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Abstract

We survey the theory of Hopf monads on monoidal categories, and present new examples and
applications. As applications, we utilise this machinery to present a new theory of cross products, as
well as analogues of the Fundamental Theorem of Hopf algebras and Radford’s biproduct Theorem for
Hopf algebroids. Additionally, we describe new examples of Hopf monads which arise from Galois and
Ore extensions of bialgebras. We also classify Lawvere theories whose corresponding monads on the
category of sets and functions become Hopf, as well as Hopf monads on the poset of natural numbers.
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1 Introduction

Hopf monads were originally introduced to generalise the lifting properties of ordinary Hopf algebras
in the category Vec of vector spaces, to arbitrary monoidal categories. In [51], Hopf monads were de-
fined as monads which lift the monoidal structure of a monoidal category to their category of modules
(or Eilenberg-Moore categories). These monads are now referred to as bimonads or comonoidal monads,
whereas monads which also lift the closed structure (inner-homs) of a closed monoidal category are called
Hopf monads [12]]. While the purpose of the latter definition was rooted in lifting the closed structure,
the ‘Hopf condition’ presented in [12]] makes sense for bimonads on arbitrary monoidal categories. Addi-
tionally, this theory has garnered interest because many of the various categorical generalisations of Hopf
algebras including Hopf algebroids, Hopf Polyads and Hopf categories, among others [8| |9] can all be
viewed within this framework. Hence, any results proved at the level of Hopf monads can have fruitful
applications for all these other structures.

Initially, Hopf monads were defined for rigid monoidal categories [14] and various Hopf algebraic
results were extended to this setting and applied in the study of tensor categories [[13] and topological field
theories [64]. This new point of view has also produced novel results for its simplest family of examples,
namely braided Hopf algebras in rigid monoidal categories, such as the notions of Drinfeld double and
quasitriangular structures [15, [16]. While some of the classical Hopf algebraic results, including the
Fundamental Theorem of Hopf algebras and Radford’s biproduct Theorem, were also generalised to the
setting of Hopf monads on arbitrary monoidal categories [12], other results such as the theory of integrals
have not received the same treatment. This is partly due to the lack of explicit examples when the category
is not rigid. In the same vein, even some of the results which have been generalised to this setting have
not been translated into the language of interesting examples of Hopf monads, such as Hopf algebroids.

Here, we present a survey-style review of the theory of Hopf monads and bimonads with a particular
focus on constructing new examples of these objects. While collecting the various results in the theory of
Hopf monads, which are spread between [14} 12, [16| 60] among other texts, we also compare them with
their classical analogues in the theory of ordinary Hopf algebras and apply some of them in the setting of



Hopf algebroids. We also aim to provide simpler sketches of the proofs of these results, which provide
the reader with a better picture of the proof and avoid unnecessary details.

The book [9] along with several surveys including [65] formulate numerous generalisations of Hopf
algebraic structures as examples of Hopf monads, but do not review the various results on Hopf monads
themselves. In addition to providing a survey of these results, we take a different approach to examples.
Throughout Section ], we pick several base monoidal categories and then construct examples of Hopf
monads on these bases, which do not already appear as Hopf algebra-like structures in the literature. The
reader can also refer to Chapter II of [64] as it contains a review of the theory of Hopf monads on rigid
monoidal categories. In this survey however, we primarily focus on results and examples in the non-rigid
setting.

Organisation: In Section[2] we review the basic categorical machinery which we will use and review
some key features of some well-known monoidal categories. In Section[3] we recall the notion of bimon-
ads and the various definitions of Hopf monads and review their fundamental properties. In Section[3] we
review the different ways in which we can combine these structures to obtain new Hopf monads, while
in Section[7l we review some well-known results in the theory of Hopf algebras which have been gener-
alised to the setting of Hopf monads. In Section [6] we recall the correspondence between Hopf monads
and cocommutative central coalgebras. The novel portions of our work mainly appear in Sectiond where
we present several new examples of Hopf monads by looking at poset categories, algebraic theories and
Galois extensions of bialgebras. The various new applications of Hopf monads to the theory of Hopf
algebroids are spread within Sections[3] [6land [7] as examples. Finally, we mention some aspects of Hopf
monads which we have not discussed here in Section[8]and present an account of where Hopf adjunctions
appear in topos theory in Appendix [Al

Novel Constructions: Our simplest family of examples appear in Section .2] where we classify
Hopf monads on the poset (Ng, <) which is viewed as a category with its monoidal structure given by
+. We show that bimonads on this category correspond to infinite submonoids of (Ng, +), while Hopf
monads on this category correspond to submonoids which are generated by a single positive number.

Monads on Set are said to be generalisation of algebraic theories, in particular, because finitary mon-
ads on Set correspond exactly to algebraic or Lawvere theories. In Section we show that any finitary
Hopf monad must correspond to the theory of G-sets for a group G (a Hopf algebra in Set).

In Section 4] we consider extensions of bialgebras f : B — H and investigate when the induced
adjunction given by restriction and extension of scalars gy M <= pM gives rise to a Hopf monad. We
show that the (left) pre-Hopf condition presented in [[12] corresponds to H being a Galois extension [59]
of B over a coalgebra determined by f. Furthermore, we present a generalised Galois condition (#0) for
f which determines when the adjunction is (left) Hopf. We then show that any suitable Ore extension of
bialgebras satisfies this condition.

In [27], we presented a construction for Hopf monads corresponding to pivotal pairs (P, Q) in suit-
able closed monoidal categories. In Section[4.3] we review this construction and show that we still obtain
a Hopf monad under more general assumptions where the base category is not necessarily closed, The-
orem We already noted in [27], that this construction can be viewed as an example of Shimizu’s
Tannaka-Krein reconstruction for Hopf monads [60]. In Section[Z4] we review the latter theory and use
our example in Section[d.3to clarify different aspects of this complicated machinery.

In Section[4.6] we review how Hopf algebroids and bialgebroids over a base algebra A can be viewed
as Hopf monads and bimonads over the category of A-bimodules. While this point of view is well-known,
various useful results for Hopf monads have not been translated into the language of Hopf algebroids. For
instance, in Example 5.3 we translate the theory of cross products of Hopf monads to the setting of Hopf
algebroids and present an analogous construction to the cross product of Hopf algebras in this setting.
We present three more such results in Examples [6.3] [7.6] and [Z.4] which include the construction of a
lax braiding on the induced coalgebra of Hopf algebroids and analogues of the Fundamental Theorem of
Hopf algebras and Radford’s biproduct Theorem for these structures.
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2 Categorical Background

In this section we recall some of the categorical concepts which we will use in future chapters and set our
notation. Our main references for basic category theory will be 39} 54]].

2.1 Monoidal Categories

In this section we briefly recall the theory of monoidal categories and set our notation. We refer the reader
to Section 1 of [64] for additional details.

Given a category C, a quadruple (®, 1, o, [, r) is called a monoidal structure on C, where 1 is an object
inC,® :C x C — Cabifunctorand « : (id¢ ® id¢) ® id¢ — ide ® (ide ® ide), | : 1 ® ide — id¢ and
r :id¢®1 — id¢ natural isomorphisms satisfying coherence axioms as presented in Section 1.2.1 of [64]].
Given such a structure (C, ®, 1) is referred to as a monoidal category and 1 is called its monoidal unit.
The monoidal structure is said to be strict if «, ! and r are all identity morphisms. Given any monoidal
category (C,®, 1) we obtain another monoidal category (C, ®°P, 1) where the bifunctor ®°P is defined
by X ®°?Y =Y ® X. This construction is distinct to the opposite category C°® which has the same
objects as C but morphisms in reversed directions.

Throughout this work, every monoidal category will either be strict or the coherence isomorphisms
a, [, r, while not the identity morphisms, will be trivial e.g. in the case of the category of sets, Set, the
function axy,z : (X XxY) x Z — X x (Y x Z) sends every element ((z,y), ) to (z, (y, z)). Hence,
the effect of these natural isomorphisms will be negligible and we will not discuss them further.

A functor ' : C — D between monoidal categories (C, ®c, 1¢) and (D, ®p, 1p) is said to be (strong)
monoidal if there exist a pair (Fy, Fy) where Fo(—,—) : F(—) ®p F(—) — F(— ®¢ —) is a natural
(isomorphism) transformation and Fy : 1p — F'(1¢) a (isomorphism) morphism satisfying

FQ(X ®C Y, Z)(FQ(X, Y) ®p 1dF(Z)> :FQ(X, Y ®C Z)(ldF(X) ®D FQ(Y, Z)) (1)
Fy (X, 1¢)(idpx) ®@p Fo) = idpx) = Fa(le, X)(Fo ®@p idp(x)) 2

for any three objects X,Y, Z in C. The functor F' is said to be (strong) comonoidal if there exist a pair
(Fy, Fy) with arrows going in the opposite direction. From here onwards, we will omit the subscript
denoting the ambient category e.g. replace ®¢ and ®p by ®, since the choice of monoidal structure
will be clear from context. Note that a strong monoidal structure (F5, F) on a functor F is equivalent
to a strong comonoidal structure (Fofl, F; ') on F. A strong monoidal functor with F, = id_g_ and
Fy = id; is called strict monoidal. The reader should also note that in many sources the term monoidal
functor refers to a strong monoidal functor, but we choose to match the terminology used in the main
Hopf monad literature [[14, [12].

The composition GF' of two functors F' : C — D and G : D — &£ with (co)monoidal structures
(Fy, Fy) and (G2, Gy) obtains a natural (co)monoidal structure by (GF5)G2(F, F') and (GFy)G (resp.
G2(F, F)GF; and Go(GFyp)). A natural transformation 6 : F' = G between two (co)monoidal functors
(F, F», Fp) and (G, G2, Go) is said to be (co)monoidal if 0F; = G3(6 ® 6) and 0, Fy = Gy (resp.
(9 & 9)F2 = G29 and Goo = Fo) hold.



Given an object X in a monoidal category (C, ®, 1), we say an object ¥ X is a left dual of X, if there
exist morphismsevy : VX ® X — 1 and coevy : 1 — X ® VX such that

(evX ®idvx)(idvx (24 COGVX) =idvy, (ldX (24 evX)(coevX ®1dx> =idy

In such a case, we call X a right dual for ¥ X. Furthermore, a right dual of an object X is denoted by
XV, with evaluation and coevaluation maps denotedby evy : X ® XV — landcoevy : 1 —» XV ® X,
respectively. We will refer to evaluation and coevaluation maps as such, as duality morphisms. We say an
object X is dualizable if it has both a left dual and a right dual. Note that if a left (or right) dual object to
X exists, then it is unique upto isomorphisms. Let Y and Z both be left dual objects to X, with duality
morphisms (ev, coev) and (ev’, coev’), then (ev®idz)(idy ® coev’) and (ev’ ® idy )(idz ® coev) form
an isomorphism between Y and Z.

The monoidal category C is said to be left (right) rigid or autonomous if all objects have left (right)
duals. If a category is both left and right rigid, we simply call it rigid. In the literature, when a category
is said to be left (or right rigid), it is assumed that we have chosen a left dual and a pair of duality
morphisms for every object X and ¥ X denotes this specific choice of left dual. Given these choices, we
have a contravariant functor ¥(—) : C — C which sends objects X to their left duals ¥ X and morphisms
f: X — Y to morphisms (evy ® idvx)(idvy ® f ® idv x)(idvy ® coevx). Similarly, (—)¥ : C — C
defines a contravariant functor on a right rigid category.

We call a monoidal category C left (right) closed if for every object X there exists an endofunctor
[X, ]! (resp. [X,—]") on C which is right adjoint to — ® X (resp. X ® —). We will denote the
unit and counit of these adjunctions by coevy (resp. coevy) and evy (resp. evy). By definition
[—, =]} [=,—]" : C°P x C — C become bifunctors and we refer to them as inner-homs. If a category
is left and right closed we call it closed. Observe that if X has a left (right) dual VX (resp. XV), the
functor — ® VX (resp. XV ® —) becomes right adjoint to — ® X (resp. X ® —) and therefore every left
(right) rigid category is left (right) closed. Furthermore, if X has a left (right) dual, VX 2 [X, 1]’ (resp.
XV = [X,1]"). We have adopted the notation of [12] here, and what we refer to as a left closed structure
is referred to as a right closed structure in some of our other references such as [S6].

It is well-known that strong monoidal functors preserve dual objects i.e. F(VX) = VF(X) since
Fy'F(ev)Fo(YX, X) and Fy '(X,YX)F(coev)Fp act as the evaluation and coevaluation morphisms
making F'(¥ X) a left dual object to F/(X).

Given a monoidal functor F' : C — D between a pair of left closed monoidal categories, C and D, we
obtain a canonical family of morphisms ®% y := F(ev})F2([X,Y]e, X) : FIX,Y]; ©@p FX — FY
for every pair of objects X, Y in C. Consequently we obtain a family of morphisms
FIX,Y]L

Fiy = [F(X), @ y]pcoevy ) : FIX,Y]e = [F(X), F(Y)]p

as the corresponding morphism to @' ;- under the adjunction — ®p F(X) - [F(X), —]},. We say that
the monoidal functor F is left closed if the morphisms FY  are isomorphisms for all pair of objects

X,Y in C. A symmetric definition can be made for right closed functors. We refer the reader to Section
3.2 of [[12]] for additional details.

2.2 Braided Monoidal Categories and Hopf Algebras

In this section we briefly recall the definitions of braided monoidal categories and braided bialgebras and
Hopf algebras in them, which appeared in the work of Majid [41] under the name of braided groups. We
refer the reader to Section I1.6 of [[64] for additional details and a modern treatment.

A monoidal category is said to be (lax) braided if there exists a natural isomorphism (natural trans-
formation) ¥ x v : X ® Y — Y ® X satisfying what we refer to as the braiding axioms:

Pyygz = (idy @ Px 2)(Pxy ®idz), Pxevz = (Pxz®idy)(idx @ Py z) (3)



A braided monoidal category is said to be symmetric if ®y x®x y = idxgy for every pair of objects
X,YinC.

Note that in a braided monoidal category, an object is left dualisable if and only if it is right dual-
isable. If VX denotes the left dual of X in C, with duality morphisms coev and ev then evV x v x and
\Il)_(lv coev make VX aright dual of X. The converse argument also holds, making XV a left dual of X.
More generally, V_ x : —® X — X ® — is an isomorphism of functors and thereby a braided monoidal
category is left closed if and only if its is right closed.

An algebra or monoid in a monoidal category C consists of a triple (M, 11, 7), where M is an object
ofCandp: M ® M — M and 7 : 1 — M are morphisms in C which satisfy p(idys ® ) = idpy =
u(n ®idyr) and p(idyr @ p) = p(p ® idar). A coalgebra or comonoid in C can be defined by simply
reversing the arrows in the definition of a monoid.

A braided bialgebra in a braided monoidal category (C, ¥) consists of an object B in C, and quadruple
of morphisms (m, 7, A, €), such that (B, m,7) form a monoid in C, (B, A, €) form a comonoid in C and
the following axioms hold

(m@m)(idp ®@ ¥p,p®idg)(A®A) = Am 4)
An=n®n, en=(Xe), en=id 5)

A braided bialgebra is called a braided Hopf algebra if there exists a morphism S : B — B called its
antipode such that m(idg ® S)A = ne = m(S ® idg)A. If (C, ¥) is a symmetric category then we
simply omit the “braided” prefix when referring to bialgebras and Hopf algebras in C.

Given any monoidal category C, we can define the category of monoids in C which has monoids
(M, m,n) in C as objects and morphisms f : (M, m,n) — (M’,m’,n’) are morphisms f : M — M’
in C which commute with the structural morphisms i.e. satisfy m'(f ® f) = fmand fnn = rn'. If Cis
endowed with a braiding ¥, then the category of monoids in C obtains a monoidal structure defined by

(Maman) ® (Mlam/vn/) = (M ®C M/a (m®m/)(ldk[ ®\IJILI,IL[/ ®idM/)777®77/)

We can define the category of comonoids in C and its monoidal structure, when C is braided, in a sym-
metric way. From this point of view, picking out a bialgebra in C is equivalent to picking a comonoid
(monoid) in the monoidal category of monoids (comonoids) in C.

2.3 Dual of a Monoidal Functor and Center

In this section we recall the definition of the dual of a monoidal functor and the center of a monoidal cat-
egory with [40]] as our main reference. We also present some basic results regarding the dual construction
which do not appear together elsewhere.

If U : D — C is a strong monoidal functor between monoidal categories, the dual of the functor U is
defined as the category whose objects are pairs (X, 7) with X being an objectof Cand 7 : X @ U(—) —
U(—) ® X a natural isomorphism satisfying

(idU(M) & TN)(T]M ® idU(N)) :(U2(1\47 N)il & idx)TM®N(idx & UQ(M, N)) (6)
(U ' ®idx)mi(idx ® Up) = idx @)

with morphisms f : (X, 7) — (X’,7') being morphisms f : X — X' in C which satisfy 7/(f ® id¢) =
(ide ® f)7. We denote the dual by (pUc)°. The dual of the identity functor id¢ : C — C, is called the
center of C and denoted by Z(C). This construction is often referred to as the Drinfeld-Majid center.
The lax left dual of U, denoted by (pUc);,,, is defined exactly as (pUc)® but where the natural
transformations 7 are not assumed to be isomorphisms. In a symmetric manner, we can define the lax right

dual of U, whose objects are pairs (X, 7) where 7 : U(—) ® X — X ® U(—) is a natural transformation.



The lax left (right) dual of the identity functor on C is called the lax left (right) center of C and is denoted
by Z11ax(C) (Zr1ax(C)). In [57], (p UC)?.,lax is referred to as the weak left centralizer of U and denoted
by W,(U).

It is easy to check that the dual (pUc)® carries a monoidal structure via

(X,T)@(X/,TI) = (X@X/,(T®idxf)(idx®7'l)) ®)

with the pair (1¢,idy(—)) acting as the monoidal unit. Furthermore, the forgetful functor U : (pUc)° —
C defined by U(X,7) = X becomes strict monoidal. Thereby, the dual construction actually sends a
strong monoidal functor U : D — C with codomain C to another such functor (pUc)° — C.

The notion of lax left (right) dual of a functor U becomes equivalent to the dual of U when D is right
(left) rigid:

Theorem 2.1. If D is a right rigid category then (pUc)® = (pUc)] -

Proof. Let M be an object of D and M denote its right dual. Since U is strong monoidal then following
our discussion in Section2.1l U (M) becomes a right dual of U (M) viaev' = U, U (ev,, ) Uz (M, M)
and coev’ = U, (MY, M)U(coev,,)Up. Hence, for any object (X, 7) in (pUc); ..., we can define 7,
by (ev' ® idxgm)Tmv (idpex ® coev’). Tt follows from 7 being natural and satisfying (6) and (@)
that 75, and Tﬂ_j are inverses. Consequently, for any (X, 7) in (pUc);,,,, the transformation 7 is an

isomorphism and (pUc)® = (pUc)} 1.« O
Now we observe that dualities between objects in the base category lift to the monoidal dual.

Corollary 2.2. Let X be a left dualizable object of C and ¥ X denote its left dual. If (X, T) is an object
of (pUc)®, then there exists a natural braiding on p such that (¥ X, p) becomes an object of (pUc)° and
the left dual of (X, T).

Proof. Letevy and coevx denote the relevant duality morphisms between X and ¥ X . We define pjs :=
(evx ®idygvx)(idvx ® TA}l ® idv x)(coevx). It follows by definition that evx and coevx become
morphisms in (pUc)°. O

In [S7], a stronger statement is proved:

Theorem 2.3 (Proposition 3.1 [57]). IfU : D — C is a strong monoidal functor, C is left closed and D
right rigid then (pUc)° has a left closed structure which U preserves.

The center of a monoidal category C is of particular interest since it has a braided structure ¥ defined
by W(x 7),(x’,r) = Tx'. A central bialgebra (Hopf algebra) in C refers to an object (B, 7) in Z(C) with
a braided bialgebra (Hopf algebra) structure.

At this point we reflect on the fact that, under suitable conditions, the dual of a monoidal functor lifts
colimits from the base category.

o

Lax — C

Theorem 2.4. If — ® — in C preserves colimits in both entries, the forgetful functor U : (pUc)

creates colimits which exist in C. The same statement holds if we consider U : (pUc)° — C

Proof. Consider a diagram D : J — (pUp)
with a family of universal morphisms 7; : UD(j) — A for objects j in J. Since D : J — (pUc)

so that the diagram UD : J — C has a colimit A in C

[e]
l,lax

functor, for any object X € D we have a family of morphisms o, : D(j)@U(X) — U(X)®D(j) which
are natural with respect to J and thereby form a natural transformation o : D ® U(X) = U(X) ® D.
Because the bifunctor — ® — in C preserves colimits in both components, the diagrams UD ® U (X)
and U(X) ® UD admit colimits A ® U(X) and U(X) ® A, respectively. By the universal property of
A ® U(X), there exists a unique morphism o4 such that o4 (7; ® U(X)) = (U(X) @ m;)0%. If we

o
l,lax
isa



show that (A4, 04) is indeed an object of (pUc); 1,.»
cocone of the diagram D.

Let f : X — Y be amorphism in D. To show that (U(f) ® ida)oy = o (ida ® U(f)), we observe
that

then it follows that 7 : D = (A, 04) becomes a

oy (ida @ U(f))(m; ® idy X>> oy (mj @ idy(yy) (idp) @ U(f))
= (idy(yv) ®@ )03 (idpgy) @ U(f)) = (idpyy @ m)(U(f) @ idp ) o
= (U(f)® A)(idyx) ® Wj)ox =U(fHe 1dA)03‘}(7rj ®idy(x))

holds and use the universal property of (7; ® idy(x)).

Hence, (A4,0.4) is an object of (pUc); lax and a cocone of the diagram D via 7;. Consider another

cocone £ : I = (_B, op). Since A is a colimit of UD, there exists a unique morphism t:A—> B
such that U (k) = tU (). What remains to be shown is whether ¢ is a morphism in (pUc); ... This also
follows from the universality of A ® U(X) and the calculation below

l,lax®

(idy @ t)o(U(r) @ idy) = (idy @ tU(n))o? = (idy @ U(k))o?

=oB(U(k) ®@idy) = 0P (t ®idy)(U(n) @ idy)

Hence (idy ® t)o? = 0B (t ® idy) and thereby, (A, 0 4) is a colimit of the original diagram .

If o7 were invertible, it follows from the universal property of U (X ) @ A that there exists a unique
morphism (04) ™! such that (¢4) ! (idy ®7) = (7®idy)(67) L. It follows from the universal properties
of U(X)® Aand A ® U(X) that o5 and (0% ) ™! are inverses. a

The reader should note that the proof of Theorem[2.4lcan be replicated in a symmetric manner for any
limits in C which are preserved in both entries of — ® —.

2.4 Key Examples of Monoidal Categories

In this section we review some key examples of monoidal categories and their properties.

Example 2.5. Given any category C, we obtain a new category denoted by End(C), which has endo-
functors F' : C — C as objects and natural transformations between them as morphisms. The category
of endofunctors has a canonical monoidal structure via composition of functors i.e. F'®@ G = FG for
endofunctors F, G and the identity functor id¢ acting as the monoidal unit. In this monoidal category, a
functor F' being left (right) dual to G, is exactly equivalent to F’ being left (right) adjoint to G. Addition-
ally, the right adjoint functor [F, —]! to — ® F : End(C) — End(C), if it exists, is usually denoted by
Ranp and [F, G]l is called the right Kan extension of G along F', see Proposition 6.1.5 of [54]. We also
have a trivial description of the center of any endofunctor category:

Proposition 2.6. Given any non-empty category C, the center of the monoidal category End(C) is equiv-
alent to the trivial category.

Proof. For any object X in C, there exists an endofunctor Fx which sends all objects to X and all
morphisms to idx. Let (G, 7) belong to Z(End(C)). It follows that for every object X in C we obtain an
isomorphism 7, : GFx — FxG = Fx. Hence, we have a family of isomorphisms 7r, : G(X) &2 X
for objects X in C. Moreover, natural transformations Fy : Fx — Fy are in correspondence with
morphisms f : X — Y. Since 7 is a natural then for any morphism f the equality f7p, = 75, G(f)
holds and 7 : G — id¢ becomes a natural isomorphism of functors. Hence, every pair (G, 7) is
isomorphic to (ide, id) via 77_ and the skeleton of Z(End(C)) is the trivial category. O



Example 2.7. Any category with finite products obtains a natural symmetric monoidal structure with the
product acting as @ and the final object acting as the monoidal unit. Such monoidal structures are called
cartesian. In particular, the category of sets and functions Set has a monoidal structure via the product
of sets x and the set with one element 1 = {*} acting as the monoidal unit. The symmetric structure is
given by the flip map Ux y = flip which sends a pair (z,y) € X x Y to (y,z) € Y x X. The only
dualizable object in Set is 1 since coev : 1 — X x VX would have to be surjective on its projections to
VX and X but its image contains exactly one element, so X &= VX = 1,

Proposition 2.8. There exists a monoidal equivalence Z(Set) ~ Set.

Proof. Let (X, 7) be an object of Z(Set). For any set Y and element y € Y, we have a unique morphism
fy : 1 = Y sending the element * to y. By the naturality of 7 and (@) it follows that 7y (idx x f) =
(fy x idx)id1x x and thereby 7y (x,y) = (y, z) for any € X. Hence, 7 must act as the flip map and
the only objects in Z(Set) are of the form (X, flip). O

Since the category (Set, x, 1) is symmetric monoidal, we can describe a Hopf algebra object in Set:
Let (X, A, €) be a comonoid in (Set, x, 1). Since € : X — 1 is the unique map sending all elements of X
to the unique element in 1, then it follows from (e X idx)A =idx = (idx x €)A that A(z) = (z,z) €
X x X forall z € X. Consequently, any monoid (X, m,7) becomes a bialgebra (X, m,n, A, ¢) with
this trivial comonoid structure. The existence of an antipode for such a bialgebra is precisely equivalent
to the existence of inverses for all elements. Hence, Hopf algebras in Set are precisely groups.

Example 2.9. The category of vectorspaces Vec over a base field K is endowed with a symmetric
monoidal structure via the tensor product of vectorspaces @k and the one dimensional vectorspace K
acting as the unit. The symmetric structure Vv @ V Qg W — W ®x V is the flip map send-
ingv ®gw € V&g W to v ® w. The famous hom-tensor adjunction illustrates that this monoidal
structure is closed with inner-homs [V, W] given by spaces of K-linear maps Homg (V, W). It is well-
known that a vectorspace V' is dualizable in Vec if and only if V is finite dimensional. This is because
coev : K — V ®x vV is uniquely determined by the choice of coev(1) which must be of the form
Yo v; @k v for some number n. It then follows by the definition of the duality morphisms that
{v;}?_, must form a finite basis for V. A similar argument to Proposition 2.8 with maps f, : K — V
corresponding to v € V' proves that Z(Vec) ~ Vec.

Monoids in Vec are simply K-algebras. Comonoids (C, A, ¢€) in Vec are called K-coalgebras, or
coalgebras for simplicity. We will use Sweedler’s notation for the coproduct A : C — C ®g C and
write A(c) = c(1) ®xk c(2) Where the right hand side depicts the finite sum of elements of the form
c1 ®k ca € C ®k C corresponding to c. We recover the theory of ordinary bialgebras and Hopf algebras
when looking at bialgebras and Hopf algebras in Vec with this symmetric monoidal structure and refer
the reader to [[46]] for more details on these.

Example 2.10. Let A be a K-algebra. The category of A-bimodules has a natural monoidal structure by
tensoring bimodules over the algebra A, denoted by ® 4, and the algebra A, regarded as an A-bimodule,
acting as the unit object. It is well-known that a bimodule has a left (right) dual in the monoidal category
AM 4 if and only if it is finitely generated and projective, fgp for short, as a right (left) A-module. In
particular, 4 M 4 is closed with

[M,N]! := Hom4 (M, N), [afb](m) = af(bm), f € Homu(M,N)
[M,N]" := 4Hom(M, N), [agb](m) = g(ma)b, g€ sHom(M,N)

where a,b € Aand Hom4 (M, N) and ,Hom(M, N) denote the vectorspaces of right and left A-module
morphisms from M to N, respectively. Explicitly, the units and counits of the adjunctions for the left and



right closed structures are given by

oM i N — Homyu(M,N @ M), eM :Homa(M,N)® M — N )
n— fn:(m—n®@m) femr— f(m)

oM . N — ,Hom(M, M @ N), Y : M ® sHom(M,N) — N
nr—gn: (M= men) m® g+ g(m)

for any pair of A-bimodules M and N. Consequently, for a right or left fgp bimodule M, we identify
VM by Hom 4 (M, A) and MY by ,Hom(M, A). Note that the category 4.M 4 is generally not braided.
For a discussion of when 4 M 4 admits a braiding we refer the reader to [2]]. Several characterisations of
the center of 4 M 4 are also provided in [1].

Since the category of bimodules does not admit a braiding in general, we can not discuss Hopf algebra
objects in this category. However, the role of Hopf algebras and bialgebras in this setting is taken by Hopf
algebroids and bialgebroids which we will discuss further in Section 4.6l

2.5 Monads

In this section we recall the theory of monads, with Chapter VI of [39] as our main reference.

A monad on a category C is a monoid in its monoidal category of endofunctors End(C). Explicitly, a
monad consists of a triple (T, i, n7), where T is an endofunctoronC and v : T7T — T and n : id¢ —» T
are natural transformations satisfying uT'p = pur, pI'n = idp = pnp. Morphisms of monads 6 :
(T, ,m) — (T, 1,n') can be defined accordingly as natural transformations 6 : T — T" satisfying
On=rn"and Op = ' (T'0)07.

Any monad gives rise to an adjunction Fr 4 Ur : CT < C, where CT is the Eilenberg-Moore
category associated to T'. The category CT' has pairs (X, r), where X is an objectin Candr : TX — X
a T-action satisfying rux = rT'r and rn = idx, as its objects and morphisms of C which commute
with the T-actions as its morphisms. The free functor Frr acts as Fp(X) = (T X, px) and the forgetful
functor Uy acts by Ur(X,r) = X. We will call every pair (X, r) a T-module and will sometimes refer
to the Eilenberg-Moore category as the category of T-modules. In the converse direction, any adjunction
F 4 G : D s C gives rise to a monad (GF,n,Gep) where ) : ide — GF and € : FG — idp
denote the unit and counit of the adjunction, respectively. We also obtain a natural functor K : D — CT
defined by K(d) = (Gd, Gegq). This functor is called the comparison functor and satisfies Ur K = G
and K F = Fp. We say the functor G is monadic if K is an equivalence of categories.

Now we recall Beck’s Theorem. The proof of this theorem and several equivalent formulations of it
can be found in Section VI. 7 of [39]].

Theorem 2.11 (Beck’s Theorem). Given an adjunction F 4 G : D < C, G is monadic if and only if the
Sfunctor G creates coequalizers for parallel pairs f, g : X =3Y for which G f,Gg has a split coequalizer.

Split coequalizers should not to be confused with reflexive coequalizers. A pair G f, Gg has a split
coequalizer if there exists an object C' in C along with morphisms s : C' — GY, h : GY — GX and
t : GY — C such that t is a coequalizer and ts = id¢, (Gg)h = idgy and (Gf)h = st hold. A
coequalizer of a parallel pair f,g : X = Y is called reflexive if there exists a morphism A such that
hf = hg = idx. The importance of reflexive coequalizers within the theory of monads was described
in a theorem of Linton [38]], which concerns the existence of colimits in the category of 7T'-modules. We
will refer to reflexive coequalizers and coreflexive equalisers by RCs and CEs, respectively.

If C is a monoidal category, then a monoid structures (A, m,7) on an object A in C gives rise to a
monad structures on the endofunctor A ® — with u = m ® —. The Eilenberg-Moore category C in this
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case becomes the category of left A-modules i.e. objects X with an action r : A ® X — X. The free
functor Fr;r sends an object X to the free module generated by it (A ® X, m ® idx) and the forgetful
functor Uz sends a module (X, ) to the object X.

The notation for monads is slightly confusing when compared to algebras. We usually denote the
category of (left) modules over an algebra A by 4 M and the category of (left) comodules over a coalgebra
C by “ M, while in the monadic case, the category of modules over a monad 7 is usually written as C”
and category of comodules of a comonad S as Cg. Moreover, in many texts including [39] 7T-modules
are referred to as T'-algebras to stay consistent with the point of view that monads generalise algebraic
theories and CT plays the role of the category of algebras over a theory (see Section [£.3). Here we use
the term 7-modules to stay closer to representation theoretic language and the example 7' = A ® —.

Finally, we recall the following well-known fact.

Theorem 2.12. Given a pair of adjoint endofunctors F' 4 G : C < C, monad structures on F' correspond
to comonad structures on G.

This can be seen easily from the fact that F' and G are duals in the monoidal category of End(C) and
this duality can be used to take an algebra structure on one object to a coalgebra structure on the other,
see Proposition 2.4 of [44]. Explicitly, if  and € denote the unit and counit of ' 4 G and (F, u, v) is a
monad structure, then (GGe)(GGug)(Gnre)ne and evg provide a comonad structure on G.

2.6 Ends and Coends

In this section we briefly recall the notion of ends and coends, with Chapter IX of [39] serving as our
main reference.

For categories C and D and bifunctors F, G : C°? x C — D, a dinatural transformationd : F — G
consists of a family of morphisms dy : F'(X,X) — G(X, X) such that for any morphism f : X — Y,
we have an equality of morphisms

G(idx, fdx F(f,idx) = G(f,idy)dy F(idy, f) : F(Y, X) = G(X,Y) (10)

An end for a bifunctor F' : C°P x C — D is a pair (F, e) consisting of an object E of D and a dinatural
transformation e : £ — F', where we regard E as a constant functor £ : C°P? x C — D sending all objects
in C°? x C to E and all morphisms to id g, where e is universal in the sense that for any other such pair
(E', '), there exists a unique morphism f : B/ — E satisfying ef = €’. Note that for an end (E, e) of F,
the equations (IQ) reduce to F(idx, f)ex = F(f,idy )ey. Dually, we can define a coend of F' as a pair
(C,d) where d : F' — C'is a universal dinatural transformation satisfying dx F'(f,idx) = dy F(idy, f).
The end and coend of F will be denoted by [y F/(X, X) and fXEC F(X, X), respectively.

Given any bifunctor F' : C°P x C — D, we obtain a diagram in D containing morphisms F'(idy, f)
and F(f,idx) corresponding to f : X — Y inC. Anend [y . F(X, X) and a coend fXGC F(X,X)
are precisely a limit and colimit for this diagram, respectively. Hence, (co)ends for a bifunctor F' :
C°P x C — D exists if D is (co)complete.

3 Hopf and Bimonads

In this section, we review the definitions and basic properties of bimonads and Hopf monads from [14,12].
After first reviewing the theory of bimonads, we will look at the definition of Hopf monads on rigid
monoidal categories, defined in [[14]. We will then review the notion of Hopf monads on general monoidal
categories and closed monoidal categories, which were defined in [[12].
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3.1 Bimonads and Comonoidal Adjunctions

In this section, we first recall the theory of bimonads or comonoidal monads from [14]], which first ap-
peared in [47] under the name of opmonoidal monads and independently in [51]] under the name of Hopf
monads. Since these objects generalise braided bialgebras to arbitrary monoidal categories, we choose to
stay consistent with the terminology of [[14,12] and refer to them as bimonads.

Definition 3.1. A monad (7, 1, ) on a monoidal category C is said to be a bimonad or an comonoidal
monad if it also has a compatible comonoidal structure (75, Tp) satisfying

Ty(X, Y ey = (ux i) To(T(X), T(V)TT5(X, V) an
To(X,Y)nxey =nx @ ny (12)

Tops =To(TThH) (13)

Ton =idy (14)

for arbitrary objects X and Y in C.

The conditions in the above definition are just stating that 1 and 1 are comonoidal natural transfor-
mations. A bimonad morphism between two bimonads is exactly a morphism between monads which is
also a comonoidal natural transformation. A bimonad structure on a monad 7' is precisely the structure
needed to lift the monoidal structure on the base category C to C*:

Theorem 3.2 (Theorem 7.1 [51]). If T is a monad on a monoidal category C, then bimonad structures
on T are in correspondence with liftings of the monoidal structure of C onto CT i.e. monoidal structures
on CT such that Ut is strict monoidal.

Sketch of proof. 1f T has a compatible comonoidal structure (7%,7p), then we define the monoidal
structure on CT as
TIM)RT(N)— M ®N

5)

(M,r) ® (N, s) == (M © N, T(M @ N) 2800 res >

with 1. = (1, 7o) as the unit object. Conditions (IT) and (I2)) ensure that (I3) is a well-defined object
in CT. Conditions (I3) and (I4) ensure that Ty is a well-defined T-action on 1 so that 1,7 becomes an
objectin CT.

In the converse direction, let us assume that CT has a well-defined monoidal structure ® such that

Ur is strict monoidal, defined by (M, r)®(N,s) = (M ® N,r®s). Then consider the arbitrary free
T-modules (T'(M), par) and (T'(N), pn) and define To(N, M) as the composite

Ty @NN) M OUN
_—

To(M,N): T(M ® N) T(T(M)®T(N)) T(M)®T(N) (16)
It should be clear that due to the functoriality of 7" and pI'n = idr holding, this process gives the inverse
of the one describe above. For further details of this proof, we refer the reader to Theorem 7.1 in [S1]. ¢

Now we reflect on the manner in which bimonads generalise braided bialgebras. Recall from Sec-
tion 2.3 that for any algebra (B, m, n) in a braided category (C, ¥) we obtain amonad (B® —, m® —, n®
—), which we will denote by B. It is well-known that the category of modules over a bialgebra lifts the
monoidal structure of the base category, via its coalgebra structure. From the perspective of Theorem[3.2]
the coalgebra structure of a bialgebra provides a comonoidal structure on the functor B ® — which turns

B into a bimonad. Explicitly, the comonoidal structure is defined by

BQ(M,N):(idB®\I/137M®idN)(A®idM®N), By =€ (17)
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and the conditions in Definition 3.1] translate exactly to the bialgebra axioms. In this way, we recover
precisely the action of a bialgebra on the tensor product of its modules from (I3).

As we recalled in Section the theory of monads and adjunctions are intertwined and it is natural
to expect that adjunctions which giving rise to bimonads should have a corresponding structure. These
adjunctions appeared first in Section 2.4 of [[14]:

Definition 3.3. An adjunction F' 4 U : D < C between monoidal categories is called a comonoidal
adjunction if U : D — C is strong monoidal.

Lemma 3.4 (Theorem 2.6 [14]). If F 4 U : D < C is an adjunction between monoidal categories then
TFAE

(I) U is strong comonoidal.

(II) F and U are both comonoidal and the unit and counit of the adjunction are comonoidal natural
transformations.

Furthermore, if the above conditions hold then T' = U I becomes a bimonad.

Sketch of proof. Given a comonoidal adjunction F' 4 U, we obtain a comonoidal structure on F as
follows

FX®Y)-——— - 222 _ = F(X)® F(Y) (18)

TEHX)@F(Y)
FU; H(F(X),F(Y))

F(UF(X)®UF(Y)) FU(F(X)® F(Y))

~

and Fy = ¢;F(U; "), where 7 and ¢ denote the unit and counit of the adjunction. It then follows by
definition that 77 and € are comonoidal natural transformations.

In the converse direction if F' and U are both comonoidal and the 7 and € respect these comonoidal
structures, then U is strong comonoidal and the inverse of Us(X,Y") is given by

UX)@U(Y)- — — — 2=~ = — — ~UX®Y) (19)

WU(X)@U(Y)l TU(GF(X)®5F(Y))

UF(U(X),U(Y))

UFU(X)U(Y)) U(FU(X)® FU(Y))

Consequently, for a comonoidal adjunction F' 4 U the monad T' = U F' obtains a comonoidal structure
by the composition of functors and the conditions in Definition 3.1] follow from 7 and e respecting this
comonoidal structure. o

In a symmetric manner to Lemma[3.4] given a bimonad T' we obtain a comonoidal adjunction, namely
the free/forgetful adjunction Frr 4 Ur : CT = C. We have already seen in Theorem[3.2] that Ur is strict
monoidal and carries a trivial strong comonoidal structure. Note that when the monoidal structure on C
is cartesian, any adjunction /' 4 U : D < C is comonoidal, since U preserves all limits and is, thereby, a
strong monoidal functor.

We should also note that in the circumstances of Lemma[3.4] the comparison functor K : D — CT
obtains a natural strong monoidal structure such that equalities Ur K = U and KF = Fr hold as
equalities of comonoidal functors. Explicitly K2(X,Y) = U and Ky = Uy. For further details we refer
the reader to the proof of Theorem 2.6 in [14].

Dual Notion: The appropriate dualisation of the notion of bimonads is that of bicomonads or monoidal
comonads. While a bimonad consists of a monad and a comonoidal structure, a bicomonad refers to
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a comonad with a compatible monoidal structure, and these compatibility conditions are obtained by
reversing the morphisms in Definition 3.Jl By symmetric arguments, one can prove that the monoidal
structure of the base category lifts to the category of comodules over the bicomonad. Given a bialgebra
B in a braided category C, we also obtain a natural bicomonad structure on the endofunctor B ® — where
the coalgebra structure of B appears in the comonad structure and the algebra structure in the monoidal
structure. This is a unique case, and in general we do not expect a single endofunctor to admit both a
bimonad and a bicomonad structure.

After reviewing the connection between comonoidal monads and their lifting properties for their
Eilenberg-Moore categories, there are two natural questions which arise. 1) What happens if we consider
a monoidal structure on a monad? 2) Which monads lift the monoidal structure of the base category to
their Kleisli categories?

Monoidal Monads: A monoidal monad is a monad (7, y, ) with a monoidal structure (7%, 7p) such
that ¢ and 7 become monoidal morphisms. If suitable coequalizers exist, then the Eilenberg-Moore cate-
gory of a monoidal monad obtains a natural monoidal structure ®7 defined as the following coequalizer:

T(r®s)
T(T(X)®T(Y)) TX®Y)———— (X, r)er (Y,s)  (20)
pureNTT2(M,N)

for a pair of T-modules (X, r) and (Y, s). In this setting, the free module functor Frr becomes strong
monoidal. Consequently, the Kleisli category which can be identified as the subcategory of free 7-
modules of the monad lifts the monoidal structure of the base category. This monoidal structure gener-
alises the tensor product in the category of R-modules for a commutative ring R. Lastly, the reader should
note that Uz F'r becomes a monoidal comonad on C?. In a symmetric way, any comonoidal comonad on
C with suitable equalizers would give rise a comonoidal monad on C*. We will see a refined form of this
relation in Section [] for Hopf monads.

Remark 3.5. The theory of monoidal monads is embedded in the theory of commutative monads within
the literature. A functor on a monoidal category can be equipped with two natural transformations called
a strength and a costrength, which were introduced in [35]]. If the base category is symmetric monoidal,
we can ask for these morphisms to be compatible via the symmetry and a monad equipped with such com-
patible structures is called commutative. In fact, any monoidal monad obtains a strength and a costrength
in a natural way, and monoidal monads which respect the symmetric structure are in bijection with com-
mutative monads [36].

3.2 Hopf Monads on Rigid Monoidal Categories

In this section we review the first definition of Hopf monads based on [14]. As we will see, the definition
provided in [14] is only sensible when the base category is rigid and was later generalised to arbitrary
monoidal categories in [12]].

Bialgebras in a braided monoidal category are known to lift the monoidal structure of the base cate-
gory to their categories of modules. As we saw in the previous section, bimonads generalise this aspect of
the theory of bialgebras. In the same direction, a bialgebra admitting an antipode and becoming a Hopf
algebra implies that the duality morphisms in the base category lift to its category of modules. More
concretely, let B be a braided bialgebra in (C, ¥), and ¥ X denote the left dual of an object X in C, with
duality morphisms ev and coev. If B admits an antipode S then for any B-actionon X,>: B® X — X,
we obtain a natural B-action on VX by (ev ® idv x)(idvx ®>(S ® idx) ® idvx)(¥p,vx @ coev). In
particular, ev and coev respect these B-actions and become duality morphisms in gC. When B admits
an invertible antipode, we obtain a similar action on right dual objects using S~!. The first Hopf condi-
tion introduced in [14] ensures that the dualities in a rigid monoidal category lift to the Eilenberg-Moore
category of the bimonad. Let us recall the definition of antipodes for bimonads from Section 3.3 of [[14].

14



Definition 3.6. A bimonad 7" on a left rigid monoidal category C is called a left Hopf monad if there
exists a natural transformation sk : T(VT(X)) — v X satisfying

TQT(GVX(VT]X ® ldx)) = eVT(X)(SlT(X)T(VMX) ® idT(X))TQ(vT(X), X) : T(VT(X) ® X) —1
(hx ® s )T (T(X), YT (X))T (coevr(x)) = (nx ®idvx)coevx Ty : T(1) = T(X) ® VX

Symmetrically, a bimonad 7" on a right rigid monoidal category is called a right Hopf monad if there
exists a natural transformation s : T(T'(X)Y) — XV satisfying

ToT(evy (idx ®@nx)) = evyx) (idrx) @ spox0) T (px)T2(X, T(X)Y) : T(X @ T(X)") — 1
(idxv ® nx)eoevy Ty = (sk ® px)To(T(X)Y, T(X)T (coevyx)) : T(1) = X © T(X)

We say a bimonad 7' on a rigid category is a Hopf monad if it is both left Hopf and right Hopf. The
natural transformation s (resp. s") is called a left (right) antipode for the bimonad 7T'.

This notion of antipode generalises the notion of antipode for Hopf algebras in the following way:
If C is arigid braided monoidal category and B a Hopf algebra in it, then its corresponding bimonad B,
obtains a left and right antipode:

SlX = (ide X eVB)(ide®vB (24 S)(\PB,VXQ@VB) +— S5 = (Sll X ldB)(ldB X \I/B}VBCOGVB)

s = (idxv ® evg(S™! ®idpv))(Vp xv ®idpv) +— S™! = (s} ®idp)(idp ® coevy)

where we have used the isomorphisms V(B ® X) & VX @ VB and (B ® X)¥V = XV ® BY. The
conditions in Definition [3.6] simply require S to satisfy the usual antipode conditions. Note that for
a braided bialgebra B in a rigid category, the bimonad B being only right Hopf implies the existence
of an opantipode S’ in the place of S~1. An opantipode is simply a map S’ : B — B satisfying
the basic properties which the inverse of an antipode would satisfy i.e. m(S’ ® idp)VU5'zA = ne =
m(idp ® §") W5 5A.

The reader should note that because the definitions of Hopf monads with antipodes require the base
category to be left or right rigid, this theory generalises the theory of dualisable braided Hopf algebras
and finite-dimensional Hopf algebras. For any Hopf algebra B in a category C, the endofunctor B ® —
does not restrict to an endofunctor on the (left or right) rigid subcategory of C unless B itself is (left or
right) dualisable. In particular, in the case of C = Vec, we need H to be finite-dimensional to obtain an
endofunctor on Vecyy.

Now we recall how the existence of left and right antipodes relates to the lifting of left and right
dualities to C™":

Theorem 3.7 (Theorem 3.8 [14]). If C is left (right) rigid, and T a bimonad on C then T is left (right)
Hopf if and only if CT is left (right) rigid.

Sketch of proof. 1f X is a T-module with action r : T(X) — X, then the left and right antipodes, if
they exist, provide the following actions on ¥ X and XV, receptively:

shT(Vr):TVX) = VX,  sTEY):T(XY) = XV Q1

Furthermore, with these actions the usual evaluation and coevaluation morphisms lift to C” as T-module
morphisms. For further details on why the above morphisms are 7T'-actions we refer the reader to Theorem
3.8 of [14].

In the converse direction, assume an arbitrary object (A, 7) in C* has a dual (¥ A, p(,,) with a pair
of duality morphisms ev and coev. Since U is strict monoidal then v A is a left dual of A in C. With this
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notation one can show that p is natural and the left antipode is recovered as Ynapp, (a) : T(VT(A)) —
v A. See the proof of Theorem 3.8 of [14] for more details. S

We should note that the actions described in Theorem [3.7] are unique for each choice of duality mor-
phisms. In particular, in Lemma 3.9 of [14] it is proved that the described action on V' X is the unique
T-action on ¥ X which makes both coev x and evx into T-module morphisms.

As in the case of comonoidal adjunctions, one can define Hopf adjunctions between rigid categories.
An adjunction ' 4 U : D — C is said to be (left or right) Hopf, if U is strong monoidal and both
categories are (left or right) rigid. By Theorem[3.7] for a (left or right) Hopf monad T, the free/forgetful
adjunction Frr - Ur becomes such an adjunction. In the converse direction, if £' - U is a (left or right)
Hopf adjunction, in Theorem 3.14 of [14] it is shown that U F' becomes a (left or right) Hopf monad with
the antipodes being obtained in a similar fashion to the proof of Theorem[3.7l In the next section, we will
encounter a more general notion of Hopf adjunction.

Given any functor F : C — D between rigid monoidal categories, we can form a pair of functors F"
and ' F by

F'(X) = F(“X)", F(X) = VF(XY) (22)

Observe that if F' is strong monoidal then 'F =~ F >~ F! Furthermore, it is not hard to see that if F - U,
then U' - F' and 'U - 'F. With these observations in mind, consider the adjunction Fr 4 Ur for a
Hopf monad 7T on a rigid monoidal category. By Theorem[3.7] C7 is rigid and thereby there exists an
adjunction Uy, - FJ.. Since Ur 2 U}, then Uz admits a right adjoint. Furthermore, since 7" = U~ F}.
and Fr -+ Ur = U} - FJ,, we obtain an adjunction T - T". An alternate description of this adjunction
comes directly from the antipodes:

Theorem 3.8 (Proposition 3.11 [14])). If T is a Hopf monad on a rigid monoidal category C, with an-
tipodes s' and s" then sCT(X)T((le)V) = idp(x) = slT(X)vT(V(s}()). In particular; (s-)V and sV

provide the unit and counit for the adjunction T < T".

Corollary 3.9. Any Hopf monad T on a rigid category admits a right adjoint and hence preserves col-
imits.

First note that when working over rigid monoidal abelian (or triangulated) categories, Corollary
allows one to classify Hopf monads using variations of the Eilenberg-Watts Theorem. The reader should
also keep in mind the well-known fact that the forgetful functor Uz of a colimit preserving monad T’
creates (rather than just preserves) colimits. We also observe that a symmetric argument to Theorem [3.§]
can be made to prove that T = 'T" via 'Ur < ' Fp and since adjoints are unique upto isomorphism, then
T=T.

Dual Notion: Based on the adjunction T' - T" and Theorem 2.12] the functor 7" obtains a comonad
structure. The right adjoint T" also obtains a monoidal structure as in Equation (I8). In particular, 7" has
a Hopf comonad structure, with a dual notion of antipodes, and its category of comodules is isomorphic
to CT'. By a dual argument, we can send any Hopf comonad 7" to a Hopf monad 'T". Consequently, we
see that for a rigid monoidal category C, T <+ T" provides a correspondence between Hopf monads and
Hopf comonads on C. We should also note that bicomonads correspond to monoidal adjunctions where
the left adjoint functor is strong monoidal .

3.3 Hopf Monads on General Monoidal Categories

In [12]], a new Hopf condition for bimonads was introduced which can be applied to arbitrary monoidal
categories instead of rigid ones. In this section, we briefly review this definition and its properties.
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Definition 3.10. Given a bimonad 7" on a monoidal category C, one obtains a pair of natural transforma-
tions called the left and right fusion operators, denoted by H' and H™, respectively:

T2(X,T(Y)) idp(x)®uy
-

Hyy : T(X 8 T(Y)) T(X) & TT(Y) — 2 T(X) 0 T(Y)  (23)

T>(T(X),Y) px ®idr(y)
e

Hyy : T(T(X)®Y) TT(X)@T(Y) ———5 T(X) @ T(Y) (24)

The bimonad is said to be left (right) Hopf, if the left (right) fusion operator is invertible.

Observe that for the bimonad B corresponding to a bialgebra B in a braided category, we always have
isomorphisms B(X @ B(Y)) = B(X) @ B(Y) and BB(X) ® V) = B(X) ® B(Y) via the braiding.
However, these are due to the form of the functor and most importantly these isomorphisms do not
provide inverses for the fusion operators. Translating the conditions of Definition for the bimonad
B = B® —, we see that the left and right fusion operators being invertible imply the invertibility of maps
Hy = (idp @ m)(A®idp) = H] ; and Hy = (m ®idp)(ids ® ¥ p)(A ®idp) = H ,, respectively.
In turn, the invertibility of Hy and Hy correspond to B admitting an antipode S and an opantipode S’,
respectively:

S = (e®idp)H; (idg ®@n) +— H{! = (idg @ m)(idp ® S ® idp)(A ®@idp)
5" = (e®@idp)Hy ' (n®idp) «— Hy' = (idp @ m)(idp ® &' ® idp) (V5 3 A ®idp) ¥,

As far as the author is aware, this interpretation of the map H; first appeared in [61]], where it was shown
that H; satisfies the fusion equation. Due to the above correspondence, the invertibility of H; and Hs
becomes equivalent to the invertibility of the left and right fusion operators of B:

(Hﬁu,N)fl = (ldpem @ m(S ®idp) @ idy)(idp @ ¥ M Q idpen)(A ® idygsenN)
(HJTM,N)71 = ((idB & m)(idB ® S ® ldB)(‘IfB,lBA ®idp) ® id]u@]v)(\l/]_g(lgj\LB ®idy)

As in previous sections, we now recall the appropriate notion for a comonoidal adjunction to be Hopf.
For a comonoidal adjunction F' 4 U : D < C, we can define analogous fusion operators:

F(X,U(Y)) idp(x)®ey
—

Hyy : F(X@U(Y)) F(X)® FUY) —27 p(x)oY (25)

F(U(X),Y) ex®idp(y)
_—

Hyy:FUX)®Y) FUX)® F(Y) X@F(Y) (26)
where X and Y are objects of C and D, respectively, and € is the counit of the adjunction. Such an
adjunction with an invertible left (right) fusion operator is called a left (right) Hopf adjunction. Observe
that the fusion operators of the adjunction are families of morphisms in D, whereas the fusion operators
of the bimonad are morphisms of C.

For any bimonad 7' = U F', we have equalities
— r —r
Hyy =Us(F(X),F(Y)U(Hx pyvy), H y = Us(F(X), F(Y)U(H p(x),y)

Since U is strong monoidal and Us is invertible, then H ! (resp. HT) being invertible follows from Fl
(resp. H T) being invertible. Hence, a left (right) Hopf adjunction in this sense gives rise to a left (right)
Hopf monad. In the converse direction, a Hopf monad gives rise to such an adjunction as well:

Theorem 3.11 (Theorem 2.15 [12]). A bimonad T is a (left or right) Hopf monad, if and only if the
adjunction Fr 4 Ur : CT < Cis a (left or right) Hopf adjunction.
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Sketch of proof. We have already discussed one direction of the proof. For the second part, assume
that T is either left or right Hopf. We will simply provide the inverses to the fusion operators of Fp

Ur : CT = C. Let X and (M, ) be objects of C and CT, respectively, and denote Fl)(,(M,r) = f and
HZ-MJ), x = g- Depending on whether Hj,  and H}, y are invertible, we obtain inverses for f and g
by

idr(x)®nm (Hx ) ™! T(idx ®r)
— —_—

ffLrX)yeoM TX)@TM) ———T(XT(M)) T(X ®M)

®id (Hy )7t reid
D) P(M) @ T(X) —2L = T(T(M) @ X) X

L MeT(X) T(M ® X)
Since the above morphisms are in C”, one does not only need to check that the above expressions provide
the inverses for the fusion operators, but also that they are 7-module maps. We refer the reader to Lemmas
2.18 and 2.19 in [12] for a detailed proof of these facts. o

In [12], the authors also present the notion of left (right) pre-Hopf monads which are bimonads with
invertible [ f,_ (resp. HT ;). Several of the results proved in [12] only require this weaker condition
rather than the full Hopf condition. We will briefly discuss when a bimonad being pre-Hopf is equivalent
to it being Hopf in Section[@l An example of a pre-Hopf monad which is not Hopf is provided in Example
2.8 of [12].

3.4 Hopf Monads on Closed Monoidal Categories

In this section, we will look at the case where the base category C is monoidal closed and describe the
relation between the fusion operators and the lifting of the closed structure of C to C*. To do this, we
need to recall the theory of liftings from Section 3.5 of [12]]. In [12]] a new set of binary antipodes were
also introduced, in addition to the ordinary antipodes of [[14]. Without delving too much into the details
of proofs we will present the definitions of these notions.

First, let us recall how an ordinary Hopf algebra H with an invertible antipode lifts the closed structure
of Vec to its category of modules. Given any pair of H-modules (V,>) and (W,>’), we obtain two H-
actions >! and > on Homg (V, W) defined by h o' f = hay o' f(S(he)) > —) and A" f = hy o/
f(S™ (h)) > —) for f € Homg (V, W). In this way, the unit and counit of Homg(V, —) 4 — @x V =
V ®x — become H-module morphisms so that endofunctors (Homg (V, —),>!) and (Homg (V, —),>")
on g M become right adjoint to — ®g (V,>) and (V,>) ®k —, respectively. A similar statement can be
made for braided Hopf algebras in arbitrary closed braided categories.

Now we recall how adjunctions on a base category can lift to the category of modules over a monad. In
full generality, given monads (7', 1, ) and (1”7, i/, 7 ) on categories C and C’, respectively, a lift of functor
L :C — C'along (T,T") is a functor L :CT — ' such that U L = LUr holds. It is a well-known
fact that lifts L correspond to natural transformations 6 : 7' L — LT which satisfy 0, = G(u)0rT"(0)
and O, = L(n). Such a natural transformation @ is referred to as a lifting datum and defines L by
L(M,r) = (L(M),(Lr)0x), where (M, ) is an object of C. In the converse direction, if L exists and
sends any free module (7'(M), ppr) to a T'-module (LT (M), pasr), we obtain = p(T’ Ln).

If in the above scenario, L admits a right adjoint R : C’ — C, then liftings R of R which are right
adjoint to L together with a unit and counit which lift the unit and counit of the original adjunction L 4 R,
are in bijection with special lifting data £ : TR — RT" which satisfy additional compatibility conditions
(Equations (3a)-(3f) [12]). In Theorem 3.13 of [12], it is proved that such a £ exists if and only if the lifting
datum 6 of L is invertible. If so, then ¢ is uniquely determined by the expression & = RT"(e)R(0;" )hrr,
where h and e denote the unit and counit of L 4 R.

The case which concerns us is when C = C’ and T' = T is a bimonad on C. In this situation, any
T-module (M, r) provides a lifting L = —® (M, r) of L = —® M. In particular, the left fusion operator
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of Fr 4 Ur provides a lifting datum H_ (57, : Fr(— ® M) — Fr(—) ® M. If C is left closed
and the adjunction in consideration is that of L = — ® M and R = [M, —]', then the mentioned theory

shows that the left fusion operator is invertible if and only if L = — ® (M, r) has aright adjoint R lifting
[M, —]'. We denote R by [(M,r), —]" and observe that

(M,r)

[(M,7),(N,t) = ([M, N, T[M,N] RLA [M,T(N)) M [M, N ) (27)

where SJ(VM’T) itself decomposes as

T[M,T(ev%f It

[M, T([M,N]' @ M)]

M
coevT[M’N]Ll

(M, T[M,N]! ® M]! (M. (T 0.00) ]

Hence, over closed monoidal categories the invertibility of the fusion operators for a bimonad become
equivalent to the lifting of the closed structures of the base category to the category of modules over the
monad.

Theorem 3.12 (Theorem 3.6 [12]). IfT is a bimonad on a left (resp. right) closed monoidal category C,
then T is left (resp. right) Hopfif and only if the category CT is left (resp. right) closed and Ur preserves
the closed structure.

Sketch of proof. The only subtlety which we have not addressed is that Ur preserving the closed struc-
ture of C7, in the sense described in Section 2.1 is truly equivalent to the adjunctions — @ M — [M, —]!
lifting to CT. 1f the latter holds then it is clear that CT becomes left closed and Uy preserves this struc-
ture with UL = id. In the other direction, Uz preserving the closed structure provides an isomorphism
of bifunctors UL : Url[,]Lr — [Ur,Ur]" and thereby we can define a left closed structure on CT' with
[,1o+ = [Ur, Ur]". For more details on this correspondence, see Lemma 3.15 and more generally Section
3 of [12]. o

In the particular case where C is closed, Section 3.3 of [12] provides an equivalent formulation of
the Hopf condition for bimonads. First note that £ is natural in term (M, r) as well i.e. £ can be viewed
as a natural transformation between bifunctors ¢ : T[Ur, idc]! — [Ur,T)!. Using the adjunction Fr
Ur, we obtain a bijection between Morer (T [Ur, N|L, [Ur, T(N)]) and More (T[T, N, [ide, T(N)]Y)
for any object N in C. The corresponding morphism to &y under this bijection is [n_, N ]lff,T B
T[T(-),N]* = [, T(N)]" and is denoted by 5. In this way, £"") =, yT[r, N]'. The family of
morphisms 5 are called the left binary antipodes and satisfy certain compatibility conditions (Equations
(1a) and (1b) [12]), which can be written without reference to the fusion operators. A notion of right
binary antipode 5},  : T[T (M), N|" — [M,T(N)]" can also be defined in a symmetric manner.

In the case where T' corresponds to an ordinary Hopf algebra H, for an arbitrary H-module (M, )
the binary antipode and E%V[’D) take the following forms:

E{M,N(h @k g) =(m — h1y @k g(S(h)) ®k m)) € Homg (M, H ®g N)
%M’D)(h ®x f) :(m = hey @k f(S(hea)) > m)) € Homg (M, H ®x N)

where h,h' € H, f € Homg (M, N) and g € Homg (H ®x M, N).

Since 5" was determined as the unique map corresponding to ¢ under the adjunction, it should be
clear that for a closed monoidal category, the existence of the binary antipodes is equivalent to the fusion
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operators being invertible. For a detailed proof of this correspondence we refer the reader to Theorem 3.6
of [12]. Here we will simply recall how the fusion operators and binary antipodes can be described in
terms of each other from Proposition 3.9 of [12]:

(wa_’N)_1 =T(M ® uN)evgg\\;)@TT(N)) (slT(N)7M®TT(N)T(coevgf(m) ® idT(N)) (28)
(Hy )™ =T (e @ N)e—V;gIT)(MmN) (idT(M) ® STT(M),TT(M)®NT(M§T(M))) (29)
Sl]M,N = [M, evﬁ(M)}l [UMa (HJIW,[T(]VI)7N]Z)71TCOGV;E’}VZW),NV (30)
SN = {M, e_V%(M)y [UMa (HJT\4,[T(M)7N]Z)_1}Tm%¥2\4)ﬂ]r G

The particular benefit of considering the binary antipodes is that the T-actions on the inner-homs are
simplified. In particular, the T-action on [M, N]* for T-modules (M, r) and (N, t), described in @27),
becomes [M, t]l§§w7NT[r, NJ.

Finally, we should comment on why the notions of Hopf monads on rigid categories from Defi-
nition and those defined for general monoidal categories in Definition agree when the base
monoidal category is rigid:

Theorem 3.13. If C is a left (right) rigid category and T’ a bimonad on it, then T is a left (right) Hopf
monad as in Definition[3.8if and only if it is a left (right) Hopf monad as in Definition

Sketch of proof. This statement follows simply by Theorems [3.7] and 3.12] and the fact that any left
(right) rigid category is left (right) closed with [M, N]' = N ® VM (resp. [M,N]" = MV ® N).
Alternatively, one can prove Theorem [3.13| by directly showing how the binary and ordinary antipodes
are related:

Sy = (T(N) @ shy)To(N, VT (M)), s = (To ® Y X)s 4 (32)
Syn = (s @ T(N))To(T(M)Y,N), s = (XY @ Tp)s 4 (33)

The relation between these antipodes is presented in Remark 3.11 of [12] with some minor mistakes,
which we have corrected here. o

Cartesian Case: Adjunctions between cartesian closed categories L 4 R : D < C where the right
adjoint R is also cartesian closed had been considered long before the appearance of Hopf monads. It
was also well-known that L being closed becomes equivalent to the invertibility of the fusion operator
@23) (see Lemma A1.5.8 of [32]). The latter condition in the cartesian setting is often referred to as the
Frobenius reciprocity law for L - R in the literature.

4 Examples

In this section we present various examples of Hopf monads. In [9] several structures such as ordinary
Hopf algebras, Hopf algebroids and bimonoids in duoidal categories are described as examples of bimon-
ads. Here we review some of these examples and provide some novel examples of our own.

4.1 Central Hopf Algebras as Hopf monads

In this section we review the theory of augmented Hopf monads from [12] and recall a criteria for telling
when a Hopf monad arises from a braided Hopf algebra.

So far we have described how any bialgebra (Hopf algebra) B in a braided category C gives rise to
a bimonad (left Hopf monad) on C. If the category is monoidal but does not admit a braiding, then a
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bialgebra (B, 7) in the lax center of the category Z; 1.x(C) would also produce a bimonad structure on the
endofunctor B ® — in the same way. The underlying monad structure will still be defined by the algebra
structure of B, while for defining the comonoidal structure of B ® — we simply replace the use of the
braiding of the category ¥p _ by the braiding 7 which (B, 7) comes equipped with. We follow the
notation of [12] and call (B, 7) a central (Hopf) bialgebra and denote its corresponding (Hopf) bimonad
by B ®, —. Note that any braided bialgebra B in a braided category (C, ¥) can be viewed as a central
bialgebra (B, ¥p _).

In [12] the authors provided a characterisation for Hopf monads which arise from central Hopf al-
gebras. An arbitrary bimonad 7" on a monoidal category is called augmented if there exists a bimonad
morphism € : T — id¢. Given a central bialgebra (B, ), the bimonad B ®., — automatically becomes
augmented via the counit map e ® id¢ : T' = B ® — — —. Without acknowledging this augmentation
morphism, the counit is hidden in the comonoidal structure, as a morphism from 7°(1) to 1.

Theorem 4.1 (Theorem 5.7 [12]]). Let C be a monoidal category. There is an equivalence of categories
between the category of central Hopf algebras in C and that of augmented left Hopf monads on C.

Sketch of proof. We have already mentioned one direction of the argument. For the converse direction,
the difficulty is showing that for an augmented left Hopf monad 7', T'(1) becomes a central Hopf algebra
and that its corresponding left Hopf monad is isomorphic to 7'. First observe that given an augmentation
€ : T'— id¢ we can reconstruct the following natural transformations:

u = (T ®e)Tr(1 ®ide) : T — T(1) ®ide (34)
v = (e® T(1))Ta(ide ® 1) : T — ide ® T(1) (35)

In Lemma 5.16 of [12], it is shown that when T is left Hopf, then u° is invertible and its inverse is given
by T'(e)(H: _)~*(T'(1)®n). In Lemma 5.15 [12], it is demonstrated that 7 := v*(u) ™ : T(1) ®ide —
ide ® T'(1) provides a lax braiding for 7'(1) and moreover that u¢ : T — T'(1) ®, — is an isomorphism
of bimonads. One can thereby define the central Hopf algebra structure on 7°(1) via this isomorphism. ¢

First observe that a symmetric argument can prove a similar statement for augmented right Hopf
monads and bialgebras in the lax right center Z,.1,x(C) which admit opantipodes. Secondly, we note
that the use of Lemma 5.16 from [12] is essential and without knowing that the left fusion operator
is invertible, we can not provide an inverse for u€. In [12]], augmented bimonads (7', €) for which ¢ is
invertible are called left regular. By the same argument as above, we can describe an equivalence between
central bialgebras in C and left regular augmented bimonads on C [Theorem 5.17 [[12]]]. We should also
note that for the corresponding bimonad B ®, — of a central bialgebra (B, 7), we have u¢ = idp ® id¢
and v¢ = 7.

Observe that for an arbitrary central bialgebra (B, 7) in a monoidal category C, the module category
CB®7= can not be viewed as the module category over a bialgebra in C itself. Hence, although these
bimonads correspond to braided bialgebras in some braided category, namely Z; 1,x(C), they are the first
genuine examples of bimonads on a base category C that go beyond the study of bialgebras within C itself.
In the next sections we will discuss examples of Hopf monads which can not be augmented, but first we
can look at an application of this theory which was described in [[16].

It is well-known that for any given Hopf algebra B in a braided category (D, ¥), the center of its
category of modules Z; 1.x(pD) has an equivalent formulation as the category of Yetter-Drinfeld modules
BYD over B. The category BYD consists of triples (M, >, §) where M is an object of D, > : B® M —
M is a B-actionand § : M — B ® M a B-coaction satisfying the following compatibility condition:

(m®l>) (ldH®\I/HH®1dM)(A®5) = (m®1dM) (ldH®\I/M7H)(5D®1d1u) (ldH®\I/H7M)(A®1d1u) (36)
The equivalence between Z; 1.x (D) and BYD is given by sending a Yetter-Drinfeld module (M, >, §)
to (M, ) with the lax braiding 7y = (r ® idas)(idg ® ¥as,v)(d ® idy). In the converse direction,

21



any B-module (M, ) with a lax braiding 7 is sent to (M, >, 75 (idys ® 1)). The resulting braiding on
the category BYD is given by (by ® ids)(idy ® W ) (5 ®idy) for a pair of objects (M, >ar, dar)
and (N,>n,0n). Note that when the antipode of B is invertible then Z; 1.x (D) = Z(5D). We refer
the reader to [6] for additional details on Yetter-Drinfeld modules in braided categories.

If we start with a monoidal category C and pick a braided Hopf algebra B in Z; 1,x(C), it is an
interesting question whether we can express the category BYD (Z) 12x(C)) = Zi1ax (8 Z11ax(C)) as the
center of a category of modules over a bialgebra-like structure in C itself. This gap is precisely filled by
the theory of Hopf monads:

Theorem 4.2. [Proposition 2.13 [I6]] If (B, ) is a braided Hopf algebra in the center of C, then there
exists a braided monoidal isomorphism Eg:;y@ (Z11ax(C)) = Zj 1ax (CB®*_).

Note that BJ)Z“aX (C) and C B@r— will generally not be the equivalent, while the above result tells
us that their centres are.

4.2 Hopf Monads on N

In this section we will classify Hopf monads on the monoidal category (N, +,0). The category Ny
has natural numbers (including 0) as objects and morphisms are given by the natural order < on Nj.
Explicitly, for two numbers m,n € Ny, there exists a unique arrow min(m,n) — max(m,n). Recall
that more generally, any poset (P, <) can be viewed as a category in the same way. The category Ny also
obtains a symmetric monoidal structure via addition + and 0 acting as the monoidal unit.

It is well-known that monads (7', i1, ) on poset categories (P, <) correspond to closure operators on
(P, <) i.e. an order-preserving map 7' : P — P such that p < T'(p) and T'(p) = T?(p) for any p € P
(Example 5.1.7 [54]]).

For the particular case of Ny, closure operators correspond to infinite subsets of Ny. Given a clo-
sure operators T, since n < T'(n), the set S := {T'(n) | n € Ny} defines an infinite subset of Np.
Additionally, for any pair of numbers m and k which satisfy m < m + k < T(m), we have that
T(m) < T(m+ k) < T(m) and thereby T'(m + k) = T(m). Hence T(n) for any n € Ny is de-
fined solely by m,, := min{m € St | n < m}: By definition T'(n) < T'(m,) = m, and since
T(n) € {m € St | n < m}, then T'(n) = m,. In the converse direction, we obtain a closure operator T’
for any infinite subset S of Ny defined by 7'(n) = min{m € S | n < m}.

Lemma 4.3. Bimonads on (Ng, +,0) correspond to non-trivial (not {0}) submonoids of (Ng, +).

Proof. Assume (T, u,n) is defined by an infinite subset S C Ny and has a compatible comonoidal
structure (T3, Tp). Firstly note that the existence of Tp implies that 0 < 7'(0) < 0, and thereby 7'(0) =
0 € S. Secondly, T5 implies that T'(m + n) < T'(m) + T'(n) for all pairs m,n € Ny. In particular, for
m’,n' € S we have thatm’+n’ < T'(m’+n’) < m’+n’. Thereby S must be closed under addition. This
condition is in fact necessary and sufficient since for any m,n € Ng we have m +n < T'(m)+T'(n) and
thereby T'(m +n) < T(T(m) +T(n)) = T(m) + T(n). The compatibility conditions of Definition 3.1l
do not need to be checked, since there exists a unique morphism between any two objects in a poset
category. |

Theorem 4.4. Hopf monads on (Ng,+,0) are in bijection with submonoids (n) of (Ng,+) which are
generated by a single non-zero element n € Ny.

Proof. 1t is easy to show that any Hopf monad 7" on (N, +,0) is uniquely determined by 7'(1). The
left fusion operator being invertible implies that T'(T'(n) + m) = T(n) + T(m). For any n € Sr,
T(n+ 1) = min{m € Sy | n < m}. By the Hopf condition T'(n + 1) = n + T(1). Consequently,
St ={0,7(1),27(1),...} = (T(1)).
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In the converse direction, assume that St has the mentioned form and for any m, n € Ny, there exist
k,l € Ng such that T'(m) = kT'(1) and T'(n) = IT(1). In this case, T'(kT'(1) + n) = k'T(1) where &’
is minimal so that kT'(1) + n < k'T(1). Consequently, ! = k' — k and T(T'(n) + m) = T(n) + T'(m)
holds. =

Another interpretation of the above results comes from looking at the Eilenberg-Moore category. Any
T-module n for a closure operator must satisfy 7'(n) = n. Therefore CT is precisely the set St defined
above. From this perspective Lemma is a consequence of Theorem 3.2l Also note that the Hopf
monads from Theorem[4.4]are only augmented if 7(1) = 1 and St = Np.

4.3 Hopf Monads on Set

In this section we will classify finitary Hopf monads on the category (Set, x,1). It is well-known that
finitary monads (T, i, n7), meaning monads where T preserves filtered-colimits, on Set correspond to
Lawvere theories or algebraic theories. The latter were introduced in [37]] and we will refer to them as
theories here. We also base our notation on the modern treatment of this topic in [30] which focuses
on the correspondence between theories and monads. A classification of theories whose categories of
models are cartesian closed has already appeared in [31]. Here, we will extend this work and show that
any theory whose category of models lifts the cartesian closed structure of Set must correspond to the
theory of G-sets for a group G.

First, we will recall the basics of algebraic theories from Section 2 of [30]. Let Xy denote the skeleton
of the category of full subcategory of finite sets. Hence, X has the natural numbers as its objects (includ-
ing 0 instead of () and morphisms « : m — n correspond to morphisms « : {1,...m} — {1,...n}.
A Lawvere theory T consists of a small category with finite products and a strict product-preserving
identity-on-objects functor ¢ : R — T where every object is a power of ¢(1). We will abuse notation
and denote the images of ¢(n) = t(1) x --- x ¢(1) by n.

Models over the theory T are limit-preserving functors T into Set. In terms of classical universal
algebra language, any model M : T — Set corresponds to the choice of a set M (1) and maps M (m) =
M(1)™ — M(1)™ = M (n) corresponding to morphisms in T, which compose in a functorial manner. To
ease notation, we will discuss T-models by referring to M (1) and the operations acting on f;(1) = M(f)
instead of the functor M. The inclusion of maps « : {1,...m} — {1,...n} viat : Xg® — T gives rise

to elementary operations @ : X" — X, where a(z1,...,Zn) = (Ta(1);- - - Ta(m)) for any T-model
on the set X. In particular, all the diagonal maps A™ : X — X" sending  — (z,...,x) act on each
model.

Throughout this section we assume that T is a non-degenerate theory, meaning that not all its models
are trivial (have a singleton set as their underlying set).

Every theory T described above gives rise to a finitary monad 7" and vice-versa. In particular, the
category of T'-modules is equivalent to the category of T-models. If U : T—Mod < Set denotes the
forgetful functor sending a model M to its underlying set U(M) = M (1), then its left adjoint F is
defined as

nenNg?
F(X) = / T(?’L, 1) x X" (37)

and (T' = UF, pu,n) denotes the corresponding monad to the theory. The equivalences between T-
models and 7-modules commute with the forgetful functors to Set so we can work with either notion
interchangeably. Starting with a finitary monad, its Kleisli category can be viewed as a Lawvere theory
and recovers T' by the described procedure, upto isomorphism. See Section 4 of [30] for more details.
We will call the elements of T(n, 1), n-ary operations. Note that F'(X) becomes a quotient of the
coproduct IT,,en,, per(n,1)X". Hence an arbitrary element in F(X) can be written as the image of an
element (p; x1,...,x,) where x; € X and p is an n-ary operation and if p = g in T for a morphism
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« in Ny, then the terms (p; 1, ..., %) and (¢; Ta(1), - - - Ta(m)) are identified in F'(X). If we denote
the set with m elements by m in Set, then its easy to check that F'(m) = T(m, 1) becomes the set of all
possible n-ary operations: Any element in IT,,cxy,, ,e(n,1ym™ can be written in the form (p; @(1,...n))
for some morphism a € Ry, which thereby gets identified with (pa;1,...m) in F(m), where pa is an
m-ary operation. Hence, we will write elements (p; a(1),...,a(n)) of F(m) as m-ary pa € T(m,1)
instead.

It is also well-known that if A and B are T-models, then U(A) x U(B) obtains a natural T-model
structure define by

p((a1,b1),...,(an,by)) = (p(al, covan), p(by, ... bn))

for an arbitrary n-ary operation p. By Theorem[3.2] the corresponding monad T of the theory T becomes
a bimonad. In particular, the comonoidal structure F5 on F' is given by:

(05 (ag1y, b1))s -5 (@), beny)) = ((p3 a1, an), (p;b1, ... by))

Now, we look at when the corresponding bimonad of a theory is Hopf. First recall from Proposi-
tion [2.8] that Z(Set) = Set, and thereby the only possible augmented Hopf monads on Set arise from
Hopf algebras in Set i.e. groups G. The corresponding Hopf monad T of group G, will be of the form
G x — and preserves all colimits. In particular, the corresponding algebraic theory T to this monad is the
category generated by T(1,1) = G and all other morphisms from R{". The category of models over the
theory are G-sets. Here, we will demonstrate that any algebraic theory whose corresponding bimonad is
Hopf must be of this form.

Assume that T is a theory whose corresponding monad 7" becomes Hopf. Hence, the category of T-

models becomes cartesian closed and for any 7'-algebra A, the following morphism (FZL 4) 1s bijective:

U, FU(A) F(1) x A (38)
(pra1,...ap) — (p™, palar,...q)))

where |p| denotes the arity of p and p® = pAlPl is the unary operation associated to p.
Recall that a unary operation v € F'(1) is called a pseudo-constant if u(z) = u(y) in all T-models.

Theorem 4.5 (Theorem 1.2 [31]]). If the category of T-models is cartesian closed, then T has no pseudo-
constants.

Note that if a theory has no pseudo constants, it also has no constants i.e. operations of arity 0. if
A € T(0,1), then we would obtain a pseudo-constant operation A&, where « is the unique morphism
0 —1.

Lemma 4.6. For any unary u operation in T and T-model A, the map u 4 is injective.

Proof. Since T is non-degenerate we can pick an arbitrary T-model A with at least two elements a # b €
U(A). If u is a unary operation in T and u(a) = ua(b), then U4 ((u;a)) = ¥ 4((u;b)). Since ¥4 is a
bijection, it means that (u;a) = (u;b) in FU(A).

Now consider any T-model B and arbitrary elements ¢,d € U(B). We can defineamap f : U(A) —
U(B) such that f(a) = c and f(b) = (d). Consequently, F(f) : FU(A) — FU(B) is an algebra
morphism and, by definition, F'(f)((u;a)) = (u;¢) and F(f)((u;b)) = (u;d) hold and (u; ¢) = (u;d) in
FU(B). Since the T-model structure of B is given by an action U FU (B) — U(B), thenup(c) = up(d)
in B. Since, B, c and d were chosen arbitrarily, we conclude that u is pseudo-constant in all T-models,
which contradicts Theorem [£.3] O

Lemma 4.7. Any unary operation in T is invertible and its inverse is another unary operation of the
theory.
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Proof. Let u be a unary operation in T. First note that ¥ (;) is a bijection and consider \Il;(ll) ((u,id)).
There must exist an operation p of arity n and a family of unaries u1, ..., u, € F(1), such that p® = u
and p(u1, ..., u,)A" = 1id, so that Wy ((p; u1, . - -, un)) = (u,id).

Now consider a non-trivial T-model A and a € A. By definition ¥ 4 ((u; a)) = (u,u4(a)). However,
we also know that U4 ((p; b1,...b,)) = (u,uas(a)), where b; := (u;)aua(a). Since ¥ 4 is a bijection,
we conclude that (u;a) = (p; b1, ...b,) in FU(A).

If for all 4, we have that b; # a, then we can consider any pair  # y € B in any non-trivial T-model B
and conclude that ug (2) = up(y): This is because there exist a pair of functions f1, fo : U(A) — U(B)
which map b; to the same collection of elements but where f; maps a to x and fs maps a to y. Hence, by
considering the images of the algebra maps F'(f1) and F'(f2) we see that

(usz) = (p; f1(b1), - - -, f1(bn)) = (p5 f2(b1), ..., fa(bn)) = (usy) € FU(B)

Since the T-model structure of B is defined by a map from FU(B) to U(B), then up(xz) = up(y),
which contradicts Lemma[d.6l Hence, there must be an 1 < m < n for which a = (uy,) aua(a).

Now consider the case where A = F(1) and a = id. From the argument above, there must exist an
m such that id = () p(1)up(1) (id) = uyu. Consequently, we obtain the following equality in F'(1):

(um) p(1) (W) = Ui = Uy = (um) p) (id)

But by Lemma (um)p() is injective and thereby, uu,,, = id as well. Hence, u is invertible and
Umu = id = uu,,. Before concluding the proof, we note as a consequence (p; u1, ..., un) = (U;Um)
holds in FUF'(1). O

It follows immediately from Lemma[4.7] that the set of unary operations in T form a group and as
a consequence any T-model is a F'(1)-set. Now we show that the theory T is fully generated by unary
operations.

Theorem 4.8. For any operation p in T of arity n, there exists an 1 < m < n and a unary operation u
such that p = uoy,, where o, (1,...0n) = m.

Proof. Let A be an arbitrary T-model and p an n-ary operation in A. Since W 4 is bijective, we have that

(pra,...,an) = (p%; (p2) ' palas, ..., an)) € FU(A)

If b := (p3) 'p(ar,...,an) # a; forall 1 < i < n, then we can consider maps U(A) — U(B)
for arbitrary models B, which send b to various elements of A, but send a; to a fixed set of elements.
Similar to the argument in the proof of Lemma.7] this implies that p” must be a pseudo-constant which

contradicts Theoremd.3] Therefore, (p4)'p(a1,...,a,) = a; for some i.
Now let A = F(n) and let a; = o; € F(n) where o;(x1,...,2,) = x;. By the above argument, we

see that for some i the following equality holds
(p;o—la o ,O'n) = (pAaO—’L) € FUF(TL)
Looking at the image of the two elements under W (), we observe that p(z1, ..., 2y) = p®(2;). O

By Theorem 4.8 and the construction of F as a coend, we observe that F/(X) = F(1) x X for any
set X . In particular, the monad structure on T is given by the group structure on F'(1).

Theorem 4.9. If T is a finitary Hopf monad on Set, then there exists a group G such that T = G x —.
In particular, T' must be augmented.
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4.4 Galois and Ore Extensions of Bialgebras

In this section, we will assume B and H are a pair of bialgebras and f : B — H a bialgebra injection
and discuss when the induced adjunction y M < g M is left (pre-) Hopf. We will first show that the
pre-Hopf condition corresponds to H being a Galois extension of B in the sense of [S9] and then provide
a more general Galois condition Q) for the bimonad to be Hopf. Finally, we show that any suitable Ore
extension of a bialgebra provides a left Hopf monad in this way.

Any algebra morphism f gives rise to a pair of adjoint functors, H ® g — 1 U : gM S pM
where U denotes the restriction of scalars via f and H has a natural B-bimodule structure via f. If f
is a bialgebra morphism then U becomes naturally strong monoidal since for any pair of H-modules M
and N, B acts on U(M ®x N) by f(b)1).m @k f(b)2).n while the B-action on U(M) @k U(N) is
given by f(b(1)).m ®x f(b(2)).n. Consequently, if f is a bialgebra morphism then H ®p — 4 U is a
comonoidal adjunction. Alternatively, one can look directly at the induced monad on 5 M which is given
by T = pH ®p — where we consider the natural B-bimodule structure induced by f. The comonoidal
structure T5(M, N') on the monad is given by h @ g (m ®x n) — (h(1) ®p m) ®x (h(2) ®p m) which
is well-defined because f is bialgebra map. Hence, we have a commuting diagram of strong monoidal
functors:

aM—Ls oM

forg.
fg\\l )

Vec

If B and H are both Hopf algebras then f automatically commutes with the antipodes since the antipodes,
when they exist, are uniquely determined by the bialgebra structures. In this case, the forgetful functors in
the above diagram both become left closed and U also becomes left closed since f respects the antipode
and, thereby, U respects the actions on the left inner-homs.

When B and H are not Hopf, we can still consider the problem of when the bimonad 7' = p H®p — is
left Hopf. This can be done in terms of the fusion operator but also in terms of the closed structure. While
pM is does not lift the closed structure of Vec, it is still a closed monoidal category and ' = pH ® g —
being Hopf would mean that M is lifting the inner-homs of g M.

Now assume f : B — H is a bialgebra injection and consider the subset I = {f(b) —ep(b).1g | b €
B}in H. Itis straightforward to check that this subset is a coideal i.e. satisfies Ay (I) C I@g H+H®kI.
Hence, we obtain a quotient coalgebra structure on C' := H/I and we denote the coalgebra projection
H — C by 7. Note that H becomes a left C-comodule via § := (7 ®x idg)A. Moreover, H becomes
a monoid in © M (a C-comodule algebra) with this coaction. With this structure, we can identify f(B)
with the space of C-coinvariants © H i.e. elements h satisfying (h) = m(1x) ®x h:

0(h) = n(1g) ®x h = 7(h1))e(hey) = 7(1g)e(h) = m(h —e(h).1g) = 0= h € f(B)

Note that for a general comodule algebra the space of coinvariants are formed by elements h satisfying
6(h'h) = m(h{y)) ®xk hiy)h for any b’ € H but this is equivalent to §(h) = (1) ®x h in our case. In
this setting, we call H a 8‘ Galois extension of B if the map (3 is a bijection:

B:HepH — C®x H (39)
h®ph' — Tr(h(l)) QK h(g)h/
See Definition 1.5 of [59] for comparison. The notion of C'-Galois extension also appeared earlier in

[18L[17] for entwined algebras and coalgebras under the name of principal C-bundles. With this notation,
we can prove the following result:

Theorem 4.10. If f : B — H is a bialgebra injection as above, then the bimonad T = pH ®@p — on
M is left pre-Hopf if and only if H is a C-Galois extension of B.
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Proof. First assume that ' = pH ®p — is left pre-Hopf. Now consider K with its natural B-action
induced by € and B with its trivial left B-action. Note that T(K) = H g K = C and T(B) =
H ®p B = H as left B-modules and T (K ®x T'(B)) & H @ g H. By these isomorphisms we recover 3
as HY  and if HL 5 is invertible then so is 3.

In the converse direction, we assume H is a C-Galois extension of B and denote Bleex 1) =
¢(4+) ®p ¢(—). Then we can define the inverse of H]K u for any B-module M by ¢ ®x (h ® g m)
c(+) ®B (¢(~).-h ®p m). Itis easy to check that this map is indeed well-defined and provides an inverse
for Hi K M- g

For the induced bimonad of f : B — H to be left Hopf we need a more generalised version of 3:

Theorem 4.11. If f : B — H is a bialgebra injection as above, then the bimonad T = pH ®@p — on
M is left Hopf if and only if the following map is a bijection:

F:H@B(B@)KH)HH@KH (40)
h®p (b@xh') — hayf(b) @x hyh!

Here we consider B Qg H as the tensor product of two left B-modules.

Proof. As in the proof of Theorem[.10, we observe that T'(B@k T'(B)) =2 H @ g (B ®k H) and recover
I’ from H fgﬁ g- Hence, if T is left Hopf then I" becomes invertible. In the converse direction, assume I is
invertible and denote I'(h ®k 1) = h(4) ®p (h4—) ®x h(—)). Note that the component (. _ belongs
to B. With this notation we can define the inverse of 5\4  for two arbitrary B-modules M and N by

(H®p M)®k (H®g N) — H®p (M ok (H®p N))
(h@pm) @k (K ®@pn) — hy @ (h—y.mx (h—yh' @pm))

It follows in a straightforward manner that this map is well-defined and provides an inverse for H 5\4 N- 4

The invertibility of I" is a difficult problem to check. Here we will provide an example of such an
extension by directly checking that H lifts the left inner-homs of 5 M.

For any bialgebra, the category M is left closed with [M, N]! = Homp(B®g M, N), where Homp
denotes the space of left B-module morphisms and Homp(B ®g M, N) has a left B-action defined by
(b.f)(b' @k m) = f(b'.b @k m). The unit and counit of — @k M = [M, —]" are defined by

coevM i N = [M,N @x M]' v : [M,N)' @x M — N 1)
n— (b®@gm— b.n g m) fexm— f(lp @ m)

This closed structure was observed in [56] at the level of bialgebroids. By Theorem[3.12] the bimonad T'
being Hopf is equivalent to the functor U lifting the adjunction above to ;M. Hence, whenever H has a
well-defined action on [M, N]' so that coev! and ev! become H-module morphisms then 7" becomes
a left Hopf monad. We will present one family of such examples here:

Theorem 4.12. Let B be a bialgebraand d : B — B a derivation on B satisfying A(d(b)) = d(b(1)) ®x
be2) +b1y ®xd(b(2)) and e(d) = 0. If H = B[z; d] denotes the Ore extension of B, then H is a bialgebra
and the natural algebra map f : B — H is a bialgebra map and induces a left Hopf monad pH ®p —
on pM.

Proof. Recall from Chapter 2 of [29] that H is defined as the quotient of B(x) by the ideal (x.b — b.x —
d(b) | b € B). It was already shown in [52] that when d satisfies the additional compatibility condition
with A and ¢, then H obtains a natural bialgebra structure with A(z) = ¢ ®x 1 + 1 @ « and €(z) = 0
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extending the coalgebra structure defined on elements of B. Hence, the natural map f : B — H defined
by b — b becomes a bialgebra morphism.

Here we will define an action of H on Homp (B ®g M, N) such that the unit and counit in @TJ) lift to
M. For a pair of H-modules M and N, we extend the B-action on Homp (B ®g M, N) to an H-action
by defining (z.f)(b ®x m) = z.f(b ®x m) — f(d(b) ®x m) — f(b ®k x.m). First note that this action
is well-defined i.e. z.f € Homp(B ®x M, N):

b.((z.f)(V @k m)) =b.x.f(b' ®@x m) — b.f(d(V') ®x m) — b.f(V @k z.m)
=b.x.f (b @g m) — (b(l)d( ") @K beay.m) — f(ba)b’ @k bay.z.m)
=z.f(bayb’ ®x b(ay.m) — d(b). f(t @k m) — f(b1yd(V') @k b(z).m)
— f(byt’ @k x.b(gy.m) + f(byb" ®x d(bz)).m)
=r.f(byd" @x b2)-m) — f(d(b))b" @k bz)-m)
— f(byd(V') @k bray-m) — f(byb’ ®x .b(2).m)
:(x.f)(b(l)b' ®K b(z).m)

Secondly, note that this gives rise to a well-defined action of H since

(@.0".f)(b @x m) =2.(".f)(b @k m) — (V.f)(d(b) @k m) — (V'.f) (b @k z.m)

=z.f(bb' @k m) — f(d(b)b) @x m) — f(bb' @k x.m)

(b'.x.f)(b ok m) =(z.f)(bV' @k m) = x.f(bb @k m) — f(d(bb") @k m) — f(bb' @k x.m)
(d(®").f) (b @x m) =f(bd(b') @x m)

Now we must check that coevl! and evy! become H-module morphisms:

[z.coevi (n)](b @k m) =z.(coevi] (n)(b @k m)) — coevy (n)(d(b) @k m)
— coevi (n)(b @k z.m)
=x.(b.n @k m) — (d(b).n @ m) — (b.n @k x.m)
=(z.b.n @k m) + (b.n @k x.m) — (d(b).n @k m) — (b.n @k x.m)

=(b.z.n ®x m) = [coevi (z.n)](b @k m)

For ev}! the calculation follows in a trivial manner from d(1) = 0 and its verification is left to the
reader. -

Hence any suitable Ore extension f : B — Blx; d] gives rise to a left Hopf monad on M. Addition-
ally, note that this induced left Hopf monad admits an augmentation precisely when f admits a retraction,
which cannot happen unless d is an inner derivation.

4.5 Hopf Monads from Pivotal Pairs

In this section, we review our construction of Hopf monads from pivotal pairs in monoidal categories,
which appeared in [27]. We will be assuming that the base category C is closed and admits countable
colimits. Thereby, ® commutes with colimits and the category of endofunctors End(C) also has countable
colimits. First we will recall the notion of pivotal pairs and their categories of intertwined objects.

Notation: Throughout this section, we write X instead of the morphism id x for brevity.

Recall from [27]], that we call a pair of objects (P, Q) a pivotal pair in C if there exist a quadruple of
morphismscoev:1 —- P®Q,ev: QP —1andcoev:1 - Q@ P,ev: PR Q — 1, making ) a
left and right dual of P, respectively. In fact, whenever we talk about a pivotal pair, we always make an
implicit choice for such morphisms.
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Given a pivotal pair (P, @), we defined the category of P and @ intertwined objects, denoted by
C(P,Q), as the category whose objects are pairs (X, o), where X is an objectof Cando : X @ P —
P ® X an invertible morphism in C such that

(evRX®RQ)Q®cQ)(QX ®coev) : QX - X ®Q (42)
QIX2ev)(Q®o ' ®Q)(oev® X ®Q): X®Q »Q®X (43)

are inverses. Morphisms between objects (X, o), (Y, 7) of C(P, Q) are morphisms f : X — Y in C,
which satisfy 7(f ® P) = (P ® f)o. For an object (X,0) in C(P,Q), we call o a P-intertwining
and denote the induced morphisms (42) and (43), by & and a1, respectively, and call them induced
Q-intertwinings.

The category C(P, () obtains a natural monoidal structure by defining (X, o) ® (Y, 7) to be the pair
(X®Y,(c®Y)(X ®7)) [Theorem 4.1 [27]]. Tt was already noted in [27] that the category C(P, Q) can
be viewed as the dual of a strong monoidal functor in the sense of Section2.3l The choice of a pivotal pair
(P, Q) in a monoidal category C corresponds to the choice of a strict monoidal functor from the monoidal
category generated by a single pivotal object, which we denote by Piv(1). The category Piv(1) is the
monoidal category generated by two objects + and — and two pairs of duality morphisms making — both
the left and right dual of +. It should be clear that given any pivotal pair in C, we have a strict monoidal
functor w(p ) : Piv(1) — C which sends + to P and — to @ and the relevant duality morphisms to the
duality morphisms in C.

Theorem 4.13. If (P, Q) is a pivotal pair in C and w : Piv(1) — C its corresponding functor, then there
is a monoidal isomorphism C(P, Q) = (piv(l)wc) ° which commutes with the forgetful functors from each
category to C.

Proof. In one direction, any object (A, o) of C(P, Q) has a natural braiding 0 : A ® id,, — id, ® 4
defined by op = o and o = & L. It follows by definition that the duality morphisms between P and Q
commute with these braidings and that (4, o) belongs to (piv(l)wc) °. Conversely, for any object (A,0)
in (piv(l)wc)o the pair (A, op) is an object in C(P, Q), since 5p ' and 55 become inverses because of
o commuting with the duality morphisms e.g.

orpor  =(eve X2Q)(QeopQ)(Qe X ®coev)(Q® X @ev)(Q®op' ©Q)
(coev @ X ® Q)
=(evX®Q)(Q®op ®Q)(Q®X®coev)aQaQ QReXeev)(QRop' ®Q)
(coev @ X ® Q)
=(e V®X®Q)(Q®O’P®Q)(O’Q QP ® Q)X ®Q®coev)(X ®Q®ev)
(05 ®PRQ)Q®op" ®Q)(coey ® X ® Q)
(X ev® Q)X © Q@ coev)(X ®Q® ev) (X @ coev ® Q) = idxag

It should be clear that the described correspondence is a monoidal isomorphism of categories preserving
the underlying object of the pairs in each category. (|

Consequently, all the properties of the dual of a monoidal functor which we discussed in Section 2.3]
hold for C(P, Q). For example, by Theorem[2.3] we can conclude:

Corollary 4.14. If C is a left (right) closed monoidal category, then C(P, Q) has a unique left (right)
closed monoidal structure lifting that of C, such that the forgetful functor U becomes left (right) closed.
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By Corollary B.14] we know that when C is closed we obtain a P-intertwining on [A, B]Z(T) corre-
sponding to every pair of objects (A4, 04) and (B, op) in C(P, Q). The precise definition of the induced
P-intertwinings on the inner-homs in C(P, @) can be found in Section 4 of [27].

Next we recall how we can construct a Hopf monad whose Eilenberg-Moore category recovers
C(P, Q) from Section 5 of [27]. We will call a morphism F'(X) — X, for any endofunctor F' : C — C,
an action of I on an object X . Although the functors in question will not carry any monad structures, we
will build a monad on the colimit of a diagram of these functors, so that these actions induce a genuine
module structure over the resulting monad, thereby justifying our terminology.

Observe that for a pair (X, o) in C(P,Q), we can view o and 0! as certain actions of the functors
QR —@®Pand P® —®Qon X:

Qo xop UEN@N v pg iy e o)

Moreover, for any pair (X, o) in C(P, Q)), we can translate the mentioned actions in terms of the induced
Q-intertwinings, since (X ®ev)(@P) = (ev® X )(Q®0c) and (ev® X ) (PR 1) = (X®ev) (0~ 1@Q).

Conversely, when provided with two morphisms o : Q @ X @ P - X and 8 : PR X ®Q — X,
we can recover right and left P-intertwinings as set out below:

X®P (P@a)(coev@ X®P) PoX PoX (B®Q)(P®X ®coev)

X®P

If we want the induced P-intertwinings of o and 3 to be inverses, we need the following equalities to
hold:

v X=0(QRBFOP)(QAIPRX ®coev): Q@ P®X = X (44)
X@ev=FP2a@Q)(coev® X®P2Q): X®P®Q — X (45)

Similarly, o and 3 induce Q-intertwinings, (@2) and (#3)) which can be written as

(P®B)(coevR X RQ) X®0 0o X (a®Q)(QRX Qcoev)

X®Q X®Q

In order for the induced @-intertwinings to be inverses, we require the following equalities to hold:

v X =BPRa®Q)(PRQ®X @coev): PRQ®X — X (46)
XRev=0a(Q®BRP)(coev® X ®Q®P): X®QXP — X (47)

With this view of P-intertwinings in mind, we construct the left adjoint functor to the forgetful functor
U:C(PQ)—C.

Define the endofunctors F., F_ :C > Cby Fi(X)=Q® X @Pand F_(X)=P® X ® Q. Let
the endofunctor F'* be defined as the coproduct

F* = H F, F,, ---F,
n€ENQ,(i1,i2,...,0n)E{—,+}"

n

where the term F;, F;, --- F;, at n = 0, is just the identity functor idc. For arbitrary n € N and
(i1,92,...,9n) € {—,+}", we denote F;, F;, --- F; by F; ;, .. and the respective natural trans-
formations F; i, = F* by i, i, - We denote the additional natural transformation id = F™* by

1,025, 12,005
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Lo igyigsein (POQ®Fiy iy, .. in, ®COCV)
PRQ®F, i i, F* (48)

Liyyig,rin (&Y®Fi] g, . i)

by —iqyig,... in (COVRF: in i, ®QRP)
Fi iy, in®@Q@P F 49)

Liyig,.oyin (Fiyig,...in ®€V)

L —iqsig,...in (QOPQFy iy, ... in, ®coev)

F~ (50)

Liqig,...in (eVOF ig . in)

b yiqyig, .. in (COVRF: iy i, ®PRQ)
Fiigin @PQQ F (51

Ligyig,...in (Fiy ig,... ip ®eV)

Consider the diagram in End(C) which the described parallel pairs create. We denote the colimit of this
diagram by 7, the unique natural transformation F™* = T, by 1, and the compositions ¢;, 4,.... ;, and
Wig, bY Vi iy, and 1o, respectively.

Since ® commutes with colimits, the family of morphisms ¥ ;, 4,4, : Q@ ® Fi, i, ...
induce a unique morphism o : Q ® T ® P — T such that &(Q ® ¥iy ig,....in @ P) = Vs i1 in,in-
Similarly, the family of morphisms ©_ ;, 5,45, : P ® Fi 45,4, ® @ — T induce a morphism §3 :
P®T®Q — T such that B(P ® i iy,...i, @ Q) = ¥4, 4y....in- As mentioned at the start of the
section, such actions « and § provide us with the necessary P-intertwinings.

Let us denote the natural transformation (P ® a)(coev @ T® P) : T® P = P® T by ol. In
Lemma 5.1 of [27], we demonstrated that indeed for any object X in C, the pair F(X) := (T'(X),0%)
belongs to C(P, Q). Additionally, the assignment F' : C — C(P, Q) is functorial by construction where
with F(f) = T(f) for morphisms f of C. Finally, in Theorem 5.2 of [27], we showed that F' is left
adjoint to the relevant forgetful functor U : C(P, Q) — C.

The unit of the adjunction F' 4 U has already appeared as v := ¢y : id¢ = UF = T. For
the counit, consider a pair (X, o) in C(P, Q) and denote its induced actions (ev ® X)(Q ® o) and
(X@ev)(c7'®Q)bya, : F1(X) — X and 8, : F_(X) — X, respectively. One can then define
O in,ovin © Fivsia,..in(X) — X, for arbitrary n € N and (iq,i2,...,7,) € {—,+}", by applying
o, and f3, iteratively so that 04 ;, iy 5 = @o(Q @ 05,4, 5, @ P)and 0_;, 4, 5. = Bo(P ®
Oiy ig,....in ®Q), where 0 = a, and 0_ = 3,,. Together with 0y = id x, we obtain a family of morphisms
from F;, ;,...:, (X) to X, which must factorise through F*(X). In Theorem 5.2 of [27]], we denoted the
unique morphism F*(X) — X by 6* and observed that the family of morphisms described commute with
the parallel pairs (8), @9), (30) and (31D, in a way that 6* must factorise through 7'(X). Hence, there
exists a unique morphism 0x ) : T(X) — X such that 0 x ,)¥i, is,....i, = i ,in,....i,,- 1t then follows
that 6 is a morphism between (T'(X),0%) and (X,0) in C(P,Q), and (P ® 0 x »))o% = 0(0(x,0) @ P)
holds with ¢ becoming a natural transformation 6 : F'U = id¢(p,q) acting as the counit of F' 4 U.

Now let us reflect on the the bimonad structure on the functor 7' : C — C. First, we observe the
monad structure. By definition, for any pair F(X) = (T'(X),c%), the multiplication of the monad
Opxy: TT(X) — T(X) will be the unique morphism such that

0p(x) (Wit )T Fir osin (Q1in )X ) = (Wi i) X

for arbitrary non-negative integers n, m and 41, @2, . . . , in, j1, j2, - - - , jm € {+, —}. Meanwhile, the unit
of the monad was provided in the definition of T" as vy : id¢ = T. The comonoidal structure on 7" arises
directly from the monoidal structure of C(P, Q). Observe that for pairs (X, o) and (Y, 7) the induced
action a,gr on A ® B is the composition (a, ® a;)(P ® X ® coev ® Y ® Q). Consequently, we can
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obtain the comonoidal structure of T, T : T(— ® —) — T'(—) ® T(—), by Theorem[3.2] as the unique
morphism satisfying

Tovi, ... i = (7/%1 ..... in @ Yiy, . in)Fil ..... in(—®coevy, . i ®—)

where coevy, . 5, 11— F_; —i, (1) are iteratively defined by coev, = coev and coev_ = coev
and coevy .0 = F_i i (coevi)coevy, g, . Note that the P-intertwining making 1 the
unit of the monoidal structure in C(P, @) is simply the identity morphism idp and its induced actions
are aiq, = ev and fiq, = ev. Hence, we obtain Ty : T(1) — 1 as the unique morphism satisfying
ToWiy in...in, = €Viy is.....in» Where evy, in (1) — 1 is defined iteratively by evy ;, . =
evy Fy(eviy iy, i) Withevy = evandev_ = ev.

In Corollary 5 3 of [27], we noted that since C(P, Q) lifts the closed monoidal structure of C via U
when C is closed, then T will be a Hopf monad under our base assumptions. Equivalently, since C(P, Q)
can be viewed as the dual of a strong monoidal functor, this is an application of Theorem 2.3l However,
this is the only point where we needed C to be closed in [27]. The other application of this condition was
the fact that — ® — would preserve colimits in both entries as a consequence. Here we will show that T’
will be a Hopf monad under more relaxed conditions:

’Ln‘

.....

Theorem 4.15. Let C be a monoidal category (not necessarily closed) where ® preserves colimits in
both entries and (P, Q) be a pivotal pair and assume suitable colimits exist so that the bimonad T can
be constructed as before. In this case, T' is a Hopf monad and the fusion operators of Definition[3. 10 are
invertible.

Proof. We will discuss this for the left fusion operator and leave the computations for the right fusion
operator to the reader. For a pair of arbitrary objects X and Y in C, we first note that because ® preserves
colimits in each entry and, thereby, functors F;, _ ; also preserve colimits, then T(X ® T(Y)) and
T(X) ® T (Y) both become colimits with respect to the following families of morphisms:

(Vir,in ) x0TV Fir i (X © (W14 )y) Py in (X @ F 5, (V) = T(X @ T(Y))
(Vir, i) X @ Wy )y Fiy iy (X)) @ Fy 3, (V) = T(X)@T(Y)

We define the inverse Q x,y of H y as the unique morphism satisfying

Qx,y ((Viriasniin) X @ (Wi oroim )y ) =iy oin) xoT(v)
Fiyroin (X @ (Wioi—iv i)Y ) Fir i (X)) @ Fjy i (V) @ cOCV_i i)
Using this definition and the universal property of T" with respect to iterations of (#9) and (31)), we now
show that QxyyHéQY = idT(X®T(y)):
QX,YHé(,y(ﬂ)n ..... in ) x@T(Y) Firoin (X ® (Vhy g )Y)
=Qx,y (idrx) ® Opy)) T2 (X, T(Y) (Wi .. in) xor(v) Fino.iin (X @ (Vg1 i )Y)
=Qx,y(idpx) ® 9F(Y))((7/)z‘1 ..... in)X ® (Vi .., in)T(Y))
Fy i (X @ coeviy, iy @ (Vi )Y)
=Qx.v ((Vir,.in)X © Wiy oosinijreoion )Y ) Fi i (X @ cOCVy, i @ Fyy 50 ()
=iy orin )X DT Fir i (X @ (Vi o —i i seesinftseensjn )Y )
(Fiy,in(X)®Fyy i rseim (YY) ® coev_;,
Fil, Lin(X ®coevy i @ Fj i (Y))
i1 vein ) XOT(Y) Firsoosin (X © (g1 )Y ) Fir i X @ Fjy 5 (V) @evoi, i)
in (X ® Fj,

..........
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By the universal property of T(X ® T(Y')) we conclude that QxﬁyHéQY = idp(xer(y))- By a similar
argument we see that Hy , Qx.y = idp(x)g7(v):

=(idr(x) ® Op) (Viy,in)x @ Wiyt ) 7)) Fir i (X @ cOevyy i @ T(Y))
i i (X ® (w—z‘n,...,—il,jl,...,jm)y)(Fil,...,z‘n (X)®Fj,, inY)®coev_;, . _i)

= (Vi eemyin) X @ (Vi it i)Y )
iin(X®coevy, i QF_; i i (YY)

.....

=((Wi1,000i) X @ (W jn)Y) (Fi i (X) @ 093y i © Fy i (V)
(Fz'l,...,in (X ®coevy, . i, )QF; . . (Y)) = (Yiy . in )X @ (V1 i)Y

Here we used the universal property of T with respect to iterations of @S8)) and (30). The inverse of the
right fusion operator is the unique map satisfying:

(Hx yv) " ((@irimnsin) X © Wi, )y) = Wi i )T () 0Y
Fjp i (o= g1sinsein ) x @Y )(cOOV_j i @ Fyy i (X) @ Fy i ()

and the corresponding computation follows in a symmetric manner. |

Finally, we recall the criterion for when the constructed Hopf monad is augmented from [27]. We
say a pivotal pair (P,Q) in C lifts to Z(C), if there exist braidings A : P ® id¢ = id¢ ® P and
X : Q ®ide = ide ® Q, such that (P, A) and (Q, x) are objects in Z(C) and coev, ev, coev and ev
become morphisms in Z(C), making (P, ) and (Q, x) a pivotal pair in Z(C).

Theorem 4.16 (Theorem 5.4 [27])). The Hopf monad T is augmented if and only if the pivotal pair (P, Q)
lifts to Z(C).

Sketch of proof. (=) Assuming T is augmented with a Hopf monad morphism ¢ : T = id¢, we
obtain a braiding on P by A := (et)_ @ P)(P ® id¢ ® coev). Additionally, \ is invertible and A™! :=
(P®ey)(coev®ide ® P) . In a symmetric manner, one can introduce x := (e¢+ ® Q) (Q ®id¢ ® coev)
with x 7! := (Q ® ep_)(coev ® ide ® Q) as its inverse and show that coev, ev, coev and ev become
morphisms in Z(C) and commute with the braidings of 1, P ® Q@ and Q ® P.

(<) Assuming there exist braidings A : P®id¢ = ide¢® P and x : Q®ide = ide ® Q making (P, \)
and (Q, x) objects in Z(C), such that coev, ev, coev and ev are morphisms in Z(C), we can iteratively
define the natural transformations €;, . ;, : Fi, . ;, = ide by €44y,..4, = (ide®ev)(x@P)F4(€iy....4,,)
and e_ ;, ;. = (ide @ ev)(A ® Q)F_ (€4, ,...i,,) where €9 = id¢. Since ev and ev commute with the
braidings, then ey = (ev ® ide)(Q ® A™1) and e~ = (ev ® ide)(P @ x~1). It is straightforward to
check thate;,,;, commute with the parallel pairs @8), (49), (30) and (31), and therefore induce a unique
morphism € : T — id¢. and from the universal properties of 7T and T'(— ® —), we can conclude that e
is a bimonad morphism. o

In Examples 5.6 of [27], we looked at the case when C = Vec. In this case, pivotal pairs in Vec
correspond to invertible matrices and given any such matrix, we obtain an involutive Hopf algebra H
such that T' = H ®g —. On the other hand, as we will see in Theorem [4£.19] additive Hopf monads on
AM 4 which admit a right adjoint correspond to Hopf algebroids over A, in the sense of Schauenburg
[S56]. In Theorem 4.3 of [26], we constructed the relevant Hopf algebroids which arise in this way by
considering a pivotal pair (P, Q) in 4 M 4.
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4.6 Bialgebroids and Hopf Algebroids

In this section we will review the theory of bialgebroids and Schauenburg’s notion of Hopf algebroids
as examples of bimonads and Hopf monads on the category of bimodules 4 M 4. The notation used for
describing Hopf algebroids varies quite a bit depending on the reference, but here we adapt the notation
from Chapter 5 of [9]. Throughout this section A denotes a fixed K-algebra and ® denotes ® 4, unless it
appears with a different subscript.

For an algebra A, the opposite algebra A°P is the algebra structure defined on A by (@)(b) = ba,
where we denote elements of the opposite algebra with a line above i.e a,b € A and @,b € A°P. Itis
a well-known fact that A-bimodules correspond to left A @k A°P-modules, where A¢ = A Qg A°P is
called the enveloping algebra of A. More concretely, there exists an isomorphism of categories, between
the category of A-bimodules 4M 4 and that of left A°-modules 4. M. Hence, we use 4e M and 4 M 4
interchangeably. We will denote elements of A° = A ®x A° by ab where a € A and b € A°P,
The reader should note, that other authors often prefer the notation ab = s(a)t(b), where the algebra
morphisms A — A¢ — H and A°® — A°® — H are denoted by s and t and called source and target,
respectively.

For an A°-bimodule B we denote the functor 4« B ® 4e — by BX — : 4 M 4 — 4M 4. This functor
absorbs the bimodule structure of its input via its right A®-action and produces a new bimodule actions
via its left A®-action. Explicitly, for an A-bimodule M we have

BXM =B®g M/{(brs) @k m —b®xk (rms) |me M, r,s € A, b € B}
r(bRm)s= (rsb)®m Vme M, Vr,sc A, Vbe B
Note that any A°-bimodule B can be considered as an A-bimodule either by its right or left A°-action,

and we denote the latter A-bimodule by |B. We continue to adapt the notation of [9] and recall the
following definitions from Chapter 5.

Definition 4.17. Let A be an algebra and B an A°-bimodule.

(I) An A°-ring structure on B consists of a K-algebra structure (1, 15) on B with an algebra ho-
momorphism 7 : A° — B, such that the A°-bimodule structure on B is induced by the algebra
homomorphism i.e. u(n ®x idp) coincides with the left action of A¢ and u(idp ®k 7) with the
right action of A€,

(Il) An A|A-coring structure on B consists of bimodule maps A : [B — |[B® |Bande : |B - A

satisfying
b1y ® (b2)) 1) ® (b)) (2) =(b)) (1) ® (b(1))(2) ® be2) (52)
€(b1))b2) = b = €(b(2))b() (53)
A(ng) :b(l)T & b(2)§ (54)
e(br) =¢(bF) (55)

forany b € Bandr,s € A, where A(b) = b1y ® b(y) is denoted by Sweedler’s notation as in the
case of Hopf algebras. Conditions (32) and (33)) are equivalent to (| B, A, €) being a comonoid in
the category of A-bimodules.

(1) A left A-bialgebroid structure on B consists of an A°-ring structure (u,7n) and an A|A-coring
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structure (A, €) on B satisfying

(0b") (1) @ (Bb')(2) = ba)bi1y @ b2)bia (56)
A(lg)=1p®1p (57)

e(lp) =14 (58)

e(bb) = e(be(t))) = € (bm) (59)

for any b, b’ € B, where 15 = n(14¢).

First note that an A°-ring structure as defined above is equivalent picking A¢-bimodule maps p g :
B ®4e B — B and nae : A° — B, which provide B with the structure of a monoid in the monoidal
category of A°-bimodules. Secondly, we can deduce from the definition of an A|A-coring B that the
image of A lands in

BxaB:= {Zbi®b§e|B®|B

K2

Y bawb;=> b @b, aeA} c|B®|B

3

Bialgebroids are often defined with reference to B X 4 B, the Takeuchi x-product [63]], and therefore
called x-bialgebras. The equivalence of the above definition and the more popular variation is present in
both [9} [11].

It is easy to check that A®-ring structures on B correspond to monad structures on the endofunctor BX
— (Proposition 5.2 [9]]) since there is a monoidal embedding of 4cM 4. into End(4..M). In particular,
by restriction of scalars along 7, any B-module is equipped with an A-bimodule structure and there exists
a forgetful functor U : g M — 4 M 4 with its free left adjoint functor also denoted by BX —. In this way
we consider left actions B ®g M — M of B on A-bimodules M which factor through an A-bimodule
map BX M — M.

Similarly, A|A-coring structures on B correspond to comonoidal structures on the functor B X —
(Proposition 5.5 [9]). In our notation if ' = B X —, then T>(M, N) = Ay, N is defined as the map

Ayy:BR(M@N) — (BEM)® (BEN) (60)
bX (m®n) — (b(l)@m)(@(b(g)@n)

which is well-defined and a bimodule map for any pair of A-bimodules M and N by condition (34).
Additionally, by (33) the map ¢ factorizes through a map Ty : BX A — A. Furthermore, conditions (32))
and (33) assure that (1) and (@) hold, respectively.

Given the above correspondences, the conditions in Definition .17] (IIT) become equivalent to the
conditions in Definition[3.Jland bimonad structures on B X — correspond precisely to left A-bialgebroid
structures on B (Theorem 5.9 [9]). From this point of view the category of B-modules lifts the monoidal
structure of 4 M 4: If (M,>37) and (N, >y ) are B-modules, the B-action on M ® N given by (I3) is
defined by the composition (> @ by ) AN .

We must point out that the theory described above is not symmetric. A right A-bialgebroid structure
on B arises when we ask the category of right B-modules to be monoidal so that the forgetful functor
Mp — A M 4 becomes strong monoidal. In other words, right A-bialgebroid structures are those which
make the functor — X B = — ® ge B4 a bimonad. From here onwards an A-bialgebroid structure always
refers to a left A-bialgebroid structure.

There have been several variations of the Hopf condition for bialgebroids to mimic the Hopf condition
for bialgebras. The choice which interests us is the condition which makes the corresponding bimonad
of a bialgebroid B into a Hopf monad. This is the case for Schauenburg’s Hopf algebroids which were
introduced in [56]).
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Definition 4.18. A Schauenburg Hopf algebroid or x-Hopf algebra structure on B consists of an A-
bialgebroid structure as above, such that the induced maps

B:B®ao»p B— BoB $4:BOB— B¢B 61)
b ®gop b b(l) Ob(g)bl bOY — b(l)b/Ob(g)

are invertible, where we define the tensor products ® gor, ® and ¢ as follows:

B®ao» B=B®g B/{bs@k b —bksb | bl € B,5e AP}
B®B=B®gB/{broxt —boxrb |bb € B,r e A}
BOBZB@KB/{gb@)Kb/*b@KSbI|b,bI€B,S€A}

Once one writes down the fusion operators for the bimonad 7' = B X —, it is easy to see that the
maps (3 and 9 being invertible are equivalent to the bimonad 7" = B X — being left and right Hopf,
respectively. Consequently, if B is a Schauenburg Hopf algebroid and (3, are invertible, we usually
denote 81 (bo 1) = b4y ® 400 by and 9~ (1 0 b) = by} ® b_j and thereby observe that the closed
structure of 4 M 4 is lifted to 5 M via the following B-actions:

BXHomyu (M, N) — Homu(M,N)  BRX ,Hom(M,N) — ,Hom(M,N) (62)

for any pair of B-bimodules M and N.

Finally, we refer the reader to Chapter 5 of [9] and [[11]] for further details on these facts. We conclude
by presenting the following observation. The Eilenberg-Watts theorem [66] tells us that any additive left
adjoint functor F' : 4e M — 4.M is isomorphic to a functor 4o B ® 4e —, where B is an A°-bimodule.
Using this result one can classify additive left adjoint bimonads and Hopf monads on 4 M 4:

Theorem 4.19 ([62]]). For an algebra A and an abelian monoidal category C, if G : C — a My is an
additive functor with a left adjoint F, such that GF : aMa — aM 4 has a right adjoint , then G is
(closed) strong monoidal if and only if C is equivalent to g M for a left (Hopf) bialgebroid B.

This result was translated into the language of Hopf monads in [12] and simply states that colimit-
preserving (Hopf monad) bimonads on 4 M 4 correspond to (Schauenburg Hopf algebroids) left bialge-
broids over A.

Remark 4.20. We should warn the reader that the notion of a Hopf algebroid over an algebra A described
here is not the same as the notion of a weak Hopf algebra. However, any weak Hopf algebra structure
defined over a field K is equivalent to a Hopf algebroid structure over a separable Frobenius K-algebra
A. The details of this correspondence are explained in Chapter 6 of [9].

S Combining Hopf monads and Bimonads

In this section, we review two ways in which we can combine Hopf monads to obtain new Hopf monads:
Bosonisation or cross product, and distributive laws.

5.1 Bosonisation and Cross Products

In this section we review the theory of cross products or bosonisation for Hopf monads which describes
how we can compose a Hopf monad with a secondary Hopf monad on its module category. This in turn
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generalises Radford’s biproduct construction and Majid’s bosonisation in the theory of ordinary Hopf
algebras.

Assume T is a monad on C and P is a monad on C. Then we can consider the composition of the
following adjunctions

Fp Fr
PSS LN
(") crc
— T N
Up Ur

In this situation, the endofunctor Ur P Fr is called the cross product of T' by P and is denoted by P x T'.
If 17 and € denote the unit and counit of the adjunction F; - Ur and i’ and p/ denote the unit and
multiplication providing the monad structure on P, then the monad structure (P x T, ¢, v) is defined as
follows

q = (UT,U/FT)(UTPGPFT) :UpPFrUrPFp — UTPFT, V= (UTT]%T)U (63)
Observe that although P x T is the corresponding monad of the adjunction Fp Frr 4 UrUp, which is
the composition of two monadic adjunctions, F'p F'r 4 UrUp itself is not necessarily monadic. In other
words the comparison functor K : (CT)P — CP*T might not be an equivalence.

Theorem 5.1 (Proposition 5.1 [4]]). If T is a monad on C and P a monad on CT which preserves reflexive
coequalizers then the adjunction FpFr 4 UrUp is monadic. Moreover, the comparison functor K :

P . . ) .
(CT) — CP*T is an isomorphism of categories.

If C is monoidal and 7" and P are both bimonads then U and Up are both strong monoidal and thereby
so is their composition UrUp. Therefore the cross product of two bimonads also becomes a bimonad,
where P x T obtains a canonical comonoidal structure as the composition of comonoidal functors. In
fact one can show that the composition of Hopf monads also satisfies the Hopf condition:

Theorem 5.2 (Proposition 4.4 [[12]). The cross product of two (left or right) Hopf monads is also a (left
or right) Hopf monad.

Sketch of proof. Letus assume that 7" and P are both left Hopf monads and denote the units and counits
of adjunctions Fir 4 Ur and Fp - Up by 0, € and 1/, €, respectively. We observe that the left fusion
operator of the adjunction Fip Fr + UrUp appears in the left edge of the commuting rectangle below:

Fp(Fr)2(X,UrUp(Y))

FpFp(X @ UrUp(Y)) Fp(FPr(X) ® PrUrUp(Y)) (64)
(FP)Q(FT(X),FTUTUPlY))(FT)2(X,UTUp(Y)) FP(idFT(X|)®5UP(Y))
FpFr(X) ® FpFpUpUp(Y) Fp(Fr(X) @ Up(Y))
(drprp 0 @€y Fpevpv)) (Fp)2(Pr(X),Up(Y))

idp, pp(x) @€y

FpFr(X)®Y FpFr(X)® FpUp(Y)

Since the above diagram commutes, the left fusion operator of the composed adjunction can be written
as the composition of the two fusion operators of 7" and P. Hence, if T" and P both have invertible left
fusion operators, then so does P x T'. A symmetric argument can be applied to the right fusion operator.
o

This notion of cross product for Hopf monads generalises Radford’s biproduct and Majid’s bosoni-
sation for ordinary Hopf algebras. Given a bialgebra (H, mpy, 1y, Ay, ex) and an H-module algebra
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Ai.e. an algebra ((A,>), ma,14) in the category of left H-modules iy M, we can form a new algebra
on the vector space A ®g H called the cross product algebra A x H. This structure is exactly what we
obtain by composing monads ' = H ®x — on Vec and P = A ®k — on g M, where we obtain a monad
structure on P x T = A ®x H ®k — and an algebra structure on A ®g H with 14 @k 15 as its unit and
its multiplication defined by

(ma®idg)(ida @> @ mpy)(idagr @ Y4 @idy)(ida ® A ® idagw)

where > : H ®g A — A denotes the H-module action on A and ¥ the symmetry on Vec.

Now let us assume (H, mp, 1y, Am, e, Sm) is a Hopf algebra and that the category of H-modules
is braided (in this case H has a quasitriangular structure, see Section [Z3). In this case, one can pick
an H-module Hopf algebra ((A,>), ma,14,A4,€4,S54) i.e. a Hopf algebra in the braided category of
H-modules, and as previously discussed P = A ®g — will have a natural left Hopf monad structure. By
Theorem[5.2]the bimonad P x T' = A ®x H ®k — will also be left Hopf. Hence, we obtain a new Hopf
algebra A » H where the coalgebra and antipode, now use the braiding ¥’ of the category g M:

A At Zi(idA QK ‘11247}{ K idH)(AA K AH)
Saar = @k idp)(idy @x Yi,a)(Ag @k ida) Wy 5 (Sa Ok Su)

This procedure is called bosonisation and was introduced by Majid in [435]].

Even if the category of H-modules is not necessarily braided, but (A, 7) has a central Hopf algebra
structure in ;7 M or equivalently A is a braided Hopf algebra in D, then we obtain a natural left Hopf
monad P = A®, — on g M. By Theorem[3.2]we again obtain a Hopf algebra structure A x H on AQ H,
where the coalgebra and antipode are defined in the same way but the braiding \11247 7 1s replaced with the
braiding 77. This construction is referred to as Radford’s biproduct and first appeared in [53] without
any reference to braided Hopf algebras. Its interpretation in terms of braided Hopf algebras appeared in
the Appendix of [42]. While from the monadic point of view, the constructions look exactly the same, in
bosonisation the braidings arise from the braiding on g M via a quasitriangular structure on H, while in
Radford’s biproduct the braiding 7 can be written in terms of the H-comodule structure on A making A
a Yetter-Drinfeld module and the formulas take a very different look in this way. We refer the reader to
Section 9.4 of [46] for further details on these constructions.

Example 5.3 (Cross product for Hopf algebroids). Consider a Hopf algebroid H over a base algebra A
and its corresponding Hopf monad 7" = H X — on 4 M 4. By the described theory of cross products,
we can define an analogous procedure for Hopf algebroids if we are given a braided Hopf algebra B in
the center of ;M. This provides us with a Hopf monad B ® 4 — on gy M and, by Theorem[3.2] we can
compose these monads to obtain a new Hopf monad on 4 M 4, which itself will correspond to a new Hopf
algebroid over A, by Theorem[4.19] Let us briefly describe the new Hopf algebroid structure on B® 4 H.

First, we recall from Proposition 4.4 [56] that the lax left dual Z; 1.« (M) can be identified with
the category of left Yetter-Drinfeld modules over H, which are defined in a completely analogous way
to classical Hopf algebras. First recall that over a bialgebroid H, a left H-comodule structure means a
left A-module B morphism § : 4B — |H ®4 B which atisfies A(b_1)) ®a by = b—1) ®4 0(b(0))
and ez (b(_1)).b(o) = b, where we denote §(b) = b_1) ®4 b(g). The left A-module B obtains a natural
A-bimodule structure with its right A-action defined by ma = ey (h(—1ya).h () so that § factors through

HxaB=A{) hi®@ab € |[HRaB|Y hi@®abi=» hi®abaforVaec A}

A Yetter-Drinfeld module over H is an A-bimodule B with a left H-action > and a compatible left H-
coaction ¢ satisfying h(l).b(,l) ®A h(2) > b(o) = (h(l) > b)(,l).h(g) ®A (h(l) > b)(o). The natural braiding
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obtained for such a Yetter-Drinfeld module is defined by b ® 4 m +—> b(_l) > m®a b(o) where m € M,
for arbitrary (M,>') in ;M. We refer the reader to Section 4 of [56] for more details.

Assume (B, >, §) is equipped with a braided Hopf algebra structure in Z; jx (g M) via (A, €p, SB).
Note that these maps are all A-bimodule maps and respect the relevant H-actions and H -coactions. Addi-
tionally, the codomain of e is the trivial bimodule A which acts as the unit of 4 M 4 and Zj ;44 (7 M). By
Theorem[3.2] we obtain a Hopf algebroid structure on B® 45 H where s H denotes the left A-module struc-
ture of | H and the A¢-bimodule structure on B® 45 H is defined by a1a2(b® 4 h)asas = a1bQ sazhasag.
Furthermore, the element 15 ® 4 1 acts as the unit and the other structural morphisms can be obtained
as follows:

(b®a h).(b) @a ) =b.(ha) > V) ®a hay
(b®a h)(1) ®a (b®a h)( 2) (b(l) ®a4 b2y(-1)- h(l)) ®A (5(2)(0) ®a h(2))
e(b®a h) =ep(b).c(h)

Similarly, the inverse of the left canonical map is obtained by observing (64):
(b®ah)ir) @aoe (b@ah) () = (b)) @4 b)(-1)-h+)) ®aee (SB(b)(0) @4 h(-))

With any result regarding Hopf algebroids, one needs to check that all the maps and compositions defined
behave well with regard to the various A and A°P actions. But in our case, since we are simply writing
out the relevant morphisms after regarding the structures as Hopf monads, Theorem [5.2] guarantees that
the morphisms will be well-defined with respect to the relevant actions. We will denote the obtained Hopf
algebroid by B x H.

5.2 Distributive Laws

In this section we review the notion of distributive laws and how one can compose two (Hopf) bimonads
with a distributive law between them. This construction can be viewed as a generalisation of the tensor
product of two braided Hopf algebras.

Distributive laws were introduced by Beck in [3] and determine when a monad (or an adjunction,
as seen in Section [3.4) can lift to the Eilenberg-Moore category of another monad. We recall the basic
theory of distributive laws without providing proofs and refer the reader to [67] for detailed references
and historical notes on the topic. Throughout this section (7', u, ) and (S, v, ¢) will denote a pair of
monads on C.

A distributive law or entwining from a monad 7" to a monad S is a natural transformation A : 'S —
ST such that the following diagrams commute

T TS — X ST
T LT
ns Sn
TS — X 9T S

As SA

7178 2o TST 210 §TT TSS STS SST
l#s lsu lTV l
A A
TS ST TS ST

Such a distributive law A : T'S' — ST from a monad 7' to a monad S, allows S to lift to cT as (S,0,1),
where S : CT — CT, ¥ and i are defined as

S(M, 7’) = (S(M), (ST))\M : TS(M) — ST(M) — S(M)), l;(M,r) = VM, i(Mﬂ.) =lpM
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for any T-module (M, ), such that UpS = SUr. The objects of (CT) ® have an equivalent description
as triples (M, r, p) where M is an object of C, 7 : T(M) — M isa T-actionand p : S(M) — M isa
S-action satisfying

TS(M) —— 2 o ST(M)

lTp lm

T(M) —L— M <2 5(M)

Note that the theory is not symmetric and that we cannot necessarily lift 7' to C* via \. For this we require
another distributive law ¢ : ST — T'S. In particular, if X is invertible then we can lift T via £ = A ™!

and in this case (CT)S = (CS)T since for any triple (M, r, p) the conditions p(Sr)\ys = r(Tp) and
p(Sr) = r(Tp)€ps become equivalent by & = A~ 1.

Given a distributive law A : T'S — ST, the endofunctor ST obtains a natural monad structure via
multiplication (5SS 1) (SAr) and unit epn. We will follow the notation of [[12]] and denote this monad by
S0, T. One can directly show that the monads S x 7" and S o T are isomorphic and that C5*7 = ¢S°sT |
Furthermore, when 7" and S are bimonads the following observation can be made:

Lemma 5.4. IfT, S and )\ are as above and T and S carry bimonad structures such that A : TS — ST
is a comonoidal natural transformation, then S oy T also becomes a bimonad.

Sketch of proof. The endofunctor ST has a natural comonoidal structure with (S2)rerS(T2) and
S0S(Ty). Now observe that for S oy T, conditions (12) and (I4) automatically follow from S and T
being bimonads. Conditions (IT) and (I3) then follow from )\ being a comonoidal natural transformation
or equivalently satisfying (A @ \)(T2) sosT'(S2) = (S2)rerSTaA_g— and ToT'(Sy) = SoS(To) 1. ©

Instead of verifying the bimonad conditions on S oy 7', one can simply observe that A being a
comonoidal natural transformation implies that (S2, Sp) lift to a well-defined comonoidal structure on
S. Consequently, S becomes a bimonad and by the results of Section[3.1} so does SxT=So0,T.

Theorem 5.5 (Corollary 4.7 [12]). If T and S are Hopf monads on a monoidal category C and A :
TS — ST a comonoidal distributive law from T to S, then the lifted monad S, on CT hasa Hopf monad
structure and the composition S oy T defines a Hopf monad on C.

Sketch of proof. By the observations made above its easy to see that the image of the left (right) fusion
operator of S under Ur becomes the left (right) fusion operator of S. Since Uy is conservative, then S
is left (right) Hopf if and only if S is left (right) Hopf. Consequently, if S is left (right) Hopf then by
Theorem32l S x T' = S oy T becomes left (right) Hopf. o

Composing Hopf monads via distributive laws can be viewed as a generalisation of tensoring Hopf
algebras: If (C, V) is a braided category and B and C are two braided Hopf algebras in C, then it is
well-known that C' @ B obtains a natural braided Hopf algebra structure by:

meen = (mc@mp)(idec @ Up.c®idp), Acep = (ldc® ¥c p®idp)(Ac ® Ap)
NceB ‘=1c ®1NB, €cgB :=¢€c®€ep, Scep:=959¢c®Sp

Viewing B and C as left Hopf monads via 7' = B® —and S = C ® —, we see that A\ = Up o ® — :
TS — ST defines a distributive law between the two monads. Moreover, A is comonoidal. All the
necessary conditions simply follow because the structural morphisms of B and C' respect the braiding of
the category. It is then easy to see that the Hopf monad structure on S oy T' = C ® B ® — agrees with
the described Hopf algebra structure on C' ® B.
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6 Central Coalgebras and Hopf Monads

In this section we review the correspondence between Hopf monads and central cocommutative coalge-
bras, as presented in Section 6 of [12]. In summary, every (pre-)Hopf monad 7" on a category C induces a
central cocommutative coalgebra in CT. In the converse direction, for any central cocommutative coalge-
bra (C, 7) in a category D, under suitable exactness conditions, © D becomes monoidal and the adjunction
Ucg— 4 Fog_ a comonoidal adjunction, inducing a Hopf monad on ©D. Moreover, under additional
assumptions discussed in Theorem[6.6] these procedures are inverses to each other upto isomorphism.

6.1 From Central Coalgebras to Hopf Adjunctions

In this section we will recall how suitable central coalgebras C' in a category D induce a Hopf monads on
their category of comodules ©D.

Assume (C, A, €) is a coalgebra in a monoidal category D. The corresponding free/forgetful functors
for the comonad C' ® —, provide an adjunction V4 R : D = D, where the forgetful functor V' is
left adjoint to the free functor R defined by R(M) = (C ® M, A ® idss). Hence, we obtain a monad
T = RV on “D.

We say (C, ) is a (lax) central coalgebraif T : C' ® — — — ® C'is a (lax) braiding such that (C, )
is a coalgebra in the (lax) center of D and thereby satisfies (7 ® id¢) (ide ® 7)(A ® idp) = (Idp ® A)T
and (idp ® €)7 = € ® idp. Furthermore, we say C'is a cocommutative (lax) central coalgebra or (lax)
CCCif e A = A.

In [[12], the authors discuss the conditions under which a CCC structure on C' provides a monoidal
structure on the category of C-comodules. A lax CCC is called cotensorable if for each pair of comodules
(M, ) and (N, §’), the pair

TMI®idN

idp @9

admits an equalizer and C' ® — preserves them. We denote the equalizer of this pair by M ®¢c N. Note
that such pairs are coreflexive via id s ® e ® id ;v and thereby if D admits CEs and ® preserves them, then
any lax CCC is cotensorable. In particular, this theory generalises the theory of cotensors for ordinary
coalgebras in Vec where 7 is given by the symmetry of the category, see Section 10 of [19].

Theorem 6.1 (Theorem 6.4 [[12])). If C denotes a lax cotensorable CCC as above:

(I) The equalizers M ®c N have a natural C-coaction and the bifunctor ®¢ defines a monoidal
structure on ©D.

(I) The free functor R : D — €D is strong monoidal and V - R is a comonoidal adjunction.
(Ill) The adjunction V- R is in fact left Hopf. If T is invertible, then the adjunction is also right Hopf.
Sketch of proof.  For part (1), we observe that for a pair (M, §) and (IV, ¢’), the object M ®¢ N carries
a natural C'-comodule structure ¢, where ¢ is defined as the unique map satisfying

- 0Ridpr N
M@cN ———MN ———CM®N

t\\\A %ﬂ'?
COM®cN

where 7 : M@c N — M® N is the equalizer of the pair (63)). Note that ¢ is determined uniquely because
ide ® m is an equalizer for the coreflexive pair ide ® T30 @ idy , idogar ® ¢'. It is then straightforward
to show that ¢ defines a coaction.
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For (II), first recall that the free functor R takes an object M in D to the free comodule (C @ M, A ®
idps). Additionally, observe that the coproduct A forms a split equalizer for the pair A®id¢ and ide ® A,
with sections id¢ ® € and idcge ® €. Hence, if we denote the equalizer of (63) for comodules R(M)
and R(N) by 7', we obtain a natural isomorphism between two equalizers and a commutative diagram:

, TecoM (A®idy )®idocg N
(COM)®c(CoN)>CoMeC®N COoMeCC®N

| ideg M ®ARIdN
|
v (ide®@7m ) (A®ida ) ®idn

CoM®N

1R

Notice that (C @ M) ®c (C ® N) = R(M)®c R(N)andC ® M @ N = R(M ® N) and thereby we
obtain a natural strong monoidal structure on R. Of course one must also check whether the isomorphism
respects the coactions, but this also follows easily.

Now we demonstrate that V' < R is left Hopf. Recall from Lemma[3.4lthat a strong monoidal structure
on I provides a comonoidal structure on its left adjoint V. In the diagram below, the upper edges form
the comonoidal structure of V' as described by (I8):

' e®id
Moo N 2822 6®c§ C@M ®C C@N 4>C®M®N M®N
\ TC®M(A®1dM)®1dN
R’ tRidy QRe®id n
M®N CoM ® C®N

Since the diagram commutes, we can alternatively identify the comonoidal structure with the composition
of the lower edges of the diagram. In particular, V2((M,d), (N,d")) = 7 where V(M ®¢ N,t) =
M ®c N and V(M,d) ® V(N,d§') = M ® N. Therefore, the left fusion operator of the adjunction
V + R decomposes as

Harg).q = (dy @ €@ ida)m : V((M,6) ®¢ R(d)) = V((M,5)) ©d

for an object d in D and a C-comodule (M, §). By a similar argument to the one above we can show that
MO ®idg 1 V((M,0)) ® d - M ® C ® d becomes a split equalizer for the same parallel pair which
m: M ®c R(d) - M ® C ® d is an equalizer of. Thereby there exists a natural isomorphism such that
the following diagram commutes:

TMOIRidcga
M®CR(d) MRRICIAI——————FMCRC®d

™
y/ @ ASis
TM IR
M ® d id]\4®€®idd)

Hence, the left fusion operator is invertible. When 7 is invertible a symmetric argument can be applied to
show that the right fusion operator is invertible. o

The above result can provide us with many additional examples of Hopf monads. However, unlike
Sectiondl where we were looking at describing Hopf monads over a fixed base category C, a suitable CCC
in a category D provides us with a Hopf monad on ©D rather than the category D which we started with.

Example 6.2. For any cocommutative coalgebra (C, A, €) in Vec, the category of left C-comodules
¢ M is monoidal via the cotensor product of comodules (Section 10 of [19]) and by Theorem the
free/forgetful adjunction forg. 4 (C ®x —, A ®x —) : Vec = ¢ M is Hopf. In particular the monad
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T on © M which sends every C-comodule (1, §) to the free comodule (C' ®x M, A ®x idys) is Hopf.
The multiplication and unit of the monad T are given by (id¢c ®k € ®k idexq) and § : (M, 0) — (C ®k
M, A®kidyy), respectively. The comonoidal structure on T is defined using T'((M, §)) @cT((N, §')) =
(C®x M @k N, A ®k idpgn):

TQ((Mvé)a(Naél)):C(@K (M®CN)_>C®KM®KN
CRRMIOc N> CR/r M QKN

and Ty =ide Qke: CRg C — C.

6.2 Induced Central Coalgebra of a Hopf Adjunction

In this section, we review the construction of central coalgebras from Hopf adjunctions based on Section
6.2 of [[12]]. Tt is well-known that any braided Hopf algebra B in C becomes an object of BYD via its
left adjoint coaction (m ®idp)(idp ® U p)(A ® S)A. In particular, this coaction respects the original
coalgebra structure on B and thereby (B, A, €) becomes a natural coalgebra object in Z(C). Below we
will describe how any Hopf monad T induces a coalgebra object in Z(CT).

Given a comonoidal adjunction I 4 U : D < C, the object C = F(1) obtains a coalgebra structure
via F5(1,1) and Fp, and is referred to as the induced coalgebra of the adjunction. Hence, we obtain
three distinct comonads 7' = F U, C ® —, and — ® C on D. Observe that the fusion operators of the
adjunctions provide natural transformations between two of the three comonads as presented:

Ho: T(X)=F1laUX)) Hy,: T(X)=FUX)®1)
(idF(1)®€X)F2(17U(X))l/ l(ex@idF(l))FQ(U(X)vi)
CoX=F1)®X X®C=X®F(1)

In Lemma 6.5 of [12] it is demonstrated that Fli,_ and F:J are comonad morphisms.

Theorem 6.3 (Corollary 6.7 [12]]). With notation as above, if F' - U is a left pre-Hopf adjunction, then
N .
7x = Hy, (HLX) CoX Xl (66)

defines a lax braiding in D satisfying F»(X,1) = Tpx)F2(1,X). In particular, (C,T) becomes a lax
CCC in D. Additionally, If the adjunction is pre-Hopf, then T is invertible.

The proof of the above result is simply checking that the necessary conditions hold and we refer the
reader to Section 6.2 of [12]. Note that Hli x being invertible tells us that T =FU = C® — are
isomorphic comonads. The above result also shows that given a pre-Hopf adjunction Ce-—~2-C
as comonads. Additionally, note that for the free/forgetful adjunction induced by a braided Hopf algebra
B it follows from the description of the fusion operators and their inverses in Section that we can
recover the natural braiding on B, induced by its adjoint coaction, as 7 in Theorem[6.3l

In [[12], the lax CCC C of a pre-Hopf adjunction ' 4 U is called its induced CCC. As seen in the last
section, CCCs can induce comonoidal adjunctions and the next step is to understand the connection be-
tween this adjunction induced by C and the original adjunction F' 4 U. We will first recall the conditions
which make the induced CCC cotensorable and the comparison functor between C and D = DY strong
monoidal.

Theorem 6.4 (Proposition 6.9 [12]). Let F' - U be a left pre-Hopf adjunction as above. If the adjunction
is comonadic and satisfies
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(I) For any pair of objects X,Y in C, the fork below forms an equalizer:

F(X,1)®id
Fa(X,Y) 2(X,1)®idp(y) .
- 5

F(X)& F(Y) = —— =S FO @ Co F(Y) - (67)

F(X®Y)

(II) The above equalizers are preserved by F'(1) ® —

Then the induced coalgebra (é, T) is cotensorable and the comparison functor between C and DC is
strong monoidal. In particular, the adjunction is left Hopf.

Sketch of proof. Note that the comparison functor K : C — ¢D is defined by sending any object X in
Cto (F(X), F>(1,X)). Since K is an equivalence and F»(X, 1) = 7p(x)F2(1, X), then the conditions
for C being cotensorable become equivalent to the conditions above. Additionally, K becomes a strong
monoidal equivalence by (67). Finally, we observe that by Theorem[6.1] the free/forgetful adjunction for
the comonad C' @ — is left Hopf, and since U - F' is comonadic then it is also left Hopf. o

While the induced coalgebra in the theory of Hopf algebras is quite well-known, we will now look at
the induced coalgebra for another examples of Hopf monads:

Example 6.5. Let H be a bialgebroid over a base algebra A as in Section[.6] Recall that the free/forgetful
adjunction induced on 4. M 4 is a comonoidal adjunction with a bimonad structure on the functor H X —.
The induced CCC for this adjunction will be a natural coalgebra structure on H X A which is the quotient
of H by the left ideal generated by {a —a | a € A}. The vector space H X A has an A-bimodule structure
by the left A°-action on H. It follows by the above theory that (A, €) descend to a well-defined coalgebra
structure on H X A. This can also be seen directly from (34) and (33) and the fact that the image of A
falls in the Takeuchi product. If H is left Hopf, then by Theorem[6.3] the coalgebra H X A obtains a lax
braiding defined by

(HRA) @4 M — M®4 (HK A) (68)
(h X a) XA M — h(+)(1)ah(_) >m &a (h(+) X 1)

where (M, >) is an arbitrary H-module. It is a difficult task to check that this map is indeed well-defined
and a bimodule morphism, however we get this result for free from Theorem[6.4]

6.3 Equivalence of Hopf Monads and Central Coalgebras

In this section, we review the equivalence between Hopf monads on a category C, Hopf adjunctions F'
U : D = C and lax cotensorable CCCs in D from Section 6.6 of [12]. We then provide a simplification
of this result for tensor categories.

Theorem 6.6 (Theorem 6.14 [12])). If C and D are monoidal categories, then TFAE:

(I) A conservative Hopf monad T on C, where C admits RCs and CEs, the monoidal product ® pre-
serves CEs and T preserves RCs and CEs.

(II) A Hopf adjunction F 4 U : D < C, where both C and D admit RCs and CEs, both F and U are
conservative, U preserves RCs and F' preserves CEs.

(IlI) A CCC (C,7) in D, where D admits RCs and CEs, the monoidal product & preserves CEs, the
functor C' ® — is conservative and preserves RCs.
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Note that when saying these structures are equivalent, we mean upto isomorphism and the processes
of sending an adjunction to a CCC and a CCC to its corresponding adjunction are not strict inverses.
Additionally, the emphasis on the existence and preservation of RCs has to do with the comonadicity of
the adjunction corresponding to a CCC, see Remark 6.1 in [[12]]. For more details and the proof of this
equivalence we refer the reader to to Section 6.6 of [[12]].

Recall that fensor categories, see [24], are rigid and abelian and thereby admit equalizers and co-
equalizers. Moreover, in rigid monoidal categories the tensor product preserves finite limits and colimits
in both entries [Proposition 4.2.1 [24]]]. Additionally, tensor functors, as considered in [24]], are defined as
being faithful exact strong monoidal functors between two tensor categories. Such functors are automat-
ically conservative since abelian categories are balanced and any functor with a balanced domain which
is faithful automatically becomes conservative. Finally, recall by Corollary[3.9] that any Hopf monad on
a rigid monoidal category is colimit-preserving. Hence, we can re-write Theorem [6.6] for the setting of
tensor categories:

Theorem 6.7. IfC,D are two tensor categories over a field K, then TFAE:
(I) A conservative Hopf monad T on C, where C and T preserves CEs.
(I1) A tensor functor U : D — C with a conservative left adjoint F' which preserves CEs.
(IlI) A CCC (C, ) inD.

A dual statement to the above theorem can be made with regards to Hopf comonads and central
cocommutative algebras. This dual statement is in part presented Section 6.1 of [13]].

7 Classical Hopf-algebraic results for Hopf monads

In this section we review some classical results in the theory of Hopf algebras which have been generalised
to the monadic setting.

7.1 Radford’s Biproduct Theorem

Radford’s biproduct Theorem which we alluded to in Section 5.1] states the following stronger result:
Given a pair of Hopf algebras [{; and Hy and a Hopf algebra map = : Hy — H; which splits by
t: Hy — Hj, we can find a braided Hopf algebra B in gi VD, such that Hy = B » H;. In Section
4.4 of [12], the authors discuss a more general version of this result which we will review here under
the name of cross quotients. The more general question is understanding when a Hopf monad can be
obtained as a cross product from another Hopf monad.

First observe that for a pair of monads (7', i1, n7) and (Q, 1/, ") on a category C, there exists a natural
correspondence between monad morphisms and functors between C” and C? which commute with the
forgetful functors: Any monad morphism ¢ : T — @ defines a functor ¢* : C% — CT by ¢*(M,r) =
(M, r¢) which satisfies Ur¢* = Ug. Conversely, from any functor F' : CQ — CT satisfying Up F = Ug,
we can recover a monad morphism F* : T' — () defined by F5 = p(Q(X)_#/X)Tn’X where p is the natural
transformation given by F'((M,r)) = (M, p(ar,ry). For further details on this correspondence we refer
the reader to Lemma 1.7 of [[14].

In [12]] a monad morphism ¢ : T — @ is called cross quotientable if the functor ¢* is monadic.
Such a functor, in turn, defines a monad on C” which is called the cross quotient of ¢ and denoted by
Q@ = T. In this setting, it is easy to check that ¢* is monadic if and only if it has a left adjoint and if so
(CT)Q+T becomes isomorphic to C?, Lemma 4.9 of [12]. Moreover, it is shown that the left adjoint GG of
¢* exists precisely if for any T-module (M, ), the pair ), Q(édar), Q(r) : FQT (M) = Fo(M) admits
a coequalizer G(M, ) in C9,
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Lemma 7.1 (Proposition 4.11 (a) [12]). If ¢ : T — Q is a cross quotientable bimonad morphism, then
Q = T is a bimonad.

Proof. This statement follows from the fact that ¢* becomes strong monoidal when ¢ is a bimonad
morphism. In this case the trivial comonoidal structure ¢35 ((M,r), (N,t)) = idygn is well-defined
since (’I“ ® t)QQ(M, N)(b]u@]v = (’I‘ & ﬁ)((b]u & (bN)Tg(M, N) ([l

At this point we should note that the operations ‘cross quotient’ and ‘cross product’ are inverses,
Proposition 4.11 [12]. Fixing a (bi)monad 7" on C, we see that for every (bi)monad () equipped with a
cross quotientable (bi)monad morphism ¢ : T — @, we have an isomorphism @ = (Q = T') x T. In the
converse direction, for any (bi)monad P on C7', the unit 5"’ of P provides a cross quotientable (bi)monad
morphism Urny, fromTto Q = P x T.

Theorem 7.2 (Proposition 4.13 [12]]). Let T and Q be left (right) Hopf monads on a monoidal category
C. Assume C has RCs, T and @ both preserve RCs and & preserves RCs in the left (right) entry. In this
case, any bimonad morphism ¢ : T — Q is cross quotientable and @ = T is left (right) Hopf.

Sketch of proof. We previously mentioned that ¢ is cross quotientable if and only if reflexive pairs
whQ(dar), Q(r) : FoT(M) = Fg(M) corresponding to T-modules (M, ) admit coequalizers in C?
[Lemma 4.9 of [12]]. Hence, under the assumptions made above ) +— T exists and is a bimonad by
Lemmal[Z]l Let H' denote the left fusion operator of the adjunction corresponding to ) + 7". Next we
observe that Diagram (64) commuting also shows that if the left fusion operators of 7 and (Q +T') x T =2
(Q are invertible, then FZFT,_ is invertible (P = @ = T).

The final step is to view any T-module (M, r) as the coequalizer of its corresponding reflexive pair
Fr(r),us : PrT(M) = T(M) in CT with Fr(ny) and r : T(M) — M. By Lemma 4.2 of [12], ®
also preserves RCs in the left componentin C” and C®. Since F'p is left adjoint and preserves coequaliz-
ers, then the functors Fp(— ® Up(X)) and Fp(—) ® X both preserve RCs for any X € C?. Therefore

if FIFT( M), x 18 invertible, then so is Fl( M,r),x- We refer the reader to Lemma 4.8 of [12] for additional
details on this argument. o
Given a pair of ordinary Hopf algebras H; and Hs, their corresponding left Hopf monads @ =
H> ®g — and T = H; ®x — on Vec satisfy the conditions in Theorem [Z2l Hence we can consider
the cross quotient of ¢ = + ®x — for any Hopf algebra map ¢ : H; — H;. In particular, the resulting
adjunction given by restriction and extension of scalars between 7, M and g, M will be left Hopf. We
already mentioned this fact in Section[4.4l The corresponding Hopf monad @ = T is given by the functor
i, Ho ®p, — on g, M, where we consider the natural H;-bimodule structure which ¢ induces on Ha.

Theorem 7.3 (Corollary 5.12 [12])). If T, Q and C satisfy the conditions of Theorem[Z.2 and the bimonad
morphism ¢ : T — Q admits a retraction v : Q — T then there exists a central Hopf algebra (B, T) in
CT suchthat Q +T = B ®;, —.

Sketch of proof. The correspondence between bimonad morphisms 7' — @ and bimonads @ + T is
functorial (Remark 4.12 of [12]). Therefore, if view the retraction of ¢ as a morphism between bimonad
maps ' — @ and T" — T, it will be sent to an augmentation map Q) +~ 17" — T <+ T = ider under this
correspondence. Hence, Q =T is augmented and by Theorem[d.Tlit corresponds to a central Hopf algebra
inCT. o

The setting of Radford’s biproduct Theorem for a pair of Hopf algebras H; and H is precisely the
reduction of the above result for monads ) = Hs ®k — and T = H; ®g — on Vec, where the Hopf
algebramap ¢ : H; — Hy admits a retraction 7 : H; — Hs.
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Example 7.4 (Radford’s biproduct Theorem for Hopf Algebroids). Note that for an arbitrary K-algebra
A, the tensor product of 4 M 4 preserves coequalizers in both entries. Additionally, the corresponding
monads for bialgebroids were those which preserved colimits (Theorem B.19). Hence, we can apply
Theorem[Z.3] to the setting of Hopf algebroids: If H; and H are a pair of Hopf algebroids over a base
algebra A and there exist a pair of bialgebroid morphisms 7 : Hy — Hj and ¢« : H; < Hs such that
mi = idg,, then there exists a Hopf algebra (B,1>,0) in Z (g, M) such that Hy = B » Hp. As in
Radford’s result, B can be identified as the subspace of elements of the form h — v7(h), for h € H.

7.2 Hopf Modules

An important result in the theory of ordinary Hopf algebras concerns Hopf modules and is often referred
to as the Fundamental Theorem of Hopf Algebras. This result describes an equivalence between the
category of vector spaces and the category of Hopf modules and has been generalised to the case of
braided Hopf algebras and braided categories in [6] under the additional requirement that idempotents
split in the base category. In this section we review the analogous statement for Hopf monads.

A Hopf module for a Hopf algebra H consists of an H-module with a compatible H-comodule
structure. Therefore, the first important step for defining Hopf modules over Hopf monads is picking
a notion of comodules over the monad. Hopf modules over Hopf monads were first defined in [14],
where “I'-comodules’ were defined as comodules with respect to the induced coalgebra of the monad
(T'(1),T2(1,1),Tp). Using this definition, a version of the Hopf module theorem was proved in [14] for
right Hopf monads on right rigid categories. This result was then extended to Hopf monads on monoidal
categories in [12]. More recently, the result of [12] was interpreted as an example of Galois entwining
structures in [50]. We will discuss this viewpoint at the end of this section.

Note that for any bimonad 7" on a monoidal category C, the image of the induced coalgebra C of
Section[6.2]under Uy becomes a coalgebra (T'(1), T>(1, 1), Tp) in C. With this notation, a triple (M, r, §)
is called a (left) Hopf module, if r : T(M) — M isa T-actionand § : M — T'(1)® M is aT'(1)-coaction
satisfying
s

T(M) —— M

TS\L TidT(1)®7'
H’r

T(T(1) @ M) ——> > T(1) @ T(M)

T(1)® M

Morphisms of Hopf modules are defined accordingly as morphisms in C which commute with the relevant
actions and coactions. We will denote the category of (left) Hopf modules by H!(T'). Note that for the
corresponding Hopf monad of a braided Hopf algebra B, we recover the usual notion of Hopf modules
which are triples (M, >, d) where i is a B-action and § a B-coaction satisfying > = (m ® >)(idy ®
Up p@idy)(A®9J).

Let us briefly recall the notion of a mixed distributive law or entwining from monad (T, 1, n) to a
comonad (G, A, ¢€) from [67] (the axioms first appeared for entwinings between ordinary algebras and
coalgebras in [18]]). Such an entwining is a natural transformation A : TG — GT satisfying analo-
gous conditions to the distributive laws in Section 3.2l Given such a A, we can define a comonad G
on CT such that UrG = GUr. Explicitly, the functor G is defined by G(M,r) = (G(M), (Gr)Au
TG(M) - GT(M) — G(M)) for any T-module (M, r). The compatibility conditions on A then en-
sure that (G, A, €) defines a comonad on CT. In a symmetric fashion, \ lifts 7" to Cg, defining a monad
T(M,8) = (T(M), \yT6 : T(M) — TG(M) — GT(M)), where (M, 5) is a G-comodule in Cg.

~

Finally, we obtain a natural isomorphism (C7) ,, = Ce)".
In the definition of left Hopf modules, the right fusion operator Hy y is acting as a distributive law.

Hence, H/(T) = (CT) 5 where G : €T — CT is the comonad obtained by lifting 7'(1) ® — via HJ y.
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We have already encountered G in Section[6.2 with the notation C' ® — and know it to be isomorphic to
the comonad 7' = FU when H. f x lis invertible.

The Fundamental Theorem of braided Hopf algebras describes an equivalence between the base cat-
egory and the category of Hopf modules. This equivalence is given by the free Hopf module functor and
the functor sending Hopf modules to their coinvariant parts. For ordinary Hopf algebras the coinvariant
part of an H-comodule is the subspace of elements which satisfy §(h) = 1 ®g h. Now we recall the
analogous notions for Hopf monads from [[12]].

For any left Hopf module (M, r, §) over a bimonad T the equalizer, if it exists, of the coreflexive pair
§,m ®idy : M — T(1) ® M is called its coinvariant part and we denote it by MT (). Furthermore, T'
is said to preserve coinvariant parts of (left) Hopf modules if T" preserves this class of equalizers. There
also exists a natural functor Hr : C — H!(T') defined by Hr(X) = (T'(X), pux, T2(1, X)) which sends
an object to the free Hopf module generated by it. As mentioned H!(T) = (CT) ¢ and the free functor
Hy satisfies U Hy = Fr, where Fr < Ur : C = CT and UY + F¢ : HY(T) < CT denote the
free/forgetful adjunctions for the monad 7" and the comonad G, respectively.

For a general monad T, the question of when FTFp : C — (CT)T induces an equivalence of

categories is answered in [25]. Theorem 6.11 of [12] combines this with the observation that G =T for
a left pre-Hopf monad to obtain an analogous statement to the Fundamental Theorem:

Theorem 7.5 (Theorem 6.11 [12]). Assuming T is a left pre-Hopf monad, TFAE:
(I) The functor Ht defines an equivalence of categories.

(I) The functor T is conservative, left Hopf modules admit coinvariant parts and T preserves them.

Sketch of proof. As in the classical setting, if Hopf modules admit coinvariants, the functor £ :
H!(T) — C which is defined on objects by E(M,r,8) = MT(Y) and extended naturally to morphisms,
becomes right adjoint to Hr. Furthermore, as demonstrated in [23], the counit of the adjunction is an
isomorphism if and only if T" preserves coinvariants. When the counit of the adjunction is an isomorphism
then the right adjoint F is full and faithful and it is part of an equivalence if and only if it is essentially
surjective. It is an easy exercise to check that the latter condition is true if and only if the left adjoint Hyp
is conservative. Since 7' = Up Fp = UpUS Hy, where Up, U are both conservative functors, then Hyp
is conservative if and only if 7" is. o

First note that the corresponding Hopf monad of an ordinary Hopf algebra H on Vec naturally satisfies
the conditions of Theorem [Z3] and we recover the classical Fundamental Theorem of Hopf algebras in
this case. Secondly, note that a symmetric theory of right Hopf modules can also be defined over a Hopf
monad, with H f,_ acting as a distributive law between 7" and — ® T'(1). In the theory of ordinary Hopf
algebras and braided Hopf algebras, the notions of left and right Hopf modules become equivalent via the
braiding. However, this is not the case for Hopf monads. In Example 5.6 of [50], a right pre-Hopf monad
is provided which does not satisfy the left Hopf module Theorem.

Example 7.6 (Fundamental Theorem of Hopf algebras for Hopf algebroids). Let H be a bialgebroid
over an algebra A and let (A, €) denote the coalgebra structure on H := H X A, which we described in
Example[6.3] A left Hopf module for the bimonad H X — on 4 M 4 will consists of an H-module (M, )
with an H-coaction ¢ : M — H ® 4 M satisfying

(h>m)(—1)y ®a (h>m)g) = w(ha).m—1)) @a (hi) >m)) € H®a M

where we denote the natural projection H — H X A by 7 and §(m) = m(_1) ® 4 m(o) form € M. If
H is a Hopf algebroid and H is faithfully flat as a right A°-module then H X — becomes conservative
and preserves coinvariant parts and by Theorem [Z.3] we obtain an equivalence between 4 M 4 and the
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category of Hopf modules defined above. In particular, the equivalence is given by the functor which
sends any A-bimodule M to the corresponding Hopf module H X M with the relevant free H-action
and H-coaction h ®'m — m(h(1)) ®4 (h(2) ¥ m). Note that this result differs from the other version
of the Fundamental Theorem for Hopf algebroids which appears in Section 4.3.4 of [7]. The latter result
describes an equivalence of categories between another notion of Hopf modules and 4 M.

The above description and proof of the Hopf module Theorem can be generalised to the category
mixed modules (CT) ¢ obtained from any distributive law A : T'G — GT between an arbitrary monad 7'
and comonad G on a category C. This theory is fully described in [48] and elaborated on in [49, 50]]. In
this framework, a natural transformation g : id¢ — G is called a group-like morphism if g is a comonad
morphism i.e. Ag = ggg and g = idiq.. If such a morphism exists, one can construct a functor
HY : C — (CT) defined by H(M) = (T(M), junr, X\T'gar) satistying UYK = Fp. Moreover, the
functor T obtains two left G-comodule structure A\(T'g) and g7, where we view G as a comonoid in the
monoidal category End(C). In the case of bimonads discussed above, A = Hj _, G = T'(1) ® — and
g=m®e —.

If the pairs Apr(T'gar) and gr(ar) admit equalizers denoted by 9 : T9(M) — T(M), then T9
becomes functorial and 79 a monad morphism. Moreover, H9 becomes monadic and 79 the monad gen-
erated by HY. In the bimonad case, T'9 would exist if all free T-modules admit coinvariants. The monad
morphism 9 naturally induces a functor between (i9)* : C* — C””, which under suitable conditions
[Section 3.7 [48]]] admits a left adjoint and induces a comonad on CT. Whenever this comonad is isomor-
phic to G, and CT’ is equivalent to (CT) ¢ then the quadruple (T, G, )\, g) are called a Galois entwining.
In Proposition 4.6 of [50], it is shown for a bimonad 7" the quadruple (7, 7(1) ® —, H{ _, 1 ® —) be-
comes a Galois entwining if and only if 7 17_ is invertible. For further details on Galois entwining and
their connection to bimonads we refer the reader to [48|] and Section 4 of [50].

7.3 Quasitriangular Structures

Quasitriangular structures on ordinary Hopf algebras were originally introduced by Drinfeld in [22, 23]
and correspond to braidings on the category of modules of the Hopf algebra. For braided Hopf algebras,
a diagrammatic generalisation was presented in [46]. In this section, we review the corresponding notion
for bimonads, which was introduced in [14].

An R-matrix or quasitriangular structure on an ordinary bialgebra H is an invertible element of R €
H ®x H (where we H @ H has an algebra structure e using the tensor product of algebras) satisfying

VY A(h)e R=ReA(h)
(A Qg idy)R = R13 ® Ro3
(idg ®x A)R = Ry3 @ Ry

where R;; : H®3 — H®3 are the appearances of R to the ¢ and j-th components of H®? i.e. Ro3 =
1y ®x R. To generalise this theory to braided bialgebras, B, Majid [43] interpreted the R-matrix as a
morphism R : K — H ®g H satisfying analogous conditions (Fig. 9.13 of [46]).

A quasitringular structure or R-matrix on a bimonad 7' is a natural transformation Rx gy : X ®Y —
T(Y) ® T(X) satisfying

(1y @ px)Rrx), 7o) 12(X,Y) = (py @ px)T2(T(Y), T(X))T(Rx,y) (69)
(idpz)@T2(X,Y))Rxey,z = (hz @ idrx)erv) (BRx,1r(z) @ idryy)(idx @ Ry,z) (70)
(T2(Y, Z) ®idrx)) Rx yez = (dry)erz) ® px)(idry) ® Rrx),z)(Rxy ®@idz) (71)

for any triple of objects X, Y, Z in C.
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Theorem 7.7 (Theorem 8.5 [14]). If T is a bimonad on a monoidal category C, there is a bijection
between R-matrices on T and lax braidings on CT.

Sketch of proof. This bijection is constructed as follows: If R is an R-matrix on T then 7(7 ), (n,s) =
(s @ 7)Rar.N, where (M, r) and (N, s) are T-modules, defines a braiding on C*. The first condition
(69) ensures that (s ® r)Rar, v is a well-defined T-module map, while the other two conditions (710))
and (71 dictate the braiding axioms. In the other direction, if 7 is a braiding on CT then Ryn =
T(TX,ux ),(TY,uy ) (1x ® 1y ) defines an R-matrix on 7. o

Note that the R-matrix in the theory of ordinary bialgebras is expected to be an invertible element of
H ®x H. For bimonads, a similar notion of invertiblilty is discussed in [14]], where a natural transfor-
mation Rxgy : X @ Y — T(Y) ® T(X) is called convolution invertible if there exists another natural

transformation R;(,ly Y ® X - T(X)@T(Y) satisfying

nx @ny = (ux ® MY)R;SX)_’T(y)RX,Ya Ny @nx = (py ® ,UX)RT(X),T(Y)R;(}Y (72)

Whenever R~! in the above sense exists, then the lax braiding 7 defined in Theorem [Z7] obtains an
inverse defined by by T(_]V},T)7(N7S) =(r® s)R;,}M :M®N - N®M.

If C = Vecand T' = H ®k — is given by a bialgebra H, then the existence of any R-matrix Ry w :
VeoxkW = Heg W Rk H ®k V for the bimonad 7" induces a classical R-matrix on H defined
by R11(1) € H ®k H. It is then easy to check that the natural family of morphisms Ry, are solely
determined by the choice of R4 ;(1). In the opposite direction, we can encode any classical R-matrix R =
>, hi®x h; as an R-matrix on the bimonad H ®k — as follows Rx g,y (z®y) = >, hi Ok y Dk h; O .

In the more general setting where C is an arbitrary braided category and 7" = B corresponds to a
braided bialgebra B in C, R-matrices on 7" do not necessarily correspond to a morphism R: 1 — B® B
satisfying the conditions in Fig. 9.13 of [46]. In particular, the latter R-matrices only define a braiding on
a particular subcategory of B-modules (called commutative modules). In Section 8.6 of [15] it is shown
that when C is rigid and admits a coend C' = fcec ¢ ® c¢”, then R-matrices on B are in bijection with
morphisms C' ® C — B ® B satisfying analogous conditions to Fig. 9.13 of [46]. The case where C is
Vecyq is particular since C' = K and, therefore, the classical notion of R-matrices are recovered.

Another key aspect of the theory of R-matrices and Hopf algebras is their relation with the Yang-
Baxter equation. An analogous version of the Yang-Baxter equation can be shown to hold for Hopf
monads as well, Corollary 8.7 in [14]]. Other concepts relating to braided categories and Hopf algebras
such as Drinfeld elements for a Hopf monad and analogous notions of ribbon and sovereign structures
on Hopf monads have all been defined in [[14]. We should also note that the notion of quasitriangular
structures on bialgebroids first appeared in [21].

7.4 Tannaka Reconstruction for Hopf monads

In this section we review the construction of [[60] which produces Hopf monads from suitable strong
monoidal functors. This theory generalises our construction of Hopf monads from pivotal pairs in Sec-
tion [4£.3] and recovers the usual Tannaka-Krein reconstruction for braided Hopf algebras [41] when the
base category is braided. Let us first recall what we mean by Tannaka-Krein theory for Hopf algebras.
Let D be a small monoidal category and w : D — C be a strict monoidal functor such that w factors
through the inclusion functor inc. : Crijg — C, where C,i, denotes the subcategory of rigid objects in C.
We consider the functor w ® w" : D x D°P — C and denote its coend (see Section [Z.6)), if it exists, by

a€D
H, = / w(a) ® w(a)” (73)
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Recall that the coend is the colimit of the diagram consisting of objects w(a) ® w(b)¥ and morphisms
w(f) ®idy, v and idy,q) ® w(f)" corresponding to objects a,b € D and morphisms f : a — bin D,
respectively.

Theorem 7.8. If (C,V) is a braided monoidal category, and the mentioned coend exists, it comes
equipped with the structure of a braided bialgebra, such that (DCUC):J&X is monoidal equivalent to the the
category of left H,,-modules, g, C. Additionally, if D is rigid then H,, admits a bijective antipode making
it a braided Hopf algebra object in C.

Tannaka-Krein reconstruction over Vec and symmetric monoidal categories was first formally treated
in [55] and later for algebraic groups in [20]. We refer the reader to [34] for a detailed comparison with
Tannaka-Krein duality for compact topological groups. The formulation of braided Hopf algebras and
braided Tannaka-Krein reconstruction as we have presented here appears in [41l]. The detailed proof
of this result can be found in Chapter 9 of [46], where the coend is is described in terms of natural
transformations between certain functors.

We will not go into the details of the proof of Theorem[Z.8] but only present the structural morphisms
of the resulting Hopf algebra in the case where the functor w is strict monoidal and additionally w(z)V =
w(zV) forallz € D. If i, : w(z) @w(z)Y — H,, denote the unique natural morphisms, making H,, the
colimit of the diagram, then the Hopf algebra structure (m,n, A, €, S) on H,, is defined via the unique
morphisms satisfying:

m:Hy ® Ho = Ho s mpe ® pty) = bagy (idu@) ® Yoy ,wiy) @ idug)v)
n:l—=Hys n=pu
A:H,— H,®H, ; A,U/I = (/'[/Z ® lulw)(ldw(z) ® COCV () ® ldw(z)\/)
€e:Hy =15 ey =evy
S:tHy — Hy; Spa = pav (eVy(z) @ idy@v)gw@ ) (Yw @) gw@v V) wev))
(idw(z)®w(z)v & w(evz)v)
where z,y € D. In [60], a generalisation of Theorem[Z8lis described where C is a monoidal category, not
necessarily braided, with suitable colimits. The output in this setting is then a Hopf monad rather than a
braided Hopf algebra. We will briefly review this theory with reference to our construction in Section[4.3]

Assume C is a monoidal category where @ preserves colimits in both entries. A construction data

over C consists of a strong monoidal functor w : D — C where D is a small monoidal category and w

factors through the inclusion functor inc. : C;jz — C. Additionally, we assume that the following coends
exist for every object X in C:

deD
T,(X) ;:/ w(d) ® X ® w(d)” (74)

Now we review the main result of [60]]:

Theorem 7.9 (Theorem 3.3 [60]). Let w : D — C be a functor factorising through inc. : Crig — C such
that the coends T,,(X) in (I4) exist. In this case:

(1) T, is functorial and comonoidal.

(II) If D is monoidal and w is strong monoidal then T, also has a monad structure. Moreover, CT
becomes isomorphic to the lax right dual of w.

(I11) If D is left (right) rigid then T, is right (left) Hopf.
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The proofs of these results are rather lengthy and elaborate and we refer the reader to Section 3 of
[6Q] for the full proofs. However, we will briefly review how the Hopf monad structure on 7, is defined
with reference to our construction from Section 4.3

Let us denote the universal morphisms w(d) ® X @ w(d)Y — T,,(X) by 1q x. Recall from Sec-
tion that any pivotal pair (P, @) in a monoidal category C corresponds to a strict monoidal functor
w : Piv(1l) — C. By definition the image of w falls in C;; and the coends T,,(X) become precisely
the colimits 7'(X) described in Section[d.3]in this case: Objects of Piv(1) are tensor products of several
objects of the form + and — and their images under w took the form P;, ®- - -® P; , corresponding to lists
ij € {—,+}. Hence, we wrote the universal morphisms ¢4, x : w(d) ® X ® w(d)" — T,,(X) in the form
(¥iy,....in, ) x - Similarly, it should be clear that by definition T, is the colimit of a diagram in End(C) with
functors F; := w(d) ® — ® w(d)" and natural transformations w(f) ® — @ w(d’') and w(d) ® — R w(f)V
corresponding to morphisms f : d — d’ in D. Note that w(1) ® — @ w(1)Y = Fy = id¢ in Section 4.3
since w was strict monoidal. Since all morphisms in Piv(1) were generated by the quadruple of duality
morphisms we only needed to look at four families of parallel pairs to construct 7, in Section[£3]

With the above notation T, obtains a natural comonoidal structure (15, T) where T>(X,Y") and Tj
are the unique morphisms satisfying

To(X,Y)Ya,xev = (Ya,x @ Ya,y)(idu@ox @ coev,, g @ idyguw(a)v) (75)
TO"/’d,l = &V (a) (76)

for all objects d € D. In the example of w : Piv(1) — C the evaluation and coevaluation maps for arbi-
trary objects d € Piv(1) took the forms coevy, ... ;. and ev;, . ; and gave rise to the same comonoidal
structure described above.

If we further assume that w is strong monoidal, then 7" obtains a monad structure (u1,n) where p1x
and nx are the unique morphisms satisfying

n

fxarx) (dw@ ® Yo, x @ idy@yv) = Yaga,x (w2(d,d') @ idx @ (wa(d,d’)"")Y) (77
nx = 1/117)((&)0 RX® (wal)v) (78)

for any pair of objects d,d’ € D. In Section (D translated to the universal property of 6 and (Z8)
simplified since w was strict monoidal and thereby wy = id;.

The isomorphism C*» 2 (pwe)? . . is defined as follows: For any T-module (X, 7 : T'(X) — X)) the
object X obtains a lax right braiding (riq, x ® id,, () (idw(@)ex @ coev,,(q). In the converse direction
for any object (X,7) in (pwe); ., we obtain a T-action r on X as the unique morphism satisfying
o, x = (ldx @ evyq))(Ta ® idw(d)v). In Section 4.3 we observed this isomorphism by showing that
each object (X, o) of C(P, () obtains a T-action via a,, and (3, and vice versa.

If C is left or right closed then part (IIT) of Theorem follows directly from the isomorphism of
CT = (pwe), .. and a symmetric version of Theorem[Z.3l However, when C is not closed, the statement
is still shown to hold in [[60] and the inverses of the fusion operators of 7" are constructed as in the proof
of Theorem 4,13 but with the additional use of the natural isomorphisms ¢ : w(—") — w(—)"V. For our
choice of w : Piv(1) — C, ¢ were simply the identity morphisms. We refer the reader to Section 3.8 of
[60] for this description since the details of this construction go beyond the scope of this work.

In [60] it is also noted that if C admits a braiding then the coend T, can be written as — ® B for
some braided Hopf algebra B. As seen in Section if w factors through the center of C then one can
produce an augmentation on 7, by using the braidings w(d) ® X @ w(d)¥ — X ® w(d) ® w(d)" as in
Theorem 416

Note that when applying Tannaka-Krein reconstruction for ordinary Hopf algebras (C = Vec) we
obtain an embedding of D into the category of comodules of the reconstructed Hopf algebra H,,. In the
monadic setting, the category of comodules over 7, are defined as the left 1ax dual of the forgetful functor
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Uz, and this embedding follows trivially. We will briefly discuss the notion of comodules in Section[§] In
the classical setting, we can also use a ‘Recognition Theorem’ to tell if this embedding is an equivalence
when restricted to the rigid subcategory of comodule [Theorem 3 [34]]. As far as the author is aware,
such a result does not exist in the monadic setting for a general base category C.

Duals and Cenetralisers of Hopf monads: Before the work of Shimizu in [60] which we discussed
above, Bruguieres and Virelizier [[15] studied the question of when the dual of the forgetful functor Uz :
CT — C of a Hopf monad T could be identified as modules over another monad Z7. In the Tannaka-
Krein terminology, we would obtain Z7 as Ty, if suitable coends exist. However, the work in [15] is
presented from a slightly different point of view.

First note that for an ordinary finite dimensional Hopf algebras H, the dual of its category of finite
dimensional modules can be identified with the category of modules over the dual Hopf algebra H*.
Hence, Z7 is generalising the dual Hopf algebra construction and since the latter structure on H* only
makes sense when H is finite dimensional, generalising this theory to Hopf monads only makes sense
if we assume C to be rigid. In this setting, an endofunctor 7" on a monoidal category C was called
centralizable in [13] if for any object X in C, there exists an object Zr(X) with a universal natural
transformation ¢~ : X ® — — T(—) ® Zp(X), such that for any other such pair (Z(X), $X) there
exists a morphism f : Z(X) — Zp(X) satisfying X = ¢X f. If Zp exists, ¢F : X @Y = T(Y) ®
Z7(X) becomes a natural transformation in both entries [Lemma 5.2 [[15]]] and the pair (Z7, ¢) is called
a centralizer for T'.

In principle, the universal property described means that Z(X) = fyec T(Y)® X ®Y" and given
the adjunction Frr 4 Ur we obtain an equality

YecC (M,ryec”
Zr(X) = / TY) XYY = / Ur(M,r)® X @ Ur(M,r)" =Ty,

See Lemma 3.9 of [15] for more details. Thereby, Theorem 5.6 of [[15] follows as a consequence of
Theorem[Z.9and C#" = (o (Ur),)°.

Finally, we should note that Z7 was described in [15] as the monad whose module category recovers
the relative centre to T, which was denoted by Zr(C), rather than (o (Ur).)°. The relative centre is
defined to have pairs (M, ) as objects, where M is an object of C and § : M ® ide — T ® M a natural
transformation satisfying (75(Y, Z) @ idy )0y gz = (idpy)®02)(0y ®idz) andidy = (To ®@idas)ds.
Using the adjunction Fp - Uy, we obtain a natural isomorphism between Z7(C) and (¢ (Ur)e); .0 If

71 and e denote the unit and counit of Fi = Uy, then we can define a pair of inverse functors L : Z7(C) —
(e (Ur)e); 1ax ad K = (e (Ur)e); 1y — 27(C) by

L(M, 5) ::(M, (UTE(N,T) ®id1w)5]v T M® UT(N,T) — UT(N, 7’) & M)
K(M,T) :(MyTFT(N)(ldM ®7’]N) M N — UTFT(N) ®M)

Note that since C was assumed to be rigid for constructing Zr, there was no difference between the dual
and the lax dual of Ur, as noted in Theorem[2.1]

8 Other aspects of Hopf monads

In this section, we briefly mention some other aspects of the theory of Hopf monads which we have not
covered.

Comodules over bimonads: For an ordinary bialgebra H, it is well-known that the category of H-
comodules 7 M becomes isomorphic to the dual (,, pm Uvec)o of the forgetful functor U : y M — Vec.
The correspondence between H-coactions on M and braidings M @ U — U ® M follows exactly as
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in the correspondence between £ VD and Z; 1.« (17 M). An interesting question is finding an appropriate
notion of comodules over an arbitrary bimonad.

If we consider the bimonads arising from braided bialgebras BB, we recover the notion of B-comodules
by looking at T'(1)-comodules. Therefore in the main references on Hopf monads [14} [12] comodules
over T'(1) are called T-comodules, as in Section[Z.2] However, given a bialgebroid B over an algebra
A, there exists a well-define notion of B-comodules such that the category of these objects again become
isomorphic to the lax left dual of the forgetful functor g M — 4 M 4 [58]. Therefore, given a bimonad T’
on a category C, it is more natural to define the category of T'-comodules as the category (¢ (UT)C)?_laX.
This is the point of view which is taken in [60]. However as pointed out in Remark 2.13 of [60], this
definition is not appropriate for braided bialgebras in arbitrary braided categories.

Since the forgetful functor U : (cr (Ur),) — C creates colimits by Theorem [2.4] it is natural

to expect that for suitable choices of C, the functor U admits a right adjoint and that (o (Ur) C)Zlax can
indeed be identified with the category of comodules over some bicomonad. For ordinary bialgebras this
would be the bicomonad structure on H ®g —, while for a bialgebroid B over a base algebra A it would
be the bicomonad structure on the functor B x 4 — on 4 M 4. However, the existence of such a right
adjoint has to be verified for specific examples using the adjoint functor Theorems and we can not make
a general statement on the comonadicity of U.

Double of a Hopf monad: Given a finite-dimensional Hopf algebra H, the Drinfeld double of H
usually denoted by D(H), is a Hopf algebra structure on the tensor product H ®g H* with a quasi-
triangular structure and its category of representations recover the center of the category of H-modules
Z(gM) 2 BYD. If T is a centralizable Hopf monad on a rigid category C with centralizer Z7 (replac-
ing H* ®k — from the ordinary case), one can obtain a Hopf monad structure on the endofunctor ZpT'
[Theorem 6.1 [[15]]. This is done by first obtaining a comonoidal distributive law \ : T'Zp — ZpT using
the universal property of Z7 and then defining the double of T' as Dy := Zp o) T

)
l,lax

In particular, it follows that CP7 = (CT)ZT where Z7 denotes the lift of monad Z7 onto CT via
A, as discussed in Section[5.21 As in the case with the ordinary double, there exists an isomorphism
Z (CT) =~ CP7 [Theorem 6.5 [15]]] and one can also obtain a quasitriangular structure on Dr. For more
details on this we refer the reader to Section 6 of [[15]]. In [15]], this theory was utilised to define the notion
of double for a braided Hopf algebra B in a rigid category C which admits a coend C. The resulting
double is a braided Hopf algebra structure on B ® VB ® C rather than B ® ¥ B. In the case of ordinary
Hopf algebras C' = K in Vecgq, and the usual double is recovered.

Hopf Monads of Mesablishvili & Wisbauer: In [48] 49| 50], bimonads as discussed here are re-
ferred to as opmonoidal monads and the term bimonad refers to endofunctors B on arbitrary categories
C (not necessarily monoidal) which have a monad structure as well as a comonad structure along with a
distributive law A\ : BB — BB satisfying a compatibility condition similar to the bialgebra axioms. An
antipode is then a natural transformation S : B — B and, under suitable conditions, it exists if and only
if a version of the Hopf module Theorem holds i.e. the free functor C — (CB ) 5 1s an equivalence, where

B is the lift of comonad B onto C7 via A.

Bimonoids & Duoidal Categories: The theory of bimonoids and duoidal categories is very much
parallel to that of bimonads. Duoidal categories, originally introduced as 2-monoidal categories, are
categories with two distinct monoidal structures and a compatibility structure between them. A detailed
discussion of these categories and n-monoidal categories can be found in [3]. These categories are not to
be confused with monoidal 2-categories, which are 2-categories with a monoidal structure.

Explicitly, a duoidal structure on a category C consists of two monoidal structures (®, 1) and (%, 1)
along with a monoidal structure on the functor x : C xC — C, givenby (x y.w,z : (X *xY)@(W*Z) —
(X@W)x (Y ® Z)and ¢ : 1g — 1g * 1g, where C x C is a monoidal category with ® acting
in each component. A bimonoids in a duoidal category is then an object with a monoid structure with
respect to one monoidal structure ® and a comonoid structure with respect to the other monoidal structure
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* satisfying an analogous version of the bialgebra axiom using ¢. Such objects naturally give rise to
bimonads on the category, with respect to the second monoidal structure x. Braided monoidal categories
and braided bialgebras become examples of this theory with with x = ®°P and ( = id¢ ® ¥ ® id¢. For
a brief discussion of different notions of the Hopf condition for bimonoids, we refer the reader to Section
7.20 of [9].

2-Categorical point of view: The notions of bimonads and Hopf monads can be defined at a 2-
categorical level. Monoidal categories can be viewed as 2-monoids (pseudomonoids) in the monoidal
bicategory Cat consisting of categories, functors and natural transformations. From this point of view,
one can define a bimonad structure on a 1-morphism (a functor in Cat). In a bicategory, one can defined
analogous notions of a monad structure on any 1-morphism with the same source and target as well as
that of comonoidal structure on any 1-morphism whose source and target carry pseudomonoid structures.
Hence, one can study bimonads on any pseudomonoid in a monoidal bicategory. This was the point of
view taken by P. McCrudden in [47]]. The Hopf conditions in Definition [3.10]are particularly useful, since
they naturally extend to this setting.

More recently in [10], a Frobenius condition for pseudomonoids is discussed so that one can define a
notion of antipode in the bicategory setting as well. This theory recovers the antipodes given in Section[3.2]
for rigid monoidal categories as an example. Moreover, this point of view allows us to view bimonads
as examples of bimonoids in a special duoidal category: For a map-monoidale (map pseudomonoid) in
a monoidal bicategory, the category of 1-morphisms from the map-monoidale to itself and 2-morphisms
between them, comes equipped with a duoidal structure. In particular, if the map-monoidale is a monoidal
category viewed in Cat, picking a bimonoid in the mentioned duoidal category is equivalent to picking a
bimonad on the monoidal category.

A Appendix: Hopf Adjunctions in Topos Theory

In this section, we present some occurrences of Hopf adjunctions in topos theory. Since the definitions
of Hopf monads and adjunctions were introduced much later than the examples presented here, these
examples are usually stated without reference to Hopf adjunctions. However, we hope that by presenting
these examples in this survey, we provide an intersection of interests for topos theorist and Hopf alge-
braist. We use [32,133]] as our main references on topos theory. Here, we will only care about the fact that
topoi are cartesian closed categories and recall that the appropriate notion of morphisms between topoi
are geometric morphisms f : D — C which consist of a pair of functors f* : C — Dand f, : D — C
where f* - f, and f* preserves finite limits.

If f : D — Cis a geometric morphism, then the monad f, f* obtains a strong monoidal structure since
f* preserves the cartesian structure by definition. Consequently, the fusion operator (23) is invertible
if and only if the counit of the adjunction is an isomorphism, or equivalently the monad f.f* is an
idempotent monad. The geometric morphisms satisfying these equivalent properties are called geometric
embeddings or geometric inclusions. See Lemma A4.2.9 of [32] for more details. Any topological
immersion f : X — Y gives rise to such an embedding Sh(X) — Sh(Y") where f, is the direct image
functor sending a sheaf F on X to the sheaf f.F defined by U ~ Ff~1(U) foropen U C Y. See
Example A4.2.12(c) in [32] for more details.

A geometric morphism f : D — C is called essential if f* admits a left adjoint f; : D — C. Since
f* preserves finite products, then fi f* obtains a bimonad structure on D. As far as the author is aware,
geometric morphisms were f* is also cartesian closed do not have their own name. However, an important
class of geometric morphisms satisfy this condition. Namely, locally connected geometric morphisms,
which are morphisms where the induced functors f*/c : C/c — D/ f*(c) for arbitrary objects ¢ in C
are cartesian closed. This statement is equivalent to asking f*/c to admit left adjoints in a compatible
manner (see C3.3.1 in [33]). Consequently, for any locally connected geometric morphism, we obtain a
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family of Hopf monads on D/ f*(c). In particular, f* preserves finite limits and sends the terminal object
of C to a terminal object of D i.e f*(1¢) = 1p and f*/1¢ = f*: C ~C/1l¢ — D/1p ~ D is thereby
cartesian closed. Therefore, if f : D — C is a locally connected geometric morphism, then we obtain a
Hopf monad fi f* on D.

The classical of example for locally connected geometric morphisms are given by locally connected
topological spaces. Given such a space X, we obtain a locally connected geometric morphism f :
Sh(X) — Set, where f* is the constant sheaf functor, f. the global section functor and f the con-
nected components functor which sends a sheaf F to the set of connected components of its associated
étale space. See C1.5.9 of [33]] for additional details.

Another class of essential geometric morphisms for which f* fi carries a Hopf monad structure are
connected morphisms where fi(1) = 1. A geometric morphism f : D — C is called connected if f* is
faithful and full. In this case, f* fi again becomes an idempotent monad. See Lemmas C1.5.7 and C3.3.3
in [33]] for further details.
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