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Abstract

It has been proven by Schupp and Bergman that the inner automorphisms of groups can be characterized
purely categorically as those group automorphisms that can be coherently extended along any outgoing
homomorphism. One is thus motivated to define a notion of (categorical) inner automorphism in an arbitrary
category, as an automorphism that can be coherently extended along any outgoing morphism, and the
theory of such automorphisms forms part of the theory of covariant isotropy. In this paper, we prove that
the categorical inner automorphisms in any category Group‘7 of presheaves of groups can be characterized
in terms of conjugation-theoretic inner automorphisms of the component groups, together with a natural
automorphism of the identity functor on the index category [J. In fact, we deduce such a characterization
from a much more general result characterizing the categorical inner automorphisms in any category Tmod”
of presheaves of T-models for a suitable first-order theory T.
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1. Introduction

An automorphism « : G =5 G of a group G is said to be inner if there is some element s € G with respect
to which « is defined by conjugation, in the sense that a(g) = sgs~! for any g € G. In @, Theorem 1],
George Bergman proved that these inner automorphisms can be characterized purely categorically, without
reference to group elements or conjugation, as the automorphisms that can be coherently extended along any
morphisms out of their domainsl] More precisely, he showed that an automorphism « : G =5 G is inner if
and only if one can define a group automorphism oy : H = H of the codomain of any group homomorphism
f G — H out of G in such a way that iq, = « and the resulting family of automorphisms (ay) s is coherent.
The latter condition means that if f : G — H and f’ : H — K are any composable group homomorphisms
out of GG, then the following square must commute:

H___% .g
f i

K—/——7-—K
flof
Such a family of automorphisms (o) is just a natural automorphism of the projection functor G/Group —
Group, which sends a morphism f : G — H to its codomain H. We refer to such a family of automorphisms
as an extended inner automorphism of G. Bergman’s result can therefore be restated as saying that a group
automorphism « : G — G is inner iff there is an extended inner automorphism (a¢)s € Z(G) with aig, = cv.
These extended inner automorphisms form a group Z(G), which we call the covariant isotropy group of G.
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We can now generalize these ideas from the category Group to an arbitrary category. For any category
C, one can define its covariant isotropy group (functor) Zc : C — Group, which sends any object C' €
obC to the group of natural automorphisms of the projection functor C/C — C. More concretely, if we
define Dom(C) := {f € mor(C) : dom(f) = C}, then an element 7 € Z¢(C) is a Dom(C)-indexed family of
automorphisms

= (ﬂ'f ccod(f) — cod(f)) PR
with the property that if f : C — C’ and f’ : ¢ — C” are any composable morphisms out of C, then
Tgop © f' = f omy as in the commutative square above. Intuitively, an element © € Z¢(C') provides an
automorphism . : C = C that can be coherently or functorially ertended along any morphism out of
C. The covariant isotropy group of a category C can therefore be regarded as encoding a notion of inner
automorphism or conjugation for C, abstracting from the initial case of C = Group. Motivated by the
considerations above, we may then refer to the elements of Z¢(C) as the extended inner automorphisms of
C € ob(C), while a (categorical) inner automorphism of C is an automorphism f : C' = C for which there
is some extended inner automorphism 7 € Z¢(C) with w4, = f, i.e. a (categorical) inner automorphism is
an automorphism that can be coherently extended along any outgoing morphism

In |3] and [4], the present author and his collaborators studied the covariant isotropy group of the category
Tmod of models of any finitary quasi-equational theory T in the sense of [5]@ We showed therein that the
covariant isotropy group of a model M of a finitary quasi-equational theory T can be logically or syntactically
described in terms of the sort-indexed families in [[ M (x¢) that are substitutionally invertible and commute
generically with the operations of T, where M (x¢) is the T-model obtained from M by freely adjoining a
new element x¢ of sort C'. Using this logical or syntactic characterization of the covariant isotropy group of
Tmod, we then provided explicit characterizations of the (extended) inner automorphisms in many prominent
categories of mathematical interest, including the categories of (abelian) groups, (commutative) monoids,
(commutative) rings with unit, lattices, racks and quandles (see also [6]), and strict monoidal categories.

In [4, 5.2] the authors also proved an explicit characterization of the covariant isotropy group of any
presheaf category Set” on a small category J, and showed that it is the constant functor Set” — Group
with value Aut(ld7), the group of natural automorphisms of the identity functor on J. It is trivial to see
that Set is the category of models of a finitary quasi-equational theory, namely the single-sorted theory with
no operations and no axioms. It is the primary purpose of the present paper to extend the characterization
of covariant isotropy for presheaf categories Set” to categories of the form Tmod” for arbitrary quasi-
equational theories TH In other words, we will explicitly characterize the (extended) inner automorphisms
in such functor categories Tmod”, and it will turn out that the (extended) inner automorphisms of a functor
F : J — Tmod can be described in terms of the automorphism group Aut(ld7) and the (extended) inner
automorphisms of the component T-models F(i) € Tmod (for ¢ € obJ). From this general characterization,
we will then extract an explicit characterization of the (extended) inner automorphisms in any category
Group” of presheaves of groups. In particular, we will show that the (categorical) inner automorphisms of
any functor F' : J — Group can be characterized in terms of the automorphism group Aut(ld;) and the
conjugation-theoretic inner automorphisms of the component groups F(i) € Group.

We now provide a brief overview of the paper. In Section 2] we first review some background material
from [5] on quasi-equational theories and their models, and we conclude by recalling the characterization of
covariant isotropy for the categories of models of such theories that was proven in |4]. We then proceed in
Section Bl to show that if T is a quasi-equational theory and J a small category, then the functor category
Tmod” can be axiomatized as the category of models of a quasi-equational theory TV, and we then prove an
explicit logical characterization of the covariant isotropy group of TV mod =2 Tmod” . In Section @ we deduce
from these results a categorical characterization of the covariant isotropy group of Tmod, and hence of the
(extended) inner automorphisms of functors 7 — Tmod. In the final Section Bl we deduce some important

2The general theory of categorical isotropy was introduced in [2].
3Quasi-equational theories are an equivalent formulation of multi-sorted essentially algebraic theories.
4In fact, we will need to eventually impose some modest conditions on T; see Definitions [3.43] and 3441



special cases of our main results, and conclude by providing an explicit characterization of the (extended)
inner automorphisms in any category Group” of presheaves of groups.

The content in this paper (especially from Section [Blonward) is largely based on the final chapter of the
author’s recent PhD thesis [7]; in the interest of brevity, we have therefore chosen to refer the reader to this
source for many of the (technical) proofs.

2. Covariant isotropy of locally finitely presentable categories

In this section, we review the techniques developed in |4, |7] for computing the covariant isotropy group
of the category of models of any finitary quasi-equational theory, equivalently the covariant isotropy group
of any locally finitely presentable category. The initial material in this section borrows heavily from [5].

Definition 2.1. A (first-order) signature ¥ is a pair of sets X = (Xsort, LFun) such that Mg is the set of
sorts and Xg,, is the set of function/operation symbols. Each element f € Yg,, comes equipped with a pair
((A1,...,A), A), where n > 0 is a natural number and A, A; are sorts for all 1 < i < n, which we write as
f:A1 x...x A, = A. In case n = 0, we write f : A. O

Definition 2.2. Let X be a signature. For every sort A € Ysot, we assume that we have a countable
set Vi of variables of sort A. We now define the set Term(X) of terms of X recursively as follows, while
simultaneously defining the sort and the set FV(t) of free variables of a term t € Term(X):

o If A€ Yot and x € V4, then z € Term(X) is of sort A with FV(z) := {z}.

o If f: Ay x...x A, = Ais a function symbol of ¥ and t; € Term(X) with ¢; : A; for each 1 < i < n,
then f(t1,...,t,) € Term(X) is of sort A, and FV (f(t1,...,tn)) := Uj<;<, FV(ti). In particular, if ¢
is a constant symbol of sort A, then c is a term of sort A with FV(c) = 0.

If t € Term(X) and FV(t) = (), then we call t a closed term. If t € Term(X), then we write ¢(£) to mean that
FV(t) C 7. O

Definition 2.3. Let ¥ be a signature. We define the class Horn(X) of Horn formulas over ¥ recursively as
follows, while simultaneously defining the set FV(yp) of free variables of a formula ¢ € Horn(X):

o If 1,2 € Term(X) are terms of the same sort, then t; = ¢t € Horn(X), and FV(t; = t2) := FV(t1) U
FV(t2).

e T € Horn(X) (the empty conjunction), and FV(T) := (.
o If 01,92 € Horn(X), then p1 A @2 € Horn(X), and FV (o1 A p2) := FV(¢1) UFV(p2).

If ¢ € Horn(X) and FV(p) = (), then we will refer to ¢ as a (Horn) sentence. If ¢ € Horn(X), then we will
write ¢(Z) to mean that FV () C Z. O

Definition 2.4. Let ¥ be a signature. A Horn sequent over ¥ is an expression of the form ¢ F¥ 1, where
v, € Horn(X) and FV(p), FV(¢) C & with & finite. A quasi-equational theory T is a set of Horn sequents
over a signature X. o

One can now set up a deduction system of partial Horn logic for quasi-equational theories, wherein certain
Horn sequents are designated as logical axioms, and there are logical inference rules allowing one to deduce
certain Horn sequents from other Horn sequents. We refer the reader to |5] for a list of all the specific logical
axioms and inference rules of partial Horn logic. The main distinguishing feature of this deduction system
is that equality of terms is not assumed to be reflexive, i.e. if ¢(Z) is a term over a given signature, then
T ¥ #(%) = t(Z) is not a logical axiom of partial Horn logic, unless ¢ is a variable. In other words, if we
abbreviate the equation ¢ = ¢ by t | (read: t is defined), then unless t is a variable, the sequent T % ¢ | is
not a logical axiom of partial Horn logic.



If T is a quasi-equational theory over a signature ¥ and ¢ F¥ 1) is a Horn sequent over X, then we say
that the sequent ¢ % 1) is provable in T if there is a finite sequence of Horn sequents whose last member is
¢ F¥ 4p, and each member of the sequence is either a logical axiom of partial Horn logic, an axiom of T, or
is obtained from previous elements of the sequence by an inference rule of partial Horn logic. We also say
that T proves the sequent ¢ % 1, or that this sequent is a theorem of T. If T proves a Horn sequent of the
form T F¥ ¢, then we usually write this as T F% .

We now review the set-theoretic semantics of partial Horn logic. We recall that if A and B are any sets,
then a partial function f: A — B is a total function f : dom(f) — B with dom(f) C A.

Definition 2.5. Let ¥ be a signature. A (set-based) partial 3-structure M is given by a set M4 for each
A € Ssore and a partial function f™ : Ma, x...x My, — My for each function symbol f : A1 x...x A, — A
of EFun- O

Definition 2.6. Let X be a signature, and let M and N be partial 3-structures. A X-morphism h: M — N
is a Msor-indexed sequence of total functions h = (ha : Ma — Na)aex,,, such that for any function symbol
fiArx...xA4, > Ain Xg, and any (m;); € ngign My,, if (m;); € dom (fM), then (ha,(m;)), €
dom (fN) and hy (fM(ml, - ,mn)) = fN (hAl(ml), ey hAn(mn)) € Ny. O

It is easy to verify that the (componentwise) composition of X-morphisms is a ¥-morphism, and that the
sequence of identity functions (idg : M4 — Ma)4 is a X-morphism idy; : M — M that is an identity for
composition. So we can form the category PXStr of partial ¥-structures and X-morphisms.

Before we can define the notion of a (set-based) model of a quasi-equational theory, we must first define
the interpretations of terms and Horn formulas in partial structures.

Definition 2.7. Let ¥ be a signature. Let t(xy,...,25) : A be an element of Term(X) with free vari-
ables among x; : A; for 1 < i < k. Let M be a partial ¥-structure. We define the partial function
t(z1, ..o 2i)™  [lic;cp Ma, — Ma by induction on the structure of ¢:

o If t =x; : A; for some 1 < i < k, then we set tM =7, : [Ti<i<r Ma, = Ma,, the (total) projection
onto the it factor.

o If t = f(t1,...,tm) : B for some function symbol f : By x ... x By, — B of ¥ with ¢;(z1,...,2) €
Term(X) and ¢; : B; for each 1 < j < m, we first set

dom (") :=<{d e ﬂ dom(té-v‘[):(t;-\([(ﬁ))jedom(fM) ,

1<j<m
and for any @ € dom (t") we set tM(@) = fM (12(a),...,t}! (@) € Mp, which defines tM =
fltr, o tm)™ : Thcicy Ma, — Mp. O
Definition 2.8. Let ¥ be a signature, and let ¢(x1,...,x;) be a Horn formula over ¥ with free variables

among x; : A; for 1 <i < k. Let M be a partial X-structure. We define (1, ..., zx)M C [1<;<; Ma, by
induction on the structure of ¢: o

o If ¢ =t; =ty for some terms t1,to of the same sort, then
oM = (t1 = to)™ = {@ € dom (¢}") Ndom (t37) : 11" (@) = t3" (@) } -
o If o =T, then TM :=[[, .., Ma,.

o If ¢ = 1 A o for some @1, o € Horn(X), then (p1 A gpg)M =M Nl C [licick Ma,. O

Definition 2.9. Let ¥ be a signature, let M be a partial X-structure, and let ¢(Z), ¥ (&) be Horn formulas
over ¥. Then M models or satisfies the Horn sequent ¢ =7 v if ()M C o (7)M.

Let T be a quasi-equational theory over a signature X, and let M be a partial X-structure. Then M is a
model of T if M satisfies every axiom of T. O



For a quasi-equational theory T over a signature 3, we now let Tmod be the full subcategory of PXStr on
the models of T.

In order to sketch the details of the Initial Model Theorem for quasi-equational theories (see [5, Theorem
22]), we first require the following definitions.

Definition 2.10. Let X be a signature and M a partial X-structure. For every sort A, let ~4 be an
equivalence relation on My. Then the Ygoi-indexed family of equivalence relations (~4)a is a partial

congruence on M if for every function symbol f: A; X ... x A, = A in 3, and all (i’,g S H1§z‘§n Ma,,
if a; ~a, b; for all 1 < i < n, then @ € dom (f™) iff b € dom (fM) and @,b € dom (fM) = fM(@) ~a
M (E) O
We now have the following definition:

Definition 2.11. Let X be a signature and M a partial X-structure. Let ~ = (~4)4 be a partial congruence
on M. We define the partial quotient L-structure M/~ as follows:

e For every sort A € 3, we set (M/~)4 := Ma/~a, the set of equivalence classes of M4 modulo the
equivalence relation ~ 4.

e For any function symbol f: A; x ... x A, — A we set

dom (4~ ) = $ (fail); € T Mai/~a, : (@i)i € dom (1)

1<i<n
Then for any ([a;]); € dom (f/~), we set fM/~ ([a1],...,[an]) == [fM(a1,...,an)].

Because ~ is a partial congruence on M, it easily follows that M/~ is a well-defined partial ¥-structure. [

We now sketch the details of the Initial Model Theorem from [5] that we will need for our purposes. First,
given a quasi-equational theory T over a signature 3, we define a specific partial X-structure MT.

Definition 2.12. Let ¥ be a signature. First, let Term®(X) := {¢t € Term(X) : FV(¢t) = 0} be the set of
closed terms of Term(X). For any A € Ysop, let

Term®(X)4 := {t € Term“(X) : ¢ is of sort A}

be the set of closed X-terms of sort A.
Now let T be a quasi-equational theory over ¥. We define a partial Y-structure MT as follows:

e For any sort A € ¥, we set M} := {t € Term®(X)a : Tt |}.
e For any function symbol f: A; x ... x A, = A of 3, we set

dom () = Qe [ ME:THF(D 1y,

1<i<n
and if £ € dom (fMT),we set fMT (f) ::f(ﬂ € M7. O
Now we define a partial congruence ~* on M". For any sort A € ¥, we set
~hir={tt) EMyx My THt =t5}.

Using the rules of partial Horn logic, it is then straightforward to verify that ~T is in fact a partial congruence
on MT. We now make the following definition:



Definition 2.13. Let T be a quasi-equational theory over a signature ¥, and let MT be the partial 3-
structure and ~T the partial congruence on M7 just defined. Applying Definition 211 we then define the
following partial ¥-structure: Free(T) := MT/~T. O

The following theorem is then proven in |5, Theorem 22]:

Theorem 2.14. Let T be a quasi-equational theory over a signature .. Then the partial X-structure Free(T)
is an tnitial model of T, i.e. an initial object of the category Tmod. O

Remark 2.15. For concreteness, we give the explicit description of Free(T) for a quasi-equational theory T
over a signature X.

e For any sort A € 3, we have
Free(T) 4 := M3 /~% = {[t] : t € Term®(£)4 and T+ ¢ |},
where [t] is the ~7-congruence class of t € M} (so for any s,t € M}, we have [s] = [t] iff T+ s =t).

o If f: A3 x...x A, — Ais a function symbol of X, then

dom (=) = 3 ([t]), € ] Free(Ta, i TH f(troosta) d g,

1<i<n

and for any ([t;]); € dom (D), we have fFree(D) ([t,], ..., [tn]) = [f(t1,.. . ta)]. O

To review the main results of |7, Section 2.2] and [4], characterizing the covariant isotropy group of Tmod
for a quasi-equational theory T in logical terms, we first recall the following notions.

If M € Tmod for a quasi-equational theory T over a signature %, then (M) is the diagram signature of
M, which extends ¥ by adding a new constant symbol ¢, : C' for any sort C' € Yo and a € M¢. The quasi-
equational theory T(M) over the signature (M) then extends T by adding axioms expressing that each new
constant ¢, is defined, and that the function symbols of T interact with these constants appropriately (for
explicit details, see [7, Definition 2.2.3]). If n > 1 and A; € Xson for each 1 < i < mn, then X(M,xq,...,x,) is
the signature that extends 3 (M) by adding new pairwise distinct constant symbols x; : 4; for all 1 <1i < n.
The quasi-equational theory T(M,xy,...,x%,) over the signature (M, x1,...,x,) then extends T(M) by
adding axioms expressing that x; is defined for each 1 < i < n. Finally, if C' € Xson, then M (x¢) is defined
to be the (X-reduct of) the initial model of T(M, x¢), which therefore has the following explicit description

(cf. Remark 215):

e For any B € Ysort,
M (xc)g =A{[t] : t € Term“(X(M,xc))p AN T(M,xc) Ftl}.

o If f: A1 x...x A, — Ais a function symbol of ¥, then

dom (fM(XC>): (i), € J] Mxcha, : T(Mxc) b f(tr,... t) L g,

1<i<n
and for any ([t;]); € dom (fM%<)) we have fM&) ([t1],..., [ta]) = [f(t1, ..., tn)]-

We now recall [1, Definition 2.2.47] and |4, Definition 6]. The notion of syntactic substitution used in the
following definition is the standard/expected one; see |4, Remark 2.2.21] for an explicit definition.

Definition 2.16. Let T be a quasi-equational theory over a signature X, and let M € Tmod and ([s¢])c €
Meese. M xele-



o If f: A x...x A, = Ais a function symbol of 3, then ([s¢])c commutes generically with f if the
Horn sequent

JOasxn) L salf(xa,oxn)/xa] = f (sa, xa/xa]s - sa, b /xa,])
is provable in T (M, x1, ..., X,).

e We say that ([sc])c is (substitutionally) invertible if for every B € Ssor there is some [s5'] € M (xp)p
with
(s [s5'/xp]] = ] = [s5" [s5/x5]] € M (x5) 5
ie. with T(M,xp) F sp [s]_gl/xB} =xp = s5'[sB/xB].

o We say that ([sc])c reflects definedness if for every function symbol f: A; X ... x A, = Ain X, the
sequent

flsaca/xa)s oosa, xn/xa, ) & F flx,oxn) L
is provable in T (M, x1, ..., Xp). O

As in [7, Definition 2.2.36], we then have a functor Gt : Tmod — Group, with Gp(M) for M € Tmod
being the group of all elements ([sc])c € [[oex, M (x¢) that are substitutionally invertible and commute
generically with and reflect definedness of every function symbol of 3. The unit of this group is the element
([xc])e, the inverse of any element is obtained via the substitutional invertibility of each of its components
(as in Definition [Z10)), and if ([s¢])c, ([tc])c € Gr(M), then their product is obtained via substitution as
([sc)e - ([te])e = (Isc [te/xc]]) - For more details, see [7, Propositions 2.2.35, 2.2.38]. From [7, Theorems
2.2.41, 2.2.53] and [4, Theorem 7] we then conclude that if T is a quasi-equational theory, then

ZTmod = G : Tmod — Group.

(In what follows, we will generally write Z7 in place of Zrmed.) In other words, the covariant isotropy group
of M € Tmod, i.e. its group of extended inner automorphisms, is isomorphic to the group of all elements
of ([sc])c € [[gex M (xc) that are substitutionally invertible and commute generically with and reflect
definedness of all operations of T (naturally in M).

3. Logical characterization

For the remainder of this section, we fix a quasi-equational theory T over a signature X, as well as a small
index category J. At a certain point (see Proposition [3.45]) we will need to impose two modest assumptions
on T, but for the time being we can assume that T is arbitrary. We first show that the functor category
Tmod” can be axiomatized as the category of models of a quasi-equational theory T, and then we explicitly
characterize G : TY mod — Group, which will yield an explicit characterization of the covariant isotropy
group Zypmoqs : Tmod” — Group in Section @l

We first define the signature 7 for the desired quasi-equational theory T . Since J is small, we know
that its classes obJ and morJ of objects and morphisms are both sets.

Definition 3.1. We define the signature 7 as follows:
o If i € obJ and A € Ygon, let A* & Yoo be a new sort. Then we set
S, ={A" i €obT, AE Sson}.
e For any morphism f :4 — j in J and A € Xsepn, let a}? : A" — AJ be a new unary function symbol

¢ Yrun. For any i € obJ and function symbol g : A1 x...x A, — A in Sgun, let g¢ : AL x...x AL — A?
be a new function symbol ¢ Yg,,. Then we set

Z‘,Zun = {a? fe€morJ, A€ ESO,t} U {gi 2 g € Ypun, i € obj}.



Given a partial ¥7-structure, we now show how to derive component Y-structures from it, indexed by the
objects of 7.

Definition 3.2. Let M be a partial ©7-structure and let i € ob7. We define a partial Y-structure M as
follows: for any A € Ygort, we set M}; := M 4+, and for any function symbol g : A1 X ... x A, = A of X, we

set g™ 1= (%) Mag % ..o x Mg = My, % ... x My — M} = My O
From a morphism of ¥7-structures we can also obtain morphisms of the component Y-structures:

Definition 3.3. Let h : M — N be a X7-morphism and let i € obJ. Then we have a X-morphism
ht: M* — N given by hY := hyi : My = M i — N4 = N for every A € Ssor. O

For any i € obJ, we now define an ‘inclusion’ signature morphism p’ : ¥ — 7. Recall from [5, Section
5] that a signature morphism p : 31 — Yo from a signature ¥; to a signature 3o assigns to each sort A
of ¥; a sort p(A) of ¥2 and to each function symbol g : A; x ... x A, — A of ¥; a function symbol

p(g) : p(A1) x ... x p(An) — p(A) of Xo.

Definition 3.4. For any i € obJ, we define a signature morphism p' : ¥ — X7 as follows: for any

A € Ysort, We set pi(A) == A € E‘STM, and for any function symbol g : A; x ... x A, = A in ¥g,,, we set

pi(g) =g" AL x ... x Al — A" O
We can now define the quasi-equational theory TY that will axiomatize Tmod* .

Definition 3.5. We define TV to be the quasi-equational theory over the signature ¥7 whose axioms are
the following sequents:

1. For any f:%— j in morJ and A € Yso, the axiom T A’ a?(x) 1.

2. For any i € obJ and A € Xgo, the axiom T oAl aiﬁi () = x.

3. Forany f:i— jand g:j — k in morJ and A € Ysey, the axiom T F=4° 04;74 (a}“(z)) = a;“of(x).

4. Forany f:i— jinmorJ and g: A; X ... x A, = A in Xp,,, the axiom

5. For any i € obJ and any axiom ¢ F¥ 1 of T, the axiom pi(¢) F*'@ pi(1)). O

Remark 3.6. Recall from [, Section 5] that if T; and Ty are quasi-equational theories over respective
signatures »; and X5, then a signature morphism p : 3; — 39 is a theory morphism from T; to Ts if the
p-translation p(p) FPF) p(1)) of any axiom ¢ F 1) of Ty is provable in Ty, which then entails that p preserves
provability of sequents (see [7, Lemma 2.2.16]). A first easy property of T is now that for any i € obJ, the
signature morphism p* : ¥ — %7 of Definition 3.4l is also a theory morphism T — T, because TY includes
the axioms in Definition O

To begin studying the models of T, we first make the following easy observation:

Lemma 3.7. If M is a partial 7 -structure with M = T, then for any i € obJ, the partial L-structure
M? of Definition[2.2 is a model of T.

Proof. Since p' : T — TY is a theory morphism by Remark 3.6 it follows by [5, Proposition 28] that U?(M)
is a model of T, where U’ : TY mod — Tmod is the forgetful functor induced by the signature morphism p'.
However, it is trivial to observe that U*(M) = M*, so that M? is indeed a model of T. O

We now have:



Proposition 3.8. There is an isomorphism of categories T mod = Tmod? .

Proof. We sketch the bijection between the objects of TY mod and Tmod” and refer the reader to [, Propo-
sition 5.1.8] for the remaining straightforward details. Given M € TV mod, we must define a corresponding
functor FM : 7 — Tmod. For any i € obJ, we let FM (i) be the T-model M? of Lemma 371 For any
morphism f : i — j of J, we define the ¥-morphism FM(f) : M* — M7 as follows: for any A € Ysor, we

, . M
define FM(f)a: MY = Mpi — Ma; — MY as FM(f)4 := (a?) . Because of Axiom BHI] it follows that

M
each function FM(f)4 = (a?) is total (as needed). The functoriality of F™ follows from Axioms

and 353 and the fact that FM(f) : M* — M7 is a X-morphism follows from Axiom [B.5Hl This proves that
FM . 7 — Tmod is a well-defined functor. Conversely, starting from a functor F' : J — Tmod, we define a
model M¥ € T9mod as follows: for any A € Ysone and i € obJ, we set Mgi := F(i) a, for any morphism

F

M
fi:i—jinJ, we set (a?) := F(f)a, and for any function symbol g : A1 X ... x A, — A of X, we

set (gi)MF .= ¢gF)_ The functoriality of F guarantees that M¥ satisfies Axioms B5II BB2, and B5I3]
the fact that each F(f) is a Y-morphism guarantees that M satisfies Axiom B.5M, and the fact that each
F(i) is a T-model guarantees that M* satisfies Axiom So M¥ is indeed a TY-model, and it is now
straightforward to observe that the assignments M — FM and F — MT are mutually inverse. O

Before we can start to characterize the covariant isotropy group of T, we first require the following purely
group-theoretic fact, whose proof is a routine verification.

Lemma 3.9. Let F': J — Group be a functor, and consider the product group [[;cop.s F'(i). Then

(H F(U) ::{(gi)ie IT 76 : F(£)gi) = 9n Vfij—>k€m0rj}

i€obJ i€obJ
is a subgroup of [[icops F(9)- Furthermore, this assignment is the object part of a functor
(Hieobj(—)(i))(_) = lim : Group? — Group. 0

We can now begin to characterize the covariant isotropy groups of models of TY. If M € T mod, then by
the proof of Proposition 3.8 there is a corresponding functor F™ : 7 — Tmod. If G : Tmod — Group is
the functor naturally isomorphic to the covariant isotropy group Zt : Tmod — Group by Section 2] then we
obtain the composite functor Gt o FM : 7 — Group with

(Gro FM) (i) = Gr (FM(i)) = Gr (M")

. oFM .
for every i € obJ. By Lemma 3.9, it then follows that (I], Gt (MZ))GT s a subgroup of [, Gr (M?),

and hence in particular is a group. Let us denote this subgroup with the cleaner notation (]_[Z Gr (M 1))‘7

Next, we will need to define a certain group Aut(ld7)*, where Aut(ld 7) is the group of natural automor-
phisms of the identity functor Id 7 : J — J. Its definition is somewhat subtle and unintuitive, so we ask the
reader to bear with us until after we have defined it, at which point we will try to give some explanation for
the technicalities in its definition.

For any i € obJ and B € Ysort, we say that the diagram theory T (M?) of the T-model M is trivial for
the sort B if T (M*) Fvv' 4 = ¢/ for distinct variables y,3 : B. Otherwise, we say that T (M?) is non-trivial
for the sort B. To say that T (M) is trivial for the sort B is equivalent to saying (by |7, Lemma 3.1.2]) that
for any T-model N for which there is a ¥-morphism M* — N, the carrier set Np has at most one element.
For any B € Ysor, we let JA! be the full subcategory of J on those objects i € obJ for which T (MZ) is

non-trivial for the sort B. We then let Aut (Id Jév[) be the group of natural automorphisms of the identity

functor Idjév[ : jéw — jéw.



We will need to consider a certain subgroup of [[ 55, Aut (Idjéa), which we will call Aut(ld 7). To

define this subgroup, we first require the following definition:

Definition 3.10. Let M € T?mod, let g : A; x ... x A, — A be a function symbol of ¥ with n > 1, and
let i € obJ. Then for any 1 < m < n, we say that ¢™" is degenerate in position m if

T (M?) Vv m glyy, o oyn) = 91, - - Yn) [2m/ Yl

where y1, ..., Yn, 2m are pairwise distinct variables of the appropriate sorts. Otherwise, if T (M l) does not

prove the above equation, we say that ¢ " s non-degenerate in position m. O

Thus, to say that g™ is degenerate in position 1 < m < n is equivalent to saying (again by |7, Lemma 3.1.2])
that for any T-model N for which there is a ¥-morphism M? — N and any elements a; € Ng,yooosOm,bm €
Na, ... an € Na,, we have g™V (a1, ..., am,...,a,) = g™ (ai,...,bm,...,a,) (i.e. the value of g’ does not
change when the mth coordinate of an input n-tuple changes). We can now define:

Definition 3.11. Let M € T mod. We denote an element of HBGESM Aut (Idjév[) by ¥ = (¢¥5)Bes, S0

that each g is a natural automorphism of Idjév[, with components (i) : i — i for each i € obJA!.

We define
Aut(lds)™ € T Aut (|djéw)
B&€Xson

to consist of exactly those elements ¢ € HBEESM Aut (Id jéw) with the following property: if

g: A x...x A, - Ais any function symbol of ¥ with n > 1, then for any ¢ € obJ and 1 < m < n for
which g™ is non-degenerate in position m, we have 14, (i) = ¥a(i) : i ~> i.

This property is well-defined, in the sense that if g™ is non-degenerate in position m, then it easily
follows that T (M?) must be non-trivial for the sorts A and A,,, so that i must be an object of both J3/

and J3" | and hence 14(i) and 4, (i) are both well-defined morphisms of J. It is then trivial to verify
that Aut(ld 7)™ is indeed a subgroup of [[5es,,, Aut (Idjéw), and hence is a group. O

Our ultimate goal in this section is now to show for any quasi-equational theory T (satisfying two mild
conditions, see Proposition [3.45), any small index category J, and any M € T mod that

J
Grs (M) = <H Gr (MZ)> X Aut(ldj)M,

ieJ

naturally in M. Specifically, we will construct a group isomorphism

J
B (H Gt (MZ)> X Aut(IdJ)M = G’H‘J (M)

i€J

for each M € TY mod.

As promised, let us now attempt to give some explanation of the technicalities involved in the definition
of Aut(ld7)M. First, let us discuss why for each sort B € Ysox we needed to consider the full subcategory
JA of J on those objects i € obJ for which T (Ml) is non-trivial for the sort B, rather than just the
whole category J. Essentially, the reason is that if we considered J rather than JA!, then the group
homomorphism [, that we will define in Proposition B.I9 will not be injective in general. Indeed, we show
in detail on [7, Page 151] that if T is the single-sorted algebraic theory of commutative unital rings, J is any
one-object category for which Aut(ld ) is non-trivial, and F : J — Tmod = CRing is the constant functor
on the zero ring with corresponding TY-model M, then s will not be injective if we consider J rather
than J¥ (where X is the unique sort of T).
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This will hopefully help to convince the reader that we need to define Aut(ld 7)™ to be a subgroup of
[5es,,, Aut (Idjg) rather than [[scy. Aut(ld7). Now let us try to motivate why we cannot just define

Aut(ld 7)™ to be the full group [] ey, . Aut (Idjéu) (when T is multi-sorted). A first vague intuition is that

if v = (YB)pes € HBGESM Aut (Idjéa), then we need the distinct ¥g’s to ‘interact’ properly, if there are

(non-degenerate) function symbols in Xy, that ‘connect’ distinct sorts. Indeed, we show in detail on [7, Page
152] that if 7 is the one-object category corresponding to the group Zs and T is the quasi-equational theory
with two sorts X and Y and one function symbol f : X — Y and the single axiom asserting that f is always
defined, then there is a model M of TY for which the group homomorphism f3; defined in Proposition [3.19]
will not land in Gz (M), if we do not define Aut(ld 7)™ as we do in Definition B.11l

Now, towards constructing the group homomorphisms s in Proposition [3.19] we require the following
technical definitions and lemmas.

Definition 3.12. Let M € TY mod, i € 0b7, and C € Xsort. We define a signature morphism
P52 (M’ xc) — 2T (M, xc1)
as follows (where x¢ ¢ ¥ (M") and xc: ¢ $7 (M) are new constants of sorts C' and C?, respectively):
e On X C X (M?,xc), we stipulate that p§,; agrees with p* : £ — £ (see Definition B.4)).
o Ifse Mf;‘ = M 4: for some A € Ysort, then we set pl\c/ﬂ- (c%;) = C%,s exd (M, xci).
o We set p§ (xc) = xci € 27 (M, x¢i). O
We now have the following lemma, whose easy proof may be found in [7, Lemma 5.1.13]:

Lemma 3.13. For any M € TV mod, i € obJ, and C € Xson, the signature morphism p%i is a theory
morphism p%i : T (Mi,xc) — T (M, x¢:). O

The proof of the next lemma is immediate from the definitions:

Lemma 3.14. Let M € T9mod, i € obJ, and C € Ysor. For any u,v € Term© (E (Mi,xc)) with v : C, we

have Sy, (u[v/xc]) = o5 () [p5): (v) /%0 ] 0

We will require the following signature morphisms indexed by the elements of mor.7:

Definition 3.15. Let M € T mod, f:i — j € morJ, and C € Ysor. We define a signature morphism
o+ 57 (M, xci) = B7 (M, xc1)

as follows: on %7 (M) we define a? to be the inclusion into %7 (M, x¢:), and we set ajc (xgi) == oz? (xci) :

C. O

Since T (M, x¢:) F a? (xci) 4, we then easily obtain:

Lemma 3.16. For any M € T?mod, f :i — j € morJ, and C € Ssox, the signature morphism O'? s a
theory morphism UJ? : T (M, xcs) — T (M, x¢i). O

If f:i— jis a morphism in J, let us write f¥ := FM(f): M — M7 (see the proof of Proposition [3.8).
Then we have " ‘ _

M = FM(f) = ((a;‘) - M - Mi)AGE.
Recall that for any C' € Yo, the Y-morphism fM : M? — M7 induces a canonical signature morphism
p?M : (M, x¢) = % (M7, x¢) by |1, Definition 2.2.17] which is also a theory morphism T (M*,x¢) —
T (M7, xc) by [7, Lemma 2.2.18].
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Definition 3.17. For any M € TYmod, any morphism f : i — j in J, and any C € Yse, we define a
signature morphism ch : 3 (M, xc) = 27 (M, xci) as the composite

. PC . S crc
S (M, xe) =25 S(M7 x0) 225 5T (M, xes) —25 57 (M, xc1).

Explicitly, ch is defined as follows:

o When restricted to ¥ C ¥ (M%,x¢), 7§ agrees with p/ : & — %7,

e For any s € M = M : (for any A € Yson), we have ch (c%s> = c]‘Ad_ () (o)
J ’ J, g s
e We have ch(xc) = a?(xci). O

We will then need the following technical lemma about the signature morphism ch, whose proof may be
found in |7, Lemma 5.1.19]:

Lemma 3.18. Let M € TV mod, let f :i — j be any morphism in J, and let C' € Ysor. Then for any term
u € Term® (X (M, x¢)) with T (M%,x¢) b ul and u: A, we have T (M, xci) b TfC(u) = oz? (p$pi(w). O

We can now prove:

Proposition 3.19. For any M € TV mod, there is a group homomorphism

J

B e (H G (Ml)> XAut(|dj)M—)GTJ(M).
ieJ

Proof. Let v = (v)i € ([, Gr (MZ))J and ¥ = (¥B)pex € Aut(ld7)™. We must define Bas(7y,v) €

Grs (M), with Gz (M) being the group of all £ -indexed sequences (Iteilic € Tlics.ces M (xci) i

that are invertible, commute generically with all function symbols of £, and reflect definedness. Each

toi € Term® (87 (M, xc:i)) is a closed term of sort C* with TV (M,x¢:) b toi .

So let i € obJ and C' € Ysor, and let us define Sas (v, ¥)ci € M (x¢i)qi. Since v; € Gr (Ml), we know
that 7 = [SH e M’ (xc)o- So st € Term® (E (Mi,xc))c is a closed term of sort C' with T (Mi,xc) -
st L. Then p$): (s&) € Term® (27 (M, Xci))ci and T (M, xc:) b p$p: (s&) |, since p§ : T (M, xc) —
TY (M, x¢i) is a theory morphism by Lemma 313

Suppose first that T (MZ) is non-trivial for the sort C. Then i € obJA! and ¢ (i) : i = i is an isomor-
phism in J. So then agc(i) : C" — (' is a function symbol of ¥7 and T (M, x¢c:) agc(i) (xci) 4,

and it then follows by |7, Lemma 2.2.24] that TV (M,xc:) F p$. (sh) [aic(i)(XCi)/Xci} 4. So then

[pfﬂ (s&) {agc(i) (XC'L)/XC'L’:|:| € M (x¢i) i, and we therefore set

Bur (1 ¥)er = [ (%) [0S0 (ke ) /xer || € M (xoi)r

IfT (Ml) is trivial for the sort C, then we simply set Bar(7,%)ci = [Xci] € M (xgi)qi. It is then shown
in the proof of |7, Proposition 5.1.20] that 8y is well-defined. We now prove in a series of claims that

Bum (v, ¢) € Gra (M).
Claim 3.20. By (y, %) is invertible.

Proof. Let i € obJ and C € Ygot. The result is trivial to verify if T (M l) is trivial for the sort C, so assume
otherwise. Since v; € Gt (M?), there is some {(56)71} € M* (x¢) o with

[t [(s2) " /x| | = Ixel = [(s8) " [se/xc]] € M ixe)e

12



i.e.
i i i\~1 i\l
T (M',xc) & se {(Sc) /xc} =xc = (s¢)  [s&/xc].
Now consider p$; ((sic)_1> € Term® (27 (M, Xci))ci: since T (M*,x¢) b (sic)_l 1, it follows from Lemma
B.I3l that TV (M, xci) F p5 ((slc)_l) 1. Then because O‘ic(i)*l : O* — (O is provably total in T, we
obtain TY (M, x¢i) F agc(i),l (p(](} ((slc)_l)> 1, so that

{agc(i)A (p?/p ((Sc) )):| eM <Xci>ci .
So we set -
Bu (v, ¥)ai = [0450(1‘)71 (Pz\c/[ ((Slc) ))} ;
and it is now straightforward to show (as in the proof of [7, Proposition 5.1.20]) that this is a substitutional
inverse of Bas(7,1)ci, which proves that Sy (v, 1) is invertible. O

Claim 3.21. Bas(v,%) commutes generically with all function symbols of ¥ .

Proof. First let ¢ € obJ and let g : A1 X ... x A, — A be a function symbol of ¥. We must show that
Bar(7y,%) commutes generically with the function symbol g¢ : A% x ... x Al — A’ of ¥7. Assume without
loss of generality that T (Ml) is non-trivial for each of the sorts Aq,..., A,, A; if this is not the case, then
the argument required is a simpler version of the one we are about to give.

We must show that the sequent

g (xAi,...,xA%) I F {p}?ﬁ (524) |:O[,:2A(,L-)(XA'L)/XA1':|} [gi (XAi""’XA%) /xAl}

i [ A i A A (i A,
=g (PM1 (5341) {O‘wil(i) (XA;) /XAJ yee s Pgi (Sfaxn) [%,An(i) (XA;) /XA;D
is provable in the theory TY (M sXALy XAl ) (technically, we need to ensure that the indeterminates on
the right side of the equation are pairwise distinct (see Definition ZT0]), but we will ignore this subtlety here
and elsewhere in the proof to increase readability). Since ~; € Gt (M i), we know that the sequent

9 (Xays - yxa,) L s g (xars - oxa,) /xal = g (4,5 84,) (%)
is provable in the theory T (M?% xa4,,... ,xAn). As in Definition B.12 and Lemma B.13] we can define a
signature morphism pfﬂ DY (Mi, XAy ,xAn) -7 (M, XAty ,XA%) that will be a theory morphism

7 .
P :']T(MZ,XAI,...,XA") - T7 (M,xAi,...,xA%);

on X (MZ), we define pfﬂ as in Definition 312} and for any 1 < j < n we set pfﬂ (xa;) = xy4i (here
J
A= Ai,...,A,). Then it is obvious that for any 1 < j < n, the signature morphism pfﬁ agrees with the
signature morphism p?ji DY (Mi,xAj) -7 (M, XA@) when restricted to X (Mi,xAj), which implies that
J

p;\“:ﬂ (534]) = pfji (sf;‘j) for all 1 < j < n. Also (by Lemma [B14]), we have
o () [0 (kg ooxay ) fxas] = ik (st [oxass o xa,)/xal)

Now, since p]‘ai : T(Mi,xAl,...,xAn) - TJ (M, xAli,...,xAQ is a theory morphism, it follows that
the pﬁi—translation of the aforementioned sequent () provable in T (M C XAy ,xAn) will be provable

K3
n

in TV (M, XAis- XA ) In other words, the following sequent is provable in T (M, XAty ,XA;’L):
. . . (A . A (i
g (XAi""’XA%) I F pf/ﬂ (51‘) [gl (XA17'.'7XA:IL) /XAl} =g (lel (51‘1) e P (Skn)) .
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Now, let us reason in the theory TV (M, X iy ,XA3L> U {T F gt (xAZi, . ,XA3L> ¢} (referred to as the
‘expanded theory’ for the rest of this argument), one of whose theorems is therefore the preceding equation.
By substituting aﬁi () (x Ai) for x Ais oo 0‘112;(1‘) (x Al ) for x4: , the following equation is then provable in
the expanded theory:

pfp (534) {gi (a;z;(i) (XAZi) S "a;zZ(i) (XA:'L)) /xAl}
=g (p}?ji (5541) {O‘ﬁi(i) (XAi) /XAJ ,...,pf/ﬁ (534”) [Q$Z(i) (XA%) /XA%D )
Since the expanded theory (because of Axiom B.5H]) proves the equation
if A An _ A i
g (%Z(i) (XAé) o Qi) (XA:;)) = Xpai) (9 (XAé’ o ’XA:;)) ;
it follows that the expanded theory proves the equation
P?/n (SiA) [aizA(i) (Qi (XAg, e ,XA;)) /XAZ} =g (P}L\‘ji (5541) {aﬁi(i) (XAg) /XAZJ 7---,P}L\‘j2 (Sfaxn) [04222(1-) (XA;) /XA;D )

i.e. the expanded theory proves the equation

(Pﬁi (s2) {aﬁf;(i) (xa1) /XAZ}> [Qi (XAg, e 7XA;) /XAz}

= gZ (pjj?jz (5341) |:a112;(1) (XAi) /XA1:| yeee 7/)?/[72 (qun) [Q$Z(l) (XA%) /XA31:|) .

So to complete the argument, it remains to show (by the deduction theorem in [5, Theorem 10]) that the
expanded theory proves the equation

o (o ) [ (o) Pt ) [, ) ]

=g (it (50, oy (xay) ] oo (50,) [k () g ])
(the difference in the two terms being the 1-subscripts). It suffices to show that for any position 1 < m < n,
we can ‘swap’ pf/[’? (sf},m) [a:z;"m () (XA:'n)} for pf/[’? (Si\m) [0‘112:(1') (XA%)} within position m in ¢* (modulo the
expanded theory). If g™" is degenerate in position m, then this easily follows by the definition of ‘degenerate’

(see Definition B.I0): specifically, if T (M Z) proves the equation in Definition B.10] for g, then it follows from
Lemma 3.13] that T (M) will prove the corresponding equation for g°.

Otherwise, if g™" is non-degenerate in position m, then since v € Aut(ld7)M, it follows that ¢4, (i) =
$a(i) : i — i, which again easily yields the desired result. This completes the proof that 8 (7, %) commutes
generically with the function symbol ¢° of ¥7.

Now let B € Ysot and let f : 4 — j be an arbitrary morphism in J. We must show that Bas(7, )
commutes generically with the function symbol a? : B* = BJ of ©7. Suppose first that both T (M l) and

T (M j) are non-trivial for the sort B. Then we must show that the equation
{pﬁj (sfg) {affB(j) (XBj)/XBj:|} [a? (XBi)/XBj] = a? (pﬁi (s};) [0453(1‘) (xp+) /XBi:|>
is provable in T (M, xg:) (since a}g is provably total in T). Since v € (]_[Z G (Mi))j, we know that

Gr (FM(f)) (i) = ;. ie. |
x40 (49.) - ()

cexs’
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Recalling our earlier convention that fM := FM(f): M* — M7, this equality means that

([ 60)]) s = ([ o € 5 000

(see |7, Definition 2.2.36]). In particular, for our fixed sort B we have [p?M (slB)} = [sé} € M7 (xg) g, which

means that T (M7,xp) p?M (s) = §%,. Since pB, T (M7,xp) — T (M,xp;) is a theory morphism by
Lemma B.13] we then have

T (M,xp;) pﬁj (p?M (slB)) = pﬁj (sj ) )

And since of” : 9 (M, xp;) — T (M, xp:) is a theory morphism by Lemma 3.6 we obtain
T (M,xgi) F 0}3 (pﬁj (p?M (slB))) = 0}3 (pﬁj (sé)) ,
i.e. (see Definition B.17)
T (M,xg:) F7f (s) = of (pfﬂ (s%)) :

Also, since a? : 27 (M, xg;) — X7 (M,xp:) is the identity except for the fact that O'fB(XBj) = a?(xBi), it
easily follows that

0}3 (pﬁj (s%)) =¥, (S]B) I:Of?(XBi)/XBj} )

So we have _ ‘
T (M, xp:) T}B (sp) = e (sg) I:Of?(XBi)/XBj] .

Finally, since T (M i XB) kst |, it follows from Lemma BI8 that
T (M,xg:) 7';»3 (sls) = a? (p¥: (s55)) -
Combining this equation with the previous one, we then have
T (M, xp:) b= pfs (5 ) [af (xe) fxs] = of (i (s1))
Substituting agB @ (xp:) for xg: and applying |7, Lemma 2.2.24], TV (M, xg:) then proves the equation
wa (S]B) [afB (afB(i) (XBi)) /XBJ} = Of,lfg (PABZ' (SiB) {0‘53(1') (XBi)/XBiD :
So to complete the argument, it remains to prove that T (M, xg:) proves the equation
o8 (1) [oF (a8 (x80) /s | = {0fis () [, (mo) fxs | } 0 () fcp

But the following sequence of equations is provable in T (M, xp:), as desired:

{05 (sh) [ ) /x| | [aF (xe) fi]
:0453(3-) (a? (XBi)) /XBJ}

(s5) |

= Paps (SJB) _0‘53<j>of (x5:) /XE”}
(s5)
(s5)

—wa Sfé _OéfBowB(i) (XBi)/XBf}
=pP, s _a? (0453(1-) (XB'L)) /XBj:| ;
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the second equality follows by Axiom B.EIBl the third by naturality of ¢ € Aut (Id \7}%/1), and the last by
Axiom again.

Now suppose that T (M?) is trivial for the sort B, which implies that T (M, xp) is also trivial for the sort
B. Given the morphism f :i — j, we have the induced X-morphism f™ : M? — M7, which in turn induces
the theory morphism pr : T (Mi, xB) — T (Mj, xB), the existence of which implies that T (Mj, xB) is also
trivial for the sort B. But by Lemma [B.I3] it then easily follows that T (M, xp;) is trivial for the sort B7,
and hence will prove all equations between terms of this sort, which clearly yields the desired result. And if
T (M7) is trivial for the sort B, then T (M7, xp) is trivial for the sort B, which then also yields the desired
result, as just explained. This completes the proof that Sus(7, 1) commutes generically with a]fg, which in

turn completes the proof that By (v, 1) commutes generically with all function symbols of 3. O
Claim 3.22. SB(y, %) reflects definedness.

Proof. This can be proven analogously to the previous claim; we refer the reader to |7, Claim 5.1.23] for the
details. o

With the preceding claims, we have now proved that

J
B : <H G (Ml)> X Aut(IdJ)M — G’H‘J (M)

is a well-defined function. To complete the proof of Proposition [3.19] it remains to show that B, preserves
the group multiplication, which is not too difficult; we refer the reader to the proof of |1, Proposition 5.1.20]
for this verification. O

Our next step is to show that the group homomorphism Sy is bijective. To motivate our proof of this, let
us assume for simplicity that T has just one sort X, so that Aut(ld 7)™ = Aut (Idj)y) for any M € TV mod.

Assume also for simplicity that M € TY mod is such that each M*® € Tmod for i € obJ is non-trivial for the
unique sort X, so that Aut (Idj)y) = Aut(ld7) and the group homomorphism

J
B (H Gt (MZ)> X Aut(ldj) — GTJ(M)

is defined as in the proof of Proposition [3.19 by

([silicobs ) = ([oars (s6) [evpa) (Xi)/xiﬂ)ieobj’

where we have suppressed the subscripts and superscripts for the unique sort X of T. To show that this
assignment is bijective, we will essentially reason as follows. First, we show in Lemma [3.25] that any closed
term u € Term® (£7(M,x;)) for i € obJ has a ‘normal form’ «/ in which all function symbols of % of
the form oy for f € morJ are ‘pushed inside as far as possible’, and we call any term in this normal
form an a-restricted term. In Definition we then show that we can take any a-restricted term u €
Term® (27 (M, x;)), replace any subterm in it of the form af(x;) by a new constant symbol x; : X, and
thereby obtain an induced term 6(u) of the signature 3 (M Z') augmented by these new constants x; indexed
by morJ. We then show in Proposition that this process preserves the provability of equations in
T7 (M,x;). In Definition we also show that we can erase the various morphism subscripts from these
new constants x; to obtain from 6(u) a term 6*(u) over the more familiar signature ¥ (M*,x), and we show
in Lemma [3.32 that the mapping * preserves the provability of a certain kind of sequent in T (M, x;), and
in Lemma B33 that it preserves the provability of equations. After some further technical lemmas regarding
0 and 6*, we finally prove in Proposition B.41] that S8, is injective. The idea behind this proof is roughly
as follows: if ([s;]icobs, ) is an element of the domain of B for which [pari (si) [y (xi)/xi]] = [x;] holds
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in M (x;);, i.e. for which TV (M,x;) b pari (si) [y iy(xi)/xi] = x; for each i € obJ, then we can essentially
show using the aforementioned results that the equation s; [xw(i) / x] = X4, is provable in the theory T (M l)
augmented by the new constants x; for f € morJ, which then (by Lemmal3.29) forces 1 (i) = id; and thereby
entails T (Mi, x) F s; = x, as desired.

To prove in Proposition 345 that 3;; is surjective, we need to impose two conditions on T in Definitions
.43 and B.44 Given an arbitrary element ([si]);cp7 € Gro (M), we can assume without loss of generality
that each s; is in a-restricted normal form. We then apply 6* to each s; to obtain [0*(s;)] € M* (x) for each
i € obJ, and we show using the aforementioned results that ([0*(s)]);cop7 € (IT; Gt (MZ))J To construct
an appropriate natural automorphism 1 : Id; = Id7, we use the two aforementioned assumptions on T.
The assumption of Definition 3.43] guarantees that each s; can be assumed to have exactly one occurrence
of x;, and hence exactly one subterm of the form a(x;) for an endomorphism f : ¢ — ¢, which we choose to
be (7). We then show that 1, so defined, is a natural automorphism of Id 7. Using the second assumption
on T in Definition [3.44] we then show that if T is not single-sorted, then the various natural automorphisms
Pp : Idjéu = Idjéu for B € Yo are compatible with each other in the sense of Definition B.IT] so that
(¥B) ges: € Aut(ld 7). Let us now embark on providing the details.

For any category C and object C' € obC, we let Dom(C) be the class of all morphisms in C with domain
C' (which is certainly a set if C is small).

Definition 3.23. If M € T mod and u € Term® (27 (M, XAi)) for some A € Yo and i € obJ, then we
say that u is a-restricted if the only subterms of u of the form a?(v) are those with C'= A and v = x4: and
dom(f) = 1. '

In other words, the term u € Term® (2‘7 (M, XAi)) is a-restricted if all ‘a-subterms’ of u have the form
af(xa:) for some f € Dom(i). O

Essentially, an a-restricted term is a term in which all of the a-function symbols have been ‘pushed inside
as far as possible’. In order to prove that every (provably defined) term has an a-restricted equivalent, we
require the following lemma, whose proof may be found in [, Lemma 5.1.26]:

Lemma 3.24. Let M € TYmod and let u € Term® (ZJ (M, XA'L)) be a-restricted, where A € Yo and
i € obJ. Ifu: C7 for some j € obJ and C € Xson, then for any morphism f : j — cod(f) in J,
there is an a-restricted term uf € Term® (2‘7 (M, XAi)) with uf : C<4) and TI (M,x 4:) proves the sequent
uil—a?(u)zuf. O

With the help of Lemma [3.24] we can now show that any term has an a-restricted equivalent; the proof may
be found in [7, Lemma 5.1.27]:

Lemma 3.25. If M € TYmod and u € Term® (27 (M, XAi)) for some A € Ysor and i € obJ, then there
is an a-restricted term u’' € Term® (EJ (M, XA'L)) of the same sort such that TY (M, x4:) proves the sequent
ulFu=1. O

It is trivial to verify (from the proof of Lemma[3.25) that if u € Term® (7 (M,x4:)) is already a-restricted,
then u = w. We now discuss the augmentation of the various signatures X (M k) (for M € TYmod and
k € obJ) by new constants indexed by morJ:

Definition 3.26. Let M € TY mod.

e For any k € obJ, let Cod(k) := {f € morJ : cod(f) =k}. For any k € obJ and B € Xson, let
b (M k,xgo d(k)) be the signature obtained from X (M k) by adding pairwise distinct new constant
symbols xJ]? : B for every f € Cod(k).

e For any k € obJ and B € Ysort, let T (M k. X(]:Bo d(k)) be the quasi-equational theory over the signature
by (Mk, X?od(k)) obtained from T (Mk) by adding the axioms T + x? J for every f € Cod(k). O

17



Definition 3.27. Let M € T mod and A € Y5 and i € obJ, and let Term® (2‘7 (M, XAi))* be the subset
of Term® (2‘7 (M, XAi)) consisting of the a-restricted terms. We define a map

0 : Term® (2‘7 (M, x41)) keLonj Term® ( (Mk’%))

with the property that if u : C* for k € obJ and C € Esor, then O(u) € Term® (E (Mk,xéod(k))) with
6(u) : C. We define 6 by induction on the structure of u € Term® (X7 (M, XAi))*Z

e Forany f:i— kin J, weset O(x4i) :=xg : Aand 6 (a}‘»‘(xAi)) = x? : A (note that a?(xAi) . Ak
and x? € Term® (E (M’“,%))).

e For any k € obJ, C € Sson, and s € Mgr = ME, we set 0 (cj‘c/fkﬁs) = Cg:

e Forany k € obJ7, any function symbol g : Clx. . xCp = Cin ¥, and any uy, . .., u, € Term® (37 (M, x,41'))>k
with ug : Cf for all 1 < £ < n, weset 6 (¢F(u1,...,un)) =g O(u1),...,0(un)). O

The idea behind the map 6 is that it takes an a-restricted term ¢ and replaces all of the subterms in ¢ of
the form a? (x4:) by constant symbols x?. The next crucial result now states that 6 preserves provability of
equations; its proof may be found in [7, Proposition 5.1.29].

Proposition 3.28. Let M € TV mod and let s,t € Term® (ZJ (M, XAi))* for some i € obJ and A € Ysor,
with s,t : C7 for some C' € Yson and j € obJ . If T9 (M, xa,) s =1, then T (MJ xCod ) Fé(s)=0(t). O

We will also need the following technical lemma, whose proof may be found in [7, Lemma 5.1.31].

Lemma 3.29. Let M € T mod and k € obJ and B € s, and suppose that u € Term® (E (M’“ xgod(k)))
is of sort B and T (M chd(k)) Fu= >< JIfT (Mk) 18 non-trivial for the sort B, then u contains at least

one occurrence of x5 . O
k

We will also need the following map 6*, which essentially takes an a-restricted term ¢, applies 6 to it, and
then erases all of the morphism subscripts from the indeterminates of the form X? in 6(t):

Definition 3.30. Let M € T mod and A € s and i € ob 7. We define a map

0* : Term® (2‘7 (M,XAZ’))* — U Term® (E (Mk,xA))
kEobJ

with the property that if u : C* for k € obJ and C' € Eson, then 6 (u) € Term® (X (M*,x4)) with 6*(u) : C.
To define 6*, we first define for each k € obJ a signature morphism

s S (ME X0 ) = 3 (MF xa)

as follows: Ay is the identity on ¥ (M*), and (x}?) := x4 for any f € Cod(k). By a slight abuse of

notation, we also denote the induced function on closed terms as
A s Term® (2 (M*, x50 ) ) = Term® (3 (M, x4))

Finally, we set

U Ak U Termc(E( P k))) U Term® (2 (M*,x4)),

kcobJ kcobJ keobJ
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and we then define 8* to be the composite
Term¢ (2‘7 (M, XAi))* LN U Term® (E (Mk,xéod(k)>) A U Term® (E (Mk,xA)) ,
k€obJ k€obJ
and it is easy to see that 6* indeed has the stated property. O

Before showing that 6* preserves the provability of a certain restricted kind of sequent, we require the
following technical concepts.

Definition 3.31. Let M € T mod.

o If u € Term® (27 (M, XA'L))* for some A € Yo and i € obJ, then we say that w is i-local if for any
subterm v of u, there is some sort C' € Ysor: such that v : C?. In particular, if v is i-local, then u : B?
for some sort B, and every a-subterm of u has the form o/;l(x 4i) for some endomorphism f : ¢ — 1.

e Let f:j — i have codomain i. If u € Term® (ZJ (M, XA'L))* is i-local, we define
u[f] € Term® (£7 (M, XAj))*
(note the change from x 4: to z45) to be the term of the same sort defined as follows:
— If u = x4 : A%, then we set u[f] := a}? (x45) : AL
— If u = o (xa:) : A" for some g : i — i (since w is i-local), then we set u[f] := a;‘of (xas) : A%
—Ifu= c%ﬁS : B® for some B € Yso and s € Mp:, then we set u[f] := u : B.

— If u = g*(uy,...,uy) : B' for some function symbol g: By x...x B, = Bin X and i-local terms
Uuy,...,u, € Term® (EJ (M, XAi))* with ug : B} for each 1 < ¢ < n, then we set

ulf] == g" (ur[f], -, unlf]) : B".
In general, u[f] will not be the same term as u/ from Lemma [3.241

o If u € Term (27 (M, XA'L))* is i-local with u : B? for some B € Ysor, then we say that u commutes
generically with an endomorphism f : 7 — i if T (M, x4:) F a}g (u) = u[f]. O

For future reference, we note the following obvious result: if v € Term® (X7 (M,x,:)) is a-restricted and
i-local and f : 4 — ¢ is an endomorphism, then

T (M,xs) Ful = T (M,xs:) Fulf] =u [a?(XAi)/XAi} .

We can now prove that * preserves provability of a certain restricted kind of sequent; the proof may be
found in |7, Lemma 5.1.34].

Lemma 3.32. Let M € T9mod. Let u,s,t € Term® (2‘7 (M, XAi))* for some A € Ysox and i € obJ,
with u : C* and s,t : D' for some C,D € Ysor. Suppose that u = h'(ui,...,un) for some function
symbol h : C1 x ... x Cpy — C of ¥ and i-local terms uy, ..., uy, € Term© (2‘7 (M, XA'L))* with ug : C} and
TI (M, x4:) Fug | for each 1 < £ < m, and assume that uy commutes generically with each endomorphism
fi—iinJ. If T7(M,xu:) proves the sequent u | = s = t, then ']T(Mi,xA) proves the sequent
0*(u) } F 0*(s) = 0*(¢). O

We also have that 6* preserves the provability of equations; the simple proof may be found in |7, Lemma
5.1.35].

Lemma 3.33. Let M € T9mod and A € Ssore and i € obJ. For any s,t € Term® (2‘7 (M, XAi))* with
s,t : OF for some k € obJ and C € Ysor, if TV (M,x4:) proves the sequent T = s = t, then T (Mk,XA)
proves the sequent T F 6*(s) = 6*(t). O
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The proofs of the following three lemmas may be found in [7, Lemmas 5.1.36, 5.1.37, 5.1.38].

Lemma 3.34. Let M € TV mod, let u € Term® (ZJ (M, XAi))* be i-local for some i € obJ and A € Yson,
and let f € Cod(i). Then 0*(u) = 6*(u[f]) € Term® (X (M, x4)). O

The following lemma says that 6* interacts properly with substitution, provided that the term being substi-
tuted commutes generically with certain morphisms of J:

Lemma 3.35. Let M € T9mod, let u,v € Term® (27 (M,XA'L))* for some A € Ysonr and i € obJ with
v : A', and suppose that T (M,x4:) & u,v |. Suppose also that u,v are i-local, and that v commutes
generically with every endomorphism f:i — 1 in J. Then

T (M',xa) F 0" (u[v/xa:]') = 0" (w)[0" (v) /xal,
where ulv/x i)' is the a-restricted variant of u[v/x i) from Lemmal3 28 O

We will need the following technical lemma to prove that each group homomorphism ), is surjective:

Lemma 3.36. Let M € Tmod and A € Ysox and i € obJ, and let u € Term® (ZJ (M, XAi))* be an
a-restricted, i-local term of sort B' for some B € Yson with TY (M,x4:) = w . Let f : i — £ be an
arbitrary morphism of J with domain i. Then afB (u) has an a-restricted variant a}g(u)’ by Lemma [3.25,

and af(u)’ : BY, so that 0* (a?(u)’) € Term® (X (M*,x4)). And 0*(u) € Term® (X (M%,x4)), so that
p?M (0*(u)) € Term® (E (Mé,XA)), where p?M : T (Mi,xA) — T (Mé,xA) is the theory morphism induced by
the S-morphism fM := FM(f): M* — M*. Then T (M* x4) +- 6* (a?(u)’) = p?M(G*(u)). O

We will also require the following technical results regarding the map 6, whose proofs involve straightforward
inductions on terms:

Lemma 3.37. Let M € TV mod and A € Ysox and i € obJ, and let v € Term® (27 (M, XAi))* be of sort
B¥ for some B € Yson and k € obJ. Fiz an endomorphism f : k — k in J. By Lemma there is a
term vf € Term® (27 (M, XAi))* with v/ : B*. Then 0(v),0 (vf) € Term® (E (Mk,xéod(k)) ,

g € Cod(k), x¢* occurs in 0(v) iff x}‘»‘og occurs in 6 (v'). O

and for any

Lemma 3.38. Let M € TV mod, let u € Term® (27 (M,ka)) for some B € Yo and k € obJ, and
suppose that u is a-restricted and k-local. Then it is easy to see that every indeterminate in 6(u) €

Term (Z (Mk,%)) has the form x? for some endomorphism f: k — k.

Suppose that the indeterminates occurring in 6(u) are xﬁ, e ,x]]?n, with f1,...,fn : k — k. Then for
any v € Term® (27 (M,XAi))* for some A € Yson and i € obJ with v : B*, we know that u[v/xg:] €
Term® (27 (M, x4:)) has an a-restricted variant ufv/xgr]) € Term® (37 (M, XAi))* by Lemma [320 We

then have L
0 (ulv/xge)') = 0(u) [0 (1) <2 ,....0 () /xP | € Term* (2 (Mk,x’éod(k)))

(recall from Lemma[3.2]] that, for each 1 < i < n, v/i € Term® (2‘7 (M, XAi))* is a term of sort B4 =
BF). O

Finally, we require the following notion of ‘a-free variant’:

Definition 3.39. Let M € T mod and A € Yso and i € obJ. For any u € Term® (2‘7 (M, XA'L))* that is
i-local, we define a term i
u™ € Term® (27 (M, x4:))

of the same sort, which we call the a-free variant of w:

o If u=xyi: A%, then u=% := u: A
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o Ifu= a? (x4:) : A® for some endomorphism f : i — i (since u is i-local), then u =% := x4: : A°.

o [fu= c]‘Bﬂ- 6" B’ for some B € Yso and s € Mpi, then u™® :=u : B’

o If u = g*(uy,...,u,) : B® for some function symbol g : By X ... x B, — B of ¥ and i-local terms
u; € Term® (27 (M, XAi))* of sort B} for each 1 < j <n, then u™:=g" (u7®,...,u,*) : B". O

Essentially, the a-free variant «~% is obtained from u by ‘erasing’ all of the a-function symbols in « (and
since w is i-local, it is possible to do this and obtain a well-defined term of the same sort). We then have the
following technical lemma, whose proof is a straightforward induction on terms:

Lemma 3.40. Let M € T9mod and A € Sso and i € obJ. For any a-restricted and i-local u €
Term® (37 (M, XAi))* we have pit (0 (u)) = u=2, where ph + & (M',xa) — 7 (M,x4:) is the signature
morphism from Definition [3.12 O

We can now finally prove that the group homomorphism 8a : (I]; Gt (Ml))j x Aut(ld7)M — Grs (M) is
injective:

Proposition 3.41. For any M € TV mod, the group homomorphism

J
Bar <H Gt (Ml)> X Aut(IdJ)M — Gro (M)
s injective.

Proof. Let v = (v:)i € (I; Gr (Ml))j with v; = ([SiC])CgE for each i € obJ, let ¢ € Aut(ld 7)™, and
suppose that Bar(v,v) = ([xa]) aex, the unit element of the group Grs (M). We must show that each v, is
the unit of the group G (M?), i.e. we must show that v; = ([x¢])¢ for all i € obJ, and we must also show
that ¢ is the unit element of Aut(ld7)™. So fix i € obJ and B € Yson, and suppose first that T (Ml) is
non-trivial for the sort B. The hypothesis implies in particular that Sus(y,¥)p: = [xpi], i.e. that

(o8 (s) [08, 0 () x0e] | = Bxpe] € M (xpe)

which means that .
T (M, xp:) - piyi (sk5) [agB(i)(XBi)/XBz} = Xpgi.

We first show that ¢ (i) = id;. Note that p%, (s%) {af}a(i) (XBi)/XBi:| € Term (27 (M, xp:)) is a-restricted
(because pﬁ[i (slB) does not contain any a-function symbols). Then by Proposition B:228, we obtain

T (M xE g ) F 0 (0 (55) [0 (cm0) x| ) = 00x0),

Now, it is trivial to see that the only indeterminate that occurs in 6 (pfﬁ (S}g)) € Term (E (Mi, X?od(i))) is
xi]i. Then since pﬁi (siB) € Term (ZJ (M, XB'L)) is also a-restricted and clearly i-local, and since
pﬁi (siB) [aﬁB ) (XBi)/XBz} is a-restricted, it follows by Lemma [B.38] that

0 (pﬁi (s'3) [affB(i)(xBi)/xBiD =4 (pﬁﬁ (s3)) {6‘ (afB(i)(xBi)idi) /Xi]i] 7
and hence
0 (05 () [l (x5 /x| ) =0 (05 (55)) X0 /%5 ]
because
0 (053 (i) (XBi)idi) =0 (ai]iowB(i) (XBi)) =0 (053 (i) (XBi)) = XffB (i)
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Also, it is easy to see that 6 (p¥,. (s%)) = s% [x5,/x5], and so we obtain
0 (pﬁ[i (s’s) [aiB(i)(xBi)/sz-D = sh [xﬁB(i)/xB} .
Since O(xp:) = x§ , from the fact that

T (M xEq ) F 0 (05 (58) [0, 0 (xm) x| ) = 0(x0)

we finally deduce that
T (M xg) 1 5t (X /%8| =i
Since T (M*) is non-trivial for the sort B, it then follows from Lemma 329 that x5 occurs in s [xfB(i) /xB} ,

and moreover it follows by |7, Lemma 2.2.56] that xp occurs in s&, so that ng () occurs in st [xﬁB(i) /xB}.

But this forces szB(i) = xﬁi, because ng () is the only indeterminate occurring in st [xﬁB (i)/xB} , and hence

we deduce ¢¥p(i) = id;, as desired. So we may now infer that
T (Mi,xgod(i)) sty (X, /xBi] =%,

Since \; : T (Mi,x(].?’od

(i)) - T (Mi, xB) is a theory morphism by the proof of Lemma [3.32] we then obtain

T (Mi,xB) X (siB [xﬁi/xBiD =\ (xﬁi) .

Since A; is the identity except on the indeterminates of X (Mi,xgod(i)), it then follows that T (Mi,xB) F

sy = xp. This shows that if T (M?) is non-trivial for the sort B, then v? = [s%] = [xp] and ¢p(i) = id;, so
that ¢p is the identity natural automorphism of Id TM and hence 1 is the unit element of Aut(ld7)M.

It remains to show that if T (M) is trivial for the sort B, then 77 = [s%;] = [xp] in this case as well.
But if T (M?) is trivial for the sort B, then T (M’ xp) is trivial for the sort B as well, which implies that
T(M",xg) b s%5 = xp, because s%,xp : B. This completes the proof that each +; is the unit element of
Gr (Mi), which completes the proof that 8, is injective. O

Since we will need to impose two assumptions on T in order to prove that each 8, is surjective, let us now
record what we have proven so far:

Proposition 3.42. Let T be an arbitrary quasi-equational theory and J a small index category. Then
for any M € Tmod, there is an injective group homomorphism By : (HZ Gr (Ml))‘y x Aut(ld7)M —
Grs(M). O

To prove that each 3, is surjective, we will need to assume that T satisfies the conditions in the following
two definitions:

Definition 3.43. Let T be a quasi-equational theory over a signature 3. We say that T has single-
indeterminate isotropy if for any M € Tmod and ([sc])ces € Gr(M) and C € Xson, we can assume
without loss of generality that sc contains exactly one occurrence of xc. O

In other words, T has single-indeterminate isotropy if every component of every element of isotropy of every
T-model can be assumed to have exactly one occurrence of the indeterminate. This is not an overly restrictive
condition, because (apart from the theories of racks and quandles, see [6]) every example theory considered
in |3, Section 4], |7, Chapter 3], and [4] has single-indeterminate isotropy (in particular, the theory of groups
does).
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Definition 3.44. Let T be a quasi-equational theory over a signature X. If g : A1 x...x A, — Ais a function
symbol of ¥, then we say that g is totally defined in T if T proves the sequent T F¥1Un g(yy, ... yn) |,

where y1, ..., ¥y, are pairwise distinct variables with y; : A; for each 1 < i < n.
We then say that T has single-sorted non-total operations if for any function symbol g : A; x...x A, — A
of ¥ that is not totally defined in T, we have A; = A for each 1 < i < n. O

Again, this is not an overly restrictive condition, because every example theory considered in the previous
sources has single-sorted non-total operations (and in particular the theory of groups). In Remark B.53
below, we will indicate how the failure of T to satisfy the conditions in Definitions and [3.44] can result
in the failure of the surjectivity of 85;. We can now prove:

Proposition 3.45. Let T be a quasi-equational theory with single-indeterminate isotropy and single-sorted
non-total operations, and let J be a small index category. For any M € TY mod, the group homomorphism

B (1_.[1, G (Ml))J x Aut(ld 7)™ — Gro (M) is surjective.

Proof. Let ([s¢i])icobr,cex € Gpa(M). So for any ¢ € obJ and C € Xson, we know that

sci € Term® (37 (M, xci)) is a closed term of sort C* with T (M, xci) b sci |. Moreover, the »Z .-indexed

sequence ([s¢i]):.c is invertible, commutes generically with all function symbols of ¥ and reflects defined-
ness. By Lemma [B.25] we may assume without loss of generality that for each i € obJ and C' € Xgop, the
term sqi € Term® (2‘7 (M, Xci))ci is a-restricted, i.e. sqi € Term® (2‘7 (M, Xci))*. Then for every C' € Yot
and i € obJ, it follows by Lemma B33 that * (sc:) € Term® (X (Mi,xc))c and T (M*, xc) 0% (sci) |, so

that [0* (sci)] € M (x¢). We now define v € ([], Gt (MZ))J For any i € obJ, we define
e Ga(ar) € [ M el
cex

as follows: for any C' € Yo, we set
&= [0 (sei)] € M (xc) g -
Our goal is now to show that v € (HZ Gr (M i))j, which we achieve via the following series of claims.

Claim 3.46. For any i € obJ, ; is invertible.

Proof. Let B € Yot We must show that there is some [tlé] € M (xg)p with
T (M*,xg) 0% (sp:) [ts/x8] =xB =t [0 (sp:) /xB] .
Since ([sci])j,c € Gro (M), there is some [s5!] € M (xpi)p: with
T (M, xp:) F sp: [SE;}/XBZ} =Xpi = SE;}[SBi/XBi]-

Since s;} € Term® (27 (M, XBi))Bi and T (M, xg:) s; J, we may assume without loss of generality that
sgl is a-restricted by Lemma So 6* (8;1) € Term® (X (M?,xp)) has the property that T (M*,xp)
0* (s5!) + by Lemma 333 Hence, we have [0* (s5!)] € M’ (xg) 5, so we set

[t5] = [67 (s5:)] -

Since ([s¢s])j.c € Gro (M), it follows that ([scs])j,c commutes generically with the function symbol o :
B* — B* for any endomorphism f : 4 — i in J. In other words, for any endomorphism f : i — i € J we
have

T (M,xg:) a]f3 (spi) = spi I:Of?(XBi)/XBi] = sgilf],
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the latter equality being provable by the remark after Definition B31] (since spi is i-local, because it is
a-restricted and of sort B* and only contains the indeterminate xg:). In the same way, we also have

'I['J(M, xpi) b a}g (51_3}) = s; [a?(XBi)/XBi] = s;[f]

for any endomorphism f : ¢ — 4 in J. Since 5];1 is ¢-local, this means that sgl also commutes generically
with every endomorphism f : 4 — i. Then by Lemma [3.35 we obtain

T x5) b0 (s [55xm]") = 0" (5 [0 (551) fcn] )

where spgi [Sg}/XB'L]/ is the a-restricted variant of spg: [S;}/XBZJ with

T (M, xp:) & spgi [S;}/XBZJ = $pi [S;}/XB'L:I/

by Lemma 325 From this latter equation and the defining property of s; we obtain
T (M, xpg:) & spi [S;}/XBZJ/ = Xpi.
By Lemma we then obtain
T (Mi,xB) F o~ (SBi [S;}/XB'L:I/) = 0%(xpi) = xB.
Combining this with (x), we finally have T (M?,xp) & 6* (sp:) [0*(s5:)/xB] = xB, as desired. The converse
equality is proven analogously, which completes the proof that ; is invertible. O
Claim 3.47. For any i € obJ, v; commutes generically with all function symbols of X.

Proof. Let g : By X ... x B, — B be a function symbol of 3. We must show that the sequent
9(XByy--yxB, ) L F 0" (sgi) [9(XBys---,%B,)/xB] =g (9* (SB;') o, 07 (SB%)>

is provable in the theory T (Mi, XByy - ,xBn) (as in the proof of Proposition B9, we technically need to en-
sure that the indeterminates on the right side of the above equation are pairwise distinct (see Definition [2.10)),
but we will ignore this subtlety here and elsewhere in the proof to increase readability). Since ([sci])jc €
Grs (M), we know that ([scs])jc commutes generically with the function symbol g¢ : Bi x ... B: — B of
¥7, which means that the sequent

q' (xBi,...,xB;) I Fspi [gi (xBi,...,xB;) /xBI} =4 (sB{,...,sB}-@)
is provable in the theory TY (M, XBis. - vXB:;)' Since the terms SBis.--,Spi are all a-restricted, it easily
follows that the terms g (xB{, . 7XBZ) and ¢ (SB;', e SBZ) are a-restricted. By a simple extension of
Lemma [3:25] there is an a-restricted variant spgi [gz (xBi-, . 7XBZ> /xBl} of spi [gl (xBi-, . ,xle) /xBZ}
such that the sequent

/

gt (XBi'u'-'va}l) L Fspi [gi (XBi""’XBfL> /xBl} = spi [gi (XBi'u'-'va}l) /XBi:|

is provable in TV (M, XBis- - Xp ) For each 1 < m < n, the indeterminate xp: is clearly i-local, we have

K
n

T (M, XBis - ang) Fxp: |, and for each endomorphism f :i — 4 in J we have
T (M’XBi""’XBL) Fa?m (XBfn) = xg; [f],
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which means that xp; commutes generically with f. Then by a simple extension of Lemma [3.32] and the
assumption that

g (XB;',...,XB;J I Fspi [gi (xBi,...,xB%) /XB%} =g (SB;'a---vSB;)

is provable in the theory TV (M, XBi,- - ,xB;), we obtain that

g(xBy, -, xB,) + F 0" (SBi {gi (XB;',...,XB%) /XBi:|/> =g (9* (SB;') e, 0" (SB;-L))

is provable in the theory T (Mi, XByy--- ,xBn). Now, we will be done if we can show that T (Mi, XByy--- ,xBn)
proves the sequent

g(xBy, -, xB,) L F O (SBi {gi (XB;', e ’XB%) /XBZ}/> =0"(sgi)[g(xBy,---,xB, ) /xB]-

Since 6* (gi (XB{7 . ,xB;)) = g(XB,,---,XB, ), it suffices by a simple extension of Lemma [3.35] to show that

gt Xpiy .- ’XBZ;) commutes generically with every endomorphism f : ¢ — ¢ in J, i.e. it suffices to show that

the sequent
gZ (XB;W s 7XBiL> \l/ F Oé? (gZ (XB;W s 7XBZ>> = gZ (Xva s 7XBiL> [f]7
i.e. the sequent
gt (XBi""’XBZ) d Fosz (gi (XB;'a---va;)) =4 (afBl (XB{') ,...,a}g (XBz))
is provable in the theory T (M, XBis- - ,XBO for each endomorphism f : ¢ — ¢ in J, which is true by
Axiom [0l This completes the proof that v; commutes generically with all function symbols of 3. O

Claim 3.48. For any i € obJ, ; reflects definedness.

Proof. Let the function symbol g € 3 be as above (with n > 1). We must show that the sequent

9(6‘* (SB;’) .0 (sB;)) IEgxpy,-..yxB,) 4

is provable in the theory T (M’ xg,,...,xs, ). Since ([sci])j,c € Gra (M), we know that ([sci]); ¢ reflects
definedness, which implies that the sequent

Qi (53;7---753;;) i"gi (XB;J---aXB;'L) \

is provable in the theory T (M s XBis-- -, XBi ) As remarked above, the terms in the latter sequent are both

a-restricted. For each 1 < m < n, the term sp; is i-local and satisfies TV (M, XBis - ,xle> tspi |. The
term spi also commutes generically with every endomorphism f : i — i in J, because ([sci])j,c € Gt (M)
and thus commutes generically with the function symbol a?’ ™ . Bl — B! . So by a simple extension of
Lemma [3:32] it follows that T (MZ, XByy - ,xBn) proves the sequent

0* (gi (sB;',...,stl)) JHOF (gi (XBi'""’XBfl)) 1.

But this is the desired sequent by definition of 6*. O
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So vy el Gr (Ml) by the previous three claims, and now we must show that v € (HZ G (Ml))j To
show this, let f : i — k be an arbitrary morphism of 7. We must show that Gt (f*) (v;) = v (recall that
M= FM(f): M* — MF). Unravelling the definitions, this means that we must show for any B € Yo

that
(08 (67 (55:)] = [0° (s50)]
holds in M* (xg) g, i.e. that
T (M",xg) b pfu (0% (spi)) = 07 (spr)
where pr : T (Mi, xB) - T (Mk, xB) is the theory morphism induced by the Y-morphism f™ : M* — MF
by |1, Definition 2.2.17].

Since ([s¢il])j.c € Gra (M), we know that ([s¢s]);,c commutes generically with the function symbol
aj?’ : B* — B* of ©7, which means that

T (M, xpi) F sgr [a?(xBi)/ka] = a? (spi)

!
(since TY (M, xpgi) - oz? (xgi) J). By Lemma[320] there are a-restricted variants spgu aj?’ (xi)/xpr| oz? (sgi) €

Term® (27 (M, xp:)) of these terms. So we have
I
T (M,xgi) F sgx [a?(xBi)/ka] = a? (spi).

Then by Lemma [3.33] we obtain
T (Mk,xB) - o* (SBk [a?(xBi)/ka]/) =0* (04115g (SBi)/) ,

since both of the arguments of #* are of sort B¥. By Lemma .34} since spx is k-local and f € Cod(k), we
have 0* (sgr) = 0* (sgx[f]). We also have (by the observation following Definition [3.3T)

TJ(M,XBi) F spr[f] = spr [a?(XBi)/XBk} ,

and hence
/

TJ(M,XB'L) F spe[f] = spr [a?(xBi)/ka] .
Then by Lemma we deduce

* % * ! *
T (M*,xp) b 0% (sp) = 0% (s [f]) = 0 (sBk [0 (xp:) /xp] ) — 0" (o (sp)) .
So to obtain our desired result, it suffices to show that
T (M*,xg) 0 (af (sp:)) = p?M (0" (sBi));

but this is true by Lemma 336, given that sg: is a-restricted and i-local and TY (M, xg:) F sgi . This
completes the proof that v € (HZ G (Mi))‘y.

To complete the proof that 8y is surjective, we must now produce an element 1 € Aut(ld 7)™ and then
show that Sa(v,%) = ([sci])j,c. So for every sort B € ¥, we must construct a natural automorphism
Up |djé\/1 — Idjéw. Let ¢ be any object of j]_@‘{[. Then by definition of JEI‘}/[, it follows that the theory T (MZ)
is non-trivial for the sort B. We now wish to define an endomorphism g (3) : ¢ — ¢ (which will turn out to
be an isomorphism).

We have shown that v; := ([0* (s¢i)])ces; € Gt (M?). Then because T has single-indeterminate isotropy,
we can assume without loss of generality that 6* (spi) € Term® (E (Mi, XB))B has exactly one occurrence of
the indeterminate xg. From this, it then follows that sz: € Term® (2‘7 (M, x Bi)) i has exactly one occurrence
of the indeterminate xg: (because distinct occurrences of xp: in sgi correspond to distinct occurrences of xp
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in 6* (spi)). More precisely, because 6* (spi) has exactly one occurrence of xg, it follows that p%, (8% (sp:))
has exactly one occurrence of xgi. But by Lemma 340 we know that p¥, (0% (sp:)) = s5{, and so the a-free
variant s,;" of sp: has exactly one occurrence of xg:, which implies that sp: has exactly one occurrence of
Xpi.

Now consider 6 (sg:) € Term® (E (Mi, xg)d(i))). Since sp: has exactly one occurrence of xg:, it follows

that 6 (sp:) has exactly one indeterminate from X ( M*,xZ d(i)), and moreover the subscript of this inde-
terminate will be an endomorphism of ;. We thus define ¥5(i) : ¢ — ¢ to be this endomorphism. In other
words, we define ¥ (i) : i — ¢ so that xffB(i) is the unique indeterminate occurring in 6 (sg:). We now prove:

Claim 3.49. ¢p(i) : i — i is an isomorphism.

Proof. From the proof that v; = ([0* (s¢:)])ces € Gr (M?), it follows that v; ' = ([6* (SE})DCGE €

Gr (M i). Then, as for spgi, it follows that s;} has exactly one occurrence of the indeterminate xpg:, and so
we define ¢p(i)~! : i — i from 0 (s;,l) in the same way that we defined (i) from 6 (sgi). We now need
to verify that ¢ p(i) and 1 p(i)~! are in fact mutually inverse endomorphisms of . First, we know that

T (M, xp:) & sgi [S;}/XBZJ =Xpi = Sg}[SBi/XBi].

By Lemma [3.25] there is an a-restricted variant sg: [s;} /XBi}/ of spi [sé}/xBi} , 50 we obtain TV (M, xp:) F
Spi [s;} /XBi]/ = xpgi. Then by Proposition [3.28 we have

i OB - ! _
T (M xy) 0 (55 551 /x6]) = 0xn) =<5,
Since the unique indeterminate that 6 (sgi) € Term® (E (Mi, X?od(i))) contains is xigB (i) it follows by Lemma

338 tha i
- 0 (oo Dt ') =00 o (6517) o]

So then the unique indeterminate that occurs in 6 (s Bi [5;31 /XBZJI> will be the unique indeterminate that

—1

occurs in 6 ((SBi )wB(i)). But since the unique indeterminate that occurs in 6 (571

Bi) is XfB(i)*l’ it follows by

Lemma [3.37 that the unique indeterminate that occurs in 6 ((sé})w}s(i)) is xfB ($)own (i)-1° In summary, the
unique indeterminate that occurs in 6 (SBi [s;/xBi}/) is ng(i)owB(i),l.

Now, since T (M l) is non-trivial for the sort B and
i - — _ /
T (M ’Xgod(i)) o (SBi [SB}/XBi:I ) = xi]i,

it follows by Lemma [3.29] that xﬁi occurs in 6 (SBi [S;%/XBi] /). But then we must have xfB (ows(i)—1 = xii_,

which forces ¥g(i) o ¢p(i)~! = id;. The proof that 1z (i)~! o p(i) = id; is analogous, which completes
the proof that ¥p(i) : ¢ — ¢ is an isomorphism. O

Next, we prove:

Claim 3.50. g is a natural automorphism of Idjéw.

Proof. Let i,k € obJ2", which means that the theories T (MZ) and T (Mk) are both non-trivial for the sort
B, and let h : i — k be an arbitrary morphism of J. We must show that h o ¢p(i) = ¢¥p(k)oh : i — k.
We know that o : B! — B¥ is a function symbol of 7, so because ([sci])j.c € Grs (M), it follows that
([scil)j,c commutes generically with this function symbol, which means that

T (M, xpi) - of (spi) = spr [af, (xg:i)/xpr] .
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By Lemma 325 the righthand term in the above equation has an a-restricted variant sgx [af (xBi)/ka}l,
and by Lemma [3.24] since sp: : B' is a-restricted and TV (M, xp:) - sgi |, we know that s%i : B* ig an
a-restricted term with TV (M, xg:) b of (spi) = sf.. Altogether, we then have

T (M, xg:) F s = sgx [af(xBi)/kaT,
with both terms a-restricted. By Proposition B.28, we then obtain
S /
T (Mk,xgod(k)> FO(sh) =0 (SBk [of) (xpi) /xpx] ) :

Since the unique indeterminate that occurs in 6 (sgi) is xg (i)’ it follows by Lemma [B.37 that the unique
indeterminate that occurs in 6 (s%,) is xP, v (i) Also, we know by Lemma [3.38] that

0 (s5+ [of (xB»/ka]’) = 0(sp0) [0 (af (x5 @) /x,0]

since xffB(k) is the unique indeterminate that occurs in 0 (spr). But (by the proof of Lemma [B:24) we have

0 (Oéh (xp:) V2 )) =0 (afe(k)oh(xBi)) = XgB(k)oh’

which means that the unique indeterminate that occurs in 4 (SBk [af (XBi)/XBk} /) is xffB(k)oh. Now, suppose

towards a contradiction that h o ¥pg(i) # (k) o h. Then we would have Xfow;s(i) . xffB(k)oh, since distinct

morphisms with codomain k correspond to distinct indeterminates in % (M k,xgo d(k)>. By the preceding

discussion, it would then follow that in the equation

T (Mk,%) Fo(sh) =10 (SBk [QE(XBi)/XBk}/) ,

ie.
T (Mkvxgod(k)) =6 (sh:) = 0 (spr) [ng(k)oh/xﬁe(k)} )

the two terms have no indeterminates in common. From the previous line, we can infer
T (Mk,xfow3<i),X5B<k>oh) =0 (sh:) = 0 (spr) [Xfmk)oh/xfam}
by |4, Lemma 5.1.30]. Now let y,y" be distinct variables of sort B. Then by [5, Theorem 10], we may

conclude )
T (M*) =% 6 (s%:) {y/xl?owg(i)} =0 (spr) {yl/ng(k)} ; (%)

since the indeterminates xfoqu(i),xfB(k)oh : B are distinct. Now, in the proof of the claim that ¢ (k) is an
isomorphism we showed that

0 (SBk [s]_gi/ka]/) =0 (spr) [9 ((sBk)qu )/ow(k)}
Hence, by substituting 6 (( 71)1/}3( )) for ' in (%), we obtain

T (M xB,) 0 (l5:) [0/5Fpnr] = 0(s50) [0 ((530)™"™) xEpar] = 0 (s [s5t/xe]')

But we also know (from the same proof) that
T (M , |dk) o (SBk [s]_gi/ka]/) :xffk7
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so we finally obtain
T (M*,x4,) FY 0 (s):) [y/xfoqu(i)} = Xid, -
B

Since xij, does not appear in ¢ (sh) [y/xfowB(i)}, it then follows from [5, Theorem 10] that if ¢’ : B is a
variable distinct from y, then
T (MY) 2990 (s3) [9/x0ppi0] =0

and y’ does not appear in 6 (s%,) [y/xfowB(i)] But then if 4 : B is a variable distinct from both y and 3/,

we also obtain .
T (Mk) HY g (S%w) [y/XfowB(i)} =y

Finally, we deduce that T (M*) Fv' 9" o/ = 4" which contradicts the assumption that T (M*) is non-trivial
for the sort B. So we must have h o ¢p(i) = ¢¥p(k) o h, as desired. This completes the argument that ¢5 is
a natural automorphism of Id M- o

To complete the proof that 1 € Aut(ld 7)™, we must also verify:

Claim 3.51. If g : B; X ... X B, — B is a function symbol of ¥ with n > 1, then for any i € obJ and
1 <m <n such that g™" is non-degenerate in position m we have ¥g,, (i) = 1/}3( )i — .

Proof. For simplicity, we will let g : A x B — C be a binary function symbol of ¥ with A # B, and let
i € obJ. Suppose that g™" is non-degenerate in position 1 (the argument for position 2 being analogous),
which means that )

T (M*) #9022 g(y1,y2) = (14, y2)

for pairwise distinct variables y1,3} : A,y2 : B. Then (as remarked in the definition of Aut(ld7)™) this
implies that T (Ml) is non-trivial for the sort C, so that i € obJA' and hence (i), ¥c (i) : i — i are
defined. We must now show that 1 4(i) = (i) : i — i. If g is not totally defined in T, then the assumption
that T has single-sorted non-total operations implies that A = B = C, which obviously entails the desired
result. So suppose that g is totally defined in T. If the sorts A and C are identical, then the desired result
trivially follows, so suppose that A # C. Suppose towards a contradiction that ¥4 (i) # e (4) : i — i. Since
([scil)jc € GTJ( ), it follows that ([scs]);,c commutes generically with the function symbol g¢ : A* x B® —
C' of ©7. Since g is totally defined in T, this entails that

TS (M, xai,xpi) F g'(541,85:) = sci [gi(XAi,XBi)/XC'L] .
Let sqi [gi(XAi,XBi)/XC'L}/ be the a-restricted variant of sci [g*(x4i,xpi)/%ci] obtained from (a simple ex-

tension of) Lemma[3:251 Then by (simple extensions of) Lemma[B:25 and Proposition[B:228 and the definition
of 6 we have

T (M gy ¥Bgiy ) - 9/(0(540),0 (55)) = 0 (scs 9" (xae x) xen])
By a simple extension of Lemma [3.38] we have
0 (Sci [gi(XAivai>/XCi]/) =0(sci) {9 (gi(XAiaxBi)wC(i)) /Xic(i)} .
We also have (by a simple extension of Lemma [3:24)
0 (9" (xassxm) @) = 0 (9" (470 x50 )
(o7 (oo ea) @iy () )
9 (0 (o) 0a). 00 i ) ) )
(

A B
9 Xpe i) Xpe (i) ) :

0
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From this, we obtain
¢ (SCi [Qi(XAi,XBi)/XCi}/) =0 (sci) [9 (X;?;C(i)vxﬁc(i)) /ch(i)} .
Finally, we have
i A B . ) — ) A B C
T (M ’XCod(i)’XCod(i)) F9(0(s4:),0 (sp:)) = 0 (5¢2) [9 (chuwch(i)) /chu)} :

Now, we know that X112A(i) is the unique indeterminate occurring in 6(s4:), and that x¢ ve (i) is the unique
indeterminate occurring in 6 (s¢i). Because of our assumption that ¢4 (i) # ¥ (i), it follows that x ) 7

xﬁc(i) € (M i x’c“od(i)>. For the remainder of the argument, we will assume that T (M i) is non-trivial for

the sort B as well, so that i € obJA! and ¢p(i) : i — i is defined, and we will also assume that ¥ (i) = V¢ (i)
(so that xZ wr(i) = xffc (i)). Without these assumptions, the required argument is a simpler version of the one
we are about to give.

So, in the above equation, we can substitute 6 ((sZ})W ) for xw () in the lefthand term, and 6 (( _1)¢B(Z))

for xffB () = xfc(i) in both terms, and we obtain
i A LB —1\%a(d) O]
T (M ’xéod(i)’xgod(i)> Fg (e(sAi) [9 ((Sml) : ) /xﬁA(i)jl ,0(spi) {9 ((333) B} ) /xgs(i)D
= 0(s0) [0 (%o (55)™"")) ASoto)]
(note that A # B implies Xw () 5_6 x Z)) Earlier in the proof of the proposition, we saw that
T (M xge ) 1 00sa) [0 ((531) ) /xd oo ] = %
and

T(M g) =0 (sp:) [9 (( PO )/Xwe z>} Xids»

S0 we obtain
T (M 3y xBoacy ) F 9 G xB) = 050) [0 (oo 0 (551" ™)) /1G]

We can also repeat the above argument to show that
i A B A —1\¥5 (@) c
T (M KXoty XCod(s) Xid ) F9( Xid; »Xid; ) 0 (sci) [9 (ch(z‘)ﬁ ((531) )) /ch(n} )

where x4 §é )y (M XcOd(z) xCOd(l)) is a new constant of sort A. So then we obtain

(] /
T (M XCOd(’L) xCod(z)’ ld ) - g( ld ’ E) g (xlﬁl ,Xﬁi) :

By (a slight variation of) |7, Lemma 5.1.30], it then follows that

T(Ml’ |d’ |d’ |d )Fg( |d’ |d) g(xiﬁil’xgi)'

By [3, Theorem 10] again, it follows that if y,y" : A are distinct variables and z : B is a variable, then
T (M?) Fvv'% g(y, 2) = g(y/, z), which contradicts the assumption that ¢ is non-degenerate in position 1.
This contradiction implies that we must have 14 (i) = ¥¢(%) : ¢ — i, as desired. O

Hence, we may finally conclude that ¢ € Aut(ld 7)™, and therefore (v, %) € (I, Gt (Ml))j x Aut(Id 7)M
It now remains to show that S (v, ¥) = ([sci])jc € Gro (M), which is not too difficult; we refer the reader
to the end of the proof of [7, Proposition 5.1.47] for the verification. O
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One can now straightforwardly show as in |7, Definition 5.1.55] that the assignment
J
M <H G (Mi)> x Aut(ld7)™ = lim (G o FM) x Aut(ld 7)™ € Group

(see Lemma [39) is functorial, i.e. that there is a canonical functor G%, : TV mod — Group with this action
on objects. We therefore obtain the following theorem, whose proof may be found in |7, Theorem 5.1.56]:

Theorem 3.52. Let T be a quasi-equational theory with single-indeterminate isotropy and single-sorted non-
total operations, and let J be a small index category. Then the family (Bar) yeromod Of group isomorphisms

is natural in M, i.e. we have a natural isomorphism 3 : G}, = Gpo : T mod — Group. O

Remark 3.53. We used the assumption that T has single-indeterminate isotropy in order to show in
Proposition B.45] that the injective group homomorphism

J
B : (H Gr (Mi)> x Aut(ld 7)™ — Gro (M)

is also surjective for each small category J and M € Tmod. In |7, Remark 5.1.58] we provide an example
of a theory T without single-indeterminate isotropy, for which there is a small category J and a model M
of T for which ), is not surjective. So Proposition does not hold in general for theories without
single-indeterminate isotropy.

We also used the assumption that T has single-sorted non-total operations in order to show that Sjs
is surjective for each small category J and M € Tmod. Specifically, given ([sci])jc € Gros (M) for M €
TV mod, we produced (v,%) € (I[; Gr (Ml))‘y x Aut(ld 7)™ with Bar(7v,9) = ([sci])s.c, and we used the
assumption that T has single-sorted non-total operations to show that ¢ € Aut(ld 7)™ ; more specifically, we
used this assumption to show that if g : A; x...x A,, = A is a function symbol of ¥ with n > 1 and 7 € obJ
and g™’ is non-degenerate in position 1 < m < n, then ¢4, (i) = 14(i) : i = i. In |1, Remark 5.1.59] we
show that there is a theory T without single-sorted non-total operations for which there is a small category
J and a model M of TY such that Sy; is not surjective. So Proposition [3.45] does not hold in general for
theories that have multi-sorted operations that are not totally defined. O

4. Categorical characterization

In this section, we will deduce a categorical characterization of the covariant isotropy group Zgmoqs of
Tmod? from the logical characterization of Gps given in the previous section. Unless otherwise stated, T is
an arbitrary quasi-equational theory and J is an arbitrary small index category.

Recall that if F': J — Tmod, then Dom(F) is the class of morphisms in Tmod” with domain F.
Definition 4.1. Let F' : J — Tmod, and let 7 = (7, : cod(p) — cod(14)) ,epom(r) Pe @ Dom(F')-indexed
family of endomorphisms in Tmod” . For each i € ob.7, let

¢ = (9} : cod(g) = cod(9)) € Zx(F(i)).

geDom(F (7))

Finally, let v = (¢¥B)Bex € Aut(ldj)MF (where M¥ € T9mod is the model of T corresponding to the
functor F as in Proposition B.g)).
We say that 7 is determined by ¢ € Aut(ld7)™" and the family (¢i)iej € [Lics 2r(F(i)) if the following

holds for any morphism g : F — G in Tmod” , any B € Ssot, and any k € ob7:

o Ifk¢ jng, i.e. if T (F(k)) is trivial for the sort B, then 7,(k)g =id: G(k)p — G(k)B.
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o Ifk e jg'[F, i.e. if T(F(k)) is non-trivial for the sort B, then
mu(k)p = G(Yp(k)) 0 dry : G(k)p = G(k)B
(where u(k) : F(k) — G(k) is a ¥-morphism). O
Note that in the corresponding |7, Definition 5.2.7], the last equation of Definition 1] instead has the form
_ k . . . .
. (k) = (¢)u(k)oF(wB(k)))B o G(¢p(k))p, but this is equivalent to our equation because

D kyor(ws ) © CWB(K)) = O¢wn kyontry © GWB(K)) = G(¥B(K)) 0 ¢
by naturality of 1 : F — G and the fact that ¢F € Zp(F(k)).
Definition 4.2. Let F': J — Tmod. For each i € obJ, let
= (¢! : cod(g) = cod Zp(F(i)).
9 = (6} : codlg) S codlg)) € Za(F(i)

We say that the family ((bi)iej € [Lics 2r(F(i)) is compatible if for every morphism f : 7 — j in J and
every g € Dom(F(j)) we have ‘ .
by = Ggor(y) : cod(g) — cod(g).

In other words, we say that ((bi)ie is compatible if (¢i)iej g lim(Zy o F) € Group. O

J

We now have the following categorical characterization of the covariant isotropy group of Tmod”, where we
write Zps in place of Zp,,,47; the proof may be found in |7, Corollary 5.2.9].

Corollary 4.3. Let T be a quasi-equational theory with single-indeterminate isotropy and single-sorted non-
total operations, and let J be a small index category. Let F' : J — Tmod, and let

7 = (m, : cod(p) = cod (1)) ,epom(r)
be a Dom(F)-indexed family of endomorphisms in Tmod” . Then 7 € Zps (F) iff there is a (uniquely deter-
mined) compatible family (¢i)iej € [Lics 2r(F(i)) and a (uniquely determined) element ¢ = (Yp)pes €
AUt(IdJ)MF such that 7 is determined by ¢ and (gbl)lej O

Before we give some specific applications of the general results that we have proven so far, we will first
extract an important consequence of Theorem that does not rely on the assumptions that T has single-
indeterminate isotropy and single-sorted non-total operations, but which only applies to index categories J
satisfying a certain condition. Namely, we have the following consequence of (the proof of) Theorem .52
whose relatively straightforward proof can be found in |7, Corollary 5.2.10]:

Corollary 4.4. Let T be an arbitrary quasi-equational theory and J a small index category. If M € TV mod
and 7, é‘,/[ has only trivial endomorphisms for each B € ¥son, then

J
B <H G (Ml)> X Aut(IdJ)M — G’H‘J (M)

is a group isomorphism and in fact Gra (M) = (T]; Gt (Ml))J =lim (Gpo FM). O
We also deduce the following categorical version of the previous corollary:

Corollary 4.5. Let T be an arbitrary quasi-equational theory and J a small index category with only trivial
endomorphisms. Let F' : J — Tmod, and let 7 = (7, : cod(p) — cod(u))#eDom(F) be a Dom(F)-indexed
family of endomorphisms in Tmod”. Then © € Zps (F) iff there is a (uniquely determined) compatible
family (gbi)iej € [L;es 21(F(i)) such that 7 is determined by ((bi)iej’ in the sense that

mu(k) = ¢l : G(k) = G(k)

for every morphism p: F — G in Tmod” and every k € obJ . O
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5. Applications

In this final section, we provide some specific applications of the general results proven in the preceding
sections; in particular, we will provide an explicit characterization of the covariant isotropy group of Grou p‘7
for any small category J.

First, for an arbitrary quasi-equational theory T, we deduce from Corollary 4] characterizations of the
covariant isotropy group of TY for certain common index categories J with only trivial endomorphisms:

Corollary 5.1. Let T be an arbitrary quasi-equational theory.

o Let J be any small discrete category. Then for any M € TV mod, i.e. any family (Mi)iej of T-models,
we have Zpg (M) = [],c, Zr (M?).

o Let J be the category with two objects i,j7 and two parallel morphisms f,g : i = j. Then for any
M € T9mod, i.e. any parallel pair fM, g™ : M* = M7 in Tmod, we have

Zyo (M) = Eq(2r (M), 2r (9V)) = {v" € Zo (M) - 20 (V) (v) = 22 (6™) (1)}
the equalizer of the group homomorphisms Zr (fM) , 2T (gM) 1 27 (MZ) = Zr (MJ)

o Let J be the category with three objects i, j,k and two morphisms f 11 — k and g : 5 — k. Then for
any M € TYmod, i.e. any cospan fM : M* — MF*, g™ : MJ — M* in Tmod, we have

Zyo (M) = Zr (M) %z, 20 (M) = {(v,77) € 20 (M") x 20 (M) : 22 (FY) (') = 22 (a™) (') }
the pullback of the group homomorphisms Zr (fM) ‘MY — MF Zp (gM) s MI — MF. O

We now provide applications of our general results for quasi-equational theories T with single-indeterminate
isotropy and single-sorted non-total operations, for which we can consider arbitrary small index categories.
In fact, for simplicity we will restrict ourselves to single-sorted quasi-equational theories T (which automat-
ically have single-sorted non-total operations) with the property that T(M) is non-trivial (for the unique
sort of T) for every M € Tmod. A very large number of single-sorted quasi-equational theories T satisfy
this latter property (including the theory of groups); indeed, if M € Tmod, then T(M) will be non-trivial as
long as the T-model M (x) obtained by freely adjoining an indeterminate element x to M has at least two
elements, which is very often the case. One salient example of a single-sorted theory that does not satisfy
this property is the theory of unital rings, because the zero ring has no outgoing ring homomorphism to
any non-zero unital ring and hence has trivial diagram theory. But this situation seems quite uncommon in
practice (and of course, we can always restrict attention to functors F': J — Tmod for which each F'(i) has
non-trivial diagram theory).

So let T be a single-sorted quasi-equational theory with single-indeterminate isotropy such that every
M € Tmod has non-trivial diagram theory, and let J be any small index category. For any M € TV mod we
then clearly have Aut(ld 7)» = Aut(ld 7), and hence we obtain the following simplification of earlier results:

Corollary 5.2. Let T be any single-sorted quasi-equational theory with single-indeterminate isotropy such
that every M € Tmod has non-trivial diagram theory, and let J be any small index category.

e For any M € TV mod we have Zps (M) = (T]; Zr (MZ))J x Aut(ld7), naturally in M.

o Let F: J — Tmod and let m = (m, : cod(p) — COd('u)),uGDom(F) be any Dom(F)-indexed family of

endomorphisms in Tmod”. Then « € Zrg (F) iff there is a (uniquely determined) compatible family
(qﬁi)iej € [Lics 2r(F(i)) and a (uniquely determined) element ¢» € Aut(ld7) such that 7 is determined
by (qﬁi)iej and ¥, in the sense that

mu(k) = G (k) o ¢pyry : G(k) = G(k)

for every morphism p: F — G in Tmod” and every k € obJ. O

33



We note that Corollary 5.2 specializes to the characterization of covariant isotropy for presheaf categories
Set” obtained in |4, Corollary 22]. Namely, if T is the single-sorted theory with no operations and no axioms,
so that Tmod = Set, then since T has trivial and hence single-indeterminate isotropy (see 7, Corollary 3.1.6])
and clearly satisfies the other assumptions of Corollary [5.2] it follows that for any presheaf F': J — Set we
have Zg7 (F) =2 Aut(ld7), since Zset(F(7)) is trivial for each ¢ € obJ. This is precisely what is stated in |4,
Corollary 22].

As promised, we now use Corollary to provide an explicit characterization of the covariant isotropy
group of Group? for any small category J. The quasi-equational theory T of groups is single-sorted, has
single-indeterminate isotropy (see |3, Example 4.1] or [, Proposition 3.2.7]), and the diagram theory of
any group is non-trivial (if G is any group, then the group G (x) is non-trivial). Now let F' : J — Group
be any functor. Then for any i € obJ and any Dom(F(i))-indexed family of group endomorphisms ¢ =

( Zf : COd(f) - Cod(f))feDom(F(i)),

that for every outgoing group homomorphism f : F(i) — G, the endomorphism (;5? : G — @ is the inner
automorphism inny(,,) induced by the element f(g;) € G (see [1, Theorem 1] or |7, Corollary 3.2.8]). We
then have:

we have ¢ € Zguoup(F(i)) iff there is a unique element g; € F(i) such

Claim 5.3. A family (qﬁi)iej € [Lics Zcrouwp(F (7)) is compatible in the sense of Definition[{- 3 iff F(h)(g:) =
g; for any morphism h:i — j in J, i.e. iff (gi)icy € lim F.

Proof. Suppose first that (gbi)iej € [lics Zcroup(F (7)) is compatible, let h : i — j be a morphism of 7,
and let us show F(h)(g;) = g;. We have the inclusion group homomorphism 7 : F(j) — F(j) (x), so
by compatibility it follows that ¢} = ¢;OF(h) : F(j) (x) = F(j) (x), and hence inn, sy = inn,(ppy(g))
F(5) (x) = F(5) (x). We then obtain

gixgy " = inny g (X) = iy pn)(g.)) (X) = F(h)(gi)xF (h)(g:) ™"

in F'(j) (x), which forces F'(h)(g;) = g;, as desired. Conversely, if (¢;)ics € lim F and h : ¢ — j is a morphism
of J, then for any group homomorphism f : F(j) — G we have ngf =inng(g;) = INN(for(h))(g:) = gbifoF(h), as
desired. O

We now have the following application of Corollary
Corollary 5.4. Let J be any small index category.
e For any F: J — Group we have Zg,,,7 (F)) 2 lim F x Aut(ld7), naturally in F.

o Let F' : J — Group and let @ = (m, : cod(p) — cod(u))#eDom(F) be any Dom(F)-indexed family of

endomorphisms in Group” . Then m € Zroups (F) iff there is a uniquely determined family (g:)icy €
lim F' and a uniquely determined element ¢ € Aut(ld7) such that 7 is determined by ¥ and (g;)ics n
the sense that

T (k) = G((k)) oinn,, (4,) : G(k) = G(k)
for every morphism p: F — G in Group” and every k € obJ .

o Thus, an automorphism © : F = F of F : J — Group is inner iff there are (g;)ics € lim F and
¥ € Aut(ld7) such that w(k) = F(¥(k)) oinng, : F(k) = F(k) for each k € obJ.

Proof. The first claim follows from the first claim of Corollary [ 2lbecause ([ [, Zr (F(1))) = lim (Zgroup © F) =
lim F, since Zgroup = Id by [, Theorem 2]. The second claim follows from the second claim of Corollary
by the preceding observations (including Claim [(.3)), and the last claim follows from the second and the
definition of inner automorphisms in terms of Z¢,,,,7 (F) (see the Introduction). O
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Thus, while Bergman’s |1, Theorem 1] shows that the categorical inner automorphisms in Group are
precisely the conjugation-theoretic inner automorphisms, our Corollary [5.4] shows that the categorical in-
ner automorphisms in any category Group” of presheaves of groups can be characterized in terms of the

conjugation-theoretic inner automorphisms of the component groups, together with natural automorphisms
of Id 7.
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