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A MEASURE SPACE APPROACH TO
OPTIMAL SOURCE PLACEMENT™

Christian Clason' Karl Kunisch'

June 22, 2011

The problem of optimal placement of point sources is formulated as a dis-
tributed optimal control problem with sparsity constraints. For practical rele-
vance, partial observations as well as partial and non-negative controls need to
be considered. Although well-posedness of this problem requires a non-reflexive
Banach space setting, a primal-predual formulation of the optimality system
can be approximated well by a family of semi-smooth equations, which can be
solved by a superlinearly convergent semi-smooth Newton method. Numerical
examples indicate the feasibility for optimal light source placement problems in
diffusive photochemotherapy.

1 INTRODUCTION

This work is concerned with the optimal control problem

min ]|| 122 e, + oI
slly—z o ||u _
(P ueMr (@) 2 Y L2 (wo) Mp (@)

subject to Ay = Xw U, Ylaa =0,

where A is a linear second-order elliptic operator, w, and w, represent the observation
and control subdomains of the bounded domain QO C R™ with characteristic function ¥,
and z € L*(w,) is given. For convenience, we abbreviate ' = 9Q. Furthermore Mr(w.)
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denotes the topological dual of Cr-(@,) :={v € C(W,) : Vlgw.r = 0}, where the constraint
Vlow.nr = 0is dropped if dw, N T = (. The norm on M (@,) is given by

(1.1) Il = SUp j o du,
eeCr (@) We
HQPHCF(WC)g]

which coincides with [[u]| ,, , if u € L' (w.) (identified with a subspace of M (@,)) holds.
Since w. \ T is a locally compact Hausdorft space, the Riesz representation theorem allows
identifying elements of M (w,) with Radon measures that have compact support in w, \ T
(cf. [9, Th. VIII.2.19]).

The problem is motivated by the question of optimal source placement, e. g., in diffusive
optical tomography, since the L' norm is known to promote sparsity in optimization. The
connection between L! control costs and source placement was first discussed in [15]. However,
problem (%) is not well-posed in L', since L' lacks the necessary weak compactness properties.
Problems with L' control cost and L*® control constraints were considered in [15], [18], [19]
and [5], while a measure space setting was first investigated in [6].

In this work, we address the feasibility of optimal source placement by optimal control in
measure spaces by including partial observation, control on subdomains and non-negativity
of the controls, which was not considered in the previously cited works. The Fenchel predual
framework as utilized in [6] is not applicable in this situation, so we consider a primal-predual
setting. This framework can be modified to allow for nonlinear control-to-state mappings,
which also do not fit into the earlier Fenchel duality framework.

This paper is organized as follows. In section 2, we discuss the well-posedness of the optimal
control problem for measure source terms defined on subdomains and derive the optimality
system. Section 3 is devoted to the regularization of the optimality system and addresses the
convergence of the regularized solutions to those of the original problem. The numerical
solution using a semi-smooth Newton method is discussed in section 4. Finally, in section 5
we give numerical examples to indicate the feasibility of the proposed approach for a problem
of optimal light source placement in photochemotherapy.

Throughout, we take as W}>"(Q) the closure of {v € C*(Q) : v[so = 0} in the W' (Q)
norm, r € (1, 00). We denote by W=7 (Q) = (W} ™ (Q))* the topological dual of W} (Q).
Moreover, for w C Q we set Wh(w) = {@l, : @ € WHT(Q)} with dual denoted by
(W™ (w))".

2 PROBLEM FORMULATION AND OPTIMALITY SYSTEM

We first address the well-posedness of the state equation. Let M(Q) denote the topological dual
of Cy(Q) endowed with the operator norm, cf. (1.1). By the Riesz representation theorem (e.g.,
[9, Th. VIIL.2.10]), M(Q) can be identified with the Banach space of finite Radon measures.
We further choose q € (1,-"-) and set q' = 95—1 € (n,o0). For this choice, we have

Yn—1

Wé’q,(Q) < Co(Q), and this embedding is compact.



We consider the operator

n n

Ay=— ) d(ap(x)dy+dj(x)y) + D b;(x)dy + d(x)y,

j, k=1 j=1
and for p € M(Q) the abstract Dirichlet problem

{Ay =4 in Q,

2.
@) y=0, onoQ,

which is to be interpreted in variational form, i.e., y satisfies

(2.2) — Z (ajx05Y, 0 V)2 + Z (bj05y,v);2 + Z (y, dx0xVv);2 + (dy,v);2 :J vdu
j k=1 j=1 k=1 ¢

for allv € W) (Q). Here, Q is a bounded domain in R™ with C"® boundary 90, a;y, b; €
C%%(Q) for some § € (0,1), d;j, d € L*°(Q), and it is assumed that 0 is not an eigenvalue of
A. These assumptions imply that the adjoint A* of A is an isomorphism from Wé’q/ (Q) to
W—19(Q), see, e.g., [17, Th. 3.16], [10]. Consequently, A is an isomorphism from Wg’q (Q)
to W—19(Q). In particular, (2.1) admits a unique solution satisfying

Illwiaa) < Clikllaea)

for a constant C independent of , by the fact that M(Q) embeds continuously into W—"9(Q)
(see, e.g., [16, Th. 9.1] and [14, Th. 4.1]). We refer to [14] for a discussion of the various
(equivalent) characterizations of solutions to (2.2) and their uniqueness if A* is not surjective
on W4 (Q).

We now define the control-to-state mapping associated to (P). For this purpose, let

Re, : WHI(Q) = WHi(w,), Ry, : WH'(Q) = W' (w,)

denote the canonical restriction operators from Q to w,. and w,, respectively, with adjoints
Ry, (Whi(we))* - W ha'(Q), R 1 (Wh'(we))* = W h9(Q).
Further we shall employ the injections
J:Whi(wo) = LA(wo),  d: W™ (we) — Cr(@:)

with adjoints

7 L (we) = (Whi(wo))*, 87 : Mr(@e) = (Wh (we))™.
Then we set

Sw : Mp (@) = L (w,), u s IR, AT'RE, M,



and note that S, is a bounded linear operator. Since R, Re., J and J have dense ranges, their
adjoints are injections. To argue that J has dense range, let ¢ € Cr(w,). By Tietze’s extension
theorem (e. g., [7, Th. 3.1]), there exists a ¢ € Cr(w,) with @5 = 0and @|z, = @ (see also
[17, Th. 1.N]). Moreover ¢ can be approximated by ¢, € Wé’q/(Q) in the Wé’q/(Q)—norm,
and hence @[5, € Wha'(w,) approximates ¢ € Cr(@,).

We will also need the following continuity property of the control-to-state mapping.

Proposition 2.1. For any sequence {u,} C Mr(W.) converging weakly- in My (w.), the
sequence S, () converges strongly to S, (u) in L (w,).

Proof. Since q’ > m, the embedding W9 (w.) < Cr(®,.) is compact. Therefore, the
adjoint embedding Mr(w.) — (W"9'(w,))* is compact as well. Weak-x convergence of
uy in Mr (@, ) thus implies strong convergence of J*uy. The claim then follows from the
continuity of JR,, A~ 'R}, . O

The reduced problem corresponding to (P) can then be formulated as

) 1 2
@3) i 18w 2l + <l

Existence of a minimizer u* follows from the fact thatbounded sequences in M (. ) contain a
weakly-* convergent subsequence, and that w — |||, (., is weak-x lower semicontinuous.

Remark 2.2. If a minimizer u* satisfies u* € L' (w,), it is also a solution of the problem

. 1 2
uelg}l(rclvo) 2 [Swu — ZHLZ(wo) +ocfull (we)*

This follows from the embedding of L' (w.) into Mr (@, ) and the fact that [[v[| (., =
VIl (@, for v e LT (we) (cf. [4, Ch. IV]).

To derive a necessary optimality condition for (2.3), we shall utilize the operator
*Sw L (wo) = Cr(we), @+ IR, (A") 'Ry, T,
noting that
("Sw)™ = Sw,
i.e, *S, is the “preadjoint” to S,.
Theorem 2.3. Let u* € Mr (@) be a solution to (2.3). Then there exists a p* € Cr(@,)

satisfying

(OS)

Sw(Spu* —z) =p7,
(u*, p* —P>Mr(wc),cr(wc) <0, ||P*||cr(wc) < &

forallp € Cr(@.) with |pllc. (@, <



Proof. We shall employ a Fenchel duality argument. To avoid dealing with (Mr(@.))*, we
shall consider a predual of (2.3) rather than a dual problem. Such a procedure was previously
used in [3, 6, 11], for example. For this purpose we consider the following problem in L?(w, ):

. ] 2 ] 2 *
(2.4) (Jnin o g+ 2022w = 5 I12l1z2 (wo) + Lalicy e <t ("Swd)

= i F + *Sw )
[onin (q) +5("Swq)
where F : L*(w,) — Rand G : Cr(@.) — R U{oo}. A short computation shows that the
Fenchel conjugates 7* : L?(w,) — R and §* : Mr(w.) — R are given by

\ 1 2 ;
F*(v) = 5 [v— ZHLZ(wO) ) §*'(v) = O(HVHMF(wCJ .

Since q — F(q) + G(*Swq) is continuous at 0, the Fenchel duality theorem (see, e. g, [8,
Th. 4.1]) is applicable and implies that

(2.5) min  F(q) + 5(*Swq) = min  F*(Se,u) + G (—u)

qel?(w,) ueMrp (@)

T 2
= ue%rl%lwc) 5 ||SwU—Z||L2(wD) + “HUHMF(@) )

where we utilize (*S)* = S.,. Moreover (cf. [8, Prop. 4.1]), to every minimizer q* € L*(w,)
of the left hand side of (2.5) corresponds a minimizer u* € Mr(@.) of the right hand side
satisfying the relationship

Sou" =q* +z,
—u” € 0ljq|i¢, o) <t ("Swq)-
From the second relation, we have [[*S.,q*[|¢, (., < aand
(2.6) (WP~ *Sewq e, (o). () < O for all [pl¢c, (w,) <
Setting p* = *S,,q* = *Sw (Swu* — z) we find that
(WP =Pl @e,crwo SO forall [[plle @, < o
and [[p*[l¢; (w,) < . O

We note that by construction p* € W9 "(w¢) holds. From the second relation of (OS), we
can also obtain the following structural information on an optimal control u*.

Corollary 2.4. Let (u*,p*) be a solution to (OS). Then for any p € Cr(w.) withp > 0,

0 if supp(p) C {x € W, : [p*(x)| < o,
0 if supp(p) C {x € w,
0 if supp(p) C {x € W,

(WP ey (wo),cr (we)
(X - CX},

)
(x) = —af.

(WP oy (we),Cr (@) P
:p”

VoA

(WS P (we),Cr (e )



This can be interpreted as a sparsity property: An optimal control u* will be non-zero only
on sets where the constraint on p* is active; hence the larger the penalty «, the smaller the
support of the control.

Remark 2.5 (Non-negative controls). If in () only non-negative controls are admitted, we
replace §*(v) by

G : Mp(we) — R U{ool, v Lvcoy + & [Vl (.
(noting that the dual problem involves the term G* (—u*)). This is the Fenchel dual of
G+ :Cr(@) = RU{oo},  q Lig>—ay
and (2.6) must be replaced by
(—uP = "Swd ) (wo).Cr (@) O forallp > —«.
The optimality conditions for the case of non-negative controls become
Sw(Spu* —z) =p7,
(OS+) * * *
(WS P" =Py (@) cr@e) < O p =

forall p € Cr(@,) withp > —«.

3 REGULARIZATION

The numerical solution of the optimality system (OS) is based on a Moreau-Yoshida regu-
larization of (OS). For given ¢ > 0, we search for (u.,p.) € L?(w.) x WH9'(w,.) which

satisfy

Pec = Sz)(swu—c - Z))
(0OS.) :
—u. = cmax(0,p. — &) + cmin(0, p. + «),

where the max and min are taken pointwise in w.. Here, S, is considered as an operator
from L?(w.) — L?(w,). The action of its adjoint S, : L*(w,) — L?(w,) coincides with
that of *S,,. Moreover, the range of S¥, is contained in W9 (w.).

This regularization can be interpreted as a quadratic penalization of the box constraints in

(2.4).
Theorem 3.1. There exists a unique solution (U, p.) € L2(w.:) x W9 (w.) of (OS,).

Proof. The claim will follow from the fact that (OS.) are the necessary optimality conditions
of the problem

. 1 2 1 2
(Pe) uerLf}l(f(lUC) 3 [Swu — 2|12 (0, + L (w,) + 7 w2 (o) -



The cost function in (P,.) is continuous, bounded from below and strictly convex due to the
presence of the L?(w ) term, hence (P.) admits a unique minimizer u. € L?(w.). To express
(P.) abstractly, we introduce

1
Tl we) = Ry wes SfSwu =2l

. 1 2
S L*(we) = R, uwes “HUHLI(M) + 2c HuHLZ(wC) .

The optimality condition for (P.) is given by
0€ S, (Soue —2z) + 095 (ue)

or equivalently,

(3.1) { Pc = SZ;(Swuc _Z)>

_pc S agz(uc))

where the first equation implies p. € WH9'(w,) < Cr(@, ).
We claim that G is the Fenchel conjugate of

(¢ c .
e : Lz(wc) - R, P z ||maX(O)p - (X)Hfz(wc) + z ||m1n(0,p + (X)Hiz(wc) .
To show this, we compute the Fenchel conjugate of G, at u € L?(w. ), which is defined as

92(11) = sup <u3q>L2(wc)_9c(q)'

qel?(we)
The supremum is attained at p € L?(w,) if and only if
u=09:(p) = cmax(0,p — &) + cmin(0, p + «)

holds almost everywhere in w.. If u(x) > 0, the right hand side has to be positive as well,
which implies that u(x) = c(p(x) — «) and hence p(x) = %u(x) + o. Similarly, u(x) < 0
yields p(x) = %u(x) — . For u(x) = 0, we deduce that —oc < p(x) < o holds. Substituting
in the definition of G*, we have that

Gi(uw) = J u(x)(lu(x) + o) — l max(0, u(x))? dx
{fu>0} C ZC

1 1

—|—J u(x)(—u(x) — a) — =— min(0, u(x))? dx
{u<0} Cc 2c

1 2
=3 w2 () T i, -

Since G, is Lipschitz continuous, the second condition in (3.1) can be expressed as (cf., e. g.,
(1, Th. 9.5.1])

Ue € agc(_pc) = {c(max(O, _pc - (X) + min(oa _pc + ‘X))}



Noting that max(0, —p) = — min(0, p), the optimality conditions (OS.) follow.

Turning to uniqueness, let (u., p.) and (i, p.. ) be two solutions to (OS..) and set (du, dp) =
(We —Uc,pe — Pc). Then, subtracting the corresponding optimality conditions and taking
the inner product with (du, dp) implies that

(3.2) 0= ||Sw6quz(wo) + ¢ (max(0, pe — o) — max(0,P. — &)y Pe = Pe)12(ew,)-

+c <min(o>pc + O() - min(oﬂ_)c + “))pc - ﬁc)LZ(wc]
Since the mappings p — max(0,p) and p — min(0, p) are monotone, we obtain that the
inner products in (3.2) are non-negative and thus that S, du = 0. Since &p = S}, (Swdu) =0

by linearity of state and adjoint equation, we deduce p. = p. and hence u. = T, from the
second equation of (OS,). O

Next, we address the convergence of solutions of (OS,) as ¢ — oo.
Theorem 3.2. Let (uc,p.) € L?(w.) x Wh9'(w,) be solutions of (OS.) for ¢ > 0. Then the

family (u.,p.) contains a subsequence, denoted by the same symbol, such that

* *

U — u in Mr(wc))

pe — p* inW" 9 (w,.) and hence in Cr(@,),
and (u*,p*) is a solution of (OS).
Proof. Since u. = 0 is an admissible control, we have

1 2 1 2
(3.5) x HuCHJvtr(wc) < 7 [Swue _ZHLZ(wO) + o‘HuCHMF(wC) + 2c HuCHLZ(wC)

T2
<5 el -

The family of minimizers {u.}.-o is thus bounded in M (@,), and hence there exists a
subsequence (also denoted by {u.}) which converges weakly-x in Mr(w,) to a t € My ().

Since S, (Ue) — S (1) strongly in L?(w, ) by Proposition 2.1, we deduce from the continuity
of S¥, that

Pc =P =S, (St —2)

strongly in W"9'(w,) and hence in Cr (@, ).
We next verify the feasibility of p. By squaring the second relation of (OS,) and inspecting
pointwise, we obtain that
1 2 _ 2 . 2
s HuCHLZ(wC) = ¢ [[max(0, p. — “)”LZ(M) + ¢ [|min(0, p. + “)HLZ((»C) .

From (3.5), we have that 1 Huc||fz(wc) < Hszz(wo), so that

2 1 2
[max(0, p. — (X)HLZ(wC) < p HZHLZ(wo) — 0,

1
. 2 2
Imin(0, pe + o[ 120, < c 12l (wy) = 0y



hold for ¢ — oo. Since p. — P strongly in Cr (@, ), this implies that
—ax<px)<a forallxe w,..
It remains to pass to the limit in the second equation of (OS,). Observe that

<—uc,p — pc>L2(wC] =cC <maX(0>Pc - (X),P _pC>L2(wc)
+ ¢ (min(0, pe + &), p _pc>L2(wc) <0

holds for all p € Cr(w,) with [|p|l¢.(w.) < o and thus that

<‘CL,f) _p>Mr(wc],Cr(Wc) <0

is satisfied for all p € Cr(w,) with [|p||¢.(w.) < «. Therefore, (it,p) € Mr(@.) x Cr(w,)
satisfies (OS). O

Remark 3.3 (Non-negative controls). By a similar argument as in the proof of Theorem 3.1, it
can be shown that

* ™ 1 2
Ghe Lwe) =Ry v Tcoy + 52 IVl o) + ¢Vl »
is the Fenchel conjugate of
_ C .
G L2we) =Ry g 5 [Imin(0, g + oIz,
and thus that the corresponding regularized optimality system is

c = SZ) Sw c
(0S..0) Pe = S Sutte =2,
—u. = cmin(0, pe + «).

The convergence result for c — oo as in Theorem 3.2 remains valid.

4 SEMI-SMOOTH NEWTON METHOD

For the numerical solution, we consider (OS,.) as the operator equation F(u.) = O for F :
L?(w.) = L?(w,), given by

F(u) =u+ cmax(0,S;,(Swou—z) — «) + cmin(0, S, (Spu — z) + «).

It is known (e.g., from [12, Ex. 8.14]), that the function v — max(0, v — «) is Newton differen-
tiable from LP to L9 for any p > q > 1 with Newton derivative in direction h given pointwise
almost everywhere by

h(x), ifv(x) > «,

[Dn max(0,v— )] h =xn-ah =
A ( ) Xv>ed {O, ifv(x) < «.



An analogous statement holds for the pointwise min function. Since S*,v € W"9'(w..) holds
for all v € L?(w,), F is Newton differentiable and the chain rule for Newton derivatives (e.g.,
[12, Lemma 8.15]) yields that the action of the Newton derivative of

G, (w) := max(0,S},(Spu—2z) — x)
in the direction h is given by

DnGi(uwh =Xss, (seu—z)>a} (S Swh)

C(S5Swh)(x) (S (Swu—2))(x) > a,
o if (S%, (Swit — 2)) (x) < &,

and a similar claim holds for the min term. A semi-smooth Newton step thus consists in
solving for du in the equation

(4.1) SU + CX(i5:, (Swuk—2)=a (St SwdU) = —u* — e max(0, S, (S u* — z) — )

—cmin(0, S%, (Suu® —z) + &)

and setting u**! = u* 4 du. The semi-smooth Newton step (4.1) can be solved using an
iterative Krylov solver (e.g., GMRES), where the action of the Newton derivative on given du is
computed by first solving the linearized state equation for the state differential 5y followed by
the adjoint equation for the adjoint differential op. The full procedure is given as Algorithm 1.

It remains to verify the well-posedness and uniform boundedness of the Newton step (4.1).

Proposition 4.1. For fixed «,c > 0 and for any w € L*(w.), the mapping DnF(u) €
L(L?(w.), L?(w,)) is invertible, and there exists a constant C > 0 independent of u such
that

IDNF(W) 212 (wo 2 (we)) < €
holds.

Proof. Letu € L?*(w.) be given and set
A = {18 (Sou—2)| > o)

aswellasJ = @, \ A.
For arbitrary w € L?(w.), we need to find u € L?(w, ) satisfying

(4.2) du+exal(Sh,Swou) =w.

From this, we have that 5u = w almost everywhere in J. By the linearity of S, and S?,, we
can thus write

eXa (S5 Swdu) = exa(Sh,Swxadu)) + cxa(SeSw(Xaw)).

10



Algorithm 1 Semi-smooth Newton method

1: Choose u®, setk =0
repeat

L

3: Solve for y* in Ay = R}, u®, set y* = R, y*
4 Solve for p* in A*p = RY, (y* —z), set p* = Ry, p*
5: Compute active sets
AY ={x € we: pr(x) > a}
AF ={x € we: pF(x) < —a},
Ak = Ak U Ak
6: Set F(u¥) = —u* —cxqx (p* — o) — ex e (P* + &)
7: Compute du by solving DnF(u*k)du = F(u*) using APPLYNEWTONMATRIX in
Krylov method

8: Set u ! = uk +ou, k< k+ 1

o: until (A% = A% "and A* = A ") ork = k*

1: function APPLYNEWTONMATRIX(5u,A¥)

2 Solve for @ in Ady = R}, _du, set dy = Rwog
3: Solve for SB in A*6p = R},_dy, set dp = chgg
4: return du + cx 4x0p

5: end function

Inserting this identity into (4.2) and testing with du, we obtain

2 2
H‘SUHLZ(wC) +c st(XA5u)HL2(wo) = (w, 5u>L2(wC) —c(Suw (xaw), Sw(Xﬂéu»Lz(wo)
W2y 102wy + ClIWI 2w 10U 2 (0
C ||W||L2(wc) H‘SuHLZ(wC)
by the continuity of S,. Together this implies

Héu”LZ(wc) <C ||W||L2(wc)

with a constant C > 0 depending on c but independent of A and therefore of u, which yields
the claimed uniform boundedness. O

From this, the superlinear convergence of the semi-smooth Newton method follows from
standard arguments (e.g., [12, Th. 8.16]). The termination criterion in Algorithm 1, step 9,
can be justified as follows: If AX™" = AX holds, then u**! satisfies F(u**1) = 0 (cf. [12,
Rem. 7.1.1]).

For the numerical implementation, we use a continuation strategy: Solve for u., ,setcy41 =
qck with g > 1, and use u., as initial guess for the computation of u., ,.

Remark 4.2 (Non-negative controls). By setting A% = (), Algorithm 1 can be applied to the
numerical solution of (OS, ). The superlinear convergence holds in this case as well.

11
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Figure 1: Target z, control domain w, and observation domain w,.

5 NUMERICAL EXAMPLES

We illustrate the proposed approach with a simple convection-diffusion equation, described
by the operator Ay = —vAy — b - Vy with v = 0.1 and b = (1,0)" and homogeneous
Dirichlet conditions on the unit square [—1, 1]%. The control and observation domains are
given by

and the target is z = X, x2 (see Figure 1). The differential operators are discretized using stan-
dard finite differences with N = 128 nodes in each direction, and Algorithm 1 is implemented
in MATLAB.

The parameters for this example are set as follows. In the continuation scheme for the
penalty parameter c, the initial value is ¢y = 1, the incrementation factor is set to ¢ = 10, and
the continuation is terminated at ¢* = 10'2. The semi-smooth Newton method is terminated
if the active sets coincide or k* = 10 iterations are reached. For the solution of the linear
systems arising in the semi-smooth Newton step, we use MATLAB’s built-in GMRES with a
relative tolerance of 10~? and a maximum number of iterations of 100. The MATLAB code of
our implementation can be downloaded from http://www.uni-graz.at/~clason/codes/
measurecontrol.m.

The optimal controls u, and corresponding states y for different values of « are shown in
Figure 2. As o is decreased, the state becomes closer to the target, while the control becomes
less sparse. Note that the loss in sparsity is manifested by an increasing number of point sources,
but the support of the control remains localized. This is due to the structural properties of
the optimality system: the control is allowed to be active only where the dual variable p* is
active and must be identically zero everywhere else (cf. Corollary 2.4). Also, the controls are

12
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placed asymmetrically due to the directionality of the convection term. We point out that the
placement of the corresponding sources is not obvious.

We indicate the superlinear convergence of the semi-smooth Newton method by fixing
¢ = 10° and & = 10~* and starting from the initial guess wy = 0. Table 1 shows the norm of
the residual || F(1t%)]|;2 and the change in active sets 5A* for each iteration in the semi-smooth
Newton method, verifying the locally superlinear convergence.

The feasibility of our approach for the optimal placement of sources is illustrated with
an example that is motivated by an application in photochemotherapy. Here, w, denotes a
region where a photosensitive chemotherapeutic agent is locally activated by laser light from
multiple strategically placed fiber-optic light sources [2]. The latter can be focused inside a
small boundary layer, which corresponds to the control domain w.. This example further
demonstrates the dependence of the locations of the optimal controls on the geometry of the
problem, here determined by an irregular domain (see Figure 3).

The corresponding state equation is

-V - (mvy> + HaYy = Xw YW On Q,

—2(uu‘+us)avy+py —0 on 9Q),

which describes diffusive photon transport in tissue. Here, 1, is the tissue’s absorption
coefficient, u is the scattering coefficient, and p is the reflection coefficient at the boundary
0Q. In our tests, we set n, = 0.03, us = 0.275 and p = 0.1992 to model a small piece of
lung tissue. The objective is then to achieve a homogeneous illumination of the region of
interest w,, for the optimal activation of the chemo-sensitive agent. Due to the linearity of
the equation, we set without loss of generality z = 1. As noted in Remark 4.2, non-negativity
of the controls is enforced by setting A, = ().

Due to the irregularity of the domain, we now use a standard finite element discretization
of state and adjoint equation in weak form (cf. (2.2)) with triangular elements, where the
discretized control is taken as piecewise constant and the discretized state and adjoint as
piecewise linear. The implementation is based on the open source FENICS project [13]. Here,
the final penalty parameter is set to c* = 107, the remaining parameters being unchanged.
The results for different values of « are shown in Figure 4. The influence of « on sparsity of the
controls and homogeneity of the illumination can be observed clearly. Note that the placement
of the optimal point sources is again not obvious, and depends on « in a non-intuitive manner

Table 1: Convergence of semi-smooth Newton method. Shown are the norm of the residual
of (4.1) and the change in active sets 8A* in each iteration.

k 1 2 3 4 5
[Fu)|| 3.84-102 3.78-10' 6.12-10° 6.16.78-10" 1.08-107'°
sA* 3678 532 106 8 0
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Figure 2: Optimal controls u, and states y for different values of «.
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(a) control domain w, (b) observation domain w,

Figure 3: Geometry for model problem. Shown are the indicator functions of control and
observation domain.

(compare the location of the major point source on the right hand side of the domain between
Figs. 4a and 4b).

6 CONCLUSION

The problem of optimal placement of point sources was formulated in a non-reflexive Banach
space setting. The optimality system for this non-smooth optimization problem was derived
and a family of regularized problems, which can be approximated efficiently by semi-smooth
Newton methods, was analyzed. The numerical examples demonstrate the effectivity for
optimal light source placement problems in diffusive photochemotherapy. Current work
is concerned with the application of the proposed approach to patient-specific geometries.
Formally, the primal-dual framework considered here can be extended to nonlinear control-
to-state mappings, although the proper functional analytic treatment of the linearization
remains challenging. Finally, it would be of interest to consider parabolic state equations.
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Figure 4: Optimal controls u and state y for different values of «. Shown is a superposition
of uon w, (as height plot) and y on w, (as color plot).
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