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DIRECTIONS FOR THE LONG EXACT COHOMOLOGY
SEQUENCE IN MOORE CATEGORIES

DIANA RODELO

ABSTRACT: A new method for realizing the first and second order cohomology
groups of an internal abelian group in a Barr-exact category was introduced in [6]
and [10]. The main role, in each level, is played by a direction functor. This approach
can be generalized to any level n and produces a long exact cohomology sequence.
By applying this method to Moore categories we show that they represent a good
context for non-abelian cohomology, in particular the Baer Extension Theory.

Introduction

One of the goals in Homological Algebra is to form a long exact cohomology
sequence of abelian groups, given a short exact sequence of modules over a
ring R with identity. The starting point is the well known property of the ad-
ditive functor Hompg(X, —) : R-Mod — Ab of preserving left exact sequences.
Intuitively, the following question is raised: given a short exact sequence of
R-modules N — P — (), can we prolong the exact sequence of abelian
groups 0 — Homp(X, N) — Hompg(X, P) — Homp(X, Q) (infinitely) to the
right?

The affirmative answer is given through equivalence classes of n-fold exten-
sions equipped with the Baer sum. These abelian groups can be computed
as cohomology groups and are used to construct a long exact cohomology
sequence.

The problem can be generalized to the following expression: Given a short
exact sequence

N-Lp 2 (1)

in Ab(€), can the exact sequence of abelian groups
0—Homg (1, N)Home (1, P) L~ Home (1, Q) (2)
be extended (infinitely) to the right?
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In the first place, due to the interest in having Ab(£) an abelian category,
we establish £ as a Barr-exact category. Moreover, based on the classical
(non-abelian) cases, the answer is centered on the research of a “good” def-
inition for the n-th (non-abelian) cohomology group of an internal abelian
group A in &, H%(A). We begin with H(A) = Homg(1, A).

The first step to extend (2) was made by Barr in [1]. The interpretation
of H}(A) used principal group actions, also known as A-torsors. This ap-
proach stopped at level 1 with a 6-term exact sequence. The first long exact
cohomology sequence formed from a short exact sequence was achieved by
Duskin and Glenn in [16] and [18]. Their theory was founded on simplicial
methods.

Afterwards, Bourn also obtained a long exact cohomology sequence in [4]
by using internal n-groupoids. The cohomology groups Hg(A) are defined
through internal (n — 1)-groupoids for which there is an internal n-functor
from its induced indiscrete internal n-groupoid to K, (A). Besides relating
A-torsors and internal groupoids at level 1, this approach provided an easy
generalization mechanism for higher orders.

More recently, Bourn presented a new method for realizing the first coho-
mology group in [6] and the second in [10]. The key in each level consists
of a functor, called direction (of order 2 for level 2), which is used to obtain
the first and second cohomology groups, respectively. This approach can be
extended to higher levels also by means of internal n-groupoids [25]. The
cohomology groups HZ(A) are defined through internal (n — 1)-groupoids
having direction A. The main progress from [4] is due to the (final, discrete
fibration) factorization of internal n-functors. This allows the description of
the cohomology groups through internal (n—1)-groupoids with a property (of
having a certain direction) rather than exhibiting extra data (the existence
of a certain kind of internal n-functor).

In the first part of this work we briefly mention the method developed in
[4] through, what we call, A-labeled internal n-groupoids as the support-
ive background for the direction functor approach. We recall the basics for
the direction functor theory for levels 1 and 2 and give the guidelines for
extending the theory to higher levels.

Moore categories where introduced by Gerstenhaber in [17]. His approach
intended to represent a good context for non-abelian (co)homology, in par-
ticular for the Baer Extension Theory. The method was developed from the
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direct translation of the classical theory and became, in many aspects, ex-
tremely technical. In the second part of this work we shall see that, what
we propose as, Moore categories actually represent such a good context by
applying the direction functor theory to their fibres. This provides a simple
description of the cohomology groups of any order. Extending classical ter-
minology to these categories, we define the Baer sum of equivalence classes
of crossed n-fold extensions. For the particular case of groups, the equivalent
interpretations of [20] and [19] can be recovered and similar interpretations
for Lie algebras can be obtained. See [11] for the application of the direction
functor approach to the context of homological categories.

We would like to emphasize the fact that the initial non-abelian context
used to obtain realizations of the (non-abelian) cohomology groups is mis-
leading, since we can always consider, through the direction functors, an
abelian point of view.

Special thanks to Dominique Bourn for all the suggestions made for im-
proving this work.

1. The starting point

In the following sections &£ represents a Barr-exact category with finite
limits. We represent the full subcategory of objects with global support, i.e.
such that Iy : X — 1 is a regular epimorphism, by £4. We denote by A an
object equipped with an internal abelian group structure (A, my,ea,i4).

Given a short exact sequence (1), we want to prolong the 3-term exact se-
quence (2) to the right. Based on the classical examples, the infinite extension
of (2) is focussed on obtaining suitable definitions for the n-th cohomology
groups of an internal abelian group. The sequence formed this way is, thus,
called the long exact cohomology sequence. We begin with the following
definition:

Definition 1.1. The 0-th cohomology group of A is H2(A) = Homg(1, A).
This gives a 0-th order cohomology functor HY : Ab(E) — Ab.

The cohomology groups HZ(A), n > 1, will be defined as the abelian group
of the connected components of a suitable monoidal category. Recall that two
objects X and Y in a category C are connected when there exists a zig-zag
between them; we write X ~ Y. Being connected determines an equivalence
relation on the objects of C. We call the equivalence classes the connected
components of C and denote them by 7 (C).
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2. A-labeled internal n-groupoids

In this section we briefly recall the interpretation of the cohomology groups
HZ(A) given in [4], through, what we call, A-labeled internal n-groupoids.
We adopt different notations.

An internal groupoid X in £ is represented by a diagram

d
X1 : X1<—_€—>X07
C

equipped with a composition morphism m : X; x x, X; — X;. We denote the
category of internal groupoids in € by Grd(€). We have a forgetful functor
(D)o : Grd(€) — &, associating to every internal groupoid X, its object of
0-cells Xy. The fibre of (_)g at Xy is represented by Grdy,(£). In particular,
Grdy(€) = Gp(€) and we denote by K;(G) the internal groupoid associated
to an internal group G in £. Moreover, (_)y has a fully faithful right adjoint
given by the indiscrete groupoid functor denoted by V;. We represent by
X7 the kernel pair of the terminal object X; — V;(Xp) in Grdy,(&).

It is easy to see that (_)g is a fibration; the (_)g-cartesian morphisms are
the fully faithful internal functors, i.e. internal functors ¢, : X; — Y, such
that

¥y
X - Y,
| |
V1(X0)V1—(%>)V1(Yo)

is a pullback; an internal functor is (_)g-invertible when it is an isomorphism
on 0-cells. These two classes of morphisms form a factorization system.

Another important factorization system is given by the discrete fibrations
and final internal functors. An internal functor ¢ : X, — Y, is a discrete
fibration when the diagram

X1J—C>Xo

soll lcpo

Y1—0>YO

(or, equivalently, the diagram with the domains) is a pullback; it is final
when it is orthogonal to any discrete fibration ([3]).
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Remark 2.1. ([3]) Any final internal functor x, : Vi(X) — Y is always
indiscrete, i.e. Y, = Vi(X) and x, = Vi(z) for some morphism z : X —
X. The (final, discrete fibration) factorization of an internal functor ¢, :
V1(X) — Ki(A) produces a discrete fibration g, V1(X) — Ki(A), thus

an isomorphism X x X 2 X x A. Moreover, X € &4 whenever X € Ex.

We consider the comma category V; | K;(A) for the functors V; : €42 —
Grd(€), restricted to objects with global support, and K;(A) : 1 — Grd(€).

An object of V; | Ki(A) is a pair (X, o Vi(X) — Kl(A)> which, by

Remark 2.1, satisfies (X, £1> ~ <X,qX1>. The internal functor p, can be

seen as an internal groupoid whose O-cells are the elements of X such that
between each ordered pair of elements of X there exists a unique 1-cell labeled
by an element of A. This justifies the following definition:

Definition 2.2. The objects of Vi | Ki(A) are called A-labeled internal
groupotds.

For higher order cohomology groups we use higher order internal groupoids.
Until further specification, we consider n > 2.
An internal n-groupoid X, in £ is represented by a diagram

d d d
X, = X==X,1== -+ Xj==X,
C C C

equipped with composition morphisms for all levels. We denote the category
of internal n-groupoids in £ by n-Grd(€). For X, € k-Grd(€),n—1 <k <0,
we represent by n-Grdy, (£) the category of internal n-groupoids over X,
(where X, means an ob ject of £). Representing the internal (n— 1)-groupoid

of ncells by [ X, = X,, & X, : - X and the internal (n — 1)-groupoid

—

that cancels level n by X we see that an internal n-groupoid is just an

n b
< X, 1 in (n—1)-Grdx (€). We have a forgetful

functor (_),—1 : n-Grd(E) — (n — 1)-Grd(E), associating to every internal n-
groupoid X, the internal (n — 1)-groupoid X,, ;. It has a fully falthful right

adjoint denoted by V,, and defined by V, (X, ;) = X, X, - Xo,

n1—>

where X, is the object of parallel (n — 1)-cells (take X; = Xy x Xj). We

internal groupoid [ X

—n —

1 -
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represent by X the kernel pair of the terminal morphism X, — V,(X,,_;) in
n-Grdy  (€). Moreover, every internal abelian group A induces an internal

n-groupoid denoted by K, (A) = A E 1 E 1

Definition 2.3. We call an internal groupoid X, aspherical when X, —
V1(Xp) and Xy — 1 are regular epimorphisms. An internal n-groupoid X,
is called aspherical when X, — V,(X,_;) is a regular epimorphism and
X, _; 1s aspherical.

We denote by (n-)Asp(€) the category of aspherical internal (n-)groupoids
in £.

The forgetful functor (-),—1 is also a fibration and the classes of (_),_1-
cartesian morphisms and (_),_i-invertible morphisms form a factorization
system. The notions of final functors and discrete fibrations are extendable
to n-Grd(€) and still form a factorization system.

Remark 2.4. ([3]) Any final internal n-functor x : V,(X, ;) — Y, is al-

A~

ways indiscrete and (_),—o-invertible, i.e. Y, = V,(X,,_;) and x = V,(z, 1)
for some (_),_o-invertible internal (n — 1)-functor z, | : X, , — X, .
The (final, discrete fibration) factorization of an internal n-functor ¢  :
Vau(X,_1) — K,(A) produces a discrete fibration qg VX, ) —

rn—
n

K, (A), thus an isomorphism X~ | = X,,_; x A. Moreover, X, , € (n — 1)-
Asp(€) whenever X, _; € (n —1)-Asp(E).

We consider the comma category V,, | K,,(A) for the functors V,, : (n—1)-
Asp(€) — n-Grd(€), restricted to aspherical internal (n — 1)-groupoids, and
K,(A) : 1T — n-Grd(€). As before, an object of V,, | K, (A) is a pair

(Xn_l,fn VX, 1) — Kn(A)) which, by Remark 2.4, satisfies (Xn_l, gon)

~ (K n1, 4% . The internal n-functor ¢ can be seen as an internal
_n—ln —nNn

n—groupoid whose 0-cells, ---, (n — 1)-cells are those of X, ; such that
between each ordered pair of parallel (n—1)-cells of X, _; there exists a unique
n-cell labeled by an element of A. This justifies the following definition:

Definition 2.5. The objects of V,, | K,(A) are called A-labeled internal
n-groupoids.
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Theorem 2.6. ([4]) Forn > 1, V, | K,(A) is a monoidal symmetric cate-
gory with unit (Vn_l(l),e_An : V(1) — K, (A)) and such that <Xn—1’£n> ®

(Xn—la%n) = (an X Xn_pfn ®%n) Jor $. ﬁn = K, (ma) - P, X %n
Moreover, we have (Kn_l,gon) & (Xn_l,Kn(iA) 'fn) ~ (Vn—l(l),e_An); Jor

any object (Xn_l,g) inV, | K,(A). As a consequence, 7y (V,, | K,,(A)) €
Ab.

Definition 2.7. For n > 1, the n-th cohomology group of A is defined by
HZ(A) = m(V, | K,(A)). This gives an n-th order cohomology functor
H? : Ab(E) — Ab.

Theorem 2.8. ([4]) Given a short exact sequence (1), we obtain a long exact
cohomology sequence

0—H(N)—=HY (P) L HY(Q)—HL (N) —— - - - (3)

n L, Py rrn &
"‘—>H5(N)—>H5(P)—>H5(Q)—>H5H(N)—> B

where, for simplification, we write k' and p} instead of Hg(k) and Hg(p),
respectively.

3. The direction functor approach

In this section we briefly recall the direction functor theory for levels 1 and
2. The main developments of this approach can be found in [6] and [10].
The definition of the second order direction functor is based on that of the
first order direction functor. So, by induction, we can generalize the notion
of direction functor to any order n, n > 3. We finish by establishing the link
with the theory developed in Section 2.

The details of the generalization of the direction theory can be found in
25]. In [15] the direction functor approach is completely developed for the
simpler context of naturally Maltsev categories where internal groupoids are
just reflexive graphs.

Whenever it is possible, we apply the Yoneda immersion in order to use
elements and simplify some of the statements made below.

3.1. The direction functor d.
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Definition 3.1. A ternary operation pxy : X x X x X — X is called a
Maltsev operation if px(x,x,y) =y and px(z,y,y) = z, for any elements of
X; X is also called an abelian object. A Maltsev operation px is said to be
autonomous when it commutes with itself.

We represent by AutM(E) the category of autonomous Maltsev operations
in £. Note that, in the presence of a zero object, abelian objects are those
equipped with an internal abelian group structure. The category AutM(Ex)
is Barr-exact with finite products, naturally Maltsev and essentially affine
(Proposition 8 of [6]).

We denote the projections of a product by pxy : X xY — X, --- or pg, p1 :
X x X — X, .-+ and the diagonal morphism by so =< 1,1 >.

Definition 3.2. Let (X,px) € AutM(E). The Chasles relation associated
to px is the equivalence relation C'h[px] on X x X given by

<po,px >

X x X xX X x X

P1,2

Definition 3.3. The direction d(X) of (X,px) € AutM(Ex) is given by the
quociente of X x X by Ch[px].

Note that by applying the Barr-Kock Theorem to the commutative diagram

<Ppo,px > qx
X x X xX X x X—=d(X)
P12
R !
X x X X 1

P1

we see that the right square is a pullback. Moreover, d(X) € Ab(&) since
X € &y. This leads to a simpler definition:

Definition 3.4. The direction d(X) of X € AutM(€y) is determined by the
internal abelian group d(X) = A making the downward diagram

Xxl)(glA

w50 ¥ [fea

Xl

a pullback in AutM(£x) or, equivalently, the upward diagram a pushout
in AutM(€x) (AutM(Ey) is essentially affine). This produces the direction
functor d : AutM(Ex) — Ab(E).
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Remark 3.5. Properties of d ([6]).

1: d is exact and conservative.

2: d is a pseudo-cofibration and every morphism in AutM(€x) is d-
cocartesian.

3: The fibres of d are symmetric monoidal closed groupoids and the
change of base functors are strongly monoidal. The tensor product
of X,Y € d'(A) is defined by the codomain of the d-cocartesian
morphism Jixy : X X Y — X ® Y above my4; the unit is A.

4: The monoidal structure of d~1(A) induces an abelian group structure
on its connected components.

3.2. The second order direction functor d,. The second order direction
functor is based on the first order direction functor. We can consider d

for the Barr-exact category with finite limits Grdy,(€), denoted by dy, :
AutM( ( Grdy,(€) )x ) — Ab( Grdx,(£) ).

Definition 3.6. An internal groupoid X, is called abelian when it is an
abelian object of Grdyx,(£), i.e. X; € AutM( Grdy,(€)).

The category of aspherical abelian internal groupoids in £ is denoted by
Aspab(g)'

As in level 1, we are interested in having a functor defined into Ab(&),
the starting category for the short exact sequence (1). This is possible when
Xo € &z, due to the equivalence Ab(Grdy,(£)) = Ab(E) (Theorem 9 in
[10]) and determines an isomorphism dyx, (X;) = Vi(Xy) x K;(A), for some
A € Ab(E). We obtain the following construction:

Definition 3.7. The second order direction of X, € Asp,,(€) is given by the
internal abelian group ds(X;) = A making the downward diagram

qx,

X7 —Ki(A)

po, H 50, 'ﬂ ea,

X1?V1(1)

a pullback in Asp,, () or, equivalently, the upward diagram a pushout in
Asp,(€) (Proposition 1 in [10]). This produces the second order direction
functor ds : Asp,,(£) — Ab(E).

Remark 3.8. Properties of dy ([10]).
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1: dy(Ky(A)) = A for gk, a) = Ki(\4), for the division \ 4 = my - (14 X
i)

2: An internal functor is do-invertible if and only if it is (_)g-cartesian.

3: d, preserves finite products and all existing pullbacks.

4: ds is a pseudo-cofibration.

5: An internal functor is dy-cocartesian if and only if it is (_)¢-invertible;
thus dj-cocartesian morphisms are stable for finite products.

6: A (_)p-invertible and dy-invertible internal functor is an isomorphism.

7: The change of base functors with respect to ()¢ reflect isomorphisms.

8: The fibers of dy are symmetric monoidal categories and the change of
base functors, with respect to ds, are strongly monoidal. The tensor
product of X, Y, € d;'(A) is defined by the codomain of the dy-
cocartesian morphism Px .y, : X, xY, = X, ® Y, above my; the
unit is Ky (A).

9: Given X,,Y, € dy;'(A), let X,\2Y, denote the codomain of the d-
cocartesian map above the division \ 4. For each object X, € dy*(A),
we have X, \oK;(A) € dy'(A) such that X; ®; (X, \oK1(4)) ~ Ky (4).
As a consequence, the monoidal structure of dy '(A) induces an abelian
group structure on its connected components.

3.3. The direction functor d,, n > 3. In this section we will generalize
the considerations made in Subsection 3.2 to any order n > 3. If we call
objects (with global support) by (aspherical) internal O-groupoids (so X, =
X, and A =Ky(A)) and internal groupoids by internal 1-groupoids, then in
the generalization process we should replace 0 by n — 2, 1 by n — 1 and 2
by n. For higher levels, we actually have a simplification since all internal
n-groupoids are necessarily abelian for n > 2.

From now on let n > 3 and suppose there exists an (n—1)-th order direction
functor d,,—1 : (n — 2)-Asp,,(£) — Ab(E). We can consider it for the Barr-
exact category with finite limits Grdy, (&), denoted by d,,—1x, : (n — 2)-
Asp,,(€) — Ab(Grdx,(€)). Since Xy € £x, we can use the equivalence
Ab(Grdx,(£)) = Ab(E) (Theorem 9 in [10]) to determine an isomorphism
dn—1.x,(X,,_1) = Vi(Xo) x Ki(A), for some A € Ab(E). We obtain the
following construction:
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Definition 3.9. The n-th order direction of X, ; € (n—1)-Asp(&) is given
by the internal abelian group d,(X,,_;) = A making the downward diagram

qﬁnfl

X5 K, (A)

_ L
@nfl lT S—Onfl ' lT e—Anfl

a pullback in (n — 1)-Asp(€) or, equivalently, the upward diagram a pushout
in (n — 1)-Asp(€) (Proposition 1 in [10]). This produces the n-th order
direction functor d, : (n — 1)-Asp(€) — Ab(E).

Using induction and adequate adjustments for higher order internal n-grou-
poids, we can prove that d,, n > 3, has the same properties as those of ds
listed in Remark 3.8.

We have the following situation

d,, D
AD(E)="—(n — 1) — Asps(E) T >(n — 2) — Asp(€),
with d,, a pseudo-cofibration and (_),,_o a fibration; it is a bifibration since
(_)n_o-cartesian and d,-cocartesian morphisms commute.

3.4. The link with A-labeled internal n-groupoids. The link between
the direction functor approach and the one using A-labeled internal n-grou-
poids, for n > 1, of Section 2 is a consequence of the (final,discrete fibra-
tion) factorization of internal n-functors. As mentioned in Remark 2.4, ev-

ery A-labeled internal n-groupoid (K n—l’fn) is connected to one of the

type (Xn_l,anl ) Since s is a discrete fibration, then we have
n

n

do(X, ;) = A (Definition 3.9).

n—1
Proposition 3.10. ([25]) There is an adjunction V,, | K, (A)—=d (A) such

that the left adjoint preserves the tensor product (up to isomorphism,).

As a consequence, we have my(V,, | K, (A)) = mo(d,*(A)) so we could also
consider

Hz(A) 2 mo(d,' (A)), n > 1, (4)

to produce a long exact cohomology sequence as (3).
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4. Moore categories

The notion of a Moore category introduced in [17] by Gerstenhaber con-
sists of a long list of axioms whose independency was unclear. A comparative
analysis between old notions and more recent ones made in [24] (similar to the
one done in [21] for semi-abelian categories) translated them in Barr-exact
([1]) and strongly protomodular categories ([5], [8] and [7]) with zero object
and cokernels. If we consider all finite colimits, we are before semi-abelian
categories (which are also strongly protomodular). Due to the growing re-
search of these categories, we will join this extra condition and propose a
definition which is slightly different from the original one.

4.1. Basic definitions.

Definition 4.1. ([5]) A category C with pullbacks is called protomodular if
the change of base functor, with respect to the fibration of pointed objects
IT : PtC — C which associates to each split epimorphism its codomain, reflect
isomorphisms.

Definition 4.2. ([1]) A category is called regular when it has kernel pairs
and their coequalizers and the pullback of a regular epimorphism along any
morphism exists and is a regular epimorphism. It is called Barr-ezact when
it is regular and every equivalence relation is effective, i.e. is a kernel pair.

Remark 4.3. It is well known that any protomodular category is always
Maltsev. So we can use all the properties of regular Maltsev categories (see
2], and the references therein) in our context. In particular, we use the fact
that:

1: Every Maltsev operation is necessarily autonomous.

2: The notions of internal groupoid and multiplicative reflexive graph
(i.e. a reflexive graph with a composition that admits left and right
units) both coincide and every reflexive graph admits at most one
internal groupoid structure. Moreover, the forgetful functor from the
category of internal groupoids to reflexive graphs is full.

Protomodular categories satisfy many typical group properties, so Grp is
the principal example. One of these properties is the (Split) Short Five
Lemma, that also characterizes the (regular) protomodular categories with
zero object. If we also consider Barr-exact categories we get more group fea-
tures like, for instance, the notion of semi-direct products (Definition 4.13).
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Definition 4.4. ([21]) A Barr-exact and protomodular category with zero
object and finite colimits is called semi-abelian.

The notion of a normal subobject can be generalized.

Definition 4.5. ([8]) Let C be a category with finite limits. A monomor-
phism f: X — Y is said normal to an equivalence relation R on Y (written
f 4 R) when there exists a morphism Vy — R which is a discrete fibration.

In a protomodular category with finite limits, if a monomorphism is nor-
mal to an equivalence relation, then the relation is unique up to isomorphism.
With this result, normality is no longer necessarily associated to an equiva-
lence relation.

Definition 4.6. ([7]) A category C with finite limits is said strongly proto-
modular if the change of base functors, with respect to the fibration of pointed
objects Il : PtC — C, reflect isomorphisms and normal monomorphisms.

The definition of a Moore category that we propose is:

Definition 4.7. A Moore category is Barr-exact and strongly protomodular
with zero object and finite colimits.

Examples 4.8. ([21, 24]) As examples of Moore categories we have: Grp, Rg
and Lie (the category of Lie algebras), all abelian categories, the category
of Heyting semi-lattices, Grp(C) and Rng(C) for a topos C with natural
number object and also PtC[X] for any Barr-exact and strongly protomodular
category C with pushouts.

In the following sections S represents a semi-abelian category, M represents
a Moore category and Z a fixed object of M.

4.2. Kernels and cokernels. Although the notions of normal monomor-
phism (with respect to an equivalence relation) and kernel are distinct, in
general, the two concepts coincide in any Moore category M. On the other
hand, the notions of extremal epimorphism, regular epimorphism and strong
epimorphism are equivalent, since M is regular. They also coincide with that
of a cokernel due to the protomodularity of M. The pullback of a regular epi-
morphism is a regular epimorphism because M is regular and any pullback

of this form is always a pushout because M is protomodular (Proposition 14
and Corollary of [5]).
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We denote the kernel of a morphism g : W — X, by an arrow ker(g) :
k(W) — W. We denote cokernels by —. Split epimorphism are special

types of cokernels and are represented by a pair of maps T—§ , where f-s=1.

4.3. (n-fold) Extensions. A short exact sequence E : A — X — Z in
M is called an extension in M of A by Z. It is said to be singular when
A € Ab(M). We denote by Sing, (M) the category of singular extensions in
M over Z. The terminal object of Sing, (M) is Z:1— Z = Z. We denote
the product of E,E" € Sing, (M) by ExzE : AXx A" — X xz X' — Z.

Remark 4.9. The following hold for any commutative diagram of extensions:

Ax oy

o 1 Jee ¢
A= X'—7'
a 1
1: If ¢ is a monomorphism, then |1]is a pullback.
2: ([9]) When ( is an isomorphism, « is a regular epimorphism if and
only if 6 is a regular epimorphism.
3: ([21]) If |2]is a pushout and @ and ( are regular epimorphisms, then
« is a regular epimorphism.

Proposition 4.10. ([2]) Let C be a strongly protomodular category with zero
object. The abelian objects in the slice category C/Z are the morphisms with
an abelian kernel.

As a consequence, we have an equivalence (recall Remark 4.3.1.)
AUtM((M/Z).4) = Sing, (M). (5)

A short exact sequence E : A — X &= Z in M with section s, is called
a split extension. When A € Ab(M), we say that the split extension (or
just A) is a Z-module in M. We represent by Modz(M) the category of
Z-modules in M.

Proposition 4.11. ([7]) Let C be a strongly protomodular category with zero
object. The objects in Ab(C/Z) are the split epimorphisms with an abelian
kernel.

As a consequence, we have an equivalence

Ab(M/Z) = Modz(M). (6)
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Let E: A — X — Z be an extension in M and consider a monomorphism
¢ : Z' ~— Z and a regular epimorphism « : A — A”. The composition of E
with (, denoted by E(, is defined from the pullback of ¢ along E; it is always
an extension in M. The composition of a with E, denoted by aE, is obtained
from the pushout of a along E; in all the cases we consider it is an extension

in M:

EC: Ay Loy E: A-“ox Loz
| o] e of e ]
E: A= X—7 aE: A">—X"—=7.
@ f a <0,f>

An exact sequence E : A — X, 1 — - X7 — Xy & Z in M is called
an n-fold extension in M of A by Z. Being exact, the n-fold extension E
is decomposed into n extensions C, : A — X,,_1 — H,_q, -+, Co : Hy »—
Xl—»Hl &HdC12H1>—>X0—»Z

Ao X, X e Xy X X
hn> n_i/b:—l f>H2/4bz hl\\Hl//bl

written E = C, --- Cy and called the Yoneda composition of C,,---,Cy. In
this case we have EC = C,, - -+ C5(Cy() and ok = (aC,)Cp_1--- Cy.

4.4. Semi-direct products. The notion of semi-direct products was in-
troduced in [12] for Barr-exact and protomodular categories with certain
colimits. The presence of all finite colimits simplifies its definition, so we will
describe semi-direct products in any semi-abelian category S.

We denote the injections of a coproduct by ix : X — X +Y,--- or 19,71 :
X—-X+X,---.

Theorem 4.12. ([12]) For every morphism v : U — V in S, the change of
base functor, with respect to the fibration of pointed objects I1 : PtS — S,
v* : PtS[V] — PtS[U] is monadic.

Given a fixed object Xy of §, we have an adjunction

(OXO)! S — PtS[X()] = (OXO)*ZPtS[Xo] — S,

<0,1> g
X1 — X1+ Xo=X W?Xo — k(W)

ZXO
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and an induced monad in S represented by II%0. A II%e-algebra (X1, &y, :
k(X + Xo) — Xj) is also called an Xy-algebra. By Theorem 4.12, the

comparison functor PtS[Xy] 2 S is an equivalence.

Definition 4.13. The semi-direct product (Xi1,&x,) ¥ Xy of an Xj-algebra
(X1,€x,) and X is the domain of the object in PtS[X,| that corresponds to
(X1, €x,) through the previous equivalence PtS[X] = S,

Given an Xy-algebra (X1, x,), there exists an object (X1, E{x,) X Xg = X
€ PtS[Xj] such that the top and bottom squares are pullbacks and pushouts

11
ker<0,1>

k(X + Xo) X1+ X, (7)
§X1V i, SHX1VX >
! X1 (Xl, €X1) X <0,1>

e

1 Xop.
Moreover, for an object W = Xj in PtS[X,] with kernel 4 : X7 — W, we
have W = (X1, €x,) X X for the Xp-algebra (X1,&x, =k < p,v >).
Notations 4.14. Let (X1, x,) be an Xp-algebra and (X1, {x/) an X{-algebra.

1: Given morphisms 6 : X7 — X{ and 6, : Xy — X|) such that 0;-x, =
Exi - k(01 + 0p), we have a commutative diagram

MXl le
X1: (X17£X1) X X(HKXO
1
Gll 91><190l P \Leo

/ / 1L~
XlzﬂX, (X17€X{) X XO<V—/XO>
1 Xl

where 01 x 6 is induced by the top pushout in (7).
2: We have a product (X, x Xg)-algebra (X; x X7, {x,«x7), for Ex xxr =
< &x, -k(px, +px,), Ex;-k(px; +px;) >. When X, = X, the product

Xo-algebra is given by {x, «x1 =< &x, -k(px, +1x,), {x0-k(px +1x,) >.
3: A Z-module in M is represented by a diagram of the form

Ou: AM (A €4) % Z%Z (8)

or just by the Z-algebra (A,£4). To simplify, we denote a morphism
(,ax1z,17):04 — Oy just by a: A — A'.
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5. Baer sum of singular extensions

In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order 1 to the context of Moore categories. To do so, we apply
the direction functor theory of order 1 (Subsection 3.1) to the Barr-exact
category with finite limits £ = M/Z.

5.1. The direction of singular extensions. The kernel pair of a morphism
f: X — Z is denoted by (fo, f1: X Xz X — X).

Proposition 5.1. The direction functor d : Sing,(M) — Modz(M) assigns
to each singular extension in M of A by Z a Z-module structure on A.

Proof: Using the equivalences (5) and (6), the direction functor is defined by
d: Sing, (M) — Modz(M).

E:A-SX Tz v 05 AL (A ) % 2oz
vy

The Z-module Oy is characterized by the following downward pullback

ga=\a=ma-(laxia)

Ax A A
1 S
X %z XpzomslA,£) ) Z
-
Xt \Z

or, equivalently, by the upward pushout, both in Sing,(M); it corresponds
to the diagram of Definition 3.4 for AutM((M/Z)4). O

5.2. The Baer sum of singular extensions. Let O4 be a fixed Z-module
as in (8). The objects of the groupoid d~1(Oy4) are the singular extensions

E: A X 5 Zin Mof Aby Z such that O; 2 O, f.e. (A,&7) 2 (A, £,).
We use the classical notation Opext(Z, A, O 4) to represent the abelian group
of the equivalence classes of singular extensions in d~1(Q4). The first coho-
mology group of the Z-module A is (see (4))

H',y 2 (A) = mo(d(04)) = Opext(Z, 4, 0.4).
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The group operation of ]I-]I}M /Z(A), induced by the tensor product of the
monoidal structure of d=1(Q4), is called the Baer sum, and is defined as
[E]. + [E']~ = [E ®; E'].. The singular extension E ®; E’ is the codomain of
the d-cocartesian morphism 7ig g, above the multiplication mo, with domain
the product E xz E' (= (E x E')A%) in Sing,(M) (Remark 3.5.3.)

d: Sing, (M) — Modz(M).

><Za’

Exs B Ax ASXLX x, X'—=7 +— 0O,x0y

e l ma $ lu $m0A

E@E: A X7 O

By Remark 4.9.2., u is a regular epimorphism and, by Remark 4.9.1., the
left square is a pullback, thus a pushout. So, the tensor product is given by
E® B = mu(E x E')Ay, just like the Baer sum of singular extensions of

groups ([23]).

5.3. The 6-term exact sequence. Given a short exact sequence

S: Oy="-0p"-0q (9)
in Modyz (M), the induced 6-term exact sequence is

50

k* *
0—=Hom/z(1z7, pn)—=Homp/z(1z, PP)LHomM/Z(lz, pQ)—

——Opext(Z, N, ON)?>Opext(Z, P,0p)—Opext(Z,Q, Og).
: Pl

The connection morphism is defined by (Theorem 2.8)
oV - Homp/z(17,pq) — Opext(Z, N,Oy),

72— (Q,60) % Z — [Jep: NDoX 7]
7 PQ
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where the singular extension §°(cy) is obtained from the pullback

k

N i MVP
\jj”ﬁR&wz
! f Z pxlzy p
~__
Z/ pQ(Q,gQ) w7

1/ " MNQ

in Sing,(M). On the other hand, using this pullback it is easy to see that
the singular extension 6°(cp) is also given by the composition Jeg

Jeg: Nmtox—! 7
T o
J: NE(P’ Ep) X ZE(Q,fQ) X .

just like the definition of connecting morphism for groups ([23]).

6. Baer sum of crossed 2-fold extensions

In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order 2 to the context of Moore categories. But before, we must
define the notions of an internal crossed module and that of a crossed 2-fold
extension for these categories. As for groups, these notions are related to that
of internal groupoids. Then we apply the direction functor theory of order 2
(Subsection 3.2) to the Barr-exact category with finite limits £ = M /Z.

6.1. Internal crossed modules. The notion of a crossed module is ex-
tended to the context of any semi-abelian category S. We recall the main
considerations of [22].

Definition 6.1. An internal crossed module x1 : (X1,&x,) — Xpin S is com-
posed by an Xy-algebra (X1, {x,) and a morphism y; such that the following
diagrams are commutative

ker<0,1> k(1+<xq,1>
k(X1 X0 o X1+ Xy k(X (X4 X)) (X + X)) (10)
§x, J/ A l<x1,1> k<i0,1>l B lﬁxl
X, Xy k(X1+X0) X;.

X1 §x,
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A morphism of internal crossed modules in S is given by morphisms ( and
~ making the following diagrams commute

¢

(X1,6x,)>Xo  k(X)+X0)—>X,

8 lv k(3+)| |5

(Xi&x)—X)  K(X{+ X)) X1,
X1 X1

We represent by XMod(S) the category of internal crossed modules in S.
The well known equivalence between crossed modules and internal grou-
poids for groups is extended to the context of semi-abelian categories.

Proposition 6.2. ([22]) The equivalence XMod(S) = Grd(S) holds.

Proof: We omit some of the technical details of the proof. The simplifications
mentioned in Remark 4.3.2. will be used.
We define a functor

F:XMod(S) — Grd(S),
PXq

(X1, 6x,) =Xy — (X1,£x,) ¥ XoTH2X,

(B,7) = (Bx7,7)

where the commutativity of (10 A) and the top pushout in (7) give a unique
morphism in

ker<0,1>

k(X1+ X))

£x,

PXq

It is easy to see that (Xi,&x,) X Xo="xi= X is a reflexive graph. The com-
UXI

mutativity of (10 B) guarantees the existence of the composition morphism
which makes the reflexive graph multiplicative, thus an internal groupoid.
Since (0 % v,7) is a morphism of reflexive graphs it is also an internal func-
tor between the internal groupoids they support.
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We also define a functor
G:Grd(S) — XMod(S),

d c-Ker
X\Z=X, — (D =ker(d),ép = k < ker(d), e >y,

(p1,00) — (k(1), ¥o)

where the equality ¢ - ker(d) - k < ker(d),e >= ¢ < ker(d),e > -ker <
0,1 >=< ¢-ker(d),1 > -ker < 0,1 > proves the commutativity of (10 A).
Moreover, the composition morphism of the internal groupoid guarantees the
commutativity of (10 B). The definition of G on morphism is as expected and
the proof that G(p1, ¢9) € XMod(S) is straightforward.

Given an internal crossed module x; : (X1,&x,) — X, it is easy to show
that G(F'(x1)) = xa1 since x1 = ox, - px,, by the definition of ox,. For every

internal groupoid X, € Grd(S), we have F(G(X,)) = X, since the split
ker(d)
extension D — Xj ﬁ Xy produces an isomorphism (D, &p) x Xy = X; (see

the observation after diagram (7)). O

Proposition 6.3. Let x1 : (X1,&x,) — Xo be an internal crossed module in
S. By taking A = ker(x1) and Z = coker(x1), we have an exact sequence

A XXy
hl\\Hl//bl

such that A € Ab(S) and hy has a central kernel relation.

Proof: By Proposition 6.2, the internal crossed module is equivalent to an
internal groupoid; we use the same notations. We begin by noticing that 7
is also the co-equalizer of (px,,ox,). Using the fact that < ux,, vy, > is an
epimorphism and the equality f - px, < px,,vx, >= f- < 0,1 >= f- <
X1,1>=f-ox,- < px,,Vx, >, we conclude that f-px, = f-ox,. Then, the
whole commutative diagram

X1

T

Xy

X1—(X1,&x,) x X()ﬁ)Xo

| L

l—Xo——Z

and the left square are pushouts, thus the right square is a pushout.
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Next, we see that y; admits a (regular epimorphism, kernel) factorization.
For that we consider H; = ker(f), the induced morphism h; and apply
Remark 4.9.3. to the commutative diagram

Hxq PXy

Xi—(X1, &x,) @ Xo—=X)
S
Hy—— X7,

to conclude that hy is a regular epimorphism. So, by taking A = ker(y1), we
get the above mentioned exact sequence.

Let (71, m2) be the pullback of (px,, 0x,), m the composition of the internal
groupoid and consider the unique morphism in

P1

Xq X Xl...__ AL
! o )‘(2 m l (X1, 8x,) x4 X
X1 - : h
|

o (X1, €x,) x Xo

Xo.

PXq

The front, right and back faces are pullbacks, implying that the left face is a
pullback. In the commutative diagram

X, 0 Xp x Xi- o X,
i I <1 > l Hx
VX1°0X T
(X1, &x,) x Xo X, ! (X1, Ex,) x Xo

|

Xo (X17£X1> X XO XO

the right side and the whole diagram are pullbacks, thus the left side is a
pullback. Finally, since A = ker(x; = oy, - px,), we conclude that < a,a >:
A — X; x X; is a kernel. Hence, < 14,14 > A — A x A is a kernel,
guaranteing that A € Ab(S).

To finish, hy; has a central kernel relation because the composition A ~
X; 2% X x X is a kernel (Theorem 5.2 of [13]). O

Remark 6.4. To conclude that an internal crossed module y; : (X1,&x,) —
Xy induces a Z-module structure on its kernel A, for Z = coker(x;), (as
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in the case of groups) we must appeal to the second order direction functor
when considering Moore categories (Proposition 6.9).

6.2. Crossed 2-fold extensions.

Definition 6.5. A crossed 2-fold extension in S of A by Z is an exact se-
quence E : A — (X1,€x,) — Xo = Z in S with (X3,€x,) — X, an internal
crossed module in §. A morphism of crossed 2-fold extensions in S is given
by morphisms «, 3,~ and ¢ making the following diagram commutative

A>L>(X1,5X1)£>Xo—f»z

al o o)
A’?(X{aixg)TXé—f?Z’

such that (3,v) € XMod(S).

We represent by 2-XMody(S) the category of crossed 2-fold extensions in
S over Z. The terminal object of 2-XModyz(S)isZ:1=1— Z = Z.
We denote the product of E,E' € 2-XMody(S) by E xzE' : A x A" —
(X1 x X7, &xyxxy) — Xoxz Xy — Z, where {x, . x1 =< Ex, - k(px, +Dx,), Ex7 -
k(px; +pxp) >

The equivalence XMod(S) = Grd(S) allows us to establish the following:

Proposition 6.6. The equivalence 2-XModyz(S) = Asp(S/Z) holds.

Proof: The simplifications mentioned in Remark 4.3.2. will be used.
An aspherical internal groupoid in §/Z consists of a commutative diagram
of the form

d
Kl,f : X1<—e X07

_

Fape N ;/f

equipped with a composition morphism m, where the top line X, : X & X,

with m, is an internal groupoid in § and f : Xy - Z and < d,¢c >: X; —»
Xo Xz Xy are regular epimorphisms.
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The functors that compose this equivalence are based on those of Proposi-
tion 6.2 and we use the same notations as in Proposition 6.3. We define
Fy:2-XModyz(S) — Asp(S/7).

a 1 f X
E: A% (X, 6x) X7 +— X,g: (X1,Ex) X Xog=T5—= X,

fm@l/

(&757771Z) — (BX]W/?W)

We already know that the top line of X, ¢ is an internal groupoid by Propo-
sition 6.2 and f - px, = f - ox, (proof of Proposition 6.3). By applying
Remark 4.9.2. to the commutative diagram

My

X1>—>(X1 £X1) X X0—>>X0
o |

Xo Xz Xo—»Xo,
fo

<0,b1>
we conclude that < px,,ox, > is a regular epimorphism.
We also define
Go 1 Asp(§/7Z) — 2-XMody(S),

d c-ker(d)

le X1<— — Ele A>—>(D fD)—>X0%>Z

N

(901,%,12) — (k(k(p1)), k(1), o, 12)

for D = ker(d) and A = ker(c - ker(d)). We already know that ¢ - ker(d) :
(D,&p) — Xj is an internal crossed module by Proposition 6.2. With the
following pushouts, we see that f = coker(c - ker(d))

ker(d) c
D X, X,
cd| )
Xo Xz Xo—Xo
R T
| X,

By Proposition 6.3, Ex , is an exact sequence.

Note that the deﬁnltlons of F5, and GGo on morphisms are similar to those
of F' and G, respectively. Moreover, it is easy to deduce that Gy - F» = 1 and
Fy-Gy=1from G-F=1and F -G =1, respectively. O
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Examples 6.7. The previous equivalence gives us:

fO b f
1: Vl(f) . XO Xz X0<—50—X0 ~ Evl(f) . 1—>(H1,£H1>>—1>X0—>>Z, for

fi
J%Z/f
Hy =ker(f) and £y, =k << 0,07 >, 50 >.

Remark 6.8. Consider X, , ~ Ex, : A - (X1, &x,) 2 X N Z € 2-
XMody(S) decomposed as in Proposition 6.3. Since hy has a central kernel
relation, then the kernel pair of hy has the form (px,mp, @ X3 X A —
X1). So, the kernel pair X, ; xv,5y Xy ; ~ Ex,, X, Ex, , of the map
(Y4, b1, 1x,,17) - Ex,, — Ev,( is the crossed 2-fold extension given by

ax1y 1'Pxy

f
A X A>—>(X1 X A,fxle —>X0%>Z, where €X1><A =< £X1'k(pX1+1Xo)7£X1'
k(mhl + 1X0) >,

6.3. The direction of crossed 2-fold extensions. With the notion of
crossed 2-fold extensions and the equivalence 2-XMody (M) = Asp(M/Z)
we establish the link with the direction functor theory of order 2.

Proposition 6.9. The second order direction functor dsy : 2-XModz(M) —

Modyz (M) assigns to each crossed 2-fold extension in M of A by Z a Z-
module structure on A.

Proof: The category M/Z is protomodular, so Grd;(M/Z) is naturally
Maltsev, for every object f of M /Z. Thus, all internal groupoids are neces-
sarily abelian and by Proposition 6.6 we get the equivalence 2-XModz (M) =
Asp,,(M/Z). Using the equivalence of (6), the second order direction functor

is defined by

dy : 2 —XModz(M) — Modz(M).

a 1 f
Ell,f : A>—>(X17£X1) . Xo Z (Aa€X1>
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The Z-module (A4,¢&,,) is determined by the downward pullback

A X A—gzrs = A 11
\l\ . / ( )
(Xl X Aaé.Xle‘g?l.pX 0 (A7€X1)
07
7]
po || <1,0> Pxy || <1,0> f A Ilea 1|lea
A \\\Z
0%
f
(Xlanl) X | 0\1

A7/a7 . \1

or, equivalently, by the upward pushout, both in 2-XModz(M); it corre-
sponds to the diagram of Definition 3.7 for Asp,,(M/Z). O

Remark 6.10. The top horizontal morphism of internal crossed modules in
M given in (11) allows us to conclude that {x, x4 defined in Remark 6.8 is

also given by < &x, -k(px, +1x,), &4 k(pa+1x,) >, for £° = &, -k(1a+f),
i.e. {x, x4 is actually a product Xp-algebra.

The Baer sum of crossed 2-fold extensions and the definition of the connect-
ing morphism d' between levels 1 and 2 are included in the general treatment
conducted in Section 7.

7. Baer sum of crossed n-fold extensions

In this section we generalize the Baer Extension Theory for groups (or Lie
algebras) of order n, n > 3, to the context of Moore categories. For that we
must define a crossed n-fold extension for these categories. As for groups,
this notion is related to that of internal groupoids of higher dimensions.
Then we apply the direction functor theory of order n (Subsection 3.3) to
the Barr-exact category with finite limits & = M /Z.

7.1. Crossed n-fold extensions.

Definition 7.1. A crossed n-fold extension in & of A by Z is an exact

sequence E : A s X, ;1 X, B (X1,&x,) XX, —f» Z in S with
(X1,&x,) — Xo an internal crossed module in § and (X, £x,), x; € Modz(S),
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2 <1< n—1. A morphism of crossed n-fold extensions in § is given by

morphisms o, 6,,_1,--- , 0o, 3,7, ( making the following diagram commutative
AL X, T X, (X17€X1)£>X0_f>>z
Oél Gn_l \L 92 l B\L \L7 \L C
A X X (X0, ) —- X7
a Xn—1 X2 X1 f

such that (3,v) € XMod(S).

We represent by n-XModyz(S) the category of crossed n-fold extensions in
S over Z. The terminal object of n-XMody(S)isZ:1=---1— 7 = Z.
We denote the product of E,E' € n-XMody(S) by ExzE : A x A" —
X,—1 X X7/1—1 — e (X1 X X{nglxX{) — Xy Xz X(/) — Z, where £X1><X{ =<
Ex, - k(px, + px,): Exp - k(pxy + pxy) >

Remark 7.2. Every crossed n-fold extensions E in & can be decomposed
into short exact sequences

A>2>Xn—1\ e /Xn—2_> T X2L(X1a le)L;XOLZ (12)
hp—1 H, brn—1 f>H2/1; hHl by

The second order direction applied to the crossed 2-fold extension at the
end of (12) assigns to Hy a Z-module structure (Hs, &,,) in S. The condition
X2 € Modz(S) actually means that hy € Mody(S). It is obvious that Hg, - - -,
H,_1, A and the morphisms between them belong to Modz(S). Moreover,
(H2,&m,) is an X-algebra for £y, = &, -k(1g,+ f) and, for f})((s =&y, k(lx,+
f), we can deduce that hy is a morphism of Xj-algebras. The same holds for
Hs, X3, -+, H,_1, X,_1, A and the morphisms between them.

We can extend the equivalence 2-XModyz(S) = Asp(S/Z) to higher orders:

Proposition 7.3. The equivalence n-XModz(S) = (n — 1)-Asp(S/Z) holds
forn > 3.

Proof: The simplifications mentioned in Remark 4.3.2. will be used. The
proof of this proposition is made by induction on n.

We start with n = 3. Using the equivalence 2-XModyz(S) = Asp(S/Z),
an aspherical internal 2-groupoid consists of a commutative diagram of the
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form

d
le : (X27£X2)<l—>(X1?€X1) (13)

c

d: . X1
X1 X1-C XO Z
f )

ker(x1) L
such that the vertical diagrams on the right k(X) e (X1, 6x,) = X S

ker(x1-d) x1-d f
Z and on the left k(Xy) — = (X9,&x,) — Xo — Z are crossed 2-fold

—

extensions, the top line (x1-d) < x1, equipped with a composition morphism

m, is an internal groupoid in XMod(S) and < d,c¢ >: Xy — X7 x k(X;) is a
regular epimorphism (where (px,, mp, : X1 X k(X;) — Xj) is the kernel pair
of x1; see Remark 6.8).

We define

Fy:3-XModz(S) — 2-Asp(S/7).
Pxy

E (as in (12)) = Xop: (X1 x X, Exnx,) =<L0>— (X1, €x,)

E
X1PXxy XO X1 7
f

(04792757771Z) — (5X82767/y712)

Note that:
er(x1) ker(x1-px,)

ki
- both H2 — (Xl,fxl) g X() —f» Z and H2 X X2 — (X1 X

X1PXx,

X2,£X1><X2) — X() —f>-> Z are in 2—XMOdz(«S)
- ce =my, - (1x, X hy) € XMod(S) since it is composed by Xj-algebras
my, and hy (Remarks 6.8 and 7.2, respectively).

Pxq

- (X1 px,)=<L0>2y; € Grd(XMod(S) (with composition 1 x my,).

CE

- < px,,ce >=1Xhg : X X X9 - X X Hy is a regular epimorphism.
- (B x 603, 3) is a morphism of reflexive graphs and (3,7), (G X 03,7) €
XMod(S), thus (3 x 05, 5,7,1z) € 2-Asp(S/7).

We also define
Gs:2-Asp(S/Z) — 3-XMody(S),

c-ker(d)

Xy, (as in (13)) — Ex,,: A—"=D(Xy, £x,) e X2
(9027 @157, 1Z) — (k(k(¢2))7 k(902)7 @1, 7, 1Z)
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for D = ker(d) and A = ker(c-ker(d)). We already know that y; € XMod(S).
To prove the exactness of Ex, . it remains to show that the induced morphism
h: D — K(X;) is a regular eplmorphlsm Since < d,c >: Xy - X7 x k(X))
is a regular epimorphism, we can use the following pushouts to conclude that
hy is the co-equalizer of (d, ¢)

C

/\

<d,c>

X2—>>X1 X k(Xl)—>>X1

A R
X Xl—hl»Hl'

Then, by Remark 4.9.3. applied to the commutative diagram

ker(d) d

X9 X,
4
k(Xl)ker(Xl)Xl " Hy,

we conclude that h is a regular epimorphism. Moreover, D is a Z-module in
S given by the following pullback in Mody(S)

(D, &p)——(k(X2), & a)

! Wd)
1 (k(X1)7€X1)‘

We can show that the previous diagram is a pullback, i.e. that D is the
kernel of k(d), by considering the commutative diagram

ker (k(d))

ker(x1-d) 1+d f
k(Xo) (X, Ex,) X X, A (14)
ol et |
k(Xl)T{(—>(X1a€X1) o =X Z
erur) 1 f

and applying Remark 4.9.1. to conclude that the left square is a pullback.
Hence ker(k(d)) : D — k(X3). Finally, h : (D,&p) — (k(X1),&x,) €
Mody(S) because h = k(c) - ker(k(d)), i.e. h is composed by morphisms
in Mody(S).

As for the definition of G3 on morphisms, let ki(¢2) @ (k(X2),&yd) —
(k(X3), &y,.a) be the unique map such that ker(x}-d") -ky(p2) = @2 -ker(x1-d)
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(using the left pullback in (14)). With the equality ker(x; - d) - ker(k(d)) =
ker(d), we can prove that ki(ps) - ker(k(d)) = ker(k(d')) - k() and also

ker(d') - k(p2) -&p = @2 - ker(d) - £p

=y - ker(x1 - d) - ker(k(d)) - €p

=ker(x} - d') - ki(p2) - §y,.a - k(ker(k(d)) + 17)

= ker(x} - d') - §y.a - k( (ki(2) - ker(k(d))) + 17)

= ker(x} - d') - {0 - k( (ker(k(d')) - k(p2)) +17)

= ker(x; - d') - ker(k(d')) - €D/ k(k(p2)+1z7)

= ker(d') - {pr - k(k(p2) +17).
)+

So, we conclude that k(y2) - Ep = &p - k(k(ps) +12), i.e. k(p2) : (D,Ep) —
(D/,SD/) € MOdz(S).

[t is easy to see that, for every E € 3-XModz(S), we have G3(F3(E)) = E,
since cg- < 0,1 >= my, - (1x, X hg)- < 0,1 >= my,,- < 0,1 > -hy =
by - hy = x2. For every X, ; € 2-Asp(S/2), F3(G3(Xyf)) = Xy p, because
(X1 X D,&x,xp) = (X9,€x,). This isomorphism is obtained from the Split
Short Five Lemma applied to the commutative diagram

DX x DX,
<1,0>

T

D ker(d) Xo=—=X1.
Note that the vertical middle map is my,.q- (e xker(k(d))) : X1 x D — X, and
lies in XMod(S) since it composed by morphisms of Xy-algebras (Remark 6.8
and Remark 7.2).

For n > 4, suppose that k-XModz(S) = (k—1)-Asp(§/2),2 <k <n-—1.

Using the equivalence when k = n—1, an aspherical internal (n—1)-groupoid
consists of a diagram of the form

d

Xn—l,f : Xn—1—>an 2 (15)

Xn,Q'd:Xn,QN ¢ %Cn 2

Xy g— - Xo=(X), le)—>Xo—»Z

ker( n,Q)
such that the vertical diagrams k(X,, o) N X9 — - Xp —» Z and

ker(xp—2-d) f
k(X,-1) e X1 — -+ Xog = Z are crossed (n — 1)-fold extensions,

the top line X,, 1

—

= X, _9, equipped with a composition morphism m, is an

—
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internal groupoid in Modyz(S) and < d,c >: X,,-1 — X, o X k(X,,_9) is
a regular epimorphism (where (px, ,,mx, , - (1x, , X ker(x,—2)) : X2 X
k(X,_2) — X,,_9) is the kernel pair of x, o).
We define F), : n-XMody(S) — (n — 1)-Asp(S/Z) by
an72
Fn(E) - Xn—l,E D Xpo X Xn—1<——><170>—Xn—2
X”Q'Z%X g /Cn—Q Yo

f
g Xoom (X1, Ex,) =X~ Z
for E as in (12). Note that:

ker(xn,g) f ker(anTan,Q)
n-1 7 n—2 — - Xog—>» 2, Hy 1 X X — Xp_g X
Xo1--Xo 2 7 € (n— 1)-XMody(S).
an—Q

- Xp—o X X,,_1=<10>ZX,, o, with composition 1x , X mx, ,, is an in-
ce
ternal groupoid in Modgz(S), for ce = mx, , - (1x, , X Xn-1)-
- < px, 5 CE >=1Xhyp_1 1 X9 X Xjo1 = X9 X H,_1 is a regular

epimorphism.

—19

For morphisms, we define F,(«, 0,1, , 09, 6,7, 17) = (0_1%X0p_2,0, 2, - -,
05, 3,7, 1z), which is a morphism in (n—1)-Asp(S/Z) since (6,,—1 % 0,2, 6,,_2)
is a morphism of reflexive graphs, 6, 1,---,02 € Modg(S) and (5,v) €
XMod(S).

We also define G, : (n — 1)-Asp(S§/Z) — n-XMody(S) by

cker(d

a n— 1 f
Gn(in—l,f) - Elnfl,f A D n_2X - (Xlanl)L)XO%Z

for X, 4, as in (15), D = ker(d) and A = ker(c - ker(d)). The proof
of the exactness of Ey = is similar to the one made for n = 3. We al-
ready know that xy; € XMod(S) and Xo, -+, X,,_2, X2, Xn_2,C - ker(d) €
Modz(S). For morphisms we define G,,(pn_1, 0n_2,0n_3, -+ ,62,6,7,17) =
(k(k(pn-1)),k(pn-1), Yn—9, Opn_3, -+ , 6, 8,7,1z) which is a morphism in n-
XMody(S) because (4,v) € XMod(S) and 0y, -+ ,0,_3, vn—2, k(p,—1) and
k(k(pn—1)) are in € Modz(S).

It is easy to see that F), and G, are equivalences (similar to the proof for
F5 and Gg) U

We use the notations X,, ;g = F,(E) and Ex _ , = Gu(X,, 1)

Lf

Examples 7.4. Based on Example 6.7, the previous equivalence gives us:
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b f
1: Ey, () 1= 1—(H,&n,)—Xo—Z
2: Ex, 0, A—A—1—. .. 1—2Z—2Z.

Remark 7.5. Consider Ex | =~ as in (12). The cancelation of level n —
1 gives Ex , : Hypo1 — Xpo — <o (X1,¢x,) — Xo — Z. We have:

by, n—2 /
Ev, (x, ., l—=Hu 1" X, ™o (X1, €x,)—=Xo—=Z and

Ex

nonf NEV, (X, ) Ex, .,

Xn—1PX, __
ax1 n-1 Xn—2

A x A>—>Xn 1 X A Xn—2 !

(X, Ex) =X Z.

7.2. The direction of crossed n-fold extensions. The notion of crossed
n-fold extensions and the equivalence n-XModz(M) = (n — 1)-Asp(M/Z)
establish the link with the direction functor theory of order n.

Proposition 7.6. The n-th order direction functor d, : n-XModz(M) —
Modz (M) assigns to each crossed n-fold extension in M of A by Z a Z-
module structure on A.

Proof: From Proposition 7.3 and the equivalence (6), the n-th order direction
functor is defined by

d, :n —XModz(M) — Modz(M).
AL X, T (X)X =2 (A6 )

The Z-module structure on A is induced by x,_1 as can be seen by the
downward pullback

Ex

Ln—1,f

AX A = —A
Xn-1 X én—l'pX 1 = A/
S~ e
Lz
Px, 1 || <1,0> \ / Il ea
po || <1,0> H f/ \ ‘ 1] ea
Xo \
/ ;
Xn—l — \1
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or, equivalently, by the upward pushout, both in n-XModz(M); it corre-
sponds to the diagram of Definition 3.9 for (n — 1)-Asp(M/Z). O

7.3. The Baer sum of crossed n-fold extensions, n > 2. Let O4 be
a fixed Z-module as in (8). The objects of d;1(O4) are the crossed n-fold

extensions E : A — X, | 25" ... (X1,¢x,) — Xo > Zin M of Aby Z
such that O,, | = Oy, ie. (4,&,, ,) = (A4, &4). We use the classical notation
Opext"(Z, A, 04) to represent the abelian group of the equivalence classes

of crossed n-fold extensions in d,*(04). The n-th cohomology group of the
Z-module A is (see (4))

Myz(A) = mo(d; *(04)) = Opext™(Z, A,04).

The group operation of H', /Z(A), induced by the tensor product of the

monoidal structure of d,}(0,), is called the Baer sum, and defined as [E]. +
[E'l. = [E®, E']~. The crossed n-fold extension E ®, E’ is the codomain of
the dy-cocartesian morphism Jig g, above the multiplication mo, with domain
the product E xz E' (= (E x E')Ay) in n-XModz(M) (Remark 3.8.8)

axa’

ExzE: Ax A—=X, 1 x X] =X, o x X| o—-Xog Xz X)—Z

e ml | N

E®,E: A— X X, e X——Z.

a Xn—1 fl/

Note that fig g is (—)n—20m/z-invertible (Remark 3.8.5.). As a consequence,
E xz E' and E ®, E’ coincide up to level n — 2, i.e. all vertical morphism in
the diagram above are identities except for my and u. As in Subsection 5.2,
u is a regular epimorphism, by Remark 4.9.2., and, by Remark 4.9.1., the
left square is a pullback, thus a pushout. So we can conclude that E ®,, E' =
ma(E x E')Ayz, just like the Baer sum of crossed n-fold extensions of groups

([20] and [19]).
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7.4. The long exact sequence. Consider a short exact sequence (9) in
Modz(M). The induced long exact sequence is

60

k. \
0—Hom /7 (17, pv)——Hom /7 (12, PP)LHOHIM/z(lz, pQ)—
—Opext(Z, N, ON)TOpext(Z, P,0p)———Opext(Z, Q, OQ)T
: Pl
—Opext"'(Z, N, ON)—>Opext” Yz, P, Op)p—>Opext” Yz, Q, OQ)5n :
—Opext"(Z, N, ON)7>Opext"(Z, P, Op)FOpext"(Z, Q,00) -

Given Ex , € Opext" *(Z,Q,0q), we define §" 1, n > 2, by (Theo-
rem 2.8)

ot ({E L Q==X Naa (X1,§X1)£>X0—f»Z] > =

{SEX . JV>—>PL—»)leﬁii-'.()GJ5XJ4E>Ab—i>Z]

~

The crossed n-fold extension 6" ([E X, o f]N> is obtained from the pullback

k

N\k /P
P— P
N %
I H /f\H /
a N\
| Q\Q

in n-XModz(M). From d,-1(Ex, ,,) = Og, we obtain a discrete fibration
Ev,..(x, ., — Ex, .0, (Remark 2.4) which is represented by the bottom

horizontal morphisms. So, §"~! ([E X, f]N> is given by the Yoneda compo-

sition of S and Ey , , just like the definition of the connecting morphism



for groups ([20] and [19]). Note that, for n = 2, Ex_
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L, Is just a singular

extension and the Xy-algebra structure on @ is 5250 = & - k(lg + f) and
similarly for P.
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