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Abstract

We give an explicit formula relating the dynamical adjoint functor and dynami-
cal twist over nonalbelian base to the invariant pairing on parabolic Verma modules.
As an illustration, we give explicit U (sl(n))— and Up, (5[(n))—invariant star product on

projective spaces.
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1 Introduction

In this paper, we clarify certain points arising in the theory of dynamical Yang-Baxter
equation (DYBE), namely, we give an explicit expression of the dynamical adjoint functor
through the invariant pairing on parabolic Verma modules (PVM).

The DYBE appeared as a generalization of the ordinary Yang-Baxter equation in the
mathematical physics literature [1, 2, 3] and was actively studied in the 90-s, see e.g. [4, 5.
It was later realized that it is related to quantization of homogeneous Poisson-Lie manifolds,
[6]. Namely, the star-product can be obtained by a reduction of dynamical twist, which is
a left-invariant differential tri-operator on the group. In return, this finding has extended
the framework of the DYBE, which had been originally formulated over a commutative

cocommutative base Hopf algebra, [4], to a general nonabelian base.
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A recipe of constructing dynamical twist was suggested in [6], through dynamical adjoint
functor (DAF) between certain module categories associated with a Levi subalgebra H in a
reductive (classical or quantum) universal enveloping algebra U. One of them is a certain
subcategory of finite dimensional H-modules, while the other is the parabolic O-category,
both equipped with tensor multiplication by finite dimensional U-modules.

Remark that quantization of function algebras on homogeneous space involve only scalar
PVM. General PVM appear in quantization of associated vector bundles as projective mod-
ules over function algebras, as discussed in [6]. This is where the nonabelian base really
plays a role, along with the corresponding dynamical twist and DAF.

An alternative approach to quantization was employed in [7], where the star product on
semisimple coadjoint orbits of simple complex Lie groups was constructed directly from the
Shapovalov form on scalar PVM. It was clear that the methods of [6] and [7] were close
and based on similar underlying ideas. Relation of the Shapovalov form on Verma modules
with the dynamical twist was already indicated in earlier works on DYBE in the special case
of Cartan base, [5]. This construction had motivated the generalization for the nonabelian
base, which was given in [6], however, without straight use of the Shapovalov form. A sort
of "nonabelian paring” associated with the triangular factorization of (quantized) universal
enveloping algebras, which is equivalent to Shapovalov form in representations, was employed
in [8] for construction of the dynamical twist. It was done directly, bypassing DAF. Thus,
the explicit relation of the Shapovalov form to DAF over general Levi subalgebra, which is
a more fundamental object than dynamical twist, has not been given much attention in the
literature. In the present work we do it in a most elementary way.

We would like to mention the following two papers in connection with the present work.
In [9], the dynamical twist is constructed with the use of the ABRR equation, [10]. The DAF
is also present there, but with no explicit connection with the Shapovalov form. Another
paper of interest, [11], directly generalizes the ideas of [7]. Remarkably, the approach of
[11] can be suitable for certain conjugacy classes with non-Levi isotropy subgroups, which
drop from the framework of the DYBE in its present version, but still can be quantized in a
similar way, [12].

As an illustration, we give the star product on the homogeneous space GL(n+1)/GL(n) x
GL(1) that is equviariant under the action of either classical or quantum group GL(n + 1).
In this simple case the Shapovalov form can be calculated explicitly. We show that its U(g)-
invariant limit coincides with the star product on the projective space obtained in [13] by a

different approach.



Unfortunately, the journal version contains a few typos and mistakes, which are corrected

here. The erratum is added after the list of references.

2 Parabolic Verma modules

Let g be a simple complex Lie algebra. Fix a Cartan subalgebra and denote by b* C g the
Borel subalgebras relative to h. Consider a Levi subalgebra [ C g containg h and denote by
pT = [+ bT the corresponding parabolic subalgebras. The nil-radicals n* C p* complement
[ in the triangular decomposition n~ G [P nT.

Denote by Uy(g), Up(1), and Uy (p*) the quantum universal enveloping algebras of the total
Lie algebra g, the Levi subalgebra [, and the parabolic subalgebras p*. They are Hopf C[[A]]-
algebras, with the inclusions Uy () C U(p*) C Ux(g) being Hopf algebra homomorphisms.
There are subalgebras Uy(n*) C Uy (p*), which are deformations of the classical universal

enveloping algebras U(n*) and which facilitate the triangular factorization
Un(g) = Un(n™)Up(OUx(n ). (2.1)

This factorization makes Uy(g) a free Up(n~) — Up(n™)-bimodule generated by Uy(l). Ac-

cordingly, the parabolic subalgebras admit free factorizations

Un(p™) = Us(m)U(D),  Un(p™) = Up(DUn(n"), (2.2)

giving rise to (2.1). Factorization (2.2) has the structure of smash product, as Uy(n*) are
invariant under the adjoint action of Uy(l) on Uy(g). Note that U,(n*) are neither Hopf
algebras nor coideals over Uy().

Let A be a finite dimensional Uj([)-module (finite and free over C[[A]]). It becomes a
Un(p*)-module with the trivial action of Uy(n*). The parabolic Verma modules M7 over

Un(g) are defined as induced from A:
Mj: = Uﬁ(g) Uy, (pt) A~ Uﬁ(t‘l:F)A.

The last isomorphism indicates that M7 are free Uy (nT)-modules generated by A. Consider
M3 as a module over Uy(pT) by restriction. In what follows, we use sections of the action
map Uy(p¥) ® A — M7. We call the image of M7 in Uy(pT) ® A under such a section a lift
of M5. The presentation M7 ~ U,(n¥)A is an example of lift.

For any finite dimensional Uy(l)-module A let A* denote the (left) dual to A. The dual
action of Uy(I) on A* is given by (ha)(a) = («)(v(h)a), for a € A*, a € A and h € Uy(I).
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The triangular factorization of Uy (g) relative to U,(l) defines a projection Uy(g) — Ux(l),
u > [u];, which is Uy(l)-invariant with respect to the left and right regular action. The
pairing

Un(g) @ A* @ Uk(g) @ A — C[[A]], (u®a,v®a) =, [y(u)v]a)
is Uy(g)-invariant by construction and factors through the pairing between M. and M. Tt
is non-degenerate if and only if the modules M. and M} are irreducible. This pairing is
Un(g)-invariant and equivalent to the contravariant Shapovalov form on M7, [14].

In the sequel, we need the following fact about induced modules of Hopf algebras.

Lemma 2.1. Suppose U is a Hopf algebra and H is a Hopf subalgebra in U. Let A be an
H-module and V' be a U-module regarded as an H module by restriction. Then there are

natural isomorphisms
mdA@V ~hd}(AeV), VendjA~ndy (Ve A),
where Indg designates induction from an H-module to a U-module.

The proof is a straightforward use of Hopf algebra yoga involving coproducts, antipode

and counit. The isomorphisms are identical on A ® V and V ® A, respectively.

Proposition 2.2. The tensor product M & My is isomorphic to the induced module
Un(9) ®uay (A® B).

Proof. Based on Lemma 2.1,

- Un(g) N Un(g) Un(p™)
Mi®My ~ Ind) 2 (A® Mg) ~Ind)! 2 (A®Ind)y ' (B))
Un(9) 1p,qUn(F) ~ TndUn@®
~ Ind;’ ™ Ind;! i /(A ® B) =~ Ind;" /(A ® B), (2.3)
as required. O

3 Dynamical adjoint functor

Let us recall the definition of dynamical twist over general base [6]. For simplicity, we take
for the base a Hopf algebra H assuming it to be a Hopf subalgebra in the total Hopf algebra
U. A dynamical twist is an invertible element F' € H @ U ® U subject to the cocycle identity

(idy @ idy ® A)(F)(6 @ idy @ idy)(F) = (idg © A @ idy)(F)(F @ 1y)



and the normalization condition (id®e®id)(F) =1®1®1 = (ild®id®e¢)(F). In practice,
the base Hopf algebra H needs to be replaced by a certain ”localization”, which is already
not a coalgebra but only a right coideal, see [9, §].

In representation-theoretical terms, the dynamical twist is a family of operators
Favw: (AQV)W - A (Ve W),

where V, W are U-modules and A is an H-module. The above mentioned localization of H

means that not all A are admissible. The cocycle identity turns into

FazvewFagzyvw = Fazevw(Fazy @idwy).

Here 7 is another U-module, and the second factor in the left-hand side regards A ® Z as
an H-module through the coaction.

We recall a general construction of DAF. This functor was introduced in [6], where it
was used for construction of the dynamical twist. The name ”dynamical adjoint” should
be taken as a single term, as the functor of concern is rather ”dynamizaion” of the adjoint
functor to the restriction functor than dualization of anything.

Suppose M is a monoidal category and B, B’ are two (right) module categories over M.
A functor J from B to B’ is called dynamical adjoint if for all A, B € B and V € M there

is an isomorphism
©: Homp(B,A® V) ~ Homp (J(B), J(A) @ V).

Here ® stands for the actions of M on B and B’. Given such functor, the dynamical twist

is a morphism F: AQV @W — ARV @ W whose J-image is the composition
JAeVeWw) e jugv)yew “MELTY jy g v e W,

In our special case, M is the category of finite dimensional representations of Uy(g), B
is a certain subcategory of finite dimensional representations of U,(l), and B’ is the category
of integrable modules over Uy (g). The functor J is the parabolic induction, so J(A) = M}
on objects. The category B is determined by the requirements that M7 is irreducible once
A is irreducible and B is invariant under tensoring with objects from M regarded as Uy ([)-
modules.

That the functor is DAF follows from Proposition 2.2. Indeed, if the module M} is

irreducible, then M. is its (restricted) dual, and
Homy (M7, Mt @ V) ~ Homy(M,. @ M}, V) ~ Hom(A* ® B,V) ~ Homy(B,A® V),
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as required. The isomorphism in the middle is the Frobenius reciprocity facilitated by
Proposition 2.2.

Assuming M} irreducible, denote by Sy 4« € M§ ® M. the U,(g)-invariant canonical
element of the pairing between M. and M} . For the dual bases {z;} C M}, {«'} C M.,
it equals Sqa» = > .4 ® x'. We will use the following Sweedler-like notation for the

presentation
SA7A* — Sl ® 52 — S_SA ® S+SA*.

where S_ ® S ® Sy @ Sa- € Up(p™) @ AR Up(ph) ® A* symbolizes a lift of S 4-.

We have the following obvious property of the family {S4 4+}. Suppose B is an Uj([)-
submodule in A. It is separable as a direct summand, so the dual module B* is separable as a
direct summand in A*. Let 7: A — B and ¢: A* — B* be the intertwining projections. Let
72 M} — Mj; and 1: M. — My. be the induced Uy(g)-morphisms. Then the projection
(7 @1)(Saa+) = S_7m(S5) ® S.1h(Sp-) is equal to the canonical element Sg p.. Thus, a lift
of Sp g+ can be obtained from a lift of S4 4+ in a natural way.

Every Uj(g)-module V' is at the same time a Uj([)-module by restriction. It becomes an
Up(p*)-module when extended trivially to Uy,(n*). This representation of Uy(p™) is different
as compared to restricted from Uy(g). To distinguish it from the representation p restricted
from Uy(g), we use the notation p..

Fix a Uy(g)-module V' and assign to every element of M. a linear operator AV — V
by

ua: a®@v e (a® (plu)) (p+ (v(u®))(a® v)), (3.4)

where u @ o € Up(p™) @ A* is a lift of ua, and v € V. The map is correctly defined.
Indeed, regarding M. as a Uy(p™)-module, it is isomorphic to Ind}’+A*. The assignment
(3.4) coincides on (uz)a and u(za) for every x from Uy([), because p. (v(z?)) = p(v(z®)).
One can check that the constructed map M,. — End(A ® V,V) is U,(I)-invariant. Note

that for the classical universal enveloping algebras formula (3.4) simplifies to
ua: a®@v— ala)p(u)(v),

because the lift u can be taken in the Hopf subalgebra U(n*) C U(g), which is annihilated

by py.
DAF gives rise to the collection of intertwining operators

O(idagv

M.y "MievV



Proposition 3.1. The restriction to AQV C Mj, of the intertwining operator ©(idagy )
acts by the assignment

O(idagy): a ®@v +— S1 ® Sa(a ®v),
where Sqa» =51 ® Sy € M @ M.
Proof. The operator O(idagy) factorizes into the composition
M, — MI® M5 @M, ~ M ehd (A" @ A2 V) = M{aV,

where the left arrow is the coevaluation 1 — Sy 4+, while right arrow is the induced extension
from the evaluation map A* ® A ® V. — V. Note that the isomorphism in the middle is
identical on A* ® A ® V. Applying this composition to an element a @ v € ARV C M;{®V

gives the result immediately. O

Remark that for the classical universal enveloping algebras we can write the simple for-
mula
O(idagy): a @ v — 51 ® Sax(a)S4(v).
Here the factor S, acts on v € V as an element of U(g).
To relate the dynamical twist to the invariant pairing, consider the projection P: M; —

A defined as the composition
M- A A" @ M; — A,

where the left arrow is induced by coevaluation C[[h]] - A ® A*, and the right map is the
invariant pairing between A* C M. and M}. By construction, P is U([)-invariant and
identical on A C M}. Moreover, one can check that it is Uy (p~)-invariant.

The operator P implements the isomorphism
Homy(M%, M; @ V) — Homy(B,A® V) (3.5)

that is inverse to ©. Namely, given a Uj(g)-invariant operator M7, — M7 ® V, restrict it to
B and compose with P ® idy, to get a Uy(l)-operator B — A ® V. Therefore the dynamical

twist F' factorizes to the chain
ARV @W = Magvew = Magy QW - MaQV QW — AV @ W.

Proposition 3.2. The dynamical twist Fy vy ts expressed through the canonical element

Sagvvrear = S_Sagy ® Sy Sygar € Mg, @ My.g 4. by the formula

Fla@v@w) = (p- @ p) o A(S-)(Sasv) © (54 5v-ga-) (e ® v @ w). (3.6)



Proof. Immediate consequence of (3.5) and Proposition 3.1. O

Remark that for the classical universal enveloping algebras the natural lift gives S4 €
U(n*) killed by ps. The formula (3.6) takes the simple form

Fla®@v®@w)=(idga ® S_)(Sagy) @ Sy (w)Sy+ga-(a @ v),

where Sy act on V, W as U(g)-modules. In the quantum case, the subalgebra Us(n~) can
be taken a left coideal, and the formula can also be simplified by replacing (p_ ® p) o A(S_)
with (id ® p)(S-).

Now suppose that A = C, is a scalar Uy(l)-module corresponding to weight A\. Denote
by S = A(SM)s? SSFI)A*(SEE)), where S_ ® S is a lift of Seaene € MY ® M, to

Un(p™) @ Up(p™).

Proposition 3.3. The operators F'* and S* coincide on invariants V'@ W' C V @ W :
Fvew) =S*vew), veV, weW.
Proof. Apply the projections Cy @ V — C, @ V!, CA @ W — C\ @ W' to (3.6). O

The formula for S* can be simplified to S* = S_ ® S, by an appropriate choice of basis.

4 Quantum algebra Uj(sl(n))

Further we apply the above theory to construct the star-product on the homogeneous space
space GL(n 4+ 1)/GL(n) x GL(1), for which case the invariant pairing on PVM can be
explicitly calculated. We will focus on the situation of quantum groups, because the classical
case can be readily obtained from that by a certain limit procedure.

Recall the definition of the quantized universal enveloping algebra Uj(sl(n)), see [15].
Let R and R*' denote respectively the root system and the set of positive roots of the Lie
algebra sl(n). The set I1, = (v, a4, ..., q,_1) of simple positive roots is equipped with the
natural ordering.

The quantum group U,(sl(n)) is generated by eq, fa, ha, @ € 111, subject to the relations

ha —ha

a” —4q

[hom 65] = (Oé, 5)6a, [hon fﬁ] - —(Oé, 5)6a, [eom fﬁ] - 504,6 — q_l s
where (.,.) is the inner product on h* = Span(R). Here ¢ = " with A being the deformation

parameter.



Also, the Chevalley generators e,, f, satisfy the Serre relations
2 -1 2 2 -1 2 _
eats — (@ +q eaesea +egeq =0, fofs—(a+a ) fafsfa+ fafa =

if (o, f) = —1 and [eq, €3] = 0 = [fa, f5] if (a, B) = 0.
The comultiplication A and antipode v are defined on the generators by

Alhe) =he @14+ 1@ ha, Y(ha) = —ha,

Aley) = ea®@14+¢" @eq, (ea) = —¢ e,
A(fa) = fa & q_ha +1® faa V(fa> = _faqha-

The counit homomorphism e annihilates e,, fo, hq-

The elements e,, h, generate the positive Borel subalgebra Uy(b%) in U, (sl(n)). Similarly,
fa, ho generate the negative Borel subalgebra Uy (b~). They are deformations of the classical
Borel subalgebras whose Poincaré-Birgoff-Witt basis is generated by the Cartan generators
constructed as follows.

Every positive root has the form p = ay + ag1 + ... + ayy, for some m > k; the integer
m — k + 1 is called height of p. Put

2(m—k)[

ey = ex, [ert1s - [em—1,€mlq-- oy € =10 €k, [€k+1, - - - [€m—1;€mlg - - -Jdlas

where e, = e,,. The roots can be written in an orthogonal basis {¢;}1, as ¢; — €5, 4,j =
1,...,n, i # j. Lexicographically ordered pairs (i,7) induce an ordering on positive roots
€; —¢€j, 1 < j, consistent with the ordered the basis (cq,as,...,a,—1) C h*. The ordered
monomials in e, u € RT, form a BPW basis in U, (b™) over the Cartan subalgebra in Uy, (h)
generated by h,,.

As all a; € I1, enter positive roots at most once, we may regard elements of R™ as sets of
simple roots. This makes sense of writing u C v and v — u for some pairs of roots p, v € R™.

Also, o N B determines a root unless it is empty.

Lemma 4.1. For all positive roots u, the vectors e, and €, are related by the antipode,
Y(En) = —q ey
Proof. If a < B are adjacent simple roots, then the following calculation

(e[ eslg) = a*la™""ep, " ealq = " qles, ealg = —a " [eas €5l

proves the statement for roots of height 2. The general case is processed by induction on
the height of the root. O



In the classical limit mod h, the elements e, turn into positive root vectors of the Borel
subalgebra b* C g and modulo & they coincide with é,. For our purposes, we need both e,
and é,.

The commutation relations among the root vectors e, are described below.
Proposition 4.2. Let p and v be positive roots such that p < v.

1. Suppose that p+v € RT. Then

lew ey = eutw (4.7)
2. Suppose that p+v & RT. Then
lev,el; = 0, pNv=v, v<pu—veR", (4.8)
leel; = 0, pNv=v, v>p—veR, (4.9)
lepse] = 0, pNv=v, pu—vgR" orvnu=0>0, (4.10)
[6u> 61/] = _(q - q_l)quVeuﬁu

= _(q - q_l)euﬂuquua v 7A JIARRZES R*. (411)

Proof. Formula (4.7) is just the definition of e, if the height of pis 1. If p = o +.. .+
with & >4, put ¢/ = a; + ...+ ag_1; then Then

[6u> evlq = He,/u’ er—1]g; €r]q = [e;, [er—1, €ulqlq = Cptv-

by induction on the height of u.

Commutation relations (4.8) and (4.9) are generalizations of the Serre relations and follow
from Lemma 7.3 by induction on heights of x and v. The case p+ v, u—v ¢ R™ falls either
in situation (4.10) or (4.11). Let us check (4.10). The case uNv = @ is clear. The alternative
is p=v +v+ v where vV, € Rt and v/ < v/ < V. Then (4.10) follows from (7.25),
where we put z = e, y =e,, 2 = eyn.

The second equality in (4.11) follows from (4.10). To prove the first equality, put, under
the assumption of (4.11), u = '+ pNv for some ', " € RT such that ¢/ < pNv <v”. To
check the formula (4.11), pull the root vectors e, and e,n, to the right in (e,s e, —ge e )e,
using already proved (4.7), (4.8), (4.9), and (4.10). This gives (4.11). O

The elements €, satisfy similar identities, which can be readily derived from these by

applying the antipode anti-isomorphism.
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Root vectors of the negative Borel subalgebra are defined as follows. Let w be the
involutive automorphism of Uy(sl(n)) defined on the simple root vectors by e, <> —fo, h —

k—1

—h. Introduce f, as —(—q)" 'w(e,), where k is the height of x. Explicitly, for p = oy, +

Qpa1+ -+, k< m, put

fu = [fma [.fm—la cee [fk+1> fk]q- . -]q]fja

where f; = fa,. The elements f,, u € RT generate a PBW basis of Uy(n~), which can be
obtained by the isomorphism w: Uy(n*) — Uy(n~). The commutation relations on f, can
be derived from Proposition 4.2 by applying the automorphism w.

Further we need more commutation relations among the elements of Uy(sl(n)).

Proposition 4.3. For every positive roots -y

h —h
qar—q "
ey, fo] = P
q—4q
If n < v and p+ v is a root, then
[67, f’y+,u] = _q_lfuq_h77 [6% fu+’y] = fuqhya [f'ya 674—#] = fuqhyv [f’ya €u+'y] = _qeuq_hya

[f’y> 6u+'y+u] - 07 [677 f/H-’H-V] - 07
[6M+’ya f'y-l—u] = (C] - q_l)fueuq_hﬂ{'
The proof of these formulas is given in Appendix.

Corollary 4.4. For every positive roots v and p such that v+ pu € RY, and positive integer
k,

k -1 > =1, —hy
[e;u u—i—u] - q q2 _1 ;H—yfuq )
2k
kg1 1 n,
[6117 /,]f—l—l/] = rH q2 -1 fﬂ ,L]f+1}qh .
1— q—2k 1— q2k
k k=1 _hy,+1 —hy,—1
enfi) = S S e ),
e £ (¢—q)? (¢—q1)?

5 The invariant form in simple case

In this section we calculate the invariant form on scalar PVM assuming [ = gl(n) & gl(1) C

gl(n + 1) = g. The positive root system of [ is generated by the simple roots as, ... a,.
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The nil-radical Lie algebras n* are spanned by the root vectors corresponding to the roots
:l:Oél, :l:(Oél + 042), Cey :l:(Oél + ...+ Oén).

Introduce generators

€Ty = 60117 Ty = 6a1+oc2> ey Tp = eoq-i—...-i-ana
€Ty = 60117 Ty = 6a1+oc2> ey Tp = eoq-i—...-i-ana
Y1 = fal’ Y2 = fa1+a2> ceey Yn = fOll+---+OC7L'

The subalgebras U, (n™) and Uy(n™) are generated, respectively, by {x;}, and {y;}.

Let vy be the generator of the PVM, M} induced from a character A € h* of the Levi
subalgebra [. The weight A is proportional to the basis weight ¢; in the standard orthogonal
basis of the gl(n + 1) weight space. With abuse of notation, we will use the same symbol for
the coefficient A ~ A\e;. This should not cause any confusion in the context.

The generator of the dual module M~, will be denoted by v_,. The monomials

mnp—1 ~Mnp—1

Mn mi + ~Mn ~m1 —
Yn Yn—1 ---Y1 Ux EM)\7 Xy " Tp_q ---Ty Uy EM_)\’

where m; are non-negative integers, form a basis in M, and, respectively, in M.

, : ko Ko ~k - :
Lemma 5.1. The matriz coefficient (ZF &, ... 27 v_x, y™yn "' .. y!"oa) vanishes unless

ki =m;, foralli=1,...,n.

Proof. Since v(&;) = ¢~ x,,, this matrix coefficient is proportional to

k1 kn—1 _kn mn. Mn-1 mi
(von, 20t )y Y ).

Suppose first that k, > m,. Commutation of x,, with y"* reduces the degree m,, by one
and produces a factor from Uj(h). Pushing it further to the right we get a e, -factor by
commutation with y,_;. This factor commutes with all elements y;, ¢ =1,...n — 1, and can
be placed to the rightmost position, where it annihilates vy. Similar effect will be produced
by commutation of x, with other y;,. Thus, only the term from commutation with y*"
survives on the way of z,, to the right. Repeating this for other x,-factors, we see that the
matrix coefficient vanishes if k, > m,,. If k, < m,, similar arguments can be used when
pushing v, to the left till they meet v_,.

Thus, the only possibility for the matrix coefficient to survive is k, = m,. In this case,
commutation of 2" with y* produces an element from Uy (h), which in its turn gives rise
to a scalar factor. This reduces the consideration to the case to m,, = k, = 0, and one can

repeat the above reasoning. The obvious induction on n completes the proof. O
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Further we calculate the matrix coefficients explicitly. Let Z, denote set of non-negative

integers. Fix an n-tuple m = (my,...,m,) € Z7 and put /m| = >""  m,. It is convenient

to pass to ”quantum integers” k = ¢*![k], = Zi-:ol ¢*, for non-negative k.

Proposition 5.2. The non-vanishing matriz coefficients of the invariant paring are given
by

n |m\—1
(Zmngmncl FMy_y gy ) = (—1)|m‘q—¢<m>Hmi! H A —jlg- (5.12)
i=1 j=0

where Y(m) = (A + 1)|m| — $|m|%.
Proof. Applying Lemma 4.1 we get for the matrix coefficient

(—D)Zi=™i(y_y, (7)™ (g )y My =
_ (_1)27:1 miq—A Sty mit 5 (i ma) (i mi=D)+5 07y ma(mi—1)
X(v_y, "™ oy Ly ).
The numeric coefficient is equal to (—1)‘m|q_’\‘m|_‘m‘+%|m|2+% izl For every non-negative
integer m and a complex parameter z denote

1 Zl_q—2m . 1_q2m
¢g—q " 1—q 1—¢

Zylm, 2] = ) = [mlglz —m + 1],

The matrix coefficient (v_y, z/™ ...y ... y{"v,) is found to be

1 ( )\_Z?;ll m; 1 — q_2mn
g

2my, n—1
- _A+Z?;1mii X =7 1m.. \— m.| X
o ¢ 1_q2) = Zmy, ; A%
In the product omitted on the right, we go down from m,, to 1 in the first argument of Z,,.
Then repeat the procedure as though the dimension of the vector m were n — 1 rather then

n, and proceed until we get to n = 0. The result for the matrix coefficient will be

no m; i—1 n |m|—1
H H Zglj, A — Zmz} = H[mi]q! H (A= dlg-
i=1 j=1 1=1 i=1 §=0
To complete the proof, one should pass to the g-integers m,. O

Let Cp[G] denote the affine coordinate ring on the quantum group GL,(n+ 1) (the Hopf
dual to the quantized universal enveloping algebra Uy (gl(n + 1)).) Denote by C;[G]' the

subalgebra of Uy (I)-invariants in C[G] under the left co-regular action. This space naturally

13



inherits the right co-regular action of Uj(g) compatible with the multiplication -;. It is
known that -5 is a star product, [16].

Notice that the tensors y; ® £; commute with each other, as follows from Proposition 4.2.
For the reasons that will be clear later, we would like to modify y; to g; in such a way that

the tensors D; = 3; ® T;, 1 = 1, ..., n satisfy the quantum plane relations
D;D; = ¢’D;D;, j<i. (5.13)

Another condition on this transformation is to leave the matrix coefficients of the invariant

paring untouched. This can be achieved by means of the replacement
ye i =q "Ny i=1,. 0, (5.14)
where 7; € b are to be determined.

Proposition 5.3. There exists a unique sequencen; € h, v =1,...,n, such that D; =y, x;

satisfy the quantum plane relations and

lm|—1

1) H (A —Jlg- (5.15)

<~mn ~Mn—1 ~Mnp—1

xTL xTL—l Tt 'fi‘gnlv—A7 g;nnyn—l tte g{nlrv)\> = (_1)|m‘q_w(m)

—=

All other matrixz coefficients are zero.

Proof. Introduce a new basis {;}; in b setting 5; = oy + ...+ ;. Note that the vectors

Z;, U; carry weights £0;. The Gram matrix (f;, ;) and its inverse are, respectively

211 ...1 n =L =L = =L

n+l n4+l n+l n+1

—1 n —1 —1

211 s s e SRR s
Y

-1 —1 —1 n

il 2 s RS s SR S

Define 1; = >_7_, Bix), through the system of equations

The transition matrix is uniquely defined and equal to

n -1 -1 —1

—1 n —1 —1

B0 0 -2 . -2 =L o =L =L
-1 -1 -1 n

0 0 0 0 n+1 n+1 n+l1 " n4l

14



Now we can complete the proof. Notice that the left group of equations (5.16) facilitates the
quantum plane relations (5.13). Further, it is clear that the matrix coefficients in the new
basis involving y; are proportional to the old ones. For the non-vanishing matrix coefficient

(5.3) is equal to

n mp(mg—1)
oy TEEED (e, Br) D4 (16,85)mam, Mp—1 ~mi M, Mn—1 mi
qZk 1 P ( )+2is (nisB5)mi J<x $n71 e T VN Yy Yy Y UA)'

The scalar multiplier disappears due to the left condition in (5.16). This completes the
proof. O

6 Star product on complex projective spaces

In this section we apply the results of the preceding considerations to construction of
Un(sl(n+ 1))-invariant star product on the homogeneous space GL(n +1)/GL(n) x GL(1).

We start with the following well known fact.

Lemma 6.1. If Dy, ..., D, satisfy the quantum plain relations (5.13), then

for all non-negative integers m.

This lemma can be easily proved by induction on n. Now we can construct the star

product. Define the tensor g @ & =" | 7; ® ;.
Theorem 6.2. The element

5.

q(A—i—l)

(:'3 ®x)", (6.18)

s a lift of the inverse invariant form on M_, ® M,.
Proof. An immediate consequence of Proposition 5.3 and Lemma 6.17. O

The operator (6.18) is not quasiclassical modulo i. To make it a star product deformation
of the ordinary multiplication in C[G]", we need to extend the ring of scalars by Laurent series

and consider the module M7 .
h

15



Corollary 6.3. For f,g € C;|G]', the multiplication

fog= 3

~ —1 .
mez” [T ! H'f:‘o [% —Jlg

(=1)lmlgOr+z)m—gm?

(G g f) o (@0 2 ),

is a Uy (gl(n + 1))-invariant star product on C|G]' under the right co-regular action.

Remark that the star product given by this formula involves the star product in C,[G],
whose explicit expression through the classical multiplication in C[G]" is unknown. Therefore
it cannot be regarded as perfectly explicit.

Let us reserve the same notation for the classical limits of the root vectors z;, y;. Recall

that z; and Z; have the same classical limits.

Corollary 6.4. For f,g € C|G]', the multiplication

% L (_t)‘m‘ My, mi (s mn my
f tg.—mgzj1 H?ZImi!HL’;‘é*(A—jt)(x" ) (), (6.19)

is a U(gl(n + 1))-invariant star-product on C[G]" under the right co-regular action.

This multiplication is obtained from (6.18) in two steps: taking limit 7 — 0 and subse-
quent replacement of A by %
In classical universal enveloping algebra setting the (scalar reduced) dynamical twist FA

takes the form

VN (=)™ v &)™
F _%mlﬂﬁ?(k—jﬂ( ®y)™. (6.20)

The tensor x ® y = >, ; ® y; is the Uy([)-invariant element of n,” @ n;".

7 Comparison with earlier results

In the present section we compare the star-product on GL(n+1)/GL(n) x GL(1) with that
on the complexified projective space CP" regarded as a real manifold. This star product was
obtained in [13] by completely different methods. In both cases they form a one parameter
family. In our setting, it corresponds to the highest weight of the module M), while in [13]
to the radius of CP™. We prove that the two star products coincide up to a shift of this

parameter.
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Let us rewrite the star product (6.19) in local coordinates. Introduce a parametrization
of a neighborhood of the identity in GL(n + 1):

1 0 1 ¢ a 0
(C’w’h)H<w 1n><0 1n)<0 A)’

where ¢ and w are, respectively, n-dimensional row and column, 1, € GL(n) is the unit

0
matrix, and h = g n ) € H=GL(1) x GL(n). A function ¢ € C[G]| is H-invariant

if and only if it is independent of h in these local coordinates, (¢, w,h) = ©({, w, 1,11).
Then we shall write simply ¢(¢, w).

It is obvious that the left-invariant vector field x; is represented by the partial derivative
8( To evaluate the left-invariant vector field y; at the point (¢, w, 1), consider the the right
shift of (¢, w, 1) by !, which in the local chart reads

( 1 0 ) (1 C(1+ (¢, wi)t) ) (1+(C,w1)t 0 )
W+ 1+(C,1f11)t 1y 0 1, 0 1+(C7w1)t1"

Assuming ¢ an H-invariant function, we find (¢"1¢)(¢,w) = (¢ + (¢, wi)t, w+ %),

hence

0 - 0
yip(C w) = awiw(c,w)ﬂ%;@&—@w(c,w),

0
zip(Cw) = acm(C,w)-

A version of star-product on CP™ (regarded as a real manifold) was constructed in [13]

as a homogeneous (delation-invariant) star product on V' = C""!. To compare it with our

result, consider its complexified version on V @ V*:

b=+ (= )ZZS,S_T ) (e g0 we v, (1)

where % ® % = Z?Jrll 32 @ 3o, and the dot means the classical multiplication.
The vector space V@ V* carries the natural representation of GL(n+1), which is extended
by the group of delations GL(1). The multiplication (7.21) is invariant with respect the
direct product GL(n 4+ 1) x GL(1). In particular, it restricts to homogeneous functions of
zero degree, regarded as functions on the projective space CP?"+1,
Let {e;} C V be the standard basis and {e'} C V* be its dual. Consider the GL(n + 1)-

orbit O passing through o = e¢; @ e!. The isotropy subgroup of this point is 1 x GL(n),
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so this orbit is isomorphic to the coset space GL(n + 1)/1 x GL(n). We extend the above
parametrization of GL(n + 1)/GL(1) x GL(n) to a parametrization of O:

(¢, w,a) — ( i (1) ) ( (1) f ) ( g a_(l]l ) 0= (a,aw) @ (a ' +a Y (w, ), —a"1¢).

It can be extended to a local parametrization
a = 2y, b:(z,w), Q:—Zowi, w; = —, zzl,,n

of V@& V* near o. In this chart, the basic vector fields are represented as follows:

0 8 1 g 1 0 0 0

aH g,-a+la aH L0 0
0z adb " adw ow o T %ac

In the new coordinates, a function ¢ on V @ V* is homogeneous if and only if

¢(Aa, N0, \*¢,w) = ¢(a,b, ¢, w).

It is GL(1) x 1,-invariant if it is independent of a. The correspondence between functions
on GL(n+1)/GL(1) x GL(n) and homogeneous GL(1) x 1,-invariant functions on V & V*
is ¢(¢,w) — d(b~1¢,w), with the reverse correspondence being the specialization at b = 1.

We rewrite the action of the basic vector fields on such functions to find

0 0 - 0
azo'—> Z C> ’a—%)’ a—wOH;Qa—Q,

0 - 0 0 0 - 0 0
aZHQZCka—CkﬂLa—wi, %HwiZCiO—Q_I—@Ci'
k=1 i=1

Now it is easy to check the equality

"9 0 "0 0 - 0
ga—@@a—w—;m%gﬁ;%m o "o

J

The bidifferential operator from (7.21), when restricted to (GL(1) x 1,,) x GL(1)-invariant
functions, reads

T’kk,?”l

id®id+z< ) ZZS,S_ Gy (7.22)

It is therefore a series in the same operator  ® y as (6.20). This reduces comparison of the

two star products to a comparison of power series in two variables, ¢ and x ® y.
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Proposition 7.1. Operators (6.20) and (7.22) coincide upon the identification 2pu —t = A.

Proof. The proof is based on the following formula

m ak—l—m—l
§ k1 ko km § i
a1 Ay ...am’"— m,
i 1Lz (@i — a5

k1+---+k3m:k
which holds true for any communing variables a;. Applying this formula for a; = i, we get

m km—l

Z 1122,,,m’”I;Hj<k(ak_aj)l—[j>k(ak_a_):Z

ki+..+km=r—m J k=1

m—k‘kr—l

D
(m — k)

(
(k-

Put 6 = ;- and rearrange the series in (7.22) as

2u

id ®id + f: ZT:( Z (16)% (20)%> . .. (m@)km) (=0)"(z® y)m’

m!
r=1 m=1 ki+...+km=r—m

and further as

id @ id + i ( i S et (o)) (=0)"(z @y

m!

m=1 r=mki+...+km=r—m

The summation » 7 >7, . . _ s ‘rearranged to summation » ;.. It contracts

11_ Ik This immediately implies the statement. O

the sum in the brackets to 0=0)..(a=mp)

Appendix

Below we collect some useful auxiliary algebraic material about the properties of ”commu-
tator” [x,yl, = xy — ayx defined in any associative algebra for some scalar a. Next is a sort

of 7 Jacobi identity” for such quasi-commutators.

Lemma 7.2. For any three elements x,y, z of an associative algebra and any three scalars
a,b,c
2. 19 Zlalo = [ Yles 21w + cly, 2 2 ] (7.23)

c

The proof of this statement is elementary. Next state a useful fact, which is a sort of Serre

relation for ”adjacent root vectors” of higher weights.

Lemma 7.3. Suppose some elements y, z, x of an associative algebra satisfy the identities

v, [y, zlplo-1 =0, [z,[2,y]a]a-r =0, [z,2] =0. (7.24)

for some invertible scalars b,a. Then [[x,y]a, [[%, Y4, 2]p]s-1 = 0.
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Proof. Put A= (b+0b"') and B = (a +a™'). The relations (7.24) imply the equalities

0 = Blay)’z — (yx)(ay)z — AB(zy)z(zy) + Alyx)z(zy) + Bz(zy)® — z(yz)(zy),
0 = B(yz)*z — (yz)(zy)z — AB(yx)z(yx) + A(yz)z(zy) + Bz(yz)® — z(yx)(xy).

Sy

The first line is a result of multiplication of the left identity (7.24) by z? on the left and
using the second and third identities (7.24). The second line is produced in a similar way,
multiplying the left equality by 22 on the right.

Multiply the second line by a? and add to the first line. The resulting equation will take
the form

0= B[[Iv y]av HLL’, y]av Z]b]lflv

as required. O

Remark that the hypothesis of the lemma is symmetric with respect to replacement of
a by a=!, as well as b by b~'. Therefore, this replacement can be made arbitrarily in the
statement.

It follows that if pairs z,y and y, z commute as adjacent root vectors and x, z as distant
root vectors, then the [z,y], commutes with z as with y, as thought z does not notice the

presence of x in [z, y],.

Lemma 7.4. Suppose x,y, z satisfy the relations

[y7 [yvx]4]¢fl = 07 [y7 [yv Z]Q]q71 = 07

and x commutes with z. Then

[y, [, [y, 2]le] = 0. (7.25)

Proof. Using the ”Jacobi identity” 7.23 with a = c=¢, b =1 we get

[y7 [LL’, [yv Z]Q]Q] = [[yv x]‘]’ [y7 Z]Q] + [SL’, [y7 [yv Z]Q]lfl'

The right-hand side is zero: the first term vanishes as proved, the second due to the assump-
tion. This proves (7.25). O

1

Remark that ¢ can be replaced by ¢~ in the two assumption equalities arbitrarily, as the

double commutator [y, [y, z],],~1 is stable under this transformation.

20



Proof of Proposition 4.3. Let v = a + pu, where « is a simple positive root.

ler, f5] = leas eulgs [fus falal = [lleas eulqs fuls falg + [fus [[eas €ulqs falla
= [[ea, [en; fullgs falg + [fus [[as fol; €uldla

hy ha _ ,—ha
= H%%]q,fa] oo | = el
—o (] = 2 P
= %[ea, fa]q_h“ - Z — g_l [fus eu]qha
ha . —ha hy _ o —hy hothy o —ha—hy
= %q_h“ - %qh“ -1 - L
q—dq q—dq q—dq
1 _
(s fura) = lew Uy Fuldd = Uy 72](1 - q_—j_lf»,q—hﬂ ="' fg"
hy _ o —h, 1
ersfu) = ey el = (5= o Sl = = ™ =
[e'w f/ﬁ-’y—i—u] - [67, [f'y-l—ua fu]ti] = _q_l[fuq_hﬂ/a fu]é = _q_l(fuq_hwfu - (jfufuq_hﬂ/) =
= _q_l((jfufuq_hﬂ/ - (jfufl/q_h’y) =0
[€u+w fv+u] = [[ewev]m Lfo, fld = [ [[ewev]m fHlla= 11, [em [6% Fllda
¢ —q™ 1—¢ I h
= [fu, [ew ﬁ]q]a = —q — q_1(1 —q)fveng ™

= (q—q "“feq ™

Proof of Corollary 4.4.

k -1 1
[elm p,—i—'y] = —q f,ﬁ-»yqu P — q fu+'yf’yq #futry +
%
q
= —q lfu—i-'yf’*/q 1+1fp+'yf’yq h,u+ - fp,—i—'yf’yq
k h k-2
[6’77 y,—i—'\/] = f,uq 7 /J—|—fy + f#+'¥fﬂq Aty + ...
_ _ _ q
= ¢ TP+ = " fufﬁ+§qh”
—hsy
k k— 1q q k— 2q —q
e fyl = [T ———+ 1, 7]‘ +...
S 1= q g—qt "7
hy—2 o —hot2
q Py — q qr T —q 7
= (= S i I
q—q q—4q
_ fk—1<qhﬂ,+1 1—g 4gl 1—g* )
! (¢—q')? (¢—q')?
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Erratum to the journal version

1. Definition of S* before Proposition 3.3 should be as
Denote by S* = )\(S(_l))S(f)@Sf))\*(Sf)), where S_®S is a lift of Sea o € My QM.
to Un(p™) @ Un(p™).

It turns to the journal version if the lift is appropriate.

2. Page 9, the ordering on roots (after definition of e, and €,):
The roots can be written in an orthogonal basis {e;}_, of weights of the natural repre-
sentation as €; —¢e;, 1,j = 1,...,n, i # j. The lexicographical ordering on pairs (i, j)
induce an ordering on positive roots €; — €5, 1 < j, consistent with the ordered basis
(Oél, g, ... ,Oén_l) C f)*

3. Formula (5.14): the scalar factor should be ¢ rather than ¢~

4. In Theorem 6.3 and Corollary 6.4: x and y should be interchanged. Another way to
fix this error is to understand by -, the opposite multiplication in the RTT dual in
Corollary 6.3; then Uy should be taken with the opposite comultiplication.

The star product of Corollary 6.5 is correct because the classical multiplication in C[G]

1S commutative.
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