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MINIMAL MODELS OF SOME DIFFERENTIAL GRADED MODULES

BERRIN SENTURK*, OZGUN UNLU

ABSTRACT. Minimal models of chain complexes associated with free torus actions on spaces
have been extensively studied in the literature. In this paper, we discuss these constructions
using the language of operads. The main goal of this paper is to define a new Koszul operad
that has projections onto several of the operads used in these minimal model constructions.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic 2 and G an elementary abelian 2-
group of rank r. Considering the chain complexes associated with free G-spaces, one obtains an
algebraic conjecture stronger than the Halperin-Carlsson rank conjecture about 2-torus actions
(G-actions). For any chain complex C' of k-modules, we denote the homology of C' by H(C).

Conjecture 1. IfC is a finite chain complex of free kG-modules with H(C') # 0, then dimy H(C')
is at least 2".

Considering the polynomial ring S := k[z1,...,x,]|, an equivalent algebraic conjecture is
given by Proposition II.1 and I1.2 in [5]. We say (M, ) is a differential graded S-module (dg-
S-module) if M is an S-module, and 0 is an S-linear endomorphism of M that has degree —1
and satisfies 9% = 0. Moreover, we say a dg-S-module is free if its underlying graded S-module
is free.

Conjecture 2. [6, Conjecture I1.8] Let S = k[x1, ..., x| be the polynomial algebra in r variables
of degree —1 with coefficients in an algebraically closed field of characteristic 2. If (M,0) is a
free, finitely generated dg-S-module with 0 < dimy H(M) < oo, then rankg M > 2".

In the literature, bounds for the dimension of H(C') in Conjecture [Il and for the rank of
M in Conjecture [2] are obtained by studying minimal models of C and M. In [7], Carlsson
showed the existence of minimal models of certain free differential graded S-modules. Here
we give an explicit construction of these minimal models using operad theory. Again using
operads we construct minimal models of chain complexes of Borel constructions of spaces with
a free G-action. These minimal models are equivalent to minimal Hirsch-Brown models given
by Allday-Puppe [I].

Note that Conjecture [I] holds if we further assume that the Euler characteristic of C is
non-zero. More precisely,

X(C) = |G| x(k @k C) = x(H(C)) = Y_(~1)" dimy, Hi(C) # 0.

>0
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Hence the dimension of total homology dimy H(C') > |G| = 2". Due to the equivalence of
conjectures one could ask if a similar result holds for Conjecture 2l We prove the conjecture in
the following case:

Theorem 1. Conjecture[2 holds if every integer n, m have the same parity whenever H, (M) # 0
and H,,,(M) # 0. In fact, x(H(M)) := > (—1)" dimy, H;(M) # 0 implies Conjecture [2.
i>0

When the characteristic of the field is odd, a result analogous to Theorem [ is proved by
Walker [15], [16].

Puppe [14] asserted that, given a certain multiplicative structure on the minimal Hirsch-
Brown model for the equivariant cohomology of a space with a free torus action, these bounds
can be tightened to verify the Halperin-Carlsson rank conjecture. The main goal of this paper
is to put a multiplicative structure on minimal Hirsch-Brown models of G-spaces. Note that
the group algebra kG is an exterior algebra since k is a characteristic 2 field. First we consider
the group algebra kG and the polynomial algebra S = k[z1,...,x,| as algebraic operads where
all non-trivial operations are unary operations. Then to put multiplicative structures on our
minimal models we define a new Koszul operad.

Theorem 2. Let k be an algebraically closed field of characteristic 2 and G an elementary abelian
2-group of rank r. Then there exists an algebraic operad & in the category of differential graded
modules over k such that & has the following properties:

(i) The unary operations of & with the composition of & considered as multiplication is
isomorphic to the group algebra kG;

(il) & has an associative binary operation ji;

(iii) & is a Koszul operad;

(iv) The Koszul dual operad of & has projections onto the associative operad As and the poly-
nomial algebra S = k[x1,...,x,] where we consider S as an operad whose all nontrivial
operations are unary;

(v) For every G-space X the singular cochain complex C*(X; k) has a &-algebra structure
whose restriction to the unary operations of & gives the natural kG-module structure on
C*(X; k) and the action of p is the same as the dual of the Alexander-Withney diagonal
map.

Let & be the operad in Theorem 2land ¢ : & — QZ be the universal twisting mor-
phism. Given a space X that admits a free G-action, we will consider the bar construction
B,H(C*(X;k)) as the minimal Hirsch-Brown model of X; see Section [4Bl

Throughout this paper, k is an algebraically closed field of characteristic 2 and all (co)operads
are non-symmetric (co)operads in the category of dg-modules over k. In Section 2 we recall
Puppe’s method to find lower bounds on total homology dimension of complexes with a free
G-action and give an outline of our method. In Section [B] we recall definitions, notation, and
well-known results about algebraic (co)operads. In Section [ we discuss constructions of min-
imal models and prove Theorem [Il In Section Bl we prove the our main result Theorem 2] and
its applications.

2. THE OUTLINE OF AN APPLICATION OF THEOREM

Assume that r is a positive integer and m is a nonnegative integer. Let S denote the polyno-

mial algebra k[x1, ..., z,] with deg(z;) = —1 and A,,, denote the exterior algebra A(z%m), e zﬁm))

with deg(zi(m)) = —mforalliin {1,...,r}. Note that according to our degree conventions Puppe
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[14] defines the Koszul complex K, (m) corresponding to the regular sequence (x{nﬂ, LR
in S as the differential graded algebra K, (m) = (S®Ay,,d) , where the differential 9 determined

by d(z; ® 1) = 0 and 9(1 ® zi(m)) = 2", Then Puppe considers dg-S-module morphisms
v : K.(m) — K.(0) which lift the projection

e H(K,(m)) = S/, . 2l — S/ (21, .., 2,) = H(K,(0)).

Puppe denotes the rank of v by rank(y) which is the rank of the localization of F' ® v where
F is the field of fraction of S. In [I4, Lemma 2.1.a], Puppe shows that if v also preserves
the multiplicative structure, then rank(y) = 2". In [I4, Lemma 2.1.b], Puppe asserts that
rank(7y) > 2r without the assumption about the multiplicative structure.

Let G be an elementary abelian 2-group of rank r generated by g1, g2, . . ., g-. Puppe defined
a minimal Hirsch-Brown model M = S® H®(X; k) associated to a free action of G on X, where
X is a finite dimensional CTW-complex. Then in [14] Proposition 4.1], Puppe showed that there
exists a map « : K,.(m) — M that induces a surjective map on the zeroth homology of these
complexes for large enough m. Moreover, in [14] Proposition 4.2], Puppe showed that there exists
amap 5 : M — K,(0) that induces a surjective map on the zeroth homology. Now notice that
the rank of v = f o « is less than or equal to the total homology dimension ) ;2 dimy H;(X; k)
of X. Hence Puppe used this idea to put lower bounds on the total cohomology dimension of
complexes with a free G-action.

We will use an idea similar to Puppe’s idea discussed above. In our setting Koszul complexes
are dual of the ones considered by Puppe. Now we give the definitions in our setting. Assume
G acts on the product of r equidimensional spheres S™ x ... x S™ such that g; acts on the
ith sphere with the antipodal action. Then we will denote the minimal Hirsch-Brown model
B, H(C*(X; k)) associated to this action by K,(m) and call it a Koszul complex for our operad
in Theorem 2l We use this terminology because when the above bar construction is done using
the suboperad of & generated by its unary operations, we obtain the usual dual Koszul complex
S*®@A,,, which we still denote by K,.(m) by abuse of notation. Hence from now on,

K, (m) = (S*®An,0),
where the differential 0 determined by d(z; ® 1) = 0 and

8($?®z(m))—{ fn<m+1

i o a;?_m_l ifn>m+1.

For the rest of the paper i,, will denote the natural inclusion of S®x...xS%in S x...xS™
where each S° is sent to the south and north poles of the corresponding S™. This continuous
function induces coalgebra morphisms i}, : K,(m) — K,(0) and i}, : K,(m) — K,(0). Hence, in
[14] Lemma 2.1.a] and [14] Lemma 2.1.b], Puppe gave lower bounds on the rank of certain maps
between Koszul complexes K,.(m) and K, (0) which induces the same map as i,, does between
the homology of these complexes. Puppe in [14, Corollary 5.2] asserted that if the minimal
Hirsch-Brown model of a finite dimensional space X with a free G-action carries differential
graded algebra structure, then >°°, dimy H*(X; k) > 2". Note that the multiplicative structure
is not considered in [14, Proposition 4.1] and [14, Proposition 4.2]. However, in the proof of [14]
Corollary 5.2] one needs extensions of [14, Proposition 4.1 and 4.2] to differential graded algebras.
More precisely, the morphism a must be constructed in a way compatible with the multiplicative
structure. However, the almost random selections of images of « in the homological proofs given
in the literature for these results do not take the multiplicative structure into consideration. For
example, some selections of « fail for the associated minimal model of the free Z/27 x Z /27
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action on RP? induced by quotienting out the center of the free action of Qg on Sp(1) = S? by
the left multiplication. Here we partially fill the gap by the following Proposition.

Proposition 1. Let G be an elementary abelian 2-group and act freely on a finite-dimensional
simplicial set X. Assume P is the operad in Theorem[d. Let M denote the minimal Hirsch-
Brown model of X ; in other words M = B,(H(C*(X;k))). Then there exists a positive integer
m and Pi-coalgebra morphisms «, B such that the composition

K (m) % 1 5 K,(0),
sends K, (m) to K,(0) and which induces the same map from H(K,(m)) to H(K,(0)) as i}, does.

However, using the above proposition we cannot confirm the main result of Puppe using
[14, Lemma 2.1.a] as our multiplicative structure does not have all the properties Puppe used
in the proof of [14] Lemma 2.1.a]. On the other hand [14] Lemma 2.1.b] is proved by only using
the differential graded S-module structure on these Koszul complexes. Hence to improve the
results about bounds for the total dimension of the cohomology of a space that admits a free
G-action, it is enough to consider maps between K,(m) and K,(0) and prove analogs of [14]
Lemma 2.1.b] The following proposition is similar to [14] Lemma 2.1.b] but proved using our
setting where we fix an isomorphism K,(m) = 21 o A,, with the composition o defined as in
[11, Section 5.9.1].

Proposition 2. Let & denote the operad in Theorem[Z, m be a positive integer and vy : K.(m) —
K (0) be a S*-coalgebra morphism which induces the same map from H(K,(m)) to H(K,(0)) as

* does. Assume 7y extends to a Pi- coalgebra morphism 7 : K,(m) — K,.(0) whose restriction
to Pl o1 is induced by the identity on PI. Then the linear map F &g ~v* has rank at least 2r
where F denotes the field of fractions of the ring S.

As discussed above Proposition [2] can be used to give lower bounds for the total homology
of the finite dimensional complexes with a free G-action.

3. DEFINITIONS AND NOTATION
We will take most of definitions and notation from [11] and [9].

3A. Free (co)operads. A dg-N-module M is a sequence of differential graded k-modules
M = (M(0), M(1), M(2),...).

A free operad over the dg-N-module M is an operad 7 (M) together with a dg-N-module
morphism i : M — (M) such that if & is an operad and f : M — £ is an dg-N-module
morphism then there exists a unique operad morphism f : .7 (M) —» & with f = foi.

There exists a free operad 7 (M) over every dg-N-module M, see [11, Section 5.9.6]. Let
n(v) denote the number of leaves of a vertex v in a tree and 7(M) be the tensor product of
M (n(v))’s as v ranges over the vertices of a tree 7. As a dg-N-module, .7 (M) is the direct sum
of 7(M)’s where 7 ranges over all planar trees. The operad composition of .7 (M) is given by
grafting trees. Hence, as an operad 7 (M) is generated by 89 ), that is,

{ @(bezs’o}u Q:))‘beBl \@/(be&

where B; is a basis for M(j) as a k-vector space. The dg-N-module .7 (M) is always equipped
with an extra grading, called the weight-grading. If M itself has no such extra grading, then
the trees in .7 (M) with exactly n-vertices are said to have weight-grading n. If M already has
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weight-grading, then the sum of weight-grades of elements in M used to label the vertices of a
tree in .7 (M) is the weight-grade of that tree. Hence we have a decomposition of .7 (M) indexed
by the weight-grading
T(M) =P 700",
n>0
where each .7 (M)™ is a dg-N-module.

Dually, we let .7¢(M) denote the cofree cooperad over M. 7¢(M) is isomorphic to .7 (M)
as a weight-graded k-vector space, while as a cooperad 7 ¢(M) is cogenerated by the generators
of 7 (M) mentioned above.

Let sM denote the dg-N-module M whose degree is shifted by 1, i.e., sM;(n) = M;_1(n)
for n € N and ¢ € Z. More generally, for any integer m, s" M denotes the dg-N-module M
whose degree is shifted by m.

3B. Quadratic (co)operads. A pair (M, R) is called an operadic quadratic data pair if M is
a dg-N-module and R is a sub-dg-N-module of 7 (M )(2). The quadratic operad associated to
the quadratic data pair (M, R) is

P (M, R) := T (M)/(R),

where (R) is the operatic ideal generated by R € .7 (M)®). In other words, &(M, R) is the
largest quotient operad & of .7 (M) for which the composite

R— 7 (M)® — Z(M) - 2

is zero.
Dually, the quadratic cooperad € (M, R) associated to the quadratic data pair (M, R) is the
largest subcooperad of .7¢(M) for which the composite

G — T(M) - T(M)P - 7¢M)P /R

is zero, see [I1], Section 7.1] and [3], Section 6.3.1].
The Koszul dual cooperad of a quadratic operad &2 = Z(M, R) is

Pl =€ (sM,s*R),

where s2R is the image of R under the natural map 7 (M)® — 7 (sM)®). Similarly, the Koszul
dual operad of a quadratic cooperad € = € (M, R) is

€= P(s7'M,s2R),

where s~2R is the image of R under the map .7 (M)® — (s~ M)® induced by the natural
degree 1 dg-N-module morphism M to sM, see [11], Section 7.4.7].

3C. The (co)bar construction. For an operad &, let 2 be the cokernel of the unit map
I > 2. If P =16 as dg-N-modules, the bar construction BZ of & is the dg-cooperad
T¢(s P) with differential d; + da, where d; and dy are as in [I1, Section 6.5.1].

Similarly, for a cooperad %, let € denote the kernel of the counit map € — I. If € = 0%
as dg-N-modules, the cobar construction Q% of € is the dg-operad .7 (s~ %) with differential
dy + do, where dy and ds are as in [I1], Section 6.5.2].

Let (M, R) be an operatic quadratic data pair. The quadratic operad & = £ (M, R) is
Koszul if the natural dg-cooperad morphism 2 — B £ is a quasi-isomorphism of dg-cooperads,
see [IT, Theorem 7.4.2]. When &2 is Koszul, we define the operad 2., := Q.
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3D. (Co)algebras over (co)operads. Let & be an operad. A P-algebra is a differen-
tial graded k-module A together with an operad morphism & — End,, where Endg(n) =
Hom(A®™, A). Dually, for a cooperad €, a & -coalgebra is a differential graded k-module C
together with an operad morphism ¢* — coEnd¢, where €* is the dual of ¥ and coEnd¢(n) =
Hom(C, C®"). For differential graded k-module C, we define an operad morphism

Ye : coEndg — Ende-
which sends a : C' = C®" to the composition (C*)®" & (C€")* &5 C* where i is defined by

ic(fi® @ fu)(v1® - Quy) = fi(vi)... fulvn)
for every fi,...,fn € C* and vy,...,v, in C. Given a dg-%-coalgebra C', we get dg-€*-algebra

structure on C* by the composition € — coEndg dg Ende-.
A cooperad € is called coaugmented if its counit map has a right inverse. Let C be a

coalgebra over coaugmented cooperad €. For x € C, we define 1,29, ... by
Ac(x) = (z1,22,...) € [[ (¥ (n) @ C®")
n>1

where A¢ denotes the structure map of the coalgebra C'. We filter the coalgebra C' by F,.C :=
{x € C|z; = 0forany i > r} for r > 1. If C = |J,~, F;-C, then C is conilpotent, see [11],
Section 5.8.4]. -

Let € be a dg-cooperad, & a dg-operad, and ¢ : € — & a twisting morphism as in [IT]
Section 11.1.1]. The bar construction By, is a functor from the category of dg-Z7-algebras to the
category of conilpotent dg-%-coalgebras, defined on a dg--algebra A by

ByA = (€ o, P) oy A,

where o, denotes the right-twisted composite product and oz denotes the relative composite
product over &, see [11l Sections 6.4.7 and 11.2.1 |.

Dually, the cobar construction Q. is a functor from the category of conilpotent dg-%-
coalgebras to the category of dg-Z-algebras, defined on a conilpotent dg-%-algebra C by

Q,C = (P o, €)% C,

where o, denotes the left-twisted composite product and 0% denotes the relative composite
product over %, see [11}, Sections 6.4.7 and 11.2.1].

Let W,V be two Po-algebras. Then an co-morphism f: W — V is a dg-N-module mor-
phism £ — End}’, where Endl{/v(n) = Hom(W®" V). Moreover, f is an oco-quasi-isomorphism
if f sends the counit in 2 to a quasi-isomorphism in End{Y (1).

3E. Homotopy operadic algebras. Let (W,dy ) and (V,dy) be chain complexes that are
dg-k-modules. Assume i and p are chain maps and h is chain homotopy as in the diagram

n(C (V,dy) ——— (W, dw) -

W is a homotopy retract of V if Idy —iop = dy o h + h o dy and ¢ is a quasi-isomorphism.
Moreover, W is a deformation retract of V if we also have Idy = p o .

Theorem 3. [I1, Theorem 10.3.1] Let & be a Koszul operad and (W,dw) a homotopy retract
of (V,dy). Any P-algebra structure on V' can be transferred to a P -algebra structure on W
such that i extends to an co-quasi-isomorphism.
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This theorem, known as the Homotopy Transfer Theorem, is a generalization of [10, The-
orem 1] and will be used in Sections Ml and [f] to construct minimal Hirsch-Brown models and
minimal models discussed by Carlsson. In these constructions, we also use the following property
of the bar construction:

Theorem 4. [I1, Proposition 11.2.3] Let ¢ : € — & be an operadic twisting morphism and A,
A dg-P-algebras. If f : A — A’ is a quasi-isomorphism, then f induces a quasi-isomorphism
between the dg-%-coalgebras B, A and B, A'.

The bar and cobar constructions form adjoint functor pair.

Proposition 3. [II], Corollary 11.3.5] Let & be a Koszul operad with canonical twisting mor-
phism k : P — P. For every dg-P-algebra A, the counit of the adjunction

€ :.B., A= A

is a quasi-isomorphism of dg-2P-algebras. Dually, for every conilpotent dg-Z1-coalgebra C, the
unit of the adjunction

v, :C — B.Q.C

is a quasi-isomorphism of dg-21-coalgebras.

The relation between oco-quasi-isomorphisms and quasi-isomorphisms is given by the fol-
lowing;:

Theorem 5. [I1, Theorem 11.4.9] Let &2 be a Koszul operad and A, A’ dg-P-algebras. There
exists an oo-quasi-isomorphism of dg Ps.-algebras A — A’ if and only if there exists a zigzag
of quasi-isomorphisms of dg-Ps.-algebras A<+ e — e+ o —e...— A.

Such a zigzag of quasi-isomorphism will be written A «~ A’.

3F. The Poincaré-Birkhoff-Witt basis. We already defined Koszul duality for an operad
by using bar construction. The non-derived Koszul duality was introduced by Priddy [13] for
algebras and generalized by Hoffbeck [9] for operads by considering the existence of a certain
basis, called Poincaré-Birkhoff-Witt (PBW) basis. Hoffbeck’s criterion asserts that an operad is
Koszul if it admits a PBW basis.

In order to define a PBW basis for an operad &2, we consider the path sequence of the tree
monomials of & as in [3, Definition 3.4.1.2]. Then we order the path sequences corresponding
to the trees by the graded path lexicographic order [3, Definition 3.4.1.7]. Briefly, given two
path sequences p and p’ of the same arity, we have p < p’ if and only if either

(i) the longer sequence is bigger,
or

(ii) if they have the same length, then we compare the first (leftmost) letters where they
differ.

For instance, suppose that we have tree monomials , \QP/, \CCP/ equipped with a monomial

order a < b < c¢. Let us consider the following tree monomials:

O Ch
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The path sequences correspond to the tree monomials have the order (ba,b) < (ba,ba) and
(be,be,b) < (cb,cb,c). In other words, (b;a,1) < (b;a,a) and (b;c,c,1) < (¢;b,b,1). For more
details, see [3, Chapter 2.3, 3.4].

For the next notion, we refer the reader to [9]. For every tree 7, let B';? be a monomial
basis of 7(M) such that each element is a tensor product of elements in BY. A PBW basis of
a non-symmetric quadratic operad 2 is a set BY ¢ .7 (M) of representatives of a base of the
module &, containing 1 and BM and for all tree 7 a subset B C B;? () satisfying the following
conditions:

(M)

or the
elements of the basis ¥ € B which appear in the unique decomposition ao; 3 = Xy ey,
satisfy v > ao; fin T (M).

e Suppose that |, denotes the restriction of a treewise tensor « to a subtree 7. generated
by an edge e; in other words «f,, is the smallest piece of tree that includes the edge e
and so it has 2 vertices. A treewise tensor « is in BZ if and only if for every internal
edge e of 7, the restricted treewise tensor o/, lie in Bf:

e For a € BZ and 3 € BY, either the partial composition product a o; 3 is in B

00, T

Moreover, by the second condition, a treewise tensor is in the basis if and only if every subtensor
generated by an edge is in the basis. Hence, it is enough to set the quadratic part of the basis
to determine the basis completely. Then we have the following result:

Theorem 6. [9, Theorem 6.6] A non-symmetric operad endowed with a non-symmetric PBW
basis is Koszul.

We use this fact in the proof of Koszulness of the operad in Theorem [2

4. MINIMAL MODELS
In this section, r denotes a positive integer. Here we discuss Hirsch-Brown Models in view
of the Homotopy Transfer Theorem.
4A. Unary quadratic (co)operads. Let (M, R) be the quadratic data pair
M=(0,kvi®kve®---Dkv,,0,0,...)
and
R={viov|1<i<r}u{vi@v+v;ev|l1<i<j<r}
We define a quadratic operad # and a quadratic cooperad . as follows:
W =P M,R) and . :=%(sM,s’R).

Then considering the identifications

t; = @ and z] =

for i in {1,2,...r}, the operad # is isomorphic to (0, A,0,0,...) where A is the exterior algebra
A(ty,ta,...,t.) and the cooperad . is isomorphic to (0,5*,0,0,...) where S is the polynomial
algebra k[z1,...,x,].
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4B. Minimal Hirsch-Brown models. First note that we consider cochain complexes as chain
complexes after multiplying the grading by —1. In other words, there exists a categorical iso-
morphism between the category of chain complexes and the category of cochain complexes by
identifying a chain complex (C,d) and a cochain complex (D,() if C_; = D* and 9_; = ('.
From now on we only work with chain complexes. The cohomology of a simplicial set X will be
denoted by H*(X; k) which corresponds to @,-_, H™(X; k) under the isomorphism mentioned
above. Hence, H®*(X;k) is trivial in all positive degrees.

Let G be an elementary abelian 2-group of rank r with generator set {g1,...,g,}. Then
we can identify the group algebra kG with the exterior algebra A by identifying 1 + g; with
t;. Moreover, the group cohomology H®(BG;k) is isomorphic to the polynomial algebra S as
graded k-algebras. Assume that G acts freely on a simplicial set X. The goal of this section is to
use the techniques discussed in the previous section to give a construction of the minimal Hirsch-
Brown model of X which is equivalent to the one constructed in [1]. In other words, we define
a differential graded S-module denoted by H®*(BG;k)@H®(X; k) so that H*(BG; k)QH*(X; k)
is isomorphic to H*(BG; k)®@H®*(X; k) as a left S-module, and there exists a zig zag of quasi-
isomorphisms between H*(BG; k)®H®(X; k) and a differential graded S-module which is chain
homotopy equivalent to the cochain complex of the Borel construction £FG xg X.

The chain complex C' = C(X; k) is a dg-# -algebra by the morphism from kG ® C to C
which sends g®o to go for any g € G, o € C. Moreover, we have .¥ = #i and #5 = Q.7. Let j
denote the inclusion of dg-# -algebras into dg-Q2.%-algebras. Since H(C) is a deformation retract
of j(C) as dg-k-modules, by Theorem [3] there exists a Q.%-algebra structure on H(C') such that
H(C) and j(C) are oco-quasi-isomorphic as Q.7 -algebras. We know that # is also a Koszul
operad. Then by Theorem [, there exists a zigzag of quasi-isomorphisms of dg-{2.7-algebras
H(C) «~ j(C).

Note that . is a connected cooperad, so it is conilpotent. Let ¢ : . — Q. be the uni-
versal twisting morphism. By Theorem [4 there is a zigzag of quasi-isomorphisms B, H(C) «w
(B,0j)(C) as .#-coalgebras. As graded N-modules, we have the following isomorphism:

B, H(C) = (¥ 0, 0.7) oqy H(C) = S*0H(C).

This isomorphism induces a differential on S*®H(C'). We denote the new differential graded
N-module by S*®H(C).
We consider the .#*-algebra (B, H(C))* as a version of the minimal Hirsch-Brown model
because
(B H(C))" = (S"®H(C))"
= Se(H(C))'
>~ H*(BG; k)@H*(X; k).
Let k : ¥ — # be the canonical twisting morphism. Note that C'(EG;k) is kG-chain

homotopy equivalent to S*®kG := . o, # , where both are considered as differential graded
right kG-modules. Also we have (B, oj) = B,;. Hence

((B.oj)(C))* = (S*@kG @pc C)*
~ (C(EG; k) @k C)*
~ C(EG xg X; k)*
= C.(EG XaG X;k‘)
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where the last equality is due to our conventions about cochain complexes and the second
homotopy equivalence follows from the homotopy equivalence C(EG x¢ X; k) ~ C(EG; k) ®kcC
proved in [I], proof of Theorem 1.2.8] and [8, VI.12].

We can also consider the chain complex C' = C(X;k) as a dg-# *-coalgebra by the mor-
phism from C to kG ® C' which send o to deG ¢ ® g 'o. Hence C* is a dg-# -algebra as
discussed in Section Hence the .#-coalgebra B, H(C*) is another version of the minimal
Hirsch-Brown model. In fact this second version is what we use in Section [l

4C. The Minimal model of Carlsson. Let N be a differential graded S-module, so it is
a dg-.*-algebra. We view N as a dg-.#-coalgebra. The goal of this section is to construct
Carlsson’s minimal model [7] for N. We construct a dg-.%-coalgebra that is quasi-isomorphic
to N and has zero differential when tensored with k£ over ..

We have F' = F5(N) in the filtration from Section [3D], so the coalgebra N is conilpotent.
As a dg-k-module H(N) is a deformation retract of N. We obtain the following deformation
retract of dg-k-modules by applying the functor Q,, where x : . — I is the canonical twisting
morphism
Qe (p)

Qs (h) C (QxN)
By Theorem [ Q.N <Q“—(Z) Q. H(N) extends to an oo-quasi-isomorphism of dg-Q.7-
algebras. Furthermore, we have another deformation retract

) C (H(N))

Qr(7)

/

(H (2 H(N)))

i/

and so Q, H(N) & H(Q,H(N)) extends to an oo-quasi-isomorphism of dg-.%-algebras by
Theorem Bl Combining these two oo-quasi-isomorphisms, we have an oo-quasi-isomorphism
of dg-Q.7-algebras QN «+ H(Q,H(N)). Thus by Theorem [ there is a zigzag of quasi-
isomorphisms as dg-2.¥-algebras

QuN «~ H(Q.H(N)).
Then by Theorem M|, we have a zigzag of quasi-isomorphisms of dg-.¥-coalgebras
Bk QN e~ B, H(Q, H(V)).

There is a quasi-isomorphism of dg-.-coalgebras N — B, Q. N by Proposition Bl Therefore,
we obtain a zigzag of quasi-isomorphisms of dg-.#-coalgebras

N e~ B, H(Q, H(N)).

Note that k@B, H(£2,; H(IV)) has zero differential. Hence we call the dg-.#-coalgebra B, H(2,, H(N))
the Carlsson minimal model of N.

4D. A special case of Carlsson’s conjecture. The following is equivalent to Theorem [Ik

Theorem 7. Let k be an algebraically closed field of characteristic 2 and S the polynomial

algebra in v variables of degree —1 with coefficients in k. Assume (M7 0) is a free dg-S-module

and 0 < dimy H(M) < oco. Further assume that x(H(M)) := > (—1)" dimy H;(M) is non-zero.
i>0

Then 2" < rankg M.
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Proof. We can consider M as a dg-.¥-coalgebra. As in Section 4C| we have a zigzag of quasi-
isomorphism of dg-.¥-coalgebras
M «~ B, H(Q, H(M)),

where each middle term in this zigzag is free.

If f: K — L is a quasi-isomorphism of bounded-below complexes of free modules, then
the mapping cone of f is a bounded-below acyclic complex of free modules. Therefore, the
mapping cone is contractible and f is split, so f is a homotopy equivalence [4, Proposition 0.3,
Proposition 0.7]. This implies the following zigzag of quasi-isomorphism:

k®g M s k @g By H(Q H(M)) = H(Q, H(M)).

Also notice that
x(H(Q H(M))) = x (2 H(M)) = 2"x(H(M)) # 0,
Thus,

2" < dimy(H(Q, H(M))) = dimg(H(k ®s M)) < dimy(k ®g M) = rankg(M).

5. MULTIPLICATIVE STRUCTURES ON MINIMAL HIRSCH-BROWN MODELS

In this section, we will prove that the operad # defined in Section is an operad that
satisfies the properties listed in Theorem [21

5A. The operad # in the case r = 1. Consider the associative operad that is generated by
a binary operation pg, that satisfies the associativity relation (po; po, 1) = (ro; 1, o). In terms

of trees, we have
Hoe = \@P/ with the relation Ho \ = Mf‘
Ho Ho

Similarly, for an exterior algebra of a single variable, we have an unary operation ¢;

t
te = @ with the relation I = 0.
t

In the case r = 1, we define a quadratic operad ¥ by setting generating operations as

t.z@, ,uoo:\QP/ and ,uloz\@P/

The relations of # are as follows :

R12 :EI :0, R22 t\ =0 5

K1

Rs: ,uo\ = Mf, Ry 'ul\ = 'u/l ,

110 1o 0 o
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B ML= v S S
Ho H1

Ho
R6 : i \ = M/O, R72 i I = /t s
t
Ho H1 H1
Ry : Ho \ = A \ + 'u/l + 'u/l
251 Ho Ho H1

Please see Lemma [Tl in Section to understand where these relations come from.
Now consider the graded path lex order on all quadratics; firstly there is only one 1-ary

quadratic operation and it is represented by tI. Secondly, we sort all 2-ary operations:
t

/t< /t<MOI<MI<t\.
o M1 t

t Ho
Correspondingly, path sequences of the planar rooted trees are
(1o, piot) < (p1, pat) < (tpo,tpo) < (tpastpa) < (pot, po)-
Then we sort all 3-ary operations:
M/0< M/1< Mf< M1<M0\<M1\<MO\<M1\.
Ho Ho 231 231 Ho Ho 231 H1
Correspondingly, path sequences of the planar rooted trees are

(uo,gﬁ,g%) < (ko pop1, poper) < (k1,1 o, pa pio) < (ul,uf,uf)
=< (1, 15 o) < (pofe1, pofis, o) = (k1 ptos pafto, 1) < (pa®, s pi1)

Hence, the quadratic part of a non-symmetric PBW basis is given by
SN s SS
Ho H1 t Ho Ho H1 H1

Correspondingly, path sequences of the quadratic part of the basis is given by

(/,Lo, Mot) < (:u17 ,Ltlt

) < (tpo, tio) < (pos 3, pd) < (pos pofit, fop)
=< (1, 1o, 1 p0) < (

M1, Mlzu Mlz)'

The other way around those trees correspond to the elements;

(po; 1,t) < (p131,t) < (t510) < (o3 1, po) < (po3 1, p1) < (w131, po) < (a5 1, pa).
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5B. The operad # in general. For a positive integer r, let (M, R) be the quadratic data
pair consists of

@k‘vl, @ kup,...)

LCT

and

R={R, R}, R} Rix|i,jeTand K,L CT}U{R}|ic K CT}
U{Riﬁ,j,K|jngTaHdi¢K}

where T'={1,...,r} and for 4,j € T and K, L C T with

R} tiI =0 ,
t;

/“L ifL=0or KNL#D

R%(,L: 'UK\:
[ “KuL\ /“L +/”L if L£@and KNL =0,
Ho

\ /’LKUL

/ti ific K

1204

t t”\ /ti+/ ifi¢d K
UK

Hoku{i}
RiK:ti\:o ifiek |

RS, 4 \ \ ifi¢ K,jeK.

LR\ {5} yu{i}
We deﬁne a quadratlc operad and a quadratic cooperad as follows:

W =P M,R) and . :=%(sM,s’R).

5C. The PBW basis of #. In order to define a PBW basis for the operad 7/, we consider
the graded path lexicographic order given in Section [BF] It is straight forward to check that the
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quadratic part of the basis of # is given by the following set of trees:

S and U3 1 T Ug /" | keer
pe | BET ; | KET pK

Note that every composition of the above operations can be rewritten by a unique basis element.

5D. Multiplicative structure on minimal Hirsch-Brown models. Let G, X, and C be
as in Section @Bl Let A : C — C ® C denote the Alexander-Whitney diagonal map. For g in
G, let g : C'— C denote the multiplication by g from the left. The map A is coassociative as in
[12] and by naturality we have

Aog=(g®g)oA
for any g in G. Hence for g in G, if t = 1 + g then we have

Aot=Ao(l1+g)=(Aol)+(Aog)=(1®1)cA+(g®g)oA
=((1e)+(@g®g)eA=(tx1)+(1at)+(txt)oA.

Hence, we have a operad morphism defined as follows

(1)

W —s coEnd¢
ti = 1+g;

(2)
wr — (H(l—i—gi) , 1> oA
el
for ¢ in T and I C T. By abuse of notation, we will denote the image of ¢; and p; under this
operad morphism by ¢; and py. Hence t; and py will be considered as operations in coEnd¢.
In the following lemma, we assume r = 1, and hence T = {1}. In this case instead of
g1, t1, pg, pr we write g,t, po, 1 respectively.

Lemma 1. Assume that r = 1. Then the operations t, ug and @1 in coEndg satisfy the relations

Ry, ..., Rg in Section[5Al

Proof. We need to prove the following equations:

R1 : ( ) = 0

R2 . (,uht 1) == 0,

R3: (:u Ko, ) (:u(]vlnu(])

Ry : (lu’l M1, ) (Mlalnul)v

Rs @ (tpo) = (o3 t, 1) + (no; 1, 1)) + (113 1,7),

R6: (:u(]a,ulv ) (:ulvlnu(])

R7Z (t ,ul) (,ul,l t)

Rs @ (pa; po, 1) = (o3 pa, 1) + (o; 1, pa) + (151, pa)-

First notice we have p; = ((1 +g),1) o A = (uo;t, 1) in coEnde. We will call this equation Rjy.

The first equation (¢;¢) = 0 holds since t =1+ g¢g,g° =1 and (1 +¢)2=1+2g+¢>=0in
a characteristic 2 field. The second equation (u1;t,1) = ((po;t,1);t,1) = (o;t2,1) = 0 follows
from Ry and R;. By associativity of the operation g, we have the equation R3. The equation
R5 is given by the Equation [
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The equation Ry follows from Ry, R5, Ry and R3. More precisely, one can obtain (uq; 1, 1) =
(pos (t; 1), 1) = (pos (¢; (103 t, 1)), 1) by Ro. Then
(15 11, 1) = (pos (o3 £%,1), 1) + (po; (103 8,1, 1)) + (po; (o3 £, 1), 1) by Rs,
pos (po3 t,t),1)) by R,
(103 po, 1)5 8,2, 1),
(o3 1, po);t,t,1) by R,
= (po3t, (o3, 1)) = (p1; 1, ).
The equation Rg can be seen as

(o3 1, 1) = (po; (o3 t,1),1) =

(
= (
= (
= (

(103 10, 1)5¢, 1, 1) by Ro;
(031, po); ¢, 1,1) by Rs,
f1o;t, (ko3 1, 1)),

(o3t,1);1, o) = (p13 1, po)-

(
(
= (
(

The equation Ry follows from Ry, R5 and Rj:

(t; 1) = (£ (o3t 1)) = (nos t%, 1) + (o3t t) + (pos t%,t) = (ost, t) = (u1; 1,1).
The last equation Rg follows from Ry, Rs5, R7, R3 and R4. More precisely,
(p15 po, 1) = ((po3t, 1); po, 1) by R,
= (po; (t; o), 1),
= (po; (o3 t, 1), 1) + (po; (po3; 1, 1), 1) + (po; (151, %), 1) by Ry,
= (ko (uo,t 1),1) + ((no; po, 1); 1,2, 1) + (po; (¢ (o3 ¢, 1)), 1) by Ry,
= (po; (o3 t, 1), 1) + ((po3 1, po); 1, £, 1) + (o5 (¢ (po3 £, 1)), 1) by Rs,
= (po; p1, 1) + (po; 1, 1) + (pa5 o1, 1) by Ro,
= (

po; 1, 1) + (pos 1, pr) + (pa; 1, 1) by Ry.
O

Lemma 2. The operations ti,to,...,t, and pr for L CT = {1,...,r} in coEndc satisfy the
equations R}, Rfj, RK L RZ Ko RZ K and R” i listed in Sectzon-
Proof. In the operad coEndg, we have uy, = <u0; H ti, 1). Hence Lemma [ can be repeatedly
ieL

applied for ¢; at a time to prove this lemma. © O

Note that by Equation 2, we can consider C as a dg—“//N—coalgebra and hence C* as a dg-
W -algebra. We will call the .%-coalgebra B, H (C*) the minimal Hirsch-Brown model as at the
end of Section 4Bl Now, note that the inclusion As »— V(N, induces Asi — .¥, and so it induces
% — (Asi)* = As. We also have surjective morphism # — As obtained by sending t; to 0 for
iin T and g, to 0 for § # L C T. This induces . — Asi, and so it induces As = (Asi)* — .7*.
Notice that the composition

As — P — As

is the identity morphism on As. So this means we have a multiplicative structure on duals of
these minimal Hirsh-Brown models. Unfortunately, this multiplicative structure does not have
all the properties of the multiplicative structure used by Puppe, therefore we cannot repeat the
proof of [I4, Lemma 2.1.a] to obtain an equivalent result. We hope that results stronger than
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[14) Lemma 2.1.b] can be proved to tighten the bounds mentioned in Section [Il The reason for
this hope is because we also know that the composition

S S I
is the identity morphism on ., where the first morphism is induced by sending fy, to 0 for

L C T and the second morphism comes from the inclusion As — %#". Hence we have an S-module
structure, which is enough to prove [14, Lemma 2.1.b].

Proof of Theorem [3. Take 2 = # where # is the operad constructed in Section BBl Hence
is a Kozul operad by Theorem [f] and Section [6Cl Notice that the Koszul dual operad of £ is
*. Hence the other properties of & are proved in Section O

Proof of Proposition[ll. Let X be a finite-dimensional free G-simplicial set. Notice that the
group G acts freely on products of r many equidimensional spheres where g; acts on the ith
sphere by the antipodal action. Hence G acts freely on S x ... x S and S™ x ... x S, where
m = dim(X) + 1. Let zp be a point in X. First, we can define an equivariant map from
SY x ... x S” to X by sending the south poles s := (—1,...,—1) to 79 and extending the map
equivariantly. Second, we can construct a map from X to S™ x ... x §™ by sending xg t0 iy, (s)
then extending the map by using equivariant obstruction theory; see [2, Chapter II]. Since the
associated minimal models of products of equidimensional spheres are Koszul complexes, we
obtain the result of the proposition by naturality of our constructions. O

Proof of Proposition[d. Let & denote the operad in Theorem 2, m be a positive integer and
v : Ky (m) — K, (0) be a S*-coalgebra morphism which induces the same map from H(K,(m))
to H(K,(0)) as i¥, does. Assume 7 extends to a Zi-coalgebra morphism 7 : K,(m) — K,(0)
whose restriction to Zio1 is induced by the identity on 2i. Set T'= {1,...,r}. For U C T and

n € {0,m}, let zgl ) denote H zi(n) and xy denote H x*. Since v induces the same map from
eU eU
H(K,(m)) to H(K,(0)) as i}, does, v* sends [1 ® zég])] to [xp ® zéﬂm)]. Since 7 extends to Zi-

coalgebra map whose restriction to 21 o1 is induced by the identity on 221, we can say that ~*

sends xU®z§F01U to a:T®z¥71)U+e where e contains only terms in the form f®zy, such that T—U is

a proper subset of L and L is a subset of T'. Hence F'®@~* sends 2¢, 21}, - - - 2{r}, 2{1,2}» - - - » Z{1,r}

to linearly independent vectors in F' ®g (K,(m))*. Then the linear map F' ®g v* has rank at

least 2r, where F' denotes the field of fractions of the ring S. O
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