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SEMIDEFINITE RELAXATIONS FOR SEMI-INFINITE
POLYNOMIAL PROGRAMMING

LI WANG AND FENG GUO

ABSTRACT. This paper studies how to solve semi-infinite polynomial program-
ming (SIPP) problems by semidefinite relaxation method. We first introduce
two SDP relaxation methods for solving polynomial optimization problems
with finitely many constraints. Then we propose an exchange algorithm with
SDP relaxations to solve SIPP problems with compact index set. At last, we
extend the proposed method to SIPP problems with noncompact index set
via homogenization. Numerical results show that the algorithm is efficient in
practice.

1. INTRODUCTION

Consider the semi-infinite polynomial programming (SIPP) problem:

*:=min f(x
(P){f reX ( )
s.t. g(z,u) >0, Vuel,

where

X={zeR"|61(x) >0, ,0p,(x) >0},
U={ueRP|hi(u) >0, hp, (u) >0}

Here f(x),0;(x) are polynomials in € R", h;(u) are polynomials in v € R? and
g(z,u) is a polynomial in (z,u) € R™ x RP. Throughout this paper, we assume
that X is compact and U is an infinite index set, i.e., there are infinitely many
constraints in (P). The SIPP problem is a special subclass of the semi-infinite
programming (SIP) which has many applications, e.g., Chebyshev approximation,
maneuverability problems, some mathematical physics problems and so on [10} [16].
There are various algorithms for SIP problems based on discretization schemes of
U, such as central cutting plane method [3], Newton’s method [24], SQP methods
[26] and the like. Most of algorithms for SIP problems, however, are only locally
convergent or globally convergent under some strong assumptions, like convexity
or linearity, and to the authors best knowledge, few of them are specially designed
for SIPP problems exploiting features of polynomial optimization problems. Parpas
and Rustem [22] proposed a discretization like method to solve min-max polynomial
optimization problems, which can be reformulated as SIPP problems. Using a
polynomial approximation and an appropriate hierarchy of semidefinite relaxations,
Lasserre presented an algorithm to solve the generalized SIPP problems in [15].
Before introducing the contribution of this paper, we first review some of the
considerable progress recently made in solving polynomial optimization problems
with finite constraints via sums of squares relaxations, which are typically based on
the Positivstellensatz [23]. We define a so-called quadratic module which is a set
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of polynomials generated by the finitely many constraints, to which any polynomi-
als positive over the feasible set belong. The classic Lasserre’s hierarchy [I3] is to
compute the maximal real number, minus which the objective lies in the quadratic
module. By increasing the order of the quadratic module, Lasserre’s hierarchy re-
sults in a sequence of lower bounds of the global optimum and the asymptotical
convergence is established under the Archimedean Condition. Interestingly, finite
convergence of Lasserre’s hierarchy is generic [I9]. To guarantee the finite conver-
gence of Lasserre’s hierarchy, Nie [20] proposed a refined SDP relaxation by some
“Jacobian-type” technique which represents optimality conditions of the considered
polynomial optimization problem. More importantly, these SDP relaxation meth-
ods are global and the minimizers can be extracted if the flat extension condition
[2] or more general, flat truncation condition [2I] holds. The aim of this paper is
to apply these SDP relaxation methods to solve SIPP problems.

An efficient method based on discretization scheme for solving SIP is the ex-
change method which approaches the optimum in an iterative manner. Generally
speaking, given a finite subset Uy C U in an iteration, we obtain at least one global
minimizer z¥ of f(z) under the associated finitely many constraints and then com-
pute the global minimum ¢* and minimizers uy, ..., u; of g(z*,u) over U. If gk > 0,
stop; otherwise, update Uyy1 = U U{u,...,u;} and proceed to the next iteration.
Therefore, to guarantee the success of the exchange method, the subproblems in
each iteration need to be globally solved and at least one minimizer of each subprob-
lem can be extracted. The compactness of the index set U is commonly assumed in
many algorithms for SIP problems, which ensure the existence of global minimizers
for constraint subproblem. However, when the constraint subproblem is nonconvex,
globally solving it and extracting global minimizers are very challenging.

Specializing the exchange method in SIPP problem (P), the subproblems are
polynomial optimization problems with finitely many constraints, which can be
solved exactly by SDP relaxations. Assuming the index set U is compact, an ex-
change type method with SDP relaxations is given in this paper. Numerical experi-
ments show that this algorithm is efficient in practice. We also apply this approach
to optimization problems with polynomial matrix inequality and get good numeri-
cal performance. If U is noncompact, the exchange method might fail, see Example
[41] Another novelty of this paper is that we extend the proposed algorithm to
solve SIPP problems with noncompact U. By a technique of homogenization, we
first reformulate the original SIPP problem as a new one with a compact index set,
to which we then apply the proposed semidefinite relaxation algorithm. We prove
that these two problems are equivalent under some generic conditions.

The paper is organized as follows. In Section [2] we introduce two SDP relax-
ation methods for solving polynomial optimization problems with finitely many
constraints. In Section [3] we propose a semidefinite relaxation algorithm to solve
SIPP problem (P) with compact index set U. In Section {4} we consider how to
apply the proposed algorithm to solve SIPP problems with noncompact index set
U by homogenization.

Notation. The symbol N (resp., R, C) denotes the set of nonnegative integers
(resp., real numbers, complex numbers). For any ¢t € R, [t] denotes the smallest
integer that is not smaller than ¢. For integer n > 0, [n] denotes the set {1,--- ,n}.
For x € R", z; denotes the i-th component of z. For x € R™ and a € N",
x® denotes z*---x0n. For a finite set T, |T'| denotes its cardinality. R[z] =
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Rlxy, -+ ,x,] denotes the ring of polynomials in (z1,--- ,2,) with real coefficients.
For a symmetric matrix W, W = 0(> 0) means that W is positive semidefinite
(definite). For any vector u € RP, ||lu|| denotes the standard Euclidean 2-norm.

2. SDP RELAXATIONS FOR POLYNOMIAL OPTIMIZATION

In this section, we study how to solve the following polynomial optimization
problem with finitely many constraints:

fmin = ;Ielﬁg}b f(.’l,')
gl(x) > 0""’gm2(x) > O,

where f(x), hi(z), g;(x) € Rlz]. Based on the Positivstellensatz, considerable works
have recently been done on solving by means of SDP relaxation. Generally
speaking, these methods relax as a sequence of SDPs whose optima are lower
bounds of fnin and converge to fumin under some assumptions. We first introduce
the classic Lasserre’s SDP relaxation [13] and then Nie’s Jacobian SDP relaxation
[20] with property of finite convergence.

2.1. Lasserre’s SDP relaxation. Denote K as the feasible set of (2.1). Let
F:=A{h1,-. ., hmy, 90,91, -, gms,} and go = 1. We say a polynomial is SOS if it
is a sum of squares of other polynomials. The k-th truncated quadratic module
generated by F is defined as

i 2 o; are SOS, ¢; € Rlz], Vi,j
= i igi
Qu(F) ;¢J it ;U 9| deg(0ig:) < 2k, deg(p;h;) < 2k

The k-th Lasserre’s SDP relaxation [I3] for solving (2.1) (k is also called the relax-
ation order) is

(2.2) fr:=max v s.t. f(x) —v € Qr(F).

The relaxation is equivalent to a semidefinite program and could be solved
efficiently by numerical methods like interior-point algorithms. Clearly, fix < fumin
for every k and the sequence {f;} is monotonically increasing. The quadratic
module generated by F is

QF) == Qu(F).
k=1

Definition 2.1. The set Q(F) satisfies the Archimedean Condition if there exists
¥ € Q(F) such that inequality 1(x) > 0 defines a compact set in z € R™.

Note that the Archimedean Condition implies the feasible set K is compact but
the inverse is not necessarily true. However, for any compact K we can always
“force” the associated quadratic module to satisfy the Archimedean Condition by
adding a “redundant” constraint, e.g., p — ||z]|? > 0 for sufficiently large p.

The convergence for Lasserre’s hierarchy , i.e., limg o0 fx = fumin, 1S implied
by Putinar’s Positivstellensatz:

Theorem 2.2. ([22]) If a polynomial p is positive on K and the Archimedean
Condition holds, then p € Q(F).
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We next consider the dual optimization problem of (2.2). Let y be a truncated
moment sequence (tms) of degree 2k, i.e., y = (yo) be a sequence of real numbers
which are indexed by o = (o, ..., o) € N” with |a| :== a1 + -+ + a,, < 2k. The
associated k-th moment matriz is denoted as My, (y) which is indexed by N}, with
(o, B)-th entry ya4s. Given polynomial p(xz) =) pox® where z® := z{* --- 23",

denote d, = [deg(p)/2]. For k > d,, the (k — dp)-th localizing moment matriz
L:S,kfdp)(y) is defined as the moment matrix of the shifted vector ((py>a)a€N§(k,d )
with (py)a = ZB DPaYa+s- Denote by .#5; the space of all tms whose degrees a;e
2k. Let R[z]ax be the space of real polynomials in x with degree at most 2k. For
any y € Aoy, a Riesz functional %}, on R[z]qy, is defined as

gy (Z qax?l o $%"> = ZQana v Q(ZE) S R[.’L‘]Qk

For convenience, we hereafter still use ¢ to denote the coefficient vector of ¢(x) in
the graded lexicographical ordering and denote (q,y) = -Z,(q). From the definition

of the localizing moment matrix L,()k_d”)(y), it is easy to check that

¢ LY (y)g = £, (p(x)a(x)?), ¥ q(w) € Rle]i-q,-
The dual optimization problem of (2.2) is ([I3], 14])
fr == min (f.y)

YyE M2y

k—dp . _
(2:3) st Ly ") =0, j e fma), LY () = 0, i € [ma),

Mi(y) = 0, (1y) = 1.

Let
d =max{1,dy,,dp; | i € [mi1],j € [mal}.
Lasserre [I3] shows that fi, < fi < fuin for every k > max{ds,d} and both {f;}
and {f;} converge to fmin if the Archimedean Condition holds.
We say Lasserre’s hierarchy (2.2)) and (2.3)) has finite convergence if

(2.4) Jro = fr, = fmin for some order k; < oco.

Interestingly, Nie proved that under the Archimedean Condition, Lasserre’s SDP
relaxation has finite convergence generically (cf. [I9, Theorem 1.1]). Since fiin is
usually unknown, a practical issue is how to certify the finite convergence if it
happens. Moreover, if it is certified, how do we get minimizers?

Let y* be an optimizer of . By [2| Theorem 1.1], f} = fmin for some k if
the flat extension condition (FEC) [2] holds, i.e.,

(2.5) rank Mj_q(y*) = rank My (y").

By solving some SVD and eigenvalue problems ([7]), we can get r := rank My (y*)
global optimizers for (2.1). However, (2.5 is not a generally necessary condition
for checking finite convergence of Lasserre’s hierarchy (cf. [2I, Example 1.1]). To

certify the finite convergence of (2.2) and get minimizers of (2.1) from (2.3), a

weaker condition was proposed in [2I]. We say a minimizer y* of (2.3) satisfies flat
truncation condition (FTC) if there exists an integer ¢ € [max{dy,d}, k] such that

(2.6) rank M;_q(y*) = rank M (y").
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If an optimizer of has a flat truncation, by [2l Theorem 1.1] again, we still
have f; = fuin-

Moreover, if there is no duality gap between (2.2)) and (2.3)), we obtain fr = fuin.
More importantly, [2I, Theorem 2.2] shows that the flat truncatlon is also necessary
for Lasserre’s hierarchy under some generic assumptions.

Algorithm 2.3. Lasserre’s SDP relaxation

Input: Objective function f(x), constraint functions h,;(x),g;(r) and maximal
relaxation order K.

Output: Global minimum and minimizers of problem (|2

I Set d := max{1,dy,dp,,dy,} and initial relaxatlon order k = d.

IT Solve primal and dual SDP problems (2.2) and . 2.3) by standard SDP solver
(e.g., SeDuMi [25], SDPT3 [27], SDPNAL [28]).

III For t € [d, k], check condition (2.6).
1 If holds for some ¢, get minimizers by Extraction Algorithm [7] and

stop;

2 Otherwise, go to Step [[V]

IV If k > kmax, stop; otherwise, set k = k + 1 and go to Step [}

2.2. Jacobian SDP relaxation. The convergence of Lasserre’s SDP relaxations
(2.2) and might be asymptotic for some instances, i.e., only lower bounds
are found for each order k. To overcome this hurdle, Nie [20] proposed a refined
reformulation of by some “Jacobian-type” technique whose SDP relaxation
has finite convergence.

Roughly speaking, Jacobian SDP relaxation is to add auxiliary constraints to
(2.1)) which represent optimality conditions under the assumption that the optimum
fmin is achievable. The basic idea is that at each optimizer, the Jacobian matrix of
the objective function, the equality constraints and the active inequality constraints
must be singular, i.e., all its maximal minors vanish. For convenience, denote

h:=(h1,...,hm,) and g:=(g1,-.-,Ims)-

For a subset J = {j1,...,Jx} C [m2], denote g5 := (g;,,---,9;.). Symbols Vh and
Vg represent the gradient vectors of the polynomials in h and gj, respectively.
Denote the determinantal variety of (f,h,gy)’s Jacobian being singular by

Gy = {z € C" | rank BY(z) <my + 171},
where
B'(z) = [Vf(z) Vh(z) Vgs(z)].

Instead of using all maximal minors to define G, [20, Section 2.1] discusses how
to get the smallest number of defining equations. Let nf, ... 7771{9 () be the set of

defining polynomials for G; where len(J) is the number of these polynomials. For
eachi=1,..., len(J), define

(2.7) =7 H gj(z), where J¢ = [ma]\J.
jeJ©

For simplicity, we list all possible @] in sequentially as

P15 P25 -+ Pry where r = Z len(J)
JCmal,|J|<m—my
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Consider the following optimization by adding all ¢;’s to (2.1)):

s := min f(z)
(28) s.t. hl(z) =0, 1€ [ml]a (Pl(x) =0,1l¢€ [7"],
gj(z) >0, j € [mal.

As shown in [20, Lemma 3.1] and [6] Lemma 3.5], by adding auxiliary constraints
wi(x) = 0, the feasible set of (2.8)) is restricted to the KKT points and singular
points of the feasible set of Therefore, and are equivalent if the
minimum fp, of is achievable.

Lemma 2.4. ([0, Lemma 3.6]) Assume my < n and at most n—my of g1(x),. . .,Gm, ()
vanish for any feasible point x. If the minimum fuin of (2.1) is achievable, then
s* = fmin-

Remark 2.5. Since s* is the minimal value of f(z) achieved among the KKT

points and singular points of the feasible set of (2.1)), it is possible that s* > fuin
(cf. |20, Section 2.2]) if fiin is not achievable.

If the Archimedean Condition holds for the feasible set K, then K is compact and
fmin is achievable. By Lemma we always have s* = fin. Applying Lasserre’s
SDP relaxations and to , the resulting SDP relaxations for
have finite convergence under some generic conditions (cf. [20, Theorem 4.2], [6l
Theorem 3.9]).

Algorithm 2.6. Nie’s Jacobian SDP relaxation
Input: Objective function f(z), constraints functions h;(x), g;(z), maximal relax-
ation order Ky ax-
Output: Global minimum and minimizers of problem .
I Construct the auxiliary polynomials ¢;(z)’s.
IT Set d :=max{1,dy,dp,,d,,,d,, } and initial relaxation order k = d.
IIT Solve by Algorithm
IV For t € [d, k], check condition (2.6).
1 If holds for some ¢, get minimizers by Extraction Algorithm [7] and
stop;
2 Otherwise, go to Step [V]
V If k > Emax, stop; otherwise, set k =k + 1 and go to Step [[II}

In contrast to Lasserre’s SDP relaxation, Jacobian SDP relaxation is more com-
plicated due to the auxiliary polynomials ¢;(x)’s. We refer to [20, Section 4] for
some simplified versions of Jacobian SDP relaxation method.

3. SIPP WITH COMPACT SET U

The two SDP relaxation algorithms shown in Section [2] provide strong tools to
globally solve polynomial optimization problems with finitely many constraints. In
this section, we will discuss how to use them to solve SIPP problems globally.

3.1. A semidefinite relaxation algorithm. One main difficulty in solving a SIP
problem is that there are infinite number of constraints. How to deal with the
infinite index set U is the key difference among various SIP algorithms. Exchange
method is commonly used in SIP computation, and is regarded as the most efficient
method on solving SIP problems [I0} [I6]. The general steps of exchange method
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are determined algorithmically as follows [I0]. Given a subset Uy C U in iteration
k with |Uy| < 0o, compute at least one global solution 2* of

(3.1) min f(z) s.t.g(z,u) >0, Vu e U,
zeX
and solutions uq,...,u; of the subproblem
3.2 = mi ).
(3.2) g" :=min g(z%,u)
If g* > 0, stop; otherwise, set Up 1 = Uy, U {u1,...,u;} and go to next iteration.

Therefore, to successfully apply exchange method to solve SIPP problems, we need
to globally solve subproblems — and extract global minimizers in each
iteration. As we have discussed in Section [2 the SDP relaxation methods are
proper means for this propose. The specific description of exchange method with
SDP relaxations for SIPP problems is shown in the following.

Algorithm 3.1. Semidefinite relaxations for SIPP

Input: Objective function f(x), constraint function g(x,u), semi-algebraic sets X,
U, tolerance € and maximum iteration number k..

Output: Global optimum f* and set X* of minimizers of problem (P).

Step 1 Choose random uy € U and let Uy = {ug}. Set X* =0 and k = 0.
Step 2 Use Algorithm [2.3] to solve

foin— min f(2)
(3.3) (Py) : zeX
s.t. g(z,u) >0, Vu € Uy.
Let Sy = {zf,-- ,2F } be the set of the global minimizers of problem (Py).

Step 3 Set Upy1 =Ug. Fori=1,--- 1y,
(a) Use Algorithm to solve

(3.4) Q) : g :=min g(zf,u).

Let TF = {uf;, j=1,--- ,t}'} be the set of global minimizers of (QF).
(b) Update Upy1 = Ups1 JTF.
(c) If gF > —¢, then update X* = X* | J{z¥}.
Step 4 If X* # 0 or k > kmax, Stop;
otherwise, set k = k + 1 and go back to Step 2

Remark 3.2. Subproblems (P;) and (QF) in Algorithm [3.1| can be solved by both
Algorithm and Finite convergence can be guaranteed by Algorithm
which, however, produces SDPs of size exponentially depending on the number
of the constraints. Since Uy enlarges as k increases, subproblem (Py) consequently
becomes hard to be solved by Algorithm Therefore, we solve (Py) by Algorithm
which is also proved to have finite convergence generically [19]. Because the
index set U is fixed and compact, Algorithm is a better choice for solving (QF).

Proposition 3.3 (Monotonic Property). For optimal values of (Py) in (3.3]), we
have

(3.5) SRR <L fmin < pmin <L

Proof. Because

Uy C- - CUyCUpps C--- CU.
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So the feasible sets of (Py) and (P) satisfy
KC- CKpy1 CKpC--- CKy,
we obtain the conclusion. |
We have the following convergence analysis of Algorithm

Theorem 3.4. Suppose that X is compact. If at each step k,
(a) subproblems (Py) and each (QF) are globally solved,

3
(b) intermediate results Sk and at least one TF are nonempty,

then either Algom'thm stops with solutions to (P) in a finite number of iterations
or for any sequence {x*} with x* € Sy, there exists at least one limit point as k
increases and each of them solves (P).

Proof. At each step, if () holds, then global optima ™ and g¥ are obtained and
monotonic property (3.5)) is true. Additionally, if (]ED is satisfied, then Algorithm
[3:] either stops in a finite number of iterations or proceeds without interrupt as k
increases.

If Algorithm stops at k-th iteration with k < Kpay, then gF > 0 for some i,
which implies that the associated x¥ is feasible for (P). Moreover, =¥ is a global
minimizer of (P) by . Now we assume g < 0 for each k and i which implies
TF ¢ Uy and Uy, C Upyq for all k. The following argument is based on the proof of
[10, Theorem 7.2]. For any = € X, define

v(z) := min{g(x,u),u € U}.

Obviously, v(z) is continuous. Fix a sequence {z*} with z* € Sy, then a limit point
7 € X always exists since X is compact. Without loss of generality, assume z¥ — Z.
By (83.5), it suffices to prove that z is feasible for (P). Let v(a*) = g(2*,u*) and
X, be the feasible set of (Py). Since Uy C U1, we have Z € N72 | X}, and therefore
g(z,u*) > 0. Then
v(z) = v(a®) + [v(2) - v(z")]
g(a®,u*) + [o(z) — v(2")]
> [g(a®, u*) = g(@,u")] + [v(z) — v(a")].

By the continuity of v and g, we have v(Z) > 0, i.e., T is feasible for (P). O

If X and U are compact, then the optima of (P;) and (QF) are achievable. By
applying SDP relaxations Algorithm [2.3|and Algorithmto (Py) and (QF), as we
have mentioned in Section @ and (b)) are generically satisfied no matter what
initial Uy we choose. In section |4} we will consider the case when U is noncompact
for which the convergence of Algorithm[3.1|might fail if we choose an arbitrary initial

Uy (Example . We will deal with this issue by the technique of homogenization.

3.2. Numerical experiments. This subsection presents some numerical examples
to illustrate the efficiency of Algorithm The computation is implemented with
Matlab 7.12 on a Dell 64-bit Linux Desktop running CentOS (5.6) with 8GB mem-
ory and Intel(R) Core(TM) i7 CPU 860 2.8GHz. Algorithm[3.1]is implemented with
software Gloptipoly [9]. SeDuMi [25] is used as a standard SDP solver. Through-
out the computational experiments, we set parameters kp.x = 15, € = 107% in
Algorithm After Algorithm terminates, let X™* be the output set of global
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minimizers of (P), f* be the value of the objective function f over X* and Iter be
the number of iterations Algorithm has proceeded. Let
Objq := mi i *ou).
jp = min min g(z",u)
By the discussion in Subsection the global minimizers in X™* can be certified
by inequality Obj, > —e.

3.2.1. Ezxamples of small SIPP problems. We test some small examples taken from
[T, Appendix A]. For nonpolynomial functions, e.g., sine, cosine or exponential
function, we use their Taylor polynomial approximations, see Appendix [A] Let
X = [-100,100]™. Test results are reported in Table [I} The Iter column in Table
[[] indicates that Algorithm [3.1] takes a very few steps to find the global minimizer
which are certified by the Obj, column.

TABLE 1. Computational results for small SIPP problems.

No. z* Tter fr Obj,
Example |A.1 (-0.0008, 0.4999) 2 1-0.2504 | 6.4744e-7
Example [A.2 (-0.7500, -0.6180) 3 0.1945 | 3.5305e-7
Example [A.3[ | (-0.1514, -1.7484, 2.5725) | 2 9.6973 | 7.8870e-5
Example |A.4 (-1,0,0) 2 1 6.2320e-5
Example [A.5 (0,0) 2 0 -1.1578e-12
Example [A.6 (0,0,0) 2 4 -4.7070e-12
Example [A.7] (0,0) 2 0 1.9285e-12

3.2.2. Examples of random SIPP problems. We test the performance of Algorithm
[3:1 on some random SIPP problems which are generated as follows.

Let x = (x1,...,2,) and uw = (u1,...,up). Given d € N, let [z]; and [u]4 be the
vectors of monomials with degree up to d in R[z] and R[u], respectively. Denote
([z]a, [u]4) as the vector obtained by stacking [z]; and [u]q. Let f(x) = nT[2]2q, be
the objective function where 7 is a Gaussian random vector of matching dimension.
Let g(x,u) = 7—([%]ay, [w]a, )T M{[2]a,, [u]a,), where T is a random number in [1, 10
and M is a random positive semidefinite matrix of matching dimension. Let X =
B,(0,1) be the unit ball in R” and U varies among U; = B,(0,1), Uy = [-1,1]?
and Us = A, where A, is the p dimensional simplex.

The results using Algorithm are shown in Table 2] where the Inst column
denotes the number of randomly generated instances, the consumed computer time
is in the format hr:mn:sc with hr (resp. mn, sc) standing for the consumed hours
(resp. minutes, seconds). The column Obj, shows that Algorithm successfully
solves all the random problems.

3.3. Application to PMI problems. In this subsection, we apply Algorithm [3.1]
to the following optimization problem with polynomial matriz inequality (PMI):
(3.6) o= m]%n f(x) st. G(z) =0,
TER™

where f(z) € Rlz] and G(z) is an m x m symmetric matrix with entries G;;(x) €
R[z]. PMI is a special SIPP problem and has been widely arising in control system
design, e.g., static output feedback design problems [8]. PMI is also interesting
in optimization theory, e.g., SDP representation of a convex semialgebra set [17].
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TABLE 2. Computational results for random SIPP problems

No. [n | p]|di |do| Inst | U | time (min, max) Obj, (min, max)
1 53] 3 2 10 | U [ 0:00:17 [ 0:00:28 1.3479 2.0779
2 513 2 2 10 | Uz | 0:00:06 | 0:00:12 | -9.5236e-9 0.6343
3 6 | 2 2 2 10 Uy | 0:00:19 | 0:00:22 1.7144 2.1185
4 6| 3] 2 2 10 | U; | 0:00:19 | 0:00:24 1.0450 1.7220
5 713] 3 2 10 | Us | 0:00:26 | 0:00:59 | 3.7797e-8 0.3198
6 8 |3] 2 2 10 | U | 0:04:52 | 0:05:18 1.3213 1.8438
7 92 2 2 5 U, | 0:45:26 | 0:49:28 1.5850 2.2807
8 9|2 2 2 5 Us | 0:44:40 | 0:52:49 1.7521e-8 | 2.9119e-7
9 5 | 2 2 2 5 Us | 0:57:17 | 1:04:02 1.3116e-6 1.6986e-5

Some traditional methods for globally solving are based on branch-and-bound
schemes and alike [5] which, as pointed in [§], are computationally expensive. Re-
cently, some global methods based on SOS relaxations are proposed in [11 [12] as
well as in [5] in a dual view.

Define

X :={zcR"|G(z) >0} and U:={ucR™]||ul?*=1}.
Then problem (3.6) is equivalent to the following SIPP problem
{ min f(z)

reR™

(3.7) .
s.t. g(z,u) =u G(x)u >0, VueU.

Assume the feasible set X is compact, then we can apply Algorithm to solve
SIPP problem (3.7). The following examples show that Algorithm is efficient
to solve PMI problems.

Example 3.5. Consider the following PMI problem:

min f(z) = x1 + x9

r€ER2
2 2
(3.8) 4—x] — x5 2951 Z2
st. G(z) = T r5— 1 T1Xo = 0.
o X192 LE% — T2

The characteristic polynomial of matrix G(z) is:
p(t,z) = det(tlz; — G(x)) = t* — g1 (2)t* + go(x)t — g3(2)
where
g1(x) =4 — a1 — 22,
go(x) = 22wy — Ay — 2t + 2129 — 25 — 20202 + 2122 — 4oy + 322 + 322,
g3(x) = 23wy + 4wy wo + 20223 + 2123 — 2wy — 42d + 220t — wdwy — 4ad
f:c% fngrx?erngz%xg.
According to Descartes’ rule of signs [8], the feasible set of is
{xe R? | g1(z) >0, g2(x) >0, gs(x) > 0}

which is shown shaded in Figure |1l We first reformulate as a SIPP problem
, then apply Algorithm to it. After 5 iterations, we get a global minimizer
r* &~ (—1.2853, —1.2763) which is certified by Obj, = —1.4523x10~*. The accuracy
of this result can be seen from Figure O
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FIGURE 1. Feasible region of PMI problem (3.8) in Example

FIGURE 2. Feasible region of PMI problem (3.9)) in Example

Example 3.6. Consider the following PMI problem:

min f(z) =x1 — x9

rER?2
(3.9) 10 — x% — x% T —x% +xo x9+3
. 2 2
&1 x5 T — Iy T
s.t. G(z) = > 0.
(@) fx% + x5 T — x% x1 + 2:63 To -
o+ 3 T To x%

Similar to Example we obtain the feasible set of by Descartes’ rule of
signs [§] and show it shaded in Figure [2| Applying Algorithm to the reformu-
lation of problem (3.9), we get global minimizer z* ~ (0.5093, —1.0678) and
minimum f(2*) ~ 1.5771 which are certified by Obj, = —9.4692 x 1075. From
Figure |2, we can see this result is accurate. O

We end this subsection by pointing out a trick hidden in the reformulation
of . PMI optimizajion problem can be regarded as a SIPP problem with
noncompact index set U = R™. Since the constraint function ¢g(z, u) is homogenous
in u, we can restrict U to the unit sphere U. By Theorem to guarantee the
convergence of Algorithm the optimum of (Q¥) needs to be achievable for each
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k which might fail if U is noncompact. The reformulation (3.7) of (3.6) gives us a
clue for dealing with SIPP with noncompact U by the technique of homogenization.
We will go into detail about this technique in next section.

4. SIPP WITH NONCOMPACT SET U

At some k-th iteration of Algorithm [3.1] if the global minima g/ of (Q¥) are not
achievable for all ¥ € Sy, then by Remark [2.5] either

case 1. Tf = (), then U, can not be updated and consequently Sy, 1 remains the
same as Sy, or

case 2. Uyy is updated by TF which consists of KKT points or singular points of
the feasible set of (QF) rather than global minimizers.

As we have discussed in Subsection the convergence property of Algorithm
might fail or wrong global minimizers might be outputted if the above cases
happen. For example,

Example 4.1. Consider the following problem:

ffi= min  —x7 — a9
z1,22€R
(4.1) s.t. zl(u% — 1)+ (29 — u1u2)2 >0, Vup,u €R,
x? +ad = 2.

We choose uq,us such that xo — ujus = 0. By letting u; tend to infinity and 0
respectively, we obtain that z; = 0 for any feasible point x. Therefore, there are
only two feasible points (0, :I:\/?) and the global minimum is —+/2 with minimizer
(0,v2).

We claim that Algorithm fails to solve if we set initial Uy = {(u?,u3)}
such that

(9, ud) ¢ U := {u € R? | ugus = V2,u? < 2v/2 — 2}.

We prove it in the following. First, we show that for any (u1,u2) € R? there always
exists (Z1,%2) with Z; > 0,Z2 > 0 such that

9(Z,u) := i:l(uf — 1)+ (zo — u1u2)2 >0, a‘:? + i’% = 2.

This is true if g((0,v/2),u) > 0 or g((v/2,0),u) > 0 by the continuity of g(z,u).
Now we assume

9((0,v2),u) <0 and g((v2,0),u) <O0.

From the first inequality, we get ujus = v/2. Then by the second inequality, we
have u? < 1 — /2 which is a contradiction. Therefore, the following subproblem

6nin ‘= min — Tl — X2
(PO) . z€R?
st x? + 22 =2, g(z,u) >0, Vup,up €R,

has global minimizer Sy = {(#1,Z2)} with Z; > 0,Z5 > 0. Then we solve subprob-
lem
0y . 0.— mi 7 — i (u? =1 S 2.
(4.2) (Q%: ¢ = min g(Z,u) = Ty (uy — 1) + (T2 — uruz)
Obviously, g° = —#; is not achievable. Applying Jacobian SDP relaxation Al-
gorithm we obtain 79 = {(0,0)} which consists of the only critical point (0, 0)
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of map g(2°, u) with critical value #3 — #;. If 3 — #; > 0, then Algorithm [3.1] ter-
minates and outputs X* = {(Z1,Z2)} which is a wrong solution. Now we assume
#3 — #; < 0 and continue. By Algorithm Uy = {(11,72),(0,0)}. Then we go
to the next iteration and solve

min.— min -z — 2

! zER? ! 2

(P1) : s.t. x5 — 21 >0, g(z,u) >0,
x% + x% = 2.

Let K; be the feasible set of (P;), then

case 1. There exists no (Z1,Z2) € K1 with Z; > 0,Z2 > 0. The global minimizer
of (P1)is S; = {(0,+/2)} and ¢! := m%g(((), v/2),u) > 0. Therefore, the
ue

correct global solution of is outputted. In this case, by the continuity
of g(x,u), we have g((0,+/2),a) < 0 and g((1,1),a) < 0. From these two
inequalities, we get (u1,d2) € Y.

case 2. There exists (Z1,Z2) € K1 with Z; > 0,Z2 > 0. Then the global minimizer
of (P) is S1 = {(#1,%2)} with #; > 0,%, > 0. Similar to ¢°, ¢! is not
achievable and Uy = {(@, u2),(0,0)} can not be updated. Consequently,
the same process will be repeated in the following iterations.

Now we have proved the claim. Since the set U is a subset of a Zariski closed set
of R?, Algorithm fails if we choose a generic initial Uy = {(u1,uz2)}. O

Hence, Algorithm might fail to solve SIPP problem (P) if the optima of
subproblems (QF) can not be reached for all z¥ € S;, which might happen when U
is noncompact. As we have mentioned at the end of Section |3 the reformulation
of sheds light on this issue by the technique of homogenization. In the
following, we apply this technique to general SIPP problem (P) with noncompact
index set U.

For given polynomial ¢(u) € R[u] := Rluq,...,u,] with degree d = deg(q), let
4(@) = udq(u/ug) be the homogenization of q(u) where @ = (ug,u) € RPFL. Define

g(z,a) = uggg(ac,u/uo) where dg = deg, g(z,u)

and

Y

U={ueRPlhi(u) >0, -+, hp, (u) >0},
Up = {i € RP |7y (4 o (

B 1 )ZO,’LL0>0,H17,||2=1},
U = {ae R Ay (a Py (@) > 0,10 > 0, [[@])> = 1}.

=3}

) > 0’ cee
) >0,---,
Proposition 4.2. g(u) > 0 on U if and only if G(@) > 0 on closure(Uy).

Proof. “If ” direction. Suppose there exists v € U such that ¢(v) < 0. For i € [my],
have h;(v) > 0. Let o = ! - th
we have h;(v) > 0. Let ¢ (\/1+Hv\|2’ \/I-HIUH?)’ en

deg(h;)
— deg(hy)

hi(@) = (1 + [[o]|?)
which implies v € Uy and
. _d
q(0) = (L + [|0l*)"2q(v) < 0.

It contradicts the assumption that §(¢) > 0 on closure(Uy).

hi(v) >0, i€ [my],
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“Only if” direction. Let © = (vg,v) € closure(Up), then there exists a sequence
% = (vk,v*) € Uy such that klingo(vg, v*) = (vg,v) with v§ > 0 for all k. We have
hi(v® Juk) = (vE)= a8, (5%) > 0, i € [my], for all .

Therefore, the sequence {v*/vk} € U and q(v*/vk) > 0. Since ¢ is continuous,

G(0) = lim cj(f)k) = lim (vlg)dq(vk/vg) >0,
k—o0 k—o0

which shows §(9) > 0 on closure(Uy). The proof is completed. O

Corollary 4.3. A polynomial g(u) > 0 on RP if and only if g(i) > 0 on {u €
R | 2 = 1},

Proof. From the proof of Proposition we can see the inequality ug > 0 can be
removed from Uy such that ¢(u) > 0 on RP? if and only if §(@) > 0 on
closure({a € RP™! | ||a|* = 1}) = {a € RPT | ||a||* = 1}.

O

By Proposition we have the following equivalent reformulation of problem

. £ = min £(2)
:=min f(x
(Fo) : { ex
s.t. g(z,a) > 0, V u € closure(Up).

Some natural questions arise: how to get the explicit expression of semi-algebraic
set closure(Up)? Is it true that closure(Uy) = U? Clearly, we have

(4.3) closure(Uy) C U.

Unfortunately, the equality does not always hold even if set U is compact (cf. [I8]
Example 5.2]).

Definition 4.4. ([I8]) U is closed at oo if closure(Uy) = U.

Since it might be hard to express closure(Up) for a given particular SIPP problem,
we consider to solve the following problem in general:

B f*:=min f(z) i
s.t. gz, u) >0, VaeU.

As set U is compact, the semidefinite relaxation Algorithm in Section |3| can
successfully solve this problem with any arbitrary initial Uy. Next we investigate

the relation between problem (P) and problem (P).

We define
M = {z e R"|g(z,u) >0, VueU}.

M = {z e R"|§(z,q4) >0, ViaecU}.
Proposition 4.5. We have M C M and the equality holds if U is closed at co.

Proof. By Proposition we have
M = {x e R"|g(x,u) >0, V @ € closure(Uy)}.
Then the conclusion follows due to the relationship (4.3)). O

Consequently, we have
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Theorem 4.6. f* > f* and the equality holds if U is closed at oc.
Corollary shows that U = R? is closed at oo and therefore,

Corollary 4.7. The following two problems are equivalent:

miy f(z) mi f(z)
s.t. gx,u) >0, VueRP, s.t. g(z,a) >0, Ve (7,

where U = {a € RPT1 | ||Jal|2 = 1}.

Example 4.1 (Continued). We reformulate the problem (4.1)) as

f* ‘= min —z; — Z9
z1,z2€R
(4.4) 2 _ .2 2 _ 2 —
8.tz (uy —ug) + (waufy —uwgug)* >0, Va e U,

2 2
T+ x5 =2,

where U = {(ug,u1,u3) € R® | u2 +u2 + u = 1}. By choosing ug = 1, we know
M D {(0,4+/2)} which, obviously, are feasible to . Therefore, f* = f* = —/2
with minimizer (0,v/2). Choosing Uy = {(1,0,0)} in Algorithm Figure
shows the feasible regions of subproblems (P}) for iterations k = 0,1,---,5. Let
h(x) = 2% + 23 — 2. At i-th iteration, the feasible region is defined by

K;:={z €R?| h(z) =0,g0(x) >0,...,g:(x) >0}
where

go = —x1 + T3,
g1 ~ 0.026046 — 0.31963x1 — 0.19679x2 + 0.37171x%,
g2 ~ 0.054893 — 0.11577a1 — 0.18811a2 + 0.1611622,
g3 ~ 0.06865 — 0.049084x, — 0.14992x5 + 0.081854%%,
g1~ 0.072498 — 0.02571121 — 0.1203925 + 0.04997722,
gs ~ 0.073368 — 0.018151z; — 0.10683x2 + 0.038891x§.

For each i, the feasible region K is the intersection of the left parts of the circle
22 + 2% = 2 devided by hyperbolas g;(x) = 0,4 = 0,--- ,5. From Figure |3} we can
see the minimizers of subproblems (P,) converge to (0, v/2) which is the minimizer

of problem (4.1)). O

We would like to point out that if U is not closed at co, we might have f* > f*.
For example,

Example 4.8. Consider the following SIPP problem:
* 3 2
= 1;161]1% x
(4.5) st.z(ug —ug+1) >0, Vuel,
x €1,2],
where
U={uecR?: u}(u; —uy) —1=0}
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FIGURE 3. Feasible region of Example [4.1] at each iteration.

Since for all u € U,
1
ﬂLWZurﬂw+1=E§+1>Q
1
x* =1 is feasible and furthermore the minimizer of problem (4.5)). Hence, f* = 1.
By definition,
U={aecR®: u(ug —us) —ud =0, ug >0, ul +u?+ui=1}.
As is shown in [6, [I8], U is not closed at oo because there exists a point (0,0, 1) € U
but (0,0,1) ¢ closure(Up). Since for any = € [1,2],
g(x,(0,0,1)) = —z < 0,

we have M = (). Therefore, f* = co > f*. O

Example shows that the problem (P) might not be equivalent to (P) when
set U is not closed at co. In the following, however, we show that U is closed at oo
in general. In other words, U is closed at oo if it is defined by generic polynomials.

Suppose that U is not closed at oo, then by definition there exists (0,u) €
U\closure(Uy) with 0 # @ € RP. Let h; denote the homogeneous part of highest
degree of h; for i € [m;] and

(g1 de} == {5 € [ma] | hy(0,1) = hy(a) = 0}.

Then u is a solution to the polynomial system
(4.6) hj, (@) =--- = hj,(a) = |a]* -1 =0.
The Jacobian matrix of the system (4.6) at @ is

hj, Bhj,

Fur (@) -k (w)
Au) == | . .

Ohj, ,_ Ohj, ,_

aujf (u) T auJ]f (U)

2, - 20,
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Lemma 4.9. ([6l Lemma 2.10]) Suppose U is not closed at oo and ¢ < p, then
rank A(u) < £+ 1.

Let hy, 1 = ||@]|2 — 1 and J(@) = {ji,...,je,m1 + 1}. We review some back-
ground about resultants and discriminants in Appendix [Bl By Proposition [B.1] and
Proposition we have

Theorem 4.10. If U is not closed at oo, then
(8) IfJ(@)| > p, then for every subset {j1, - , jpi1} C J (@),

Res(ﬁjl,'~ h =0.

jp+1)
(b) If|.](ﬂ)| <p, then A(ilj17' t >]A7‘je’ilm1+1) =0.

The above theorem shows that if U is defined by some generic polynomials,
then it is closed at oco. Hence, the assumption that U is closed at oo is a generic
condition. Therefore, SIPP problems (P) and (P) are equivalent in general.

Example 4.11. Consider the following problem
; 2 2
{5%%} f(z) =27 + a3

(4.7)
st g(z,u) =zqu1 +us + 22 >0, YueU,

where
X = {(x1,25) € R? | 22 +23 <4} and U := {(u1,u2) € R?* | u} +uj —3ujus > 0}.

The set U is shown shaded in Figure@ Since u1 +us+1 = 0 is the asymptote of the
curve u3+u3—3ujus = 0, the inequality g(z,u) > 0 for all u € U requires x; = 1 and
o > 1. Therefore, the feasible set of is{zeR?|z;=1,1< a3 < \/§} and
the global minimizer is z* = (1,1). It is easy to see that for a given (z1,Z2) € X,
the global minimum of ¢(Z,u) over U is either —oco or finite but not achievable.
Therefore, by the discussion at the beginning of this section, Algorithm might
fail to solve (L.7). For example, if we set Uy = {(1,—1)}, then we get minimizer
X* = {(0.5000,0.4999) }; if Uy = {(1,0)}, then X* = {(0.0262,0.3086) x 10~}

Now we use the homogenization technique to reformulate (4.7). First, we show
that U is closed at co. Let

Uo = {(ug, u1,uz) € R3¥|u} 4+ uj — 3ujugug >0, ui +ui +us =1, ug > 0},

U = {(uo, u1,uz) € R3|ud 4+ ul — Bugugug > 0, v +u? +ud =1, ug > 0}.
By definition, if U is not closed at oo, then there exists (0,1, us) € ﬁ\closure(Uo)
which implies

3 - _2 | -2
al +as =0, wi+us=1.

o V2 V2 V2 V2
(u1,UQ)€ (2,2>, (2’2>}.

Therefore
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IAO
T T

FI1GURE 4. The feasible region U in Example

Let e — 0, then g, 4 € Uy for all k large enough and

lim 4, =(0,—,— |, khm g =(0,—,——F |-
—00

k—o0 22 2 2

This shows U is closed at co. Therefore, by homogenization, we reformulate (4.7
as the following equivalent problem

min 22 + 22
zeX

s.t. g(x, @) = z1ug + ug + xo2up > 0, U € U.
By Algorithm we find a global minimizer
¥ ~ (0.9999,0.9998) with Obj, = —9.8148 x 1077,

after several iterations. O

In this section, by homogenization technique, we reformulate the SIPP problem
(P) with noncompact index set U as the problem (P) with compact index set U
which can be globally solved by Algorithm Under the assumption that set U is
closed at oo which is a generic condition, we show the two problems are equivalent.

APPENDIX A. SMALL SIPP EXAMPLES

Example A.1. Let U = [0, 2] and

1 1
flz) = gx% + 501 + a2 —xo, g(x,u) = —2? — 2x129u® + sin(u).

. . 3
Replace the function sin(u) by v — %-.

Example A.2. Let U = [0,1] and

1 1
flx) = 596% +aj+ 571 g(@,u) = —(1 = ziu®)® + z1u® + 23 — 2.
Example A.3. Let U = [0,1] and
fx)=at+ a2 +22 glx,u) = —z1 — 226" — €2 + 25in(4u).

Replace function e”* by 1 + xzu + jau® + fziu® + s;ou®, function e by

1+ 2u+ 2u® + %u?’ + %u‘l, and function sin(4u) by 4du — %u‘g’.
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Example A.4. Let U = [0,1]? and
f(x) = a34+ai+22, gz, u) = —21 (u+ud+1)—zo (urus—u3) — o3 (ugug+ustus ) —1.
Example A.5. Let U = [0, 7] and

f(x) =22 —4xs, g(z,u) = —x1 cos(u) — zysin(u) + 1.
Replace function sin(u) by u — tu? and cos(u) by 1 — fu® + Lu®.
Example A.6. Let U = [0, 7] and

f(2) = (v1 + 22— 2)® + (21 — 22)* + 30min(0, (21 — 22))?,

g(x,u) = —x1 cos(u) — zo sin(u) + 1.

Like in [15], let 23 = min(0, (z1 —x2)), then f(z) = (71 +x2—2)%+ (21 —12)? +3022.

We add new constraints 23 = (21 — x2)? and x3 > 0 in X. Replace function sin(u)
E 5

by u — “753 + 45

Example A.7. Let U = [—1,1] and

f(x) =20, g(x,u) = —223u* +u* — 23 + x5.

APPENDIX B. RESULTANTS AND DISCRIMINANTS

We review some background about resultants and discriminants. More details
can be found in [4] [I8] 20].

Let f1,..., fn be homogeneous polynomials in = (z1,...,z,). The resultant

Res(f1,..., fn) is a polynomial in the coefficients of fi,..., f, satisfying
Res(f1,--., fn)=0 & F0£ueC”, fi(u)= = fo(u)=0.
Let fi1,..., fin be homogenous polynomials with m < n. The discriminant for
fis-+, fm is denoted by A(f1,..., fm), which is a polynomial in the coefficients of
f1,..+, fm such that
A(fi,--s fm) =0
if and only if the polynomial system
fi@) == fu(2)=0

has a solution 0 # uw € C” such that the Jacobian matrix of fi,..., f,, does not

have full rank. )
Given inhomogeneous polynomial h(x) € R[z], let h denote the homogenization

of h,ie., h= iL(:Tc) = :vgeg(h)h(m/xo). For inhomogeneous polynomials fq, f1,..., fn €
R[z], the resultant Res(fo, f1,..., fn) is defined to be

Res(anflv"'afn)-

For inhomogeneous polynomials fi,..., f,, € Rlz] with m < n, the discriminant
A(f1,..., fm) is defined as

A(fla .. 7fm)
We have
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Proposition B.1. Let fo, f1,..., fn € Rlx] be inhomogeneous polynomials. Sup-
pose the polynomial system

fox) = fi(z) = = fulz) =0

has a solution in C™, then

Res(fbafl,"'afn) =0

Proof. If the polynomial system

fo(z) = fi(z) =+ = fu(x) =0
has a solution u € C”, then the polynomial system

fo@) = fi(@) == fu@) =0
has a nonzero solution (1,u) € C"*!. The conclusion follows by the properties of
resultant for homogeneous polynomials . ([

Proposition B.2. Let m < n. The polynomial system

fi@) == fa(2) =0
has a solution uw € C" such that the Jacobian matrix of f1,..., fm is rank deficient
at u if and only if the polynomial system

h(@) == fu(@) =0
has a solution (1,u) € C"* such that the Jacobian matriz of fl, . .,fm s rank

deficient at (1,u).

Proof. Let d; = degm (f:), fi,; denote the homogenous part of degree j of polynomial
fi and f” 7x0 Jfijfori=1,--- ,mand j =0, ,d;. Denote

0 0 o 0 0
VT.{axl ,amn} and Vf-{al‘o,axl,,axn}

The “if” direction is implied by

of; Ofi
Ox; Ox;

(B.1)

( U) () i:1,~~~,m,j:1,~~-,n.

Next we prove the “only if” direction. By assumption, there exists a set of n scalars
c1,...,Cy, not all zero, such that

icz Vaifi)(u) =0
i=1

which means

m

& f
> e Z )| =0, k=1,---,n.
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Then by Euler’s Homogeneous Function Theorem, we have

k=1i=1 j=1
m d; n
- afl,]
= ZC’ Z i (u)ug
i=1 j=1k=1
m di
= Zci Z]fu(“)
i=1 j=1
m di di d1
= e | Do dfiiw) + > (di—§) fi(w) = (di — 4) fij(w)
i=1 j=1 J=0 J=0
m di di 8 ~' .
=Y i |diY ] fiiu) - xw(LU)
i—1 =0 j=0 0

=N i ).

;c axo( w)

By combining (B.1)), we obtain
ci(Vafi)(1,u) =0

i=1
which concludes the proof. 0

By Proposition and the properties of discriminant for homogeneous polyno-
mials, we have

Proposition B.3. Let m < n and f1,..., fm € R[x] be inhomogeneous polynomi-
als. Suppose that the polynomial system
filz) == fm(z) =0
has a solution in C™ at which the Jacobian matriz of f1,..., fm is rank deficient,
then
A(f1y..y fm) =0.

Note that the reverses of Proposition[B.1]and Proposition are not necessarily
true.
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