AAR-based decomposition algorithm for non-linear
convex optimisation
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Abstract In this paper we present a method for decomposing a class of convex non-
linear programmes which are frequently encountered in engineering plastic analysis.
These problems have second-order conic memberships constraints and a single com-
plicating variable in the objective function. The method is based on finding the distance
between the feasible sets of the decomposed problems, and updating the global opti-
mal value according to the value of this distance. The latter is found by exploiting the
method of averaged alternating reflections, which is here adapted to the optimisation
problem at hand. The method is specially suited for non-linear problems and as our
numerical results show, its convergence is independent of the number of variables of
each sub-domain. We have tested the method with an illustrative example and with
problems that have more than 10,000 variables.

Keywords Decomposition - Convex optimisation - Non-linear optimisation -
Second-order cone program (SOCP) - Averaged alternating reflections (AAR)

1 Introduction

The analysis of structures with non-linear plastic materials may be posed as the solution
of discrete non-linear optimisation problem. The form of this optimisation problem
depends on the discretisation scheme and the underlying principle considered [8,20—

= Jose J. Muiioz
j.munoz@upc.edu

Nima Rabiei
nima.rabiei@upc.edu

Laboratory of Numerical Analysis (LaCaN), Universitat Politécnica de Catalunya,
Barcelona, Spain



N. Rabiei, J. J. Muiioz

22,24]. This approach has attracted considerable attention in the last decade due to
relevance of the results from the engineering standpoint, the accuracy that may be
obtained, and recent progresses that have been achieved in non-linear optimisation.
However, the analysis of general three-dimensional structures remains as yet pro-
hibitive due to the size of the resulting optimisation problem, which may attain up
to 500,000 primal variables. This work aims to propose a decomposition technique
which can alleviate the memory requirements and computational cost of this type of
problems.

The development of general decomposition techniques has given rise to numerous
approaches, which include Benders decomposition [13, 16], proximal point strategies
[10], dual decomposition [7,15], sub-gradient and smoothing methods [25,26], or
block decomposition [23], among many others. In the engineering literature, some
common methods inherit either decomposition methods for elliptic problems [18], or
proximal point strategies [19], or methods that couple the solutions from overlapping
domains [28], which reduce their applicability.

The aceuracy of dual decomposition and sub-gradient techniques strongly depend
on the step-size control, while the accuracy of proximal point and smoothing tech-
niques depend on the regularisation and smoothing parameters, which are problem
dependent and not always easy to choose. Also, and from the experience of the authors,
Benders methods have slow converge rates in non-linear optimisation problems due
to the outer-linearisation process. These facts have motivated the development of the
method presented here, which is specially suited for non-linear optimisation, and in
particular exploits the structure of the problems encountered in engineering appli-
cations. We aim to solve a convex optimisation problems that can be written in the
following form:

A¥ = max A

X1,X5,A
S1(x1.A4) =0 (1a)
Jfa®g, x) =0 (1b)
81(X1) + g2(x2) =0 (1c)
xieKj R, x, e Ky CR™ 4R, (1d)

where fi :RM <« R = R™L £ R xR — R™2 ¢ R" — R and g : R™ —
™ are given affine functions, and K, K> are non-empty closed convex sets.

The optimisation problem in (1) has one important feature, which is a requirement
of the method presented here: the objective function contains one scalar (global) vari-
able A, and other (local) variables x; and x2. We remark though that other problems
with a linear objective function that has more than one variable may be also posed
in the form given above, and therefore may be also solved with the method proposed
in this paper. For instance, we consider a new problem with the same constraints as
in (1), and whose objective function is equal to A1 (X1, &) + A2(X2, A), i.e. we aim to
solve the following problem
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AY = max Ry (x1, A) + ha(x2,4)

X1, X240

(1a), (1b), (1c), and (1c),

where Ay and /> are linear functions. We can convert this problem in the form of
problem (1) by recasting it in the equivalent form:

A= max A
X1,X3, 40,41,
fixi, A =0
o —A1 =10
J2(%2,A2) =0
A —Ax =0

S1x) + gx) =10
Al —h1 (X1, AL) — B2(X2,A2) =0
x1 £ K1.% € K3, A0, M1, 42 = R,

In this new form, A1 and A; are local variables, while Ag plays the role of a global
variable.

We also point out that the particular form in (1) is a common feature in some
problems in engineering such as limit analysis [21,22,24] or general plastic analysis
[18-20], where & measures the bearing capacity of a structure or the dissipation power
when it collapses. The primal problem in (1) is written as a maximisation of the
objective function, in agreement with the engineering applications, but in contrast to
the standard notation in optimisation. We will keep the form in (1), but of course, the
algorithm explained in this paper may be also described using standard notation.

The main contributions of the paper are: (i) rewriting the constraints in (1) as the
intersection of appropriate sets, (ii) decomposing this form of the algorithm into a
master problem and two sub-problems, (iii) applying some results of proximal point
theory to this new form of the optimisation problem, and (iv) proposing efficient
algorithmic strategies to iteratively solve the decomposition algorithm. We prove the
convergence properties of the algorithm, and numerically test its efficiency.

Section 2 recalls some well-known results from approximation theory and sum-
marises the method of Averaged Altemating Reflections to find the distance between
two sets. The proposed decomposition method is described in Sect. 3, and Sect. 4 tests
the method with some representative non-linear problems.

2 Method of averaged alternating reflections
2.1 Best approximation operators
Throughout this paper W and Z are two nonempty closed convex sets in the real space

", with an inner product and an induced norm | ||. Given a point x = IR*, let [
denote the identity operator on R”, and let Py (x) and Pz (x) be the projections (best
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approximation operators) onto W and Z. The standard best approximation of x relative
to W is the solution of the following problem [14]:

find w £ W suchthat |x — w|| =inf|x — W| :=d(x, W). (2)

A natural extension of this problem is to find a best approximation pair relative to
(W, Z).1i.e,to

find(w,z) ¢ W x Z suchthat |w—z| =inf|W — Z|| (=d(W,Z). (3)

If W = {wl, (3) reduces to (2) and its solution is Pz(w). On the other hand,
when the problem is consistent, i.e., W N Z # @, then (3) reduces to the well-known
convex feasibility problem for two sets [4,12] and its solution set is {(x, x) € R* x
R*x ¢ W Z}. The formulation in (3) captures a wide range of problems in applied
mathematics and engineering [11,17,30].

In Sect. 3we willrewrite problem (1) as a problem of finding the minimum distance
d(W, Z) between two feasibility sets W and Z, as stated in (3). Prior to that though, in
the remainder of this section, we present a methodology to find the distance between
two sets which will be eventually employed.

2.2 Preliminary definitions

Definition 1 The set of fixed points of an operator T : X — X is denoted by Fix T,
1.,
Fx T ={x e X|T(x) =x}. )

It is convenient to introduce the following sets, which we will use throughout this
sectiom:

C=Z-W=lz—wlzsZ wesWl,

5
v="Pc@0), G=WnNZ—-v), H=(W4+v)NZ ©
Note also that if W N Z £ @, then G = H = W N Z. However, even when
W Z =g, the sets G and H may be nonempty and they serve as substitutes for the
intersection. In words, vector v joins the two sets Z and W at the point that are at the
minimum distance and ||v|| measures the gap between the sets W and Z.

Lemma 1 From the definitions in (4)-(5), the following identities hold:

@) [lv]| =inf [W — Z]
(i) G = Fix (PwPz)andH = Fix (Pz Pw).
i) G +v = H.

The proof can be found in [3], Sect. 5.

Lemma 2 Suppose that (Wy, nen and (Zy)n ey are seguencesin W and Z, respectively,
Then
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Zy — Wy =V > |25 — Wy — |V

Also, assume that Z, — Wy, — v. Then the following identities hold:

() 2z, — Pw(z,) — v, and Pz(wy) — w, — v.

(i) The weak cluster points of Wylneny and (Pw (Za)nen (resp.(Zplney and
(Pz(Wy)nen) belong fo G (resp. H). Conseguently, the weak cluster points of
the sequences

(W, 20)new, ((Wa), Pz(Wpdlaen ((Pw(@Zn), Za)nen)

are best approximation pairs relative to (W, Z).
(i) If G = 0 or, equivalently, H = 0, then

min{([Wa |, |2, [ Pw @)1, | Pz (Wa)l[} — oo

These results are proved in [6].
Definition 2 Let D be a nonempty subset of R® andlet T : D — R™ Then T is

(i) firmly nonexpansive if
(vxeD), vy eD): I[T@®-T®IP+IUI-T)®—I-D)®I* = Ilx—yl
(ii) nonexpansive if
(vxeD),(¥VyeD): [Tx)—-TWI = lx—yl.

Lemma 3 Lel W be a nonemply closed convex subsel of R, Then

(i) fhe projecior Pw is firmly nonexpansive;
(ii) 2Pw — I is nonexpansive.

See [3] for a proof of this lemma. The transformation 2Py — [ is named the
reflection operator with respect to W and will be denoted by Ry.

Lemma 4 Let 17 B* — B" and 15 : B* — R? be firmly nonexpansive and set

_@h-DHRh-D+1I
= 5 ;

&

Then the following results hold:

(i) T is firmly nonexpansive.
(i) FixT = Fix 2T — D2, - I).

See [5] for a proof of this lemma.
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2.3 Averaged alternating reflections (AAR)

Definition 3 We define the so-called averaged alternating reflections (AAR) operator,
denoted by T and given by,

B RywRz 1+ 1T
— > 3

74 (©)

where Rw = 2Pw — [ and Rz = 2Pz — I. In view of Lemmas 3 and 4, and since
Pz and Py are firmly nonexpansive, we infer that T is nonexpansive and

Fix T = Fix RwRz.

Proposition 1 Let W and Z De nonempty closed convex subsets of R and let T be
the operator in (6). Then the following resulis hold:

)y I—-T="P;z;— PyRyz.

(i) WnNZ #Qifandonlyif FixT £ 0.

FProof (1)

7Rsz+[72prz—_Rz—|—I72Pﬂ/Rz—2P2+I+I
- 2 N 2 N 2
—PwRz —Pz+1—=1-T—P;— PyRz.

T

(i) Assumethatx € W N Z. Clearly, we then have that Py (x) = x and Pz(x) =X,
which in turn imply that Ry (x) = x and Rz(x) = x. Using the definition in (6),
it follows that

Tx)—x,

sothat Fix T £ .

Conversely, if x € Fix T, then T (x) = x, and then according to (7), we have, that
Pz(x) = Py Rz (x), and therefore Pz(x) = Z and Pz(x) € W, which is equivalent
to Pz(x) e WnN Z. fi]

We now recall the well known convergence results for the method of Averaged
Alternating Reflections (AAR).

Lemma 5 (Convergence of AAR method) Consider the following successive approx-
imation method: Take ty < R”, and set

tﬂ = Tﬂ(to) = T(tﬂ.fl)a = 1525 i)

where T is defined in (6), and W, 7 are nonemply closed convex subsels of R". Then
the following results hold

() FixT £0 <= (T"(ty))yen converges lo some point in Fix T.
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(i) FixT =0 > ||[T"(ty)|| — oo, whenn — co.

(iil) (|| Pz(tn)—Pw Pz(ta)|)) converges to inf | W—Z|, and (|| Pz(t)—Pw Rz (t,)()
converges {o inf |W — Z||.

(iv) Lel o inf |W — Z).

Proof (1) and (ii) are demonstrated in [2,9,27] and (iii) in [6], while Gv) is demon-
strated in [29].

3 Decomposition algorithm
3.1 Alteranative definition of global feasibility region

The objective of this section is to provide a description of a decomposition method
that exploits the results of the AAR method given above. The method is suitable for
convex optimisation problems that have the structure given in (1), which we aim to
transform into the computation of the minimal distance between two feasible sets.
For this aim, we rewrite problem (1) by introducing a new complicating variable t as
follows:

A= max A
X1,X2,4.1
ik, 2) =0
F2X2,A4) =0 (7)
gi1(x1) =t
g2(x2) = —t

X1 c K, % K5, AR

We next define the feasibility region of this problem with the help of the following
definitions:

Definition 4 Consider the following two feasibility regions:

X1 () = {x1]f1(x1,2) =0} N K1,

(8)
X2(0) = {%a| fa(%2, &) = 0} N K2,
and also let A = A be a given real value. Then, we define the following feasibility sets
for variable t: _ _ B
ZG) = g1 ) = (s E)x € X1 (R ©)
W) = —g2(X100) = (—ga(x2)[x2 € Xa(W)).
Throughout the subsequent sections, the sets Z (i) and W(A) defined in (9) are
assumed convex, (which can be ensured through the convexity of g; and g7).
By using definitions (8) and (9), the optimisation problem in (7) may be recast as,

A =max i
x

ZONWQR) £ 0
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The algorithm proposed in this paper is based on the form above. In brief, the
algorithm consists on updating the value of A (master problem) and analysing in the
sub-problems whether the intersection between the sets Z(3) and W) is empty or
not. In order to determine this and compute upper bounds of the global problem in
(7), we will need the following two propositions:

Proposition 2 Leiig and d be given real values such thal (Xop , Xoz2, to, Ao) isafeasible
solution for problem (7), and ko < A. After using the definition in (9), the following
relation holds:

ZOONWQR) £ 08 — A <ih

Proof First suppose that Z (A1) (1 W (A) # @ and t belongs to Z (&) 1 W (1), thus there
existx; € X1 (&) and x5 = X»(x) such that gy (x1) = t and —g»(x2) = t. Therefore,
inview of (8), (x1, X2, i, E) is a feasible solution for problem (7), and consequently
A< A

Conversely, let Ay < & < 2*. Hence, there exists ¥ € (0, 1] such that A=
(1 — y)io + pA*. Since (Xo1, X0, to, Ao) and (X7, x3, t*, A*) are feasible sclutions
for problem (7) and since the feasible region of problem (7) is convex, it follows that
the convex combination of these two points is a feasible solution for problem (7).
Formally, we have that

(1 - :V)(Xols Xo02, th A’O) + V(XTs X)st t*s A'*)
= (1 —y)xor + ¥xi, (1 — ¥)%o2 + ¥x3. (1 — p)to + yt*, (1 — ¥)ko + ¥4"))
= (1 —y)xo1 + vxj, (1 — ¥)xo2 + x5, (1 — y)to + yt*, A),

which shows that (1 — ¥ )to + yt* belongs to Z() N W), ie. ZGHY N WQR) £ @.0

Proposition 3 Let (t, A) be an arbitrary given vector and As; be an optimal solution
of the following optimisation problems:

max  As;
X;, Aw, As;

fi(Xi,i+ASi? :? (10)
gixi) = (1N + Awy)
x; = K;, Aw; e R As; = R.

with i=1,2. Then \* < A + A§; fori = 1,2.
Proof There exists a real value As* and a vector Aw* such that

A=A As™

- 11
tr =t -+ Aw". (b

Since (x7,x3, t*, A*) is a feasible solution for problem (7), and in view of (11) we
have that
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fefw?, A%5=1 ik}, A+ As*) =0
gl )= (1)t = gi(xh) = (1Lt + Aw¥)
xf € K; xf e K;, Aw' e ', As* = R,

Since As; is an optimal solution of problem (10) and in view of (11) then

As* < A5, = A+ As* < A4 AF = AF < & L AF.

O
It will become convenient to consider the dual form of the global problem (1),
*— inf . ¥2, 12
g = g(y1,¥2,¥3) (12)
where
g(¥1,¥2,¥3) = sup yi1- fix1, ) +y2- fa(x2, 4)
X1,X3,A
(13)

+ ¥3- (g1 (1) + g20x2)) + A
X1 € K1, %2 € K3, b e R,

3.2 Definition of sub-problems

Let Ag and Abe given real values such that (X1, Xo2, Ag) is a feasible solution for (1)
and Ay < A, which means that W) and Z(X) are nonempty (closed convex) sets.
Take tp and set
t = %) = Tyq ) =13, 3, s &
where
RwRz 11

T:TZPWszPZ+1. (14)

We next define the optimisation sub-problems that will allow us to retrieve the
projections Pz and Py, required for computing the transformation T'. In view of (2),
Pz (ty) can be obtained by solving the following optimisation problem:

min|z — 6|
z = Z(\),

which is equivalent to the following so-called Sub-problem 1 :
min ||d"|
xp,d! _
Sixi,4) =0 (15)

aE)—d =t
X1 € Kl.

From the optimal solution of Sub-problem 1, d}l, we can compute the projection
Py (t,) and reflection Rz (t,) as,
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Pz(ty) = g1(x12) = t, + d}, withxy, = X1 (A),

: (16)
RZ(tn) == EPZ(tn) —ty =t + 2dn-

From Pz (ty), the point Py Rz(t,) = Pw(t, + Qd}z) is obtained by solving the
following optimisation problem:

min|w — Rz (t,) |
we W)
which is equivalent to the following so-called Sub-problem 2:
min [|d?
x;,d2 B
&2, 0) =0 (17)
g2(x2) +d° = —Rz(ty)
X2 € Kz.

After solving this problem we have that,

PwRz(ty) = —g2(Xan) = Rz(ty) + &2 =t, + 2d} 4 d2, with x, € X2(})

(18)
RwRz(ty) = 2Py (Rz(t)) — Rz(ty) = t, + 2d} + 2d2,
and according to (14), (16) and (18),
tip1 =T(t) =t +d; +dJ, (19)

with drlI and d% optimal solutions of (15) and (17), respectively. This iterative process
and the associated projections and reflections are illustrated in Fig. 1. Since T is
nonexpansive, and in view of (14), (16), (18) and (19), we have the following results,

() tip1—ty=dy +d; =T(ty) —t,
= Py (Rz{t,)) — Pz(ty) = —g2(X%2,) — g1 (X10)- (20)
(i) |} + @2 = lltars — tall = | T(ta) — T (1))
<ty —ta1 | = [dy_y +d5 . (21)

According to (21), the sequence (Hd}L + d}%H)neN is decreasing. Therefore

_ 1 210 _ 13 1 2
o= inf |} + & = lim ||€} + & 0. c0). (22)

The value of ¢ measures the distance d(W (), Z(A)). The next theorent relates o
to the optimal objective A™:
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Fig 1 Mustration of the
iterative process

RwRz (t'n)

Theorem 1 Consider Sub-problem 1 and Sub-problem 2 defined in (15) and (17)
respectively, and A* the optimal solution of the global problem in (1). Then, with «
defined in (22), and if A* = g%, i.e. there is no duality gap in (12), the following
implications hold:

A) o = 0ifand only if » < A*,

(i) @ > O ifand only if A > A*.

Proof (i): f « = 0, we have from (20) that

im [d; +d3] = lim [lg1(xi,) + g20x2n)l| = 0. (23)
=00 A—00

Since (X154, X2,) € X1(A) x Xa(A), by setting A, = &, for all n € N, the vector
(X1, X211, An) satisfies the following conditions:

fl (X1g. An) =10
X2, k) =10 (24)
X1x = K1, X2, € K.

Suppose that (y1, ¥2. ¥3) is an arbitrary feasible solution for the dual problem in
(12). Since (X1, X9, Ay) € X1 (A) x X7 () x R, according to (13) we have that

F(¥1,¥2.¥3) = ¥1 - f1Xin. An) + Y2 2 (X20, An)
+¥3- (g1(X1n) + 82(X20)) + An
=¥3- (81(X1) + 82(X2q)) + Ay,
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and then ‘
g(¥1.¥2.¥3) = nlggok - (81(X1e) + g2(Xap)) + Ay

Therefore in view of (23), we have that ¢ (31, ¥2,¥3) > . On the other hand,
since (y1,¥2, ¥3) is an arbitrary feasible solution for the dual problem, and due to
assumption g* = A%, we have the following result :

A< inf gy, y2,¥3) =¢* =1* = & <At
¥1-¥2.¥3

Conversely, assume A < A*. Thus in view of Lemma 5 and Propositions 1 and 2,
we can infer that the sequence (i, ),y converges to a point in Fix 7, i.e.

lim t, =t ¢ Fix T.

n—CO
Since ty4g — t; = d}; 4 d},%, we deduce that,
4 1 3 i 7 e : 1 2
nllyéodﬂer” :nliyéot”"'l —tf=t—t=0= d:nl_lyéoud”er”” =i()
(ii) Since & = 0, the result in (ii) follows from (i). 0

The result of Theorem 1 is illustrated in Fig. 2, which represents the distance of
the sets Z (&) and W (&) for the cases A < A* and A > A*. Figure 3 also shows the
same idea but on the (A, t) plane.

Note that for a given value of )1, from the result in Theorem 1(ii), Proposition 2,
and Lemma 5, we infer the following corollary :

Corollary 1 « > 0 < |ty — co.

According to this corollary and Lemma 5(iv), the values of || %‘ || and ||t || could

be used to monitor the gap between Z (i) and W (). However, we will use other
parameters to monitor this distance, as explained in the next section.

(b)

Fig 2 Mlustration of the sets W(A) and Z{&) forthe case & < A* and & = A*
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X0 & A=X 0

Fig. 3 Illustration of the sets W{A) and Z{4) on the (4, t) plane

3.3 Algorithmic implementation of AAR-based decomposition algorithm

As it has been explained in the previous sections, the objective is to solve an optimi-
sation problem with the structure in (1), recasted in the form in (7).

The master problem computes at each master iteration k a new value of A%, while
the sub-problems determine whether this value A* is an upper or lower bound of A*.
To determine this, a set of 7z sub-iterations, n = 1, . . ., 1y arerequired at each master
iteration k.

The procedure of the master and sub-problems are detailed in next paragraphs,
which use the following notation:

1 2 1 2
o ay = |ld, +di|l, By =ld,[l + [d;]l.
o Ady = tpt1 — Gy
e o = limy ooy,

Also )Lfb, )Lf;b denote algorithmic lower and upper bounds of A* in the master
iteration k, respectively. Finally we define ALY = lﬁ 5 )L"fb.

3.3.1 Master problem

The steps that define the master problem are given in Box 1.

MO. Find real values AJ, and A2, such that A* & [AD,AL,]. Setk = 1.
k-1 k=1
ML Setak =22 e 7 - 708, W=woh, k=1,2,-).
M3. Solve Sub-problems in Box 2 to determine whether A< aF or At < AR,
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M4 If A, — Al < e
o Atk
o Stop.
Else
e k=k+1,
e GotoMIl,
End.

Box 1. Master problem

In step M1, )L?b is a feasible solution for problem (7), which means that it exists
a vector t such that t € Z(i5,) N WY, with W), and Z(A),) defined in (9).
A.gb is an arbitrary upper bound for A* that can be obtained via any possible way.
In this article, we use Proposition 3 to obtain an upper bound of 4*: we solve two
sub-problems defined in (10), and we obtain two upper bounds )\.?ub and Agu - Lhen
we set )Lgb = mm(l?ub, lgub).

Tn step M1, if X1 (25, 1) # 2 and X235, 1) £ 0 defined in (8), we clearly have

that X1 (A%) # @and X>(A%) # @, since fi1. fa, g1, g2 are affine functions and K, K
are convex sets.

3.3.2 Sub-problems

The iterative process of each sub-problem is summarised in Box 2.

§1. Bebd=ak 1 =L u =0
S2. Solve Sub-problem 1 defined in (15). Obtain d} and set ! = t£ + 2d..
S3. Solve Sub-problem 2 defined in (17). Obtain d2 and set t& — t& + 2dZ.
S4. Set = ||dL] + [d2]| and oy = [} + .
S5 If By < Ba_q Oray < gp
® Afb = &%, Aib = Ai;l,
¢ GotoBox 1.MI.

Blseif By > By and oy > %|A?\.k| and Aol €

[ctn |
b )“Ixcb = Afb_l’kﬁb = %
¢ GotoBox 1.M1.
Else . ;
o th = t—”‘l;t”, n=n+l,
¢ GotoS2.
End

Box 2. Sub-problem

The algorithm in Box 2 uses the control parameter §, to detect whether A* is
an upper bound or a lower bound of A* . Indeed, the numerical results show that 8,
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decreases when A¥ is a lower bound of A*. The values of 8, satisfy in fact the following
corollary:

Corollary 2 Assume that & is a given real value and W = W), Z = Z3O) defined
in (9). Then the following relations hold.
(D IF0<cint(Wn Z) then limy o0 B, = 0.
(i) Iflimy oo By = 0then W N Z £ 1.
Proof (i) Since 0 = int(W N Z), then W N Z £ @, and it follows that Fix Py #
@, Fix Pz # @, and then we have that W N Z = Fix Py N Fix Pz = Fix Py Pz
(see [5], p. 71).

According to the AAR method, since W 1M Z # @, we have that

lim t,—te Fix T.

R—CO

On the other hand, since 0  int(W M Z), then Fix T = W N Z [6], and therefore
we have that in turn,

Pz(t) =t, Pyt) =t Rz() =2Pz() —t =t (25)
Inview of (16), (19) and (25) , the following results can be derived:

lim d} = lim Pz(t,) —t, = Pz(t) —t =0
H—>C0 H—CO

5 ! (26)
lim d; = lim t,; —t, —d, =0
H—CO H—CO
Conseqguently, in view of (26), we infer that
lim g = lim |dy| + [|d;] = 0. (27
H—CO R—>CO

(ii) For each iteration n we have that a, = ||} +d2|| < [|d} ||+ (d2|| = Bn. Therefore,

0= lim By > Hm ay =a >0, (28)
H— 00 n—00

which implies that ¢ = 0. Consequently, in view of Proposition 2 and Theorem 1, we
infer that W M Z £ . ]

We note that the update of A* in step M1 of the master problem mimics the update
process of the bisection method. Other faster updates could be envisaged, but at the
expense of estimating more accurately the distance between the sets W (A*) and Z (A%).
In our implementation of the sub-problems, we just detect from the trends of 8, and
oy whether the set W) 1 Z(AF) is empty or not, but do not actually compute the
distance d (W (A%), Z(+¥)). The accurate computation of the distance would require far
more sub-iterations, and in the authors experience, this extra cost does not compensate
the gain when more sophisticated updates for A% are implemented.

The algorithms in Box 1 and 2 use three tolerance parameters: €, €p and €1. Their
meaning is the following:
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¢ ¢, thisisthe desiredtolerance forthe objective &, and itis suchthat A™ € [Azp, Agpl,
with |Aup — Ap| < €.

o co:isatolerance for d(W(AF), ZOF). I d(W(F), ZOF)) < €0, we will consider
that W) N ZGA) £ 6.

e ¢ is used to detect when the sequence &, has converged

4 Numerical results

In all cur numerical tests, we have used the values (¢, ¢p,¢1) = (1E — 3,5E —
4,3E — 2). The vectors (t*, x§, x§) resulting from the sub-problems for the highest
(latest) value of )L{,‘b fournish the algorithmic approximations of (t*, x¥, x3).

4.1 Illustrative example

We illustrate the AAR-based decomposition technique explained in previous section
with a toy non-linear convex problem given by,

A= max i
A, X1,%2

Aix) +AF =My

Arxy + AF; = b2 (29)
Gix; +Gyxo=bh

x1 € K1, X0 K2, AR,

where x; € R*, x5 € B*, and K and K2 are second-order cones, which are defined
next.

Definition 5 The second-order (convex) cone of dimension n > 1 is defined as
K={t.®0:0¢.x)csRxR" ||x|| <1} (30)

which is also called the quadratic, ice-cream or Lorentz cone. For n = 1 we define
the unit second-order cone as

K={t:teR, 0=1l,

The values of matrix A;, G; and vectors F;, b; and b are given in the Appendix.
The optimal value of this problem is A* #= 1.1965, which has been computed by
solving the global problem in (29) with package MOSEK.
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By selecting arbitrary vectors bz and by such that b = bz + by and introducing a
new variable t, the problem (29) is written in the following form,

max A
A X1,X0,h

Axy +AF =by

Gix; — b =t

Aoxs + AF2 = by

Goxo — by = —t

xije K1, x0=Ka, AR, teR™,

(31

In view of (31), for any given A = A, we have the two feasible sets defined in (9),
which now take the following form:

Z(O) =t |Gx; —bs; =t, A;x; + AF; = b; forsomex; € Ky},
W) = [t |Gaxo — bg = —t, Asxy + AF> = b for some x> € K» 1.

For solving this problem we first take ()L?b, t) = (0, 0) and, according to Proposi-
tion 3, after solving the two optimisation problem in (10), we obtain two upper bounds
(Alub, Aagp) = (1.2000, 3.2000). Then we set )Lgb = min{Aup, Aoy} = 1.2000, and
consequently A* & [)\.?b, )Lgb] = [0, 1.2000]. The algorithm comes to an end when
|A3¥) = Ak, — M| <& =1E-3.

The numerical results of the algorithm are reported in Table 1,where k indicates
the number of master iterations, and ny is the number of iterations taken by the sub-
problems at each master iteration k. The second and third column indicate the highest
lower bound and lowest upper bound at each master iteration, in such a way that
At e [)Lfl;l,kf;gl], and A = ()L{;;l + Aﬁ;l)/Q is an estimate of A*, Numbers in bold
font indicate that A* is an upper bound, and Ax* 1 = 3% 1 A% Tt can be observed
that after a total of 24 sub-iterations (sum of all iterations xy ), the gap between the A*
and the approximate value of A* is 3F — 4. Figure 4 shows the optimal solution of
the toy problem and the evolution of A%, which converges towards the optimal value
AT =1.1965,

We note that the choice of bz and by is arbitrary, but that the same optimal optimum
is obtained for different choices, even of the feasibility sets W(A%) and Z(x¥) depend
on these choices.

4.2 Example 2

We consider an optimisation problem with the same structure in (29):
A = max A
ALX1,X3
Axy + AF =y
Aoxs + iF2 = by (32)
Gix; +Gxx2 =10
x; € Ky, xp 2 Ko, L >0,
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Table 1 Results of toy problem by using AAR-based decomposition method

Toy problem

A* =1.1965
-1 k-1 E at—ak £—1
k s ke s e y Ak
1 0 1.2000 0.6000 0.4985 2 1.2000
2 0.6000 1.2000 0.9000 02478 2 0.6000
3 0.9000 1.2000 1.0500 0.1224 2 0.3000
4 1.0500 1.2000 1.1250 0.0597 2 0.1500
5 1.1250 1.2000 1.1625 0.0284 2 0.0750
6 1.1625 1.2000 1.1812 0.0127 3 0.0375
7 1.1812 1.2000 1.1906 0.0049 2 0.0187
8 1.1906 1.2000 1.1953 0.0010 2 0.0094
9 1.1953 1.2000 11977 0.0010 2 0.0047
10 1.1953 1.1977 1.1965 0.0000 2 0.0023
11 1.1965 1.1977 11971 0.0005 3 0.0012
12 1.1965 1.1971 A = 1.1968 0.0003 Zi%z:l ny =24 0.0007
Numbers in bold font indicate upper bounds of A*
13 T ‘ ‘ :
12 emcemeccmm e emee e
11 ¢ 1
1 L B
% 09r¢ J
08+ s
0.7 il
5 | — X k=12,3,...11 |
' - -=Optimal value = 1.1985
05 i L L 1
0 5 10 15 20 25

Fig. 4 Evolution of 4 forthe toy problem

Number of iterations

but with increasing sizes of the constraint matrices and the number of variables, as
indicated in Table 2. In this case, K1 and K> are given by

Ky =R™ x ki xkig x++-x kip, p= 1,

Kg:R”zxkglxk22x~~><k2q,qzl,

where k;; are three-dimensional second-order cones, and matrices A;, and vectors
F;, b; are those resulting from a discretised limit analysis problem with finite elements,
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Table 2 Size, total CPU time and total number of sub-iterations of each problem solved using MOSEK
[1] and SDPT3 [31]

Problem n m CPU time (5) > k=1t
SDPT3 MOSEK SDPT3 MOSEK
1 2240 2401 163 30 45 45
2 4368 4705 281 84 43 42
3 8880 9601 913 243 40 42
4 12768 13825 1754 543 47 49
5 14979 16225 * 707 ® 48

* In Problem 5, SDPT3 failed to give accurate results at iteration & = 2

similar to those in [21,24]. The variables x; correspond to nodal stresses and A is
the load factor which multiplies the applied external loads and which is maximised.
The constraint equations correspond to equilibrium conditions (i) inside each finite
element, (ii) between adjacent elements, and (iii) with the applied loads. The cones
represent admissibility values of the stresses, as it is required for plastic materials. The
reader is referred for instance to [21,24] for further details on how the optimisation
problem is obtained.
The problem (32) can be written in the general standard form:

A — max ¢’x
X

Ax=Db (33)
xc K,

where K is aconvex coneandx = (x1, X3, A) € R*1 xR « R, with 1200 < 5y, np <
8112. The optimal solution A* for each problem has been computed solving the global
problem in (32) with MOSEK.

Now we apply the AAR-based decomposition method for the following fivenonlin-
ear convex problems with the same structures defined in (32). The size of the problems
are given in Table 2, where #n, m denote the number of rows and columns of matrix A
in (33), and >, _, #ix is the total number of sub-iterations.

Each one of the sub-problems has been solved using the optimisation software
MOSEK [1] and SPT3 [31]. In all the cases, the the total CPU time employed by using
MOSEK was lower and yielded more accurate results (smaller gap between primal
and dual problems). For the larger Problem 5, SDPT3 failed to give accurate results
after the master iteration £ = 2. The exact value has been computed by solving the
global problem (32) with the MOSEK package.

Like in the toy problem, we have used Proposition 3 in order to obtain an upper
bound of A* at the master iteration zero A.gb. The numerical results of problems 1-5
are reported in Tables 3, 4, 5, 6 and 7, respectively. It can be observed that when
¥ is a lower bound, the number of sub-iterations is very low, while in those cases
that A¥ is an upper bound (indicated in bold font), the number of iterations increases
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Table 3 Numerical results of Problem 1

Problem 1 Akl
A* = 0.5008 ng
k Wt e » J%;}—kl SDPT3  MOSEK
1 0 07071 03536 0.2040 2 2 07071
2 0.3536 07071  0.5303 0.0589 13 13 0.3536
3 0.3536  0.5303 04419 0.1176 2 2 0.1768
4 04419 0.5303 04861 0.0293 2 2 0.0884
5 04861  0.5303  0.5082 0.0148 5 4 0.0442
6 04861 05082 04972 0.0073 2 2 0.0221
7 04972 05082 05027 0.0038 10 10 0.0110
8 04972 0.5027 04999 0.0017 2 2 0.0055
9 04999 05027  0.5013 0.0010 5 6 0.0028
10 04990  0.5013 05006 0.0004 2 2 0.0014
0.5006  0.5013  A*=05010 00003 45 45 0.0007

Table 4 Numerical results of Problem 2

Problem 2 np Ak
k o et 3 J%i&—kl SDPT3 ~ MOSEK

1 0 07071 03536 0.2990 2 2 07071
2 03536 07071 05303 0.0514 14 14 0.3536
3 03536 05303 04419 0.1238 2 2 0.1768
4 04419 05303 04861 0.0362 2 2 0.0884
5 04861 05303 05082 0.0076 6 6 0.0442
6 04861 05082 04972 0.0143 2 2 0.0221
7 04972 05082 05027 0.0033 2 2 0.0110
8 0.5027 05082 05055 0.0021 5 5 0.0055
9 05027 05055 05041 0.0006 2 2 0.0028
10 0.5041 05055 05048 0.0008 6 5 0.0014

0.5041 0.5048 AF = 0.5044 0.0001

I
¥}
I
r

0.0007

notoriously. Figure 5shows A*, A* and 8, related to Problem 3 as a function of number
of sub-iterations. For the other problems, similar trends of these variables have been
obtained. It can be observed that when A is a lower bound (below the doted line in
Fig. 5a), B, decreases steadily, and when A% is an upper bound (above the dotted line in
Fig. 5b), , increases. The increase of 8 does not necessarily make A* an upper bound.
However, when f increases and « converges to a positive value, then A is detected as
an upper bound.
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Table 5 Numerical results of Problem 3

Problem 3 Ak
AF = 0.5063 Ag
E—1 k=1 3 i

4 ke K e T SDPT3  MOSEK
1 0 0.7071 0.3536 03017 2 2 0.7071
2 03536 07071 0.5303 0.0475 14 15 0.3536
3 03536 05303 0.4419 0.1271 2 2 0.1768
4 04419 05303 0.4861 0.0398 2 2 0.0884
5 04861  0.5303 0.5082 0.0039 8 7 0.0442
6 04861 05082 0.4972 0.0180 2 2 0.0221
7 04972 05082 0.5027 0.0071 2 2 0.0110
8 05027 05082 0.5055 0.0016 23 i 0.0055
9 035055 05082 0.5069 0.0011 4 6 0.0028
10 05055 050569  0.5062 0.0002 2 2 0.0014

05062 05069 AF 22 0.5065  0.0004 40 42 0.0007
Table 6 Numerical results of Problem 4
Problem 4 ApF-1
A* = 0.5071 y

k
k et gt aF B oppT3 MOSEK
ub 7]

1 0 07071  0.3536 03028 3 g 0.7071
2 03536 07071  0.5303 0.0458 14 15 0.3536
3 0.3536 05303 04419 0.1285 2 2 0.1768
4 0.4419 05303  0.4861 0.0414 3 2 0.0884
5 04861 05303  0.5082 0.0022 15 16 0.0442
6 0.4861 05082 04972 0.0196 i 2 0.0221
g 0.4972 05082  0.5027 0.0087 3 2 0.0110
8 0.5027 05082  0.5055 0.0032 2 2 0.0055
9 0.5055 05082  0.5069 0.0005 2 2 0.0028
10 0.5069 05082  0.5075 0.0008 4 4 0.0014

0.5069 05075  A* ~05072]  0.0002 47 49 0.0007

Figure 6 shows the relative error of the resulting values A* for each master iterations
k. The Figure shows that A* converges linearly towards the exact solution A*. The linear
convergence trend is characteristic of the bisection method employed for the update
of ¥ instep M1, Box 1. We have also tested to the update of master problem using the
secant method. This consists on computing the new estimate A* from the two lowest
upper bounds )\.}t p and )Li 5 and the corresponding distances Of}t p and O‘f;b as
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Table 7 Numerical results of Problem 5

Problem 5 Ak
A = 0.5074 iy
=1 F—1 3 AFaF
k i i A Bm Mosek
1 0 0.7071 0.3536 0.3032 2 0.7071
) 0.3536 07071 0.5303 0.0452 14 0.3536
3 03536 0.5303 0.4419 0.1290 2 0.1768
4 04419 0.5303 0.4861 0.0419 2 0.0884
5 04861 0.5303 0.5082 0.0017 16 0.0442
6 04861 0.5082 0.4972 0.0201 2 0.0221
7 04972 0.5082 0.5027 0.0092 2 0.0110
8 0.5027 0.5082 0.5055 0.0038 7 0.0055
9 0.5055 0.5082 0.5069 0.0011 2 0.0028
10 0.5069 0.5082 0.5075 0.0003 4 0.0014
0.5069 0.5075 AF 20,5072 0.0004 48 0.0007
AL o
k _ 42 7] ub 2
A =dp — =7 Y% 34
Cup — Db

that is, to use a linear interpolation of the relation between A and « and set « = 0.
This update may become more efficient if the values of af}w and af;‘:b are sufficiently
accurate. Otherwise, it may be found that the new value A* computed in (34) may
fall outside of the smallest bracketing interval [A, Aypl, in which case we have used
the bisection method. We have implemented the secant update in (34) and applied it
to Problem 3. The results are shown in Table 8. It can be observed that for the same
tolerances, the mumber of master iterations has reduced from 10 to 8, and that »ny 18
also slightly lower (from 40 and 42 to 35 when using both, SDPT3 and MOSEK). This
reduction cannot be automatically extrapolated for all cases, but shows that other more
sophisticated updates may further reduce the number of iterations, assuming that the
values of “;b and af%b are accurate enough, that is, if enough iterations are employed
in the sub-problems when A* is an upper bound.

We note that the use of Benders decomposition, and for the same convergence
tolerance, these non-linear problems required more than 200 iterations in all cases,
and for example, Problem 3 needed more than 800 iterations. Furthermore, and in
contrast to our method, the number of iterations of the Benders implementation scaled
with the problem size.

The CPU time for solving an optimisation problem grows guadratically with
respect to the number of variables. Therefore, given the total number of iterations
shown in the previous tables, the direct solution of the global problem in (1) requires
less CPU time than the sequential solution of the proposed strategy using the master
problem and the sub-problems (which contain approximately one half of the total
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Fig. 5 a Evolution of 1% for Problem 3, and b B, as a function of the total number of sub-iterations

number of variables). Current research on further reducing the number of iterations
in the sub-problems is being undertaken. Nonetheless, we point out that the memory
requirements are halved when using our decomposed approach, and that a parallel
implementation of the master iterations for different values of A* may reduce substan-
tially the total number of iterations ng.

5 Conclusions

In the paper we have proposed a method to decompose convex non-linear problems
that contain only one complicating variable in the objective function. This type of
problems includes many engineering applications in plastic structural analysis.

The method consists on interpreting the optimisation problem as the maximisation
(or minimisation) of the variable subjected to a non-empty intersection set. The numer-
ical results show that the total number of iterations does not scale with the number of
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Fig. 6 Evolution of the relative error for each master iteration

Table 8 Numerical results of Problem 3 using the secant method instead of the bisection method in the
master problem

Problem 3 (Secant method) Ark-1
A* = 0.5063 ny
k gt BTt gk J%L SDPT3  MOSEK
1 0 07071 0.3536 03017 2 2 0.7071
2 03536 07071 0.5303 0.0475 14 15 0.3536
3 03536 05303 04419 01271 2 2 0.1768
4 04419 05303 0.4861 0.0308 2 2 0.0884
5 04861 05303 0.5082 0.0038 8 7 0.0442
6 04861 05082 0.5055 0.0015 2 2 0.0221
7 05055 05082 0.5069 0.0011 3 3 0.0027
8 05055 05060 0.5062 0.0002 2 2 0.0014
05062 05060 A* 2205065 0.0005 35 35 0.0007

variables. The extension of the method for a larger number of sub-problems requires
the application of the AAR method for a larger number of sets, as explained in [6], p.
189. This approach is currently being investigated.

Acknowledgments The authors acknowledge the financial support of the Spanish Ministry of Economy
and Competitiveness, under the Grant Nr. DPI2013-43727-R.
Matrices and vectors in the toy problem

The explicit expressions of the matrices and vectors employed in the toy problem in
(29) are the following:
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