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Abstract In this paper, we present a multistage time consistent Expected Conditional Risk Measure
for minimizing a linear combination of the expected mean and the expected variance, so-called
Expected Mean-Variance. The model is formulated as a multistage stochastic mixed-integer quadratic
programming problem combining risk-sensitive cost and scenario analysis approaches. The proposed
problem is solved by a matheuristic based on the Branch-and-Fix Coordination method. The
multistage scenario cluster primal decomposition framework is extended to deal with large-scale
quadratic optimization by means of stage-wise reformulation techniques. A specific case study in
risk-sensitive production planning is used to illustrate that a remarkable decrease in the expected
variance (risk cost) is obtained. A competitive behavior on the part of our methodology in terms of
solution quality and computation time is shown when comparing with plain use of CPLEX in 150
benchmark instances, ranging up to 711845 constraints and 193000 binary variables.
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1 Introduction

Mathematical optimization is actually one of the most reliable tools for decision-making. The need to
incorporate uncertainty into mathematical programming models gave rise to the field of Stochastic
Optimization, which enables the risk inherent in decision making due to uncertainty in the main
parameters of the problem to be managed as far as possible. Multistage stochastic optimization is
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a good tool for representing uncertainty. Such problems have a more complex information structure
scenario than (frequently approximated) two-stage models. In the general formulation of a multistage
stochastic model, decisions on each stage have to be made stage-wise without anticipation of future
events, i.e. the so-called non-anticipativity constraints (NAC), see Wets (1974,1975) [43L44], must be
satisfied. The problem is formulated by what is known as the Deterministic Equivalent Model (DEM),
a term coined by Wets (1974,1975) [43l[44]. Conventionally, special attention has been given to
optimizing the DEM by optimizing expected value of the objective function over the set of scenarios.
In 1994 Kall and Wallace gave an introduction scenario analysis (see [28]) and in 1997 Birge and
Louveaux explained the main concepts on stochastic optimization via scenario tree analysis (see [9]).

In multistage stochastic optimization problems where the parameters are random variables
with known probability distributions, a multistage Risk Neutral (RN) strategy is conventionally
considered. In multistage RN approaches the optimization is performed in average, i.e. the setting
does not hedge against the occurrence of low probability high-consequence events. Alternatively, a
decision-maker that is very concerned about non-desired scenarios may consider a risk-averse strategy
for the optimization problem. Several risk averse measures were suggested by various authors, see
some surveys in [35] and [38]. Additionally, it also seems natural to consider that the optimal decisions
at a certain node of the tree should not depend on scenarios that cannot happen in the future, i.e.
the so-named time consistency principle stated by Shapiro in 2009 (see [40]).

From a modeling perspective, in this paper we introduce a multistage time consistent risk averse
measure, so-called Expected Mean-Variance (EMV), that can be included in the class of Expected
Conditional Risk Measures (ECRM) proposed by Homem-de-Mello and Pagnoncelli in 2016 (see [32]).
Interestingly, ECRMs have suitable properties for multistage scenario cluster primal decomposition
frameworks. The proposed EMV model minimizes a linear combination of the expected mean and
the expected variance, based on a combination of risk-sensitive cost (see [1I]) and scenario analysis
approaches. Consequently, EMV is formulated as a multistage stochastic mixed-integer quadratic
programming problem.

In recent years, Quadratic Programming (QP) problems attracted considerable attention both
from modeling and algorithmic standpoints. Many applications of science and technology are by
construction, or after reformulations, described as QP or Mixed-Integer Quadratic (MIQ) problems
(see Furini et al. [23] for a summary of applications). A classical linearization strategy that promotes
very concise mixed 0-1 linear representations of mixed 0-1 quadratic programs was put forward by
Glover in 1975 (see [25]). In 1976 McCormick presented a general method for obtaining a global
solution in factorable nonlinear programming problems (see [31]). More recently, in 2004 Adams,
Forrester and Glover gave a linearization strategy for mixed 0-1 quadratic problems that produces
small formulations with tight relaxations by using binary identities to rewrite the objective (see [1J).
In 2013 Kolodziej, Castro and Grossmann presented relaxation techniques for solving nonconvex
bilinear programs (see [29]).

A number of recent papers have considered Stochastic Mixed Integer Quadratic (SMIQ)
framework for modeling decision problems under uncertainty. To account for volatility in the power
industry, in 2004 Conejo et al. focused on risk modeling, emphasizing the tradeoff between maximum
profit and minimum risk as an MIQ (see [13]). In 2006 S. Ahmed proposed stochastic programming
decomposition algorithms for mean-risk functions, see [2]. In 2008 Osorio, Gulpinar and Rustem
presented a case study of a mixed integer stochastic programming approach to mean-variance post-
tax portfolio management using scenario trees as an SMIQ model (see [36,37]). In 2009 Dentcheva
and Ruszczynski presented multivariate stochastic dominance constraints and robust stochastic
dominance for risk modeling, see [I5L[16]. Recently in 2017 Sun et al. introduced quadratic two-stage
stochastic optimization with coherent measures of risk, see [42].

As it has been observed in the literature, decomposition algorithms are able to exploit the
nice structure of models based on scenario analysis and convexity. Those approaches include,
among others, the following types for two-stage and multistage problems: Benders Decomposition,
Lagrangean Decomposition, Regularization, Progressive Hedging, Stochastic Dynamic Programming
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and scenario cluster primal decomposition (see [5] and references therein). Since 2005, Escudero et al.
have developed a general algorithm based on a Branch-and-Fix Coordination (BFC) scenario cluster
primal decomposition scheme for solving multistage stochastic mixed 0-1 problems (see [18[1920],
among others). Currently, it is possible to solve large-scale multistage stochastic mixed 0-1 linear
problems by using BFC decomposition and parallelization techniques. In 2013 and 2017, Aldasoro
et al. presented a parallel BFC algorithm for solving multistage stochastic mixed 0-1 problems,
considering both exact (see [4]) and matheuristic approaches (see [5]).

Decomposition methods have also been explored for solving QP problems. In 1980 decomposition
methods for solving multistage stochastic problems with recourse, with discrete distribution,
quadratic objective function and linear inequality constraints were formulated by Louveaux (see
[30]). In 2011, Birge and Louveaux presented a quadratic nested decomposition method for solving
multistage stochastic convex quadratic models with discrete distribution (see [9]). In 2013 Cesarone
et al presented a method for mixed integer quadratic programming in the context of mean-
variance portfolio optimization, see [12]. In 2014 Siddiqui, Gabriel and Azarm presented an efficient
optimization method that is applicable to mixed integer problems with quasiconvex constraints and
convex objective function using Benders decomposition (see [41]). In 2015 Mijangos published an
algorithm to solve two-stage stochastic nonlinear convex problems, based on the Branch-and-Fix-
Coordination methodology of [I7] for two-stage stochastic mixed 0-1 first-stage problems, see [33].

From an algorithmic perspective, in this paper we introduce a matheuristic decomposition
algorithm for solving multistage stochastic convex quadratic 0-1 problems with bounded continuous
variables, named the Quadratic matHeuristic Branch-and-Fix Coordination algorithm (QH-BFC).
We generalize to quadratic optimization the BFC and branching approaches presented in 2017 by
Aldasoro et al. (see [5]). The multistage scenario cluster primal decomposition framework is extended
to deal with large-scale quadratic optimization by means of stage-wise reformulation techniques,
rewriting the objective function and updating the set of constraints. The algorithm proposed can be
applied to a wide variety of realistic problems, for example the stochastic portfolio selection problem,
many process engineering problems, production planning problems, and scheduling problems, among
others.

A risk-sensitive production planning is used as a specific case study (see in [39] the modeling,
classification and reformulation of production planning problems and a review of models for
production planning under uncertainty in [34]). We report a broad computational experience
conducted to assess the solution quality of the matheuristic solution for 150 medium-scale and large-
scale instances up to 711845 constraints and 193000 0-1 variables. The multistage stochastic mixed
0-1 quadratic instances are available in our SMIQLib repository [6]. The results evidence a remarkable
decrease in absolute and relative risk costs, with an increase in expected cost.

The rest of the paper is organized as follows: Section [2] presents the description of the
multistage stochastic mixed 0-1 quadratic problem and defines the time consistent EMV model.
The reformulation of the DEM model using Fortet and Glover inequalities and the relaxation of
the DEM model using the McCormick scheme are also described in this section. Section |3| details
clustering partitioning and explains the matheuristic quadratic QH-BFC algorithm. Section [4reports
a description of a general multistage stochastic quadratic production planning problem and the main
results of a broad computational experience to assess the validity of the QH-BFC algorithm for solving
medium and large scale mixed 0-1 quadratic problems. The computation results are compared with
the plain use of CPLEX v12.6.3. Section [5| concludes and outlines future work.
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2 Time consistent EMYV risk aversion in multistage stochastic quadratic optimization
2.1 Multistage stochastic mixed 0-1 quadratic problem

Consider the following multistage deterministic mixed 0-1 convex quadratic model:

Tt
i 1
mlnz arxs + by + 3 Z (@t, yt, o, Yo ) Dy gtt,
teT tt’eT
Yv (1)
s.t. Z (Atz, + Bly,) = h VteT
TET?
Tt 6{0,1}n$t, Ogyt SMt VtGT,

where T is the set of stages, such that T = |T|, z; and y; are the nx; and ny; dimensional vectors of
the 0-1 and continuous variables, respectively, a; and b; are the row vectors of the objective function
coefficients, respectively, M; is the upper bound vector of the continuous variables, Dy is a known
positive semidefinite matrix of dimensions (nz; + ny; + nxy + nyy) X (nzy + nys + nxy +nyy ), AL
and B! are the m x nx; and m x ny, constraint matrices, respectively, for stages in 7% = {1,...,t}

and hy is the right-hand-side vector (rhs) for stage ¢t € T.

Using a scenario analysis approach, model can be extended to consider uncertainty in any
of the main parameters, namely, the objective function, rhs and constraint matrix coefficients. Let
(2, F, P) denote a probability space. {2 denotes the finite set of scenarios, where w € {2 represents a
specific scenario and w* denotes the probability P assigned by the modeler to scenario w, such that
> wen W® = 1. Two scenarios are said to belong to the same group in a given stage when they have
the same realizations of the uncertain parameters up to that stage. Following the non-anticipativity
(NA) principle stated in [44], both scenarios should have the same value for the variables with time
indexes up to the given stage. Let F; C Fy C ... C Fr be sub sigma-algebras of F, where F;
corresponds to the information available until stage t. A multi-period risk function F' is a mappping
from Z; x ... x Zr to IR, where Z; denotes a space of F;-measurable functions from (2 to IR.

For the general formulation of a multistage model consider a multistage scenario tree to represent
uncertainty, where G is the set of nodes. Let ¢ € G denote a node in the scenario tree that has a
one-to-one correspondence with a scenario group, say g, in the same stage ¢, where G! C G denotes
the set of nodes (and thus the related scenario groups) in stage t = t(g), for t € 7. Let A9 and S¢
denote the sets of ancestor and successor nodes of node g (including itself), respectively. Also let
29 C £ denote the set of scenarios that belong to group g, such that £2' = (2, where g = 1 is the
root node in the scenario tree, and (29 is singleton for g € G7 (for that case, let g = w).

By slightly abusing the notation, the following deterministic quadratic problem emerges for
geg’,

24
1 ’ ’ ’7 q
I 9.0 4 3,4 4 = q .9 .4 ,d\pad | Y,
zQmemZax + bly +2 Z~(1177y7$ ,y*)D 24
qEAI 7.q'€A9 y? (2)
sit. > (Adz?+ Bly?) = h?
qEeA9

29 € {0,1}", 0<yd < MY.

Consider the compact representation of the Deterministic Equivalent Model (DEM) of an SMIQ
problem that minimizes the expected value of the quadratic function over the set of scenarios 2 in
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the scenario tree:

24
1 ;o / q
(DEM) : 2PEM = min Z w?| Z alzx? + bly? + 3 Z (z?,y?, x9  y? ) D gq' ]
geGT  qeds q,q' €A9 yq’
s.t. ZA (Afx? + Biy?) = h9 Vgeg
qeAI
29 € {0,1}", 0<yd < MY Vg € G,

(3)
where w? is the probability of scenario g, for ¢ € GT in the scenario tree (note that for each node
g € G, the weight w9 = 3 ., w* is recovered); A9 C A9 is the set of the ancestor nodes of
node g (including itself) whose decisions have direct influence (i.e., have non zero elements) on the
constraints for node g, where A! = {1}; 29 and y9 are the vectors of the 0-1 and continuous variables
for node g, respectively; MY is the upper bound vector of the continuous y¢ for g € G; a9 and b9 are
the vectors of the objective function coefficients for the 0-1 and continuous variables, respectively;
Al and B{ are the constraint matrices of ancestor node ¢ € A7 in node g for the vectors z? and
y?, respectively; h9 is rhs for node g; nf and nf are the number of 0-1 and continuous variables,
respectively, for g € G, ny =3 on§ and ny =3 o nf.

The structure of the matrix of the quadratic form of the objective function in considers
quadratic terms inside a node or between pair of nodes under the same scenario (intra-scenarios) but
not under different scenarios (inter-scenarios), as follows,

vl L pMme2 1 gmetl o yms pmr—1t1 A Tl
’Ul Dl’l ! D1,2 ] Dl,m2 ! Dl,m2+1 Dl,m3 Lo Dl,mT,l-l—l Dl,mT
TTTUETTUT D ’2’,1””}”’52,’2 ”””””””” j”’D’?ﬁﬁg;’l ”””””””” “ ”””””””””””””””””
I I I I
i i =
pme Dm2,1 i sz,’ITLQi Dmg,mgi i
";}’771’2’-&-71"‘ "Dﬁﬂ-’f,’lﬁifﬁﬁz’ﬂii,’? 77777777 jlbﬁéi&-’f,ﬁiii-’l 777777777 T"’: ”””””””””””””””””””””””
. ! . ! ! !
P P o
,Umg Dm3,1 i Dmg,mgi Dmg,mg,i i
i i B
PYC e S A 5 T S 1 T ERY ) i B = K e o S
1 1 b
- - 1 o
va DmT71 : : : : DmT,mT

. .. t ’ ’
where v? = (29,y?) is a nd + nf vector of decisions, m; = > _, |G-| and the (ng +nl +n +nf ) x
’ ’ . ’
(ng +nf +nd +nd ) matrices D7 are defined as

D

Dyaga quyq quwq' zaya’

qu/ _ qumq Dyqu quxq/ yaya’
/ D / D ’ ’ _D ’ ’ ’

zd’ xa zd ya xa’ xa zd ya

qu/xq qu’yq qu’zq’ qu’yq’

for ¢,q' € A9, g € GT and D97 =0 if Ag € GT : q,¢' € A9. See an example in Figure

2.2 Time consistent EMV in multistage mixed 0-1 quadratic modeling

In stochastic quadratic optimization, quadratic terms can appear as a natural consequence of the
modeling, i.e. models of the type Vg € G and the DEM in compact representation. On the
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Fig. 1 Example of matrix structure (left) in 22 scenario tree (right)

other hand, quadratic terms can appear as the result of incorporating risk measures over a multistage
Risk Neutral (RN) problem. In this subsection we detail the second way.

Given ¢(w) a random vector with the discrete distribution £(w) = (ay, by, Aw, B, hw, My,) with
likelihood w* for each scenario w € {2, the corresponding values emerge in each group g € G : w € 29,
&9 = (a%,09, A9, B9, h9, M9) with likelihood w9. & is a n;-dimensional random vector representing
the uncertainty observed in stage ¢, i.e., F;-measurable mapping from 2 to IR™. We consider the
following linear mixed 0-1 DEM in compact representation,

ZMIP — minng[agxg + b9y
9€g
st. > (Alx?+ Bly?) = h? Vgeg (4)
qeA9
29 € {0,1}", 0<yI < M9 Vgeg,

where a9,b9 coefficients are random vectors in the objective function with known distribution
functions for all g € G (see Figure .

g _‘A”ﬁ
(o]

ay,by
) C9) A s

az, by

(]

aj|-1, b -1
0\

\\ ajg), b //

Fig. 2 Example of random vectors a and b over a multistage scenario tree.

For that reason, consider the following random vectors, where expectations, variances, and
covariances can be calculated based on their distribution functions.
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a?: is the random cost for the z—variable in node g € G, with expectation p,s := E(a?) and covariance
matrix Xeq9 := Var(a¥9) = Cov(a9,a9) of dimension ng x ng.

b9: is the random cost for the y—variable in node g € G, with expectation ups := E(b9) and
covariance matrix Ypaps 1= Var(b?) = Cov(b?,b9) of dimension ng x nJ and mixed covariance
Yasps := Cov(a?,b9) of dimension ng x nJ.

In RN stochastic optimization, the objective function considers the expectation over the set of
scenarios. Typically, this corresponds to the maximization of the expected returns or the minimization
of the expected loss in financial and industrial applications, respectively.

2BN — min Z w9 [pas x? + ppey?]
Y
s.t. qgg(Agxq + Biyt) = h9 Vgeg (5)
29 € {0,1}", 0<y9 < M9 Vgeg.

Instead of minimizing only the expected loss (the conventional goal in an RN environment), we
propose also to minimize the variability in terms of variances and covariances.

The cost for group g € G is given by 29 = > (a%x? + b%y?) where A? is the set of indexes for

qeA9
the ancestor nodes of group g. The expectation cost for group g € G under (a, b)-distribution is
E(29) = ) (ftasz? + pipay?) (6)
qEAQ

and the variance cost for group g € G7 under (a, b)-distribution is

x4
’ ’ ’ q

Var(z) = 3 (atyaty?) D2 | V|, (7)
0,9’ €A o

where the (ng + nj + n? + ng/) x (nd +nd + n? + ng,) matrices D9 are defined as follows

Zaqaq anbq 2 X

adad’ aabd’
qu/ _ quaq qubq Eb‘la‘l’ qub‘l,
an’aq Zaq’bq an’aq' an’bq'

qu/aq qu’bq qu’ ad qu'bq’

Remember that the covariance matrix is symmetric semidefinite positive. If the distribution
functions are not fully known, the expectations, variances and covariance matrices can be estimated
using good estimators. At this point, the following possible objective functions can be considered:

1. The expected conditional mean of the cost for all groups g, g € G7, based on @:
= Z wIE(29). (8)
gegT
In this case, the multistage stochastic DEM model is an RN model.
2. The expected conditional variance of the cost for all groups g, g € G7, based on :
o? = Z wIVar(z9). 9)
gegT

In this case, the multistage stochastic DEM model is a variance model.
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3. The S linear combination of both and @, where 3 > 0. For each group g € G7 the risk-
sensitive objective function is given by E(29)4 8- Var(z9) where § is the risk-aversion parameter
(see definition of risk-sensitive cost in [I1]). By extension of that definition, the objective function
function can be considered over all groups g, g € GT, based on (@ and :

pt B0’ =Y wIE(')+ B Var(z9)]. (10)

geg”T

We called to this risk function, Ezpected Mean-Variance (EMV). We propose a multistage risk-
sensitive stochastic mixed 0-1 problem defining the objective function in the DEM in compact
representation as in , in an extension of the risk-sensitive function to multistage stochastic
models. Since a decrease in expected variance produces an increase in expected cost, so the decision-
maker should carefully establish the value of the risk-aversion parameter 5. As an example, a risk
conservative decision-maker places more emphasis on minimizing risk and therefore defines a large
value of 3 to increase the weight of the risk measure.

Using the objective function EMV, the Deterministic Equivalent Model is as follows,

ZPEM — min Z w? Z (z9) + B - Var(z?)]
gegT  geAs

s.t. eZA (A929 + Biy?) = h9 Vgeg (11)
q g
9 € {0,1}%, 0<y9 < M9 Vg € G.

Note that we have defined two multistage stochastic quadratic problems (3) and (|11) in compact
representation with the same structure. Model (3)) is a multistage risk-sensitive mode when the
coefficients of the linear terms a? and b9 are the expectatlons e and ubq and each matnx D'
of the quadratic terms is the matrix 25Cov(aq,bq,aq N ) for groups ¢,q' € A9, g € GT. For this
reason, without loss generality, from now we consider the multistage stochastic quadratic problem
in compact representation (3).

Our notion of consistency is inspired on definitions available in literature, see [32,[40]. Time
consistency concept states that optimal decisions should not depend on scenario tree branches that
we know at stage ¢ that cannot happen in later stages. Consider the problem 22EM =~ at a given
g

node ¢’ € G* as follows: optimizing 2247 when all the information and decisions from previous

stages are known, i.e:

zgﬁ]“f = min Z w? Z E(zY)+ - Var(z?))

geGTNSY’ qeA9 , o
s.t. 294 (Afx? + Bly?) = h9 VgeGn(SY UAY) (12)
qEA9
xd =19, yI =49 VgeGnAY : t(g) <t
29 € {0,1}", 0<y? < MY VgeGgnsy : t(g) >t

where (&9, $9) is an optimal solution in (TI).

Definition 1 We say that the EMV risk measure is time consistent for problem £ A7 if there exists
an optimal solution (z*,y*) of such that for any stage t € 7 and any node g € G*, coincides

with an optimal solution of problem (T2), and this is true for any data and scenario tree.

That is, the optimality of our decisions today remain optimal if we solve the problem tomorrow
with the known information updated.

Proposition 1 The Expected Mean Variance model 1s time consistent.
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Proof For any data, any scenario tree, any stage t € 7 and any node g € G', if we fix (x,y)
decisions to the optimal solution of , say (&,y), until stage t — 1 to the model , the solution
(i9,99) where g € G : t(g) > t is feasible in (12). Let us prove the optimality by reductio ad
absurdum. Consider ((29,97))(g)>¢ an optimal solution of which is better than ((9,99))¢(g)>¢-
As decisions of previous stages are fixed and therefore, non-anticipativity is satisfied, it is also feasible
solution of and its objective function would be better than the optimal one (contradiction). The
result follows because the model where the decisions until stage ¢ are fixed, is separable in |G|
independent submodels as , where each submodel is attached to a subtree rooted in g € Gt. O

Let us consider the class of risk measures defined in [32]:

Definition 2 The family of the Ezpected Conditional Risk Measures (ECRM) is a class of multi-
period risk measures F' defined as follows,

3 3¢ Sr—1
F(Zla R ZT) =71+ p2(ZQ) + E&[z] [p3[2] (Z3)} + Eﬁ[g] [,04[3] (Z4)] oo+ EE[T71] [pTET ](ZT)]a

where §[; is a realization &1,...,&;, E indicates the expectation with respect to the corresponding
variables and p; is a one-period risk measure applied to period t.

Proposition 2 The EMV is a Fxpected Conditional Risk Measure.

Proof It results because the model can be described in terms of previous definition. Note that
the objective function is as follows [E(z') + 8- Var(zh)] + Y w9[E(29) + B - Var(z9)] + ... +
geg?
> wIE(29) 4+ B - Var(29)], where w9 =3 o, w* Vgeg. 0
geg”t

2.3 Reformulation of quadratic mixed 0-1 models

It is frequently possible to, explicitly tighten the bounds of the continuous variables y9, g € G. From
now on, let 9 and 77 be the lower and upper bound vectors of 37, respectively, in each group g € G,

so y? <y9 <9 If it is not possible to tighten the bounds for a variable y?, y;? =0 and 7] = MY,
jeTy.

x4
1 ’ ’ ’ q
(DEM) : 2PEM = min Z wy[z alz? + byt + 3 Z (9,97, 27, y? ) D1 ;Uq, ]
geg”T qEAQ q?qleﬁg yq/
st Y Ala?+ Bly’ = h? Vgeg
qeA9
wge{oal}ngv Qgéygﬁyg Vg € G.

(13)
We consider reformulation of the quadratic terms where the 0-1 variables are present with and
without continuous ones. Let ZJ and Z7 denote the set of indexes of the variables in vectors ¢ and
y9, respectively, for g € G.

Remark 1 For notation simplification, we will consider reformulation on product of variables under

the same node g € G. By analogy, it can be consider for variables under different nodes g,¢’ € G.
In our DEM ((13) the square terms on the 0-1 variables can be replaced by linear terms, (xf)2 =z,

so that the coefficients of the linear terms z in the objective function are updated, such that
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al := iDJ + (a%);, i € I¢,9 € G. By using the Fortet inequalities scheme [22] the 0-1 quadratic
terms x]x{ can be replaced by the 0-1 variables #; in the objective function, whose linear coefficients

g

are cfj = %Dzj’ 1,7 €79, i < j, g €G, plus the following Reformulation Constraint (RC) system:

af +af <1+, i,je€lf i<j g€g
il <al, &, <z}, i,je€If i<j g€g.

(14)

By applying the scheme in Glover [25] to the mixed 0-1 quadratic terms, :z:fy;? can be replaced
in the objective function by the continuous variables g;, whose coefficients are dj; = %Digj,

i1 €17, g€y, g €§ and the following RC system is added:

yia] < gy <yja] Viell,jelj geg
y?—l—(xf—l)@?ﬁﬂfjSy?—k(mf—l)g? Vield,jeld, geg (15)
gfjgy?f(xffl)gg Viel],jely, g€g.

Consequently, Df’j =0,fori,j €T, 1€Tfand jE€Ijori €Ly and j €I g€g.
We define the reformulated MIQ DEM with only bilinear and square terms with continuous
variables as follows,

1 , oyl
ZPEM = min Z wg[z a%z? + b7y? 4 129 + dig? + 3 Z (y?,y* )DL (y/)]

yq
geg”T qe A9 q,q' €A
s.t. Z Alz? + Bly? = h? vg e g (16)
qeA9
RC (14/—{15)
29 € {0,1}7%, 39 € {0,1}", y9 <y9 <79, §9 < Vg €g,

where the matrix DJ, is guaranteed to be semidefinite positive (see [24]).

2.4 Relaxed formulation of quadratic mixed 0-1 models

By using the McCormick scheme [29], it is possible to replace the continuous quadratic terms y/ ng-

where y¢ < y? < y? and gé? <y} < 7, by the continuous variable u; in model . The strict
bilinear terms, y/y{ can be replaced in the objective function by the continuous variable uf; whose
coefficients are the elements f/; = DY, i # j, i,j € ZJ of the matrix Dj,, g € G and the quadratic

g 9 =1p9 i e 19, of the

terms (y!)? can be replaced by uf;,, whose coefficients are the elements f{; = 1D, 7

matrix Dy , g € G.

Remark 2 For notation simplification, we will describe relaxed formulation on product of continuous
variables under the same node g € G. By analogy, it can be consider for variables under different
nodes g,¢9' € G.

Definition 3 A McCormick stage m* € T is the stage until the McCormick scheme [29] is applied
in multistage stochastic continuous quadratic models.

If m* is the McCormick stage, a relaxed model of can be generated. If the bilinear terms of the
continuous variables yfy/ are replaced in model DEM by uf;, i,5 € IJ, g € G* of the stages

[ YK
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t, t < m* and the corresponding McCormick Constraints (McCC) are added then the relaxed
model is obtained.

ufy > ylyd + ylyl — yiy! Vi, j €Ty, ge Gl t<m
uf; > ylg] +9ly] —7lv] Vi,j€IY, g€ Gt t<m*
(17)
uf; < yiyd +vly] — vy Vi,jeTd, ge g, t <m*
ul; < ylgl +ylyi — yy] Vi,j €Iy, g€ Gt t <m*.
Note that for the quadratic terms, the McCC until stage m* are as follows,
uly > 2y9y] — (y9)? VieZy ge gt t<m*
ug; > 25fy! — (7])? VieIy, gegl, t<m* (18)
ufy < (y! + 7))y — yi7! VieIy, gegt t<m"

By slightly abusing the notation, the relaxed model can be expressed as follows,

1 ’ !’
2z = min Z w9 Z alz? + bly? + 1z + dig? + Z flu® + > Z (y9,y7 )DLt
gegT qeA9 g€ U GtnAs e.q'e U Gtnds

t<m* t>m*
s.t. Constraints system in model

McC .

Note that if m* = T the relaxed model is a linear mixed 0-1 problem.

It is possible to find lower bounding formulations for solving bilinear programming problem ,
considering the McCormick convex envelopes [29[31] for bounding the bilinear terms and solving
model . The optimal solution z of the relaxed problem provides a lower bound of the optimal
solution of the DEM (16). Furthermore, if the coefficient D, = f7; > 0 then uj; < y/y?, therefore

sul; < Dlyly?, g € GY t <m* and if DY; = f < 0 then uf; > y/y?, therefore fjuf; < Dfyly?,
g e gt t<m*.

Furthermore, an upper bound Z of the optimal solution of the DEM can be obtained by
computing the objective function of the problem fixing the values of the common variables
obtained from the optimal solution of the relaxed problem . Feasibility is obviously guaranteed
and z < zPEM < 7

(19)

Note that if the variable y/, i € Z9 is semi-continuous (see [43]), the constraint system of model
includes the following constraint y/=] <y < g/x]. If 27 = 0 then y; = 0 and each bilinearity
Yy =0,Vj € IJ.

3 Matheuristic algorithm for multistage stochastic quadratic optimization
3.1 Cluster partitioning

We now decompose the scenario tree into a set of scenario cluster subtrees, each for a different
scenario cluster in the set denoted as C = {1, ...,C} with C = |C|. Let {2, denote the set of scenarios
that belongs to cluster ¢, such that 2.2 =0, ¢, €C:c# ¢ and 2 = Ueec£2..

We propose to choose the number of scenario clusters C' as any value from the subset
{1G11,1Gal, - - -, |G7|}- Accordingly, consider the following definitions taken from [19L20].
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Definition 4 A break stage t* € T is a stage such that the number of scenario clusters is
C = |Gyy1|, where t* + 1 € T. In this case, any cluster ¢ € C is induced by a group, say g,
for g. € Gi-41 and contains all scenarios belonging to that group, i.e., 2. = 29.

Notice that the choice of t* = 0 corresponds to the full DEM and t* =T — 1 corresponds to the full
scenario partitioning.

Assume that the scenario set is broken down into C scenario clusters. The cluster submodels
and the full DEM (|13)) are to be formulated via a mixture of the splitting variable and compact
representations, so that the submodels are linked by the explicit NAC up to break stage t* (see
below). Additionally, let G. C G denote the node set of the subtree that supports scenario submodel
¢, such that 29 N 2. # () means that g € G., and G = G N G, is the node set in stage t € T in the
subtree supporting cluster submodel ¢ € C. The MIQ submodel for ¢ can be expressed (in compact
representation) as follows:

ad
. 1 ’ ’ , yq
e=min 3w} alal b4y D (ahybal o)D" | ]
GcNG A '€ A /
8 aed? parear ye (20)
sty Alxl+ Biyl = h? Vg € Ge
qeA9I
zf € {0,1}", y9 <yg <P Vg € Ge,

where wd = ZwEQ-‘?ﬂQC w¥ for g € G. Now split the set of stages T into two subsets, such that
T=TiUTs, where T{ = {1,...,t*}, and To = {t* + 1,...,T}.

The full DEM is formulated by a mixture of the splitting variable representation (to explicitly
satisfy the NAC between the cluster submodels) and the compact representation (to implicitly satisfy
the NAC of each cluster). So, the cluster splitting-compact representation can be expressed as follows:

g
. 1 ’ ’ ’ q
PP in YN wd[ S atatd 4 biys + 3 > @yl al,yd ) DY 55’ ]
ceC gegG.ngT qEA9 q,q'€A9 ;'
%
st Y Alxd 4 Blyl = h? Vg€ Ge, ceC
qeEAI
NAC [23)
zg € {0, 1), 72 € {0, 1}"%, v <y¢ < 7Y, §¢ <V VgeGe, cel.

(21)
Now, in the splitting-compact representation of the DEM the NA principle is implicitly taken
into account for the stages t € 73. On the other hand, the (explicit) NAC of the variables in the
nodes that belong to the stages in set 7; can be formulated by observing that the clusters ¢ and ¢/
have the node g in common if ¢ € G. N G, and this can only happen for g € G : t € T;. Let C9
denote the set of (lexicographically ordered) indexes of the scenario clusters to which node g belongs,
for g € G', t € Ty, such that n(c) is the element immediately next to element ¢, for c € C9/{|CY]},
where |CY] is the last element in set CY.

So, the cluster submodels are linked by the NAC to be formulated as follows:

xd — ) =0Vee CI/{|C|},ge G' teTh. (22)

Yy —yn =0Vee C9/{|CY} g€ Gt e Th. (23)
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Given yY and y? the tightened lower and upper bounds of vectors y?, for each cluster ¢ € C9, it is
possible to join the tightened bounds associated with replicated variables y9, c € C9,9 € G',t € Ty,
in the splitting-compact representation of model . The bounds can be updated as follows:
9. g 79 — min {59 t
Y, = max{y7} ve = min{yl} VgegiteT. (24)

The reformulated cluster splitting-compact representation of model can then be expressed as
follows:

. - - 1 ’ ’ q
PEM —in 3 ST wg[ S atal 4 by + ¢+ digE+ 5 > Wi yd Dy (5(, )]
ceC geG.ngT q€As 0.9'€As ‘ (25)

s.t. Constraints system in model
re (11 )

Note that it is not necessary to add the NAC for the Z-variables and the g-variables because if the
z-variables and the y-variables satisfy the NAC then the Z-variables and the g-variables satisfy the
NAC.

The reformulated scenario cluster MIQ submodel ¢, for ¢ € C, can be expressed as follows:

1 ’ ’ q
ommin ¥ wll Y et v eat ey S ooy (4 )
g€G.NGT  qcis q,q'€A9 (26)

s.t. Constraints system in model
P )

If m* is the McCormick stage, the corresponding McCC in the splitting representation are
as follows:

Ufie 2 Uiy, + Y95 — vy, Vi,j eIy, ceCl gegh t<m*
Wi > YR T U e — Ui, Vi,j €I9, ceCY, geGl, t<m*

27
uf;, < yfcggc + Y. — @?Cgic Vi,j €Iy, ceC9, ge Gt t<m* 0
uije S YicHje + Y5 Y — Yo Hje Vi,j €T}, c€CI, g €G!, t<m*,

Then the relaxed cluster splitting-compact representation of model , replacing the bilinear terms
of the continuous variables of the stages ¢t with ¢t < m* and adding the McCC can be expressed
as follows:

z= minz Z wd| Z alzd + by + 129 + digd + Z flul4
ceC geG.ng”T qeA9 ge U GtnAsg
t<m*
1 g a\pad [ Ye
2 Z - (ycvyc )Dyy q ] (28)
qu,e U gtﬁAg yC

t>m*

s.t. Constraints system in model
McCC (7).

Note that if m* =T the relaxed model is a linear mixed 0-1 problem.

It is worth pointing out that the efficiency of an MIQ engine for solving models and is
very low, but it paves the way for performing the appropriate model decomposition. In our QH-BFC
algorithm (see Algorithm [1|in Section we branch fixing z- variables to 0 or 1 (line 8). Note that
if the model has been solved we obtain a feasible solution of model . Therefore, we again
obtain a lower bound, z, and an upper bound, Z, of the objective function value, z < zPFM <7 .
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3.2 Matheuristic BFC algorithm (QH-BFC)

The Branch-and-Fix Coordination (BFC) methodology is a multistage scenario cluster primal
decomposition framework, which is very suitable for solving Ezpected Conditional Risk Measures.
It is assumed in this section that the main concepts and definitions of the BFC are known (see [20]),
as is the matheuristic version of a dynamically incomplete branching H-BFC algorithm (see [3]), so
the concepts are used directly to present the models required for solving SMIQ problems.

An integer Twin Node Family is a Twin Node Family (TNF) such that all common variables have

already been branched on or fixed to 0-1 values and their related x—NAC are satisfied. The
integer TNF models in the algorithm are of two types:

a)

By extension of the BFC procedure to quadratic models (see [5]) we need to solve the model
(QP), where the common variables have been fixed to their 0-1 variables,

’ ’ q
(QP) : zggF = minz Z wd| Z alzd + bly? + 12l + digl + %(ygvy(c] )DH < yg’ )]
c€C geG.NGT  qe Ao Ye (29)
s.t. Constraint system in model
29 =129 VgegG., ceC,

where ©9 denotes the 0-1 value vector of vector x4 in scenario cluster submodel ¢,forc€ C: g € G,
and, z9 = &9 provided that the z— NAC are satisfied for g € G¢, t € 7;. Notice that the
x-variables are fixed to 0 or 1.

If model (29) is feasible then the new incumbent solution value is z2”%* := min{z{,F ¥, zP#M}.
Let (29 TNE 99 TNE 29 TNF 59 TNE) denote the solution of model Vg € G. Observe that all
the NAC are satisfied.

But, given a positive McCormick stage m*, we propose to solve a relaxation of problem , i.e.
the following continuous quadratic problem (QP):

(QP) : z5HBF = min Z w9| Z a’z? + bly? 4 127 4 dy? + Z flul+
gegng™ qe A9 qe U GtnAs

t<m*

’ ’ q
> ~<zﬂ,yq>Dgg(%)1 (30)
g,9'e U GrnAs Y

t>m*

s.t. Constraint system in model
9 =29 VgegG., ceC,

and if m* = T, problem is a linear problem.
If model is feasible we obtain a lower bound gg]}g’F of model 1) and by computing the

objective function of with the optimal solution of (&9TN ,ygvTNF,ig’TNF,g}g’TNF),

we can also obtain an upper bound, Zg]}[F of model (I Then, gg]},[F < zggF < 2511\3“:, and the
new incumbent solution value is ZPFM .= min{fgg , ZDEMY

By extension of the BFC procedure to quadratic models (see [5]), we need to solve the model
(MIQ), where the vectors 29, y9, #9 and 79 are fixed to the values 29 TN 9 TNF 39 TNE and

g9 TNE g € Gt t € T1, obtained by solving model if m* = 0 and model (30) if m* > 0.

3 ~ - 1 ’ ’ q
(MIQ) : z?NF = mlnz Z w?| Z alzd + bly? + 121 4+ digd + §(y2,yg VDl (55/ )]
ceC geG.NGgT qe A9 ¢
s.t. Constraint system in model (31)
xg — i.g,TNF’ yg — ygc],TNF’ .’I’J‘g — jg’TNF7 gé] — l’]c,TNF

VgeGing,, ceC, teT.
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Notice that the x-variables, y-variables, Z-variables and g-variables are fixed for the stages in 7T7.
Observe that model is easily decomposed by scenario clusters, such that

TNF Z TNF (32)

ceC
where z?N ¥ is the solution value of models for c € C, where varlables for the stages in 77
have been fixed according to the solutions in previous models or

’ ’ q
N —min 3D wglY ated 4 0+ 138 + g+ %wz,yz oy ()
9€G.NGT  4cAs ¢
s.t. Constraint system in model (33)
.,L,g — a',/.g,TNF, yg — yC,TNF’ i.gc] — jg,TNF7 yg _ yc,TNF

Vgegtng,., teT.

In summary, the main differences between the Quadratic matHeuristic BFC algorithm (QH-BFC)
applied for mixed 0-1 quadratic problems and previous H-BFC procedure are the following:

1. The scenario cluster submodels and to be solved for any candidate TNF are mixed 0-1
quadratic problems

2. We introduce reformulation techniques for transforming an SMIQ problem into a particular SMIQ
problem with square and strict bilinear terms only for the continuous variables.

3. We define the McCormick stage m* to generate relaxed problems associated with the quadratic
mixed 0-1 problems. Then in one step of the algorithm instead of solving TNF models (in
general, continuous quadratic problems) we can introduce the solving of the relaxed problems up
to stage m* (see (B0)), replacing bilinear terms and adding the McCC(27) in its generation.

4. The solution of problem provides lower and upper bounds of the objective function of the
associated problem ([29).

3.3 Procedure for solving stochastic quadratic problems

A QH-BFC algorithm is presented below for solving stochastic quadratic problems. Before solving
stochastic mixed 0-1 quadratic problems using QH-BFC algorithm we order models and decompose
them into clusters. These techniques are detailed in [4] and [20]. A rough description of the
dynamically-guided branching scheme for any TNF consists of branching first on the i variable
in the 0-1 §; direction, which can be expressed as follows:

1
0,if Y (de); < 5G|
52 = ceCy 2
1, otherwise,

where (Z.); denotes the value of variable (z.); in the solution of submodels and C; C C denotes
the set of cluster submodels that have variable z7 in common.

The algorithm is based on coordinated branching on 0-1 variables until break stage. Iteratively
lower bounds (scenario cluster models) and feasible solutions (described in the previous section) are

solved until the memory or time limit is exceeded or the stopping criterion is satisfied. Notice that
EUD—EIM _EDEJ\/I

SoEm < €, where v is the actual incumbent solution number

the stopping criterion (SC) is

in the algorithm and € is a small positive quantity.
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Algorithm 1 QH-BFC quadratic matheuristic algorithm

Initialization: v := 0, Z0FM .= o0, 7 := 0, t*, m* and ¢;

1:

2: Generate the scenario cluster MIQ submodels (26]) and ;

3: Generate the auxiliary McCormick relaxed QP

4: while (memory/time limit not exceeded and SC not satisfied) do
5. Solve MIQ (26) and compute z = ZCEC ze and (0;)iez,;
6

7

8

9

)

if (z > zDEM or NAC (22) not satisfied) then
Update TNF node ¢ according to the dynamically guided branching scheme;
Fix TNF node 7 according to J; in the coordinated BF trees;

:  else
10: if NAC not satisfied then
11: Solve QP (30, compute z,B* and update 258" =z
12: if zggF < EEM then
13: Update z) "M = 2087, test SC and v := v +1;
14: Solve MIQ (33) and compute ;N =37 . 2f N
15: Update zDEM = min(zDFM | Z?NF), test SC and v :=v + 1;
16: end if
17: else
18: Update ZDPM .= 7 test SC and v := v + 1;
19: end if
20:  end if

21: end while

22: Qutput: QH-BFC algorithm obtains its best known solution with value E{?EM.

4 Computational experience

The computational experiments were conducted in the ARINA computational cluster from SGI/IZO-
SGIker at UPV/EHU [8], which provides 2248 cores divided as follows: 2160 xeon cores, 88 Itanium?2
cores, with RAM memory between 16 and 512 Gb per node. For these computational experiments
servers with two Broadwell-EP processors (Intel Xeon CPU E5-2680 v4 @ 2.40GHz) were used, each
processor having 14 cores, with hand hyperthreading being disabled. The nodes had 128Gb of RAM
and a solid state hard drive. For each optimization problem 8 cores were used and the memory was
limited to 100 Gb.

The QH-BFC algorithm was implemented in a C++ experimental code which uses the CPLEX
v12.6.3 optimizer with 8 threads, (see [27]). The optimizer is used by QH-BFC to solve the MIQ
submodels and for the set of scenario clusters C in different steps, the QP submodels
and the MIQ submodels and (BI)). For solving MIQ problems using the CPLEX optimizer, in
2014 Bliek, Bonami and Lodi discussed classical algorithmic approaches, their implementation within
CPLEX and new algorithmic advances (see [10]).

4.1 Pilot case: multistage stochastic EMV production planning problem

For computational experience, we consider an application in production planning and its extension to
a multistage EMV model in stochastic quadratic optimization. A linear deterministic formulation for
the general product structure capacitated multi-level lot-sizing model with lost demand is given in
[39], a linear two stage stochastic formulation is given in [7], and a multistage stochastic formulation
is given in [14]. Now, a multistage risk-sensitive cost production planning formulation is given for
scheduling the production levels of a certain set of items in a planning horizon of several time periods.
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Sets:

— T, set of stages, |T|=T

— G, set of scenario groups.

— J, set of items to be produced, |J| =

— K, set of available shared resources, |[K| = K

Deterministic parameters for item j, j € J:

— af, the amount of resource k consumption by one unit of item j, for k € K, j € J.
— ’yj’?‘, the amount of resource k for a set-up of item j, for k € IC, j € J.
Stochastic parameters for item j in node ¢, j € J,9 € G:
— 5, 4(g) Safety stock of item j at the end of each period of node g.
— $jt(g), maximum volume in stock of item j at the end of each period of node g.
— df, the total demand of item j in node g.
— pg the fixed production cost of item j in node g.
- q], unit production cost of item j in node g.
— h? unit inventory holding cost of item j in group g.
— fq unit lost demand penalty of item j in node g.
— y ,yj, the bounds of production capacity of item j in node g.

— L, the available capacity of resource k in node g.
The variables for item j in node ¢, j € J,9 € G:

— XY, 0-1 variable whose value is 1 if item j is produced in node g.

— Yé semicontinuous variable, production of item j in node g.

— ZJ , continuous variable, stock of item j at the end of related time period in node g.
— Fg continuous variable, lost demand of item j in node g.

We define the time consistent EMV production planning DEM with quadratic terms for the
continuous Y-variables, Z-variables and F-variables in compact representation as follows,

DEM _ _ - - - - -
z =min > w![ ) Z[ungj+uq§Yj‘1+uh;Z§1+uf;F;1]+
geg”t qeA9 JET
ﬁ Z Z Yq Z;]7Fz’q’yiq7Ziq’Fiq)ﬁgjg (}/}quj“lvFJg’}/}quj‘vajg)t]
0.0’ €AY jeg

s.t.

g _ m(9) g g g .

zZ =77 4V —df + F VieJ, g€g.
yIX] <Y <gIX] VieJd, g€g
519) < 25 < Sja(g) Vied, geg
ZakY9+nyng<Lg Vke K, geg
JjeET

Y7, 7], F 20, X7 €{0,1}, vieJ, g€g,

(34)
where 7(g) is the predecessor group of group g. The estimations for the expectations are given
by the means p?,¢7, 77 and f the estimations for the variances are given by the sample

unbiased variances ng, Shg and ng and the estimation of the covariance matrices D99 is given
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by Couv(q9,h9, f9,q7 , h9", f9'). The estimated covariance matrices ijql, i,7 € J are defined as,

Swar Sems Sps Sew S

105

74 aa Cany Vs

S99 Sr919 S19 g S ’ S ’ S ’

hida; hihj hi f; hiqd h{h? hd fe

S 9.9 S 919 S g rg S ’ S ’ S ’

oy A It B B A T A L A L

v S / S ’ S ’ S ’ ’ S ’ ’ S ’ ’ ’

al’qd  Tal'hd Tal'ff 7 qf J h i

S ’ S ’ S ’ S ’ ’ S ’ ’ S ! g

fa] TR TS T A fng 75

’
where nghg/ is the sample-covariance between ¢f and h? for nodes g,¢’ € G, and so on.
i

This general multistage stochastic production planning problem has only quadratic terms for
continuous variables. If quadratic terms are introduced between 0-1 variables and between 0-1
and continuous variables, reformulation techniques can be applied as explained in Section [2.3] and
reference [10], to solve the problem efficiently.

4.2 Testbed results for time consistent EMV cost models

We report the results obtained in the computational experience while optimizing a testbed consisting
of 15 medium and 15 large-scale problems with the structure described in Section [4.1]and five 3 values
{0, 0.001, 0.01, 0.1, 1}. The thirty instances with 5 = 1 used for the computational experience are
available in our repository https://ehubox.ehu.eus/index.php/s/02Jhx3vYSXVQx7e, see [6]. As
far as we know, the first library for multistage stochastic mixed 0-1 quadratic problems, see [3] for
two-stage stochastic integer programming and [21.26] for stochastic linear programming.

The instances come from a realistic production planning problem, described in Section whose
dimensions are shown in Table [1] for medium-scale instances (Testbed 1) and in Table [2| for large-
scale instances (Testbed 2). The headings are as follows: Inst, Instance code; T', number of stages; m,
number of constraints; nz, number of 0-1 variables; nac;, number of common variables, i.e., number
of 0-1 variables in the subset of stages up to the break stage t* = i, for i = 1,2, 3; ny, number of
continuous variables; nel, number of non zero coefficients in the constraint matrix; Qnel, number
of nonzero coefficients in the quadratic matrix; |{2|, number of scenarios; |G|, number of nodes in
the scenario tree; and Tree, scenario tree structure AP'AP? or AP AD2 AD® | where A; denotes the
number of children at each node, B; the number of stages where each node of the previous stage has
A; children ¢ = 1,2, 3, so the total number of stagesis T' = 14+ B1+ By or T' = 14+ B1+ Bo+ Bs. In order
to reduce the density of the quadratic matrix, we have considered Digjg matrices; the decomposition
scheme remains unaltered.

Tables [3] and [4] show the changes over time in the absolute and relative expected standard
deviation costs versus the expected mean cost for the first eight medium-sized instances, where
the optimal or best known solution is achieved, respectively. Table [3| details the mean-variance
performance for the risk aversion parameter 5 > 0 in {0,0.001,0.01} and Table for Bin {0,0.1,1}.
The headings are as follows: /i, expected mean cost, i.e. value of linear part of the objective in
|b P = g;g w9 [jezj[,&p.]qu + g Y7+ fns Z + fupo F]; &7, expected standard deviation of cost
(absolute risk cost), i.e. the quadratic part of the objective function in substracted from the risk
parameter, 67 = [ wo[ Y (Y7, Z{, F{\Y{ zd FI\DY (Y7, z{ FP, Y, 27 FY)']; P, the

g€eg i,j€J
coefficient of variation for the cost (relative risk cost), i.e. the relative expected standard deviation

with respect to the expected mean cost in percentage terms, cv® = &7100. Note that the objective

i
function in (34) can be represented as i + B[67]2.
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Table 1 Model dimensions for testbed 1

T m nTr nTc; MNTCy NIC3 ny nel Qnel [2| |G| Tree
QP15 4617 1110 10 60 210 2730 15662 38820 60 111 573722
QP2 5 8679 2220 20 120 420 5460 33988 149640 60 111 5'3'22
QP3 5 13290 3510 30 150 630 8610 56853 351678 64 117 4222
QP4 6 13992 3360 10 60 210 8280 47126 117600 180 336 513222
QP5 5 17681 4680 40 200 840 11480 86802 620544 64 117 4222
QP6 5 23370 6390 30 150 630 14850 101238 630174 144 213 4232
QP7 6 26304 6720 20 120 420 16560 102316 453240 180 336 513222
QP8 6 27933 7140 20 100 420 17580 114037 481440 192 357 423122
QP9 5 31089 8520 40 200 840 19800 156071 1113216 144 213 4232
QP10 6 33515 8050 10 130 490 19830 110490 281708 432 805 1213222
QP11 6 38280 10080 30 180 630 24840 161538 1011336 180 336 513222
QP12 6 40650 10710 30 150 630 26370 173733 1074270 192 357 423122
QP13 6 50928 13440 40 240 840 33120 248312 1784352 180 336 513222
QP14 6 54081 14280 40 200 840 35160 265202 1895424 192 357 423122
QP15 6 90131 21730 10 130 730 53190 297594 758540 1200 2173 12'5222

Table 2 Model dimensions for testbed 2

T m nTr nrc, NIy  NIC3 ny nel Qnel 10| |G| Tree
QP16 6 169397 43460 20 260 1460 106380 671243 2925120 1200 2173 1215222
QP17 5 194601 50920 40 1000 4840 122040 1113499 6708736 768 1273 241422!
QP18 6 227075 54850 10 130 1090 133830 739360 1912268 3072 5485 1218222
QP19 6 246490 65190 30 390 2190 159570 1057930 6527438 1200 2173 1215222
QP20 4 278935 77800 40 1000 16360 171960 1506990 10032640 1536 1945 24116'4!
QP21 5 294320 77800 40 1000 5800 185400 1590275 10234240 1200 1945 24'5%22!
QP22 6 327929 86920 40 520 2920 212760 1605419 11518336 1200 2173 1215222
QP23 4 363490 105150 30 1470 12990 223290 1638250 10112678 3072 3505 48'82
QP24 5 367985 96500 20 500 4340 228060 1459700 6425760 3072 4825 24'8%2!
QP25 4 413410 116670 30 1470 24510 257850 1802929 11343782 3072 3889 48'16!4!
QP26 6 426725 109700 20 260 2180 267660 1665210 7376160 3072 5485 1218222
QP27 4 483485 140200 40 1960 17320 297720 2565210 17896960 3072 3505 48'82
QP28 4 496649 139220 20 980 16340 294780 2100077 8979360 6144 6961 48'16'8!
QP29 5 583038 162280 40 1000 8680 363960 3093111 21005824 3072 4057 24'8'42
QP30 5 711845 193000 40 1000 8680 456120 3546650 25331200 3072 4825 24!822!

Table 3 Risk-sensitive performance for g8 € {0,0.001,0.01}

B=0 B = 0.001 B =0.01

ﬂO 6’0 C’UO ﬂ0.00l 5’0‘001 CU0'001 ﬂ0.0l 5’0‘01 CU0'01

QP1  239563.2 2044.0 0.85  240245.2 1973.1 0.82  242116.8 1904.1 0.79
QP2 868069.8 1574.8 0.18  868400.0 1513.6 0.17  868542.7 1506.7 0.17
QP3  925046.8 60584 0.65 956176.2 5253.0 0.55 1022291.0 4241.3 0.41
QP4 2765972 2743.7 0.99  277189.2 2664.8 0.96  279802.6 2602.1 0.93
QP5 1149530.1 94184 0.82 1190602.7 8718.3 0.73 1471930.6 5632.6 0.38
QP6  756935.1 5187.8 0.69  760836.6 5028.0 0.66  881012.8 2765.4 0.31
QP7  818333.6 3266.7 0.40 821502.1 3112.6 0.38  860785.3 2077.3 0.24
QP8 7557954 28464 0.38  756133.9 2810.1 0.37  761777.0 2656.4 0.35

Inst.

The results evidence a striking decrease in the absolute and relative risk costs, with an increase in
the expected mean cost. Define the mean.gap and sd.gap as the relative difference between expected
mean cost and expected standard deviation for 8 > 0 with respect to 8 = 0 in percentage terms,

~B_ N N .

that is, mean.gap = £ ﬂo"o 100 and sd.gap = "ﬁg"o 100 for 8 > 0. Figure |3 shows the [ changes
over time in those gaps for instances of Tables [3] and [l The figures for mean.gap versus sd.gap are
represented, so the efficient frontier is illustrated (see [28]) in relative terms, i.e. with respect to

values corresponding to 3 = 0. Position (0,0) represents the expected mean cost and the expected
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Table 4 Risk-sensitive performance for 8 € {0,0.1,1}

B=0 g=0.1 B=1

’aO 5.0 ch ﬂO,l 5.0.1 CUO.l ﬂl a.l C’Ul

QP1  239563.2 2044.0 0.85 308016.2 1228.2 0.40  412498.2  945.7 0.23
QP2 868069.8 1574.8 0.18  895960.8 1348.8 0.15  947607.4 1243.5 0.13
QP3  925046.8 6058.4 0.65 1343195.6 2523.7 0.19 1563817.0 2306.6 0.15
QP4 2765972 2743.7 099  410686.5 1439.0 0.35 565631.4 1127.0 0.20
QP5 1149530.1 94184 0.82 2001344.5 3252.6 0.16 2407408.5 2870.1 0.12
QP6  756935.1 5187.8 0.69  988184.7 2136.5 0.22 1264335.8 1851.2 0.15
QP7  818333.6 3266.7 0.40 921379.4 1363.2 0.15  964492.1 13143 0.14
QP8 7557954 2846.4 0.38  848629.6 1692.6 0.20 1020233.0 1343.6 0.13

Inst.

standard deviation for model with 8 = 0, where the deviation is computed with the solution of
the MIP model. Therefore, the regions that contain (0, 100) are inefficient regions while those that
contain (-100,0) are infeasible regions. Note that the greater the risk parameter § is, the greater the
increase in expected mean cost and the decrease in expected cost variability will be.
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Fig. 3 Efficient frontier for problems QP1 to QPS.

4.3 Results of algorithm QH-BFC

Tables [ to [§ show the performance of the QH-BFC algorithm compared to the plain use of
CPLEX for the medium-sized instances of Testbed 1 whose dimensions are given in Table [I] and
for B € {0.001,0.01,0.1,1}. The optimal gap used in CPLEX is 10~4%. The headings are as follows:
Inst, instance’s code; zZEM. ., solution value of the original model using CPLEX; ti time
in seconds after which the CPLEX incumbent solution is found; ¢, elapsed time in seconds; OG,
optimality gap in percentage terms shown by CPLEX; zPFM  solution value of the original model
using QH-BFC; t, elapsed time in seconds; GG, goodness gap in percentage terms shown by
QH-BFC, i.e. relative difference in percentage terms between the QH-BFC and CPLEX solution

ZDEM

values, GG = % -100. Note that the elapsed time, ¢, for QH-BFC algorithm includes the

i X fCPLEX .
time required to generate the cluster quadratic submodels.
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Tables[5]to[8|report the optimal solution for medium-sized instances from QP1 to QP15 for several
break stages t*. They are solved using the QH-BFC algorithm with small goodness gaps and very
competitive CPU times compared to the plain use of CPLEX. Table [5|illustrates the performance of
the algorithm for the cases of maximum risk (8 = 0.001) and Table [§|for those with low level of risk
(B =1). The intermediate values are shown in Tables [6] and

Table 5 Performance of QH-BFC for Testbed 1 and 8 = 0.001

Inst. Plain CPLEX QH-BFC, t* =1 QH-BFC, t* =2 QH-BFC, t* =3

Inst 2BEM. ti t OG LLEM ¢ GG LLEM ¢ GG LPEM GG

QP1 243711.5 2 2 * 244933.3 1 0.50 246435.9 1 1.12 256977.5 2 544

QP2 870534.1 1 1 * 873871.3 1 0.38 874161.2 1 042 882525.7 3 1.38

QP3 960542.8 3 4 * 9643755 4 040 9686539 3 0.84 978937.5 5 1.92

QP4 283957.8 36 37 * 2839886 3 0.01 285865.7 2 0.67 2858159 4 0.65

QP5  1236776.0 6 6 * 12376986 5 0.07 12404229 5 0.29 12410786 6 0.35

QP6 783687.4 17 18 * 784144.2 6 0.06 785988.8 6 0.29 790000.0 7 081

QP7 828992.7 2 7 * 8297512 3 0.09 829751.2 3 0.09 8315199 5 0.30

QP8 763824.8 156 157 ¥ 764565.7 6 0.10 772661.0 5 1.16 776181.6 4 1.62

QP9 1372164.9 6 7 * 13721649 7 * 13732795 6 0.08 13750272 8 0.21

QP10 3522634 8276 8277 * 352502.2 6 0.07 352867.1 4 0.17 353693.0 7 0.41

QP11 939487.8 3181 3334 ¥ 041033.9 13 0.16  944523.6 11 0.54 947608.6 11 0.86

QP12 956831.2 654 664 ¥ 963648.0 17 0.71  970507.1 15 143  972243.7 14 1.61

QP13 1761050.4 10 11 * 17610504 14 *1762660.7 12 0.09 1764831.1 12 0.21

QP14  1235600.7 12175 13145 * 0 1235825.5 65 0.02 1243120.3 30 0.61 1245216.1 30 0.78

QP15 444067.9 245 262 * 4440679 11 * 446802.8 9 0.62 448982.2 22 1.11

*: optimality gap achieved (< 0.0001%)

Table 6 Performance of QH-BFC for Testbed 1 and 8 = 0.01

Inst. Plain CPLEX QH-BFC, t* =1 QH-BFC, t* =2 QH-BFC, t* =3
BBt ex ti t OG ZPEM t GG ZPEM t GG ZPEM 4 GG

QP1 278374.5 10 10 * 279867.6 1 054 283079.4 2 1.69 288912.8 2 3.7

QP2 891245.7 2 2 * 893977.4 2 031  896465.2 1 059 9013544 3 113

QP3 1202179.0 171 212 *1203734.6 10 0.13 1207429.1 6 044 1215708.3 8 1.13

QP4 347513.5 3220 5792 * 3475135 5 * 0 348236.5 3  0.21  348683.0 4 0.34

QP5  1789197.0 4203 4257 *1789197.0 18 *1789327.1 10 0.01 17918959 11 0.15

QP6 957485.9 1373 1561 *957485.9 12 * 958188.5 6 0.07 960010.9 7 0.26

QP7 903937.6 441 851 * 904675.1 8 0.08 904675.1 6 0.08 905383.7 6 0.16

QP8 832342.2 4328 5190 * 0 832874.2 18 0.06 8397314 8 0.89 842564.4 8 1.23

QP9  1804267.1 19458 21600 1.29 - 21600 - 1805497.3 25 0.07 1805212.2 22 0.05

QP10  397826.5 20233 21600 0.76  397803.3 15 -0.01  398276.3 7 011  398536.9 9 0.18

QP11 1178244.9 19857 21600 3.17 1179389.8 16178 0.10 1182028.8 53  0.32 1185153.7 27 0.59

QP12 1292080.9 19978 21600 2.69 - 21600 - 1298811.5 66 0.52 1299030.0 35 0.54

QP13  2173599.4 19536 21600 1.18 - 21600 - 2175007.6 98 0.06 2176892.2 33 0.15

QP14 1956025.3 21195 21600 1.94 - 21600 - 1955565.8 1177 -0.02 1956484.4 166 0.02

QP15 482827.2 19960 21600 0.24  482795.8 27 -0.01  484595.5 17 037  486863.6 28 0.84

*: optimality gap achieved (< 0.0001%)

_. ,DEM

not available, exceeded time limit (21600 secs.)
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Table 7 Performance of QH-BFC for Testbed 1 and 8 = 0.1

Plain CPLEX QH-BFC, t* =1 QH-BFC, t* =2 QH-BFC, t* =3
Inst 2BEM. ti t O0G ZPEM t GG ZPEM t GG ZDEM t GG
QP1 458853.6 15 21600 0.64 | 458853.6 4 0.00 | 459085.7 2 0.05| 466375.5 2 164
QP2 | 1077894.4 3 3 * 1 1079521.8 3 0.15 | 1079525.1 2 0.15 | 1086438.6 3 079
QP3 | 1980108.3 310 21600 0.61 | 1980108.3 54 0.00 | 1984200.3 8 0.21 | 1985167.3 10 0.26
QP4 617744.9 20021 21600 2.67 | 617726.0 6734 -0.00 | 617734.5 10 -0.00 | 617790.0 6 001
QP5 | 3059269.8 5059 21600 2.18 | 3059024.1 84 -0.01 | 3059483.2 18 0.01 | 3060419.9 16 0.04
QP6 1444666.3 1796 5364 * | 1444683.2 36 0.00 | 1445920.8 9 0.09 | 1446203.5 10 0.11
QP7 | 1107213.3 317 320 * | 1107728.7 15 0.05 | 1107728.7 8 0.05 | 1108315.5 8 0.10
QP8 | 1135116.8 20111 21600 3.14 | 1134158.3 18674 -0.08 | 1139056.9 21  0.35 | 1137562.8 12 0.22
QP9 | 2697515.1 19463 21600 2.92 - 21600 -] 2697028.1 39 -0.02 | 2696819.5 22 -0.03
QP10 | 592853.6 937 21600 2.78 | 592846.7 36 -0.00 | 593018.9 9 0.03| 593058.1 8 003
QP11 | 1941219.6 21118 21600 1.36 - 21600 - | 1941959.5 86  0.04 | 1941959.5 29  0.04
QP12 | 2101147.6 19802 21600 3.79 | 2096506.0 21600 -0.22 | 2096594.7 88 -0.22 | 2097886.9 39 -0.16
QP13 | 3385430.3 15325 21600 3.55 - 21600 - | 3384226.3 233 -0.04 | 3384409.0 68 -0.03
QP14 | 3332394.3 19944 21600 1.78 - 21600 - | 3332300.0 261 -0.00 | 3332644.2 147 0.01
QP15 | 636088.7 19635 21600 1.73 | 636080.5 195 -0.00 | 636771.5 25 0.11 | 6372954 28 0.19

*: optimality gap achieved (< 0.0001%)

-1 2PEM not available, exceeded time limit (21600 secs.)
Table 8 Performance of QH-BFC for Testbed 1 and 8 =1
Plain CPLEX QH-BFC, t* =1 QH-BFC, t* = 2 QH-BFC, t* = 3

Inst 2BEM. ti t 0G ZDEM t GG ZPEM t GG LPEM t GG
QP1 1306804.3 8945 21600 0.61 1306835.7 5 0.00 1306835.8 2 0.00 1311180.0 2 033
QP2 2493837.8 9 279 * 2493949.8 3 0.00 2494785.0 2 0.04 2495581.0 2 0.07
QP3 6884242.4 19493 21600 0.38 6884242.4 140  0.00 6886279.5 13 0.03 6887225.5 13 0.04
QP4 1835690.3 19642 21600 4.40 1835530.0 269 -0.01 1835530.0 6 -0.01 1835530.0 4 -0.01
QP5 10644823.9 19783 21600 0.81 | 10644732.3 1640 -0.00 | 10644866.8 33 0.00 | 10647284.3 23 0.02
QP6 4691252.6 19587 21600 1.59 - 21600 - 4695608.4 72 0.09 4702455.3 27 0.24
QP7 2691885.5 20804 21600 0.39 2692819.8 296  0.03 2692974.9 23 0.04 2694350.4 14 0.09
QP8 2825555.3 19729 21600 4.07 2825033.9 21600 -0.02 2825061.2 27 -0.02 2826141.4 13 0.02
QP9 8404206.1 12 21600 1.84 8404206.1 380 0.00 8404206.1 19 0.00 8404206.1 15 0.00
QP10 1537521.5 19712 21600 0.68 1537522.9 72 0.00 1540518.2 13  0.19 1540750.6 10 0.21
QP11 6546510.2 20083 21600 3.51 - 21600 - 6548148.0 2732  0.03 6549728.7 58  0.05
QP12 7033987.9 19498 21600 6.58 - 21600 - 7035452.3 95 0.02 7036023.3 42 0.03
QP13 | 11582579.6 20202 21600 4.38 | 11565213.1 1431  -0.15 | 11565213.1 104 -0.15 | 11568139.1 42 -0.12
QP14 | 11707481.0 21418 21600 2.61 - 21600 - | 11707469.5 8217 -0.00 | 11706324.4 305 -0.01
QP15 1669934.9 21185 21600 4.99 - 21600 - 1668792.2 41  -0.07 1669725.9 32 -0.01

*: optimality gap achieved (< 0.0001%)
not available, exceeded time limit (21600 secs.)

.. ,DEM

The results show that the larger the risk parameter is, the harder it is to solve the problems by
the plain use of CPLEX. The QH-BFC performance in terms of the break stage reports the best
quality results for ¢t* = 1 and t* = 2, while the shortest elapsed times are reported for t* = 2 and
t* = 3. Note that a negative GG indicates that better solutions are obtained by QH-BFC than with
the plain use of CPLEX: three instances for § = 0.001, nine for 8 = 0.1 and six for § = 1. Moreover,
the QH-BFC results are better than or equal to those obtained with the plain use of CPLEX in more
than half of the medium-sized instances.

Tables 0] to [I2] report the performance of QH-BFC versus plain use of CPLEX for the large-sized
instances, QP16 to QP30. On the one hand, the tables show the execution of the QH-BFC algorithm
with the break stage where the smallest goodness gaps are obtained and on the other hand the results
of using QH-BFC with McCormick relaxation for m* = 1 and the break stage, where the shortest
CPU times are achieved.
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Table 9 Performance of QH-BFC for Testbed 2 and 8 = 0.001

Plain CPLEX QH-BFC, min GG% QH-BFC McCormick, min t
Inst ZBEM. ti t OG |t 2DEM t GG |t LDEM t GG
QP16 732860.5 21413 21600 0.11 | 1 736376.2 370 048 | 2 738661.2 49  0.79
QP17 | 1594367.5 8224 8227 *1 1 1596179.8 55 0.11 | 2 1597852.6 46  0.22
QP18 451406.6 19914 21600 0.03 | 1 451406.6 98 0.00 | 2 454895.4 37 0.77
QP19 | 1178053.2 21355 21600 0.02 | 1 1178055.8 103 0.00 | 2 1180070.0 64  0.17
QP20 | 1136767.5 799 804 *1 1 1138569.6 65 0.16 | 1 1138600.8 65 0.16
QP21 | 12397174 21412 21600 0.05 1 1240706.3 114  0.08 | 2 12426125 83 0.23
QP22 | 1492045.2 19812 21600 0.14 1 1496834.2 885  0.32 2 1500170.2 132 0.54
QP23 900724.5 81 91 *11 901081.6 56  0.04 | 1 901081.6 56 0.04
QP24 759010.3 20835 21600 0.05 | 1 758989.4 118 -0.00 | 2 762037.8 82  0.40
QP25 876224.0 16967 21600 0.00 | 1 877170.7 93 011 | 1 877170.7 93 0.11
QP26 873485.9 19890 21600 0.20 | 1 8738449 3474 0.04 | 2 879891.0 125  0.73
QP27 | 1407885.8 190 228 ¥ 11 1407885.8 97 ¥ 11 1407885.8 96 *
QP28 604057.5 97 103 *11 604057.5 89 ¥ 604057.5 87 *
QP29 | 1559059.6 19494 21600 0.02 | 1 1559592.2 216 0.03 | 2 1563059.3 177  0.26
QP30 | 1476134.8 20191 21600 0.08 | 1 1477437.3 539 0.09 | 2 14802153 290 0.28
* optimality gap achieved (< 0.0001%)

Table 10 Performance of QH-BFC for Testbed 2 and 8 = 0.01

Plain CPLEX QH-BFC, min GG% QH-BFC McCormick, min t
Inst 2BEM. ti t OG |t 2DEM t GG | t* 2 DEM t GG
QP16 833215.7 21600 21600 1.06 | 2 833389.5 149 0.02 | 3 834265.5 97  0.13
QP17 | 1911416.2 3672 21600 2.17 | 2 1911668.5 229 0.01 | 3 1912790.6 130  0.07
QP18 467704.7 20753 21600 0.05 | 1 467691.7 202 -0.00 | 2 469080.2 50  0.29
QP19 | 1369928.1 21600 21600 1.46 | 2 1371067.8 368 0.08 | 3 1372103.8 131  0.16
QP20 | 1435153.9 4141 21600 0.17 | 1 1436752.8 277 0.11 | 2 14454422 133 0.72
QP21 | 1746823.7 14191 21600 2.70 | 2 1747178.2 1356 0.02 | 3 1748148.2 277 0.08
QP22 | 2139856.8 19203 21600 4.05 | 3 2140560.0 892 0.03 | 3 2140931.3 724 0.05
QP23 | 1046962.1 20124 21600 1.50 | 2 1048263.6 128  0.12 | 2 1048282.7 116  0.13
QP24 833579.8 21600 21600 1.66 | 2 833682.4 440 0.01 | 2 833674.4 155 0.01
QP25 | 1053973.8 20079 21600 0.31 | 1 1054526.6 678 0.05 | 2 1054724.1 217 0.07
QP26 | 935093.9 20097 21600 0.37 | 3  937959.4 547 031 | 2 940117.1 355 0.54
QP27 | 1674943.1 4142 21600 0.40 | 1 1674929.7 296 -0.00 | 2 1675393.8 175 0.03
QP28 622249.3 122 171 * 1 622249.3 96 * 1 622249.3 92 *
QP29 | 1968212.8 18099 21600 0.51 | 2 1969434.3 653 0.06 | 2 1980872.1 419 0.64
QP30 | 1956735.8 21352 21600 1.98 | 2 1943471.5 1893 -0.68 | 2 1943506.9 1832 -0.68

* optimality gap achieved (< 0.0001%)
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Table 11 Performance of QH-BFC for Testbed 2 and 8 = 0.1

Plain CPLEX QH-BFC, min GG% QH-BFC McCormick, min t
Inst 2BEM. ti t OG |t 2, DEM t GG |t ZDEM t GG
QP16 | 1161160.3 21600 21600 1.65 | 2 1159976.7 553 -0.10 | 3 1161536.0 155  0.03
QP17 | 2784280.0 424 21600 1.64 | 1 2783971.5 488 -0.01 | 2 2799706.3 182  0.55
QP18 605070.1 21600 21600 1.51 | 2 605039.1 145 -0.01 | 2 605446.0 82  0.06
QP19 | 1905205.4 21600 21600 0.84 | 2 1902669.1 540 -0.13 | 3 1905281.8 234 0.00
QP20 | 2205766.1 21600 21600 0.88 | 1 2206286.5 6282 0.02 | 2 2206872.7 144 0.05
QP21 | 2740798.5 21600 21600 2.58 | 2 2739933.2 844 -0.03 | 3 27494129 403  0.31
QP22 | 3232869.6 21600 21600 3.07 | 2 3232388.4 3194 -0.01 | 3 3236984.6 790 0.13
QP23 | 1400862.5 9178 21600 0.91 | 1 1402583.2 251  0.12 | 2 1403072.1 147 0.16
QP24 | 1057121.9 7933 21600 1.26 | 2 1057492.1 330 0.04 | 2 1057495.6 201 0.04
QP25 | 1586620.0 5196 21600 0.62 | 1 1586609.7 534 -0.00 | 2 1599283.2 268  0.80
QP26 | 1265315.7 21600 21600 2.26 | 2 1264527.6 1561 -0.06 | 3 1265113.0 488 -0.02
QP27 | 2347642.7 20258 21600 1.24 | 1 2347474.5 588 -0.01 | 2 2348187.7 239  0.02
QP28 783631.3 21003 21600 0.07 | 1 783616.1 183 -0.00 | 1 783622.9 148 -0.00
QP29 | 2924122.3 6288 21600 2.10 | 2 29244314 1103 0.01 | 2 2925183.7 973  0.04
QP30 | 2999935.3 19228 21600 3.93 | 2 2982077.5 2837 -0.60 | 2 2983062.9 2507 -0.56

* optimality gap achieved (< 0.0001%)

Table 12 Performance of QH-BFC for Testbed 2 and 8 =1

Plain CPLEX QH-BFC, min GG% QH-BFC McCormick, min t
Inst 2BEM. ti t OG |t 2 DEM t GG |t 2DEM t GG
QP16 2889528.0 21600 21600 6.35 | 3 2890039.2 272 0.02 | 3 2903534.0 263  0.48
QP17 9191798.3 10536 21600 1.76 | 1 9190512.8 1024 -0.01 | 3 9450182.2 185 281
QP18 1603533.0 21600 21600 1.86 | 2 1602967.7 291 -0.04 | 3 1611100.2 113 047
QP19 5966757.4 14842 21600 2.92 | 3 5974940.9 594 0.14 | 3 6008316.7 433  0.70
QP20 7766676.7 21138 21600 1.64 | 2 7769849.1 282 0.04 | 2 7775099.5 170 0.11
QP21 9404084.9 17784 21600 3.26 | 2 9402986.0 976 -0.01 | 3 9496599.7 444  0.98
QP22 | 10328287.7 21522 21600 4.46 | 3 10344398.8 1152 0.16 | 3 10385346.1 1131 0.55
QP23 4156502.5 20976 21600 1.40 | 1 4189383.5 453 079 | 2 4202465.4 125 1.11
QP24 2526841.1 6126 21600 6.18 | 2 2528825.4 608 0.08 | 2 2532748.7 394 0.23
QP25 5317381.0 5649 21600 0.92 | 2 5323276.1 559 011 | 2 5457308.8 227  2.63
QP26 3165474.8 16634 21600 4.07 | 2 3158526.0 5767 -0.22 | 3 3164071.8 490 -0.04
QP27 7337863.1 21202 21600 1.78 | 1 7337783.1 2329 -0.00 | 2 7347437.2 207 0.13
QP28 2009324.3 20717 21600 4.14 | 2 2009553.2 479 001 | 2 2009806.6 233 0.02
QP29 | 9258501.8 11812 21600 2.35 | 2  9317154.0 1019 0.63 | 2  9325607.5 753 0.72
QP30 9872316.5 19471 21600 5.27 | 2 9851139.4 4447 -0.21 | 2 9856311.2 2201 -0.16

* optimality gap achieved (< 0.0001%)

The QH-BFC algorithm finds better solutions than CPLEX in a third of the instances, as
evidenced by the negative goodness gaps with short CPU times. For low level of risk, g = 1, which
has the greatest weight in the quadratic term, the quality of QH-BFC solutions is better than that
of the CPLEX solution in the instances QP4, QP5, QP8, QP13, QP14 and QP15. For risk levels,
B = 0.001 and B = 0.01, the algorithm drastically reduces CPU times in the instances QP16 to
QP30 and obtains solutions with very small goodness gaps. For 8 = 0.1 and the instances QP16 to
QP19, QP21, QP22, QP25 to QP28 the algorithm drastically reduces CPU times and obtains better
solutions than CPLEX. For # = 1 and the instances QP17, QP18, QP21, QP26, QP27 and QP30
the algorithm drastically reduces CPU times and obtains better solutions than CPLEX.
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5 Conclusions and future work

This paper introduces the Expected Mean-Variance model, which is a multistage time consistent
ECRM. It also presents a Quadratic mathHeuristic Branch-and-Fix Coordination algorithmic
framework, named QH-BFC, for solving multistage quadratic mixed 0-1 problems under uncertainty.
This technique is very suitable for solving multistage stochastic models with Expected Conditional
Risk Measures. We consider stochasticity from two perspectives. First, we use a scenario cluster
analysis approach to introduce uncertainty into the parameters in the objective function, rhs and
constraint matrix coefficients. Second, we consider the distribution functions of the coefficients of
the objective function along each scenario, using probability and estimation techniques, to introduce
expected risk into the minimization objective. We believe that real-life uncertainty is very frequently
represented via a scenario analysis approach. Also, scenario cluster analysis is crucial for solving
medium and large scale quadratic problems, since it allows us to decompose such problems. The
broad computational experience reported assesses the quality of the matheuristic solution for medium
and large-scale multistage stochastic quadratic mixed 0-1 problems. The outstanding solution quality
and computation times found in the new approach show competitive results when compared with
the-state-of-the-art commercial optimizer CPLEX.

As a future line of work we are considering incorporating and comparing other expected
conditional risk measures for multistage stochastic quadratic problems, and would like to extend
the theory and QH-BFC algorithmic framework for solving problems subject to linear and quadratic
constraints.
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