Gradient algorithms for quadratic optimization

with fast convergence rates

Luc Pronzato* and Anatoly Zhigljavsky

Abstract We propose a family of gradient algorithms for minimizing a quadratic function f(z) =
(Az,z)/2 — (x,y) in R? or a Hilbert space, with simple rules for choosing the step-size at each iteration.
We show that when the step-sizes are generated by a dynamical system with ergodic distribution having
the arcsine density on a subinterval of the spectrum of A, the asymptotic rate of convergence of the
algorithm can approach the (tight) bound on the rate of convergence of a conjugate gradient algorithm
stopped before d iterations, with d < oo the space dimension.

Key words: Chebyshev polynomials, conjugate gradient, Krylov space, logistic map, quadratic
operator, steepest descent.

1 Introduction

Consider the problem of minimizing a quadratic function f(-) defined either on R? or a Hilbert space by

f(@) = 5(A2,2) = (2.1) 1)

where (-,-) denotes the inner product. We assume that A is either a symmetric positive-definite matrix
or a self-adjoint operator, with

0< m:( in)f 1(Ax,:n) <M= sup (Az,z) < .
T,x)= (z,z)=1

If A is a matrix, then m and M are the smallest and largest eigenvalues of A, respectively.
Consider a general gradient algorithm with iterations of the form

Tkl =Tk — Vegk, K=0,1,2... (2)

where g = V f(x) is the gradient of the objective function f(-) at point xj. For the objective function (1),
Vf(x) = Az — y. The iteration (2) can be rewritten in terms of the gradients as

k+1 = Gk — YeAgrk - (3)

In a series of papers [10, 11, 12] and the monograph [9] many gradient algorithms have been shown
to be equivalent to special algorithms for updating measures on the interval [m, M]. The central idea
is that of renormalization applied to the gradient. For simplicity the presentation is made for the finite
dimensional case where A is a matrix, which can be assumed, without loss of generality, to be diagonal
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A = diag(A1, ..., q) with eigenvalues m = Ay < Ay < -+ < Ay = M. Extension to the Hilbert-space
case will be considered in Section 5.
Write 2 = gr/+/(9k, gx) for the normalized gradient at z; and define

(k) 2 {91}
by = {Zk}z = =4 )
Zj:l {gk}?

as the i-th probability corresponding to vector zj, where {v}; denotes the i-th component of vector v.

yeeey 3

Let v denote the probability measure on the spectrum of A defined by the pz(-k)’s7 that is, vi(\;) = pl(-k).
The probability measure vy is defined by

(k+1) _ 7{%“}% for 1 =1 d
’ (Gk+1- Gkt1) Y

Note that (3) gives

(Gr+15 9r+1) = (ks 9x) — 27 (Agr, gr) + vi(Azgkvgk) ) (4)
so that
(k+1) (1 —mAi)? 2 (1 — )2 (k)
DP; = 9ks; = p; s 5
(> 1) = 27k (Agr, g) + 7 (A%gk, gr.) tow} 1- 27kﬂ§k) + ’Yiuék) ®)
where A )
“Gr» I
p = pa(v) = 20 (6)

(9r- 9k)
is the a-th moment of the measure v;,. When two eigenvalues of A are equal, say A; = A;11, the updating
gk) and Pg'lj-)1 are identical so that the analysis of the behaviour of the algorithm remains the
same when p;k) and pg-li)l are confounded. We may thus assume that all eigenvalues of A are distinct.

Also, a zero weight remains equal to zero at all subsequent iterations, we thus assume that vo(\;) > 0

rules for p

for all 7.
A common definition for the rate of convergence of the algorithm at iteration &k is r = (gr+1, 9r+1)/(9k, 9k )-
The rate for n iterations is

(907 gO) '

n—1
H re = (gnagn) .
k=0

therefore, the asymptotic rate of the algorithm can naturally be defined as

n—1 1/n

R= lim R,, with R,= (H rk> : (7)
k=0

Of course, this rate may depend on the initial point zy or, equivalently, on gg. Other rates which are

asymptotically equivalent to {ry} can be considered as well, see [12] and Remark 6.

The most familiar gradient algorithm is the steepest-descent algorithm, for which the step-size 7, at
iteration k is chosen so as to minimize f(zy—~ygx) with respect to v, which gives vx = (gx, gx)/(Agk, gx) =
1/ ugk). Its asymptotic behaviour is well-known, see [1, 10]. In particular, its convergence is slow: the
asymptotic rate R depends on the starting point but is never far from its worst value given by the

2
-1

Rmax: L )
p+1

Kantorovich bound



where p = M/m, the condition number of A. The asymptotic behaviour of the family of algorithms
defined by 5 = u((f) / /Ag:)_l (which includes the method of minimum residues for o = 1) is shown in [12]
to be similar.

Obtaining a faster asymptotic rate of convergence for gradient algorithms requires to extend the
possible choices for the step-size 7. Rewrite the updating rule (5) in terms of iteration applied to the
probability measure vy,

2 2
- A, ®
= 20kH1 F Vih B = 2Bkmy + pa

ve+1(A) =

where 8 = 1/ and v () is the weight assigned by the measure v to the point A. The roots G in (8)
are the key control variables for a gradient algorithm. Different strategies for choosing 0y give different
families of algorithms. Note that the only information about v, one has access to corresponds to its
moments ,u&k), a =1,2... Many of the examples of algorithms presented in [6], with §; a function of
ugk) and ugk), exhibit a much faster asymptotic rate of convergence than Ry, (it seems that allowing
0Bk to depend on more moments u((f) does not yield further improvement in the rate of convergence).
Fast convergence (small R) is observed for algorithms that exhibit a chaotic-type behaviour in R¢, which
makes their theoretical study difficult. The same is true for some algorithms for which (3 is allowed to
depend on moments of several previous measures vi_;, ¢ = 1,...,u. For instance, in the Barzilai-Borwein
algorithm [2], By is either /,Lgk_l) or ,uék_l)/ﬂgk_l).

Conjugate gradient, s-step optimal, MINRES and other algorithms based on Krylov spaces do not use
gradient directions for their successive iterations, see, e.g., [8]. However, when analyzing their behaviour,
one can construct an equivalent sequence of iterations following the gradient directions with control
variables (i depending on k and on moments of previous measures vg_;, ¢ = 0,1,2... The conjugate
gradient algorithm in R? converges in d iterations. When d is large, preserving the conjugacy of successive
directions is difficult and restarting the algorithm after each sequence of s iterations is recommended. This
corresponds to the s-step optimal gradient algorithm, see [5, 13|, which does not have finite convergence

but whose guaranteed asymptotic rate of convergence is

—s —2/s
R? + R? a5 (P+1
Rf — [ =2 T 7t —7-2/s (L1~

° ( 2 ° (p—1> ®

where

—1\2
R., = lim R::(ﬁ )
5§—00 \/ﬁ—i—]_

and Ts(+) is the s-th Chebyshev polynomial:

(t+ V2 =1+ (t—-Vt2-1)°
5 :

Ts(t) = cos[sarccos(t)] =

In this paper we propose a family of gradient algorithms based on simple rules for choosing the
sequence of control variables 8;. The main idea is to force vgx(A;), 7 = 2,...,d — 1, to tend to zero
as k — oo. The measure v, which summarizes the state of the iterates at step k, is then almost fully
characterized by vy (m), which facilitates the analysis of the asymptotic behaviour. Furthermore, we show
that the sequence {8k} can be chosen independently of {4} while ensuring that the asymptotic rate of
convergence is arbitrarily close to Ro. This independence of {8} on {vy} makes the algorithms at the
same time simple and robust with respect to the precision of calculations. Also, the step-sizes v, = 1/8k,
k=1,2... are simpler to calculate than those of the steepest-descent algorithm. Convergence rates close



to R are obtained when the (;’s are constructed so that their asymptotic distribution is close to a
distribution with the arcsine density.

The worst-case rate R can be reached for the s-step optimal gradient when d > s, in the sense
that there exist eigenvalues \; and initial point zg for the algorithm such that the rate of convergence
after s iterations is exactly R’ (and the behavior in terms of renormalized gradient zj is then periodic
with period s), see [5, 13]. The same is true for the conjugate gradient algorithm: for s < d there exist
eigenvalues A; and a starting point zy such that the convergence rate after s iterations is exactly R.

If d is large (relative to the total number of iterations), s is not very large and the eigenvalues of A are
well-spread in the spectral interval [m, M|, then the actual rates (per one matrix-vector multiplication)
of the MINRES and other optimal methods based on the use of s-dimensional Krylov spaces are very
close to R’ and are often larger than R.,. Bearing in mind that the asymptotic rates of the algorithms
suggested below can be arbitrarily close to R, and these algorithms are extremely simple and robust,
these algorithms may be preferable to MINRES and other Krylov space based methods for large-scale
quadratic optimization problems.

The paper is organized as follows. In Section 2 we show that for a suitable choice of the sequence {5y}
the algorithm attracts to the plane spanned by the eigenvectors associated with Ay = m and \y = M. In
Section 3, we assume that the values of m and M are known and give the expression of the asymptotic
rate of convergence of the algorithm in the case where the (§i’s are generated by pairs symmetric with
respect to (m + M)/2. Several examples are presented, some with a rate arbitrarily close to Ry,. The
case where m and M are unknown is considered in Section 4 where a practical algorithm is suggested and
some simulation results are presented. Finally, the infinite dimensional situation where f(-) is defined on
a Hilbert space is considered Section 5.

2 Attraction of the sequence {v;} to the set of measures sup-
ported at m and M

Theorem 1 Assume that B > 0, B ¢ {m, M} for all k and that the sequence {Br} has asymptotic
distribution function F(8) which is supported on an interval [m’, M'] with 0 < m’ < M’ < oo. Suppose,

moreover, that the limiting distribution satisfies

/1og(ﬁ—A)2dF(5) < max{/log(M—5)2dF(ﬂ),/log(ﬁ—m)QdF(ﬁ)}, YA e {Aa, ..., g1} (10)

Then, the gradient algorithm associated with the sequence {fBi} is such that limy_ o vx(\;) = 0 for all
1=2,...,d— 1. Furthermore, there exist constants C > 0,kg > 0 and 0 < 6 < 1 such that

ZW« ) < CO* for k> k. (11)

Proof. The fact that the sequence {8} has asymptotic distribution function F(3) implies

k—

o1
Jim %; h(E) = [ h(e)dr() (12

for any continuous function h(-) such that [ |h(8)|dF(8) < oo, see [7]. Define

Hiy(A\) = Cr (A= 50)> (A= B1)* - (A= Br-1)?, (13)



with C} a normalizing constant such that v (\) = Hg(A\)vp(A) in (8), and assume that

[ 10001 = 57 ar(®) < [ 1og(s - m)? dr(s) (14)
(if this inequality is not met, m should be replaced with M in all considerations below). Define the sum
k—1 k-1
1 Hi(\) 1 5 1 9
Sk (A = -1 :—721 P — 75 log(\ — 33, 15
k:( 7m) k Og Hk-(m) k ot Og(ﬁ] m) + k = Og( ﬁ]) ( )

and consider the first sum I (m) = (1/k) Z;:é log(8; —m)? in the right-hand side of (15) and the related
integral I(m) = [log(8 —m)? dF(8). Since the c.d.f. F(-) is supported on a bounded interval [m’, M’]
we have I(m) < oo. The assumptions (10) and (14) imply I(m) > —oo and the property (12) then gives
the convergence Iy(m) — I(m) as k — oo.

Consider now the second sum I (A) = (1/k) Z;:é log(B8; — A)? in the right-hand side of (15) and the
related integral I(\) = [log(8 — \)? dF(3). Since the c.d.f. F(-) is supported on a bounded interval, the
integral I()) is properly defined but may equal —oo (for example, if the c.d.f. F(-) has a discontinuity at
the point A). If I(A\) = —oo then as k — oo the sum I () tends to —oo too. If I(A) > —oo then either
I (X\) = —oo for all k large enough (when at least one §; is equal to A) or (12) implies that I () tends
to I(\) as k — oo.

Therefore, from (10), Sk (A, m) tends to a negative value (possibly —oo) as k — oo. This implies that
there exists kg > 0 and § > 0 such that for all K > kg and A € {Xa,..., Ag—1}

1. Hi(\)
—log Ho(m)

Sp(\,m) = < —d; (16)

E

that is, Hy(\)/Hy(m) < 6%, where § = exp(—6) < 1. This yields 221:—21 vi(\) < 0F (25;21 Vo()\i)) Jvo(m)
for k > ko, hence (11). The result limy_, o 5(A;) =0 for i = 2,...,d — 1 obviously follows from (11). ®

Remark 1 The sequence {8} can be assumed random, for instance formed by independent and identi-
cally distributed random variables. In this case, all the statements are true with probability one. When
the (i’s are simply independent, with {Fy} the sequence of corresponding distribution functions and
(1/k) 25;3 F; converging weakly to F' as k tends to infinity, one may refer to [3, Th. 2.5.3, p. 36] for a
property similar to (12).

Remark 2 Typically, the spectrum of A is unknown. In that case, the condition (10) can be replaced
with the more restrictive one

[ 1086 - 27 ar(9) < max { [ 1080t = 97 a3, [ 10g(5 — m? dF(ﬁ)} VA (M), (7)

Remark 3 If the distribution with c.d.f. F'(-) is symmetric with respect to (m + M)/2, then we have
[log(M — 3)?dF(B3) = [log(B3 —m)?dF(3) and therefore the condition (17) simplifies to

/ log (8 — A2 dF(5) < / log(B — m)2 dF(B), WA € (m, M). (18)

Remark 4 Note that the support [m/, M'] of the distribution with c.d.f. F(-) could be different from
[m, M] and does not have to be a subset of [m, M].



Remark 5 The results of Theorem 1 also apply when (i depends on the moments of previous measures
Vp—i, 1 =0,1,2...

Example 1 For the steepest-descent algorithm with g, = p(lk), the limiting measure for {8} is the

two-point measure assigning weights 1/2 at z and m + M — z for some z € (m, M). The condition (17)
then simply expresses the property that two successive iterations (8) of the algorithm asymptotically give
a larger increase of the weights at the endpoints m and M than at any other point in the interval (m, M);
that is,

(z—=m)* (M —2)>>(z= N2 (m+M—2—-N)? VYA€ (m,M). (19)

Since for all z the only maximum of (z — A\)?(m + M — z — \)? with respect to A € (m, M) is at
\* = (m~+M)/2, the inequality (19) can be rewritten as (z —m)? (M —2)? > (z—A*)? (m+M — 2 — \*)?,
which gives

2 2V/2 2 2v/2

This corresponds to the definition of the stability interval for the attractor in [10, 12]. A similar result

ze(l(m+M)—1(M—m),1(m+M)+ ! (M—m)). (20)

holds for all gradient-type algorithms from the family considered in [12].

Example 2 If we choose 0, = ,uék), then the limiting measure for {8y} is the delta-measure concen-

trated at the point \* = (m + M)/2; as a consequence, the asymptotic rate for the related gradient
algorithm is Ryax. Proof of these facts can be found in [4] and [6], Sect. 2.7.

3 Asymptotic rate for symmetrically placed control variables

3.1 Main result

Theorem 2 Assume that the conditions of Theorem 1 are satisfied and that, moreover, the control vari-
ables B) are generated by symmetric pairs for large k; that is, Boj41 = M +m — Ba; for all j > jo, with
Baj € [m~+e, M — €| for some € € (0,(M —m)/2). Then, the asymptotic rate R satisfies

logR:/log (M —B) (B —m) (8 —

m)?
dF (3 :/1og7dFﬂ. 21
6(m+M,6’)‘ 8) 32 8) (21)
Proof. First note that dividing (4) through by (g, gx) gives the following expression for the rate 7y,

(Agr, 9x) 5 (A%gk, i)
(9k> 9k) * (9, 9r)

Consider a measure v with weights p and 1 —p at m and M respectively, 0 < p < 1. Apply two successive

=1 -2 8, + S )32 (22)

Tk:1—2"/k

iterations (8) with control parameters 3 and 5’ = m + M — 3 to this measure. The product of the two
successive rates does not depend on p and is equal to R3(8) = (M — 8)%(8 — m)?/[B(m + M — 3)]2.

According to Theorem 1, v tends to be supported at m and M and the rate of convergence is
exponential. We thus obtain for two successive iterations with control variables (; and (241 = m +
M =P 2j 2j

j j
R3(a5) [1 - Rg(aﬁ%)} < rara41 < R3(B2)) [1 + Rjg(eﬁh)}

for some A > 0 and j > ko /2, see Theorem 1. Since (33; € [m+e, M —¢], we have R3((3;) > R3(m+e) =
e(M —m—¢)/[(m+e)(M —¢)] > 0. Therefore,

IOg RQ(/BQJ‘) — Ba2j < IOg./TQjT2j+1 < IOg Rg(ﬂgj) + B02J s



Figure 1: Ry(f8) form=1, M =4

with B = A/R3(m + ¢), for j large enough. Since Z;io 6% =1/(1 — 6%) < oo, we obtain from (12),

k—1
1
log R = klingo Z Zlog,/rgjrsz = /log Ry (B)dF(0),
§=0

hence the first expression in (21). The second expression follows from the fact that the c.d.f. F(-) is
symmetric with respect to (m + M) /2. [

Example 3 Uniform density. Let the distribution with c.d.f. F(-) be uniform with density p(3) =
1/(M'—m'), B € [m/,M'], withm' =m+e, M' =M —c and 0 < e < (M —m)/2. Then the asymptotic
rate of convergence is

1 M B—m')? M'log M’ — m' logm/
Runiform,e = exp {M / log (62) dﬁ} = (M/ — m')2 exp {—2 I o .
m/ _

(23)

Remark 6 One can easily check that the result stated in Theorem 2 holds for other definitions for the
rate of convergence, see, e.g., [12, Th. 6]. For instance, the rate

flere) = (A7 'gry1, grr1)

), =

fle) = (A tgr,gx)
where f* = min, f(z), can be written as
o= 1=2/(u Be) + /() 82) (24)

1/n
and the corresponding asymptotic rate R’ = lim,, (Hz;é r}c) is equal to R which can be computed

by (21).

Remark 7 The shape of Ry(f) as a function of 8 shows that fast convergence is obtained for 5 close to
m or M, see Figure 1, hence the interest of taking € small in Theorem 2.

Remark 8 When vy is a two-point measure supported at m and M, two iterations of (8) with fxy1 =
M + m — B give Vg2 = V. Under the conditions of Theorem 2 the measure vy thus converges to a



measure U, = pr0m + (1 — pr)dar supported at m and M, with pe; tending to a constant ps, as j tends
to infinity. The limiting distribution of the sequence {p2;4+1} depends on F(-) and peo, while the value of
Poo depends on the initial measure vy and the spectrum of A.

3.2 Finite collection of control variables

Assume that the points (g, 31 ... are generated in repeated groups B = {f,...,8n} of N + 1 points in
(m, M), N > 0. Additionally, the points in B are symmetric with respect to (m+ M)/2. We may always
assume that Gy < ... < By. In this case, if IV is even then By/ = (m + M)/2. The condition (18) now
becomes

N N
> log(B; = N)? <Y log(B; —m)?, VA€ (m,M). (25)
=0 j=0

If this condition is met then the asymptotic rate is

1/(N+1)

N 2
R=Ry= HW . (26)
=0 Vi

Example 4 Uniform grid. Assume that for some integer N > 0,

. 1
’L+§

B={8,...,0n} with @:m+N+1

(M —m), i=0,1,...,N. (27)

It is easy to see that the condition (25) is met. The rate Ry computed by (26) is given by

) 1/(N+1)

T2 (N +3/2) 12 (mphfienm

RN: ’

2NM+3M—m
”FQ( 2(M—m) )

where I'(+) is the gamma-function. The value of Ry for m = 1, M = 4 is plotted in Figure 2 as a function
of N. Asymptotically, as N — oo, Ry approaches Runiform,0 defined in (23) (with Runiform,0 =~ 0.2232
form =1, M = 4). Instead of using the 3;’s according to (27) for large N, one can generate the sequence
{B;} using, for example, the Bernoulli shift:

Hg(t) =2t [mod 1], t € (0,1), (28)

with By randomly chosen in (m/, M’), and for all j =0,1,2...

._m/
Pajpr=M'+m' = Baj, Bajyo =m'+ (M —m') Hp (%) ’

withm’=m+e, M =M —-cand 0 <e < (M —m)/2.

Example 5 Nearly optimal N + 1 points. Consider first the case N = 1. When the condition (25) is
satisfied, the asymptotic rate is Ro = |M — B]|8 — m|/[8|m + M — B]], see the proof of Theorem 2.
For 8 € [m, M], Ry improves when |3 — (m + M)/2| increases and reaches its minimum value, zero, at
B € {m, M}, see Remark 7. Condition (25) imposes that § belongs to the interval (20), by choosing
sufficiently close to (m + M)/2 + (M — m)/(2v/2) one makes the rate arbitrarily close to Rj, with R}
defined by (9).
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Figure 2: Asymptotic rate of convergence (26) for m = 1 and M = 4 when the §;’s are on the uniform
grid (stars) and when they correspond to Chebyshev points (triangles, ¢ = 1079)

Take now N = 2, with Sy = 8, 1 = (m + M)/2 and B2 = m + M — (3. Similarly to the previous
case, condition (25) imposes that 3 belongs to the interval ((m + M)/2 — /3(M —m)/4, (m + M) /2 +
V3(M —m)/4), with the rate R3 getting close to R for 3 close to (m + M)/2 + v/3(M —m)/4.

By induction, one can show that the rate Ry can be made arbitrarily close to the value R} defined
by (9), with s = N + 1, when the N + 1 points 3; are suitably chosen and are constructed from the
roots of Chebyshev polynomials. This construction is considered in the next example. (Note that the
fact that Ry can be made arbitrarily close to R}, is not a coincidence: the worst case analysis of the
s-step optimal gradient algorithm, which yields the rate R}, corresponds to the situation where the ;s
are rescaled roots of the s-th order Chebyshev polynomial, see [5].)

Example 6 Chebyshev points. Chebyshev points are defined by

m2k+1
tkcos(2N+1> , k=0,...,N.

and correspond to the roots of Tyy1(z) = cos((IN + 1) arccos x), the Chebyshev polynomials of the first
kind. These points are symmetric on (—1,1). The asymptotic density of the points {t;}}’, as N — oo,
is p(t) = 1/(mV/1 —12), t € (—1,1).
Define
Bk = m—;M +M_72n_25ﬁk7 k=0,...,N,

where 0 < &€ < (M —m)/2. These points belong to the interval (m + ¢, M — ¢) and are symmetric with
respect to (m + M)/2. As € > 0, the condition (25) holds. The rate Ry computed by (26) is plotted in
Figure 2 as a function of N for m = 1, M = 4 and ¢ = 10~%. Asymptotically, as N — oo, Ry approaches

Rarcsin, « defined below in (31).

3.3 Control variables with arcsine density on a subinterval of [m, M]

Let us assume that the distribution with c¢.d.f. F(-) has the density

1
) = G ar =)

, m'<B<M, (29)




where m’ =m+¢e, M' = M —e¢ and 0 < ¢ < (M — m)/2. The density (29) is called the arcsine density
on the interval [m/, M'].
The sequence of points {3;} can be generated using, for example, the logistic map

Hp(z) =4z(1—-2x), z € (0,1), (30)

with By randomly chosen in (m/, M’), and for all j =0,1,2...

By — m’
Bojer =M +m' = By;, Bojya =m'+ (M —m')Hp (]\;]’_m/ '
Note that the control variables §; are placed symmetrically in the interval [m, M]. We show below that
the condition (17) holds for each € > 0. According to (21), the asymptotic rate of convergence is then

M’ _ 2
Rarcsin,a = exp {/ , 1Og (ﬂI‘TTn)pa(ﬁ) dﬂ} (31)

and we show below that

2

Rmn5<M‘m+2VE(M‘m‘5>> . (32)
’ M+m+2y/(M—¢e)(m+e¢)

For ¢ = 0 this gives Rarcsin,o0 = Roo = (/P — 1)2/(\/ﬁ—|— 1)2 where p = M/m. However, we cannot

choose £ = 0 as the condition (17) does not hold (we also show below that I(\) = [log(3 — \)? dF(3) =

2log(M — m) — 4log?2 for A € [m, M]). Since the condition does hold for any £ > 0, the rate of the

algorithm can be made arbitrarily close to R..: for small € > 0, we have

Rarcsin,a = Roo (]- +4\/m) + O(E), e—0.

The rest of this section is devoted to the verification of (17) for € > 0 and to the derivation of the
formula (32) for the rate Rarcsin,e. Define the integral

M’ 2
1 _
J(Z,m/,M/) — / Og(/B Z)
m /(B —m')(M' — )
where —co0 < z < co. The changes of variables t = —1 4+ 2(8 —m/)/(M' —m’) and ©z = —1 + 2(z —
m')/(M" —m’) in the integral (33) give

M —m 1 U loe(t — )2
J(z,m/,M') = 210g7m + = I, where I, = log(t — 2)°
2 ™ 1 1 —¢2

Assume first that |z| < 1. By changing the variable ¢ = cos ¢ in the integral I, we obtain

1 _ 2 ™

I, = / Og(co,s—qu)sin¢ do = / log(cos ¢ — x)* dg.
0 sin ¢ 0

As cos(¢) = cos(2m — ¢) V¢, we have [ log(cos¢ — x)?d¢ = fjw log(cos ¢ — x)? d¢, which implies

I, = % f02ﬂ log(cos ¢ — )% dg. As we assume —1 < z < 1 we can set 1) = arccosz (so that x = cos)).

Y—¢ P+

5+ sin #5+, we obtain

g, (33)

dt. (34)

Using now the identity cos ¢ — cos¥ = 2sin

o 27 2
Lo %/0 log(cos¢—COSTP)2d¢:%/o 1og<2sin¢;1/’sin¢42r¢> do

2w 27 _ 2 27 2
= ;[/0 210g2d¢+/0 log<sin¢2w) d(b—i—/o 1og(sin¢;w> d¢]

= 2rlog2+ [/Oﬂ log (sin® (¢ — ¢ /2)) d¢ + /O7T log (sin® (¢ + 1/2)) dqﬁ] .
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The function ¢ — sin? ¢ is 7-periodic and therefore for any ¢/’ we get

[ o s 0+ 07) do = [

™

log (sin2 (¢)) do = 2/ log (sin ¢) d¢ .
0
This implies
I, =2rmlog?2 —|—4/ log (sin @) do = 2mlog2 — 4dwlog2 = —27wlog2, Ve [-1,1]. (35)
0

Assume now that || > 1. From (35) we have I; = —27log 2 and differentiating I, we get

/

s < ! log(x—t)th) 2
! 1 VI8 22 -1

Therefore, for x > 1,

T T 2 2 1
I, =1, =1 +/ Ildz = —2rlog 2 +/ Tﬂldz — —27log2 + 27 log (“ V;) . (36)
1 1 V22—
Combining (35) and (36) we obtain
I ! log(t — )2 _J —2mlog2 if |z <1
)y o viee )| 2nlog (x| + V2% —1) —2rlog2 if |z >1,
together with (34), it gives
2log(M’ —m’) — 4log2 it m<z<M
'](Z7m/aM/) = / ’ ; / / (37)
2log(M' —m') + 2log (|tz\ + /2 — 1) —4log2 if z<m/or z>M',

where t, = =1+ 2(z — m/)/(M' —m’). Therefore, J(A,m', M") < J(m,m', M') = J(M,m’', M') for all
Ain (m, M) and (17) is satisfied. The expression (32) for the rate Rarcsin, €asily follows from (37) and
the representation Raycsin,= = exp [J(m, m/, M') — J(0,m/, M')] with m' =m +ec and M' =M —e.

4 Estimation of m, M and a practical algorithm

4.1 Estimation of m, M and asymptotic behavior in the non symmetric case

The values of m and M can be easily estimated in the first iterations of the algorithm (3), for instance
by computing the first moment ugj ) for several values of 7=0,1,2... and taking

mk:min{,ugj), j=0,...,k}, Mk:max{ugj), j=0,...,k} (38)

as estimates. We then necessarily have m < my < My < M for k > 1.

Suppose that the estimation is stopped at some ko, that is, my = my, and My = My, for all k > ko.
Then, under the conditions of Theorem 1 with m’ = my, and M’ = My, we have 25;21 vi(\) < OOk
for k larger than some k; and constants C' > 0 and 0 < 6 < 1. Suppose that the control variables are
generated by pairs for k > ko, as in Theorem 2, but with Box11 = My, + my, — Box, for all k > ko.

If My, + my, = M + m, Theorem 2 applies and the asymptotic rate R satisfies (21). For instance, if
the ;s are generated as in Section 3.3, and have the arcsine density on [my,, My, ], the asymptotic rate is
Rarcsin, e With € = my, —m = M — Mjy,,. Consider now the standard situation where My, +mg, # M +m
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and suppose that M — Mj,, > my, —m. The asymptotic distribution of the §’s, symmetric in [my,, My, ],
is then biased towards m and vg(m) tends to zero when k — oo. Following the same line as in the proof
of Theorem 2, we obtain that the product of rates at two successive iterations for the delta measure at
M, with control parameters respectively 3 and ' = My, +mg, — 3, is R3 = (M — 3)*(M — 8')?/(88')%.
The asymptotic rate then satisfies

(M — B) (M + 3 — My, —mx,)

! = 1
og R /Og B3 (M, + miy — B)

Similarly, supposing that M — My, < my, —m gives an asymptotic distribution of the 3;’s biased towards

dF(B).

M, so that vg(m) tends to 1 as k — oo, and the asymptotic rate satisfies

_ (ﬁ_m)(Mko+mko_ﬁ_m)
s e = 1o e

’ dF ().

Now, note that v(m) — 0 implies that ugk) — M and vi(m) — 1 implies that u(lk) — m, k — oo,
so that maintaining the adaptation of the estimation of my and My by (38) ensures that my — m and
M, — M as k — oo. This permits to recover the same asymptotic rates as Section 3.3, even in situations
where m and M are unknown. Since the estimated values my and M}, quickly converge to m and M, see
for instance Figure 3, we need to generate the control variable §y in [my + €, My, — €] at iteration k. A
practical algorithm is given below.

4.2 An algorithm based on the arcsine density
A possible algorithm is then as follows.
e Choose T as a small positive number (e.g., 7 = 107°), set 2o = 0;
o for k=0,1, set fy = ugk) (steepest-descent) and set my = min{,ugo),,ugl)}, M, = max{,ugo),,ugl)};
o for k> 1, set e = 7(Mk_1 — my_1) and generate the 8;’s by pairs:
— for k = 2j, set z; = {p+z;_1} and foj = my + €5 + (cos(nz;) + 1)(My, — my — 2e1)/2, where
{t} denotes the fractional part of ¢ and ¢ = (v/5 — 1)/2 ~ 0.61803;
— for k =25+ 1, set fojp1 = My + my — Boy;

set my, = min{mk,l,ugk)}, M, = max{Mk,hugk)}.

The sequence z1, 22 . .. is such that z; = {j¢} so that the sequence is asymptotically uniform on [0, 1],
see, e.g., [7]. This implies that the asymptotic distribution of the sequence (), has the arcsine density on
[m + ¢, M — €] where e = 7(M — m). From (32), the rate of the algorithm satisfies

lim Rn = Rarcsin,'r(Mfm) = Roo(l + 4\/;) + O(T) , T — 0.

n—oo

The dynamical system z; = {j¢} generates a sequence in [0, 1] with much better uniformity characteristics
than sequences generated by the Bernoulli shift (28). Since the logistic map (30) corresponds to a
transformation of the Bernoulli shift, the construction above, based on z; = {j¢}, produces a sequence
of control variables 35 with better distribution characteristics than sequences generated with (30).
Figures 3, 4 and 5 illustrate the typical behavior of the algorithm above in a large-dimensional badly
conditioned problem. In the example presented, d = 1000, m = 1, M = p = 1000 and the eigenvalues \;
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Figure 3: Convergence of the estimates m,, and M,, as functions of n (m = 1, M = 1000, d = 1000)
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Figure 4: Values v,(m) as functions of n; circles for n = 2j, dots for n = 2j + 1 (p = 1000, d = 1000)
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Figure 5: Rate of convergence R,,, see (7), as a function of n; the limiting value Rarcsin,r(a—m) is indicated
by the dashed line (m = 1, M = 1000, d = 1000, 7 = 10~9)

are random and uniformly distributed on the interval [m, M] (one would obtain exactly the same plots if
the eigenvalues were equally-spaced on [m, M]).

In terms of complexity of calculations, only the multiplications of d-dimensional vectors by the d x d
matrix A are expensive. The steepest descent algorithm requires the calculation of 8y = ,ugk) / ,u’f) =
(Agr, Agr)/(Agk, gr) at iteration k. Having computed g and Agy, one may notice that next gradient
gk+1 can be obtained as gx+1 = gr — (1/0k)Agk, so that only the computation of Agy,1 is expensive
at iteration k£ 4 1. However, a long sequence of iterations of this type may produce an accumulation of
rounding errors, and it is rather recommended to recalculate gr+1 from zp41 by gpr1 = Axgr1 — y, see
(1). This then requires two multiplications by A at each steepest-descent iteration.

In the algorithm above, iteration k only requires the calculation of the gradient g, = Az — y, and
thus only one multiplication by A. Notice that the estimation of my and M} through the moments
,ugj) = (Agj,9;)/(g5,95), see (38), does not require the calculation of Ag; at step k. Indeed, allowing a
delay of one step in the estimation, we have (g;,9;4+1) = (g5,9; — (1/5;)Ag;) so that ,ugj) is obtained at
next step from ( )

@D _ a1 Yi:gi+1
w =P {1 (95:95) } '
Also, one may observe in Figure 3 that the convergence of m,, and M, to m and M respectively is very
fast, so that the estimation can be stopped after a few iterations. On the whole, it makes iterations
with the algorithm above about twice simpler than steepest-descent iterations (even when m and M are

estimated), with much faster convergence.

5 Hilbert space case

In the Hilbert-space case, A is a self-adjoint operator and its spectrum S4 is a closed subset of the interval
[m, M] of the real line, with m, M € S4. Let E) be the spectral family associated with A and define
the measure vy = d(E\zg, 2), m < A < M, with z, = gk/\/m the normalized gradient at xj;. We
have (zx,2r) = 1 = fn[\:l vi(d\) and vy, is a probability measure on the Borel sets of (0,0), satisfying
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vi([m, M]) = 1 for all k¥ and with moments still defined by (6). One iteration of a gradient algorithm
with control variable §; thus gives in terms of vy

SO = B)? vi(dN)
PRl

for A any measurable subset of [m, M], see (8). The properties obtained for the finite dimensional case

Vit1(A)

remain valid and only a few adaptations are required.

Theorem 3 Assume that the sequence {8} has asymptotic distribution function F(3) which is supported
on an interval [m',M'] = [m +e,M — ] with 0 < e < (M — m)/2. Suppose, moreover, that I(\) =
[ log(B — X)?dF(B) is a continuous function of X on (m’, M') and that

HA)<nmx{/Hqgmf5VdFo@,/ﬁqﬂﬂ7nﬁdFuﬁ}, VYA e (m', M), (39)

and that vo{[m,m + )} > 0 and vo{(M — v, M|} > 0 for all v > 0. Then, the measure v converges to
a two-point measure supported at m and M, in the sense that there exists ko such that, for any function

g(A) continuous on [m, M| and any & > 0, there exists v > 0 such that

max {

where C' = (m+ M)/2 and Cy > 0, oy, € (0,1) are constants depending on ~y. If, moreover, the control

M M
/ (N (dA) — g(M) / vi(dN)

C C

C C
/ g(Vwe(dA) — g(m) / vi(dN)

m m

b

}<Mcwﬁk>%,

variables By are generated by symmetric pairs for large k, that is, Boj11 = M +m — Ba; for all j > jo,
then the asymptotic rate R satisfies (21).

Proof. The proof of convergence of vy, to a two-point measure follows the same arguments as for Theorem
1. Suppose that F(-) satisfies (14). We still have for the first term of the sum S (A, m) defined by (15)

=
Ix(m) = z Zlog(ﬁj —m)? — I(m) = /log(ﬁ —m)?dF(B), k — oc.
=0

Concerning the second term I (\) = (1/k) Zf;é log(B8; — A\)? we need now a bound uniform in A, that
is, we need to show that

Ve > 0, 3K, such that: sup  Iy(AN)—I(N\) <e, VE> Kp. (40)
AE(m’,M")
Take a ball B(A1,d) = {A : [A = A1] < 6} and consider as(8) = supyep(a, s) log(B — A)2, which is an
increasing function of 4, as(8) = 2log(|8 — A\1| + d). We have
ti [ as(8)dF(3) = [ (1w as(9)]dF(5) = 1(0)

—0

and therefore, there exists d; = d1(A1) such that [ as(8) dF(8) < I(\) +¢€/3 for § < §;. Now,

k—1

sup L\ < (1) 3 2log(|; — A +9) < /ag(ﬁ) dF(B) + ¢/3

AEB(A1,6) i

for all k larger than some K7 = Kj(A1,d). Also, from the continuity of I()), there exists dy = d3(A1)
such that infyep(r, 5) 1(A) > I(A1) — €/3 for < da. Altogether it gives supcp(a, 5) Ik(A) — I(A) < € for
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§ < dp(A1) = min(dy,02) and k > K. It only remains to cover [m’, M’] with a finite number of such balls
B()\;, 6), with 6 < min; §o();) to obtain the result (40). Since log(3— \)? is a decreasing (resp. increasing)
function of X in [m,m/] (resp. in [M’, M]), together with the condition (39) it implies that for any set
S C (m, M), limsup,,_, . supyegs Sk(A,m) < —6 for some § = §(S) > 0. Therefore, there exists kg such
that, Yk > ko, Supye (s arry He(A)/Hi(m) < 6% where 6. = exp(—6.) < 1.

Consider now a function g(\) continuous on [m, M| and define

C C
/ g(N(dA) — g(m) / vi(d)| |

m m

Ay, =

where C' = (m + M) /2. We show below that

D
V6 >0, 3y > 0 such that Ay <6 + 2—————ak forall k> ko, (41)
fm VVo(d)\)

for some a,, < 1, where D, = maxcjm,c)|g9(A) — g(m)]. We have A; < fnf l[g(A) — g(m)|vi(dX) =
Ap1 + Ag2 + Ag 3, with

C

1) — g(m)[v(dA), Ags = / 19\ — g(m) | (dN),

m/’

’
m

m—+2y
Bui= [ g~ glm)llan. Az |

m m—+2vy

v < /2. From the continuity of g(\), we can take v small enough to have Ay ;1 < 6fm+2’y k(dX) < 4.

Next, Aga < Dy [ mtay Vk(dA) = D fm_s_%{ Avo(dX) with Hy()) defined by (13). Since 3y € [m/, M|

for all k, Hy(A) is a decreasing function of A for A € [m,m/], and for m + 2y < A <m/ it satisfies

Mm527>2k

Hy(A) < Hi(m +27y) < He(m +7) (M—m—6—7

Since [" Ty (d\) = [T Hi(\wo(d\) > Hy(m +~) [T vo(dN), we obtain

Akg <

D, {M—m—€—27rk
I vg(dn)y LM —m—e—n

We also obtain for the last term,
c c
Aps <Dy [ Hip(MNw(d\) < Dy60% Hy(m) / vo(d\) < D,0F Hy(m) for k > ko.

m/’ m/’

For A € [m,m'] we have Hy()\)/Hy(m) > (m' — X\)?¥/e?* so that

m—+y m-+y m—+y
12 [ @) = Hm) [ (o = /) > Hum)le =)/ [ m(an).
Therefore, for k > ko, .
D, Oce
Bk < P, ) [(e—w} |

We have 6.¢?/(e —v)? < 1 for v < (1 — /0.) so that (41) is satisfied for a., = max{6.€?/(e —v)?, (M —
m—e—27)?/(M —m —e—~)?} and o, < 1 for v small enough. One can show a similar property for
A = |8 gman) = o) [ vitan)|.
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Finally, we apply the property above to g(A) = A and g(\) = A2 and, following the same line as in
the proof of Theorem 2, we then obtain for the product of rates at two successive iterations with control
variables (o and Baj41 = m + M — (a;:

A aQJ—I—B(S A, a2 + BS
R3(B2; — | < rgraji1 < R3(Bay e A
2(52J) R2(52J) 2572j+1 2(5%) R%(ﬂzj)

for some A, >0, B > 0 and j > k¢/2. Therefore,
log R2(f2;) — A;agj — B'§ < log \/ra;T2;+1 < log Ra(B2j) + A;aij +B's,

with A% = A, /R3(m+e¢) and B’ = B/R3(m +¢), for j large enough. Since 372 a3 = 1/(1—a3) < oo,

we obtain from (12),

k—
1
log R — /logRg B)dF (B ‘ hm %Zlog,/rgjrgjﬂ —/1ogR2(ﬁ) dF(B)| < B'S.
3=0

Since ¢ is arbitrary, the asymptotic rate of convergence is thus the same as in the finite dimensional case.
|

Remark 9 Note that the condition I(\) being a continuous function of A is satisfied for all examples
considered in Section 3. It is also satisfied when the distribution function F'(-) has densfny #(-) with
derivative ¢'(-) uniformly bounded on (m’, M’). Indeed, one can write I(\) = /\A 1\7741/ d(\ —t) logt? dt
which has derivative I'(A) = ¢(m') log(A — m/)? — ¢(M’) log(A — M’')? + f qS’ ) log(\ — t)? dt; this
derivative is bounded, which implies the continuity of I(\).
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