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Abstract
We show that the idempotent completion and weak idempotent completion of an extriangu-
lated category are also extriangulated.
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1 Introduction

Extriangulated categories were introduced by Nakaoka and Palu in [13] as a simultaneous
generalisation of exact categories and triangulated categories in the context of the study
of cotorsion pairs. The known classes of examples of extriangulated categories include
exact categories, triangulated categories and extension-closed subcategories of triangulated
categories; see [13, Example 2.13, Remark 2.18, Proposition 3.22(1)]. There are many extri-
angulated categories which a neither exact nor triangulated. For example, it is shown in [8,
Theorem 2.4] that the category of Cohen-Macaulay differential graded modules over cer-
tain Gorenstein differential graded algebras is extriangulated. Another is the subcategory
K =10 (proj A), which is the subcategory of complexes concetrated in degree -1 and degree
0in K b(proj A), where A is an Artin algebra; see [15, Proposition 4.39]. For other construc-
tions of extriangulated categories which are neither exact nor triangulated; see for example,
[13, Proposition 3.30], [19, Example 4.14 and Corollary 4.12].

Let A be an additive category. A morphism e: A — A in A is said to be idempotent if
e? = e. The category A is said to be idempotent complete (or have split idempotents) if every
idempotent morphism in A admits a kernel. Every additive category A can be embedded
fully faithfully into an idempotent complete category A called the idempotent completion
(also called the Karoubi envelope); see for example [3, Remark 6.3]. The property of being

Communicated by Bernhard Keller.

B Dixy Msapato
mmdmm@leeds.ac.uk

1 School of Mathematics, University of Leeds, Leeds LS2 9JT, UK

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10485-021-09664-8&domain=pdf
http://orcid.org/0000-0001-9376-4648

500 D. Msapato

idempotent complete is often desirable and has interesting consequences. For example, in
defining n-Abelian categories for n > 2, one of the required axioms is that the underlying
additive category is idempotent complete, see [7, Definition 3.1]. Abelian categories ( note
that 1-Abelian categories are precisely Abelian categories) are idempotent complete, how-
ever for n > 2, idempotent completeness is independent of the other axioms of n-Abelian
categories. One important consequence of idempotent completeness in the definition of n-
Abelian categories is that of the existence of n-pushouts, see [7, Theorem 3.8]. Furthermore,
an additive category A is Krull-Schmidt if and only if it is idempotent complete and the
endormorphism ring of every object is semi-perfect, see [10, Corollary 4.4]. So by taking the
idempotent completion of extriangulated categories, one could possibly obtain Krull-Schmidt
extriangulated categories.

An additive category A is called weakly idempotent complete if every retraction has
a kernel, or equivalently if every section has a cokernel [3, Definition 7.2]. Every small
additive category can also be fully faithfully embedded into a weakly idempotent complete
category A called the weak idempotent completion; see for example [3, Remark 7.8]. The
property of being weakly idempotent complete also has many interesting consequences. For
example, if A is a weakly idempotent category, then A has a unique maximal exact structure
with respect to the stable exact sequences, see [4, Theorem 3.5]. If A is an exact weakly
idempotent category, then an exact model structure on A corresponds to Hovey triples on A,
see [5, Corollary 3.4]. In the context of extriangulated categories, Nakaoka and Palu show
that there is a correspondence between admissible model structures and Hovey twin cotorsion
pairs, under the assumption that the extriangulated category satisfies the WIC conditions (see
Conditions 3.32); we refer the reader to [13, §5] for more details. The WIC conditions are
often assumed in the literature on extriangulated caetgories. In the case of exact categories,
the WIC conditions are equivalent to the category being weakly idempotent complete; this is
shown in [3, Proposition 7.6]. Triangulated categories trivially satisfy the WIC conditions and
are weakly idempotent complete, but the analogous statement for extriangulated categories
is not known. However, we are able to prove a partial statement: if an extriangulated category
satisfies the WIC conditions, then it is weakly idempotent complete; see Proposition 3.33.

When A is a triangulated category, it has been shown that the idempotent completion A
is also triangulated; see [1, Theorem 1.5]. It has also been shown [11, Theorem 2.16] that the
idempotent completion of a left triangulated category is again left triangulated, and likewise
for right triangulated categories. When A is an exact category, it has also been shown that the
idempotent completion and the weak idempotent completion are exact; see [3, Proposition
6.13, Remark 7.8]. In this paper we will unify these results by showing that when A is
extriangulated then the idempotent completion and the weak idempotent completion are
also extriangulated. In doing so, we also add to the family of examples of extriangulated
categories.

Independent work by [18] has also shown that the idempotent completion of an extriangu-
lated category is extriangulated. Although the result is the same, our work offers a different
perspective. For example, the Ext! functor of the idempotent completion in our paper has a
different description to that of [18]. Our description of the biadditive functor has the advan-
tage of allowing us to easily observe that the Ext'-groups of an idempotent completion A
(and weak idempotent completion A) are subgroups of the Ext!-groups of A. In particular,
the Ext! bifunctor on A (and fl) behaves like a subbifunctor of the Ext! bifunctor on A, in
the sense of [6, Definition 3.7]. Our alternative perspective also leads us to a proof of the main
theorem which is quite different to the proof presented in [1] for the triangulated case and
[18] for extriangulated case. In our work, the role of the idempotent morphisms is clarified
and the extriangles of the idempotent completion (and weak idempotent completion) have an

@ Springer



The Karoubi envelope and weak idempotent completion of an... 501

explicit description which isn’t available in the treatment of [1] and [18]. As a consequence,
with some additional work, we can prove that the weak idempotent completion is also extri-
angulated as a corollary to the fact that the idempotent completion is extriangulated. We do
so by showing that the weak idempotent completion is an extension-closed subcategory of
the idempotent completion; to the best of our knowledge, this additional result has not been
shown in the triangulated or exact or extriangulated case.

This paper is organised as follows: in §2, we recall the necessary theory of idempo-
tent completions, weak idempotent completions and the theory of extriangulated categories.
Finally, in §3, we show that the idempotent completion and weak idempotent completion of
an extriangulated category are also extriangulated.

2 Idempotent completion and extriangulated categories.

In this section, we recall the basic theory of idempotent completions of additive categories,
weak idempotent completions of additive categories and the theory extriangulated categories
as introduced in [13].

Let us set the common notation for this section. Let A be an additive category. Given
objects X, Y in A we will write A(X, Y) for the group of morphisms X — Y. For an object
X in A we denote the identity morphism of X by 1y.

2.1 Idempotent completeness and weakly idempotent completeness.

Definition 2.1 [9, Definition 1.2.1,1.2.2]. Let A be an additive category. We say that A is
idempotent complete if for every idempotent morphism p: A — A (i.e. p> = p)in A, there

is adecomposition A = K@ of A suchthat p = <8 10 > with respect to this decomposition.

I
Proposition 2.2 [3, Remark 6.2]. An additive category A is idempotent complete if and only
if every idempotent morphism admits a kernel.

Every additive category A embeds fully faithfully into an idempotent complete category
A. The category A is commonly referred to as the idempotent completion or as the Karoubi
envelope of A.

Definition 2.3 [1, 1.2 Definition]. Let A be an additive category. The idempotent completion
of A is denoted by A and is defined as follows. The objects of A are the pairs (A, p) where A
is an object of A and p: A — A is an idempotent morphism. A morphism in A from (A, p)
to (B, gq) isamorphismo: A — B € A such that 0 p = go = o. For any object (A, p) in
A, the identity morphism 14, ) = p.

Proposition 2.4 [3, See e.g. Remark 6.3]. Let A be an additive category. The Karoubi enve-
lope A is an idempotent complete category. The biproduct in A is defined as (A, p)®(B, q) =

(A® B, p®q). There is a fully faithful additive functori g : A — A defined as follows. For
an object A in A, we have that i g (A) = (A, 14) and for a morphism f in A, we have that

ialf)=r.
The Karoubi envelope is unique with respect to the following universal property.

Proposition 2.5 [3, Proposition 6.10]. Let A be an additive category and let B be an idem-
potent complete category. For every additive functor F: A — B, there exists a functor
F: A — B and a natural isomorphism a: F = Fig.
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We now introduce the related notion of a weakly idempotent complete category. To do,
we must first recall the following definition which stems from work by Thomason on exact
categories with weakly split idempotents, see [17, A.5.1.].

Definition 2.6 [3, §7]. Let A be an arbitrary category. A morphism r: B — C is called a
retraction if there exists a morphism ¢ : C — B suchthatrq = 1¢. A morphisms: A — B
is called a section if there exists a morphism #: B — A such thatts = 14.

Ifr: B — Cisaretraction withasections: C — B then the composition sr is an idempotent
morphism. This idempotent gives a decomposition of B in the sense of Definition 2.1 if the
morphism r admits a kernel. See [3, Remark 7.4] for more details.

Proposition 2.7 [3, Lemma7.1]. Let A be an additive category. Then the following statements
are equivalent:

1. Every section has a cokernel.
2. Every retraction has a kernel.

Definition 2.8 [3, Definition 7.2]. Let A be an additive category. Then A is said to be weakly
idempotent complete if every retraction has a kernel. Equivalently, A is weakly idempotent
complete if every section has a cokernel.

Every small additive category A embeds fully faithfully into a weakly idempotent complete
category A. We call the category A a weak idempotent completion of A. The construction
of the weak idempotent completion A is similar to that of the idempotent completion A.

Definition 2.9 [16, Definition 3.1]. Let.A be any category and A an objectin €. Anidempotent
morphism e: A — A is said to split if it admits a retraction r: A — X and a section
s: X —> Asuchthatsor =ce¢andros = 1y.

Definition 2.10 [14, 1.12]. Let A be a small additive category. The weak idempotent com-
pletion of A is denoted by A and is defined as follows. The objects of A are the pairs (A, p)
where A is an objectof Aand p: A — A is an idempotent morphism that splits. A morphism
in A from (A, p) to (B, q) isamorphismo: A — B € Asuchthatop = go = o. For any
object (A, p) in A, the identity morphism 14, ) = p.

Proposition 2.11 [3, E.g Remark 7.8]. Let A be a small additive category. The weak idem-
potent completion A is weakly idempotent complete. The biproduct in A is defined as
(A, p)® (B,q) = (A® B, p ® q). There is a fully faithful additive functor jq: A — A
defined as follows. For an object A in A, we have that j4(A) = (A, 14) and for a morphism
fin A, we have that j4(f) = f.

Proposition 2.12 [3, Remark 7.8]. Let A be a small additive category and let B be a weakly
ldempotent complete category. For every additive functor F: A — B, there exists a functor

F: A — B and a natural isomorphisma: F = FJ_A

The reader is directed to §6 and §7 of [3] for a more extensive exposition of idempotent
completeness and weakly idempotent completeness.
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2.2 Extriangulated categories.

In this section, we will recall mostly from [13] the basic theory of extriangulated categories
needed for this paper. Through out this subsection, € will be an additive category equipped
with a biadditive functor E: C°? x € — Ab, where Ab is the category of Abelian groups.

Definition 2.13 [13, Definition 2.1]. Let A, C be objects of C. An element § € E(C, A) is
called an E-extension. Formally, an E-extension is a triple (4, §, C).

Since E is a bifunctor, for any a € C(A, A’) and ¢ € C(C’, C), we have the following
[E-extensions:

«8:=E(C,a)(8) € E(C, A),
c*8:=E(c°P, A)(8) e E(C’, A) and
c*a.8 = a,c*8:=E(c’?, a)(8) e E(C', A).

We will abuse notation by writing E(c, —) instead of E(c°P, —).

Definition 2.14 [13, Definition 2.3]. Let (A,8,C) and (A’,8’,C’) be any pair of E-
extensions. A morphism (a, ¢): § — § of E-extensions is a pair of morphisms a € C(A, A”)
and ¢ € G(C, C’) such that:

a8 = c*8’.
Lemma 2.15 [13, Remark 2.4]. Let (A, §, C) be an E-extension. Then we have the following.
1. Any morphism a € C(A, A") induces a morphism of E-extensions,
(a,1¢): 6§ — a,d.
2. Any morphism ¢ € C(C’, C) induces a morphism of E-extensions,
(1a,0): c*6 — 6.

Definition 2.16 [13, Definition 2.5]. For any objects A, C in C, the zero element 0 € E(C, A)
is called a split E-extension.

Definition 2.17 [13, Definition 2.6]. Let § € E(C, A) and §' € E(C’, A’) be any pair of
E-extensions. Letic: C - C@®C andic: C' — C @ C’ be the canonical inclusion maps.
Let pas: A® A" — A,and py: A@ A — A’ be the canonical projection maps. By the
biadditivity of E we have the following isomorphism.

EC®C,A®A)=E(C,A)DE(C,A)DEC, A)®E(, A

Lets®d € E(CHC’', Ad A') be the element corresponding to (8, 0, 0, §’) via the above
isomorphism. If A = A" and C = C’, then the sum § + §’ € E(C, A) is obtained by

§+8 =E(Ac, Va)3 @8,

whereAC:<1):C—>CEBC,andVA:(1,1):A@A—>A.

1

Definition 2.18 [13, Definition 2.7]. Let A, C be a pair of objects in C. Two sequences of

morphisms A — B 2, C,and A > B’ =5 C in € are said to be equivalent if there
exists an isomorphism b € C(B, B’) such that the following diagram commutes.
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A—2sB2sC
b

X/

A5 B ;> Cc
We denote the equivalence class of a sequence A B C,by [A LAy JEIN Cl.
Definition 2.19 [13, Definition 2.8]. Let A, B, C, A’, B/, C’ be objects in the category C.
['4] 01
1. We denote by 0 the equivalence class [A S AecC Cl.
2. For any two equivalence classes [A BN BN Cland [A’ 5L C’], we denote

by [A = B -5 Cle (A -5 B s ('] the equivalence class [A @ A’ *2%

BB cac)

Definition 2.20 [13, Definition 2.9]. Let s be a correspondence associating an equivalence

class s(§) = [A ELIG; RN C] to any E-extension § € E(C, A). We say that s is a
realisation of E if the following condition (o) holds.

(o) Let 8 € E(C, A) and 8 € E(C', A') be E-extensions, with (3) = [A 2 B -5 (]

and s(8') = [A’ i) B’ — C']. Then for any morphism (a, ¢): § — &' of E-extensions,

there exists b € C(B, B’) such that the following diagram commutes.

A—2yB-2sC
o
x, ’

A B’ y c’

In this situation, we say that the trlple of morphlsms (a, b, ¢) realises (a c). For é €
E(C, A), we say that the sequence A 2 B L5 C realises § if s(§) =[A 2L Cl.

Definition 2.21 [13, Definition 2.10]. A realisation s is said to be an additive realisation if
the following conditions are satisfied,

1. For any objects A, C in C, the split E-extension 0 € E(C, A) satisfies
5(0) = 0.
2. For any pair of extensions § and &', we have that,
(3@ 8) =5(8) ds(s).
We are now in a position to define an extriangulated category.

Definition 2.22 [13, Definition 2.12]. Let C be an additive category. An extriangulated cat-
egory is a triple (C, E, s) satisfying the following axioms.

(ET1) The functor E: C°P x € — Ab is a biadditive functor.
(ET2) The correspondence s is an additive realisation of E.
(ET3) Let § € E(C, A) and &' € E(C’, A’) be any pair of E-extensions, realised as

5(08) =[A ~ B4 C]l and 5(8') = [A’ i) B — Y C'] respectively. For any
commutative diagram
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A—>sp-2scC
Jo e

PURES ek

there exists a morphism ¢ € G(C, C’) such that (a,c): § — &' is a morphism of E-
extensions and the triple (a, b, c) realises (a, ¢).

(ET3)°P The dual of (ET3).

(ET4) Let § € E(D, A) and 8’ € E(F, B) be any pair of E-extensions, realised by the
sequences, A —f> B L) Dand B 5> C —8, F. Then there exists an object E in C,
a commutative diagram

Aty p
[ ool
Aty My E
e

F

!

in € and an E-extension §” € E(E, A) realised by the sequence A i> C L> E, which
satisfy the following compatibilities:

() s((f):8) = [D -5 E - F).
(i) d*8" = .
(i) f.8" = e*8.

(ET4)°P The dual of (ET4).

In this case, we call s an E-triangulation of C.

Definition 2.23 [2, Definition 2.31]. Let (G, E, 5) and (€', E/, ') be extriangulated cate-
gories. A covariant additive functor F: € — €’ is called an extriangulated functor if there
exists a natural transformation

I' ={T(c,a}c, aecrxe: E=E(FP—, F-)

of functors € x € — Ab, such that s(8) = [X —> ¥ — Z] implies that '(T"(z,x)(8)) =

F(y
(FA) 29 Fy 29 F(C)]. Here FOP is the opposite functor @ — €°P given by

F°P(A) = F(A) and F°P(f°P) = (F(f))°P. Furthermore, we say that F is an extriangulated
equivalence if F is an equivalence of categories.

We will conclude this section by introducing some useful terminology from [13] and stating
results about extriangulated categories which will be helpful for the rest of the paper.

Definition 2.24 [13, Definition 2.5, Definition 3.9]. Let (C, E, s) be a triple satisfying (ET1),
(ET2), (ET3) and (ET3)°P.

1. A sequence A 2 B L Ciscalled a conflation if it realises some E-extension
s e E(C, A).

2. A morphism f € C(A, B) is called an inflation if it admits some conflation A —f>
B— C.
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3. Amorphism g € C(B, C) is called a deflation if it admits some conflation A — B LN
C.

The terminology of conflations, inflations and deflations is also used in the context of exact
categories and triangulated categories analogously.

Definition 2.25 [13, Definition 2.19]. Let (C, E, s) be a triple satisfying (ET1), (ET2).

1. If a conflation A - B -2 C realises § € E(C, A), we call the pair (A L
C, $) an E-triangle or extriangle and denote it by the following diagram.

Ay B2y c oty
2.Let A—3B-23yC-%s and A 25 B 25 -5 beany pair of
E-triangles. If a triple (a, b, ¢) realises (a,c): § — §' we write it as in the following
commutative diagram and call (a, b, ¢) a morphism of E-triangles.

A—2spB-21yc-2y

le bl

A2 B o -y

Lemma 2.26 [13, Corollary 3.6]. Let (C, E, ) be a triple satisfying (ET1), (ET2), (ET3) and
(ET3)°P. Let (a, b, c) be a morphism of E-triangles. If any two of a, b, ¢, are isomorphisms,
then so is the third.

Lemma 2.27 [13, Proposition 3.7]. Let (C, K, s) be a triple satisfying (ET1), (ET2), (ET3)
and (ET3)°P. Let

A% B-tyc-2y
be any E-triangle in C. If f € C(A, X) and h € C(C, Z) are isomorphisms, then
x ©L7, p by RO
is again an E-triangle.
Corollary 2.28 Ler (C, E, 5) be a triple satisfying (ET1), (ET2), (ET3) and (ET3)°P. Let
A% B-tyc-by

be any E-triangle in C. Suppose we have the following commutative diagram,

A5 Bty
voole e

Xy z
where the morphisms f, g, h are isomorphisms. Then it follows that

1
e y Zf*(h s

is an E-triangle.

Proof By Proposition 2.27,
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of~! 1 *§
x @\ g hob )

is an E-triangle. Now consider the following diagram.

x /5 g by 4

[

X 5y -2z
Observe that it commutes, therefore it is an equivalence, which implies that

" ]*3
X 2y 2y M)

is an E-triangle. O

The following two propositions are special cases of propositions from [6] which are stated
for general n-exangulated categories, but here we are restating them in the case of extrian-
gulated categories which are in fact the same as 1-exangulated categories by [6, Proposition
4.3].

Proposition 2.29 [6, Proposition 3.3]. Let (C, E, s) be a triple satisfying (ET1), (ET2), (ET3)

b ]
and (ET3)°P. Let (A - B>, 8) and (X Sy L Z, p) be pairs consisting of a
sequence of morphisms and an E-extension. Then the following statements are equivalent.

1. (A@X@;B@Y—)C@Z Seap)lsanIEZrlangle

2. Both (A 4. B —> C,d8)and (X Sy L Z, p) are E-triangles.

Proposition 2.30 [6, Corollary 3.4]. Let (C, E, s) be a triple satisfying (ETI1), (ET2), (ET3)
and (ET3)°P. Suppose that

X u

)

XOA—'YOA—'Z -2
is an E-triangle. Then fort =x —uovand p =[1,0]: X A - X,

y 8
X Ly Lyz
is an E-triangle.

Proposition 2.31 [13, Corollary 3.12]. Let (C, E, ) be an extriangulated category. For any
E-triangle A =5 B SR AN oA , the following sequences of natural transformations

are exact.

C(

e, —) ) ep, - L)

CA, —) =2 B(C. ) 2P R, —) D RA, )

(‘3( ,X)

e— A Yo, B i e, 0) 2 B—, 4) "R, B =X E(-, 0)

The natural transformations 8% and 8y are defined as follows. Given any object X in C,
we have that

1. Mx:CA, X) > E(C,X); g+ [,

@ Springer



508 D. Msapato

2. Bp)x:CX,C) > EX,A); f— f*6.
The exactness of the first sequence of natural transformations means that for any object

X in C, the sequence

C(y,X) e, X) E(y.X)

e, x) X eA, x) %, E(C, X) X EeX)

G, X)) — — E(B, X) —" E(A, X)

is exact in Ab and likewise for the second sequence.

Proposition 2.32 /13, Proposition 3.3]. Let (C, E, s) be a triple satisfying (ET1) and (ET2).
Then the following are equivalent.

1. (C, E, s) satisfies (ET3) and (ET3)°P.

2. For any E-triangle A —» B 2y c -4 , the following sequences of natural
transformations are exact.

eC, —) 2P eB, -y P e, —) 2 BC, —) LY E(B, -)

- M) e, B) = e, 0) 2 B(—, 4) E(-, B)

Lemma 2.33 []3, Lemma3.2]. Let (C, E, s) be atriple satisying (ET1),(ET2), (ET3), (ET3)°P.
Then for any E-triangle, A —5 B 25 c -4 , the following statements hold:

1. yox =0,
2. x,6 =0,
3. y*§ =0.

Proposition 2.34 [12, Proposition 1.20]. Let (C, E, s5) be an extriangulated category. Let
A2 B Lo

be an E-triangle, let f: A — D be any morphism and let
D -4 E - ¢

be an E-triangle realising f.8. Then there is a morphism g such that the following diagram
commutes

Ay B0ty

ool

D -4 E < c -

-f
()9, e
andthat A — D@ B —" E --=» is an E-triangle.
Dually, let
A2 B2y c -
be an E-triangle, let h: E — C be any morphism and let

AL p 5 g1
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be an E-triangle realising h*§. Then there is a morphism g: D — B such that the following
diagram commutes

A% D4 EM

e b

A2 B2 -

(—;) (h y)

andthat D — E® B — C —d—*§> is an E-triangle.

The following proposition is a special case of [6, Proposition 3.6] which applies to general
n-exangulated categories. But here we are restating the statement just for extriangulated
categories, which are the same as 1-exangulated categories. The statement of [6, Proposition
3.6] is a consequence of (ET2) and Proposition 2.34, or axioms (R0) and (EA2) respectively
in the language of [6].

Corollary 2.35 [6, Proposition 3.6(2)]. Let (C,E,s) be an extriangulated category. Let

A B-byc-f and X v 7Z-% be E-triangles. Suppose we
have the following solid commutative diagram.

A Bty c-5y

I

Ay Lz

Then there exists a morphism w: C — Z such wb = yu, w*8 = ¢ and that the following is

an E-triangle,
<_b)
u (w y)

B Y cay—'z

3 Idempotent completion of extriangulated categories.

For the rest of this section, let (C, E, s) be an extriangulated category and let @ and C be the
idempotent completion of € and the weak idempotent completion of € respectively. Note
that in order to consider €, we have to further assume that C is a small category.

3.1 Idempotent completion.

Theorem 3.1 Let (C, E, 5) be an extriangulated category. Let C be the idempotent completion
of C. Then Cis extriangulated. Moreover, in this case the embedding ic: C — Cis an
extriangulated functor.

Our first step in proving the above theorem is the construction of a bifunctor F':_ CP x @€ —
Ab for the extriangulated structure. Given a pair of objects (X, p) and (Y, ¢) in C, we define
IF on objects by setting,

F((X, p), (¥, )):=p"¢:E(X, Y) = {p*q:8 | § € E(X, V)}.
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Lemma3.2 Let p: X — X and q: Y — Y be morphisms in C. Then p*q,E(X,Y) =
{p*q«d |8 € E(X,Y)}is asubgroup of E(X, Y).

Proof Observe that p*g,E(X, Y) is the image of E(X, Y) under the group homomorphism
E(p, q), therefore p*q,E(X, Y) is a subgroup of E(X, Y). m}

By Lemma3.2, p*q.E(X, Y) is an Abelian group. We now need to define IF on morphisms.

Leta: (X, p) — (Y, q) and ﬂ (U,e) — (V, f) be any pair of morphisms in e. By
definition these are morphisms «: X — Y and 8: U — V in Csuchthatep = g = o and
Be= fB=pB.Takee € F((Y, q), (U, ¢)), we have that ¢ = g*e, 5, for some §, € E(Y, U),
hence we observe that

Bia*e = Bra*q e Sy = Bresaq 8. = (Be)s(q)*S,
= (fB)«(ap) s = f*ﬁ*P*(x*(Ss = p* fu(@™Bsde).

Since a* B3, is in E(X, V) we have that o™ B¢ is an element of F((X, p), (V, f)).

For the pair (&, 8) we define F(@°?, B): F((Y,q), (U, e)) — F(X, p), (V, f)) as fol-
lows. For ¢ € F((Y, q), (U, e)) we set F(@°®, g)(e):=B«a*e. It is easy to observe that
preserves identity morphisms from the above definition. Let (a7, /§ 1) and (a>, /§2) be a pair
of composable morphisms in @ % € and (a1, B] ,52) be their composition. Then,

F((d1d2)*®, B1B2)(e) = F(axPc1 P, B1B2)(e)
= BrBox (@)’ e = Prufasaioze = Praa] facae,

so IF preserves composition. This completes the definition of the bifunctor IF': CP x @ — Ab.

Our next step will be to verify that [F: G x @ — Ab is a biadditive functor. We will
only show that [ is additive in the second argument since the proof for additivity in the first
argument is dual.

Proposition 3.3 Fix (X, p) in C. Then the Sfunctor F((X, p), —): C — Ab is an additive
functor.

Proof For the zero object (0, 1) in é, we have that F((X, p), (0, 19)) = p*(19):E(X, 0) =
{0}.

Now let (U, e) and (V, f) be any pair of objects in C. Denote by Fgeav the Abelian group
F(X,p),UdV,ed f)) ={p*(ed f)b |6 € E(X,U & V)}. We also denote by IF%
the Abelian group F((X, p), (U, e)) = {p*e.e | ¢ € E(X, U)}. We likewise denote by }F}‘g
the Abelian group F((X, p), (V, f)) = {p* fut | T € E(X, V)}.

Since E is a biadditive functor, there is a group isomorphism ¢: E(X,U & V) —
E(X, U)®E(X, V), where an E-extensioné € E(X, U® V) corresponds to ¢(8) = (éy, §v)
for some §y € E(X, U) and 8y € E(X, V).

Define the map G : F{®Y — F{ @ FY, by setting G (p* (e ® f)+8) = (p*exdu, p* fxdv)
where ¢(8) = (§y, 8y) for some §y € E(X, U) and §y € E(X, V). Observe that for any
pair p*(e @ )8 and p*(e ® f).e where ¢(8) = (Sy, dv) and ¢(¢) = (ey, ey) we have
that (8§ + &) = () + ¢(e). So

G(p*(e® [)b+p (e D f):e)=G(p* (e ® )x(8+€))=(p ex(Su+ev), p e«(Sy +ev))
= (p*esdu, p* fudv) + (pTescu, p* frev) = G(p*(e ® [)«8) + G(p™ (e @ [)x8).

Hence G is a group homomorphism.
Define the map H: FY @ FY — F{®Y by setting H(p*e.dy, p* fudv) = p*(e @
f)«6 where (p_l((SU, Sy) = 6 for some § € E(X,U & V), and where 6y € E(X, U) and
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8y € E(X, V). Take any pair (p*e.y, p* fidv) and (p*ese, p* frev) in F{ @ Fy. Then if
¢~ 'y, dy) =8 and ¢~ (ey, ev) = & then o~ (b + eu. 8v + &v)) = ¢~ ' (Bu. dy) +
9 ey, ev). So
H((p*exdu, p* fx8v) + (pexeu, p* fxev)) = H(p*es(Bu +ev), p* fx (v +ev))
=p e ) +e) = p e® )8+ p (e ® f)se = H(p exdu, p* fidv)
+H(p*eseu, p* frev).
Hence H is a group homomorphism.
We claim that G o H = IF%@F;. Take (p*e.dy, p* f:dv) € IF% @ ]F; and suppose
¢~ '8y, 8y) = 8. Then H((p*esdu. p* f+8v)) = p*(e @ f)«. Since $(8) = (Su. 8v), we
have that

GH((p*esdu, p* fx8v)) = G(p* (e ® [)+8) = (p*exdu, p* fidv).

We also claim that H o G = 1]F%€BV. Take p*(e @ f)«0 € IF)I?EBV and suppose ¢(§) =
(8u, 8v). Then G(p*(e ® f)«8) = (p*e.du, p* f+8v). Since ¢~ 18y, 8y) = 8, we have
that

H(G(p*(e ® f)x0)) = H((p*exdu, p* fudv)) = p* (e ® [f)4d.
This shows that F((X, p), U@V, e f)) = F((X, p), (U, e)) ®F((X, p), (V, [)). There-
fore the functor F((X, p), —): € — Ab is additive. O

Proposition 3.4 Fix (X, p) in C. Then the functor F(—, (X, p)): C? — Ab is an additive
functor.

Proof The proof is dual to the proof of the previous proposition. O

Having verified that the functor F is biadditive, the next thing we need to do is to define a
correspondence which will be a realisation. In order to define the correspondence, we need
the following lemma. This lemma is a generalisation of [1, Lemma 1.13] in the setting of
extriangulated categories. The proof is also a straightforward adaptation.

Lemma3.5 Let (A, G, t) be atriple satisfying (ETI), (ET2), (ET3) and (ET3)°P. Let A, B, C

be objects of A. Let § be an extension in G(C, A) with t(§) = [A < B —h> C). Let
(e, f): 8 — & be a morphism of G-extensions where e: A — A and f: C — C are
idempotent morphisms. Then there exists an idempotent morphism g: B — B such that the
triple (e, g, f) realises the morphism of G-extensions (e, f): § — 6.

A% p-tyc
N

A%y p-tyc

Proof Since (e, f): § — § is a morphism of G-extensions and t is a realisation, there exists
amorphism i: B — B such that the following diagram commutes.
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Let h:=i% — i. Then we have that ha = (i*> — i)a = 0 and bh = b(i® — i) = 0 from the
commutativity of the above diagram and the fact that e and f are idempotent. By the exact
sequences in Proposition 2.32, b is a weak cokernel of a so there exists #: C — B such that
h = hb. So we observe that h> = hbh = 0.

Let g = i + h — 2ih. Since the morphisms i and & commute and 4> = 0 we have that
g> = i* 4+ 2ih — 4i®h. Since i*> = i + h we have that g = i + h + 2ih — 4ih = g.
We have that ga = ia + ha — 2iha = ia = ae, since ha = 0. We likewise have that
bg = bi + bh — 2bih = bi + bh — 2bhi = bi = fb. Therefore, the above diagram
commutes if we replace i with g. This completes the proof. O

Lemma 3.6 Let (A, G, t) be an extriangulated category. Let A, B, C be objects of A. Let § be
an extension in G(C, A) with t(§) = [A 4. B —b> C]. Let (e, f): § — § be a morphism
of G-extensions realised by (e, i, f) where e: A — A and i: B — B are idempotent
morphisms. Then there exists an idempotent morphism g: C — C suchthat (e, g): § — §is
a morphism of G-extensions realised by (e, i, g). Dually if we instead assume thati: B — B
and f: C — C are idempotent. Then there exists an idempotent morphismk: A — A such
that (k, f): § — & is a morphism of G-extensions realised by (k, i, f).

Proof Since (e, f): § — § is realised by (e, i, f), we have the following commutative
diagram.

b,

N

™
Q<0

_a,
_a,

B

Set h:=f2 — f. Then we have that
hb = f2b — fb= f(bi) —bi = (fb)i — bi = bi> — bi = bi —bi = 0.
We also have that
W8 = (f2 = )8 = f*f"8 — [0 = [reid — e
= €. (f*8) — €58 = (€2)48 — €48 = €48 — €48 = 0.
By Proposition 2.31 we have the following exact sequence in Ab.

e, A) %Y e, B) L e, o) P8 v, A) XY R(c, B) “SR R(C, ©)

Since h*§ = (8#)c(h) = 0, it follows from the exactness of the above sequence that there
exists amorphism /2: C — B such that i = bh. From this we can observe that h* = bhbh =
hbh = 0. Now set g:=f +h — 2 fh, as f and h commute and 22 = 0, we then have that

= (f+h—2fn*= f2+2fh—4fh.
By noting that 2 = f + h we obtain
P=f+h-2fh=g.
It is then easy to check that,

g¥8 = fT 8+ h"8 —2h* f*8 = ex8 + 0 — 2h% e, 8 = €8 — 2e,h*™8 = e,8 — 2¢,0 = e,6,
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and
gb=(f+h—-2fhb= fb+hb—2fhb=>bi +0—2f0=bi.

We have shown that g: C — C is an idempotent morphism such that (e, g): § — §isa
morphism of G-extensions realised by (e, i, g). The proof of the other statement is dual. O

Definition 3.7 Let v be the correspondence between F-extensions and equivalence classes of
sequences of morphisms in € defined as follows. For any objects Z, X in € and idempotent
morphisms p: Z — Z,q: X — X inC,let§ = p*g.¢e be an extensionin F((Z, p), (X, q))
such that

s(p*gse) = [X —> ¥ —> Z].
‘We set
t8):=[(X, q) =5 (v,r) 25 (Z, p)),

where r: Y — Y is an idempotent morphism such that rx = xq and yr = py obtained by
application of Lemma 3.5.

Remark 3.8 Before we can proceed any further, we need to show that the above definition
of v is well-defined in the following sense. Given an F-extension &, t(8) is defined in terms
of a choice of the representative s(5). We will show that it is independent of this choice.
Moreover, in the above definition, the idempotent morphism r: ¥ — Y such that rx = xq
and yr = py need not be unique. We will show that all choices of such an idempotent give
equivalent sequences.

Lemma3.9 Let § = p*q.e be an extension in F((Z, p), (X, q)) such that
s(p*gse) = [X — ¥ - Z].
For any object (A, e) € e, the following sequence in Ab is exact.

BUZ, p). (A, ) S P2AD By 1, (A, ) SELAD (X, ), (A, )

In particular, in the sequence
(X.q) =5 (Y,r) == (Z,p)

the morphism py is a weak cokernel of xq and the morphism xq is a weak kernel of py.

Proof Since (C, E, 5) is extriangulated and s(p*g.e) = [X Sy L Z], we have that
vy ox = 0 by Lemma 2.33. So it follows that for f € C((Z, p), (A, e)),
(fopy)o(xq)=(fp)(yox)=0.

That is to say im(C(py, (A,e))) < ker(C(xq,(A,e))).

Recall that r is an idempotent such that xg = rx and py = yr.Giveng € é((Y, r), (A, e))
such that g o xg = 0, we have that gxg = grx = 0. By the exactness of the sequence in
Proposition 2.31, y is a weak cokernel of x, so we have that there exists amorphismhi: Z — A
such that gr = hy. Since gr = hy we have that

gr = gr’ = hyr = hpy.
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Moreover for the morphism ehp: (Z, p) — (A, e) we have that
gr = egy = ehpy = ehppy = (ehp) o py.

This is to say gr € im(C(py,(A,e))), in particular ker(C(xq,(A,e))) € imC(py,(A,e))).
This completes the proof. O

Proposition 3.10 Let § be an extension in F((C, p), (A, q)) realised under s by the following
sequences,

AL B,
A5y S
Then given idempotentsr: B — B and w: Y — Y such that
aq =ra, pb=br and xq = wx, py = yw (D
the following sequences are equivalent,
A.q) % 8.1 % (. p).
(A, q9) => (Y, w) => (C, p).

That is to say, v is well-defined.

Proof Since the sequences A 4. B —h> C,and A 5 v -2 C both realise é, they are
by definition equivalent in C. That is to say we have the following commutative diagram,

A4 p-tyc
Il @

A2y y 2y

where the morphism f: B — Y is an isomorphism. Now consider the following diagram.

(A.q) L (B.r) L2 (€. p)
‘ lwfr ‘ (3)
A9 -5 v, w) 25, p)

From the relations in (1) and those arising from the commutative diagram (2), we can observe
the following,
wf(raq) = wf(aq) = wxqg = xq, “4)
py(wfr) = p(yfir = p(br) = pb. (5)

That is to say, diagram (3) commutes.

From (4) we can see that wfrag = wfagq therefore (wfr — wf)ag = 0. By Lemma
3.9, pb is a weak cokernel of ag, so there exists a morphism i : (C, p) — (Y, w) such that
wfr —wf = hpb. Since r is idempotent and satisfies the relations in (1), we have that

O=wfr—wfr= wfr2 — wfr = hpbr = hpb,
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in particular
wfr —wf = hpb =0.

Hence wfr = wf.

From (5) we have that py(wfr) = py(fr) therefore py(wfr — fr) = 0. By Lemma
3.9, we have that xq is a weak kernel of py and there exists a morphism g: (B,r) — (A, q)
such that wfr — fr = xqg. Since w is idempotent and satisfies the relations in (1), we have
that

0=wfr—wfr=w?fr—wfr=wxqg = xqg,
in particular
wfr — fr =xqg =0.

Hence wfr = fr. _
Now consider the morphism rf~'w: (¥, w) — (B,r) in C. Since wfr = wf and
wfr = fr, we can observe that

wirorf'w=wfrrf"'w=wfrfw=wf)flw=w,
rf Ywowfr =rf twwfr =rf Y wfr) =rf N (fr) =r.

This is to say the morphisms rf‘lw: Y, w) - (B,r) and wfr: (B,w) — (¥Y,w) are
mutual inverses in C. So diagram (3) does indeed give an equivalence of sequences in C. This
completes the proof. O

From Proposition 3.10 we conclude that ¢ is well-defined in the sense of Remark 3.8.

Lemma3.11 Let § be an extension in F((Z, p), (X, q)) with s(8) = [X Sy 5 Z]
and v(8) = [(X, q) ~5 (¥, r) 25 (Z, p)). Suppose that (X, q) = (W, s) = (Z, p)
is another sequence realising § as an F-extension. Then u = u1q and v = pv; for some
up: X > Wandvyi: W — Z.

Proof Since (X, q) LN (W, s) LN (Z, p) realises 8, there is an equivalence,

X, q) =5 v, 5 2, p)

H s |

X.q) == (W,s) == (Z, p)

where f is an isomorphism. Since the above diagram commutes fxqg = u and vf = py, so
setu; = fxand v, = yf~ L. O

Proposition 3.12 Let t be the correspondence defined above. Then t is an additive realisation
of F.

Proof Let § = p*q.e € F((Z, p),(X,q)) and &' = p*q.e’ € F(Z', p"), (X', q")) be
F-extensions with

s506) = [X -5 ¥ -5 7],
) = [(X,q) =5 (v, r) 25 (2, p)]
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and

s(8) =X > v 5 7,

) = (X', q) => (', r) =5 (Z, P,
Suppose that we have a morphism of F-extensions (a,c): § — &' for some a €
C((X,q), (X', q")andceC((Z, p), (Z', p),thatistosay F((Z, p), a)(8) =F(c, (X, ))(8).
In other words, we have the following diagram in C.

xq py

X, q) x,r) (Z,p)

Ja l ©)

X, q¢) = ',y 25 (2, p)

By definition we have that § = p*g.¢& and §' = p"*¢.&’ for some ¢ € E(Z, X) and some
¢’ € E(Z’, X'). Moreover the morphism a € C(X, X’) is such that ag = q’a = a, likewise
for ¢ € C(Z, Z') we have that cp = p’c = c¢. We also have by definition that

F((Z, p), a)(8) = ax(p*qxe) = F(c, (X, q))(8') = c*(p™*qe").
Therefore we have a morphism of E-extensions (a, ¢): p*q.e — p™q.¢’. In other words
we have the following solid diagram in C.

:
}

-
NN

3
|

Since s is a realisation, there exists a morphism b: ¥ — Y’ making the above diagram
commute. Recall that by Lemma 3.5, we have that rx = xq, yr = py, r'x’ = x'q’ and
y'r’ = p'y’. It then follows that r'br: (Y, r) — (Y’, r’) makes diagram (6) commute since,

r'brxq = r'b(rxq) = r'b(xq*) = r'(bx)q = r'x'(ag) = ('x"Ya = x'q'a

and

i

p'y'r'br = p'(y'rbr = (p'p)y'br = p'(y'b)r = p'c(yr) = (p'c)py = cpy.

So we conclude that t is a realisation of F.
Now we verify additivity of t. For any pair (Z, p), (X, q), we have that 0 = p*¢,0 and

Ix
5(0) = [X [—>°] xeoz 'Y z1=0.

By definition we have that

q
v(0) = [(X. q) 4] X.q) @ Z. p) Bz p.

since g = 1(x,4) and p = 1(z, p), we have that,

v(0) =0.
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£ PN

Now take a pair of F-extensions § = p*g.e € F((Z, p), (X, q)) and &' = p™q.e’ €
F((Z', p'), (X', q")). Since s is an additive realisation we have that

* 1

s(p*q.e ® pqie’) = s(p*qse) D s(pqLe).

As s(p*gee) = [X = Y —> Z]and s(p’*qle') = [X' = Y' = Z'], we have that

s(prae @ piee) =X X Brov ™ ze 7

By the definition of t we have that,
t®) = [(X,q) =% (v, r) 25 (Z, p)],
@) =X, ¢) = ', /) 2z, phl and

o) = (XeX. g0 Y yov rer2 707, pa ) .

‘We have that

’ N [X 0 q 0 _ (X4 0 _ /o
x®x)g®q) = <0x,) (0 q/) = (0 X'q =(xq) ® (xq),
likewise (p ® p)(y ®y') = py @ p’y’. Itis also easy to check that r & r’ is idempotent and
satisfies the required equations arising from Lemma 3.5. So it follows that
(8 @) = t(8) ® (5.

This completes the proof. O

So far we have constructed the triple (é, I, v). Since @is the idempotent cgmpletion of G,
it is an additive category. Propositions 3.3, 3.4 and 3.12 show that the triple (C, I, ) satisfies
axioms (ET1) and (ET2) of the definition of an extriangulated category, see Definition 2.22.
So what is left is to verify axioms (ET3), (ET3)°P, (ET4) and (ET4)°P.

Proposition 3.13 The triple (é, IF, v) satisfies the axioms (ET3) and (ET3)°P.

Proof Let § = p*q.e € F((Z, p), (X, q)) and &' = (p")*(¢")+&’ € F((Z', p), (X', q")) be
F-extensions with

s6) = [X - v -5 7],
) = [(X,q) =5 (v, r) 25 (2, p)],
whereby rx = xq and py = yr by Lemma 3.5 and
s(¢) = X' "> ¥ = Z'),
) =X, ¢) =L ', ) Sz, pl,

whereby r'x’ = x'q" and p'y’ = y'r’ by Lemma 3.5. Suppose we have the following
commutative diagram in C. Note that we have that ¢'a = ag = a and r'b = br = b by the
definition of morphisms in C.
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X,q) — (v,r) -2 (2, p)

la lb @

X', q) L v,y L (2, p)

We then have the following diagram in C.

J/a lﬂb,— i c (8)
’ \‘, p
5

Using the above relations, we have that
/ / 1. s i r ! !
r'orx =r'bxq =r'x'qa=r'r'xa=r'x'a=x'qa=xa

hence the left square of diagram (8) commutes. Since C is an extriangulated category, there
exists c: Z — Z' such that the diagram commutes and a.(p*g.e) = c*(p™*q.&’).
Consider the morphism p’cp: (Z, p) — (Z, p’), we have that

p'e(pp)y = p'c(py) = p'(ey)r = p'y'r'b(rr) = p'y' (r'br) = p'y'b,

so p’cp makes diagram (7) commute.
We also have that,

% 1! * Ik Ik )/ k ok Ik 1/

(P'ep)* (P qe)=p*c*p™ p™q.e' =p*c* P g = p*asp*qe =ai p*p*que = arp*que
therefore we have a morphism of F-extensions (a, p’cp): § — &, as required. This verifies
(ET3). The proof for (ET3)°P is dual. O

Before we can prove that C satisfies (ET4) and (ET4)°P. We first need to prove the upcoming
statements, which will play an important part in our proof of (ET4) and (ET4)°P.

Lemma 3.14 Let § be an extension in F((Z, p), (X, q)) where s(6) = [X BEIGSQNEN Z]
and v(§) = [(X,q) N Y,r) 2 (Z, p)I. Then the following sequences of natural
transformations are exact.

F(— (X.q)) 2R, (v.r) SRR (-, (Z. p)

F((Z, p). =) LR, ), —) SR (X, q). )

Proof Let (A, e) be any object in C. We need to show that the following sequence in Ab is
exact.

F(A,e). (X, @) “255((A, e), (. r) LB (A, e), (Z. p)).

Take 6 € F((A,e), (Y, r)). Recall that, by definition, we have that e*0 = r,.6 = 6.
Suppose that F((A, e), py)(0) = (py)«0 = 0. Recall that, by construction py = yr, hence
we have that 0 = (py)«0 = (yr)«0 = y«(r«0). In particular we have that .60 = 0 €
ker(EE(A, y)). By Proposition 2.31, the following sequence is exact in Ab.
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E(A, X) IE(A Y) IE(A Z)
Therefore we have that r,.0 = 0 = x.(0) for some o € E(A, X). Observe the following,
0 = e*0 = e"x,0 = x.(e¥0),
thus
(x@)«(e*0) = (rx)«(e*0) = ry(xie*0) = ry(6) = 0.

Therefore we have that (xq)+(g«e*0) = 6. In other words, 8 € im(F((A, ), xg)) and in
particular, ker(F((A, e), py)) < im(F((A, e), xq)).
Now take o € F((A, e), (X, q)), then

(PY)«((xq)50) = (pY)+(xxq+0) = px(yx)+(qs0) =0

since y o x = 0 by Lemma 2.33. Hence im(F((A, e), xq)) C ker(F((A, e), py)). The proof
of the dual statement is dual. This completes the proof. O

Remark 3.15 Since € satisfies (ET3) and (ET3)°P we have that C satisfies Proposition 2.32.
By Lemma 3.14, we see that € induces long exact sequences as in Proposition 2.31 without
requiring that C is an extriangulated category as a priori.

Corollary 3.16 Let § be an extension inF((Z, p), (X, q)) where 5(8) [X = Y 2 Z]
and t(§) = [(X, q) N Y,r) — (Z, p)]. Suppose that (X, q) LN (W, s) LN (Z, p)
is another sequence realising & as an F-extension. Then the following sequences of natural
transformations are exact.

F(— (X.q) = F(—, (W) = F(-. (2, p)

F((Z, p), —) IP‘((W s), —) ]F((X 9, —)
Proof Since (X, q) BN (W, s) LN (Z, p) realises §, there is an equivalence,

X, q) =5 v, 5 2z, p)

H s |

X.q) —= (W,s) == (Z, p)

Then, for any object (A, e) € € we have the following commutative diagram, where by
Lemma 3.14, the top row is exact.

F((A.e).(X. ) 2% F((A.e).(Y. ) L5 F((Ae).(Z. p))

| Ir |

F((A,e),(X,q) —= F((A,e),(W,s)) —= F((A,e),(Z, p))

From the above commutative diagram, it is easy to see that the bottom row is also exact. O

The following proposition is an analogue of Proposition 2.34 in e. Remarkably, we are able
to prove the statement of the following proposition without requiring € to be extriangulated
unlike in the statement of Proposition 2.34. We only require that (C, IF, t) satisfies axioms
(ET1) and (ET2).
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Proposition 3.17 Let § = p*q.e € F((C, p), (A, q)) be an F-extension where
5(8) =[A —> B =5 Cland t(d) = [(A, ) =5 (B,r) 2 (C, p)l.
Leth: (E, w) —> (C, p) be any morphism and suppose
s(h*8) = [A -5 D =% Eland v(h*8) = [(A, ¢) 2% (D, 5) % (E, w)].

Then there exists amorphism g: (D, s) —> (B, r)suchthat (1(a,q), h): h*8 — § is realised
by (1a,q)» & h). Moreover
(o)
g (h py)

N
t((dg)«8) =[(D,s) — (E,w)®(B,r) —>  (C,p)l.

Proof We apply Proposition2.34to A — B Ly -y the morphismh: E — C
and

A-% D45 g3
Then there is a morphism g: D — B such that the following diagram commutes

ALy p -ty g1

| kb ©
y )

A2 B Yyt

) ey

DA EeB—YC ¥

and that

Since h: (E, w) —> (C, p) is a morphism in @ we have that i = hw, therefore
h*8 = w*h*s = w*h™ p*g.e = whg (b p*e).
In other words 7*§ € F((E, w), (A, ¢)), so we have that
d
t(h*8) = [(4, q) —> (D, ) ~> (E, w)],

where s: D — D is an idempotent morphism such that dg = sd and we = es. Consider the
following diagram.

(A.q) 5 (D.s) 25 (E,w)
| Je=res [ (10)
(A,q) 25 (B,r) 25 (€, p) -

By diagram (9) and the relations # = hw = ph, we can observe that

(rgs)dq =rg(dq) =r(gd)qg =rxq = xq and
py(rgs) = (pyr)gs = (py)gs = p(yg)s = p(he)s = (ph)es = h(es) = hwe.
Therefore diagram (10) commutes and (1(4,¢), #) is realised by (1(4,¢), g, /).
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Since dg = sd, we have that
(dq)«8 = (sd)xp*qs& = s4dsp*qse = 55 p™ (dsqs8).
That is to say, (dq)«6 € F((C, p), (D, s)). By definition (E, w)® (B,r) = (E® B, w&r),

w0 . . . .
0 r> , which we observe is an idempotent morphism. Also observe that,

(52) ()= 0) = ()= ()

003) (57) = (w 3r) = (1 ).

where w @& r =

Therefore
()
gs (7 py)
t((dg)«8) = [(D,s) —> (E,w)® (B,r) —>  (C, p)],

as required. O

Corollary 3.18 Let ¢ = p*q.o € F((C, p), (A, q)) and § = t*q.60 € F((Z,1), (A, q)) be
F-extensions where

b
s(e) = [A —> B —> Cland v(e) = [(A,q) ~> (B,r) 2> (C. p)]
and
x y xq 1y
50 =[A— Y — Zlandt(§) =[(A,q) — (Y,s) — (Z,1)].
Suppose we have the following diagram, where the left square commutes i.e. uaq = xq.
(A.q) <% B.r) % (C.p) -5

| L

A, q) =L (v,5) 25z, 1) -

Then there exists a morphism w: (C, p) — (Z,t) in @ such wpb = tyu, w*s = ¢ and
that the following is an F-triangle,

—pb

( ) (aq)+8

B.r) (€. ;)& (V. 5) sz 1) 9L

Proof This statement is the analogue of the statement of [6, Proposition 3.6] (Corollary 2.35).
The proof of [6, Proposition 3.6] is a consequence of (ET2) and Proposition 2.34, or axioms
(RO) and (EA2) respectively in the language of [6]. We have shown that (é, IF, v) satisfies
(ET2) in Proposition 3.12 and Proposition 3.17 shows that ( é, I, ) satisfies Proposition 2.34.
Hence the statement of the corollary follows, by using an argument as in [6]. m}

So far we have shown that the triple (é, IF, v) satisfies the axioms (ET1), (ET2), (ET3)
and (ET3)°P. We are now in a position to prove axioms (ET4) and (ET4)°P.

Proposition 3.19 The triple (é, F, v) satisfies the axioms (ET4) and (ET4)°P.
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Proof Let (D, p), (A, q), (F,t) and (B, r) be objects in Candlets € F((D, p), (A, q)) and
8 € F((F,1), (B, r)) be F-extensions with

s =14 -5 8L by,
and
s8) =[B > ¢ 55
in the extriangulated category (C, E, s). Then by definition
«®) = [(A.q) 25 B.) L (D, p,
for some idempotent »: B — B where
fq=rfandpf = f'r an
and
o) = [(B.r) > (C.5) 5 (P,
for some idempotent s : C — C where
gr =sgandtg’ =g's. (12)

We must show that there exists an object (E,w) € é, an F-extension §” €
F((E, w), (A, q)) such that the following diagram commutes,

(A,q) — (B,r) — (D, p)
| lgr Ji

(A, q) —L5 (C.s) 2 (B, w)

bl

(F,t) == (F,1)

and that the following compatibilities hold,

J _
(D) t(pfHsd) = [(D, p) = (E,w) —> (F, D).
(2) )*" =34
3) (f@)«8" = (&)*8".

Since (C, E, 5) is extriangulated we can apply (ET4) to the above E-triangles to get an
object E in €, a commutative diagram

a-Lyp Ly
H
Ay o My (13)

W%QTQJ
RRralish e

in € and an E-extension §” € E(E, A) where

sy =[A -5 ¢ S B
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such that the following compatibilities are satisfied:
(i) s((f)48) =D~ E — FI.
(i) d*8" = 5.
(i) f,8" = e*8'.
Recall that since 8’ € F((F, 1), (B, r)), then by definition §' = r*r,¢&’ for some &' €
E(F, B). Also recall that pf’ = f’r by (11), so we have that
fi8' = fit*ree’ =t* firee = t*(f'r)ee’ = t*(pfHae’ = t*pu(file)).

In other words f,8' € F((F, 1), (D, p)) and so we have by definition that

d
t(f18)) = (D, p) =5 (E,v) = (F, )], (14)

where v: E — E is an idempotent such that
dp = vd and te = ev. (15)

Now consider the element 8" € [E(E,A). We are going to show that §” €
F((E, v), (A, q)). Note that by the compatibility (iii), we have that f,8” = e*§’. Recall
the relations fg = rf, te = ev and t*8' = §’ by (11) and (15). We can then observe that

(f@)8" = (rf)s8" =1y fi8" = ree™t*8 = ry(te)*s’ = ry(ev)*s’
= r,v*(e*8) e F((E, v), (B, 1)).

Consider the F-triangle,

49 2% 3.1 L5 @, p) -
and the following diagram arising from it.

/ F((E,v), (4, 25 F(E,0),(B,1) L5 F(E),(D,p)
34

[ [ [

CUE.).(D.p) —2— B(E, o) —L2 5 5k, B) — 5 B(E, D)

Note that the vertical inclusion maps are due to the fact that the F-extension groups are
subgroups of the respective [E-extension groups and the diagram commutes. By Lemma 3.14,
the top row is exact in Ab. Moreover, the sequence obtained by appending the morphism
Sy é((E, v), (D, p)) — F((E, v), (A, q)) to the top row is exact by Proposition 2.32 and
Lemma 3.14.

Observe that (fgq)+8” € F((E, v), (B, r)) and

(pf/)*((fCI)*(S”) = p*(f/f)*CI*y/ = P*O*Q*S/’ =0.
That is to say, (f¢g)+8” is in the kernel of (pf”), in the top row. So there exists an F-extension
o € F((E,v), (A, @) such that (fg)s0 = (fq)«8", 50 (fq)«(0 — 8") = 0. That is to say
o — 8" is in the kernel of (fq)4 in the top row, therefore there exists k € C((E, v), (D, p))
such that 84(k) = o — §”. In other words 8" = o — 84(k) € F((E, v), (A, q)) as required.
Consider the solid part of the following diagram.

Aty o p
lq ls \Lw (16)

’ "
Y/ NLENG RN S AN
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By (12) we have that,
sh=s(gf)= (68 f =g0rf)=(8fg =hq,

therefore the solid square commutes, so by axiom (ET3) for C, there exists a morphism
u: E — E such that (g, u): 8 — 8" is a morphism of E-extensions realised by (g, s, u).
Since g and s are idempotent, it follows from Lemma 3.6 that there exists an idempotent
morphismw: E — E suchthat (g, w): 8’ — 8”is amorphism of E-extensions and diagram
(16) commutes. As

8// — q*aﬁ — w*g// — w*Q*(S”

we have that §” € F((E, w), (A, q)), and since s: C — C is an idempotent such that
sh = hqg and wh’ = H's,
and furthermore
" h "
568" =[A — C — E],
we have that
h ’
t8") = [(A,q) —5 (C.5) 5 (E, w)].

Applying Corollary 3.18 to the following solid commutative diagram,

(A.q) =5 (B.r) 25 (D, p) -5
ey a

(A.q) 25 (C.5) 2 (B, w) =25y

we getamorphismd: (D, p) — (E, w) suchthatdopf’ = wh’ogr,d*s” = & and that

—pf>
r d wh y
B, - (D, p) @ (C,s)< — >(E w)L0=¢

is an F-triangle.
Applying Corollary 3.18 to the following solid commutative diagram,

()
(@ wn) (qu’

(B,r) —3 (D, p)® (C,s) — (E,w) --7:- ,
J(ﬂ 1) E (18)
B.r) — 5 (o) — Py -

we get a morphism &: (E, w) — (F, 1) suchthatéo (d wh') =1g' o (0 1),e* =
(fq)+8" and that,
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(5 ") : ()
(D, p)® (C,5) — (E,w) @ (C, 5) ¢ ) F.n -l

is an F-triangle.
By Proposition 2.30 applied to the above F-triangle, the following is an [F-triangle.

(D, p) =L (E.w) —5 (F.of 2%

This [F-triangle is isomorphic using the triple (—1(p, ), 1(£,w)» 1(F,1))-

(D, p) 4 (E, w) —&5 (F, L2, (19)

Hence, by Corollary 2.28, we have that (19) is an F-triangle, so

W(pf )8 = [(D. p) —5 (E,w) =5 (F. 1)1,

Now consider the following diagram.

(A, q) *> (B,r) — (D, p)
o e i
(A, q) =L (C,5) % (E,w) (20)
ltg’ lé
(F,t) —— (F, 1)

Using the relations arising from the commutative diagram (17), we have that the top
squares of the above diagram commute and that d*8” = §. From the relations arising from
the commutative diagram (18) we have that the bottom right square of the above diagram
commutes and that (f¢q).8” = &*§'. ~

To conclude we have shown that there exists an object (E, w) € C, an F-extension
8" € F((E, w), (A, q)) such that the following diagram commutes,

(A,q) — (B,r) — (D, p)

\hlgr,ia

(A, q) =% (C,5) 25 (E,w)

b &

(F,t) =—= (F,1)

and that the following compatibilities hold.

(1) o(pfHe8) = (D, p) ~5 (E,w) —> (F, )],
2) (d)*8" =38.
(3) (f):8" = (@)*3.

This completes the proof of (ET4). The proof of (ET4)°P is dual. O
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Having shown that (é, E, v) satisfies (ET4) and (ET4)°P, we can now conclude that
(C,E,v) is an extriangulated category. Recall that there is a fully faithful additive func-
torie: C — @ defined as follows. For an object A of C, we have that ie(A) = (A, 14) and
for a morphism f in C, we have that ic(f) = f. We will show that this functor is an extri-
angulated functor in the sense of [2, Definition 2.31]. In particular, the functor ie preserves
the extriangulated structure of C.

Proposition 3.20 Let C be an extriangulated category and C be its idempotent completion.
Then the functoric: C — C is an extriangulated functor.

Proof Tt is easy to see that the functor ie is a covariant additive functor. So all that is left is
to define a natural transformation

I = {Tc.nlc.aeerxe: E=Fig—. ic—)

of functors C°? x € — Ab, such that for any E-extension § if
50) = [X = ¥ -5 7]

then

o).
t(Tz.x)(8) = [le(A) e® ie(B) — ey e(O)].
First note that by definition, F((C, 1), (A, 1)) = E(C, A). So given a pair of objects A, C
in € we define I'(c,4): E(C, A) — F((C, 1), (A, 1)) by setting I'(c 4)(§) = & for all
8 € E(C, A).Givenamorphism (f, g): (C, A) — (Z, X) in C°P x C, consider the following
diagram:

Tc.a

E(C,A) —— F({(C, 1), (A, 1))

E(f,g)l JJF(f,g)

Lz.x)

EX, zZ2) —— F((X, 1), (Z,1)).

For § € E(C, A), we have that E(f, g)(8) = f*g.8. Therefore I'(z x)(E(f, g)(8)) =
f*g+8. On the other hand, I'(c 4)(8) = 6 and F(f, g)(6) = f*g.8. So the diagram com-
mutes.

Let A, C be an objects in € and § be any extension in E(C, A). Then by definition, we
have that I'c 4)(8) = 6 e F((C, 1), (A, 1)). Suppose

5(6) =[A - B -1 C].

Then
t(Cc,m(®) =[(A, 1) => (B, 1) = (C, D]
= lie(4) <Y ie(B) ¥ ie ()]
So we conclude thatic: € — € is in fact an extriangulated functor as required. O

Theorem 3.21 Let (C, E, ) be an extriangulated category. Let C be the idempotent comple-
tion of C. Then Cis extriangulated. Moreover, the embedding ic : C — Cisan extriangulated
functor.
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Proof This follows from the following Propositions 3.3, 3.4, 3.12, 3.13, 3.19 and 3.20. O

In the introduction of this paper, we had made the claim that Theorem 3.21 unifies the
analogous results for exact categories and triangulated categories. We will clarify this claim
starting with the triangulated case.

For the rest of this subsection, let (C, X, A) be a triangulated category with an additive cat-
egory C, shift functor X and a collection of distinguished triangles A. Balmer and Schlichting
showed in [1, Theorem 1.12] that the idempotent completion of (€, X, A) is again a trian-
gulated category (€, &, A). By [13, Proposition 3.22], the triangulated category (C, X, A)
may be viewed as an extriangulated category (C, E, 5), therefore from this viewpoint the
idempotent completion is also an extriangulated category ((‘3 F, t) by Theorem 3.21. We
will show that (C, F, v) has the structure of a triangulated category (C, 3, ©), and that this
triangulated structure coincides with the triangulated structure ((‘L’ 2, A).

We start by recalling how the triangulated structure (G ¥, A) is defined in [1, Definition
1.10]. The shift functor £: € — € induces the functor ¥ : € — € as follows. For an object
(A, e), we have that E(A, e):=(XA, Xe), and for amorphism f: (X, g) — (¥, p), we have
that i(f)::Z(f): (XX, Xg9) —> (XY, Zp). Elements of A are the following sequences
of morphisms.

Definition 3.22 [1, Definition 1.10] A sequence of morphisms
11 (A, q) = (B,r) = (C,p) 25 (2A, 29)
is a distinguished triangle in A if there exists a sequence of morphisms
1AL ) 2 (B = () ph) -2 (54 5q)
such that t @ ¢’ is isomorphic to the image of a distinguished triangle in A under the

embedding ic: € — C.

By [1, Theorem 1.12], the triple (é, T, A)isa triangulated category, in particular ¥ isan
auto-equivalence on C.

Now let us recall how the extriangulated structure (C, E, s) is defined in [13, Proposition
3.22].

e For any objects A, C € C, the biadditive functor E is such that E(C, A):=C(C, £ A).
For§ € E(C, A),a € C(A, A”), and ¢ € C(C’, C), we have that

a.8:=Xaoéand c*§:=8oc.
e For an extension § € E(C, A) = C(C, £ A) with a distinguished triangle
A5 B 2502 za
8 is realised as
s(8):=[A 5 B —» CI.
Now let us consider the extriangulated category (é ,F o).

Lemma3.23 F(—, —) = C(—, =-).
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Proof Let (C, p) and (A, g) be any pair of objects in e. By definition
F((C, p), (A, 9)):=p"q:E(C, A) = {p*q:8 | § € E(C, A)}.
By the definition of (C, E, s) above, we have that
F((C, p), (A, 9)) = p*q.C(C, £A) = {Zqodop| 8 € C(C, DA}

From this it can be observed that that F((C, p), (A, q)) € C((C, p), (A, q)).

We will now show the opposite inclusion. Take a morphism f in e((c, P, (A, q),
then by definition f is a morphism in C(C, ¥ A) such that ¥g o f = f = f o p, from
this it may be observed that f = Xq o f o p, therefore f € F((C, p), (A, q), hence
C((C, p), (A, q)) CF((C, p), (A, q)). We conclude that

F((C, p), (A, q)) = €((C, p), £(A, q)).

For any morphisms f : (X,q) — (Y,p),g : (U,e) — (V,i), and F-extension
8:(Y,p) — (XU, Ze),

F(f,8)0) = f*g.8 =Xgodo f,
we also have that
C(f,Sg)(8) =Tgodo f.
Therefore F(—, —) = €(—, £—) as required. O

The category (é , IF, v) is extriangulated with auto-equivalence ¥, such that F(—, —) =
é~(—, 3 —), so by [13, Proposition 3.22] it has has the structure of a triangulated category
(G, £, ©), where O is defined as follows. The collection © is defined to be collection of the
sequences

A, ) L B, r) 25 (C, p) X5 (2A, =q).
for which
t8) =[(A, ) =5 (B, r) 25 (C, p).

We will show that the collections © and ~A are equal, thus confirming that the triangulated
structure of (€, I, v) whichis given as (€, X, ©) coincides with the triangulated structure of
(€, %, A).

Lemma 3.24 For any F-triangle ((A, q) 4, (B,r) 2N (C, p),d) in (é, IF, v) there exists

anF-triangle ((A', q') RN (B, r") LEN (C’, p"), 8) such that their direct sum s isomorphic
to the image of an E-triangle in (C, E, s) under the embedding ic: C — C.

Proof Recall that for any object (X, w) € €, we have that
XweX,l-w=XeX wa(l-w) =X 1)

see for example [17, A.9.1]. Consider an F-extension § = p*g.e = Xq o & o p where
eeE(C,A),and p: C — C,q: A — A are idempotent morphisms. Suppose that § has an
F-triangle

A, q) =5 (B,r) 25 (C,p) P> .

@ Springer



The Karoubi envelope and weak idempotent completion of an... 529

Recall from Definition 3.7, that we have the E-triangle
A B2y
Now consider the following diagram.

AoAqgol-g)" 2 PBeBred-—n"2"B'cac pad-p)

J6 -0 Je o0 [ o0

(A1) a (B, 1) z (C,1)

The vertical morphisms are isomorphisms, for example, by calculation we can observe
that the morphisms
(¢ 0-9):(A8Aq®1—-q)— (A D

and

(] qq):(A,l)—>(AesA,q®(l—q))

are mutual inverses. Making use of the fact that rx = xg and yr = py (see Definition 3.7),
it can also be observed that the squares of the diagram commute. It can be further observed
that the bottom row of morphisms give an [F-triangle

(A1) —— B, 1) —— (C.1) -2 .

Since the diagram commutes, and the vertical morphisms are isomorphisms, by Corollary
2.28 the top row of morphisms realises the F-extension,

* 2 50
(111)*(17 (1—-p)) 5=<E(lzq))050(p (1—p))=<00>:5@0,

hence we have the F-triangle

xq®Hx(1— B (1—
AoAqgel-) 2P sep re0-n2 %o poa-p -2 @1

Since (21) is an F-triangle, by Proposition 2.29, its direct summands are also [F-triangles,
namely,

(I=p)y

A1- B 11— p -2

is an [F-triangle. This concludes the proof. O

Proposition 3.25 Tfte triangulated structure of (é, 3, ®) coincides with that of (é, f), A),
that is to say ® = A.

Proof Recall that the distinguished triangles of A are direct summands of images of distin-
guished triangles in A under the embedding i¢: C — @ (see Definition 3.22). It follows
from Lemma 3.24 and the definition of ® that the distinguished triangles of ® are direct
summands of images of distinguished triangles in A under the embeddingie: € — C, hence
® C A.

We will now show the opposite inclusion. Consider a triangle in A
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1 (A, q) —%> (B,r) -2 (C, p) =25 (ZA, 29).

By the definition of A, there exists#’ € A suchthatr@r’ = i@ (t) where 7 is a distinguished
triangle in (G, X, A). Suppose that

(AL g) < (B ) s () p) s (34, 5),
and
ie(t): (X, 1) 25 (¥, 1) =25 (Z,1) = (TX, 1),
we then have the following isomorphism of triangles in (C, =, A)
(Ao A, q@q) a®al BoB. re 22 (CGDC’ rep) LI (ZA® A 290 2q)

o [ [0

x. 1 x .1 R .1 (5X. 1).

Assign to t, ' and i (t) the pairs

(A, q) =5 (B,r) -2 (C, p), ), (22)
(A, q) -5 (B, ) 5 (), 8, (23)
and
(X, 1 LN Y, 1) BN (Z,1),¢) (24)
respectively.

The isomorphism (g1, ¢2, ¢3) induces an isomorphism of pairs (22) @ (23) = (24). It can
be observed that (24) is an F-triangle because it is the image of a distinguished triangle in A.
Since (22) @ (23) =(24), it follows that (22) @ (23) is also an F-triangle by Corollary 2.28.
By Proposition 2.29, it follows that (22) is an F-triangle, therefore by the definition of ® we
have that 7 € ©. So we conclude that A C 0, therefore ® = A as required. O

Let (A, &) be an exact category, with certain smallness conditions on A, the exact category
(A, &) can be viewed as an extriangulated category (A, E!, s) in an analogous way to trian-
gulated categories; see [13, Example 2.13]. Conversely, an extriangulated category in which
every inflation is a monomorphism, and every deflation is an epimorphism, has the structure
of an exact category; see [13, Corollary 3.18]. Biihler showed in [3, Proposition 6.13] that
the idempotent completion of (A, £) is an exact category (A &), whereby a sequence of
morphisms

t:(A,q) == (B,r) == (C.p)
is an exact sequence in & if there exists a sequence of morphisms
(' (A, q) = (B 1) = (' p)

such that ¢+ @ ¢’ is isomorphic to the image of an exact sequence in £ under the embedding
ig: A — A; see [3, Proposition 6.13]. By Theorem 3.21 the idempotent completion of
(A,E! s) is an extriangulated category (A, F!,r). As in the triangulated case above, we
can show that the category (A, F!,r) has an exact structure (A, F). It is then true that
(A & = (.A F) by arguments analogous to the ones in the triangulated case shown above.
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3.2 Weak idempotent completion.

Definition 3.26 [14, 1.12]. Let A be a small additive category. The weak idempotent com-
pletion of A is denoted by A and is defined as follows. The objects of A are the pairs (A, p)
where A is an object of A and p: A — A is an idempotent factoring as p = cr for some
retraction r: A — X and some section c: X — A with rc = 1x (i.e. p is a split idem-
potent). A morphism in A from (A, p) to (B, q) is amorphismo: A — B € A such that
op=qo =o0.

There is fully faithful additive functor j4: A — A from A to its weak idempotent
completion defined as follows. For an object A in A, we have that j 4 (A) = (A, 14), and for
a morphism f in C, we have that j4(f) = f.

The following lemma is key in proving the main theorem for this subsection. It is an
analogue of Lemma 3.5 where we replace the idempotent morphisms with split idempotent
morphisms.

Lemma3.27 Let (A, G, t) be a triple satisfying (ETI), (ET2), (ET3) and (ET3)°P. Let

A, B and C be objects of A. Let § be an extension in G(C, A) witht(§) = [A 2B —b> Cl.
Let (e, f): § — 8 be a morphism of G-extensions where e: A — A and f: C — C are
idempotent morphisms that split. Then there exists an idempotent morphism g: B — B that
splits such that the triple (e, g, f) realises the morphism of G-extensions (e, f).

A% Bty

b b

A% Bty
Proof Since e splits, there is an object X € A and morphisms e2: A — X ande;: X — A
such that e = ejes and exe; = 1x. Likewise, for f there is an object Z € A and morphisms
fr: C— Zand fi: Z—>Csuchthatf flfzandfzfl_lz

Suppose that t(ezs f*8) = [X Sy L Z]. Consider the following diagram of G-
triangles.

«f18
X sy 2y 7
leu Lrl lfl
Ay B by b, (25)
e }rz lfz

Observe that

erx(e2 f1'8) = ex fi'8 = f(exd) = f(f70) = fI (1 2)"6 = (afDfD)"8 = f'8

Therefore (e1, f1): exs f{'8 — & is a morphism of G-extensions. So, by the axiom (ET2),
there exists a morphism r;: ¥ — B such that the top row of the above diagram commutes.
Also observe that

F (e f1'8) = exs f5 18 = €2:(f*8) = esa(ex8) = ((e2e1)€2)+8 = €246.

Therefore (e2, f2): § — ez f}'8 is a morphism of G-extensions. So by axiom (ET2), there
exists a morphism r: B — Y such that the bottom row of the above diagram commutes.
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Collapsing the above diagram into the diagram below, we obtain the following morphism of
G-triangles and commutative diagram.

, « [
X L> Y % 7 f%fl}
foi=1z (26)

< f18
X Sy 2y 72

ere1=ly rnri

By Lemma 2.26, the morphism r,r{ is an automorphism of Y. That is to say, there exists
h:Y — Y such that ryrih = 1y and hror; = ly. Set g:=(r1h)r,: B — B. Observe that

g = rih(rarih)ry = rih(ly)ry = rihry = g,
so g is an idempotent morphism. Moreover,
r(rih) = ly.

So g is in fact a split idempotent. Now consider the following diagram.

A-“sB-tsc
le \Lg lf 27)

A-“sB-tsc

Note that, by the commutativity of diagram (26),
rrix =x
SO
x = (hryr))x = hx,
and similarly
yra2ry =Yy,
o)
y = y(rarih) = yh.
Using the fact that diagram (25) commutes, we further observe that
ga =rih(r2a) = ri(hx)e; = (rix)ez = a(ejez) = ae,
and
bg = (bri)hry = fi(yh)ra = (fiy)r2 = (fif2)b = fb,

so diagram (27) commutes. This completes the proof. O

Definition 3.28 [13, Definition 2.17]. Let (M, G, t) be an extriangulated category and N
be a full additive subcategory closed under isomorphisms. The subcategory N is said to be
extension-closed if, for any conflation A — B — C with A, C € N, we have that B € N.
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Lemma 3.29 [13, Remark 2.18]. Let (M, G, t) be an extriangulated category and let N be
an extension-closed subcategory of (M, G, t). Let G and tyg be the restrictions of G and t
to NP x N. Then (N, Gy, ty) is an extriangulated category.

Let (C, E, 5) be an extriangulated category such that C is small. We have shown that the
idempotent completion C is also an extriangulated category. Now consider the weak idem-
potent completion €. From the definition of the idempotent completion and the definition of
the weak idempotent completion, it is easy to see that the weak idempotent completion C
(Definition 2.10) is a full subcategory of the idempotent completion € (Definition 2.4). As we
will see in the following proposition, the weak idempotent completion C is extension-closed
as a subcategory of the idempotent completion C.

Proposition 3.30 Let (C, E, s) be an extriangulated category such thatff is small and (é, F,v)
be its idempotent completion. Then the weak idempotent completion € of C is an extension-
closed subcategory of C.

Proof By Definitions 2.4, 2.10, it is easy to see that € is a full additive subcategory of e.
Now consider two objects (4, q) € ¢ and (B, p) € e. Suppose there exists an isomorphism
f:(A,q) > (B,p) € ©. We will show that (B, p) is also in C. Since (A, q) € (‘3 we have
that g is a split idempotent, which is to say there exists an object X € C such that there are
morphisms g2: A — X, q1: X — A satisfying ¢ = q1¢2 and 291 = lx.

Since f: (A,q) — (B,p) € € is an isomorphism, there exists a morphism
=1 (B, p) = (A,q) such that ff~! = p and f‘1~f = ¢q. Moreover f satisfies the
relations fg = pf = f since it is a morphism in C. Set p; fq1: X — B and
pr = qf 't B — X, then we observe that p = pip> and pop1 = lx. Hence, the
idempotent p splits, so (B, p) € €. We conclude that € is closed under 1sornorphlsms

Let (A, g) and (C, p) be objects in @ and consider a conflation (A, q) LN (M, m) LN
(C, p) gf some F-extension § = p*q.e in F((C, p), (A, q)). We will show that (M, m) is
also in €. By Lemma 3.11, ' = ug and v/ = pv forsome u: A - M andv: M — C, so

t(8) = [(A. ) —> (M, m) > (C, p)].
Suppose that
5(8) =[A - B - (]
then
t(8) = [(A.q) —> (B.r) 2> (C. p)].

By definition we have the following equivalence,

A, q) L (M,m) 2% (C, p)

| b |

(A,q) =% (B,r) (C, p)

py

for some isomorphism #: (M, m) — (B, r). Since (A, q), (C, p) € é, we have that the
idempotents ¢ and p are split idempotents. Since ¢,8 = p*8 we have that (g, p): § — §
is a morphism of F-extensions. Therefore by Lemma 3.27, there exists a split idempotent
w: B — B such that wx = xq and py = yw. By Proposition 3.10, we have the following
equivalence
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A,q9) =L B,r) 25 (., p)

| I |

(A,q9) L B,w) 25 (C, p)

for some isomorphism g: (B,r) — (B, y}). The composition gh: (M, m) — (B, w) is
an isomorphism. Moreover (B, w) lies in € since w is a split idempotent, so it follows that
(M, m) € Csince C is closed under isomorphims. This completes the proof. O

Theorem 3.31 Ler (C, K, 5) be an extriangulated category such that C is small. Let ¢ be
the weak idempotent completion of C. Then C is extriangulated. Moreover; the embedding
je: € — Cis an extriangulated functor.

Proof Since the idempotent completion Cis extriangulated and the weak idempotent comple-
tion € is an extension-closed subcategory of € by Proposition 3.30, ¢ is also extriangulated
by Lemma 3.29. The other statement follows as an easy consequence of this and Theorem
3.21. O

It is also possible to argue as at the end of the §3.1 that this result unifies the result for the
exact and triangulated case.

Condition 3.32 (WIC Conditions) [13, Condition 5.8]. Let (C, E, s) be an extriangulated

category. Consider the following conditions.

1. Let f € C(A, B) and g € C(B, C) be composable morphisms. If gf is a deflation, then
g is also a deflation.

2. Let f € C(A, B) and g € C(B, C) be composable morphisms. If gf is an inflation, then
f is also an inflation.

Proposition 3.33 Let (C, E, s) be an extriangulated category. If (C, E, s) satisfies one of the

WIC conditions then C is weakly idempotent complete.

Proof Suppose that (C, E, s) satisfies the first WIC condition. We will show that € is weakly
idempotent complete by demonstrating that every retraction has a kernel. Let7: B — C be
a retraction with corresponding section s: C — B in C. Then, since 1¢ = rs is a deflation,
by the first WIC condition r is a deflation, so we have the following E-triangle:

A2 B L5 C -2y,

Now consider the solid part of the following commutative diagram:

00— C -5 -2
T

g
A2y B L5 C -ty

By the axiom (ET3)°P, the above diagram can be completed to a morphism of E-triangles.
In particular, we have that 17.6 = § = 0. Therefore, we have the following equivalence to
the split E-triangle:

A— A®C — C -2

H =

A—— B —"—C-*»

so x is a kernel of r. Therefore, any retraction r in € has a kernel, which is to say, C is a weakly
idempotent complete category. The proof of the statement that if C satisfies the second WIC
condition, then € is weakly idempotent complete is dual. O
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