TP2 > 1). This deduction is quite intuitive as it can be more expensive to conduct the second
sub-case. Thus, the holding costs considerably increase with bigger lot sizes.

2 T T T T T T T T T
— L=300.Cu=500
— L=150.Cu=250
L=600,Cu=1000
181
16 .
TP1/TP2
141 .
121 .
1 — -
0.8 1 | | 1 1 | 1 1 |
0 10 20 30 40 50 60 70 80 90 100

Kb/hd

Figure 4 Ratio of total profit while varying the parameters Kq & hgd

Example 3 The optimal order size and the optimal sample size are represented on Figure 5 for different
levels of lot sizes. The results are obtained with the application of the NBBARY algorithm. In order to
interpret the model and study specifically the values resulting from the increase of the lot size, the lot
purchase price c, has been adapted and set proportional to the lot size. In that way, there is no
misunderstanding with other parameters, which can be compared with the essential results.

The exponentially decreasing behavior of curve from the optimal order size y* can be noticed. However,
there’s a sudden fall of the curve for a lot size around 100. This corresponds to a change in the optimal
sample size from 3 samples to 2 samples. This behavior is intuitive as, in this Example 3, the cost of
accepting a lot is constant whatever the lot size is. Naturally, the model considers that one should take a
higher number of samples in order to prevent a too costly error in the wrong classification of the lot.
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Figure 5 Optimal order size and sample while varying the lot size

Example 4 The optimal order size is represented for different ratios of ordering costs versus holding costs
K /h. Two curves are represented on Figure 6, illustrating the results obtained for two fixed values of K.
The other parameters remain unchanged from those of Table 2. These results are obtained for successive
applications of the solution algorithm. It could be noticed the increasing value of the optimal order size y* as
K became high based on the value of h. Also, the higher K and h are, the lower the optimum order size is.
The sample size is not represented in this numerical example as it stays constant at value of n* = 2 for both
cases.

S0

45|

40

35+

30+

Optimal order size

5 I ! ! I I I ! ! I ]
0 100 200 300 400 500 600 700 800 900 1000
Kih

Figure 6 Optimal order size while varying the ratio K/h

Example 5 The optimal order size and the optimal sample size are represented on the same figure for
different values of the expected Type Il errors E[m,]. These results, observed on Figure 7, are obtained for
successive applications of the NBBARY algorithm. It could be noticed that the optimal sample size
n*increases as E[m,] became high. However, for every change of n*, the optimal order size y* changes
itself also and follows a decreasing curve. One of the reasons for such behavior is that for a higher Type 1l
error, there are much more defective items, which will be classified as non-defective, thus it starts to
decrease the fraction of defective items perceived.
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Managerial insight

As always full inspection is not possible, the managers of different industries have problems to inspect items
and they cannot take decision that after getting defective items, they immediately send to the supplier or wait
for next lot arrival. For the second case, the retailer does not have to pay the transportation cost, but the
retailer has to pay the holding cost for carrying defective items. If the retailer sends immediately after
receiving from the system as defective products, the retailer has to pay the transportation cost. Therefore,
there is a trade-off between the extra holding cost for carrying the defective products or invested
transportation cost for transporting the defective products. The results, obtained by this proposed model,
suggest that the retailer should transport defective products immediately after the detection as defective
through lot inspection. If the input data of the numerical results are changed, the results may vary with the
existing one.

For many plastic industries, the inspection are done by checking all of its chemical components and the
capacities for which it is made. To check the product is harmful or not for human health, it is tested through
several process. For those tests, the plastic products have to melt into liquid forms. In the liquid form, they
are tested and after testing they cannot be used any more for general use. Therefore, full inspection is never
be possible for these types of products. Lot inspection is the best policy for those industries. The proposed
model gives the solution for the managers for those industries.

As lot inspection is conducted, there is a chance for inspection errors, it means that defective lot may be
considered as perfect or perfect lot may be considered as imperfect. Thus Type-I and Type-Il error are
introduced, which gives the accurate results for industry manager to predict the chances or percentages of
errors.

5. Sensitivity analysis
In this section, the results of our sensitivity analysis are discussed. Table 3 presents the sensitivity analysis
of the parameters representing costs in the model for the first case. The values from the parameters used in
this analysis are those from Table 2.
It can be observed from the results that an increasing value of costs has a negative influence on the TP,
which is intuitive. However, the optimal sample size n* and the optimal order size y* don’t follow always
the same behavior. For example, increasing value of the cost c, (cost of falsely accepting a defective lot) has
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a positive effect on the optimal sample size y*. Also, the increasing value of the cost K(order cost) has a
positive effect on the optimal order size y*.

The cost ¢, (cost of falsely accepting a defective lot) is the parameter, which less influences the total profit.
For an increment of 50%, the total profit only decreases by 0.006%. On the contrary, the cost ¢, (lot
purchase cost) is the parameter, which more influences the total profit. For an increment of 50%, the total
profit decreases by 16.9 %. However, these results can slightly differ from other parameters and should be
analyzed with precautions.

Table 3 Sensitivity analysis of the model in a numerical example for sub-case 1

Parameters change

(in %) TPU (%) n*(%) v (%)
K -50 2.32 1.07 -10.16
-25 1.13 0.49 -4.95

+25 -1.07 -0.44 473

+50 -2.10 -0.89 9.28

h -50 6.91 3.47 39.88
-25 3.15 1.47 14.94
+25 -2.76 -1.16 -10.23
+50 -5.25 -2.14 -17.80

a -50 117 1.74 -0.54
-25 0.58 0.84 -0.26

+25 -0.58 -0.80 0.25

+50 -1.15 -1.56 0.49

cy -50 16.91 0.18 -0.05
-25 8.45 0.09 -0.03

+25 -8.45 -0.09 0.03

+50 -16.91 -0.18 0.06

Ca -50 1.00 -9.35 2.94
-25 0.42 -3.96 1.25

+25 -0.33 3.12 -0.98

+50 -0.61 5.70 -1.78

¢ -50 0.006 -0.09 0.03
-25 0.003 -0.04 0.01

+25 -0.003 0.04 -0.01

+50 -0.006 0.09 -0.03

6. Conclusions

This paper developed an economic order quantity model for a sampling, sample quality inspection, and a
returned policy of defective items. This model filled the research gap in the literature in providing a model,
which took into account the impairment loss resulting from the sample inspection. It also highlighted the
strong link between order sizes, sample sizes, and lot sizes and. Thus, these values were considered all
together to obtain the optimal twin (y*,n*). Two cases were discussed with two policies of returning
defective items. The return of defective items to a supplier was relevant nowadays as it might occur in
several supplies chain sectors in which retailers maintained strict quality requirements.

A threshold value was defined upon which the first case was obtained as more profitable and a solution
procedure to find the best couple (y, n) was provided. Numerical examples were conducted and a sensitivity

17



analysis was established. From numerical study, it was found that global optimal results gave several
conditions for the policy related solutions and amount of defective products. This work can be enhanced in
a number of ways. There are still plenty of hypothesis that cannot always be considered yet by any
researches. A model with shortages can be developed. Another direction is to extend the model by
considering stochastic demand rates or integrate this model in a two-level supply chain (Sarkar et al., 2015).
This paper does not consider any inspection errors with warranty cost i.e., Type-1 and Type-II errors with
warranty cost [Sarkar and Saren, (2016)]. For further research work, this paper can be extended by
introducing these two types of errors with warranty cost. Warranty cost and machine breakdown can be
added to this model for further extension. It will be a nice contribution if this model will assume finite
inspection time during production run. Variable transportation costs along with carbon-emission costs can be
introduced to this model for future study [see for reference Sarkar et al. (2016)].

Appendix 1

To determine holdings costs, we split the total area in two parts like in the Figure 8 and express each area

separately. The screening time could be expressed as t; = ny .

Inventory Level

yL

_'YL — Dtl
pyL+ny(1—p)

<— t, —>

N To Time

Figure 8 Behavior of the inventory

The blue area is expressed as

(oL +n(1— p))y;L _ y'nL(pL ;n(l —p)

The yellow area is expressed as a single triangle

(L= (pL+n(1—-p))?*  y*(1—p)*(L —n)?
2D B 2D

82TP1(y,n)
on?

82TP, (y,n)
onédy

1. Appendix 2: Proof of

To demonstrate the second condition, it is necessary to prove that
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(A —E[pD —m) [(L —et =y TInEMD ] -
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y2(1 - E[p. DL —n)? 2

_ hDL(LZE[pe] +2Ln(1 — E[p.]) —n*(1 — E[p.]))
X(1—E[pe DL —n)?

In order to prove this step, some previous mathematical operations are required. Let’s first assume some
obvious considerations and numerical range estimations as:

1. 0KL—n<Ky
2. E[p] = 0 andE[p.] = 0, but strictly positive and therefore (1 — E[p.]) = 1
3. For E[m,] and E[m,] strictly positive tending to zero.

Lo _2Dey 2¢,DL 2(K + K,)D
ot ]n><<y @ =7 " U=ElpDL -7y —Elp. DL — 1)
Pel—0
E[p]-0
E[m;]-0
E[mq]-0
DCaE[p]E[mZ]" 2 ln(E[mz]) 2
TA—EpDT - [(L —r T =y T mEmD ]
De,(1— E[pDE[m*[ 2 In(E[m,]) )
T T —EpD@ —n) [(L —E T =y T mEmD ]
2DyL? (19)
+h
X1 E[pe])(L(K— 25 » o Eo
. + d - Pe
> 0<<(£1—r£zl)<<yy2(1 —E[p.D(L —n)? +h 2
E[pe]—0
E[p]-0
E[m;]-0
E[mq]-0

_ , DL(PElp] + 2Ln(1 — Elpc]) — n*(1 — Elp.])
X(1—ElpeD( —n)*

and with simplifications

lim 2Dcy N 2¢,DL N 2(K+Ky)D  DciE[plE[m,]" [ ]

oLy <y (L-n)? (L-n) ylL-n) L-n) (L —n)?
E[pe]—-0
E[p]-0
E[mz]—>0
E[ml]—>0

_ Dc (1 — E[pDE[m,] [ ] T 2DylL3
(L—n) (L —n)? X(L—-n)?
o lim (K+K)D h  DL(L%p, + 2Ln(1 —p,) — n*(1 = p,))
0«(L-n«y y2(L — n)? X(L —n)?
E[pe]—0
E[p]-0
E[mz]—>0
E[ml]—>0

(20)

19



2(K+Kg4)D (K+K4)D

As it can be stated that Sn? - Y om)?

for (L — n) « y, the inequality becomes

I 2Dcy N 2¢,DL  2Dc E[plE[m,]* 2Dc.(1 — E[p)E[m,]" 2Dyl3
ooy (L —m)® (L —n)? (L —n) L —n)s XL —n)?
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The first term of the inequality is always positive and the second term of the inequality is always negative as

it is supposed that (L —n) « y and therefore L < y. The inequality is therefore true and the statement
|6TPU1(y,n) |8TPU1(y,n)

Py, Sy is verified.m

References

Al-Salamah, M. (2011). Economic order quantity with imperfect quality, destructive testing acceptance
sampling, and inspection errors. Advances in Management & Applied Economics, 1 (2), 59-75.

Andriolo, A., Battini, D., Grubbstrom, R. W., & Persona, A. (2014). A century of evolution from Harris's
basic lot size model: Survey and research agenda. International Journal of Production Economics, 155, 16-
38.

Cardenas-Barron, L. E. (2000). Observation on: “Economic production quantity model for items with
imperfect quality.” [Int. J. Production Economics 64 59-64]. International Journal of Production
Economics, 67(2), 201.

Céardenas-Barron, L. E., Chung, K. J., & Trevifio-Garza, G. (2014). Celebrating a century of the economic
order quantity model in honor of Ford Whitman Harris. International Journal of Production Economics, 155,
1-7.

Cardenas-Barron, L. E., Trevifio-Garza, G., Taleizadeh, A. A., & Pandian V. (2015). Determining
replenishment lot size and shipment policy for an EPQ inventory model with delivery and rework.
Mathematical Problems in Engineering, Article ID 595498, 1-8.

Chan, W. M., Ibrahim R. N., & Lochert, P. B. (2003). A new EPQ model: integrating lower pricing, rework
and reject situations. Production Planning & Control, 14(7), 588-595.

De, S. K., & Sana, S.S. (2013). Backlogging EOQ model for promotional effort and selling price sensitive
demand- an intuitionist fuzzy approach. Annals of Operations Research, DOI 10.1007/s10479-013-1476-3,
57-76.

Goyal, S.K, & Cardenas-Barron, L. E. (2002). Note on: economic production guantity model for items with
imperfect quality - a practical approach. International Journal of Production Economics, 77 (1), 85-87.
Harris, F. W. (1913). How many parts to make at once. Factory - The magazine of Management 10, 135-
136.

Hsu, J. T., & Hsu, L. F. (2013c). An EOQ model with imperfect quality items, inspection errors, shortage
backordering, and sales returns. International Journal of Production Economics, 143(1), 162-170.

Hsu, J. T., & Hsu. L. F. (2013b). Two EPQ models with imperfect production processes, inspection errors,
planned backorders, and sales returns. Computers & Industrial Engineering, 64(1), 389-402.

20



Hsu, L. F. (2012a). A note on “An economic order quantity (EOQ) for items with imperfect quality and
inspection errors”. International Journal of Industrial Engineering Computations, 3(4), 695-702.

Hsu, L. F. (2012b). Erratum to “An economic order quantity (EOQ) for items with imperfect quality and
inspection errors” [Int. J. Prod. Econ. 133, 113-118]. International Journal of Production Economics,
136(1), 253.

Hsu, W. K., & Yu, H. F. (2011). Economic order quality model with immediate return for defective items.
ICIC Express Letters, 5 (7), 2215-2220.

Huang, C. K. (2002). An integrated vendor-buyer cooperative inventory model for items with imperfect
quality. Production Planning and Control, 13 (4), 355-361.

Jaber, M. Y., Zanoni, S., & Zavanella, L. E. (2014). Economic order quantity models for imperfect items
with buy and repair options. Internation Journal Production Economics, 155, 126-131.

Jaggi, C.K., Tiwari, S., & Goel, S.K. (2016). Credit financing in economic ordering policies for non-
instantaneous deteriorating items with price dependent demand and two storage facilities. Annals of
Operations Research, DOI 10.1007/s10479-016-2179-3, 253-280.

Khan, M., Jaber, M. Y., & Bonney, M. (2011). An economic order quantity (EOQ) for items with imperfect

quality and inspection errors. International Journal of Production Economics, 133(1), 113-118.

Khan, M., Jaber, M.Y., Guiffrida, A. L., & Zolfaghari, S. (2011). A review of the extensions of a modified
EOQ model for imperfect quality items. Internation Journal Production Economics, 132 (1), 1-12.

Khan, M., Jaber, M.Y., & Ahmad, A-R. (2014). An integrated supply chain model with errors in quality
inspection and learning in production. Omega, 42(1), 16-24.

Lashgari, M., Taleizadeh, A.A., & Ahmadi, A. (2015). Partial up-stream advanced payment and partial
down-stream delayed payment in a three-level supply chain. Annals of Operations Research, DOI
10.1007/s10479-015-2100-5, 329-354.

Mishra, U., Cardenas-Barrén, L.E., Tiwari, S., & Trevifio-Garza, G. (2017). An inventory model under price
and stock dependent demand for controllable deterioration rate with shortages and preservation technology
investment. Annals of Operations Research, DOI 10.1007/s10479-017-2419-1.

Moussawi-Haidar, L., Salameh, M., & Nasr, W. (2013). An instataneous replenishment model under the

effect of a sampling policy for defective items. Applied Mathematical Modeling, 37(3), 719-727.
Papachristos, S., & Konstantaras, I. (2006). Economic ordering quantity models for items with imperfect
quality. International Journal of Production Economics, 100(1), 148-154.

Porteus, E.L. (1986). Optimal lot sizing, process quality improvement and setup cost reduction. Operations
Research, 34 (1), 137-144.

Raouf, A., Jain, J. K., & Sathe, P. T. (1983). A cost-minimization model for multicharacteristic component
inspection. 1lE Transactions, 15, 187-194.

Rezaei, J. (2005). Economic order quantity model with backorder for imperfect quality items. In:
Proceedings of IEE International Engineering Management Conference, 11-13, 466-470.

Rosenblatt, M. J., & Lee, L. (1986). Economic production cycles with imperfect production processes. IEE
Transactions, 18 (1), 48-55.

Roy, A., Sana, S.S., & Chaudhuri, K. (2015). Optimal Pricing of competing retailers under uncertain
demand-a two layer supply chain model. Annals of Operations Research, DOI 10.1007/s10479-015-1996-0.
Salameh, M. K., & Jaber, M. Y. (2000). Economic production quantity model for items with imperfect

quality. International Journal of Production Economics, 64 (1-3), 59-64.

Skouri, K., Konstantaras, I., Lagodimos, A. G., & Papachristos, S. (2014). An EOQ model with backorders
and rejection of defective supply batches. International Journal of Production Economics, 155, 148-154.
Sarkar, B., & Saren, S. (2016). Product inspection policy for an imperfect production system with inspection
errors and warranty cost. European Journal of Operational Research, 248 (1), 263-271.

21



Sarkar, B., Ganguly, B., Sarkar, M., & Pareek, S. (2016). Effect of variable transportation and carbon
emission in a three-echelon supply chain model. Transportation Research Part E: Logistics and
Transportation Review, 91, 112-128.

Sarkar, B., Chaudhuri, K. & Moon, S. I. (2015). Manufacturing setup cost reduction and quality
improvement for the distribution free continuous-review inventory model with a service level. Journal of
Manufacturing Systems, 34, 74-82.

Sarkar, B. & Moon, 1. (2014). Improved quality, setup cost reduction, and variable backorder costs in an

imperfect production process. International Journal of Production Economic, 155, 204-213.
Sarkar, B. (2013). A production-inventory model with probabilistic deterioration in two-echelon supply
chain management. Applied Mathematical Modelling, 37 (5), 3138-3151.

Sarkar, B., Saren, S., & Cardenas-Barron, L. E. (2015). An inventory model with trade-credit policy and
variable deterioration for fixed lifetime products. Annals of Operations Research, 229(1), 677-702.

Sarkar, B., Cardenas-Barron, L. E., Sarkar, M. & Singgih, M. L. (2014). An economic production quantity
model with random defective rate, rework process and backorders for a single stage production system.
Journal of Manufacturing Systems, 33(3), 423-435.

Sarkar, M., Lee, Y. H. (2017). Optimum pricing strategy for complementary products with stochastic
reservation price in a supply chain model. Journal of Industrial and Management Optimization, 13(2),
Article in press. doi:10.3934/jim0.2017007.

Skouri, K., Konstantaras, 1., Manna, S.K., & Chaudhuri, K.S. (2011). Inventory models with ramp type
demand rate, time dependent deterioration rate, unit production cost and shortages. Annals of Operations
Research, DOI 10.1007/s10479-011-0984-2, 73-95.

Tai, A. H. (2014). An EOQ model for imperfect quality items with multiple screening and shortage

backordering. European Journal of Industrial Engineering, 9 (2), 261-276.

Tayyab, M., & Sarkar, B. (2016). Optimal batch quantity in a cleaner multi-stage lean production system
with random defective rate. Journal of Cleaner Production, 139, 922-934

Taleizadeh, A. A., Kalantari, S. S., & Cardenas-Barron, L .E. (2016). Pricing and lot sizing for an EPQ
inventory model with rework and multiple shipments. TOP, 24 (1), 143-155.

Taleizadeh, A. A. Sari Khanbaglo, M. P., & Cardenas-Barron, L. E. (2016). An EOQ inventory model with
partial backordering and reparation of imperfect products. International Journal of Production Economics,
182, 418-434.

Wang, W. T., Wee, H. M., Cheng, Y. L., Wen, C. L., & Cardenas-Barrén, L. E. (2015). EOQ model for
imperfect quality items with partial backorders and screening constraint. European Journal of Industrial
Engineering, 9(6), 744 - 773.

Yu, H. F, Hsu, W. K., & Huang, Y. X. (2013). The integrated policy with immediate return for defective
items. Journal of Industrial and Production Engineering, 30 (4), 230-237.

Yu, H. F., Hsu, W. K., & Chang , W. J. (2012). EOQ model where a portion of the defectives can be used as
perfect quality. International Journal of Systems Science , 43(9), 1689-1698.

22





