Gap functions and penalization for solving equilibrium problems

with nonlinear constraints™
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Abstract. The paper deals with equilibrium problems (EPs) with nonlinear convex constraints.
First, EP is reformulated as a global optimization problem introducing a class of gap functions,
in which the feasible set of EP is replaced by a polyhedral approximation. Then, an algorithm
is given for solving EP through a descent type procedure, which exploits also exact penalty
functions, and its global convergence is proved. Finally, the algorithm is tested on a network
oligopoly problem with nonlinear congestion constraints.
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1 Introduction
In this paper we consider the following equilibrium problem
find z* € C s.t. f(z*,y) >0, Vyed, (EP)

where C' C R" is closed and convex and f : R" x R™ — R is a bifunction. It is well-known (see
e.g. [2]) that (EP) provides a general setting which includes several problems such as scalar and
vector optimization, variational inequality, fixed point, complementarity, and Nash equilibrium
problems in noncooperative games.

Several methods to solve equilibrium problems have been proposed, often extending those
originally conceived for optimization problems or variational inequalities (see, for instance, [9,
14]) to the framework of more general equilibrium problems. Well-known solution methods are
the so-called descent methods, which are based on the reformulation of the equilibrium problem
as a global optimization problem through appropriate gap functions [1, 4, 15, 16, 18, 23, 24].
Most approaches need to minimize a convex function over C' in order to evaluate the gap function,
and the evaluation could be computationally expensive when the feasible region C' is described
by nonlinear convex inequalities. Therefore, we introduce a family of gap functions which rely
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on a polyhedral approximation of C' rather than on the feasible region itself, and we develop a
method based on the minimization of convex functions over polyhedra. In Section 2 these gap
functions are introduced, considering f along with an additional regularizing bifunction, and
some properties about their continuity and generalized directional differentiability are given.
Moreover, we prove that monotonicity type assumptions on f guarantee that each stationary
point of a gap function is actually a solution of the equilibrium problem. This result extends
to equilibrium problems a similar one developed in [21] for variational inequalities. Section 3
provides a solution method which does not require the above “stationarity property”, relying on
a concavity type assumption on f. Moreover, unlike most of the available algorithms, we consider
a search direction which could be unfeasible, so that the introduction of an exact penalty function
is required. The direction is indeed a descent one if either the regularization or the penalization
parameter is small enough. Therefore, the algorithm exploits fixed values for the two parameters
as long as they provide a descent direction and it decreases both of them otherwise. Section 4
provides the results of some numerical tests, which have been performed applying the algorithm
to a problem of production competition over a network under the Nash-Cournot equilibrium
framework.
Throughout all the paper the following basic assumptions are made:

o The set C' is given by the intersection of a bounded polyhedron D and a convex set given
through convex inequalities, namely C = D N C with

D={yeR": (aj,y) <b; j=1,...,m, (aj,y)=0b; j=ri+1,...,r}
for some a; € R" and b; € R, and
éz{yERn: ci(y) <0, i=1,...,m},

where ¢; : R™ — R are twice continuously differentiable (nonlinear) convex functions.

o The vectors a; with j =r1 +1,...,7 are linearly independent and there exists §j € D such
that (a;,y) < bj forallj=1,...,r1 and ¢;(y) <O foralli=1,...,m.

e The bifunction f : R™ x R™ — R is continuously differentiable, f(x,-) is convex and
f(z,x) =0 for allz € D.

It is well-known (see e.g. [10]) that the above assumptions guarantee the existence of at least
one solution of (EP).

2 Gap functions

A function g : C — R is said to be a gap function for (EP) if g is non-negative on C' and z*
solves (EP) if and only if * € C and g(x*) = 0. Thus, gap functions are tools to reformulate an
equilibrium problem as a global optimization problem, whose optimal value is known a priori.



In order to build gap functions with good regularity properties, auxiliary bifunctions are
generally exploited together with f. While the most used regularizing bifunction is h(z,y) =
|ly—x||3/2, in this paper we consider any continuously differentiable bifunction h : R" x R® — R
such that

e h(z,y) >0 forall x,y € D and h(z,z) =0 for all z € D,
e h(x,-) is strictly convex for all x € D,

o Vyh(z,2z) =0 forall z € D,

o (Vih(z,y)+ Vyh(z,y),y —x) >0 for all z,y € D.

Given any a > 0, a well-known gap function (see e.g. [11, 18]) is

Gal@) = = min {f(z.y) + ahlz.y)}. 1)

Y

Computing ¢, (z) involves the solution of a convex optimization problem with nonlinear con-
straints. Thus, we consider a modification of the above gap function, which is obtained replacing
the feasible region C' by its polyhedral approximation at each considered point, namely

Pal@) == min {f(@y)+ah(z,y)}, (2)

where

Pz)={ye D : ci(z)+ (Vei(z),y—z) <0, i=1,...,m}.

Since the constraining functions ¢; are convex, then C C P(z) C D holds for all z € R, that
is P(x) is a bounded polyhedral outer approximation of the feasible region C' at the point x.
Moreover, x € C if and only if z € P(z).

Since the objective function f(x,-) + ah(z,-) is strictly convex and P(z) is compact, there
exists a unique optimal solution y, (x) of the optimization problem which defines the gap function
(2). Therefore, it can be written as

Pa(r) = = f(2, Ya(r)) — ah(z, ya()), 3)

and y, (z) satisfies the optimality condition

(Vyf(@,ya(2)) + aVyh(z,ya(2)),y = ya(z)) 20,  Vye P(z). (4)

Let A, (x) denote the set of Lagrange multipliers associated to yq(x), i.e. the set of the vectors
(A, p) € R x R” such that p1,..., 1y >0 and

Vyf(@,ya(2)) + @ Vyh(z, ya(x +Z>\ch 2)+ > pia; =0,
=1

i lei(x) + (Vei(x),ya(x) —2)] =0, i=1,...,m,

127 [<aj,ya(x))—bj] :0, jzl,...,?”l.



A fixed point reformulation of (EP) holds relying on the optimal map y,, which is single-
valued under our assumptions.

Lemma 2.1. Given any « > 0, x* solves (EP) if and only if yo(z*) = z*.

Proof. If x* solves (EP), then it minimizes f(z*,-) over C since f(z*,2*) = 0. Thus, there exist
Lagrange multiplier vectors A* € R’ and p* € R" such that pq,...,p >0 and

Vyfla*, «*) + Z A Ve (%) + Z wia; =0,
j=1

=1

(aj,x*) =b;, j=ri+1,...,r

Setting g;(y) = ¢i(z*) + (Vei(z*),y — x*), then we have g;(z*) = ¢;(2*) and Vg;(y) = Vei(z*)
for all y € R™ and ¢ = 1,...,m. Hence, the above system can be equivalently stated as

Vyf(a*, «*) + Z A Vgi(z*) + Z pia; =0,
j=1

i=1
Agi(x*)=0, i=1,...,m,

My [(aj,a:*> —bj] =0 j: 1,...,7’1,

<aj,:£*>:bj, j:Tl—l-l,...,’l“,

which are the Karush-Kuhn-Tucker conditions for the problem of minimizing f(z*,-) over P(x*).
Since this is a convex problem, x* solves it and therefore

f(@* ya(z¥)) > f(z*,2") = 0.

Moreover, condition (4) for y = x = x* reads
(Vyf(2",ya(z")) + aVyh(a", ya(2")), 2" — ya(z™)) > 0.
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Since f(x*,-) + ah(x*,-) is convex and f(z*,z*) = h(z*,2*) = 0, we have

0 > f(2", yal2") + ah(z®, ya(2"))

+(Vyf (2", ya(27) + @ Vyh(z", ya(z)), 2% = ya(27)).

The above inequalities imply h(z*, y,(2*)) = 0 since h is non-negative on D x D. Moreover, the
assumptions on h imply that z* is the unique minimizer of h(z*, -) over D and hence y,(z*) = z*.

Now, suppose yo(z*) = x*. Since z* € P(x*), then z* € C. Moreover, condition (4) for
x = x* reads

(Vyf(z*,z%),y —2*) >0, Yy € P(z").
Since C' C P(z*) and f(z*,-) is convex, we have
f(ﬂf*,y) 2f(x*,x*)+<Vyf(x*,x*),y—x*> 205 vyec?
i.e. z* solves (EP). O

Since the solutions of (EP) coincide with the fixed points of the optimal map y,, they actually
minimize ¢, over C.

Theorem 2.1. Given any o > 0, @, is a gap function for (EP), i.e.
a) oa(z) >0 for all x € C;
b) x* solves (EP) if and only if x* € C' and pq(x*) = 0.

Proof. a) If x € C, then x € P(x). Thus, ¢o(z) > —f(z,z) — ah(x,z) = 0.

b) If z* solves (EP), then z* € C and Lemma 2.1 implies y,(z*) = 2*. Hence,
palz”) = —f(z*,2") — ah(z*,z") = 0.
Now, suppose z* € C and ¢, (x*) = 0. Thus, we have
@™ y) +ah(a®,y) = —pa(a”) =0,  Vye P").

Since C' C P(z*), * minimizes f(z*,-)+ah(z*,-) over C and therefore the first order optimality
condition reads
(Vyf(z*,2") + aVyh(z*, z"),y — 2¥) >0, VyedC.

Since f(z*,-) is convex and Vyh(z*,2*) = 0, we have
[t y) = [, 2") +(Vy f(z" 2%),y —2") 20, Vyel,
i.e. x* solves (EP). O

In order to achieve continuity and generalized differentiability properties of ¢, the map y,
has to be continuous in light of equality (3).



Lemma 2.2. Given any o > 0, the map yo is continuous on R™.

Proof. The set-valued map x — P(z) is continuous on R™ (see [21]). Moreover, f is continuous
and the map y, is single-valued and it is also bounded since y,(z) € P(x) C D for all z € R™.
Hence, [13, Corollary 8.1] guarantees that y, is continuous on R". O

The gap function ¢, is locally Lipschitz continuous near any x € R", and therefore its
generalized directional derivative

o (z;d) := lim sup =1 [Pa(z +td) — pa(z)]
Z—T
10

at x in any direction d € R" is finite. Furthermore, an upper estimate of the directional derivative
at x in the particular direction y,(z) — z is available.

Theorem 2.2. Let a > 0. Then,

a) vq is locally Lipschitz continuous on R™;

b) the inequality

Pa(r;ya(r) — ) < —(Vaf(2,ya(2)) + aVah(2, ya(2)), ya(z) — ) (5)
holds for any x € D.
Proof. a) Introducing g;(z,y) := ¢i(z) + (Vei(z),y —z) for i = 1,...,m and
9(z,y) = (g1(2,9), - - gm (2, 9)),
the optimization problem in (2) can be written as
min { f(z,y) + ah(z,y) : g(z,y) <0, y € D},
and its dual problem is
sup { inf {f(z,y) + ah(z,y) + (v, g9(z,y)) : y € D} : ue R}

By the assumptions g;(z,9) < ¢;(§) <0 for all z € D and all i = 1,...,m. Thus, the set U,(x)
of the optimal solutions of the dual problem is nonempty for all z € D and (yo(x), us(z)) is a
saddle point of the Lagrangian function

L(z,y,u) = f(z,y) + ah(z,y) + (u, g(z,y)),
for any uo(z) € Uy(2), i.e.
L(z,ya(z),u) < L(z,ya(z), ua(z)) < L(z,y,ua(z)), VyeD, VueR].
Since L(z,ya(z), ua(2)) = f(2,ya(2)) + ah(z,ya(r)) = —pa(z), we get

_L($ay7u&($)) < SOQ(:L') < —L(Jl,ya(lE),U), v yE D> Vue RT
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Similarly, given any z € D and any uq(z) € Uy (2), we have
—L(z,9,u0(2)) < palz) < —L(z,ya(z),u), VyeD, VuecRY. (6)
Therefore, choosing y = ya(z) and u = ua(2) , we get
va(r) = a(z) < L(z,ya(2), ua(2)) = L(2; Ya(T), ua(2))
= [(2,9a(7)) + ah(z, ya(7)) = [f (2, ya(2)) + ah(z, ya(r))]
+(ua(2),9(2,9a(2)) = 9(2, ya(2)))

< f(2:4a(2)) + ah(2,ya(2)) = [f (2, ya(2)) + (2, ya(2))]

Fllua(2)2119(2, ya(2)) = g(2; yal2)) |2

Let £ € R™ be fixed. The mean value theorem guarantees that

f(z,9a(2)) + ah(z,ya(2)) = [f (2, ya(2)) + ah(z, ya(2))]

= <fo(z’,ya(x)) + avxh(zlvya(x))ﬂ 2 x>

holds for some 2’ in the line segment between z and x. Since y,, V. f, and V,h are continuous,
there exist L; > 0 and 1 > 0 such that

f(z,9a(2)) + ah(2,ya()) = [f (2, Ya(2)) + 2h(2, ya(2))] < L1 ||z — z(2

holds for all x,z € B(Z,01). On the other hand, the functions g; are continuously differentiable
with respect to the first variable, hence there exist Lo > 0 and d5 > 0 such that

19(2,Ya(®)) — 9(z,ya(@))ll2 < L2 ||z — (2

holds for all z,z € B(Z,d2). Moreover, [12, Lemma 2] guarantees that there exist Lz > 0 and
d3 > 0 such that ||us(2)||2 < L3 holds for all z € B(z,03) and all us(z) € Uy(2). Therefore, the
last three inequalities imply that

Pa(r) = ¢a(2) < (L1 + Lo L3) ||z — |2

holds for all x, z € B(z,0), where 6 = min{dj, d2,d3}.

b)Set d := yo(x)—z and z; := z+td for any z € R"™ and ¢ > 0, and consider any uq(2¢) € Uqy(2t).
Arguing as in a), we get

al2t) = alz) < f(zya(2) + ah(z,ya(2)) — [f (26 Yal22))

+ah('zta ya(zt))] + (ua(z),g(z, ya(zt)) - g(Zt,ya(Zt))>-

7



The mean value theorem guarantees that

f(2,9a(2t)) + ah(2,ya(2t) — [f (2, ya(2t) + ah(zt, Ya(2t))]
= (Vo f(2(2,t), yal2t)) + aVih(Z(2, ), yal2t)), 2 — 21)

=1 <—fo(§(2’, t), ya(zt)) - aVIh(é(z, t)v yoa(zt)), d)

holds for some Z(z,t) in the line segment between z and z;. Similarly, applying the mean value
theorem to g;, we get

gi(za yoe(zt)) - gi<2t7 ya(zt)) = <va:gi(2z/'(z7 t)v ya(zt))a Z = Zt>

= —t <ngi(22/~(za t)a ya(zt))’ d>

for some Z(z,t) in to the line segment between z and z.

By the definition of the generalized directional derivative there exist two sequences z¥ — x,
tr 4 0 such that @2 (z;d) = limp_a0 t; " [a(zf) — a(z¥)]. Exploiting the last three formulas
above with z = 2 and t = t;, (and therefore z = zf ), we get

‘Pa(sz) — Pa (Zk)
73

< (=Vaf (", 1), ya(2f)) — aVah(Z(2", th), ya(24,)), d)

*<ua(zk)’ wa($a nytk»'

where wa(x,sz,tk) = ((ngi(,%g(zk,tk),ya(ztk)),d))i:17.,,7m. Since z¥ — z and t; | 0, then

sz — x, 2(2¥, ) — 2, and ya(sz) — Ya(x) by Lemma 2.2. Hence, we get

lim <_V$f(2(zk7tk)7ya(sz>) - an:h(,%(zk,tk), ya(sz))a ya(.’lf) - $>

k—o0

= (Vi f(2,Ya()) + aVih(z,ya(z)), d)

since V. f is continuous. [12, Lemma 2| guarantees that U,(z) is uniformly bounded on a
neighborhood of = and closed at x. Hence, taking a subsequence if necessary, there exists
i € Uy(w) such that u,(2F) — 4. Moreover, we get

klig)lo _<ua(2k)7 wa(CC, ka, tk)> = _<ﬁ7 ng(x, yoz(x)) d)
==Y ii(d, V’ei(x)d) <0,
i=1

since #/(z¥,t;) — x;, Vg is continuous, and all the ¢;’s are convex functions. Therefore,
Palz;d) < —(Vof (2, ya(z)) + a Veh(z,ya(z)), d). O



Theorem 2.1 allows to formulate (EP) as the global optimization problem
min{ go(z) : z€C }. (7)

However, most optimization algorithms lead only to a stationary point. Actually, any stationary
point of ¢, solves (7) and therefore (EP) under suitable assumptions on f, which anyway do
not guarantee the convexity of (.

Theorem 2.3. Suppose
(Vaf(z,y)+ Vyf(z,y),y —z) >0, YV x,y € D with x # y. (8)
a) If x € C is not a solution of (EP), then yo(x) — x is a descent direction for ¢, at x, i.e.
Pa(T; ya(r) — x) <0.
b) If x* € C is a stationary point of @, over C, i.e.
palzhy—a") 20,  Vyed,
then x* solves (EP).

Proof. a) By Lemma 2.1 y,(z) — z # 0. Therefore, considering (5), (8) and any (A, u) € Ay ()
we have

QOZ(x;ya(x) - :U) < <_vxf(xvya($)) - avxh(x7ya($))7ya(x) - x)

<AV f(2,9a(2) + aVyh(z, ya(2)), ya(z) — )

= <_Z Ai Vei(z) — Z 1 a5, Yo () — T)
i—1 j=1

==Y Ai(Vei(@), yal@) —2) + Y uyllaj,x) - bj]
i=1 i=1

=" i)+ pyllag,x) — ;] <0.
=1 j=1

b) Since there exists § € R™ such that ¢;(§) < 0 for any i = 1, ..., m, the Bouligand tangent cone
of C' at z* is the set

T(C,2*) = {y € R" : (Vei(z*),y) <0, i st ¢(z*) =0}
Since gy € D, the Bouligand tangent cone of C' at x* is the set
T(C,z*) = T(C,z*) N cone (D — z*),

9



where cone denotes the cone generated by a set. Theferore, we have
P(z*) Ca* +T(C,z").
Since C is convex, T(C,a2*) = cl cone (C — x*) and therefore C' = D N C guarantees
Pz*)Cz*+d{r(y—2x%), yelC, 1>0},

where cl denotes the closure of a set. Moreover, the stationarity of x* for ¢, over C and the
positive homogeneity of ¢2 (z*;-) imply

po(z*y—x*) >0, Vye P").

If 2* were not a solution of (EP), then ¢? (z*; yo(z*) —z*) < 0 would hold by a) in contradiction
with the above inequality for y = yq(z*). O

Condition (8) was introduced in [18], and named strict V-monotonicity later [1], in order
to obtain the same properties of Theorem 2.3 for the gap function (1). When (EP) is actually
a variational inequality, i.e. f(x,y) = (F(z),y — z) for some F' : R" — R", condition (8) is
equivalent to require that VF' is positive definite. Therefore, Theorem 2.3 generalizes Theorem
2.11 of [21], which stated the analogous result for variational inequalities only.

Replacing strict V-monotonicity with V-monotonicity, i.e. the condition

(Vof(z,y) + Vyf(z,y),y—2) >0,  Va,yeD, 9)

which means weakening the assumption to positive semidefiniteness in the case of variational
inequalities, Theorem 2.3 is no longer true as the following example shows.

Example 2.1. Consider (EP) withn =2, m =1, f(z,y) = 1 —y1+x2—y9, c1(z) = 23+ 23— 1
and D = [—1,1] x [-1, 1]. Therefore, the feasible region C' is the unit ball, which is a subset of
the given box D, and 2* = (1/2/2,1/2/2) is the unique solution of (EP). Notice that f satisfies
(9) but not (8) since

Vef (@,y) + Vyf(z,y) = (1,1) + (=1,-1) = (0,0)  Va,y € R
Furthermore, we have
P(z) ={y € [-1,1)* : 2z1y1 + 22010 < 1+ 23 + 23}
Considering h(z,y) = [(z1 — y1)? + (72 — ¥2)?]/2, we have
() = max{y +yo — al(yr — 21)* + (y2 — 22)*)]/2 : y € P(a)} — 21 — 22,

Since Jq(z) = (71 + 1/, 2 + 1/a) maximizes the objective function over the whole R? it is
easy to check that y, () = Ja(2) and u(z) = 1/aif a € [1/2,v/2] and x € [-1—1/a,1—1/a?.
Therefore, considering any fixed o € (2 — v/2, /2], there exists no descent direction for ¢, at
any point = € (—1,1 —1/a)?> N C, as z is stationary for ¢, though it does not solve (EP).
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Different descent methods for solving (EP) have been proposed, relying on the minimiza-
tion of the gap function (1) for some fixed parameter « [4, 15, 18] or the minimization of the
corresponding D-gap function for some fixed pair of parameters [16, 23, 24]. Combinations of
V-monotonicity and strict V-monotonicity assumptions on f and the auxiliary bifunctions have
been considered in order to guarantee the so-called “stationarity property” of Theorem 2.3 b),
i.e., that all the stationary points of the considered gap function are actually solutions of (EP).
Indeed, under such assumptions any suitable (local) minimization algorithm could be applied
for solving (EP). Furthermore, the classical monotonicity condition

fla,y) + fly,z) <0 (10)

or suitable reinforcements have also been exploited in some papers [4, 15, 18].

In the next section we propose a solution method which does not need this stationarity
property, though our assumptions are not stronger than those in the above papers. Our key
assumption is a concavity type condition® [1], namely

f(a:,y)+<vxf(x,y),y—x>20, V$7y€D7 (11)

which, for instance, is satisfied in Example 2.1. Actually, no relationship holds between the
strict V-monotonicity condition (8) and our assumption (see also Examples 3.2 in [1]), while it
implies the V-monotonicity condition (9) [1, Theorem 3.1]. Furthermore, no relationships holds
also with the monotonicity condition (10) as the bifunctions of Example 2.2 in [1] show.

3 Solution method

We aim at developing a solution method based on a descent type procedure related to the
family of gap functions ¢, following the approach developed in [1, 25] without considering any
approximation of the feasible region C. The basic idea is to use the vector y,(x) — x as a search
direction at the current point x. However, y,(x) belongs to the approximating polyhedral set
P(x) while it does not necessarily lie in C' and thus the new point could be unfeasible. Following
the penalization approach proposed in [21] for variational inequalities, an exact penalty function
can be exploited instead of the function ¢, itself, namely

Yoeal®) = pale) + - (@)l

where ¢t (z) = (¢f (z),..., ¢} () with ¢f (z) = max{0, ¢;(z)}, € > 0 and p € [1,00]. Given any
a > 0, the exactness of the penalization is achieved (and therefore the penalty function is a gap
function) when the parameter ¢ is sufficiently small [7]. Actually, the penalty function keeps
being a gap function for the same range of € also decreasing the parameter «.

Lemma 3.1. Given any @ > 0 and any p € [1,00], there exists € > 0 such that

a) Yaep(x) >0 forall x € D,

Yf £(-,y) is concave for all y € D, then f satisfies (11).

11



b) «* solves (EP) if and only if x* € D and tq . p(z*) = 0,
for all a € [0,a] and ¢ € (0,¢).

Proof. Consider any compact set D’ such that it contains D in its interior, namely D C int D’,
and the penalty function

Vaep(T) = Pal®) + % I(c™ (), d" (), e(2)) Iy,

where d (z) = (df (z),...,d,, () with dj(x) = max{0, (a;,x)—b;} and e(z) = (e, 11, ..., e (2))

with ej(x) = (aj, z) — b;. By [7, Proposition 8 and Theorems 11 and 12] there exists € > 0 such
that

argmin{ ps(z) : x € C } = argmin{ 12@,547(30) cxeintD' }

holds for any ¢ € (0,&). Take any global minimizer & of ¢4 or equivalently of J@,g,p. Since
& € C, then ¢5(Z) = 0 guarantees also 15 ,(Z) = 0. Therefore, ¢ ¢ ,(z) > 0 for all x € int D’

and Theorem 2.1 implies that 2* € int D’ and 95 - p(2*) = 0 if and only if 2* solves (EP). Taken
any a € [0,a], then ¢, (x) > @a(x) and thus Ve p(x) > Yacp(z) for any x € R®. Note that
e p coincides with ¥ ¢, on D, and thus a) and b) follow immediately. O

Lemma 3.1 provides a whole family of gap functions to exploit within a descent framework.
While y,(z) is computed through ¢, (see (2) and (3)), the descent of the direction is tested on

the penalized gap function v, ., checking whether or not

Ve p(®; Ya(r) —2) <0 (12)

holds. Computing the value of the generalized directional derivative may be not easy. Anyway,
condition (11) allows to achieve an upper estimate for the generalized directional derivative.

Lemma 3.2. If f satisfies (11), then

Voep (@3 Ya(®) = ) < —VYaep(@) — a[M(@, ya(®)) + (Vah(z,ya(2)), Ya(z) — )]
holds for any x € D, « >0, ¢ >0 and p € [1,00].

Proof. Since it is convex, the function v(z) = ||c(z)||, is regular in the Clarke sense, i.e.
v°(x;-) = v'(x;-) where v'(x;-) denotes the standard directional derivative. Moreover, it holds

12



(see [6]):

> i) ifp=1,
=1

.MS'

(Cf(m))p_léi(:v)] let @)™ ifp e (1,00),2 ¢ C,

Li=1

V(590 (z) — 2) =

[ 'm 1/p
Z (gl(x))p] lfp € (1700)7$ € C7
Li=1
7 if p= )
ier?jé)é (2) if p = oo
where
0 ifiel (z):={i:c(x) <0},

&i(z) =< max{0, (Vei(z),ya(x) — )}  if i € Iy(x) := {i: ¢;(x) =0},

Vei(z), ya(z) — ) ifi € I, (z):={i:ci(x) >0},

(
and Ino(z) = {i: ¢f (¥) = ||c" ()]s} Moreover, yo(x) € P(z) implies that (Ve;(z), yo(z) — ) <
—c;(x), and hence 51(x) =0ifi € Ip(z) and &(x) < —¢i(x) if i € I (x). If p=1, then

V(@3 Yoz Z )< — Y al@)=-Y c@)=-
i€l (x) =1

If pe (1,00) and z ¢ C, then

(5 ya(@ [Z ] )| /et @)l

= [ > (ci(w»“cxm)] /e @

i€l ()
= —|lc" ()]l = —v(z)

If pe€ (1,00) and x € C, then

m 1/p

V(25 ya(2) —2) = [Z (&(ﬂ?))p] =0=—v(z).

i=1

Finally, if p = oo then
V(23 gale) — 2) = max &(2) < max —cf (2) = — oo = —v(a).
i€l () 1€1oo ()
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Hence, we have v°(x; yo(2) — x) = v/ (2; yo(z) — ) < —v(2). Moreover, we obtain

Pa(®ya(r) —2) < —(Vof(2,4a(®)) + aVeh(2,ya(2)), ya () — @)
< f(2,Ya(7)) — {Vah(2,ya(2)), ya () — @)

= —¢a() = a[M(x, Ya(2)) + (V2h(2, Ya(2)), Ya(r) — )],

where the first inequality follows from Theorem 2.2b) and the second one from condition (11).
Therefore, we have

oep(@yal) — ) < Po(T1ya(®) — ) + L0° (25 yal2) — 2)
< —pal(x) — a[h(z, ya(2)) + (Vih(2,ya (@), ya () — )] — Lo(2)

= ~Vaep(®) = @bz, Ya(2)) + (Vah(2, Ya(2)), Ya(z) — )] .
O

One way to force the decrease of the gap function along a descent direction is to compare
the above upper estimate with the value of the gap function itself, i.e.

~Yaep(®) = alh(@,ya(2)) + (Voh(2,ya(2)), Yo (r) = 2)] < =110 ep() (13)

where n € (0,1) is a fixed parameter. If x is feasible and does not solve (EP), then (13)
guarantees that y,(z) — x is a descent direction for 9, c, at . Indeed, inequality (13) holds at
a feasible point & whenever the regularization parameter « is small enough. On the contrary, if
x is not feasible, it may happen ¢, ¢ p(2) < 0 when the penalization parameter ¢ is not below
the threshold of exactness, and therefore (13) may be useless. Anyway, y(z) — = is a descent
direction also in this case regardless of (13) if € is small enough. Any (A, u) € Ay(z) provides
an upper bound for the appropriate ¢, relying on the vector A™ € R™, whose components are
given by

A\ — N if Cz(l’) >0
L) 0 otherwise.

Theorem 3.1. Suppose that f satisfies (11).

a) If x € C does not solve (EP) and n € (0,1), then (13) holds for any e > 0, p € [1,00], and
any sufficiently small a.

b) If x € D\ C and (A, n) € Ay(x), then (12) holds for any o > 0, p € [1,00] and & such that
1/e > ||AT|lq, where || - ||q is the dual norm of || - |-

Proof. a) Since x € C, then ¥ p(x) = po(z) > 0 for any a > 0, ¢ > 0 and p € [1,00]. By
contradiction, suppose that there exists a sequence ay | 0 such that (13) does not hold for
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a = ay. Thus,

wal,s,p(aj) < ¢ak,e,p(l‘)

ay
1—n

[ Yoy, () + (Ve h (2, Yoy, (), Yoy, (€) — 2)]

Since D is bounded and y,, (z) € D for all k , then we obtain the contradiction 1q, ¢ p(z) <0
simply taking the limit in the above inequalities.

b) Since f(z,-) is convex, then

0= f(z,2) > f(z,y) + (Vyf(x,y),2 —y)

holds for all y € D, and hence (11) implies that also

(Vef(z,y) + Vyf(z,y),y —x) >0

holds for all y € D. Exploiting the upper estimate provided by Theorem 2.2 b), we get
Palriya(®) =) < —(Vof(@,ya(z)) + aVah(2,ya(2)), ya(z) — )

< (Vyf(2,9a(2)) + aVyh(z, ya (@), ya(r) — )

==Y X {Veil@),yalz) — ) = > pj{aj, yalz) — )
i=1 j=1
- Z )\ Cl + Z )UJ] a]a ]
i=1
<Y N @) =0t @)
i=1
Considering the function v(x) = ||¢*(x)||p, the above inequalities together with v°(z; yo (z)—2) <

—v(z) (see the proof of Lemma 3.2) allow to get
Voep(@¥al(r) — 7)< 3(z39a(@) —2) + 2 v°(239a(2) — 2)
< (A et (@) = 2l (@)
< M llg et @)y = 2 llet (@)l
= (IMllg = 2) llet (@)l <0
where the last inequality follows from the assumption 1/e > [|AT,. O
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The above results provide the key tools to devise a solution method. Given values for o and
g, the corresponding penalty function 1., is exploited as long as three conditions hold: its
value at the current point is positive; the penalization parameter ¢ is small enough with respect
to the magnitude of a vector of multipliers corresponding to the linearized constraints at the
current point; the search direction is indeed a descent direction and the decrease of the value of
the penalty function is large enough according to (13). When any of the three conditions fails
to hold, a null step is performed simply decreasing both parameters simultaneously.

Algorithm
(0) Choose p € [1,00], B,7,6,1 € (0,1), sequences ay,ex 1 0, 2° € D and set k = 1.
(1) Set 2% = 2%~1 and j = 0.

(2) Compute 3/ = argmin{f(2’,y) + axh(z/,y) : y € P(z/)} and M any Lagrange multiplier
vector corresponding to the linearized constraints.

(3) If ¢ :=y/ — 29 =0, then STOP.
(4) If the following relations hold
a) Yoy erp(2’) >0,
b) 1/ex = (V)" lq + 9,
C) _¢ak,5k,p(2j) - Oék [h(zjﬂl/j) + <V.73h(z'77 yJ)J y'] - Z]>] S _77 /l/)Oék,Ek,p(Zj)

then compute the smallest non-negative integer s such that
Yapeep(2) +9° ) = Yoy e p(2)) < =B ||d2,
set t; =%, 29T =29 +t;d/, j = j + 1 and goto Step 2
else set &% = 29, k = k + 1 and goto Step 1.

Convergence to a solution of (EP) is achieved considering separetely the case in which the
parameters actually go to zero from the case in which they are updated a finite number of times.

Theorem 3.2. If f satisfies (11), then either the algorithm stops at a solution of (EP) after a
finite number of iterations, or it produces either an infinite sequence {xk} or an infinite sequence
{27} such that any of its cluster points solves (EP).

Proof. First, we prove that the line search procedure in step 4 is always finite. By contradiction,
assume that there exist £ and j such that

Yarerp(@ +7° @) = Yoy e p(21) > =B |d |

holds for all s € N. Therefore, we have

wgék,ak,p(sz dj) > limsup 7_8(¢ak,€k,p(zj +° dj) - ¢ak,sk,p(zj)) >0,

§—00
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which is impossible since Theorem 3.1 guarantees wgk@k,p(zj; d’) < 0.

If the algorithm stops at 27 after a finite number of iterations, then the stopping criterion
and Lemma 2.1 guarantee that 27 solves (EP).

Now, suppose that the algorithm generates an infinite sequence {mk} Let z* be a cluster
point of {z*}: taking the appropriate subsequence {z*¢}, we have 2% — 2*. Since ay,ex | 0,
Lemma 3.1 guarantees that there exists &’ such that 1q, ., p is a gap function for all £ > £’ and in
particular there exists ¢ such that 1, ¢, p(z¥) >0 for all £ > ¢'. Lemma 2 in [12] guarantees
that {\*¢} is bounded for ¢ sufficiently large, thus there exists ¢’ such that 1/eg, > ||(\*)*+||,+0
for all £ > ¢”. Choosing ¢ := max{¢,¢"}, then we have both 1/e, > [|[(\*)*||, + & and
wakwskg,p(xk[) > 0 for all £ > £. By the rule in step 4 condition c) fails at 2/ = 2% for ¢ > ¢ and
hence

0< djakzvakgvp(‘rk[) S wak[vekg 7P(xk£)

s [t + (That ). )

Since z¥¢ and y*¢ belong to the bounded set D, the continuity of h and V,h guarantee that
the sequence {h(z¥¢,y*) + (V h(zke yke), yFke — 2%6)) is bounded from above. Thus, we get
(CETEN. (z*) = 0 taking the limit as ¢ — +o00, and therefore 2* solves (EP).

Now, suppose that the algorithm generates an infinite sequence {27} for some fixed k. There-
fore, we can set @ = «j and € = ¢ as these values do not change anymore, and let z* be a
cluster point of {z7}: taking the appropriate subsequence {z7¢}, we have 27¢ — z*. Expoiting
Lemma 2.2, 27¢ — z* implies also d/* — d* = y,(2*) — 2*.

By contradiction, suppose that z* does not solve (EP), or equivalently d* # 0. The step size
rule implies

Yae(#) = Vaep() = BL, [[d¥||5 > 0.

Taking the limit as £ — 400, we get t;, — 0 since d* # 0. Moreover, the inequality
Yaep (ng + 15, 7_1 djé) - ¢a,s,p(zjz) >—f (tjz 7_1)2 ||alj/Z 2

holds for all £ € N. Since 9, p is locally Lipschitz continuous, the mean value theorem guaran-
tees that there exists 6;, € (0,1) such that

1/’&,8710 (Zjl + tje 7_1 djé) - 1/104754,(2:”) = <§j£a tjz 7_1 djé>
where &7 is a generalized gradient of Ya,ep at 2+ 0, t, v~ 1 die. Hence, we get
(€, ) > = Bty v [|d*|o-
On the other hand, we also have
(€, d*) S g ey (270 + 0, ty, 7 ).

Thus, we get
wg,e,p (Z]Z + eje 27 7_1 d’t; dﬂ) >—f lj, 7_1 ||d]Z ”2
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Moreover, 27t 4-0,,t;, vy~ tdit — 2* as £ — +oo. Since Va.ep 1S Upper semicontinuous as function

of (z;d) (see e.g. [5]), we get

Vaep(z5d") > limsup ¥y, ., (zjf + 0,1, L dde dj‘f) > 0. (14)
7 l—+00 H
On the other hand, if z* € C then ¥, p(2*) = @a(2*) > 0 since z* does not solve (EP).
Moreover, the three conditions at step 4 are satisfied for all £, hence we have

_wa’s?p(zjz) —« [h(zj‘, yje) 4 <V$h(zje,yj‘),yj‘ _ zje>] < —n wa@p(zje).
Thus, taking the limit the upper estimate provided in Lemma 3.2 gives

g,e,p(Z*Sd*) < Yaep(2¥) — a [A(2",ya(27)) + (Veh(2%, ya(27)), d)]

< N Yaep(zt) <0,

which contradicts (14). Therefore, 2* ¢ C. Since 1/e > [|[(M¢) T, + J, then taking the limit
as { — —+oo (eventually considering a subsequence) provides 1/ > [[(\*)T ||, + & for some
(A", 1*) € An(2"). Thus, Theorem 3.1b) guarantees 15, ., ,(2";d*) < 0, contradicting again
(14). Therefore, z* solve (EP). O

When (EP) is the variational inequality associated to the operator F', condition (11) is
equivalent to require that VF is positive semidefinite, while the algorithm presented in [21]
for variational inequalities requires positive definiteness. Updating the parameters « and e,
which on the contrary are kept fixed in [21], is the key feature to devise a solution method that
converges under weaker assumptions. Furthermore, the above algorithm involves an inexact line
search while the algorithm in [21] needs the rather theoretical exact line search.

4 Numerical tests

We applied the algorithm to solve a problem of production competition over a network under the
Nash-Cournot equilibrium framework. We considered a modification of the oligopolistic model
originally proposed in [17]. The same commodity is produced by n firms, which compete over
quantity in a noncooperative fashion. Given a transportation network (N, A), the firms and the
markets are located at some sets of nodes I C N and J C N, respectively. Each firm ¢ € [
chooses the quantity x;; to supply to each market j € J and how to ship it, by choosing the
quantities v} to be sent on each arc a € A; the goal of the firm i is to maximize its profit given
by

> l’z’ij(E frej>—§ saVh =i [ > ai |,
el tel acA jeJ

where p; : R — R4 is the inverse demand function for market j, that is p;(z) denotes the
unitary price at which the market j requires a total quantity z, s, is the unitary transportation
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cost on arc a, and m; : R — R, is the production cost function of firm ¢. On the other hand,
each firm is subject to flow-conservation constraints

=Y Sy k=i
N jeJ
(Ev') = 0 it k€ N, (15)

Tik ifkeJ

where E is the node-arc incidence matrix of the network and v® = (v%),ca. Moreover, it has a
bounded production capacity, i.e.
Z Tij < G, (16)
JjeJ
where ¢; denotes the maximum quantity that firm ¢ may produce. Finally, a public authority
selects a set R of paths and imposes upper bounds on the congestion of these selected paths,
namely
Y tav) T, VregR, (17)
acr
where ¢, denotes the (convex) travel time function on arc a and 7, is the maximum travel time
on path 7.

An equilibrium state is reached when the production levels and the flows are such that no
firm would increase its profit by changing its own production and shipping choices while the
other firms keep the same ones. Finding such an equilibrium can be formulated as a Generalized
Nash Equilibrium Problem (GNEP), i.e. a noncooperative game in which the strategy set of each
player (firm), as well as his payoff function, depends on the strategies of all players (see [8] and
references therein). More precisely, the congestion constraints (17), which are shared by all the
players, make the problem a jointly convex GNEP. It is well known that normalized equilibria of
a jointly convex GNEP, as introduced in [20], are the solutions of a suitable equilibrium problem
(see e.g. [22]). In our case, setting z = (wij)ierjes, v = (v')ier and analogously y and w,
normalized equilibria coincide with the solutions of (EP) where the feasible set C' is defined by
constraints (15)—(17) and the bifunction f is given by:

f(zv), (yw)) = X [Z TijPj (ZEZI%) 2 il (?/z’j + 2 %’)

i€l | jed Lel b#i

+ >0 sa (W, — v}) + (Z yij) — i <Z :vm>]
acA jeJ jeJ

We applied our algorithm to a problem with 3 firms, 2 markets, and the transportation
network of Figure 1 with I = {1,2,3} and J = {13, 14}.
We assumed that both markets have the same inverse demand function

pi(z) =p(z) = p""(z+ o)1/,
and that the cost functions have the form

7'(‘1("1)@) = m; T; + (1 + 51)_1Ki_6i1'3+6i,
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Figure 1: Transportation network.

where p = 5000 and 7 = 1.1 have been selected as in [19] as well as the values for the parameters
of the cost functions, which are shown in Table 1. We chose o0 = 0.01 rather than o = 0: while
the effect on the equilibrium values is negligible, the problem is well defined also for a zero total
production, which could be selected as the starting point of the algorithm.

Table 1: Parameters of cost functions.

1 om K; o 6
1 10 5 5/6
2 6 5 1
3 2 5 5/4

Since the functions m; and p have been chosen convex and differentiable, the function z +—
zp(z) is therefore concave. Thus, the bifunction f(-,(y,w)) turns out to be concave for any
(y,w) and hence assumption (11) of the algorithm is satisfied.

Regarding the constraints, we set production bounds g; of the firms all equal to 40. Moreover,
we considered the travel time functions introduced by the U.S. Bureau of Public Roads [3]
1+40.15 (ZEIU“>41 ,

ta(v) :fa C

where f, denotes the free flow time and C, the capacity of arc a. The values of f, are displayed
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in Figure 1 and the capacity C, has been set to 5 for all the arcs. Congestion constraints have
been set on the 8 paths listed in Table 2, and the values T} have been chosen equal to 50 for all
the paths.

Table 2: Paths with congestion constraint.

1 2 3 4 ) 6 7 8
path 4-5-6 7-89 10-11-12 10-7-4 5-8-11 6-9-12 4-8-12 6-8-10

The algorithm has been implemented in MATLAB 7.10.0; the built-in function fmincon from
the Optimization Toolbox was exploited to evaluate the gap function ¢, and to compute the
direction yo(z) — 2. The value 10~2 was used as the threshold for the stopping criterion of the
algorithm at step 3. We chose the regularizing bifunction h(z,y) = ||y — z||3/2.

After some preliminary tests we set parameters of the algorithm as follows: 8 = 0.1, v = 0.7,
n =09, ap = 1/3% e, = 1/k?, and p = co. Running the algorithm with these values of
parameters and a zero total production and flow as the starting point, it performed 11 iterations,
3 just updated the parameters o and ¢ (null steps), and the gap function had to be evaluated
14 times. The solution found is given in Tables 3 and 4. As shown in the Tables some bounds
on production and travel times are tight.

Table 3: Equilibrium solution found (supplied quantities).

markets total
firms 13 14 production
1 20.2087 15.6148 35.8235
2 27.9749 12.0251 40.0000
3 13.5517 26.4483 40.0000

Table 4: Equilibrium solution found (path flows and travel times).

path 4-5-6  7-8-9 10-11-12 10-7-4 5-8-11 6-9-12 4-8-12 6-8-10
flow 27.89 0.00 27.70 0.00 0.90 2348 12.75 13.03
travel time 50.00 5.00 50.00 5.00 4.00  50.00 50.00 50.00

Subsequently, we randomly selected 50 starting points and we ran the algorithm for different
choices of the parameters 3, v, 1, ag, €k, and p. Results with respect to different values of 5 and
~ are given in Table 5: in each row the minimum, average and maximum number of iterations,
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null steps and solved optimization problems are given. The results suggest to choose 5 < . A
good choice seems to be a small value of 3, close to zero, and a value of  close to one.

The impact of different values of 7 is shown in Table 6, in which the minimum, average and
maximum number of iterations, null steps and solved optimization problems are given. Results
show that the closer 7 is to one, the better is the behaviour of the algorithm.

Table 7 reports the results with respect to different values of parameters oy and €. According
to the results, it is better to choose an exponentially decreasing sequence for «y,, while g should
be a polynomially decreasing one.

Table 8 shows the impact of different choice of the value of p, which seems not to have a
significant impact on the behaviour of the algorithm.

Table 5: Results with different values of parameters 5 and ~.

iterations null steps opt. problems
I3 ol min avg max min avg max min avg max
0.1 0.1 9 1936 44 2 294 4 10 30.46 79
0.1 0.3 9 12714 19 2 284 4 10 17.5 29
0.1 0.5 9 1066 14 2 268 4 10 13.24 20
0.1 0.7 9 9.94 14 2 262 4 10 13.22 19
0.1 0.9 9 1022 13 2 262 4 10 16.16 23
0.3 0.1 10 21.94 52 2 294 4 11 36.48 96
0.3 0.3 9 13 22 2 284 4 11 1882 36
0.3 0.5 9 10.5 15 2 268 4 11 13.86 23
0.3 0.7 9 9.94 13 2 262 4 11 1474 25
0.3 09 9 10.08 13 2 262 4 11 19.28 46
0.5 0.1 10 23.46 52 2 294 4 13 40.06 96
0.5 0.3 9 1338 22 2 284 4 11 20.14 36
0.5 0.5 9 10.72 16 2 268 4 11 14.84 25
0.5 0.7 9 1022 14 2 262 4 11  16.72 40
0.5 0.9 9 10.16 13 2 262 4 12 23.2 7
0.7 0.1 12 2548 52 2 294 4 15  45.18 122
0.7 0.3 9 13.62 22 2 284 4 11 2096 36
0.7 0.5 9 11.1 17 2 268 4 12 16.64 46
0.7 0.7 9 10.56 15 2 262 4 11 1932 59
0.7 0.9 9 1032 14 2 262 4 12 27.8 123

Finally, we selected production capacities for each firm in the range [20,50] and congestion
bounds for any path in the range [30,100] and we ran the algorithm with the original values
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Table 6: Results with different values of parameter 7.

iterations null steps opt. problems
n min avg max min avg max min avg max
0.1 10 22.66 33 1 1.40 3 13 83.68 157
0.2 11 2148 33 1 1.44 3 13 77.38 157
0.3 10 20.42 33 1 1.54 3 12 71.44 157
0.4 10 2228 32 1 1.48 3 12 8246 157
0.5 10 20.20 32 1 1.58 4 12 68.76 157
0.6 9 1330 27 1 1.92 3 10 2530 111
0.7 9 11.82 24 1 212 3 12 16.96 93
0.8 9 11.22 14 1 2.46 3 11  14.66 33
0.9 9 9.94 14 2 262 4 10 13.22 19

Table 7: Results with different values of parameters «; and .

iterations null steps opt. problems
ay €k min avg max min avg max min avg max
1/k 1/k 21 3112 71 7 2052 61 24 3932 101
1/k  1/k? 24 2830 40 4 436 T 33 57.70 152
1/k  1/3% 34 51b4 79 2 2.12 3 77 176.18 333
1/k*  1/k 11 16.76 23 4 9.26 16 12 20.12 27
1/k*  1/k? 11 1370 20 2 338 7 13 19.92 51
1/k* 1/3% 14 1580 28 2 2.14 4 17 25.86 140
1/38 1/k 9 1724 23 2 9.24 16 10 20.82 27
1/38  1/k? 9 9.94 14 2 2.62 4 10 13.22 19
1/3k 1/3k 9 12.08 19 1 188 3 12 1860 68
Table 8: Results with different values of parameter p.
iterations null steps opt. problems

P min avg max min avg max min avg max

1 9 10.2 14 2 266 4 11 1392 21

2 9 10.08 14 2 266 4 10 13.58 21

3 9 10.02 14 2 264 4 10 1342 19

4 9 9.92 14 2 262 4 10 13.22 19

5 9 9.94 14 2 262 4 10 13.22 19

10 9 9.94 14 2 262 4 10 13.22 19

00 9 9.94 14 2 262 4 10 1322 19
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of parameters: 8 = 0.1, v = 0.7, n = 0.9, ay = 1/3%, &, = 1/k?, p = oo, and the zero vector

as starting point. The results are shown in Table 9, which shows the effect of capacity and

congestion bounds on the production values, path flows, and path travel times at the equilibrium

solution. In particular, for each given value of the capacities and of the congestion bounds, the

quantities supplied by the firms to each markets are reported on the first line, the total quantities

supplied on the second line, and the path flows on the third line, where a bold font denotes that

the congestion constraint is active on the correponding path.
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Table 9: The effect of capacity and congestion bounds on the production values, path flows, and
path travel times at the equilibrium solution.

quantities supplied to each market
bounds total quantities supplied

@ ¢ q T path flows
40 40 40 50| 20.21 15.61 27.97 12.03 13.55  26.45
35.82 40.00 40.00
27.89 0.00 27.70 0.00 0.90 23.48 12.75 13.03
40 40 40 30| 20.52 15.25 28.33 11.67 12.01  27.99
35.78 40.00 40.00
24.03 0.00 24.03 0.00 0.00 19.86 11.88 12.31
40 40 40 100 | 20.25 16.09 26.65 13.35 14.49  25.51
36.34 40.00 40.00
33.62 0.00 2935 0.00 0.74 26.71 15.72 15.72
50 50 50 50| 19.06 14.42 3246 13.97 13.92  28.77
33.48 46.43 42.69
27.83 0.00 27.83 0.00 0.00 23.48 13.99 14.98
50 50 50 100 | 18.58 15.28 32.24  14.77 15.53  28.22
33.86 47.00 43.74
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31.83 0.00 1148 0.68 885 27.05 0.00 22.02
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