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CONVERGENCE RATE FOR A RADAU HP COLLOCATION
METHOD APPLIED TO CONSTRAINED OPTIMAL CONTROL *
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Abstract. For control problems with control constraints, a local convergence rate is established
for an hp-method based on collocation at the Radau quadrature points in each mesh interval of the
discretization. If the continuous problem has a sufficiently smooth solution and the Hamiltonian
satisfies a strong convexity condition, then the discrete problem possesses a local minimizer in a
neighborhood of the continuous solution, and as either the number of collocation points or the
number of mesh intervals increase, the discrete solution convergences to the continuous solution in
the sup-norm. The convergence is exponentially fast with respect to the degree of the polynomials on
each mesh interval, while the error is bounded by a polynomial in the mesh spacing. An advantage
of the hp-scheme over global polynomials is that there is a convergence guarantee when the mesh
is sufficiently small, while the convergence result for global polynomials requires that a norm of the
linearized dynamics is sufficiently small. Numerical examples explore the convergence theory.
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1. Introduction. A convergence rate is established for an hp-orthogonal collo-
cation method applied to a constrained control problem of the form

minimize C(x(1))
subject to  x(t) = f(x(t),u(t)), u(t) €U, teQy, (1.1)
X(O) = a, X, u) € Cl(QO) X CO(QO)a
where Qo = [0, 1], the control constraint set & C R™ is closed and convex with

nonempty interior, the state x(t) € R™, x denotes the derivative of x with respect to
t, f:R" x R™ — R", C : R" — R, and a is the initial condition, which we assume
is given; C'(€2y) denotes the space of [ times continuously differentiable functions
mapping Qg to R? for some d. The value of d should be clear from context; states and
costates always have n components and controls have m components. It is assumed
that £ and C are at least continuous. When the dynamics in (II)) can be solved for
the state x as a function of the control u, the control problem reduces to a constrained
minimization over u.

The development of hp-techniques in the context of finite element methods for
boundary-value problems began with the work of Babuska and Gui in [25] 26| 27], and
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Babuska and Suri in [IL 21 3]. In the hp-collocation approach that we develop for (ILT]),
the time domain Q¢ is initially partitioned into a mesh. To simplify the discussion,
we focus on a uniform mesh consisting of K intervals [t;_1,tx] defined by the mesh
points t; = k/K where 0 < k < K. The dynamics of ([T]) are reformulated using a
change of variables. Let t;1 /5 = (tx 4 tx41)/2 be the midpoint of the mesh interval
[tk,txr+1]. We make the change of variables t = t;,_1/o + h7, where h = 1/(2K) is
half the width of the mesh interval and 7 € Q := [—1,1]; let us define x, :  — R"
by x5(7) = x(ty—1/2 + h7). Thus x; corresponds to the restriction of x to the mesh
interval [t5—_1,tx]. Similarly, we define a control uj corresponding to the restriction of
u to the mesh interval [t;_1,%x]. In the new variables, the control problem reduces to
finding K state-control pairs (xg,uy), 1 < k < K, each pair defined on the interval
[—1, 1], to solve the problem

minimize C(xg (1))

subject to  Xi(7) = hf(x,(7), ur(7)), wx(r) €U, T€Q, (1.2)
Xk(—l):kal(l), ISkSK, ’
(xk,uk) S Cl(Q) X CO(Q)

Since the function xg does not exist (there is no 0-th mesh interval), we simply define
x0(1) = a, the initial condition. The condition

xp(—1) = xz_1(1) (1.3)

in (I2) corresponds to the initial condition x(0) = a when k& = 1 and to continuity of
the state across a mesh interval boundary when k > 1. Throughout the paper, (3]
is referred to as the continuity condition.

In the hp-scheme developed in this paper, the dynamics for x; are approximated
by the Radau collocation scheme developed in [I0, 22 23], B1]. Let Py denote the
space of polynomials of degree at most /N defined on the interval €2, and let Py, denote
the n-fold Cartesian product Py X ... x Pn. We analyze a discrete approximation to

([C2) of the form

minimize C(xg (1))
subject to  Xi(7;) = hf(xx (1), uk;), 1 <i< N, uy €U, (1.4)
xk(—1) = xx-1(1), 1<EkE<K, x, € Py.

Note that there is no polynomial associated with the control; ug; corresponds to the
value of the control at t;_, /5 + h7;. In (L4) the dimension of Py is N + 1 and there
are K mesh intervals, so a component of the state variable is chosen from a space of
dimension K (N + 1). Similarly, there are KN + K equations in (4] corresponding
to the collocated dynamics at K N points and the K continuity conditions, the initial
condition at ¢ = 0 and the K — 1 continuity conditions for the state at the interior
mesh points.

For simplicity in the analysis, the same degree polynomials are used in each
mesh interval, while in practical implementations of the hp-scheme [10, 111, B8] 40],
polynomials of different degrees are often used on different intervals. On intervals
where the solution is smooth, high degree polynomials are employed, while on intervals
where the solution is nonsmooth, low degree polynomials are used.

We focus on a collocation scheme based on the N Radau quadrature points sat-
isfying

—“l<m<m<...<1mnv =1
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The Radau points are related to the zeros of a Jacobi polynomial. Recall that the

Jacobi polynomials PJ(VO"ﬁ ) are a class of polynomials orthogonal with respect to the
weight (1—7)%(147)? for 7 € [~1, 1]; the subscript N specifies the polynomial degree.
The interior Radau abscissa 73, 1 <7 < N — 1, are the zeros of the Jacobi polynomial
P](Vl;ol) associated with the weight 1 — 7. These quadrature points are sometimes called
the flipped Radau points, while the standard Radau points are —7;, 1 < i < N. The
analysis is the same for either set of points, while the notation is a little cleaner for
the flipped points. Besides the N collocation points, our analysis also utilizes the
noncollocated point 79 = —1.

It is pointed out in [32] that for a global collocation scheme where K = 1, the
discrete dynamics may be infeasible for certain choices of N. In contrast, the analysis
in this paper implies that locally, for each choice of the discrete control, there exists
a unique discrete state which satisfies the discrete dynamics when K is sufficiently
large, or equivalently, when & is sufficiently small, regardless of the choice for N. In
this respect, the hp-collocation approach is more robust than a global scheme.

Other global collocation schemes that have been presented in the literature are
based on the Lobatto quadrature points [I7, [20], on the Chebyshev quadrature points
[18, 21], on the Gauss quadrature points [4, 23], and on the extrema of Jacobi poly-
nomials [45]. Kang [36], B7] considers control systems in feedback linearizable normal
form, and shows that when the Lobatto discretized control problem is augmented with
bounds on the states and control, and on certain Legendre polynomial expansion coef-
ficients, then the objectives in the discrete problem converge to the optimal objective
of the continuous problem at an exponential rate. Kang’s analysis does not involve
coercivity assumptions for the continuous problem, but instead imposes bounds in the
discrete problem. Also, in [24] a consistency result is established for a scheme based
on Lobatto collocation.

Any of the global schemes could be developed into an hp-collocation scheme. Our
rationale for basing our hp-scheme on the Radau collocation points was the following:
In numerical experiments such as those in [23], there is often not much difference
between the convergence speed of approximations based on either Gauss or Radau
collocation, while the Lobatto scheme often converged much slower; and in some
cases, the Lobatto costate approximation did not converge due to a null space that
arises in the first-order optimality conditions — see [23]. On the other hand, the imple-
mentation of an hp-scheme based on the Radau quadrature points was much simpler
than the implementation based on the Gauss quadrature points. The Gauss points
lie in the interior of each mesh interval, which requires the introduction of the state
value at the mesh points. Since one of the Radau points is a mesh point, there is
no need to introduce an additional noncollocated point. The implementation ease
of Chebyshev quadrature should be similar to that of Gauss and was not pursued.
The hp-collocation scheme analyzed in this paper corresponds to the scheme imple-
mented in the popular GPOPS-II software package [42] for solving optimal control
problems. This paper, in essence, provides a theoretical justification for the algorithm
implemented in the software.

For x € C%(Qp), we use the sup-norm || - ||o given by

[X[loc = sup{[x(£)] : t € Do},

where | - | is the Euclidean norm. Given y € R™, the ball with center y and radius p
is denoted

Bo(y) ={x € R" : [x —y| < p}.
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The following regularity assumption is assumed to hold throughout the paper.
Smoothness. The problem () has a local minimizer (x*,u*) in C*() x
C%(Qp). For some p > 0 and open set O C R™" such that

B,(x*(t),u*(t)) C O for all t € Qy,

the first two derivative of f and C are Lipschitz continuous on the closure of O and
on B,(x*(1)) respectively.
Let A* denote the solution of the linear costate equation

N () = =V H(x (), u* (1), A*(1)),  A*(1) = VC(x* (1)), (1.5)

where H is the Hamiltonian defined by H(x,u,A) = ATf(x,u) and V denotes gra-
dient. By the first-order optimality conditions (Pontryagin’s minimum principle), we
have

— Vo H(x"(t),u”(t), A" (t)) € Ny(u*(t)) for all t € Q. (1.6)
For any u e U,
Ny(u) = {w e R™: w'(v —u) <0 for all v € U},

while Ny(u) =0 if u g .

We will show in Proposition[ZIlthat the first-order optimality conditions (Karush-
Kuhn-Tucker conditions) for (L)) are equivalent to the existence of A, € PR _,,
1 <k < K, such that

Ai(13) = —hV o H (x(13), wgs, Ak(13)), 1 <i<N, (1.7)
A(1) = —hVH (x,(1), wpn, A (1) + Ak(1) = A (=1)) Jwn,  (1.8)

where Ag41(—1) := VC (xx (1))
Nz,{(uki) S5 —V.H (Xk(Ti), Ui, )\k(ﬂ)) , 1 <i<N. (19)

Since the K 4 1 mesh interval does not exist, (L8] includes a definition for Ag41(—1).
As we will see in Proposition 21l Ag(—1) for & < K is the multiplier associated with
the continuity condition (L3]). Throughout the paper, w;, 1 < i < N, is the Radau
quadrature weight associated with 7;,. The weight w; is the integral over [—1,1] of
the i-th Lagrange polynomial associated with the Radau points 7;, 1 < ¢ < N. This
Lagrange polynomial of degree N — 1 equals 1 at the i-th Radau point and 0 at the
other Radau points. By [43, Eq. (3.134b)],

201 + 7 _ 2
(TL(ITO)) O 1<i<N-1, wy=—
(1= 72) Py (1))

w; =

where PJ(Vl;Ol) (1) is the derivative of the Jacobi polynomial P](Vl;ol evaluated at it i-th
zero. Hence, the Radau quadrature weights are all positive. Szegd in [44] Thm. 8.9.1]
provides tight estimates for both the 7; and the derivatives of the Jacobi polynomial
at 7; which yield a bound of the form

wi<cN'W1-72 1<i<N.
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By [43, Thm. 3.26],

/11 p(r)dr = ﬁ;wzp(ﬂ‘)

for every p € Pon_o. Taking p = 1, we see that the quadrature weights sum to 2.
Notice that the system (L7)—(T9) for the costate approximation does not contain
a continuity condition as in the primal discretization (4]), so the costate approxi-
mation could be discontinuous across the mesh points. Since Py_; has dimension N
and 1 < k < K, the approximation to a component of the costate has dimension KV,
while (I0)-(C8)) provides KN equations. Hence, if a continuity condition for the
costate were imposed at the mesh points, the system of equations (L 1)-(L9) along
with the continuity condition would be overdetermined.
The following two assumptions are utilized in the convergence analysis.
(A1) For some a > 0, the smallest eigenvalue of the Hessian matrices V2C(x*(1))
and V%z_’u)H(x* (t),u*(t), A*(t)) is greater than or equal to «, uniformly for
t e Q.
(A2) K is large enough, or equivalently h is small enough, that 2hd; < 1 and
2hds < 1, where

dy = sup ||VLf(x*(t),u*(t))||oc and dy = sup ||V.£(x*(t),u*(t))" |ls. (1.10)
teQo teQo

Here || - ||loo is the matrix sup-norm (largest absolute row sum).

The coercivity assumption (A1) ensures that the solution of the discrete prob-
lem is a local minimizer. The condition (A2) enters into the analysis of stability for
the perturbed dynamics; as we will see, it ensures that for any choice of the discrete
control, there exists a unique choice for the discrete state that satisfies the linearized
dynamics. In [32, p. 804], where we analyze a Gauss collocation scheme on a single
interval, there is no h in the analogue of (A2). Hence, the convergence theory in
[32] only applies to problems for which V,f(x*(t),u*(¢)) is sufficiently small. Conse-
quently, the convergence theory for the hAp-scheme is more robust since it applies to a
broader class of problems.

In addition to the two assumptions, the analysis utilizes four properties of the
Radau collocation scheme. Let D be the N by N + 1 matrix defined by

N

Dy = Lj(n), where () == | :_‘_Zl, 1<i<Nand0<j<N.  (LIl)
=0 J
I#j

The matrix D is a differentiation matrix in the sense that for any p € RV*! (Dp); =
p(7i), 1 < i < N, where p € Py is the polynomial that satisfies p(r;) = p; for
0 < j < N. The submatrix Dy.y, consisting of the trailing NV columns of D, has the
following properties:

(P1) Dy.y is invertible and || D} jlco = 2-

(P2) If W is the diagonal matrix containing the Radau quadrature weights w on

the diagonal, then the rows of the matrix [W1/2D;.5]~! have Euclidean norm
bounded by V2.

The proof of (P1) and (P2) are given in Appendix 1.
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There is a related matrix that enters into the convergence analysis of the hp-
scheme. Let D¥ be the N by N matrix defined by

D?__(_‘)Dji, 1<i<N, 1<j<N. (1.12)

The matrix D¥ arises in the analysis of the costate equation. In Section 4.2.1 of [23],
we introduce a matrix D which is a differentiation matrix for the collocation points
7, 1 <4 < N. That is, if p is a polynomial of degree at most N — 1 and p is the
vector with components p(7;), 1 <i < N, then (Dfp); = p(7;). The matrix D* only
differs from D' in a single entry: D}VN =Dy — 1/wn. As a result,

(D*p)i =p(r1), 1<i<N, (D'p)y=p(rn)—p(l)/wn. (1.13)

If D¥p = 0, then p(7;) = 0 for i < N by the first equality in (II3). Since p has degree
N — 2 and it vanishes at N — 1 points, p is identically zero and p is constant. By the
final equation in (LI3), p(1) = 0 when D*p = 0, which implies that p is identically
zero. This shows that D? is invertible. We find that D¥ has the following properties:

(P3) D¥ is invertible and ||(D*) (/o < 2.
(P4) The rows of the matrix [W'/2D?*]~! have Euclidean norm bounded by /2.

In Proposition [1.1] at the end of the paper, an explicit formula is given for the
inverse of D*. However, it is not clear from the formula that ||(D¥)~!|| is bounded
by 2. Tt is shown in Appendix 1, in inequality (I07), that (P2) implies (P1). By
the same inequality, (P4) implies (P3). Unlike (P1) where the norm || D}, 3| is 2 as
shown in Lemma [[0] it is observed numerically that the norm ||(D*¥) ™|« is strictly
less than 2, and it approaches 2 in the limit as N tends to infinity. In the Appendix,
we observe that for N up to 300, these norms increase monotonically towards the
given bounds. Again, the proof of (P4) for general N is currently open. Properties
(P1)—(P4) differ from the assumptions (A1)—(A2) in the sense that (A1)—(A2) only
hold for certain control problems; while (P1)—(P4) seem to hold in general.

In the analysis of the Gauss scheme [32], properties (P3) and (P4) follow immedi-
ately from (P1) and (P2) since the analogue of D¥ in [32] is related to Dy, through an
exchange operation. However, due to the asymmetry of the Radau collocation points
and the lower degree of the polynomials in the discrete adjoint system (L7)—(T9), a
corresponding relationship between D¥ and D1,y in the Radau scheme does not seem
to hold. Nonetheless, the bounds in (P3) and (P4) are observed to be the same as
the bounds in (P1) and (P2).

Given a local minimizer (x*,u*) of (L), let x}, uj, and A} be the state, control,
and costate associated with the mesh interval [t;_1, tx] and the change of variables t =
tr—1/2 + h7, and define ty; = t;_1 /o + h7j. The domain of xj, ujy, or Ay is [~1,+1]
where —1 corresponds to tx—1 and +1 corresponds to t;. We define the following
related discrete variables:

Xp; =xp(mj) =x"(txj), 0<j<N, 1<k<K,
Uy = ui(ry) =y*(tg;), 1<j<N, 1<k<K, (1.14)
AZJ:)\Z(TJ):A*(th), OSJSNv 1§k§K

Suppose that x¥ € Py, 1 <k < K, is a polynomial which is a stationary point of
([C4) for some discrete controls uj’, and suppose that AY € PR _, satisfy (I7)-(L9).
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We define the following related discrete variables:

%—Xiv() 0<j<N, 1<k<K,
Up=uwy, 1<j<N, 1<k<K,
AN7 M (1), 0<j<N, 1<k<K.

Thus capital letters always refer to discrete variables. As noted earlier, the costate
polynomials associated with the discrete problem are typically discontinuous across
the mesh points, and Ay # A, .

The convergence analysis only involves the smoothness of the optimal state and
associated costate on the interior of each mesh interval. Let HP(a,b) denote the
Sobolev space of functions with square integrable derivatives on (a, b) through order p.
Let PHP () denote the space of continuous functions whose restrictions to (fx—1, tx)
are contained in HP(tx_1,t;) for each k between 1 and K (piecewise HP). The norm
on PHP () is the same as the norm on HP(§y) except that the integral is computed
over the interior of each mesh interval. In this paper, the error bounds are expressed
in terms of a seminorm | - |pyr(q,) Which only involves the p-th order derivative:

1/2
x| par(a0) = <Z dt) .

The following convergence result relative to the vector sup-norm (largest absolute
element) will be established.

b dPx(t

dtp

tr—1

THEOREM 1.1. If (x*,u*) is a local minimizer for the continuous problem (L))
with x* and A* € PH"(Q) for some n > 2, and (A1), (A2), and (P4) hold, then for
N sufficiently large or for h sufficiently small with N > 2, the discrete problem (L)
has a local minimizer and associated multiplier satisfying (7)—(T9), and we have

— A}
- c p—1 * _ C q—1.5 *
< pp—1 (N) X" prr(ay) +h" (N) IA" [ paa (o) (1.15)

max{HXN - X*

where p = min(n, N + 1), ¢ = min(n, N), and ¢ is independent of h, N, and 7.

The proof of Theorem [[LT] begins in Section Bl where the discrete first-order opti-
mality conditions are formulated as an inclusion of the form 7(X,U,A) € F(U). In
Section@la bound is obtained for the distance d* from 7 (X*, U*, A*) to F(U*), where
(X*,U*, A*) denotes the optimal discrete variables defined in (II4). This bound is
based on an estimate given in Section [B] for the H' approximation error of the poly-
nomial that interpolates x* at 7;, 0 < i < N. The remainder of the paper focuses
on showing that the bound for d* is also a bound for the distance from (X*, U*, A*)
to a solution of the inclusion 7 (X, U, A) € F(U). The analysis is based on Proposi-
tion [Z:2] where it is shown that such a bound can be obtained if a linearized version of

the original inclusion is stable under perturbations. More precisely, we need to show
that the problem of finding (X, U, A) such that

VT(X*, U AMX, UAl+Y € F(U)
has a unique solution which depends Lipschitz continuously on the perturbation Y.

This analysis, which utilizes assumptions (A1)—(A2) and properties (P1)—(P4), begins
in Section [l where perturbations in the linearized state and costate discrete dynamics
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are analyzed. In Section [ it is shown that solving the linearized inclusion is equiva-
lent to solving a quadratic program, where perturbations in the inclusion appear as
linear terms in the quadratic program; the strong convexity assumption (A1) implies
the existence of a unique solution to the quadratic program, which in turn implies
the existence of a unique solution to the inclusion. Finally, in Section [1 the unique
solution of the linearized inclusion is shown to depend Lipschitz continuously on the
perturbation. This Lipschitz property and the bound for d* are combined with Propo-
sition to obtain (LIH). The tightness and possible extensions of the error bound
([CI3) are explored in Section [{ using some problems with known solutions. In the
proof of Theorem [[LT] we need to make the right side of (IL.TH]) sufficiently small to
establish the existence of the claimed solution to the discrete problem. The conditions
n > 2and N > 2 in the statement of the theorem ensure that as h goes to zero, h?~!
and h?7! go to zero, and as N tends to infinity, (¢/N)?~! and (¢/N)?715 go to zero.

Since the discrete costate could be discontinuous across a mesh point, Theorem [T]
implies convergence of the discrete costate on either side of the mesh point to the
continuous costate at the mesh point. The discrete problem provides an estimate for
the optimal control at ¢ = 1 in the continuous problem, but not at ¢ = 0 since this
is not a collocation point. Due to the strong convexity assumption (A1), an estimate
for the discrete control at ¢ = 0 can be obtained from the minimum principle (L6
since the initial state is given, while we have an estimate for the associated costate at
t = 0. Alternatively, polynomial interpolation could be used to obtain estimates for
the optimal control at ¢ = 0.

In a recent paper [34], where we analyze a Gauss collocation scheme on a single
interval, p = ¢ = min(n, N+1). The differences between Radau and Gauss collocation
are due to the asymmetry of the Radau points, and the asymmetry in the Radau first-
order optimality conditions; that is, for the Radau points, A, € Py _; while x;, € Py.

Notation. We let Q denote the interval [—1, 1], while Qg is the interval [0, 1]. Let
Px denote the space of polynomials of degree at most N, while PY is the subspace
consisting of polynomials in Py that vanish at ¢ = —1 and ¢ = 1. The meaning of
the norm || - ||« is based on context. If x € C°(Q), then ||x||» denotes the maximum
of |x(t)] over t € [—1,1], where |- | is the Euclidean norm. For a vector v € R™,
|[v]|so is the maximum of |v;| over 1 < i < m. If A € R™*" then ||Al/« is the
largest absolute row sum (the matrix norm induced by the £, vector norm). We let
|A| denote the matrix norm induced by the Euclidean vector norm. Throughout the
paper, the index k is used for the mesh interval, while the indices ¢ and j are associated
with collocation points. If p € REN™ then py for 1 < k < K refers to vector with
components py; € R", for 1 < j < N. The dimension of the identity matrix I is often
clear from context; when necessary, the dimension of I is specified by a subscript.
For example, I,, is the n by n identity matrix. The gradient is denoted V, while V2
denotes the Hessian; subscripts indicate the differentiation variables. Throughout the
paper, c is a generic constant which has different values in different equations. The
value of ¢ is always independent of h, N, and 7. The vector 1 has all entries equal to
one, while the vector 0 has all entries equal to zero; again, their dimension should be
clear from context. If D is the differentiation matrix introduced in (LIT]), then D; is
the j-th column of D and D;.; is the submatrix formed by columns ¢ through j. We let
® denote the Kronecker product. If U € R™*™ and V € RP*?, then U ® V is the mp
by ng block matrix whose (i, j) block is u;; V. We let £2(£2) denote the usual space
of square integrable functions on €2, while HP(2) is the Sobolev space consisting of
functions with square integrable derivatives through order p. The seminorm in H? (),
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corresponding to the £2(Q) norm of the p-order derivatives, is denoted |- |3r (). The
subspace of H!(Q) corresponding to functions that vanish at t = —1 and t = 1 is
denoted H ().

2. Abstract setting. Given a feasible point for the discrete problem ([4]), de-
fine Xy; = x;(7;) and Uy; = ug;. As noted earlier, D is a differentiation matrix in
the sense that

Hence, the discrete problem (4] can be reformulated as

minimize C(Xgn)
subject to Y% ( Di;Xy; = hf(Xpi, Upi), Up €U, 1<i<N, (2.1)
Xro = Xp-1,N, 1<k <K,

where Xgny = a, the starting condition.
We introduce multipliers py; associated with the constraints in (21 and write
the Lagrangian as

;C(/,L, Xv U) =
K N N K
C(Xkn) + ZZ <“’“’hf X, Uri) ZDinkj> + Z wros (Xp—1,8 — Xko)) -
k=11i=1 j=0 k=1

The first-order optimality conditions for (21), often called the Karush-Kuhn-Tucker
(KKT) conditions, lead to the following relations (we show the variable with which
we differentiate the Lagrangian followed by the associated condition):

Xk = ZDiOHki = — ko, (2.2)
=1
N

Xpj = ZDiiji = hV, H(Xgj, Upj, prj), 1<j <N, (2.3)
i=1
N

Xin = Z Dinpri = WV H(Xpn, Upn, eN) + Brt1,05 (2.4)
=1

pr+1,0 = VC(Xkn), (2.5)

Ui = —VoH (Xpi, Ugi, pori) € Ny(Upy).

We first relate the KKT multipliers in (Z2)-(Z%) to the polynomials satisfying
D).

PROPOSITION 2.1. The multipliers p € RN™ satisfy @2)-@0) if and only if
the polynomial Xy, € PR, given by k(1) = pgi/wi, 1 < i < N, satisfies (L) —(T3).
Moreover, pro = Ap(—1).

Proof. We start with multipliers py satisfying [22)-(28). Define Ar; = pgi/wi
for 1 < i < N, and let A, € Py _, be the polynomial that satisfies Ax(7;) = Ay,.
Also, set Ao = pro. In terms of Ay; and the matrix ng = —w;Dj;/w;, the equations
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@3), @4), and @20]) become

ZD Apj = —hV,H(Xp;, Ui, Ai), 1<i<N, (2.7)
ZD Akz— hV H(XkN,UkN,AkN)—FAkJrl o/wN] (2.8)
NZ/I(Uki) > —VuH (Xki, Upi, Agi), 1<i<N. (2.9)

Since the polynomial that is identically equal to 1 has derivative 0 and since D
is a differentiation matrix, we have D1 = 0, which implies that Dy = — Zjvzl D;,
where D; is the j-th column of D. Hence, the first definition in ([2:2) can be written

e YL W WIS ) o] G [FE

1=1 j=1 =1 j=1
- ZZMD;AM (2.10)
i=1 j=1
N
= Aky10+ hzwl'VmH(in, Ui, Agi), (2.11)
1=1

where (ZTT]) is due to Z7)—(Z8).

As noted in (CI3),
N
> DiAw; =Xi(r), 1<i<N, and (2.12)
Jj=1
N
> Dy Ak = A1) = Ak(1)/wy. (2.13)
j=1

This substitution in (ZI0) yields
AkO = )\k sz)\k 7’Z (2.14)

Since A\j, € Pr_o and N-point Radau quadrature is exact for these polynomial, we
have

N . 1 .
> widi(n) = / Ak(T)dr = AR(1) = Ap(=1). (2.15)
i=1 -1
Combine [ZI4) and (ZTIH) to obtain
Ao = Ae(—1). (2.16)

Let xi € Py be the polynomial that satisfies xz(7;) = Xy; for all 0 < j < N.
By [Z12), (I7) is equivalent to ([27) which is equivalent to (23] after a change of
variables. By 2I3) and 2I6), (L8) is equivalent to (Z8]), which is equivalent to



RADAU HP COLLOCATION FOR OPTIMAL CONTROL 11

[Z4) after a change of variables. Finally, (I9) is the same as (Z9) which is equivalent
to (2.6]) after a change of variables. The equivalence between Ay and Ap(—1) was
derived in (ZI6). This shows that the polynomial A(7) satisfies (IZ)-(9). The
converse of the proposition follows by reversing all the steps in the derivation. O

The dynamics for ([21I), the first-order optimality conditions (Z7)—(23), the for-
mula (ZII) for Ago, and the terminal costate condition (ZX) can be written as
T(X,U,A) € F(U) where

N

Tiki(X, U, A) = | Y DijXy; | = Mf(Xpi, Ugi), 1<i<N, (2.17)
j=0

Tore(X, U, A) = X0 — Xp—1,n, (2.18)

N
Toni (X, U, A) = ZD}jAkj + WV H (X, Upi, Agg), 1<i<N, (2.19)
j=1

N
Taen (X, U, A) = Z D}EvjAkj + hV.H (Xign, Upn, Agn) + Apta,0/wn, (2.20)

j=1
N

Tin(X, U, A) = Apo — Apyr0 — h Y wiVeH (X, Upi, Agi), (2.21)
=1

75(X,U,A) = VO(Xkn) — Ax41,0, (2:22)

Tori (X, U, A) = =hV H(Xpi, Ug, Agi), 1<i <N, (2.23)

where 1 < k < K. The initial state is Xgny = X190 = a. The components of F are
given by

.7:1 = .7:2 = .7:3 = .7:4 = .7:5 = O, and ]:ﬁkl(U) = Nu(U;”)

The proof of Theorem [[T] is based on [I6, Proposition 3.1], given below in a
slightly simplified form. Other results like this are contained in Theorem 3.1 of [15],
in Proposition 5.1 of [29], in Theorem 2.1 of [30], and in Theorem 1 of [28§].

PROPOSITION 2.2. Let X be a Banach space and let Y be a linear normed space
with the norms in both spaces denoted || - ||. Let F : X +— 2 and let T : X — Y with
T continuously Fréchet differentiable in B,(0*), the ball with center 6* and radius
r, for some 8* € X and r > 0. Suppose that the following conditions hold for some
6 €Y and scalars € and v > 0:

(C1) T(0*)+6 € F(6).
(C2) [[VT(6) —VT(0")| <€ for all & € B.(6).
(C3) The map (F—VT(0%))~! is single-valued and Lipschitz continuous with Lip-
schitz constant .
If ey < 1 and ||8|| < (1 — ~e)r/~, then there exists a unique 0 € B,(0") such that
T(0) € F(0). Moreover, we have the estimate

* v
10 — 07| < 16]]- (2.24)
ve

1-—

Proof. Define ®(0) = [F — VT (0*)]}[T — VT(6%)](6). For all 6; and 6, €
B,.(6*), a Taylor expansion with integral remainder term yields

[T-VT(67))(62) = [T—VT(G*)](01)+/O [VT(6145(60:=61))=VT(0")] ds (62—61).
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By (C2), it follows that
[T = VT(0°)])(82) — [T — VT(0%)](61)]| < €]|02 — 61]. (2.25)
By (C3) and (228]), we have

| ®(61) — ©(6s)]]
= [[F=VT(6")] [T = VT(0%))(6:) — [F = VT(6")] [T — VT(6%))(62)]
<ANT = VT(0)](01) — [T = VT(67)](62)]l
< 761 — 2]

Since ey < 1, ® is a contraction on B,(6*). Subtracting V7 (0%)(0*) from each side
of (C1) gives

[T-VT(0")]6"+6€c[F—-VT(0))(0),
and utilizing the uniqueness in (C3) yields
0" = [F —VT(6")] (T — VT(6%)0" +4].
With this substitution, it follows from ([228), (C3), and (C2) that
[®(6) — 0|l
= [[F = VT (@) [T = VT(0")](0) — [F — VT(6")] "' [(T — VT (6"))(6") + 4|

<ANT = VT(09)](0) — [T - VT(67)](67) — 6]
<(ell6 — 07| + [|0]]) < ~(er +[0]) (2.26)

for all @ € B,.(0*). The assumption that ||| < (1 — 7e)r/v can be rearranged to
obtain «y(er + [|8]|) < r, which implies that || ®(0) — 8*|| < r by (Z26). Since ® maps
B,.(0*) into itself and ® is a contraction on B,.(6*), the contraction mapping principle
yields the existence of a unique fixed point 8 € B,.(6*). Since ||®(0) —0*|| = |0 — 0*||
for this fixed point, [224) is a consequence of (2:20). O

We use Proposition with 0* = (X*,U* A*) defined in (LI4) and 6 =
(XN, UN AY). The norm on X is given by

1011 = [[(X, U, A) oo = max{|[X[[co, [Ulloo, [ Alloo}- (2.27)

The space Y corresponds to the codomain of 7. If y € V), then we let y; denote the
part of y associated with 7;, 1 <1 < 6. The norm of y € ) is given by

Iylly = Iy1llw + ly2] + [¥3llw + lyal + B2[ys| + b7 2||ye]loo,

where for z € REN" | the w-norm is defined by

K N 1/2
2]l = (Zzwi|zki|2> , Zk; € R™.

k=1i=1

For z € RN", the w-norm is

N 1/2
Izl = (Z%|Zi|2> , z; ER™
i=1
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3. Interpolation error in #!. Our estimate for the distance from 7 (X*, U*, A*)
to F(U*) utilizes the following bound for the H!(Q) error of the interpolant based on
the point set 7;, 0 <7 < N.

LEMMA 3.1. If u € H"(Q) for some n > 2, then there exists a constant c,
independent of N and 7, such that

|u — uI|H1(Q) < (c/N)p_1|u|Hp(Q), p=min{n, N + 1}, (3.1)
where ul € Py is the interpolant of u satisfying u'(7;) = u(r;), 0 < i < N, and
N > 0. In the case n = p = 1, there exists a constant ¢, independent of N, such that

lu — ul31(0) < clului@), (3.2)

Proof. Throughout the analysis, ¢ denotes a generic constant whose value is
independent of NV and 7, and which may have different values in different equations.
We first show that if the lemma holds for all u € H(Q) N H"(Q2), then it holds for
all u € H"(Q). Suppose u € H"(Q) and let £ denote the linear function for which
£(41) = u(#£1). Since ¢! = ¢, it follows that

lu — uI|H1(Q) =|(u—£€) = (u— £)1|H1(Q)-
Since u — ¢ € HY (), BI) gives
u—u'l30) < (/NP Hu— Lan (o)

when 7 > 2. Moreover, when 1 > 2, |u — £|yr ) = |u|yp(q) since derivatives of order
two or larger applied to the linear function ¢ are zero. This establishes ([B1]) for all
u € HM(Q) with n > 2. If n = 1, then by [B2]), we have

lu—u |2 () < clu— L) < e (lul) + (@) - (3.3)
Since £ = (u(1) — u(—1))/2, the Schwarz inequality gives

u — u(— 1
U2 (0) = I(U—ﬁ(l)l = % ’/_111(7) dr

Combine [B.3) and ([B4) to obtain [B.2) for all u € H'(Q). Henceforth, it is assumed
that u € HL(Q) NH(Q).

Let myu denote the projection of u into PY; relative to the norm |- |21 (q2)- Define
Exy =u—nyuand ey = EL = (u — myu)! = u! — myu. Since Exy —ey =u—ul, it
follows that

< ulpra)- (3.4)

lu— 'y (0) < |Enlae) + lenln @) (3.5)
In [I9] Prop. 3.1] it is shown that for n > 1,
|Enl@) < (¢/N)P"Hulpr), where p=min{n, N + 1}, (3.6)
We will establish the bound

len ) < clEnlw @) (3.7)
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Combine BH)-@) to obtain 1) and (32) for an appropriate choice of c.
By [, Lem. 4.4] and the fact that ex € PY, it follows that

e (7) 1/2
len|wi (@) < eN (/Q 1N 5 dT) . (3.8)

-7

Since ey € P and €%,(7)/(1 — 7%) € PYy_,, N-point Radau quadrature is exact,
and we have

e2 (1 1/2 N-1 o2 1/2 N-1 oo 1/2
([280) - (T932) - (S928) o

=1 g =1 g

The last equality holds since ey = En at 7, 0 < i < N. Although Lemma 4.3 in
[5] was given for Lobatto quadrature, exactly the same proof can be used for both
Gauss and Radau quadrature. Consequently, since Ex € H(Q), it follows from [5]
Lem. 4.3] that

N 1/2 1/2
wi B (i) B2, (7) »
(; 1-72 s¢ o 1— 12 dr + N EN| o) | - (3.10)
By [34, Prop. 9.1], we have
E2 . 1/2 B
N (/ 1N(T2) d7> +NTEnho(o) | < 21BNl @)- (3.11)
Q -

Combine (B:83H3IT) to obtain B1). O

REMARK 3.1. In the analogue of Lemma Bl for the Gauss quadrature points
given in Lem. 4.1), the exponent in the error bound is p — 1.5 instead of p — 1.
The difference in the exponent is due to the treatment of endpoints. In the Radau
result, the polynomial interpolates at both T = —1 and T = 1, while in the Gauss
result, the polynomial interpolates only at 7 = —1.

4. Analysis of the residual. The distance from 7(X*, U* A*) to F(U*) is

now estimated.

LEMMA 4.1. Ifx* and X* € PH" (o) for somen > 2, then there exists a constant
¢, independent of N, h, and n, such that

dist[T(X", U™, A%), F(U")]y
p—1/2 c\r—1 " a—1/2 c\q—1.5 .
<h (N) |X |P’HP(QO) +h (N) |)\ |7)'Hq(ﬂo)7 (41)

where p = min(n, N + 1) and ¢ = min(n, N).

Proof. Since T (X*,U*, A*) appears throughout the analysis, it is abbreviated
T*. Since the minimum principle (L6) holds for all ¢ € Q, it holds at the collocation
points, which implies that 75 € F(U*). Also, 75" = 7. = 0 since the optimal state is
continuous and it satisfies the terminal condition (LH) in the costate equation. Thus
we only need to analyze 7", 75*, and 7.
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Let us first consider 7;*. Since D is a differentiation matrix associated with the
collocation points, we have

ZDU r=%k(r), 1<i<N, (4.2)

where x{ € P is the (interpolating) polynomial that passes through xj(7;) for
0 <j < N. Since x* satisfies the dynamics of (I1J),

hE(X5, Uki) = X5,(73)- (4.3)
Combine [£2) and ([@3]) to obtain
Tiki = %i (1) = %5(13) = %5, (my) — (%5)” (72), (4.4)

where (x;)7 € P%_, is the interpolant that passes through xj(r;) for 1 < i < N.
Since both %! and (x*)” are polynomials of degree N — 1 and Radau quadrature is
exact for polynomials of degree 2N — 2, it follows that

K N
17712 = 30 S wilic () — (1) ()2
k=1 1=1
K 1
=3 [ ) - s o ar
k=171
K 1
<23 [ (&)~ %P + i)~ G () dr. (@49)
k=1""
By Lemma Bl we have
%1, — X5l 22() < (¢/N)P X} |3r(q), p=min{n, N +1}. (4.6)

The second term in (Z3) involves the difference between between x; € H("~1) and its
interpolant (x})7 € PR _, at the N Radau points. By the bound given in [9, (5.4.33)]
for the £2 error in Radau interpolation, this term has exactly the same bound as that
on the right side of [.8]). Since xx(7) = x(tx—1/2 + h7), the derivatives contained in
the right side of ([0 satisfy

dPxy () Bp dPx*(t)

drp dtp

t=tj_1/2+hT

Consequently, after a change of variables, we have

N 2
/1 dPx; (1) dr — p2p—1 /tk
-1 te—1

drp
Combine this with (@3] and ([@G]) to deduce that || 7;"||., is bounded by the first term
on the right side side of ({I]).
The analysis of 75* is similar to the analysis of 7;*. Let Aé € Pr_q be the
polynomial that interpolates Aj(7;) for 1 < j < N. By ([2I2) and ([ZI3), we have

2

dPx*(t) &t

dtp

ZD A;;=X(m), 1<i<N, (4.7)

ZD%J»AZJ» = A(m) = A1) Jwn. (4.8)
=1
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Since A* satisfies (I3)), it follows that
Vo H(X5y, Ugy Afy) = Vo H (X (1), Wi (1), Ap (1) = =Ai(m),  (4.9)
1 <4 < N. We substitute (Z7)-(E3) in the definition of 73 to obtain
Toi(X*, U, A7) = Al(m) = Ai(m) = Ai(m) = (Ap) (1), 1<i<N,

where (Af)7 € PR, is the polynomial that passes through A%(7;), 1 <i < N. Note
that the term —Aj(1)/wy in ([AF) cancels the corresponding term in 735 due to the
continuity of A*. Since )\i € Py_, and ()\Z)J € Py _;, and since Radau quadrature
is exact for polynomials of degree 2N — 2, we obtain, as in (£3),

K 1 . . . .
T <2y [ (M@ = RP + A - B F) dr (@10)
k=1""

The last term in (£I0) has the bound
IR = Aillzz) < AP(e/NY 7 N by ), p=min{n, N+1}, (4.11)

corresponding to the £2 error in interpolation at the Radau points. The other term,
however, is different from the state since )\é has degree N — 1 while the state xé has
degree N, and the state interpolates at both the quadrature points and at 7 = —1,
while )\é only interpolates at the quadrature points. The error in the derivative of
the interpolant at the Radau points has the bound [9, (5.4.34)]

AL = Millz2e) < BU(c/N)T P X [3a(q), @ =min{n, N}. (4.12)

The exponent changes from p — 1 in (1) to ¢ — 1.5 due to the fact that A} does not
interpolate at 7 = —1, and ¢ < p since the polynomial associated with )\i has degree
N —1. Note that if A* € PH"(Qp), then A* € PHY(Qp), so we can always ensure
that the error bound [I2]) dominates the error bound ([@ITl) by lowering n in ([@IT)
if necessary. Utilizing the bound [{@I2)) in (ZI0) and changing variables from 7 to ¢,
we deduce that ||73]|. is bounded by the second term on the right side of (4.1J).

Finally, let us consider 7;*. Applying (@3] and utilizing the continuity of A* and
the exactness of Radau quadrature, we have

N
Ti = Ai(=1) = X (1) + Y widi(ni)
i=1

N
= N1 = A + Y wi(A) (m)

1 1

A dr = [ (300 - X)) ar

—1

=MD =AW+ [

—1
By (@I0) and the Schwarz inequality, we have
5l < V2107 = Az < PP(/NPH X (), p = min{n, N + 1},

As in the analysis of T3, we square this, sum over k, change variables from 7 to ¢, and
take the square root to obtain a bound that can be dominated by the last term in
(@ID). This completes the proof. O
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5. Invertibility of linearized dynamics. The inclusion
T(X,U,A) € 7(U),

corresponding to the first-order optimality conditions for the discrete problem (4],
will be linearized around (X*, U*, A*). Given Y € Y, the linearized problem is to
find (X, U, A) such that

(VTHIX,U,A] +Y € F(U), (5.1)

where VT* denotes VT (X*,U*, A*), the derivative of T evaluated at (X*, U*, A*).
Since A enters 7 in an affine manner, the linearization with respect to A is trivial.
On the other hand, the discrete state X and the discrete control U generally enter T
in a nonlinear fashion. The derivative of T in ([ZI7)—(2.23) is built from the following
matrices for 1 < k < K:

A = Vo f (x* (trs), u* (tri)), B = Vo f (x* (tr:), u* (tri)),
Qri = Vo H (X" (thi), 0 (thi), N (thi)) - Ski = Vi H (* (tra), 0 (tri), X* (i)
Ry = V?WH (X*(tki), U_*(tki), )\*(tki)) , T= VQC(X*(l)).

As pointed out in (LI4), the optimal variables (x*,u*, A*) evaluated at the tx; are
equivalent to the transformed optimal variables (x,uj, Aj) evaluated at the 7;. The
elements of VT*[X, U, A] are the following:

N
VT5aX, U Al = | Y DXy | = h(AkiXpi + BriUy), 1<i<N,
j=0

V’TZZ [X, U, A] = XkO — kal.,Ny where XON = 0,

N
VT5[X, U Al = [ > DEAw | + hAL Ak + QriXpi + SkiUsi), 1< <N,
j=1

N
V5w X, U Al = Z vajAkj + h(ALNAry + QunvXin + SenUkn)
=1

+Akt1,0/WN, (5.2)
N
VT [X, U Al = Aro — Agsr0 — b Y wil AL Agi + QriXpi + SkiUki),
i=1

VT X, U, A] = TXgN — Ak 41,0,
VT X, U, Al = —h(B],Api + S§, Xpi + R Uri), 1<i<N,

where 1 <k < K.
The following result establishes invertibility of the linearized state dynamics.
LEMMA 5.1. If (A2) holds, then for each q € RE™ and p € REN™ with qi and
Pri € R", the linear system
N
ZDinkj = hAkiXg +Pri, 1<i<N, (5.3)
j=0
Xio = Xp—1,N +ar, Xonv =0, (5.4)
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1 <k <K, has a unique solution X € REWN+O"  This solution has the bound

V2[|pllw + |a
sup [ Xnjlloo < h1/2 [ YEIRIw T 1Al 5.5
S, MKilloe < (1 —2hd)K (5.5)

1<j<N

REMARK 5.1. Recall that dy is defined in (LIQ). Since the denominator expres-
sion (1 —2hdy)X = (1 — dy/K)¥X in the bound (G5 approaches e~ as K tends to
infinity, the denominator is bounded away from zero, uniformly in K. Hence, (&.0)
also tmplies a uniform bound, independent of K.

Proof. We first show that for given Xy, the linear system (5.3]) uniquely deter-
mines Xy through Xjy. Since Xon = 0, it follows from (B4) that X9 = qp is
known. Consequently, for k = 1 up to k = K, we can use (3] to compute Xy
through Xy, and then (&4) to evaluate Xj41,0. This shows that (53)-(24) has a
unique solution that can be computed by a recursive process.

Let X}, be the vector obtained by vertically stacking Xy through Xgn, let Ay
be the block diagonal matrix with ¢-th diagonal block Ag;, 1 < i < N, define D=
Di.xy ®1,, where ® is the Kronecker product, and let Do denote the first column of
D. With this notation, (E3)—(&4]) reduce to

(5 — hAk)Xk =p-—- (Do ® In)XkO =P - (DO & In)(Xk—l,N + qk)' (5'6)

By (P1), Dy.y is invertible and [[Dyy[lo = 2. Hence, [D~ || = [Dyk @ L,|| = 2,
and by (A2), we have 2h[|Ag[l < 2hd; < 1, which implies that

—1 —1
MDAkl SAID ool Aklloc < 2Rdy < 1.
By [35] p. 351], I — KD ‘A, is invertible and
|(T—hD " A) oo < 1/(1 - 2hd). (5.7)
Multiply (G8) first by D and then by (I— 2D Az)~! to obtain
— — 1, g (=1 —1
X, =(I—-hD Ay) (D pr+D (Do®L,)(Xp_1,n + Qk)> :
It is shown in [34] Lem. 5.1] that (D)~ '[Dy ® I,,] = —1 ® I,,. Consequently,
— —1, g (=1
X, =(I-hD "Ay) (D Pr —1® (Xg—1,n + %)) .

Take norms and apply ([@.7) to get

- —1
Kl < (7=gi ) (I Bl + Xl +latl) . 59

1
1 —2hd;

In [34] Lem. 5.1] it is shown that by (P2), we have

N
—1
D™ prlloo < V2[Prllws  [IPrllw = (Zwi|pki|2> :

=1
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Insert this bound in (58) and utilize the trivial inequality ||q||ec < |ax| to obtain

1

Xilloo < | ——=——
1%l < (=g

) (sl +VEIRL + ). (59)

Since Xy = 0 for k = 0 and || Xy /oo < | Xk||oo for & > 0, (E3) yields

k

< V2|[pjllw + |ay|
IXklloo < 0= 2hd )t (5.10)

Jj=1

for 1 < k < K. The upper bound (5.3)) is obtained by replacing 1/(1 — 2hd;)*~7+!
by its maximum 1/(1 — 2hd;)¥ and by utilizing the Schwarz inequality as in

k k
ST Ipille < VEIPllw < 272 |plle and > |q;] < VElgl <7Vl (5.11)
Jj=1 j=1

The linearized costate dynamics has an analogous bound.

LEMMA 5.2. If (P4) and (A2) hold, then for each q € RE"™ p € REN" and
Ari1,0 € R" with q and pr; € R", the linear system

N
> DiAy; =pri — hAL A, 1<i<N, (5.12)
7j=1
N
ZvajAkj = PN — hA-;IC—NAkN — Ak+170/wN, (513)
j=1
N
Ao =Arp10+ar+h ZwiALAkia (5.14)

i=1
1 <k <K, has a unique solution A € REWN+UR - This solution has the bound

Ak 1.0ll00 + 2 2V2]Pllw + S, lai

<
1Al < TP

(5.15)

Proof. The proof is similar to the proof of Lemma [5.1] except that the recursive
solution of (BI12)-(ETI4) starts from k& = K and descends to k = 1. In particular, we
first show that for given Aj41,0, the linear system (EI2)-(EI3) uniquely determines
A1 through Agy; then (BI4) can be used to evaluate Agp.

Define D' = Df ® I,,, where ® is the Kronecker product. Equations (5.12) and
(EI3) can be combined into the single equation

ﬁixk =Pk — hA—]I;Kk — (eN ® In)Ak+170/wN, (516)

where A}, is obtained by vertically stacking Ay through Aiy and ey is the vector
whose N components are all zero except for the last component which is 1. By ([2.12])
and (ZI3), D1 = —ey/wy, which implies that

D “ley = —wn1. (5.17)
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Hence, we have

1—7

D' en®1In)/wy = [DF 1o L)len ®1,)/wy = -1 1,.

Multiply (BI6]) by D' ' and rearrange to obtain
I+ D" 'ADA, =D 'pr+ (1®L)Ars10. (5.18)

As noted in Section[I] (P4) implies that (P3) holds; that is, ||5i _1Hoo < 2. By (A2),
D' 'AT s < 2hds < 1. Consequently, the matrix I+ 7D’ ' AT is invertible with

1

—t -1 T)—l
144D ‘A <1
H( * )L S T 2nd,

Multiply (BI8) by (I+ KD’ _1A;)*1 and take the norm of each side to obtain

— 1 =1 -1
Bl < (=g ) (sl + D' bl (5.19)
1 —f —1
< (1= (Aksrall +15° ol + i) (520

The norm of (BI4]) gives

N
[Akollos < [Ak+1,0llo0 + llaklloc + hzwi”A-]Ic—i”w”Aki”oo
i=1

< N Ak+10llsc + laklloc + 2hda Akl

since the w; sum to 2. Using the bound for ||Ax|/e from (EI9) and the fact that
2hds < 1, we have

1

A oo< 0 T o1 7
I solle < ol + (=g

—f -1
)mmﬂﬂm+%wm pelloo)

1 —1 -1
s( )umHWMﬁawﬂD pielloe + 1 o)

1 — 2hds
<(— (IAk+10lloe + 1D Prlloo + laelloo) (5.21)
=\ 1= 2hd, k+1,0]co Pkl qk||oo)- .

Since Ay o is contained in Ay, it follows that ||Ag ollco < ||Akllco- Combine (20) and

(EZI) to obtain

1

P
I8l < (=g

—1 -1
)UMMMHWD pelloe + 1 lo),

where we define Agy1; = 0 for j > 0 so that [[Axiillec = [[Ar+1,0/lco. This
inequality is applied recursively to obtain

K =i-1
[AK+1]l0o D" "pjlloc + la;l oo
Aplloo < E : )
H k” = (1 _ th2)K+17k + = (1 — thz)rkﬂ




RADAU HP COLLOCATION FOR OPTIMAL CONTROL 21

To bound the right side, the factors 1/(1—2hds)?~**! are replaced by their maximum
1/(1 — 2hdz)¥ to obtain

K =i-1
[Axtillos + 22524 |ID Pjlloo + laj]
(1= 2hdy)K

[Ak]loo <

By the analysis given in [34] Lem. 5.1], (P4) implies that Hﬁi 71ijOO < V2||pjlle-
Hence, we have

1Ak 1lloo + 5y [V2IPs o + lay]
(1 — 2hdy)& '

[Ak]loo <

The first inequality in (BI1]) completes the proof of (&15). O

6. Invertibility of 7 — V7T*. Now let us consider the invertibility of F — VT *.

PROPOSITION 6.1. If (A1)—(A2) and (P4) hold, then for each Y € Y, there is a
unique solution (X, U, A) to (B1]).

Proof. Similar to the strategy used in [12] 13 [14] 16l 28, BTl 32, [34], a strongly
convex quadratic programming problem is formulated; the quadratic program is con-
structed so that the first-order optimality conditions reduce to (&I)). In particular,
we consider the problem

minimize $Q(X,U) + £(X,U,Y)

subject to Y1 o DijXk; = h(AkiXki + BriUgi) — yiri, Ui €U, (6.1)
Xpo = Xp—1,8v —¥2k, Xon =0,

where 1 <¢ < N and 1 < k < K. The quadratic and linear terms in the objective are

K N X T Q S X
T . ki ki ki ki
Q(X,U) = XpnTXgn + h,; ;w [ un ] [ ST Ry ] [ U ] , (62)
K N
LX,U,Y) = y:srXKN + Z Zwi (y—srkiin - YGTMUM) (6.3)
k=11i=1

K N
- Z X-kro <Y4k + sz‘}’:ski) . (6.4)
=1 i—1

In (E1]), the minimization is over X and U, while Y is a fixed parameter. By
Lemma Bl the quadratic programming problem (6.I)) is feasible, and by the con-
tinuity condition, Xjyo can be eliminated from (GI)). Since the Radau quadrature
weights w; are strictly positive, it follows from (A1) that Q is strongly convex relative
to Xy; and Uyg;, where 1 <i < N and 1 < k < K. Hence, there exists a unique opti-
mal solution to (GII) for any choice of Y. We now show that the first-order optimality
conditions for (GII) reduce to VT*[X,U,A] +Y € F(U). The first-order optimality
conditions hold since U has nonempty interior. Since the first-order optimality con-
ditions are both necessary and sufficient for optimality in this convex setting, there
exists a solution to (BI). Uniqueness of X and U is due to (Al) and the strong
convexity of ([GI). Uniqueness of A is by Lemma 52
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The derivation of the first-order optimality conditions for (6I) is essentially the
same process that we used in Section [2] to write the first-order optimality conditions
for the discrete problem (LA4) as 7(X,U,A) € F(U). The first two components of
VT*X,U,A]+Y € F(U) are simply the constraints of (G.I)). The Lagrangian L for

@) is

K
L(A,X,U)=19(X,U) + L(X,U,Y) +Z Ako, (Xg—1,8 — ¥2r — Xio))
=1

K N
+ Z Z <>\ku (AgiXpi + BriUki) — yiri — Z Dinkj>

k=11=1 j=0
The negative derivative of the Lagrangian with respect to Uy; is
—h [BiiAei + wi(SEiXni + Ry Uki)| + wiveni-

After the substituting Ag; = w;A;, the requirement that this vector lies in Ny (Uy;)
leads the 6th component of (B.]). Equating to zero the derivative of the Lagrangian
with respect to Xy, 1 < j < N, yields the relation

N
> DijAki = h [Af; Ak + wj(Qu; Xy + Sk Usj)] + wjysn;-

=1

Equating to zero the derivative of the Lagrangian with respect to Xjy yields the
relation

N
> DijAki = h [Af; Ak + wi(Qu; X + Sk Usjy)] + wjysnj + Aer0,

i=1

where Ax 1,0 = TX kN +ys5. After substituting D;; = —D;E-iwj/wl-, Aki = wiAy;, and
Ako = Ajo, we obtain the 3rd and 5th components of (G.1]).
Finally, we equate to zero the derivative of the Lagrangian with respect to Xyo:

N N
> DioAi = — (Ako +yar + Zwi}’?,ki) :
=1

i=1

Utilizing the identity [2I0), it follows that

N N N
Z ZwiDg:jAkj =— <Ak0 + Yar + sz‘}’%i) : (6.5)

i=1 j=1 i=1

Multiply the equations in the 3rd component of (5I) by w; and sum over ¢ to obtain

N N N
Z ZwingAkj =—Agy10 — Zwi [ysri +h (AL Ak + QriXpi + SkiUri) ] -

i=1 j=1 i=1
By (@3, it follows that

N

Ako = Apyro—h > wil AL Ak + QuiXpi + SkiUsi) + yar = 0,
i=1

which is the 4th component of (B1I). This completes the proof. O
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7. Lipschitz continuity of (¥ — V7*)~! and proof of the main theorem.
We begin by making the change of variables X = Z + x(Y) where x(Y) denotes the
solution of the state dynamics (B3) corresponding to pr; = —yiki and qi = —yok.
With this change of variables, y; and ys disappear from the dynamics of the quadratic
program ([GI]) and the quadratic program in Z and U reduces to

minimize $Q(Z,U) + L(Z,U,Y)
subject to Z;v:() D;Zy; = h(AkiZy; +BriUgi), Uk €U, (7'1)
Zyo =Zk-1,N, Zon =0,
where 1 <i: < N, 1<k <K, and

L(Z,U,Y) = L(Z,U,Y) +xxn(Y) " TZxn

K N
+h > 0y wi Xl (V) QriZii + X0 (Y)Ski U] - (7.2)
k=11i=1

Note that Zjyo can be eliminated from the optimization problem with the sub-
stitution Zyy = Zi—1 ~n. In the analysis that follows, it is assumed that the Zjg
component of Z has been deleted. Note that Q does not depend on Zyg, the Zgo in L
can be replaced by Zj_1 n, and the w-norm of Z does not depend on Zjg. If (Zj7 Uj)
denotes the solution of (ZI)) corresponding to Y/ € ), j = 1 and 2, then by [13]
Lem. 4], the solution change AZ = Z! — Z? and AU = U! — U? satisfies the relation

O(AZ, AU) < |L(AZ, AU, AY)| (7.3)

where AY =Y! - Y2

Observe that the quadratic Q in (62) is expressed in terms of the Hessian with
respect to x and u of the Hamiltonian H evaluated at (x*(txi), w*(tgi), A*(tr:)); by
(A1), the Hessian of H evaluated at (x*(t), u*(t), A*(t)) for any ¢t € [0, 1] has smallest
eigenvalue greater than or equal to o > 0. It follows that

Q(AZ,AU) > a (|AZkN|* + h|AZ|% + h|AU|2) .

Now consider the terms in £. By the Schwarz inequality,

K N

Z Z wiAygki AZ;ﬂ-

k=11i=1

< AysllollAZ]w < [AY |y | AZ]..

Let ¢ denote a generic constant which is independent of K and N. For the control
term in £, the triangle and Schwarz inequalities give

K N
Z Z wiAy—GrkiAUki

k=1 1i=1

K N K
< c|Ayslloo D D wil AUki| < ellAyelloe Y [AUL,

k=1 1i=1 k=1
< ch™ 2| Ayl [AUl < ¢|AY ]| AU L.

The last inequality is due to the h~'/? factor in the Y-norm.
For the Zyo-term in £, we have

N
|AZZO <AY4k +y WiAYZ)’ki)

=1

N
< ¢|AZ| <|Ay4k| + Zwi|Ay3ki|> . (T4)

=1
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By Lemma [5.1] with pg; = hB;Up; and qr = 0, we have |AZ||o < ch/?|AU|,.
Inserting this in (Z.4]) and applying the Schwarz inequality gives

K N
Z AZ], <AY4k + Z WiAYBki>

k=1 =1

< [|AU|lo (|Aya| + [[Ayslw) < c|AUJL[[AY]]y.

For the latter x terms in (Z.2]), we have a bound such as

K N
M1 S i (AY)QuAZ | < chllx(AY) [ AZ].. (75)
k=1 i=1
By Lemma 5.1l we have
IX(AY)lloo < ch ™ 2(|Ay1 |l + [Ay2]) < ch™ V2 AY ||y, (7.6)
Since [|[x(AY)|w < A2 x(AY)]| o, it follows from (ZH) and (Z8) that
K N
hY D wixi(AY)QuiAZy| < | AY |lu]|AZ] ...
k=1 i=1

For the terminal term in (Z2), we have the bound
IXKN(AY) TAZgN| < elxrn(AY)||AZgn| < ch™ V2 (| Ayl + |y2])[AZkw |-
The y5 term in £ is similar. By the Schwarz inequality,
|Ay3 AZgn| < |Ays||AZgn| < hTV2AY | y|AZk N ],

where the h=1/2 on the right cancels the h1/2 factor inside the Y-norm.
Combine these bounds for the linear term to obtain

L(AZ, AU, AY)| < | AY [ly (h™/2|AZxcn| + |AZ]. + AU )
= ch V2 AY |y (1AZxcn| + VA AZ]L + VAU
< ch  2|AY |y (|AZxn[? + h|AZIZ + h|AUJZ) .
Combining the lower bound for Q with the upper bound for £ gives
(IAZin? + B AZI2 + RIAUI2) Y < ch 2 AY |y, (7.7)

Next, the w-type norm on the left side of ([L.7) will be converted to an co-norm.
To do this, we first apply Lemma B.1] with py; = Ayixi + hBr AUy and qr = 0.
The bound () implies that |AU|, < ch™!|AY]|y; consequently,

IPlle < c([[Ay1llw + R[[AU]w) < c|AY|y. (7.8)
It follows from (BH) that ||AZ||o < ch™Y2||AY||y. Hence, by (Z8) we deduce that
1AX [oo = [AZ + X(AY)loo < ch™ 2| AY |y (7.9)

Since AXyo = AXj_1,0 + Ayay, it also follows that

1A solloo < [|AX|oc +[Ay2| < ch™ 2| AY |y,
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Let us now apply Lemma [5.2] with

Pri = Aysr + h(QriAXy; + SkiAUy), AAgi10=TAXgn, and

N
A =Y wi (h[QriAXpi + SkiAUk] + Ayai) -
i=1
By (&I8), we have

K
[AAll < c <|AXKN||00 + 02 Ipllw + > qu|> : (7.10)
k=1

By ([T3), |[AXkn | < ch™V2AY ||y, Exactly as in (T8), [|pllo < ¢|AY|ly. The
Schwarz inequality yields

K K
Do lal < e (1Ayeull + AIAX ]| + A AU|.)
k=1 k=1

< ™2 Ayl + B2 [|AX], + [|AU]L] < ch ™ Z|AY .

The last inequality utilizes both () to bound the U term and (Z9) to bound the
X term. Inserting these bounds in ([TI0) yields

[AA]l0o < ch V2| AY||y. (7.11)

Recall that Ry; := V2, H (x*(tg:), u* (tri), A*(tr:)). By (A1) the Hessian with
respect to x and u of the Hamiltonian H evaluated at (x*(t),u*(t), A*(t)) for any
t € [0,1] has smallest eigenvalue greater than or equal to o > 0. Consequently, the
principal submatrix Ry; of the Hessian of the Hamiltonian is positive definite with
smallest eigenvalue greater than or equal to a. It follows from the 6th component of
the inclusion (B that the control associated with Y solves the quadratic program

. 1
Join h (§U;;-Rm‘ +X1.Shi + AZini) Ui + ¥ Uni-
ki

Again by [I3] Lem. 4], the solution change associated with the data change AY has
the bound

ha|AU;|* < |h (AX]Ski + AALBy,) AUy + Ayer AU |
Hence, we deduce that
|AUki oo < [AU;| < ¢ ([|AXkilloo + |AAki]|oo + P Ayorilloc) -

Utilizing the bounds (Z3) and (ZII)), and the h~'/? factor associated with the 6-th
component of the )-norm, yields

IAULil|oo < ch™?|AY |y, (7.12)

The bounds (9), (ZII), and (TI2) combine to establish the following Lipschitz
continuity property:
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LEMMA 7.1. If (A1), (A2), and (P4) hold, then there exists a unique solution of
GO for each Y € Y, and there exists a constant ¢, independent of K and N, such
that the solution change AX, AU, and AA relative to the change AY satisfies

I(AX, AU, AA) [ < ch™ V2| AY 3.

Theorem [[1lis proved using Proposition 2221 The Lipschitz constant v of Propo-
sition is given by v = ch~'/2 where c¢ is the constant of Lemma [l The terms
involving D, D¥, Ao, Aki1,0, Xko, and X1 n are constants in the derivative VT
and hence these terms cancel when we compute the difference V7 (0)— V7T (0*), where
0 = (X,U,A) and 6* = (X*,U*, A*). We are left with terms involving the difference
of derivatives of f or C up to second order at points in a neighborhood of 8*. By the
Smoothness assumption, these derivatives are Lipschitz continuous in a neighborhood
of (X*,U*). Hence, there exists constants 7 and r > 0 such that

IVIE (sz,Ukz) £( X% Uridllloo < 7110 — 07|,

IVIVaH(Xki, Uiy Ari) — Vo H(XGG, Upy, Ao < 7110 — 670,

”v[v’U«H(Xkla Ukia Akl) ( ki» kw A‘kl)]”OO < T”B - 0*”007
J

IIV[VC(XKN) = VOXgn)lleo <7160 = 070,

whenever || — 0*|| < r. In applying Proposition 2] we need a bound for the
Y-norm of VT (0) — VT (6*). Taking into account the location of A’s in 7 and the
location of h’s in the Y-norm, it follows from the Lipschitz bounds relative to 7 that
there exists a constant x such that

INT(6) = VT(6)y < kh'/26 — 6%,

whenever ||@ — 0*||cc < r. Choose r > 0 smaller if necessary to ensure that cxr < 1,
where ¢ is the constant in Lemma[ZIl In Proposition 22 € = kh'/?r and v = ch~'/2.
Hence, ve = ckr < 1. Referring to Lemma [A1], choose N large enough or h small
enough so that

(L —ye)r

dist[7(6"), F(U")] < 5

Combine Lemma BT with Z24) and the formula v = ch~/? to obtain the bound
(CI3) of Theorem 11

The solution to 7(X,U,A) € F(U) corresponds to the first-order optimality
condition for either (21I) or (L4]). We use the second-order sufficient optimality con-
ditions to show that this stationary point is a local minimum when it is sufficiently
close to (X*, U*, A*). After replacing the KKT multipliers by the transformed quan-
tities given by Ay; = Agi/w;, the Hessian of the Lagrangian is a block diagonal matrix
with the following matrices forming the diagonal blocks:

Wi Vi, H (Xpi, Upi, Agi), 1<i<N,
wiv%zﬁu)H(ina Ui, Aki) + V%IVM)C(XML i =N,
where H is the Hamiltonian and 1 < k < K. In forming the Hessian with respect to X

and U, the variables are arranged as follows: X1, Ug1, Xgo, Ugo, ..., Xen, Ugn, 1 <
k < K. By (A1) the Hessian is positive definite when evaluated at (X*, U*, A*). Since
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the second derivatives of C' and f are Lipschitz continuous and the iterates converge
to (X*,U*, A*) in the sup-norm by Theorem [[I] the Hessian of the Lagrangian
evaluated at the discrete iterates is positive definite for N sufficiently large or for
h sufficiently small with NV > 2. Hence, by the second-order sufficient optimality
condition [39, Thm. 12.6], the discrete state and control is a strict local minimizer of
7). This completes the proof of Theorem [I[7]

8. Numerical illustrations. In this section we analyze the errors associated
with the proposed Radau hp-collocation method using numerical examples with known
analytic solutions. Consequently, it is possible to precisely determine the error in
the hp-approximations. More complex examples, which do not have known analytic
solutions, appear in both [42] and at the GPOPS-II examples website:

http://www.gpops2.com/Examples/Examples.html
In [42] it is observed that the solutions computed by Radau hp-collocation are in close
agreement to the solutions computed by Betts’ Sparse Optimization Suite (SOS) [6].

8.1. Example 1. First we consider the unconstrained control problem given by

min {—x(2) sa(t) = g(—:zr(t) + z(t)u(t) —u?(t)), z(0) = 1} . (8.1)

The optimal solution and associated costate are

z*(t) =4/a(t), a(t) =1+ 3exp(2.5t),
u(t) = 2 ()2,
N (t) = —a®(t) exp(—2.5t) /[exp(—5) + 9 exp(5) + 6].

The time domain [0,2] is divided into equally spaced mesh intervals, and on each mesh
interval, we collocate at the Radau points using polynomials of the same degree. We
consider polynomials of degree N = 2, 3, and 4. Convergence to the true solution
is achieved by increasing the number of mesh intervals. Figure Bl plots the base 10
logarithm of the error at the collocation points in the sup-norm versus the base 10
logarithm of mesh size. The results were obtained using the software GPOPS-II [41]
and the optimizer IPOPT [7] to solve the discrete nonlinear program. The markers
plotted in Figure 8] correspond to the sup-norm error at a given value for h, while
the lines have slope N + 2 for the state and control, and N + 1 for the costate. The
vertical placement of each line yields the least squares fit to the markers. Observe
that the error decays roughly linearly in this log-log plot, and the pointwise error is
roughly O(h™V*2) in the state and control, and O(h"V*1) in the costate for fixed N.

The bound given in Theorem [ for fixed N is O(h" 1), which is much slower
than the observed convergence rate O(h™V*1). This discrepancy could be due to either
the simple nature of the example, or to looseness in the analysis. In our analysis, the
exponent of h is reduced by the following effects:

(a) Although the state is approximated by a polynomial of degree N, the costate
is approximated by a polynomial of degree N —1. This difference between the
state and the costate becomes apparent in Proposition 2-Il We are not free
to choose the costate polynomial, its degree comes from the KKT conditions.
In the analysis of the residual given in Lemma 1] the reduced degree for the
costate polynomial implies that the exponent of i in the bound (@IJ) is the
minimum of N and 7 rather than the minimum of N + 1 and 7.
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= N=2 (state)
_10 *  N=3 (state)
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log 1, ()

Fic. 8.1. The logarithm of the sup-norm error in Example 1 as a function of mesh size for
polynomials of degree N = 2, 8, and 4. The errors in the controls, marked by plus signs, are beneath
the state error plots. The errors in the costate, marked by diamonds, are above the state error plots.

(b) In our analysis at the end of Section [{l we showed that by taking r small
enough, the expression ve in the denominator of ([Z24)) was strictly bounded
from one. The analysis also showed that that the Lipschitz constant satisfied
v < ¢h~'/2. Hence, we lose a half power of h through the Lipschitz constant
in the error bound (2:24]).

If example 1 indeed represents the typical behavior of the error, then the analysis
must be sharpened to address the losses described in (a) and (b).

It is interesting to compare the analysis in this paper to the analysis of Runge-
Kutta schemes given in [8, 29]. For a fixed N, the Radau scheme in this paper is
equivalent to a Runge-Kutta scheme where the A matrix and b vector of [29] describ-
ing the Runge-Kutta scheme are D;}V /2 and the last row of D;}V /2 respectively.
For N =2 and N = 3, the corresponding Runge-Kutta schemes have order 3 and 4
respectively, which means that the error in the Runge-Kutta schemes are O(h®) and
O(h*) respectively. This exactly matches the costate error for the hp-scheme in this
example. A fundamental difference between the results of [29] and the results in this
paper is that [29] estimates the error at the mesh points, and there is no information
about the error at the intermediate points, while in Theorem [[LI] we estimate the
error at both collocation and mesh points. In the hp-framework, it is important to
have estimates at the collocation points since K could be fixed, and the convergence
is achieved by letting N grow.

Based on the theory developed in the paper [§] of Bonnans and Laurent-Varin,
many conditions must be satisfied to achieve high order convergence of a Runge-
Kutta scheme for optimal control (4116 conditions for order 7). Potentially, the hp-
scheme based on Radau collocation could be used to generate high order Runge-Kutta
schemes.

Next, we examine in Figure the exponential convergence rate predicted by
Theorem [[T] when there is a single interval and the degree of the polynomials is in-
creased. Since the plot of the base-10 logarithm of the error versus the degree of
of the polynomial is nearly linear, the error behaves like c10~*" where a ~ 0.6 for
either the state or the control and a =~ 0.8 for the costate. Since the solution to this
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Fic. 8.2. The base 10 logarithm of the error in the sup-norm as a function of the number of
collocation points for Example 1.

problem is infinitely smooth, we can take n = N in Theorem [[.Il The error bound
in Theorem [Tl is somewhat complex since it involves the derivatives of the solution.
Nonetheless, when we take the base-10 logarithm of the error bound, the asymptot-
ically dominant term appears to be —Nlog,, N for Example 1. Consequently, the
slope of the curve in the error bound varies like —log,, IN. For N between 4 and 16,
log,y N varies from about 0.6 to 1.2. Hence, our observed slopes 0.6 and 0.8 fall in
the anticipated range.

8.2. Example 2. Next we consider the problem [33] given by

1
minimize %/ [2%(t) + u*(t)] dt
0

subject to  @(t) = wu(t), w(t) <1, z(t)< fﬁ for all t € [0,1],
—e
de+3
z(0) = M=o

The exact solution to this problem is

0<t<h S -t-de B Wl -L
_1 1

Lar<3: ar(t)= 9t (L+e32), w'(t) = St (1—e32),

f<t<l: () =1L, u (t) =0

The solution of this problem is smooth on the three intervals [0, 0.25], [0.25,0.75], and
[0.75,1.0], however, at the contact points where one of the constraints changes from
active to inactive, there is a discontinuity in the derivative of the optimal control and
a discontinuity in the second derivative of the optimal state. The goal with this test
problem is to determine whether exponential convergence occurs for the Ap-scheme
with a careful choice of the mesh, and whether a state constrained problem, which
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Fic. 8.3. The error in the solution to Example 2 as a function of the degree of the polynomials
used in the hp-approzimation. In (a) the polynomials are defined on the interval [0,1]. In (b) there
are three mesh intervals [0,0.25], [0.25,0.75], and [0.75,1.0], and different polynomials of the same
degree are used on each mesh interval.

is not covered by the error analysis in this paper, possesses similar errors bounds to
those for control constrained problems.

First, we solve the problem using K = 1, in which case convergence is achieved
by increasing the degree N of the polynomials. In Figure[R3|a) we plot the logarithm
of the error at the collocation points in the sup-norm versus the logarithm of the
polynomial degree. Convergence occurs, but it is slow due to the discontinuity in the
derivatives. The lines in Figure B3|(a) have slope —2; their vertical placement was
chosen to achieve the best least squares fit to the markers (the measured error). Since
the logarithm of the error is approximately fit by a line of slope —2, the error decays
like ¢/N?2, which is faster than what might be expected from a bound like that given
in Theorem [T with regularity H25~¢ for any € > 0.

Next, we divide the time interval [0,1] into three subintervals [0, 0.25], [0.25,0.75],
and [0.75,1.0], and use different polynomials of the same degree on each subinterval.
By this careful choice of the mesh intervals, we obtain an exponential convergence
rate in Figure B3(b). Comparing Figures B3(a) and B3[b), we see that a huge
improvement in the error is possible when we have good estimates for the contact
points where the constraints change between active and inactive. Note that 16-digit
accuracy was obtained in Figure B3|(b) by using MATLAB’s QUADPROG to solve the
quadratic program associated with the hp-discretization of Example 2.

In a very rough sense, the error bound given by Theorem [Tl for a smooth problem
has the general form ¢ (c2/N)™. The continuous curves plotted in Figure B3(b) were
obtained by choosing ¢; and ¢y to achieve the least squares best fit to the markers
(the measured error). For the state variable, (c1,¢2) = (0.0016,0.1990), while for the
control (c1,c2) = (0.0950,0.2801). Hence, it seems plausible that a state-constrained
control problem may possess an error bound similar to that established in Theorem [T
for control constrained problems.

9. Conclusions. A convergence rate is derived for an hp-orthogonal collocation
method based on the Radau quadrature points applied to a control problem with con-
vex control constraints. If the problem has a smooth local solution and a Hamiltonian
which satisfies a strong convexity assumption, then the discrete approximation has
a local minimizer in a neighborhood of the continuous solution. For the hAp-scheme,
both the number of mesh intervals in the discretization and the degree of the poly-
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nomials on each mesh interval can be freely chosen. As the number of mesh intervals
increases, convergence occurs at a polynomial rate relative to the mesh width. When
there is control over the growth in derivatives, the convergence rate is exponentially
fast relative to the polynomial degree. Convergence rates were investigated further
using numerical examples. When the polynomial degree is fixed and the mesh width
tends to zero, the observed convergence rate was faster than the rate associated with
the error bound. For a problem with control and state constraints, exponentially
fast convergence was observed when mesh points are located at the contact points
where the constraints change between active and inactive. Based on the numerical re-
sults, it seems plausible that the convergence result established for control constrained
problem could extend to problems with state constraints.

10. Appendix 1: Proof of (P1) and (P2). We analyze (P1) and (P2) when
7i, 1 <1 < N, are either the Radau quadrature points analyzed in this paper, or the
Gauss quadrature points studied in [34].

LEMMA 10.1. For either the Gauss or Radau quadrature points, the rows of the
matric [Wl/ ’D1.n] "t have Euclidean length bounded by V2. For the Gauss quadrature
points, |Doxlleo < 2, and DL\ |lco approaches 2 as N tends to infinity, while for
the Radau quadrature points, | D}y leo = 2.

Proof. Given p € RY | let p € Py denote the polynomial that satisfies p(—1) = 0
and p(7;) = p;, 1 <i < N. Let p € RY denote the vector with components p; = p(7;),
and let ¢; be the Lagrange polynomial defined by

N
G =][—=%, 1<j<N.

ki
i#£]
The identity
N
PT) = 4T, (10.1)
j=1

holds since p € Py_1 and the polynomials on each side of (IO are equal at the N
quadrature points. Integrate (I0) to obtain

n= [ Lserar=3 ([t i) 102

Since D is a differentiation matrix and p(—1) = 0, it follows that Dy.xyp = p. If the
vector p = 0, then the polynomial p = 0 since p has degree N — 1 and vanishes at
N points. Since p(—1) = 0, it follows that polynomial p = 0, which implies that the
vector p = 0. Hence, Dy.y is invertible, and p = D~ 'p. Comparing the equality
p = D !p to [I[02), we deduce that

= " i(7) dT. .
= [ 4w (103

Choose any s € [—1,1] and define

s N ()2
dj(s):/_lﬁj(T) dr and R(s)zzdj() .

Wi

j=1
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Observe that (D™');; = d;j(r;) and R(7;) is the square of the Euclidean length of row
iin (WY2D)~! Let ¢ € Px_1 be the polynomial defined by
N
di(s)l;(r
q(q-) = Z M
; wj

j=1

Hence, by the triangle and Schwarz inequalities,

R(s) = / o(r) dr < /1 l(7)] dr < V2 (/1 o(r)? dT) - (10.4)

-1 —1 -1
Since g% € Pan_2, both Radau and Gauss quadrature are exact, and

N

/1 Q(T)2 dr = Z%‘Q(ﬁ')Qa (10.5)

where the 7; are either the Radau or Gauss quadrature points and the w; are the
associated weights. Since ¢;(1;) =1 for i = j and ¢;(7;) = 0 otherwise, it follows from
the definition of ¢ that ¢(7;) = d;(s)/w;. This substitution in (I03) yields

L g(r)?dr =Y difj) = R(s). (10.6)

i=1
Equating the expressions (I0.4) and (I0.06) implies that

( [ 11 q(7)? d7'> v <V

By [I06), R(s) < 2 for any s € [—1,1]. In particular, R(7;) < 2 for 1 < i < N.
Since R(7;) is the square of the Euclidean length of row i in (W'/2D)~!, the rows
of (W'/2D)~! have Euclidean length bounded by v/2. This result holds for both the
Radau and Gauss quadrature points since since ¢> € Poy_o, and both Radau and
Gauss quadrature are exact for polynomials of this degree.

If r is a row of D;}V, then by the Schwarz inequality and the fact that the
quadrature weights sum to 2 and the rows of the matrix [Wl/ ’D;.n] ! have Euclidean
length bounded by v/2, we have

N N N 172 , N 1/2
Z |73 = Z Vwi (|r3]/v/wi) < (Z wi> (Z rf/wl) <2. (10.7)
im1 i=1 i=1

i=1

Consequently, the absolute row sums for D;}V are all bounded by 2, or equivalently,
DNl < 2. Given any polynomial p € Py with p(—1) = 0 and |p(;)| < 1 for
1 <i < N, it is observed in Section 9 of [34] that | D, }|lec > max{p(r;): 1 <i < N}.
Take p(7) = 1 +7 to deduce that | D}, j|lcc > 1+7n. Hence, 1+7x < D]\ loo < 2.
Since 75 = 1 for the Radau points, it follows that D}y |lcc = 2. For the Gauss
points, 7n approaches 1 as N tends to infinity; consequently, HD;}VHOO approaches 2
as N tends to infinity for the Gauss points. O
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11. Appendix 2: An analytic formula for (D¥)~!. Before stating property
(P3) in the Introduction, we showed that D¥ is an invertible matrix. In this section,
we give an analytic formula for the inverse.

PROPOSITION 11.1. The inverse of D¥ is given by

ng—l = wyM;(1 / Mj(r)dr, 1<i<N, 1<j<N,
D%V]_l = WNMj(l), 1 §j<N7

where M;, 1 < j < N, is the Lagrange interpolating basis relative to the point set 11,
., TN—1. That is,

Proof. The relation (ILI3) holds for any polynomial p of degree at most N — 1.

Let p € RY denote the vector with i-th component p(7;). In vector form, the system

of equations (LI3) can be expressed Dip = p — exp(1)/wx. Multiply by D* =1 and
exploit the identity D¥ ~ley = —wx1 of (GI7) to obtain

D! ~lp=p —1p(1). (11.1)

Since p is a polynomial of degree at most N —2, we can only specify the derivative
of p at N — 1 distinct points. Given any j satisfying 1 < j < N, let us insert in (I
a polynomial p € Py _1 satisfying

p(r;) =1 and p(r) =0foralli <N, i#j.

A specific polynomial with this property is

T) = /17' M;(7)dr. (11.2)

Since py = p(1) = 0, the last component of the right side of ([I.I]) vanishes to give
the relation D%;l + vajvlp( ) = 0. In (&IT) we showed that all the elements in

the last column of D¥ ~! are equal to —wn, and by (IT2), p(1) = M;(1). Hence, we
obtain the relation

Di; ' = =Dy p(1) =wnp(l) = wxM;(1), 1<j<N. (11.3)

Finally, let us consider fol for i < N and j < N. We combine the i-th
component of (L)) for i < N with (ILT.2) to obtain

(D 1p / M;( (11.4)
Recall that all components of p vanish except for the j-th, which is 1, and the N-th,

which is M;(1) by (IT2). Hence, (IL4) and the fact that the elements in the last
column of D =1 are all —wy yield

D = /M Ydr — DE g M (1) = wy M;(1 /M
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This completes the proof. O

Tables [T.1] and show ||D* 7!||o, and the maximum Euclidean norm of the
rows of D “'W~1/2 for an increasing sequence of dimensions. The norms in Ta-
ble [TIl approach 2 as N grows, consistent with (P3), while the norms in Table [T.2]
approach /2, consistent with (P4).

N 25 50 75 100 125 150
norm | 1.995376 | 1.998844 | 1.999486 | 1.999711 | 1.999815 | 1.999871
N 175 200 225 250 275 300
norm | 1.999906 | 1.999928 | 1.999943 | 1.999954 | 1.999962 | 1.999968
TABLE 11.1
[D* Moo
N 25 50 75 100 125 150
norm | 1.412209 | 1.413691 | 1.413982 | 1.414083 | 1.414130 | 1.414156
N 175 200 225 250 275 300
norm | 1.414171 | 1.414181 | 1.414188 | 1.414193 | 1.414196 | 1.414199
TABLE 11.2

Mazimum Buclidean norm for the rows of [W1/2D¥]~1
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