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Abstract

We consider the optimal investment problem of a fund manager in the presence of a minimum
guarantee constraint on the fund performance. The manager receives a fee which is proportional
to the liquidation value of the portfolio or of the surplus over the guarantee in case it is positive
and zero otherwise, eventually augmented by a constant fee. Her remuneration is reduced through
the application of a penalty if the value of the fund at maturity is below a specified-in-advance
threshold (minimum guarantee). We deal with two different settings: a continuous time economy
with constant instantaneous interest rate and the case where the short-term interest rate evolves as
the Vasicek model. Explicit formulas for the optimal investment strategy are presented. We compare

our portfolio strategies to the Merton portfolio and to the Option Based Portfolio Insurance strategy.
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1 Introduction

Life insurance products are often characterized by a minimum guarantee: the insurance company manages
funds guaranteeing a minimum return to policyholders. In this paper we investigate how the presence
of a minimum guarantee affects the asset manager’s strategy assuming that the liability of the insurance
company is partially charged to the asset manager.

Usually, the funds of policyholders are pooled together in a segregated fund, the insurance company

manages it in order to refund claims and lapses of policyholders. The company is remunerated through
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a constant fee, and a fee that depends on the assets under management (AUM) of the fund (asset
management fee) or through a share of the surplus over the guarantee in case it is positive and zero
otherwise (performance fee). In some cases a combination of the two schemes is at work. Life insurance
products with a minimum guarantee establish that the insurance company is endowed with a liability in
case the fund goes below it. If this is the case, then the insurance company has to refund the performance
gap to policyholders and, therefore, the company is short of a put option written on the AUM of the
fund. This type of contract affects the management of the segregated fund by the insurance company.
In what follows, we investigate the asset management problem in a dynamic setting assuming that the
payoff of the asset manager is made up of a constant fee, an asset management/performance fee and the
liability in case the performance target is not reached. The guarantee is defined as a threshold on the
AUM.

The problem has been analyzed in a stochastic/constant interest rate setting in a way that doesn’t
fully fit the features of life insurance contracts. In [3, 6, 7, 8, 9, 10] the optimal investment problem has
been analyzed assuming that the goal of the company is to maximize the expected utility of a fraction of
the AUM or of the positive surplus over the guarantee in case it is positive and zero otherwise under the
constraint that at maturity the guarantee is reached.

The assumption that at maturity the AUM should be greater than a threshold is not motivated by
life insurance policies. In [6] the rationale for imposing the constraint is traced back to the fact that the
regulator imposes it to the company. In this setting, the management of a segregated fund is reduced
to an asset management problem under the constraint that AUM cannot go below a certain threshold.
This interpretation refers to the literature on Option Based Portfolio Insurance (OBPI) strategies, see
[8, 13, 18]. Actually, this assumption doesn’t fit life insurance contracts because the insurance company
has some degrees of freedom in a sense that the AUM of the segregated fund can go below the threshold.
If this is the case, then the insurance company is obliged to refund the performance gap to policyholders
at maturity.

In a recent article [14], the problem has been analyzed in a constant interest rate setting assuming that
the AUM can go below the guarantee threshold, and considering the perspective of the asset manager of
the insurance company, see also [11] for an analysis of a manager of a hedge fund. In these two articles,
authors assume that the asset manager takes the whole loss in case the guarantee is not reached, if this is
the case then her remuneration may even become negative. An assumption that doesn’t fully match the
remuneration schemes adopted in the asset management industry, as a matter of fact the remuneration

cannot be negative. Allowing for a negative remuneration, they consider an S-shaped utility function.



On the opposite, in this article we assume that the manager’s remuneration decreases in case the AUM
is below the guarantee threshold, concurring to the loss of the insurance company, but it cannot become
negative. Therefore, it is the insurance company, with its revenues from other activities or its capital,
that ensures the payment of the minimum return to policyholders, while the manager only concurs to the
loss in the sense that her remuneration is negatively affected if the minimum guarantee is not reached. We
deal with a stochastic and a constant risk interest rate. Our analysis is strictly related to the optimization
problems when the remuneration is a piecewise linear function of wealth, see [1, 2, 4, 5, 16].

We show that an asset management fee or a performance fee lead to a similar investment strategy
with the latter yielding a lower level of risk exposure (investment in the risky asset). Differently from
what is observed when the AUM at maturity is constrained to be above a threshold, we show that the
manager may invest in the risky asset even if the put option is in the money, i.e., when AUM are below
the threshold of the guarantee. In that region, the investment is hump shaped: when the put option is
deep in the money the manager doesn’t invest in the risky asset; as AUM increase, the investment in the
risky asset increases and then decreases just below the guarantee with a kink and then the investment
in the risky asset increases again converging towards the solution obtained without constraint in the
region where the guarantee is satisfied (Merton solution). If the company is remunerated also through a
constant fee, then the investment strategy may be hump shaped also above the threshold yielding excess
risk taking with respect to the Merton solution. Differently from the case where the asset manager’s
remuneration can become negative, we observe a no-investment (non-reachable) region when the AUM
are deep out of the money.

The paper is organized as follows. Section 2 presents the general framework of our analysis. In Section
3 we describe the optimal investment problem and we provide our main results. Section 4 deals with
numerical results concerning the optimal dynamic trading strategies. We compare our results with the
strategy obtained in the standard investment problem (i.e., the Merton problem) and with the OBPI

optimal strategy.

2 The model

In this section, we present the general framework of our analysis, which is based on [6]. In what follows,
(2r(t))t>0 and (z(t))i>0 are two independent Wiener processes defined on a complete probability space

(Q, (F1)i>0, P), the classical conditions are satisfied.



We assume that the risk-free asset evolves as

dSp(t)
So(t)

=r(t)dt, Sp(0)=1,
and the short rate process r(t) evolves according to the following equation (Vasicek model)

dr(t) = (a — br(t))dt — /ndz-(t), 7(0) =10 (1)

for rg, a,b,n positive constants in the stochastic interest rate framework, a = b = 1 = 0 in the constant
interest rate case, yielding r(t) = r¢ for any t € [0, 7.

The evolution of the risky asset is described by a Geometric Brownian motion, i.e.,

d;(g) = r(t)dt + o1(dz(t) + Ardt) + 0> /(A2 (1) + oy /d)

with S(0) = 1, A1, A2 constants and o7, 09 positive constants. Notice that in the case of a constant

interest rate the evolution of the risky asset price reduces to
— = (7"0 + 0'1)\1)dt + Ule(t)

where )\ is the Sharpe ratio.
Coherently with Equation (1), we have that the no arbitrage price of the zero coupon-bond evolves

as follows:
7TT) =rt)dt + op(T —t,r(t))(dz(t) + A2y/ndt), B(T,T) =1,

where

1— efb(Tft)

op(l ~t,1(t)) = ————— il

In what follows, we assume that the maturity of the bond coincides with that of the contract.

We define the following process for the AUM of the segregated fund: for any ¢ < T

dX(t) = X(t)(1 — 7P (t) — (1)) + X(O)TB () 5t + X ()75 (t) =

dB(t,T) ds(t)
B(t,T) S(t)’

X(O) =Xo >0,



where 1 — 78(t) — n5(t), 7B (t), 75(t) denote, respectively, the proportion of AUM invested into the risk
free asset, the bond and the stock. In the constant risk-free case, 7 = 0.

The evolution of AUM can be rewritten as

= r(t)dt + o7 () (dz(t) + M\dt) + 7B ()op(T — t,r(t))(d2.(t) + A2y/ndt)

+ 75 (t) oo/ 2 (t) + Agy/ndt).

=r@)dt + AT (O T (@)w(t)dt + [27 ()7 (t)] T dz(t), X(0) = X,.

As already pointed out in the Introduction, the optimal investment strategy of a fund manager in
case of a minimum guarantee has been already studied in literature. We refer to [6, 8] for the analysis of
the performance fee and of the asset management fee, respectively. Authors investigate a finite horizon
optimal investment problem when the constraint is imposed on the terminal date (European guarantee)
or on every intermediate date (American guarantee).

More precisely, in [8], in the constant risk-free case, the following utility maximization problem is
solved

maxE[u(X(T))] st. X(T)> K (3)

s
in the European guarantee case, and

max E[u(X(T))] st. X(t)> K foranytel0,T)

s

in the American case. u is a power utility function, K the minimum guarantee.
Instead, in [6], it is assumed that the asset manager takes a share of the positive surplus of the

segregated fund over a minimum under the constraint that the segregated fund at maturity is above it.



As a consequence, the manager solves the following maximization problem:

max Eu(X(T)-K)] st. X(T)>K.

(w8, 7P)

As already discussed in the Introduction, imposing the condition X (7') > K is not borne out by the
insurance contract. To cope with life insurance peculiarities, we introduce a liability in case a guarantee
is not reached. In what follows, we start from considering an asset management fee and we analyze the
following problem

max Elu(ay X(T) + H- (K — X(T))")]

where (-)T = max{-,0}, and «a;, as and H are positive constants. «j is the percentage of AUM at
the terminal date that the manager receives as a fee, H is a constant fee received by the manager
independently of the performance of the fund, and as(K — X (T))" is the liability due to the need
to refund the policyholder: if X(T) < K, then the remuneration of the asset manager is reduced by
as(K — X(T)) > 0. Therefore, the remuneration is (aq + a2)X(T) + H — apK if X(T) < K and
a X(T) + H otherwise, (a1 + a2)X(T) + H — auK > 0, where the inequality holds true due to the
definition of admissible strategy we will provide in the next section. Notice that, if as = 1, then the
manager’s fee is reduced by the money necessary to refund the minimum guarantee, while if 0 < ag < 1
the manager only shares a part of the performance gap.

In what follows, we deal with the mathematical objective function E[u(aX (T)+ H — (K — X (T))™)],
where « is the ratio between «; and as, and H = ﬁ/ag.

Considering a remuneration scheme based on a share of the positive surplus of the segregated fund
over the threshold guaranteed by the contract, the optimization problem becomes:

max E[u(H + a1 (X(T) — K)* — as(K — X(T))"))].

(78, 77)

A similar problem has been already analyzed in constant risk free context in [1, 4]. We assume 0 < a1 < ag
and H > 0: the first assumption results in a concave utility function. If ay < a1, then the solution can
still be computed via concavification techniques [1, 4, 5, 15, 16]. As above, in what follows we deal with

the corresponding optimization function E[u(H + (X (T) — K)™ — (K — X(T))")] with o = a3 /a2 < 1.



3 The optimal investment problem

We assume that the manager’s preferences are described by a power utility function:
x
u(z) = —, 0<vy<1 or v<0.
Y
The aim of the manager is then to maximize the expected utility of the final payoff

max E [u(aX(T)+ H — (K — X(T))")] (4)

weA

(for a, H, K positive constants) over a set of admissible investment strategies

A = {(mw(t))i>0 s.t. w(t) € Fr, X(t)w(t) is square integrable, and (5)

aX(T)+H - (K —-X(T))" >0ae.}.

The condition that the remuneration scheme cannot become negative is imposed because the asset man-
ager cannot be called to refund the return gap with its own resources, the insurance company is the
ultimate stakeholder and will do it. The manager refunds a share of the performance gap up to a non
negative remuneration.

Our problem can be solved via the martingale technique, obtaining a closed form solution. To this

end, we introduce the following notation:
Uz) :=u(lax+ H— (K —x)"); (6)
thus the maximization problem (4) becomes

max B [U(X(T))].

Notice that U(z) is well-defined for z > £ ;{{ (x> & _T_{I if v is negative) and it is not differentiable in

xz = K. In what follows, we assume K — H > 0, i.e., the minimum guarantee is greater than the fixed

component of the manager’s remuneration, which is the case in real applications. Furthermore, the first



order derivative of U is not uniquely defined in x = K, since we have

Ul(K):= lim U'(z)=ou'(aK + H),

z— K+

U'(K):= lim U'(z)=(a+1)u(aK + H).

z—K—

In what follows, we denote by U’ its set-valued derivative, i.e., the set-function

(a+ D/ ((a+1)z+ H - K), OéLJr1<:1c<K7
U'(z) = { [U/(K),U’ (K)], z =K, (7)
au'(ax + H), x> K.

Following [5], the optimal strategy can be computed for any ¢t € [0, T] through the condition

X* (1) = X*(t.r(0),C(1)) = Ex [if))mcm)} |

where ((t) is the state price density and is given by

C(t) exp{/otr(s)d.s/ot )\T(s)dz(s);/ot |)\(s)|2ds}

and [ is the (well-defined) inverse function of U’ and A solves E[¢(T)I(A((T))] = Xo.
We would like to stress that the optimal policy displays three distinct patterns, depending on the
state of the world, represented by the state price density ¢(T), with low ((T") representing good states

and high ¢(T") bad states. In fact, the optimal terminal wealth is
XH(T) = I(A(T)),

with I having different expressions in the intervals (0,U’ (K)), [U,(K),U’ (K)] and (U’ (K),+00). If
¢(T) is lower than U/ (K)/A, then the terminal wealth is above the guarantee and consequently the
manager remuneration is not affected by the penalty; if {(T') is high, then the fund performs below
the guarantee K and thus a penalty is applied to the manager’s remuneration. In addition, there is an
intermediate region, namely ((T") € [U (K)/A, U’ (K)/A], in which the fund is performing exactly the
guarantee.

Our first result concerns the optimal investment policy in case of a constant risk-free rate, i.e., the



case a = b=mn = Ay = 0. Notice that in this case AUM evolve as:

dX(t) = [r + o7 ()] X (t)dt + 75 ()01 X (t)d2(t), X(0) = Xo.

The following Theorem characterizes the optimal investment solution in the constant interest rate

framework.

Theorem 1 Let a =b=mn= Ay =0, then the optimal portfolio is

0= oy (14 e (Vi - - - e =) )
b e @0 (I o)+ - v - o))
X+(t ! atl

where the optimal AUM X*(t) is given by

v [aE+H  N'(d* — o)
S (I (=
v—1

+ afle N/]\([;(d_;;)a) (1 - N (d - 77_10» + 1N - o))

X*(t) = e )N<d+— 2l a)—f—K(N(d—o)—N(d*—a))

1

—H <1N(d+ o) ——(1-N(d - 0)))) :

o a—+1

Uy (K) 52
In 347(15)+7'(T—t)+7

g

while 0 = \MV/T —t, and d* =

Remark 2 In case of a constant risk-free rate, the investment strategy in the risky asset (Merton strategy)

is T (t) = 0'1(/}1*7) , and it is recovered by (8) if K, H — 0.

The second result concerns the optimal solution in case the risk free rate evolves according to the

Vasicek model.

Theorem 3 The optimal portfolio is

1 gryo 0 sy K r0.60)

) L
(t) X*(t) — X7 (t,r(t)¢(t) /N



where the optimal AUM X*(t) is given by

oK +H N'(d* —o0)
(0% N’ (d**%

L oK+ H N'(d~ — 0)0) (1 N <d _ 70>> i L(l — N(d — o))

a+1 N,(d,fﬁ y—-1 a+1

X' = f(he %

U)N<d+— 7110> + K (N(d - 0) - N(d* —0))

Q a+1

—H <1N(d+ o) (1 - N(d - a))>) :

f@), u,0,d",d™ being defined as:

f(t) = exp { <; (M + M) + )\QCL) (T —t)— )\Qr(t)} ,

1= Ayb— e (T a a —b(T—t

p= T )+ 20 (1 ) — (1 T,

T /1 _ —b(T—s)\ 2

1—e n _ _
2 _ (1 _ 2 2 2 (1 —op(T—t)
o2 = (1 b)\g)n/t (b ) ds+ XH(T )+ X3 (1 ).
T _ —b(T—s)
1
—2n(1 - bAQ)n/ e—b(T—) (eb> ds,
¢
U (K)

g

We would like to point out that Theorem 3 implies the following optimal strategy for the risky asset:

)

1
a+1

(1 + Xf(t) Flt)em+s (N(d+ —o) -

1

. (9)
+ X*i(t)f(t)e_“*% (aN(d+ — o)+

o
+1

)

see Remark 5. Note the similarities between Theorem 1 (in the constant interest rate case) and Theorem

1 _
(1= N~ 0))

o+

3 (in the Vasicek interest rate case). In the Appendix we only provide the proof of Theorem 3.

Considering a remuneration scheme based on a share of the positive surplus over the minimum guar-

antee, the maximization problem becomes

max E[u(H + a(X(T) — K)* — (K — X(T))"). (10)

weA

10



with

A = {(w(t))i>0 s.t. w(t) € Fr, X(t)w(t) is square integrable, and

H+ a(X(T) — K)* — (K — X(T))* >0 a.e.).

The optimal strategy in the Vasicek model is provided by the following Theorem.

Theorem 4 The optimal portfolio is

T(1) = e (5T) ’ - (ZU‘%(@M

X*(t) — X (t,r(t)C() /T

where the optimal AUM X*(t) is given by

" p _ae2 [ H N'(d"—o) (+ ol )
X*() = f()e 7 [ Z—— 2 N |(dt— o
(t) = (0 T -

N

H
4K —H— —N(d*—o)+HN(d" — 0)> :
(0%

f@®),p,0,d*,d- being defined as in Theorem 3.

The proof closely follows the one of Theorem 3, and therefore it is not reported in the Appendix.

4 Numerical analysis

In this section we present some numerical results concerning the manager’s optimal trading strategy for the
risky asset. We compare our results with the strategy obtained in the standard investment problem, i.e.,

the Merton problem. In the Merton problem, the optimal portfolio (in what follows “Merton strategy”) is

A1
o1(1—7)

characterized by a constant proportion 7 (t) = invested in the risky asset. When r is constant,
we also compare our strategy to the one obtained in [8], the so-called OBPI strategy. By construction,

this strategy satisfies the constraint X (T') > K.

11
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Figure 1: The manager’s optimal investment in the risky asset under constant interest rate.
The figure displays the profile of the optimal investment in the risky asset against AUM with o = 2 in
t = 0.5. Constant interest rate, i.e., a = b =1 = Ay = 0. The remaining parameter values are those of
the baseline scenario, see (11). K*(t) = 0.3251 and K**(¢) = 0.9753.

The reference parameters of our analysis are

T=1,t=05, a=03; K=1; H=0; v=-0.4; Xo=1; b=0.2399; a = 0.01b;

7 =0.007; ro =0.05; 07 =0.2; Ay =0.2; 052 =0.02; Ay =1; Sy =1. (11)

We develop our analysis considering the asset management fee, i.e., the objective function (4), then we
will consider the remuneration scheme derived considering a performance fee, i.e., the objective function
(10). The analysis of the two different settings yields similar results.

We start with a constant risk free rate (a = b =n = Ay = 0). In this setting, the optimal strategy in
case of the asset management fee is the one described in Theorem 1. In Figure 1 we plot the manager’s
optimal risk exposure (investment in the risky asset) and the optimal strategy OBPI, proposed in [8].
The strategy is fully described by two critical values K*(t) and K**(t), where K*(t) = e~ "(T—t) K1

14+a ?

K**(t)=e " TYK (0 < K*(t) < If;f < K**(t) < K). Notice that with a (positive) constant risk free

rate it may be possible to reach a certain target starting just below it by simply investing all the AUM

at the risk free rate. It is interesting to observe that I{;g is the threshold of the AUM at maturity that

allows the asset manager to obtain a positive remuneration (above it), instead K is the strike price of
the put option describing the liability at maturity. K*(¢) and K**(¢) are the discounted values of these
two thresholds, that means that for X (¢) > K**(t) the asset manager can always beat the minimum
guarantee by investing all the AUM at the risk free rate, instead for X (¢) > K*(¢) the asset manager

can always reach a positive wealth. The strategy is similar to the one derived in [14], the main difference

12



is that as they allow for a negative remuneration the no-investment region is not observed, i.e., in their
setting K*(t) = 0, and the hump shaped part starts at X (¢) = 0.

First of all, we notice that the presence of a liability in case of underperformance provides an incentive
for the manager to deviate from the Merton strategy. In particular, the optimal proportion of AUM
invested in the risky asset is always lower than the Merton’s one. We can conclude that the presence of
a penalty in the remuneration scheme leads the asset manager to decrease the risk exposure with respect
to the solution obtained maximizing the expected utility of terminal wealth.

The picture shows that the manager invests in the risky asset also when the fund is below the
minimum guarantee. Note that the sensitivity of the remuneration to AUM is e+ 1 for X(T') < K and «
for X(T') > K. For a low performance of the fund (X (¢t) < K*(t)) there is no admissible strategy because
for that level of AUM it is impossible to construct a strategy that allows for a positive remuneration
of the manager at time T with certainty. However, if Xy > K*(0), then the optimal strategy implies
X*(t) > K*(t) for any t € [0,T]. For a performance of the fund close to K*(t) the asset manager invests

a limited amount of AUM in the risky asset because the marginal utility explodes when the remuneration

K-—H
1+a

approaches zero (at ) and therefore the asset manager takes a limited risk exposure fearing for the
downside risk. As the AUM increase, the manager becomes less sensitive to the downside risk of a null
remuneration and therefore she increases the risk exposure of her strategy. The increase is bounded by
the fact that as AUM reach K the sensitivity of the remuneration decreases from a4 1 to a. This feature
drives a reduction in the risk exposure yielding a maximum and then a minimum/kink in K**(¢). At
that point the risk exposure is limited because the manager may get rid of the put option by investing
in the risk free asset. As a result, the optimal exposure in the risky asset is hump shaped: it is nihil
for X(t) = K*(t), then becomes positive and increases with the AUM, reaches a maximum and then
decreases with a minimum at the kink K**(¢). Finally, as the AUM are above K the optimal stock
strategy increases smoothly converging (from below) towards the Merton strategy. The optimal strategy
doesn’t entail excessive risk taking with respect to the Merton strategy.

We can compare our optimal strategy with that obtained imposing that X (7') > K (OBPI strategy).
Imposing an additional constraint, the OBPI strategy yields a lower risk exposure than the one obtained
in our setting for any level of AUM, see Figure 1. Both strategies converge to the Merton strategy as
AUM are above the guarantee. This is due to the fact that the probability of performing less than K
decreases to zero when the AUM of the fund are far ahead of the minimum guarantee and in this scenario
the two remuneration schemes look almost the same. The two strategies differ for AUM in a neighborhood

of the guarantee and below it. In case of the OBPI strategy, because of the constraint X*(T) > K, the

13
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Figure 2: The manager’s optimal investment in the risky asset under stochastic interest rate,
varying . The figure displays the optimal investment against AUM as = assumes three different values
—1,—0.4,0.4. The remaining parameters are those of the baseline scenario, see (11).

AUM cannot go below the discounted value of K at any t € [0,T). In fact, if at any time ¢ < T the AUM

touches Ke—"(T—1)

, then the optimal allocation strategy requires to invest all the wealth in the risk-free
asset: as a matter of fact this is the unique strategy yielding X*(T") > K with certainty. So according to
the OBPI strategy, the strategy is not defined for X (t) < Ke "(T=Y) = K**(¢) and it is equal to zero for
X(t) = Ke "=t This is not anymore true in our setting: the manager can invest in the risky asset
also in case the put option is in the money and stops to do it only in case it is deep in the money.

Let us consider now the stochastic interest rate setting. The optimal strategy is described in Theorem
3. In Figure 2 we plot the optimal investment strategy in the risky asset 7°(¢) for the baseline parameters
as a function of the AUM X (¢) at the middle of the investment period (¢ = 0.5, T' = 1), assuming r(t) = rg
for different degrees of risk aversion. The picture shows that also in this case the manager invests in the

risky asset also when the fund is below the minimum guarantee. The shape of the optimal strategy as a

function of AUM is similar to the one observed in the constant interest rate case. The investment function

is characterized by two cutoff points: K*(¢) and K**(¢) such that 0 < K*(¢) < I{;(Ij < K**(t) < K. The

interpretation of these two values is similar to the constant interest rate case, since we can verify that

K*(t) = B(t,T) 552, and K**(t) = B(t, T)K.

In K*(t) we have (7%)* = 0 and (7%)* = 1, i.e., the manager invests all the AUM in the bond:

this is the only strategy yielding a terminal remuneration equal to zero (X*(T) = Ii:f ) and thus not

14
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Figure 3: Sensitivity analysis of the optimal investment in the risky asset with respect to the
management fee parameter. The figure displays the optimal investment against AUM for different
values of . The remaining parameters are those of the baseline scenario, see (11).

negative with certainty. This is in line with the definition of admissible strategy in (5). The optimal
allocation strategy in the risky asset is not defined for X (¢) < K*(¢), it is equal to zero at K*(t), then
it increases reaching a maximum and then decreases until a kink at a point K**(¢). When the AUM are
between K*(t) and K**(t), we thus observe a hump in the manager’s optimal risk exposure. As expected,
the optimal stock strategy increases smoothly towards the Merton strategy, as X (t) increases above the
guarantee. Notice that, increasing v, and thus decreasing the manager risk-aversion, the optimal strategy
7 increases.

It is possible to perform a sensitivity analysis of the risk exposure of the strategy with respect to the
management fee parameter « (see Figure 3) and to the constant fee H (Figure 4). Increasing «, and thus
decreasing the importance of the minimum guarantee penalty in the payoff or increasing the management
fee, we observe that the asset manager takes more risk. As far as the constant fee H is concerned, in spite
of the common wisdom that a constant salary prevents manager to take risk in excess, a constant floor
induces the manager to take excessive risk as claimed in [17] and proved in [1]. In Figure 4, it is shown
that the investment in the risky asset increases in H, moreover, when a constant fee is inserted (H > 0)
the investment strategy is not anymore monotonic when the put option is out of the money. It becomes
hump shaped above the guarantee yielding excessive risk taking with respect to the Merton strategy.

Finally, in Figure 5 we compare the optimal strategy obtained in Theorem 3 in case of a fee propor-
tional to AUM (management fee) with the one obtained in Theorem 4 when the manager is remunerated
through a share of the positive surplus with respect to the minimum guarantee (performance fee) as in

[6]. We observe that a linear remuneration scheme renders a higher risk exposure than an asymmetric
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Figure 4: Sensitivity analysis of the optimal investment in the risky asset with respect to
the constant fee. The figure displays the optimal investment against AUM for different values of H.
The remaining parameters are those of the baseline scenario, see (11).
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Figure 5: Optimal investment in the risky asset in case of a performance fee. This figure
displays the profile of the optimal investment in the risky asset against AUM as described in Theorem

3 (asset management fee) and in Theorem 4 (performance fee). H is set equal to 0.25. The remaining
parameters are those of the baseline scenario, see (11).
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scheme which is based on a performance fee. This result agrees with what is observed in Figure 4. In fact,
assuming X (T') > K, the two remuneration schemes render aX (T) + H in the framework of Theorem 3
and aX(T) + H — aK in the framework of Theorem 4. Comparing the two payoffs we observe that the
fixed fee H in the first case is replaced by a lower value H — aK in the second case, as a consequence
the optimal strategy associated with an asset management fee takes more risk than the second one. A
similar argument holds true also in the case X (T') < K.

Notice that differently from what is observed in case of an asset management fee, in Figure 5 the
strategy associated to the performance fee doesn’t induce the manager to take risk in excess with respect
to the Merton strategy, i.e., the investment strategy in Theorem 4 is bounded from above by the Merton
strategy. This is due to the choice of the parameters, since in this case H — a/X < 0. Numerical results
not reported show that, if H — aK > 0, then even the investment strategy associated to the performance
fee is not monotonic when the put option is out of the money.

We can conclude that when the manager is remunerated through a constant fee, she takes a larger
risk exposure when the remuneration is based on a management fee (linear scheme) than in case of a

performance fee (option like scheme).

5 Conclusions

A minimum guarantee is a peculiarity of traditional life insurance policies. Often the contracts establish
a performance target and the insurance company is committed to refund the performance gap to the
policyholder at maturity.

The asset management problem considering a contract like this was not properly analyzed in the
literature. In our analysis, we have modeled the guarantee assuming the insurance company is short of a
put option and we have shown four main results: a) if there isn’t a constant fee, the investment strategy in
the risky asset is always below the one obtained without the guarantee (Merton strategy); b) the manager
may invest in the risky asset even when AUM are below the strike price of the guarantee, in that case the
investment is hump shaped: when the put option is deep in the money the manager doesn’t invest in the
risky asset; as AUM increase, the investment in the risky assets increases, reaches a maximum and then
decreases just below the guarantee with a kink and then the investment in the risky asset increases again
converging towards the solution obtained without constraint (Merton strategy); ¢) if the company is also
remunerated through a (high) constant fee then the investment strategy is characterized by excessive risk

taking with respect to the Merton’s strategy; d) a remuneration scheme based on a proportion of the
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AUM yields a higher exposure on the risky asset with respect to the case in which the remuneration of

the manager is provided by a share of the positive performance surplus over the guarantee.
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A  Proofs

A.1 The optimal process

Following [5], the optimal strategy can be computed for any t € [0, 7] as

X*(1) = X*(t.r(0),C(1)) = Ex [if))mc(:f))} |

where [ is the inverse function of U’ (U being the function introduced in (6)) and A solves E[¢(T)I(A((T))] =

Xp. Since U is not differentiable in z = K, U’ denotes the set-valued first derivative of U given in Equation
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(7). Let us also use the notation

Consequently,

(12)

Taking into account (12), the optimal process then becomes

[0 ] o]
[CC((T;)) K)<A¢(T)<U" (K)] +— Jlr -E; [i((t))i (QCJ(r 1)) 1A<(T)>U,(K)] (13)

[ ( )) A(T)>UZ (K)}'

¢(t

Concerning the first term, we have

¢(T), (X(T) XM\ [y
[ () o] = (40) T (F) rgpe) 00
For the second term, we have
¢(T) ¢(T)
B |G b<vio] =B {1 v 15)
For the third term, we have
¢(T) ¢(T) ¢(T)
t[awlU“KKA“TKU’(KJ :Et[<<t>1z<$;<‘;’cif§’}‘ t{«t) i<<39<”iif§’} 16)
Concerning the fourth term, we have
C(T), (X(T) (XN e
=G (5n) o) = (351) 5| (G67) 1%5;#;’42?1 -
_ (MmN «\ ] _g [y
‘<a+1> (E ((t)) & (<<t>> 12<5;<”;§S’D‘
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Concerning the last term we have

e, [4D)

0 1AC(T)>U/_(K):| = E, [CC(T)} _E, [C(T)lm U,_(m} _ (18)

¢(t) B <

We then proceed through the estimation of

(&)

for I' A € R (in our case I will be 1 or v/(y — 1) and A will be

E, and [E;

() i <A1 ’

VLK) UK
@ O acm )

A.1.1 Stochastic interest rate

Notice that r is stochastic and it is given by the Vasicek dynamics the state price density becomes

T T T
CC((Q = exp {; (M + M) (T —t) — /t r(s)ds — /t A1dz(s) — / Ag\/ﬁdzr(s)} (19)

t

where r(t) satisfies the SDE

dr(t) = (a — br(t))dt — /ndz(t).

Following the lines of [6, Proof of Lemma 5], we substitute ,/7dz,(t) in equation (19) by

Vidz(t) = (a — br(t))dt — dr(t)

to obtain
6D _ {_1@2“2 )(T—t)} x {—/T Aad —/Tu—m) (s)d
C(t)—ep 5 AL+ Aam exp ta23 ) 2)T\8)ds
— M (2(T) = 2()) + Ao (r(T) — r(t))}
= o {= (3 (044 280) +2a0) (T - )~ 2arte)}
T
exp {/t (I —=bXo)r(s)ds — A (2(T) — 2(t)) + AQT(T)}
= f(t)exp{-V (1)},
where

f(t) = exp { (; (AT +A3n) + /\2a> (T —t)— )\gr(t)} ,
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and .
V(t) = /t (1 = bA2)r(s)ds + A (2(T) — z(t)) — A2r(T).

We thus have

r
G IRCEI!
T\ —TV(e
E, CC<(zt))> 1§<$>><A] = f()'E, {6 FV()le*””ﬁﬁJ’

for any I'; A € R.

We notice, as in [6, Proof of Lemma 2], that V(¢t) is a Gaussian with mean

1— efb(Tft)

p=E V) = (-0 [ (L) 0+ -0 - - )

— Ao T (1) — Aggu — e b(T-1)y,

that is

1 — Agb — eIt
p=—"E )+

a

b2

(T — t)(1 — Agb) (1 — e t(T=1)

b
and variance
0> =VAR(V(t)) = (1 — b)2)*VAR </T r(s)ds) + AT —t) + N3VAR(r(T))

T
—2(1 = bA2)XACOV </t r(s)ds,r(T))

b

T _ ,—b(T—s)
1
— oM (1— b)\g)n/ e~b(T=5) (6b> ds.
t

T _—b(T=s)\ 2
1—e
=1~ b)\2)277/ () ds + M} (T —t) + )\gf;’b (1 - e*%(T*t))
t

Consequently, we can write

(&)

Et _ f(t)FEt [efFV(t):| _ f(t)F67FM+F22"2 '
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Now we calculate

t

T T

With an abuse of notation we replace A/f(t) with A and we proceed by estimating
Et |:€_Fv(t)].efv(t)<A .
Taking into account that V' (¢) is Gaussian with mean p and variance o as in (20) and (21), we have

Eq €7rv(t)167v<t><1\} =E; [67FV(t>17V(t)<1n(A)} =K, [efw(t)l\/(t»fln(/\)}

2

+oo 1 ) 2 2 o —+o0 1 7;(U+(F0'2*M))

_ _l(v=p _ Iro” -

:/ e e 2(a)dv:er“+2/ e’ dv
—1In(A) V270 —In(A) V27O

+oo

o r2e2 1 1,2 - r2,2

= e Tt / e 2¥ dv = e "2 N(d - To),
—In@W)—pu po /2T

o

where d = 2A)+e

We are now able to determine the expectations (12)-(18) in the case Vasicek setting. Thanks to the

calculation above, we have

E; {CC((?Z <)\C££T)) 1)\g(T)<Ujr(K):| = (Ai(t)) o E;

(<<T>)~’1 L
¢(t) @< ;rciw)

— (/\C(t)f(t))AYl f(t>e—%lt+ﬁ02]v (d+ _ 5 1 10.> ,

«

where oK)
RGN
g acmrm A
: . :
Concerning (15) we have
(1) ¢(T)
Et | =~ Lxem<vi x| =Ee | =1 ;
(() = () €<y

= e TN (d — o).

23



For (16) we have

(1) (1) | &[40,

Es | =<1y (k)<xe(T U’K:|:t|: 1 '
C(t) LK) <N(T)<U’ (K) C(t) %<UA_<ES)

— f(#)e T (N(d — o) - N(d* — o)),

with d* as above and v ()
In xetrm T

g

d =

Concerning (17), we have
e, [40 (2 C(T)>1 -
-) ( G%))] o (Cci?)“})

() o (o)

Concerning (18) we have

G n] =5 G = [ gp oz

— f()e " T (1—- N (d - 0)).

Finally, we notice that

N'(d*—o) ()‘C(t);;(t)>“ e*ﬁwﬁfeu*%’
N’ (@ - 5250) (K)

or, equivalently,

= 22 N'(d" - 1o 7?2
(Ui(K))ﬁe—/H‘TM = () f) T e SRR Tey 7
N (@ - 50)

and, analogously,

(U (K))7re T N{d” ~ o) :(Ag(t)f(t))ﬁe*ﬁﬁﬁf

B N’ (d——ﬁa)

24




Hence, (14) and (17) become

Ey [ ( ) 1A<<T><U <K>]
- () g H (o 20)

-1
N (@ - 5% i
E; [ (a ) ) A(T)>U" (K)]

() s R o -2

Summing up, the optimal process is given by

aK+H N'(d* - o)

X*(t) = f(t)e T F ( U) N <d+ - 7 a> +K(N(d — o) — N(d* — o))

a N/ (d* Y —1
aK+H N(d —o) ( ( _ v )> K ~
1-N|(d — —— — (1 - N —
Tt N (- 20 7-17)) et o)
~y—1
1 . 1 _
—H (aN(d —0)+ (1N - a))>) .
(22)
A.2 The optimal portfolio
Following [12, Theorem 3.7.3], the optimal portfolio 7 = (7°,75)T is given by
STr(t) = —p(t) + A (23)
X*(t)¢(t) ’
where ¥ has been introduced in (2) and () is such that
dM (t) = 4" (t)da(t), (24)

M being the martingale defined as

In order to apply this result we need to find the explicit expression of 9. By Itd formula, we have

AM () = dC()X* () + C(£)dX* () + dC(H)dX* (2). (25)
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Moreover, notice that ¢(t) is of the form ((t) = exp [—A(t) - /\Tz(t)} , while X*(¢) is of the form X*(t) =
X*(t,r(t),((t)). The dependence of X* on r enters in the terms p and f, while the dependence on ¢
enters in d* = d¥(¢,r),d” = d(¢,r). Hence

d¢(t) = [---1dt = C()AT (£)da(t),
while
AX*(t) = [+t + X7 (8,7 (0), C(0)dr(t) — C(8)XE (8, m(8), C(D)AT (£)da(t).-
Here X7, X¢ denote the first order derivative of X* wrt r,¢. Finally, we notice that
AC(H)dX*(t) = [---]dt.

We recall that, being M a martingale, we did not study the drift terms in the above equations, since the
sum of all the contributions in Equation (25) will result in a null drift.

We thus have

AM (t) = []dt = C(6) X (¢, r(2), C(2))/nd2r (1)
— GO (1) + COXE(,r(t), CONIAT () da(t).

(26)

We now compute the derivative X 2‘ . First of all, we notice that

d g+ _ dd=(Q) e _ .t
d—CN(d —0)= i N'(d* —o0)=—

Moreover, since N”(d) = —dN'(d), we have

d —
s —gy= 0

d ., v d* - o v
el di* — Y N/ difi
ch( 7—1”) oC 1)

N'(d* - o),
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while

d  N'(d*—o) | (@ —o)N'(d* —o) 1 (= 550) N'(@* —0)

&N’(di—ﬁa)_(z N (- 250)  9C N (dE - s20)
11 N'(d*-o)
_47_1N’(d*—ﬁg)'

Hence

aK+H N'(dt —o) N(d* v )
— g
(6 N/(dJr_.yle) ’y—l

LS NIJZ;;d__ = ) (1w (o - 771))]

—1

—— (et

_ %% [X*(t,n )+ Kf(t)e 5 (N(d+ ) - - i - = i N(d - 0))
+Hfe T (;N(cﬁ o)+ %Hu _ N - o)))] .

Similarly X¥(¢,r,{) can be computed.

Considering now dM (t) as in Equations (24) and (26) we obtain:

0
Y(t) = ((t) = Ct) [X7(8) + CO)XZ (t,m(1), C(1)] A,
=Xt r(0)C)vn

and thus Equation (23) implies

Remark 5 Since

A1
(ZT)_1A= o1
702\/5/\1 + A2y/M
o10B opB

from the above calculation we notice that the proportion invested into the stock is given by

« o )\1 pt % + o) — 1 B o -
(") o1(1— ) [1 + @ e ’ (N(d s Bl A ))
+ th)f(t)e‘“ S (N = o)+ (- N - a))))]
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