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Superconvergence for Neumann boundary
control problems governed by semilinear
elliptic equations
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Abstract This paper is concerned with the discretization error analysis of semilinear
Neumann boundary control problems in polygonal domains with pointwise inequality
constraints on the control. The approximations of the control are piecewise constant
functions. The state and adjoint state are discretized by piecewise linear finite elements.
In a postprocessing step approximations of locally optimal controls of the continuous
optimal control problem are constructed by the projection of the respective discrete
adjoint state. Although the quality of the approximations is in general affected by
corner singularities a convergence order of h?|In h\?’/ 2 is proven for domains with interior
angles smaller than 27/3 using quasi-uniform meshes. For larger interior angles mesh
grading techniques are used to get the same order of convergence.
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1. Introduction

In this paper we study discretization error estimates for the following Neumann boundary
control problem governed by a semilinear elliptic partial differential equation:

. 1 v
min F(y, u) := 5 lly = vallz2(0) + 5 Il (1.1)
—Ay+d(z,y) =0 in Q
y+d(z,y) in (12)
Opy=u onl
U € Upg :={u € L*(I') : ug <u < uyae onl} (1.3)

In all what follows we denote the optimal control problem — by (P). The precise
conditions on all other given quantities in (P) are collected in the assumptions (A[1])-(Al4)
below.

We will discuss the full discretization of the optimal control problem combined with
a postprocessing step, i.e., the state and the adjoint state are discretized by linear finite
elements and the control by piecewise constant functions. Afterwards, approximations
of locally optimal controls of the continuous optimal control problem are constructed
which possess superconvergence properties. This concept was established by Meyer and
Roésch in [31] for linear-quadratic optimal control problems with distributed controls and
a convergence order of 2 in the L?(£2)-norm was proven in convex domains. Using mesh
grading techniques Apel, Rosch and Winkler could prove in [3] the same convergence
order for non convex polygonal domains. In a recent contribution by Mateos and Résch
[28] this approach was extended to linear quadratic Neumann boundary control prob-
lems and a convergence rate of min(2,2 — 1/p) in the L?(I")-norm was proven in convex
domains with some p satisfying 2 < p < 2w/(2w — ), where w denotes the largest inte-
rior angle of the polygonal domain. Furthermore, for non convex domains a convergence
rate of 1/2 4+ m/w was proven. This means that the convergence rate is lower than 3/2
in the non convex case and decreases if the largest inner angle of the domain increases.
Appropriately graded meshes in the neighborhood of the reentrant corners were used by
Apel, Pfefferer and Résch in [I] in order to prove an error bound of ch3/2. This conver-
gence rate was improved to ch?|In h|3/ 2 in a very recent contribution of Apel, Pfefferer
and Rosch [2] using a new finite element error estimate on the boundary. Note, that
only domains with interior angles larger than 27 /3 need meshes which are appropriately
graded to get this result. In the present work we combine the results derived in [2] with
techniques used in [4, [I1] to prove optimal error estimates as discussed in [2] for the
linear case.

Before we summarize the structure of the paper, let us give an overview on relevant
literature concerning discretization of optimal control problems: we mention the contri-
butions by Falk [16], Geveci [17], Malanowski [27], Arada, Casas and Troltzsch [4] and
Casas, Mateos and Troltzsch [I1] regarding the approximation by piecewise constant
functions. For the usage of piecewise linear controls we refer to Casas and Troltzsch [12],
Meyer and Rosch [30], Rosch [33], Casas and Mateos [10] and the references therein.
Convergence results and error estimates for elliptic optimal control problems governed



by semilinear equations are especially derived in Arada, Casas and Troltzsch [4], Casas,
Mateos and Troltzsch [I1] and Casas and Mateos [I0]. For the variational discretization
concept we refer to Hinze [20] in case of distributed control problems and to Casas and
Mateos [10], Mateos and Rosch [28], Hinze and Matthes [2I] and Apel, Pfefferer and
Rosch [2] in case of Neumann boundary control problems. Using this concept in the
context of linear elliptic Neumann boundary control problems one can achieve a dis-
cretization error bound of ch?|Inh|*>/? on quasi-uniform meshes if the largest interior
angle is smaller the 27/3. For larger interior angles one has to use appropriately graded
meshes to deduce this result, cf. [2]. In case of semilinear elliptic Neumann boundary
control problems a convergence order of about 3/2 is proven in [I0] for this concept.
But one can use the finite element error estimates on the boundary of [2] to derive the
improved discretization error estimates as in the linear elliptic case.

The paper is organized as follows: In Section 2 we introduce suitable weighted Sobolev
space prescribing the regularity of solutions of elliptic boundary value problems. More-
over, we present first order necessary and second order sufficient optimality conditions
for a local optimal solution of problem (P). Section 3 concerns the discretization of prob-
lem (P) and the establishment of a known uniform convergence results for solutions of
the fully discretized problem to solutions of the continuous one. In Section 4 we elabo-
rate several auxiliary results that are necessary in order to prove the superconvergence
properties of the fully discrete counterpart of (P) in Section 5. Numerical experiments
in the last section illustrate the proven results of the paper.

In the sequel ¢ denotes a generic constant which is always independent of the mesh
parameter h.

2. Optimality conditions and regularity results for problem (P)

Throughout this paper let 2 be a bounded, two dimensional polygonal domain with
Lipschitz boundary I and m corner points 2\, 7 =1,...,m, counting counter-clockwise.
In particular, I'; denotes the part of the boundary which connects the corners V) and
20+ except that (1) is the intersection of T,, and ;. The angle between I';_; and
I'; is denoted by w; with the obvious modification for w;. Next, let us state some basic
assumptions on the data of problem (P), which we require in the sequel.

Assumption 2.1. (A1) The function yq € C%(Q) is given for some o > 0.
(A2) The regularization parameter v > 0 and the bounds ug < up are fived real numbers.

(A3) The function d = d(x,y) : Q© x R is measurable with respect to © € Q for all
fized y € R, and twice continuously differentiable with respect to y, for almost all
r € Q. Moreover, we require d(-,0) € L?(Q), g—Z(-,O) € CY (Q)with some o >
2
0, 34(-,0) € L>(Q) and

g;i(%y) >0 foraa z€QandyeR.



The derivatives of d w.r.t. y up to order two are uniformly Lipschitz on bounded
sets, i.e. for all M > 0 there exists Lqn > 0 such that d satisfies

for all y; € R with |y;| < M, i=1,2.

0%d 0%d

R (Y1) — ay2("y2)

< Lawlyr — 2|

Lo ()

(A4) There is a subset Eq C 0 of positive measure and a constant cq > 0 such that
gZ(w y) > cq in Eg x R.

To shorten the notation we will abbreviate 2 {T and a 4 py dy and d,,, respectively.
Now let us begin with the study of the state equation. In general the regularity of the
solution of a semilinear elliptic boundary value problem in polygonal domains is limited
due to the appearance of corner singularities. If one uses classical Sobolev-Slobodetskij
spaces W*P(Q) to describe the regularity then this effect is reflected by the dependence
of the parameters s and p on the size of the interior angles of the domain, compare e.g.
[15] and [18]. Instead, we will use weighted Sobolev spaces which incorporate better the
singular behavior caused by the corners. The following exposition follows [2]. Let Qg,
and {2 /o be circular sectors which have the opening angle w; and the radii R; and
R;/2, respectively. These sectors are centered at the corners 2\ of the domain. The
radii can be chosen arbitrarily with the only restriction that the circular sectors g,
do not overlap. The sides of the circular sectors (g, which coincide locally with the
boundary I' are denoted by I (g0] = wj) and I'; (p; = 0) where r; and ¢; are the polar
coordinates located at the corner point (/). Furthermore, we define ch = Fj ury and
we set

=0\ U Qr, /2 and r’=rnqQ
j=1
Next, we introduce the weighted Sobolev spaces. Let 5 = (B1,...,Bm)T be a real-valued
vector. We define for k € Ny and p € [1, oo] the weighted Sobolev spaces Wg’p(Q) as the
set of all functions on 2 with finite norm

Hvllwgp = llvllwrs 0oy + Z Hvllww (2n,)"
7j=1

where the Sobolev spaces W*P(Q) (= H*(Q) for p = 2) are defined as usual. By means
of standard multi-index notation the weighted parts are defined by

1/p
Hv”wkp ( Z ||rBJD U”LP(Q ) for 1 < p < oo,
|a| <k

B,
ol y = 3 172 D0l e )
B 3 |O¢|§k‘ J



For k > 1 the corresponding trace spaces are denoted by ngl/ PP(T) and the norm is

given by i
||vHW;jfl/p,p(F) = inf{HuHWg,p(Q) Cu € ngp(Q), ulp\e = v},
8

where we denote with C the set of all corner points. Furthermore, we define the space
Wg’p(F) for k € Ny and p € [1, 00] by the norm

m
[ollytnqey = lolwesoy + 3 [ollyio s,
B Bj J

j=1
with
1/p
lollsos) = (Z (Hrfjafvnip@ﬁ|rff‘afv||§,,(rj))) if 1< p< oo,
|| <K
sy = 3 (I8l + I 0P ).

|| <k
Note, that 0;v denotes the tangential derivative of v. The semi-norms

ey and [ ytr
are analogously defined to the classical Sobolev semi-norms.

As usual, we denote with C*(Q) the set of all functions on 2 with bounded and
uniformly continuous derivatives up to order k. The Holder space C*7(Q) addition-
ally possesses bounded derivatives of order k& which are Holder continuous with Holder
exponent o € (0,1].

We proceed with studying regularity results concerning linear and semilinear elliptic
partial differential equations in classical and weighted Sobolev spaces.

Lemma 2.2. Let Eq be a subset of Q with |Eq| > 0 and let m, M be a constants greater
than zero. Moreover, let « be a function in L(Q) with a(x) > 0 for a.a. z € Q,
a(z) >m for a.a. x € Eq and ||a|[foq) < M. Then the problem

—Ap+ap=Ff inQ

Ondp=¢g onl 2.1)
admits a unique solution ¢ in
(i) H3?(Q) for f € L*(Q) and g € L*(T).
(i) W§2(Q) for f € W§’2(Q) and g € Wﬁym(f‘) where B has to satisfy
1> p; >max(0,1—-Xj) or Bj=0andl—-X; <0 (2.2)



with \j = w/wj for j =1,...,m. Furthermore, the a priori estimate

H¢HW§’2(Q) <c <Hf”wg»2(g) + Hg”wé/Q’Q(r))

is valid with a constant ¢ which may depend on m and M but is independent of a.

Proof. (i) The existence of a unique solution ¢ € H'(Q) of can be deduced from the
Lax-Milgram Theorem. The first assertion is then a consequence of [22] or [I1, Lemma
2.2] since f — a¢ belongs to L(€).

(ii) The functional

F(v) :/fvdx—i-/gvds
Q r
is continuous on H'(Q) for arbitrary f € WE’Q(Q) and g € WE/M(F) with §; satisfy-
ing forj=1,...,m, cf. [29, Lemma 6.3.1]. Thus, the existence of a unique solution

¢ € H'(Q) of (2.1) is again given by the Lax-Milgram Theorem. Furthermore, there
holds, independent of «,

If+(1- O‘)QZ’HWE’Q(Q) < ||f||W§’2(Q) + C||¢||L2(Q) < Hf‘|W§’2(Q) + CH¢||H1(Q)

S c <HfHW§’2(Q) + HgHWB}./Z’Q(F)> .
Combining this with [2, Lemma 2.4] yields the second assertion. O
Lemma 2.3. Let the Assumptions (43)-(A4)) be satisfied. Then the problem
D¢+ d(,d)=f inQ
Ondp=¢g onl
has a unique solution ¢ which belongs to
(i) H32(Q) for f € L*(Q) and g € L*(I).
(i) W§’2(Q) for f € WE’Q(Q) and g € W%/Q’Z(F) with B; satisfying (2.2]).
Proof. (i) Due to the Assumptions (Ai3)-(Al4)), it is classical to show the existence of a
unique solution ¢ € H(Q) N C°(Q) for right hand sides f € L?(Q2) and g € L*(T), see
e.g. [7. We deduce by Assumption (AB) that f — d(-,¢) + ¢ belongs to L?(Q). The

assertion follows now from Lemma with o = 1.
(ii) First, we observe that there exist r,¢ > 1 such that

WiA(Q) = L'(Q) and W/**(T) = L'(T)

provided that §; satisfies (2.2) for j =1,...,m, cf. [35]. Thus the existence of a unique
solution ¢ € H'(Q) N C°(Q) is again given by [7]. Since H'(Q) — L*(Q) — W§’2(Q)
for f; satisfying (2.2) we obtain f —d(-,¢) + ¢ € Wg’2(Q) from ( According to
Lemma we can conclude the stated regularity if we set a = 1.



Based on the last lemma we can introduce the control-to-state operator
G : L*(I) — H*?(Q), G(u) = v, (2.3)

that assigns to every control u the unique solution y of the state equation ((1.2). By this
we can reformulate problem (P) and we obtain its reduced formulation

1
min J(u) := F(G(u),u) = 5[|G(u) — yal 220 + 5 lull22r)-
9 @) "9 I)

u€Uqq

To indicate the dependence of the state y on the control u we will also write y(u) for G(u)
in the sequel. Note that an extension of the control-to-state operator to the previously
defined weighted Sobolev spaces is not necessary for the formulation of classical optimal-
ity conditions for problem (P). But first, let us discuss the differentiability properties of
the control-to-state mapping.

Theorem 2.4. Let the Assumptions (A3)-(A{]) be satisfied. Then the mapping G :
L3(T) — H32(Q), defined by [@2.3) is of class C*. Moreover, for all u, v € L*(T"),
yp = G'(u)v is defined as the solution of
—Ayy +dy(z,y)yy =0 in Q
Onyp =v onl

Furthermore, for every vi,va € L*(T), Y, vy = G"(u)[v1, ve] is the solution of

—AYy, vy + dy(%@/)yvl,vg = _dyy(f’«"a y)ymyw in §)
OnYvy 05 =0 on T,

where y,, = G'(u)v;, i = 1, 2.

The proof of this theorem is based on the implicit function theorem. It can be found
in [I3, Theorem 3.1]. We also refer to [§], [L1] and [36]. The next theorem is devoted to
the first order optimality conditions and regularity results for locally optimal solutions
of problem (P).

Theorem 2.5. Let Assumption be fulfilled. Then problem (P) admits at least one
solution in U,q. For every (local) solution u € Uyq of problem (P) there exists a unique
optimal state § € H3?(Q) and optimal adjoint state p € H3/?(Q) such that

—Ay+d(z,y) = in Q
oy = onT (2.4)
—Ap+dy(z,y)p=1y — in (2.5)
Onp =0 on T '
J(u)(u—u)=p+va, u—u)er >0 Yue Uiy (2.6)

Moreover, let B satisfy (2.2} . ) for j =1,...,m. Then there holds for e < min(1, min;(1—
B8,)) that g, p € W§’2(Q) NC%(Q), plr € Hl( )N C%(T) and u € HY(I') N CO<(T).



Proof. Due to the structure the reduced cost functional of problem — is of class
C? from L*(T) to R, cf. [I3, Theorem 3.2 and Remark 3.3]. The convexity of the cost
functional with respect to the control uw implies the existence of at least one solution of
problem (P) in U,y under Assumption which can be shown by standard arguments,
see e.g. |36l Section 4.4.2]. The first order optimality conditions — are based on
Theorern and can also be derived by standard arguments, see e.g. [36], Section 4.6]. It
remains to prove the regularity assertion. By means of Lemma we get § € H3/ 2(Q)
for every (local) solution 4 € U,g C L*(T). Since g belongs to H3?(Q) < L>®(Q) and
yq to C%7(Q) < L?(Q) we can conclude with Assumption and Lemma that
the adjoint state p is an element of H%/2(Q). Using Lemma we even obtain that
p belongs to WEQ(Q) if  satisfies ([2.2). According to [2, Lemma 2.1] the embedding

WB%’Q(Q) < W29(Q) (2.7)

is valid for ¢ < min(2, min;(2/(8; +1))). Since A\; = w/w; > 1/2, we can conclude, that
there is a 8 such that 1/2 > ; > 1—\;, which allows the choice ¢ = 4/3 in . Thus,
Theorem 4.11 of [32] implies p € H'(T'). Moreover, it is well known that the variational
inequality is equivalent to the projection formula

1
U= Ty, ) (—Vﬁ) fora.a. z €T (2.8)

with Ilp,, 1 f(7) := max(ug, min(up, f(z))). Hence, the local optimal control % belongs
to HY(T), cf. [24, Theorem A.1]. Furthermore, there are the embeddings H(I') <

HY2(T) — WE/Q’Q(I‘) for f; > 0. Thus, we can conclude y € W2(Q) for § satisfy-
ing (2.2) by means of Lemma . Finally, the embedding (2.7) and the Sobolev
inequality imply 7, p € C%¢(Q) and @ € CO(T") if € < min(1, minj(1 — £;)). O

Actually, the proof of Theorem requires only yg € L%*(Q2). Due to the additional
assumption yg € C%?(Q) the regularity of the adjoint state p can be increased. This
fact is essential for improved finite element error estimates on the boundary and for the
main result of this paper.

Theorem 2.6. Let Assumption be satisfied. Furthermore, let 3; and v; satisfy the
conditions

1/2 > f; > max(0,3/4—X\;/2) or B;=0and3/4—X;/2<0,
2>7v;>max(0,2—-X;) or y;=0and2—-X; <0 (2.9)

with \j = w/wj for j =1,...,m. Then the adjoint state p satisfying the adjoint equation
(2.5) belongs to Wgoo(ﬂ) and its restriction to the boundary pr to W;;(F) — Wé’oo(f‘).

Proof. According to Theorem there is a € > 0 such that § and p belong to C*¢(Q)
and hence y — yq + (1 — dy(-,y))p either having regard to Assumption (A{3)). Therefore,
Lemma 2.6 of [2] implies p € W%OO(Q) and pr € W%OO(F) if ¥ satisfies (2.9). The
stated regularity on the boundary is then a consequence of the Sobolev inequality and
embeddings in weighted Sobolev spaces, cf. [2, Corollary 4.2]. O



For the statement of second order sufficient optimality conditions we will count on so
called strongly active sets. We start with the definition of the 7-critical cone associated
to a control u:

Cr (@) := {v e L*(I) : v satisfies (2.11)}, (2.10)

where
>0, ifu(x)=u,

v(xz) 4 <0, ifu(x)=uwu (2.11)
=0, if [p(x)+vu(z)| > 7.

Furthermore, straightforward computations using Theorem yield the following well
known formulation of the second derivative of the reduced cost functional J(u):

T @)1, v2) = [ G on = Py (& 5(0)) g do + [ w10 ds
Q r

with p(y(u)) being the solution of (2.5) with y replaced by y(u). Now, we are in the
position to formulate second order sufficient optimality conditions.

Theorem 2.7. Let Assumption be satisfied. Moreover, let u € U,q be a control
satisfying the first order optimality conditions given in Theorem [2.5.  Further, it is
assumed that there are two constants T > 0 and 6 > 0 such that

@) w,0] > 8ol (2.12)
for allv € C-(u). Then, there exist 5 >0 and o > 0 such that
J(u) > J(@) + Bllu— |72
is satisfied for every u € Uyg with [|u — il p2r) < 0.

Proof. For details regarding the proof of the theorem we refer to e.g. [13, Corollary 3.6],
see also [6], [8], [36, Chapter 4.10], and the references therein. Note, that we do not
have to deal with the two-norm discrepancy due to the special structure of the optimal
control problem, cf. the general setting in [I3], Section 3]. O

3. Discretization and fully discrete approximation of (P)

Here, we define a finite element based approximation of the optimal control problem (P).
To this end, we introduce a family of graded triangulations 7 of € in the sense of Ciarlet
[14], where h denotes the global mesh parameter, which is assumed to be less than 1.
Note, that there is a segmentation &, of the boundary I' induced by the triangulation
Th. The vector fi € R™ summarizes the grading parameters p; € (0,1], j = 1,...,m,
regarding the corner points z9). The distances of the triangle T' € T;, and edge F € &,



to the corner () are defined by rr; = infrer o — a:(j)| and rg; := infyep |z — x(j)\,
respectively. We assume that the mesh size hp of a triangle T' € T}, satisfies

Clhl/uj S hT S Cghl/uj for ’I”TJ' = 0,
clhré_j“j < hr< CQhrilp_j“j for 0 < rp; < Ry, (3.1)
cith < hr <ch for TT > Rj

for j = 1,...,m with the radii R; that has been introduced in the beginning of Section
2. As a consequence there holds for the mesh size hp of an element £ € &, being an
edge of the triangle T € Ty,

hg ~hyr VE C T.

Furthermore, we introduce for j = 1,...,m the sub-triangulations & ; of &, satistying
Upee,, E C IS and ENTY # E for all E ¢ &,;. We define &y = E,\UJ%; En ;-
Associated with this triangulation we set

Vi i={yn € CO) = yalr € PU(T) VT € Ty |
Uy, = {uh S LOO(F) : uh\E € Po(E) VE € 5h}

Uad,h = U N Ugas

where P1(T') and Py(E) denote the spaces of all polynomials of degree less than or equal
1 on T or 0 on F, respectively. Next, we introduce the discrete counterpart to the
control-to-state operator G in (2.3)). For each u € L*(T), we denote by y;,(u) = Gp(u)
the unique element of V}, that satisfies

a(yp(u), vy) + /d(m,yh(u))vh dr = /uvh ds Yoy, € Vj, (3.2)
Q r

with the bilinear form

a: HY Q) x HY(Q) = R, a(y,v) :/Vy-Vvdx.
Q

The existence and uniqueness of a solution of (3.2)) can be deduced in a standard way
using the monotonicity of d. Then the fully discretized version (Pp) of the optimal
control problem (P) reads as follows

: 1 2 v 2
o0 Tn(un) := Sl1Gn(un) = yallzai) + 5 lunllizr):

Since the cost functional Jj is continuous and the admissible set compact, the existence
of at least one solution of problem (Pp,) is given. The first order optimality conditions
can be written by

10



Theorem 3.1. Let Assumptz’on be satisfied. Furthermore, let uy € Uyqy, be a local
optimal solution of (Py,). Then there exist a discrete optimal state yp, € Vi, and a discrete
optimal adjoint state py, € Vi, such that

a(yp,vp) + /d(z,gjh)vh dr = /ﬂhvh ds Yuvp € Vp, (3.3)
r
a(ﬁh,vh) + /dy(x,gh)ﬁhvh dr = /(gh — yd)vh dxr Yvp, € Vp, (34)
Q
J;’l(ﬂh)(uh - ﬁh) = (ﬁh +vup, up — ﬂh)LQ(F) >0 Vuh S Uad,h- (35)

For the sake of completeness the second derivative of the cost functional of the fully
discretized problem (Pj) can be formulated by:

Jp) (up)[v1, va /y}fy,"f — pr(yn(un))dyy (2, yn(un))yp vy, d$+/1/v1112 ds,

where pp(yp(up)) is the solution of the adjoint equation (3.4) w.r.t. yp(up) and y,, @ =
1,2 is the solution of the linearized discrete state equation with respect to v; € L?(T),
i.e.,

a(y,’, vn) —I—/dy(x,yh(uh))yzivh dxr = /vwh ds Yuvp, € V3, (3.6)
Q I

For the purpose of a compact notation let us set X = (A1, ..., Am) = (7/wi, ..., 7/wm)
and @ = (a,...,a) € R™ for any a € R, e.g. 1 = (1,...,1) € R™. Furthermore, all in-
equalities involving vectorial parameters must be understood component-by-component.
The following lemma is related to finite element error estimates for linear elliptic PDEs
on quasi-uniform and graded meshes that will be useful in the sequel.

Lemma 3.2. Let ¢ be the solution of (2.1)) and ¢, € V3 be the solution of

a(gbh,vh)+/a¢hvh dz :/fvh d:U—I—/gvh ds Yuvp, €V,
Q Q r

with « being the function introduced in Lemma(2.2. Then the following assertions hold:

(i) Let i< X, f € ng’_{(Q) and g € Wl/2 2( I'). Then the error estimates

16 = ez + bllé — i@y < b2 F oz )+ lalhyroagy) (37

1 I

hold independent of «.

(ii) Let o € (0,1] and M > 0 be given and let o additionally belong to C%7(Q) with
lallco.s @) < M. Moreover, let f € C%(Q) and g = 0. Then the finite element
error on the boundary admits independently of « the estimate

16 = énllz2ry < ch® A2 fll oo (3.8)

provided that the mesh grading parameters satisfy 1/4 < i< 1/4 + X/Q

11



Proof. For the proof of (i) and (ii) we refer to [I, Lemma 4.1] and [2, Theorem 3.2],
respectively. In both papers o = 1 is assumed, but it can be extended to the more
general case in a natural way. O

Before we are in the position to deal with the superconvergence properties of the fully
discrete optimal control problem (Pj), we have to ensure that every local minimum
of (P) can be approximated by a local minimum of (Pp) provided that u satisfies the
second order sufficient optimality conditions. But first we need to determine the order
of convergence of the solution of the discrete state equation to the solution of
the continuous state equation . An analogous result is of course needed for the
adjoint equation. Forthcoming, we will denote with p(y) and pp(y) the solution of
and with ¢ and gy, replaced by y € L>®(Q), respectively. Note, that y(u) = G(u)
and yp(u) = Ga(u).

Theorem 3.3. Let Assumption be satisfied. Then there holds:
(i) For i < X and u € WT%Z;(F) the discretization error estimates
ly(u) = yn(w)ll 20y + Plly(w) = ya(w)|l g1 () < ch®
Ip(y(w)) = pr(y(uw)ll2(@) + hllp(y(w)) = prly(W)]m1(9) < ch®
are valid.

(ii) For u € L*(T) there is a ¢ > 0 arbitrarily small such that
ly () = yn(u)ll =) + [p(y(w) = pr(y(w) | e @) < ch'/?72. (3.9)
(iii) For every uy,us € L*(T') and y1,y2 € L*°(Q) there holds

ly(u1) — y(u2)ll o) + llyn(wr) — ya(u2) | gy < cllur — uallL2(ry,
Ip(y1) — p(W2)ll a1 () + 1R (Y1) — Pr(y2) la1 (@) < cllyr — v2llz2()-

(iv) Moreover, if up — u weakly in L2(), then yp(up) — y(u) and pp(yn(ug)) —
p(y(u)) strongly in C°(Q).

Proof. We will prove the theorem for the state. The corresponding proof for the adjoint
state can either be done analogously using the estimates for the states where required
or is simply a consequence of Lemma [3.2]

(i) Due to Assumption (AB) a generalization of Cea’s Lemma to semilinear elliptic
partial differential equations is available, cf. [9, Lemma 2, Theorem 2|. In particular we
have

ly(u) —yn(@)llm o) < ¢ iof lly —vullmn@)- (3.10)
By means of Lemma we derive analogously to [I, Lemma 4.1]

ly(w) = yn (Wl @) < chllyllyy22 (o) < ch
K
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for mesh grading parameters ji < X. Following the lines of [9, Lemma 4] and [I, Lemma
4.1] one can double the order of convergence in the L?(Q)-norm.

(ii) For a control u € L*(T") we can only assure that the state belongs to the space
H3/2(Q), cf. Lemma . We proceed with

1y(u) = yn(w)llzee) < lly(w) = Iny(u)lleo(@) + [ay(w) = ya(w)ll Lo (),

where Ij, denotes the classical nodal interpolation operator. Note that Iny(u) is well
defined due to the embedding H3/2(Q) < C°(£). Using standard techniques of interpo-
lation error estimates, the first term can be estimated by

ly(u) = Tny ()| Lo () < b2 ly(u)| ga/2 -

Next, we assume that |I,y(u) — yp(u)| admits its maximum in an element 7*. By means
of an inverse estimate, the embedding H(Q) — LP(Q) (p < oo), (3.10) and standard

interpolation error estimates we derive

[Ty (u) — yh(U)HLoo(Q) = [[Thy(u) — yh(u)||L°°(T*) < Ch:;f/pﬂfhy(u) - yh(u)HLP(T*)
< e (hly(w) = (@)l (@) + 1) = Lyl (o))
< ¢ (hly(w) = D)l @) + ly() = Dy(w)l| (o)
< e Py W) ()] o2

< ch® wily(u w)| a2

with i := min;j{p;}. The last estimate is due to the definition of the mesh size of
a triangle T'. Hence, the assertion follows since p can be chosen arbitrarily large.

(iii) The estlmates are obtained in a standard way using the Assumptions ( and
(AH), see also [4

(iv) The proof of the uniform convergence of the state and the adjoint state can be
found in [9]. O

Now, we can prove the convergence of the discretizations. For the proof we refer to
Theorem 4.4 and Theorem 4.5 in [11] having regard to the results of Theorem and
Theorem

Theorem 3.4. Let Assumption[2.1] be satisfied. Moreover, let 4 be a local minimum of
problem (P) satisfying the second order sufficient optimality conditions given in Theo-
rem . Then there exist € > 0 and hg > 0 such that (Py) has a local minimum uy,
in the L*°(T")-ball around u with radius € for every h < hy. Moreover, the following
convergences hold true

%12% Jn(up) = J(u) and }lllg% |4 — ]| oo (ry = 0.

13



4. Auxiliary estimates for the postprocessing approach

In the sequel we denote by u a fixed local solution of (P) satisfying the second order
sufficient optimality conditions and by uy, the associated local solution of (P},) converging
uniformly to u. Moreover, the corresponding states and adjoint states are denoted by
y=uy(u), p=p(y) and yn = yn(un), pn = pn(yn), respectively. In our error analysis we
will need a discrete control uy, which is admissible for (P},), close to the optimal control
u and the direction u, — uy should belong to the critical cone C(u), see , such
that the second order sufficient condition can be applied. An intuitive choice is given by
up = Rpu, where Ry, : CO(F) — Uy, denotes the O-interpolator onto Uy, defined by:

(Rhf)(:v):f(SE)? x€E>E€gh

and Sg is the midpoint of the edge E. The element Rju is indeed admissible for (Py)
and close to u but up — Rpu does not necessarily belong to the critical cone. To overcome
this difficulty, we modify the interpolator R;. Due to the regularity of the adjoint state,
see Theorem [2.5] and Theorem [2.6] and the fact that the optimal control is given by the
projection formula (2.8)), we can distinguish between active points (a(z) € {uq, up}) and
inactive points (u(z) € (uq,up)). Based on this we can classify the edges E € &, in the
following two sets K and K3 as in Section 2 of [34]:

K, :={FE €&, : F contains active and inactive points} ,

Ky :={FE € &, : E contains only active points or only inactive points} .

The modified interpolation operator is now defined by

e = { O fxzen ek "

with xx € E such that either u(rg) = uq or u(rg) = up. We make the following
assumption on the measure of the set K; which is valid in many practical applications.

Assumption 4.1. We suppose that meas(K) < ch.

Remark 4.2. Compared to linear elliptic optimal control problems the Assumption [4.1]
is slightly stronger, cf. [28, [1, [2]. In the linear case the set Ky is only the union of
all elements E € &, where the optimal control has kinks, whereas the present definition
of the set K1 also admits elements where the optimal control intersects smoothly the
control constraints. However, the definition of the modified interpolation operator RZ
makes the stronger assumption necessary to prove the superconvergence properties of the
postprocessed control in Section 5

Now we collect approximation properties of the introduced interpolator R} that will
be intensively used in the sequel of the paper.

14



Lemma 4.3. (i) Let S = {1,...,m} and j € {0} US. For E € &, ; N K, the following
estimates hold true

) {chIEIIfIW;,_o:(E) ifj €8, ny€ (0,1, f € W (E)
J .

/(f—R%f)ds < o X
/ B flwrezy i 5 =0, f € Wh(E)

For E € &, ; N K3 the following estimates are valid

<

[~ Ripds

21 11/2 p ) 2,2
{ch B ey 49 € S5 € (141, f € Wai_,,, (B)
E

ch?|E[Y2| flyae(g) ifj =0, f € W»?(E)

(ii) Let E € &, and f € H'(E). Then the estimate
If = Ry flle2e) < chlflm
holds.

Proof. (i) The proofs given in [2] Section 6] for the interpolator Ry, can easily be adopted
to the modified interpolator R by observing that

Rip=p Vpe Py(E),VE € &, (4.2)
/ R%pds:/pds Vp € Pi(E), VE € &, N Ka.
E E

(ii) Based on (4.2) the estimate is a direct consequence of the Deny-Lions Lemma. [

In the sequel the following estimates regarding the second derivative of the cost func-
tional J and its discrete counterpart J will be useful.

Lemma 4.4. Suppose Assumption|2.1] is satisfied.
(i) Let u € L*(T') be given. Then there holds for all v € L*(T')

| (7" () = 5 (W) [0, 0]] < b0 2 ry
with some € > 0.
(ii) Let uq, us € L*(T) be given. Then there is the estimate
| (Th(u1) = T3/ (u2)) [v,0]] < ellur =zl 2y 0] 2y
for allv € L*(T).

Proof. (i) Based on Assumption several finite element error estimates, particularly
, the assertion can be obtained by straightforward calculations. For details regarding
a similar problem see e.g. [4, Lemma 6.2].

(ii) Again the estimate is straightforward using the local Lipschitz continuity of the
second derivatives of d, see also [4, Lemma 6.3] for a comparable result. O
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Lemma 4.5. Suppose that Assumption is fulfilled. Then there exist &' > 0 and a
mesh size hg > 0 such that for all h < hg

&'|lan — Ryl 72y < (Jh(an) — J4(Ryw)) (an — Ria).

Proof. We proceed similar to the proof of Lemma 4.6. in [I1]. Let us set

d(z) = p(x) + vu(z) and dy(z) = pp(x) + v (z)

and take § and 7 as in Theorem By means of Theorem 3.4 and Theorem iv), we
know that dj converges uniformly to d on I'. On that account, there exists a mesh size
h, such that

Id = dhll oo ry < 7 (4.3)

SR

For every E € &, we define
Ip = /Jh ds.
E

Due to the discrete variational inequality (3.5]), we obtain

7| ua,ifIE>O
u = .
MET i Ip <0

Now, we take 0 < hy < h; such that |d(z1) — d(22)| < T if |21 — 22| < hy. Due to (£3),
we derive

if¢c Eand d(é) >7 = dy(z)> = Vo€ E,VE €&, Vh < hy.

-
2
Thus, we have Ig > 0 and therefore up|g = u,. Moreover, the continuous variational
inequality implies u(§) = u,. By definition ([£.1) of the operator R}, we also
have (RYu)(¢) = ug. Then (@, — RPa)(€) = 0 whenever d(¢) > 7. We obtain the
analogous result for all ¢ with d(¢) < —7. Since u, < () < up, one can easily see
(ap, — Ritu)(z) > 0 if u(z) = uq and (up, — RYu)(x) < 0 if a(z) = up. Thus, we proved
that up, — R{u belongs to the T-critical cone C;(u) and is applicable:

J"(@)[un — Riju, un — Riju) > 8|lap — Rjjulliapy Vh <M (4.4)
Due to the mean value theorem, we obtain for some 0 < # < 1 and @ = uy, —I—O(R};Lﬂ —up)

(Jh(un) — Jh(Ry)) (un — Ryyu) = Jy/ (@) [an — Rjya, i, — Ryl
> J"(w)[up, — Riyu, un — Rya] = |(Jy/(@) — Jy/ (@) [un, — Ryu, up — Ryl
— [(Jy (@) — J"(@))[an — Ry, @y, — Ryl

By means of (4.4) and the estimates in Lemma we arrive at

(Jh(ian) — 4 (B (i, — Bfn) > (5 — el — al ey — h/>) ljan — Rl 3aqr)
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Thanks to the uniform convergence of 4y to % and the approximation properties of the
operator R}, see Lemma we derive the existence of a mesh size 0 < hy < hy and
0’ > 0 such that

&'l — Riyal| 2oy < (Jp(@n) — Jp(Ria)) (un — Riju)
is valid for all h < hg. O

In the following we introduce the L2-projection into the space of piecewise constant
functions on the boundary. Furthermore, we will state some useful properties. It is well-
known that the L2-projection @, f of a function f € L?(I') into the space U}, satisfies

1
Qnf = E / f(x)ds for every element E € &,.
E

The following approximation property of @}, is proven in Corollary 4.8 of [I].

Lemma 4.6. For any element E € &, and any function f € H'(E) and v € H%(E),
s € ]0,1], the estimate

(f = Qnf s v)12(m) < i f ey lolas(e)
1s valid.

Lemma 4.7. Suppose that Assumptions[2.1] and[{.1] hold. Then there exists a mesh size
ho > 0 such that for all h < hg and mesh pammeters T/2<ji<T1/4+ )\/2 the estimate

lyn (@) — yn(REa) || 2y < ch?
holds true.

Proof. First note, that yp(u) and y,,(Rj'u) are the solutions of the discrete state equation
(3.2) with respect to the right hand 51des @ and R}'u, respectively. Initially we introduce
a dual problem and its discrete counterpart following the ideas of [10, Appendix]: let
# € H'(Q) be the unique solution of

a(@0) + [aduds = [(n(@) ~ p(BEia)ods Vo H'(Q),

Q Q
with
d(z, yn(u)()) — d(x, yn(R}u)(z)) if yp(u)(x) — W) (x
a(z) = @ @) @ L@@ - D@ £ 0

0, otherwise

Due to the approximation properties of Rg and the monotonicity of d according to
Assumption one can easily check that there is a hg such that the problem is well-
posed for all h < hg. The corresponding discrete counterpart ¢, € V3, is the unique
solution of the problem

a(pn,vn) + /O@fmh dr = /(yh(ﬁ) — yp(Rjw))vp dz Yoy, € Vi,
0 0
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By means of y,(u), y,(Rju) € Vj, as solutions of (3.2) and the definition of o, we derive

lyn (@) — yn(Ry@)| 720y = aldn, yu(@) — yn(Rya)) + /a¢h(yh(ﬂ) — yn(Ryu)) do
Q
= alyn (@) — pn(B), ) + [ (Al yn (@) = da. g (Rf)n da
Q

_ / (@ — R, ds. (4.5)
I

Next, we split the last term in two terms and estimate them separately:
(@— Ria, ¢p)r2ry = (@ — Ria, ¢p — @) 2y + (@ — Ry, @) 2y (4.6)

For the first term, we derive
(@ — R, op — ¢)r2ry < cllu — Rijal| r2ryllon — ol m ) (47
< ch®|al gy lyn (@) — yn(RED) || 20

using the Cauchy-Schwarz inequality, a standard trace theorem, Lemma and Lemma
The second term in (4.6) is again split into two terms:

(u— Rju, ¢) 2y = (@ — Qult, @) 2y + (Qnlt — R, @) 2(ry.

According to Lemma the solution ¢ of the previously introduced dual problem be-
longs to W;Q(Q) for B satisfying (2.2) since yp(a) — yn(Riu) € L*(Q) — WE’Q(Q).
Furthermore, the a priori estimate

H¢HW§’2(Q) < cllyn(@) — yn(RR) | 120 (4.8)

is valid. Thus, Lemma the trace theorem and embeddings in classical and weighted
Sobolev spaces yield
(= Qntt, @) r2(ry < ch®|ul gy |l ()
< ch®[al g (ryllyn(@) — yn(RLE)| 12 (0)-

cf. the proof of Theorem or the proof of Lemma 7.4. in [2] for details. We proceed
with

(4.9)

(Qnt — Ry, @) r2(ry < 1Qntt — Ryl a6l ooy
< c||Qnu — Rpul Ly lyn (@) — yn (R4 L2(q)
applying again embeddings in classical and weighted Sobolev spaces and (4.8]). Since

[, (- ig)as
) |

hu is constant on every element E, we derive
/ (u— Rju) ds
E

|Qnit = Biallp vy = 1Qn (&= Bja) 2wy = >

( 3 ‘/E(a—Rﬁa)ds

E€5h7j0K1

+
EEthﬁKQ

-3

7=0

m
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By means of Lemma .3 we obtain

m
lQui — Riallpey <c| > blElahwviem+Y Y AlElly g
Ee& oNK) j=1Be&, jnK1 T

m
Y R e+ Y Y RIEMalyee g
Ee&p,0NK2 j=1 B€&, Nk, 2(1-p5)

m
< ch|K]| <|U|W1’°°(K10FO) + ’U\Wllv_oi‘(mmpji))
=1 i

m
+ ch2‘K2‘1/2 (WWZ?(KQQFO) + z:l |a’W2,2 (KzﬂFf))
]:

2(1—py)
<ch2(a oo A e, > 4.10
< eh” ([l Flhwzz o o

where we applied the discrete Cauchy-Schwarz inequality and Assumption Hence,
we end up with

(@nit = Rji, O)zaqry < h®(ilyaom ey +lilyze e ln(@) = n(RED) 20y (411)

2(1—p)

Collecting the intermediate estimates from (4.5))-(4.11)), we derive

— U — 2 — — —
lyn (@) — yn(Rpa) || L2y < ch™(|U] gy + |U!W11!_°;(K1) + ’u\wjgfw)(m))
According to Theorem the optimal control % is bounded in the space H!(I'). Taking
into account that the optimal control @ is given by the projection formula (2.8)), we can
split the boundary I' in an “active” part A (u = u, or u = up) and an “inactive part” Z
(u = —p/v). Hence, we can estimate

’EL ,00 + 'L_L s = |p ,00 + D s < C
| ’W%_ﬁ(Kl) | ‘W;é_ﬁ)(Kg) ’p|Wfl_ﬁ(KlmI) ‘p|W§(§_ﬁ)(szI) >
by using Theorem [2.6| with 1/2 < 7 < /4 + X/2. This ends the proof. O

We will continue with a supercloseness result for ||a, — Rjal r2(r).-

Lemma 4.8. Let Assumption |2.1] and be satisfied. Then there exists a mesh size
ho > 0 such that for all h < hg the estimate

|@n — Ryl g2y < ch®?

is valid for mesh grading parameters 1/2 < ji < 1/4 + X/Q

19



Proof. We start with the pointwise a.e. version of the variational inequality :
(p(x) +vu(z)) - (u—u(z)) >0  Yu € [ug, up).
We apply this formula for z = Sg, E € Ky and u = u,(Sg) and arrive at
(p(Se) +vu(Sp)) - (un(Sp) —u(Sp)) 20 VSp, E € K».

Analogously, we can apply this formula to elements E of the subset K7 using x instead
of the midpoint Sg, where xx € E is a point satisfying either u(zx) = uq or u(xg) = up.
Integrating these formulas over E, summing up over all E € &, and taking into account
the definition of R} in (4.1)), we find

(Rip + vRju, up — Ry r2(ry > 0.

Next we test the discrete variational inequality (3.5) with the function R{'u € U,q ), and
get )
(Pn + vup, Ryu —up) 2y > 0.

Adding the last two inequalities and inserting appropriate intermediate functions yields
0 < (REp — pn + v(Ria —ap) , @y — RE@) 2y
= (Rjip — P, un — Rijw) r2ry + (b — pr(yn(Rjw)) , i — REW) 2y (4.12)
+ (pr(yn(Rpw)) — pp + v(Ryu — up) , Up — Ry) 2y

Note, that p(yn(Rju)) denotes the solution of the discrete adjoint equation (3.4)) w.r.t.
the state yp( ;@a) The last term in the previous estimate can be formulated as

(Jh(Bjyw) = Jp,(tn)) (@ — Ry )
such that Lemma can be applied and we obtain that there is a A1 > 0 such that
&'llan — Ryall7zqy < (Rip — P, tn — Rja)2ry + (5 — pa(yn(REQ)) , an — Riyu) 2(r)

(4.13)
for all A < hy. The first term can be written as

(RIp— b, in — Riw) oy = 3 (an — RE)|p / (R%p — p) ds

FEeK;y E
+ Y (ﬂh—RZa)\E/ (REp — p) ds.
FEeKo B

Adapting the estimates of (4.10)) and using the formula
@y, — Ryl g2y = | E|"?|(@n — Rja)|el,
we obtain
(Rip — P, p — Ryt) 2y < chl K1Y@y, — Rgﬂ||L2(K1)|ﬁ‘W%ff(K1)

73

+ ch?|[u, — Ryl r2(x,) |5l 2.

Y (K2)*

2
T-q)
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Due to Assumption [4.1| and Theorem [2.6{ we derive for 1/2 < i < 1/4 + X/2
(REp — P, un — Rpw) 2y < ch®?|ay, — Ria 2y
For the second term in we first find
(0 — pr(yn(RjW)) , un — REw) p2(ry < 1B — pr(yn(REG)) | 2y lltn — Ryl g2
such that we continue by applying the triangle inequality
15 — pr(yn(RE) I 2y < 12— po(i) 20y + HPfL(@) — pr(yn(w))l L2 (4.14)
+ |lpa(yn (@) — pu(yn(RL@))| L2(ry,

where py,(4) and py(ys(@)) denote the solution of the discrete adjoint state equation (3.4]
w.r.t. the states y and yp,(u), respectively. Thus the first error on the right side in (4.14
is a finite element error on the boundary for the adjoint states and we apply Lemma

(ii) and Theorem such that
15 = pr (@)l 2y < ch?|Inh[*/?

for 1/4 < i < 1/4+ X/2. For the second and the third term in (£.14) one can prove by
a standard trace theorem, Theorem [3.3(iii) and (i), Theorem and Lemma with
h < hg < h; that

1Pn () — pr(yn (@) || L2+ PR (Yn (@) — pa(yn (RE)] 2y
< c(ly = yn (@ 20 + lyn(@) — yn (R4 || 12())
< ch?

provided that 1/2 < ji < 1/4 + X/2. Summarizing the previous estimates yields the
assertion. O

We announced in the introduction of this paper, that we want to carry over the
results for linear quadratic problems to optimal control problems governed by semilinear
equations. Unfortunately, the supercloseness result derived in the previous lemma cannot
be improved. The reason is that on the set K; the integration formula

/E< i f)ds=0, Eck

induced by our modified interpolator R} is in general only exact for constant polynomials
f on the element E, since the interpolation point is in general not the midpoint Sg of
the element E. This is different to the linear quadratic case considered in [2]. However,
if we restrict to the set K5, we can improve the estimate.

Lemma 4.9. Let Assumption [2.1] and Assumption [{.1] be satisfied. Then there exists a

mesh size hg > 0 such that for all h < hg the estimate
@ — Rit|| 12 (x,) < ch?|Inh[*/?

is valid for mesh grading parameters T/Z <p<I/4+ X/Q

21



Proof. We can follow the lines of the proof of Lemma up to formula (4.12]) considering
only the set Ko, i.e., we find

0 < (Rip — pn + v(Ry@ — p) , Un — Rj) 12k,
= (Rpp — D, Un — Ryu) r2(xy) + (P — pr(yn(Rpa)) , tn — Ryu) o) (4.15)
+ (pr(yn(Rpu)) — pp + v(Ryu — up) , up — Ryu) p2(ry)-

Introducing the characteristic functions x, w.r.t. to the set K;, ¢ = 1,2, the last scalar
product in the previous formula can be interpreted as

(Jh(Rya) = Ty (n)) (x ey (U, — Rya)). (4.16)

Unfortunately, the result of Lemma [4.5] is not directly applicable. Analogously to the
proof of Lemma we obtain for some 0 < § < 1 and @ = uy, + O(R}u — up,)

(Jh(un) — Jh(Ruw)) (xre, (t, — Rya)) = J5 (@) [un — Ryt xx, (4, — Rpu)] - (4.17)

due to the mean value theorem. We continue by inserting appropriate intermediate
terms

I (@) [an, — Ry, Xre, (un — Ryya)] > J" (@) [xxc, (r, — Rya), X, (@, — Ryyu)]

— (R (@) — J"(@)xx, (an — Rya), xxc, (@n — Rya)]
— (R (@) — J5 (@) [xr, (an — Rja), xxc, (wn — Rya))]
= [y (@)an — Riya, xx, (a, — Rya)] — J5 (@) [xre, (an — Rya), xxc, (wn — Rya)]l-
The first three addends can be estimated by means of the second order sufficient optimal-
ity conditions and further estimates regarding second derivatives of the cost functional

as in the proof of Lemma Thus, there is a constant &' > 0 and a mesh size hg > 0
such that for all h < hg

T (@)[an — Ry, xre, (un — Rpw)] > 0'|[an — RyalFa sy — [5(@)[v1, 02| (4.18)
where we introduced the abbreviations vy := xk, (4p, — Rfa) and ve := xk, (U, — Riu).

We obtain for the last term in the previous estimate

[Ty (@)1, vo] | = /y}ily;”f = P (yn (@) dyy (z, yn(2))y;'y;? da + V/v1vz ds|, (4.19)
Q r
where the last term vanishes by construction. We continue by
/y}ffy}i2 = Pr(yn(@))dyy (2, yn(@))yp' vy dze| < cllyy (|2 lvp’ [l 22 (@) (4.20)
2 .

< cllvillrmyllvell Ly
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due to the Cauchy-Schwarz inequality, the uniform boundedness of the discrete variables

pr(yn(2)) and yp(@), and Lemma|[A.2] Combining (4.15)-(4.20), we derive
§'|lan — Ryl 22 (x,) < (R — Py Gn — Rijt) 12k,
+ (0= pr(yn(BR)) , Un — R 12(1cy)
+ cllan — Ryallpr gy l[an — Ryall i)

Now, the first term can be estimated by
(Rhp — D, tn — Rij) 12,y < ch®||tin — Rij]| 2(k,)»

following the lines of the proof of the previous lemma. Furthermore, the second term
was already estimated in a similar form in the proof of Lemma 1.8 such that

(P — pr(yn(RiW)) , Tp — Bpw) r2(xy) < ch®|In b ||ay, — Ryal| 2 (s,

provided that the mesh grading parameters satisfy T/ 2< i< T/ 4+ X /2. Applying the
Holder inequality, Assumption [4.1] and Lemma [.8] we further obtain

an — Rijl sy < K02l — Rija] 2,y < ch®,
Summarizing, we can prove the assertion

ltn — Ryl p2(rey) < ch®|Inh|?/?

if the mesh grading parameters satisfy 1/2 < i < 1/4 + X /2. O

5. Main result

This section is concerned with the error estimates for the postprocessing approach. As
introduced in Section [3] the control is approximated by piecewise constant functions.
Afterwards the control @, is calculated by a projection of the discrete adjoint state pp
to the admissible set U,q:

_ 1_
Up ‘= H[umub] (_I/ph> .

This projection is piecewise linear and continuous, but the constructed control does not
belong to the discrete admissible set in general. However, we will prove that % possesses
superconvergence properties.

Theorem 5.1. Suppose that Assumption [2.1] and Assumption are fulfilled. Then
there exists a mesh size hg > 0 such that for all h < hgy the estimate

17 = Gnll 20 + 1P — Bull 2y + 1@ — il 2y < ch?|Inh|*/?

is valid provided that 1/2 < [i < 1/4+ X/2.

23



Proof. We introduce intermediate functions and apply the triangle inequality such that

17— Gl 20y < 15— yn(@)l 20 + llyn(@) — yn(RE) || 12(0) + llyn(Ri@) — Gl 2(0)-

The first error term is a usual finite element error for semilinear elliptic PDEs and we rely
on results given in Theorem [3.3|(i) and Theorem The second term was estimated
separately in Lemma for all h < hy. By means of Lemma the third term is
estimated as follows
lyn(Ri) — Gl r2() < c(| R — tnll 12 i) + | BRG — a2 (1))

< c(|K1 V2| Ritw — | 2y + 1REE — tnll p2(sc))

< e(h? + ¥ In hP/?),
using Assumption [4.1] and the results derived in the Lemmata 4.8 and respectively.

Thus we can conclude
17 — Tnllz2) < ch?|Inh3/?

provided that the mesh grading parameters satisfy 1/2 < ji < 1/4 + X /2. For the error
in the adjoint states we obtain
12 = pull2ry < 1P — pr(W) L2y + P (Y) — Pall L2y

introducing the intermediate adjoint state py(y) as the solution of the discrete adjoint
state equation (3.4 w.r.t. the state y. Hence, the first error is a finite element error on
the boundary for the adjoint states and we apply Lemma (ii) and Theorem such
that

1P — pr() 2y < ch?|1In h‘3/2

for 1/2 < i < 1/4 + X/2. Theorem (iii) yields the following estimate for the second
term

1P (Y) — Pullz2@y < clly — Ynllr2(o)-

Thus, the proven error estimate for the state gives the overall error estimate
15 — Phllp2r) < ch?[Inh|*/?
for T/ 2< i< T/ 44X /2. Since the projection operator is Lipschitz continuous we obtain

_ 1_ 1_
Hu - uhHL2(F) = HH[ua,ub] <_Vp> - H[ua,ub] <_Vph)

< cllp = pullr2r) < ch®|In h[*2,

L2(r)

where we used the error estimate for the adjoint states proven in the step before for
T/2<ii<1/4+ X2 O
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Remark 5.2. The same convergence rates can also be proven for the concept of vari-
ational discretizations if one takes into account the improved finite element error esti-
mates on the boundary. This concept was first introduced in [20] for linear elliptic control
problems with distributed control and in [10)] for semilinear Neumann boundary control
problems.

Remark 5.3. A convergence order of two can analogously be proven for distributed
control problems. In that case the condition i < X\ is sufficient since one only needs
error estimates in the domain.

6. Numerical example

In this section we present a numerical example that illustrates the proven error estimates
of the previous section. The example is a slightly modified version of the one presented
n [28]. Let r, ¢ be the polar coordinates located at the origin. For w € (0,27) we
define the circular sector S, := {z € R? : (r(z),¢(z)) € (0,v2] x [0,w]}. Moreover,
let Q, = (-1, 1)2 NS, with the boundary I',,. We are interested in the optimal control
problems (QP)

min  F,( : 2/y yq)*de + - /u ds+/ggyds

—Ay+y+y =f me
Oy =u+ g1 on I,

Uy <u<wu, a.e. only,.

Again we set A\ = w/w. Let us define the functions

(@) = 1 (x) cos(Ap(@)) + 1% () cos® (Ap(@)) in
ya(x) = 2r*(x) cos(Ap () + 3r3 (2) cos® (Ap(x)) in Q,,
and
g1(x) = 8, (r(z) cos(Ap(2))) = My, 4, (A (2) cos(Ap(2))) on I'y,
g2(z) = —8n(r)‘(:c) cos(Ap(x))) onT,.
Furthermore, let us set u, = —0.8 and u = 0.8. One can easily check, that
y(x) = r\(z) cos(\p(x)),

() = —r(z) cos(Ap(x)),
(#) = Wy ) (1(2) cosOp(2)) )

satisfy the respective first order optimality conditions. Moreover, the second order suf-
ficient optimality condition (2.12)) is fulfilled by construction. The functions y, p and

b1

Sl
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Figure 1: Q3. /o with ungraded and graded mesh (= 0.5, R =0.5)
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Figure 2: @, and yp, on a graded mesh (u = 0.5, R = 0.5)

% have exactly the singular behavior discussed in Theorem [2.5] For the solution of
the optimal control problems (QP), a standard SQP method was implemented, see e.g.
Heinkenschloss and Troltzsch [19], Kelley and Sachs [23] or Kunisch and Sachs [26]. The
resulting quadratic subproblems were solved by applying a primal dual active set strat-
egy according to Bergonioux, Ito and Kunisch [5]. We also refer to Kunisch and Résch
[25]. The discrete solutions of the PDEs have been computed using a finite element
method on graded meshes as introduced in the beginning of Section 3, see Figure
Figure [2] shows the postprocessed control 4y, and the state g, as the solution of the fully
discretized optimal control problem (QPj).

In Table |l one can find the computed errors ||u — @[ 2( and the experimental or-

Tsr/2)
ders of convergence (EOC) once for uniform meshes (u = 1) and for graded meshes with
= 0.5. According to Theorem 6.2. in [2§], we expect on uniform meshes a convergence

rate 1/2 + X\ = 1.16 which is illustrated by our numerical results. Moreover, we can see
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degrees of freedom w=0.5 uw=1

Q I' |lu—dp| EOC |u—dp| EOC
133 48 1.23e—2 190 2.75e—2 1.10
481 92 3.64e—3 192 137e—2 1.12
1825 192 1.02¢e—3 194 6.58¢—3 1.13
7105 384 2.776e—4 195 3.07e—3 1.13
28033 768 7.27¢e—5 196 1.42¢e—3 1.14
111361 1536 1.88¢—5 197 6.46e—4 1.14
443905 3072 4.83¢e—6 197 293e—4 1.15

1772545 6144 1.23e —6 - 1.32¢ — 4 -

Table 1: L?(Ts, /2)-error of the postprocessed control iy,

that the numerical example confirms for a grading parameter g = 0.5 < 1/4+X/2 ~ 0.58

the results proven in Theorem [5.1

A. Appendix

Lemma A.1l. Let Assumption be satisfied. Furthermore, let y, = yp(up) and
yn(Ru) be the solutions of (3.2) w.r.t up and Rju, respectively. Then there exists

a mesh size hg > 0 such that for all h < hgy the estimate

9n — yn(Ri0)|| 1200y < clltn — Ryl

s valid.

Proof. Analogously to the beginning of the proof of Lemma [4.7, we introduce a dual
auxiliary problem and its discrete counterpart by: let ¢ € H'(Q) be the unique solution

of

a(p,v) + [ apvdr =
/

with

d(, gn(x)) — d(x, yn(R}0)(x))

/(?Jh — yn(Ryw))v dx
a

h
alr) = Y

Due to the approximation properties of R}, the uniform convergence of @, to % and the
monotonicity of d according to Assumption one can easily check that there exists a
ho > 0 such that the problem is well-posed for all A < hg. The corresponding discrete

n(@) — yn(Ryu)(2)

Vo € H'(Q),

, if gn(z) — yn(Ryu)(z) # 0 .

0, otherwise

counterpart ¢y € V}, is the unique solution of the problem

a(én, vn) + /Oé<l5hvh dr =
)

Q
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By means of yp(a),yn(Riu) € V, being solutions of and the definition of «, we
derive

Mmm—%uﬁmﬁmn=M%@Mm—yumw»+/a%@um—yamm»w
= a(yn(u) — yu(RjQ), o) + /(d(xv yn(w) — d(z, yn(Rjw)) ¢y, d
Q
/ (up, — Rhu op ds.
I

We continue by the estimates

[t = Ry ds < lan — Bl lonll <o
r

< lan — Riall ey (16n — ll o) + Dl L)
< el = Rjiall oy (B2 + 1) [lgn = yn(Ri0)| 2200

where a standard L°°(Q)-error estimate (see e.g. (3.9)) and Lemma together with
the embedding H%/%(Q) < L>®(Q) were used. Thus, the assertion is proven. O

Lemma A.2. Suppose that the assumptions (A@ and ( are fulfilled. Moreover, let
yp € Vi, be the unique solution of (3.6) for a given discrete state yp, w.r.t. the right hand
side v. Then the estimate

19pllz2() < ellvllzr

holds true.

Proof. The proof can be done analogously to the proof of Lemma introducing an
appropriate dual problem. O
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