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Abstract

We consider a misspecified optimization problem that requires minimizing a function f(x;6*)
over a closed and convex set X where 6* is an unknown vector of parameters that may be learnt
by a parallel learning process. In this context, we examine the development of coupled schemes
that generate iterates (zy,0)) as k — oo, then z, — z*, a minimizer of f(z;60*) over X and
0 — 6*. In the first part of the paper, we consider the solution of problems where f is either
smooth or nonsmooth. In smooth strongly convex regimes, we demonstrate that such schemes
lead to a quantifiable degradation of the standard linear convergence rate. When strong con-
vexity assumptions are weakened, it can be shown that the convergence in function values sees
a modification in the convergence rate of O(1/K) by an additive factor ||6y — 0*[|O(¢) +1/K)
where |6y —6*|| represents the initial misspecification in 8* and g, denotes the contractive factor
associated with the learning process. In both convex and strongly convex regimes, diminishing
steplength schemes are also provided and are less reliant on the knowledge of problem param-
eters. Finally, we present an averaging-based subgradient scheme and show that the optimal
constant steplength leads to a modification in the rate by |6y — 9*||O(q§< + 1/K), implying
no effect on the standard rate of O(1/v/K). In the second part of the paper, we consider the
solution of misspecified monotone variational inequality problems, motivated by the need to
contend with more general equilibrium problems as well as the possibility of misspecification in
the constraints. In this context, we first present a constant steplength misspecified extragradient
scheme and prove its asymptotic convergence. This scheme is reliant on problem parameters
(such as Lipschitz constants) and leads us to present a misspecified variant of iterative Tikhonov
regularization. Numerics support the asymptotic and rate statements with one important ob-
servation: it appears that the rate bound derived for strongly convex problems appears to be
slack in that the standard linear rate is again observed, despite the theoretical prediction that
learning leads to degradation.

1 Introduction

Traditionally, the field of deterministic optimization has focused on the problem of minimizing a
function f(x) over a prescribed set X and it is generally assumed that the decision maker has com-
plete knowledge of both the function f and the set X (cf. [I, 2]). In many settings, problem data
may be uncertain, severely limiting the applicability of deterministic methods. Initiated through the
research by Dantzig [3] and Beale [4], stochastic programming has represented a popular avenue for
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addressing risk-neutral as well as risk-averse static and adaptive (recourse-based) decision-making
problems [5, 6] in developing both static as well as adaptive (recourse-based) models. An alternative
approach has found merit by obviating the need for distributional information and instead focuses
on obtaining solutions that are robust to parametric uncertainty over a prescribed (uncertainty)
set [T, [§]. In either instance, a subset of parameters is natively uncertain. Our focus is on a class
of problems in which the vector parameters is 6%, a fixed but unknown vector, that may be learnt
through a related but distinct learning process. We provide a clearer understanding of our problem
of interest by considering a motivating problem.

Data-driven stochastic optimization: Standard models for stochastic optimization have re-
quired the solution of the following problem [5] [6]:
min Eo-[f(z; £(w))], (StochOpt(67))
zeX
where X CR™, f: X xR? = R, ¢ : Q — R? is a d—dimensional random variable, and (9, F, Pg-)
denotes the probability space. Note that 6* represents the parameters of the distribution P. Un-
fortunately, a key shortcoming in the use of standard models necessitates knowledge of 8*, often a
stringent requirement. Instead, suppose 0* may be learnt by a suitably defined maximum likelihood
estimation (MLE) problem [9], captured by a metric g(#), and formally defined as follows:
i 0). MLE
min g(6) (MLE)
Generally, in most practically occurring problems, the MLE problem is often massive and one avenue
lies in generating sequences {(xg,0x)} such that xj is an approximate solution of (StochOpt(6)).

A range of other problems can be cast in a similar regime. For instance, in traffic equilibrium
problems [I0], a common assumption is that the demand pattern and the travel times are known
vectors, assumptions that are often hard to justify in practice. Similarly, in a range of production
planning problems, it is routinely assumed that cost and demand information is accurately available
when in fact, it needs to be empirically estimated. Consequently, one approach lies in conducting
such an estimation through a parallel learning process. Yet another problem that can be cast under
this umbrella is the well studied multi-armed bandit problem [I1]. In such a problem, a gambler
is faced with a choosing from a collection of slot machines at every step without a prior knowledge
of the average reward distribution. If one could view the learning problem associated with the
reward distributions as a parallel estimation problem, this may be one avenue towards developing
algorithmic techniques. Motivated by this new set of decision-making problems, we consider the
static misspecified convex optimization problem (C(0*)), defined as follows:

. ¥ %

min f(,6"), (€(07))

where x € R", f: X x ©® — R is a convex function in x for every # € ©® C R™. Suppose #* denotes
the solution to a convex learning problem denoted by (L£):

min g(6), (£)
where g : R” — R is a convex function in 6 and is defined on a closed and convex set ©. Conse-
quently, we consider gradient methods in which sequences {x;} and {0} may be generated with
the goal that

lim 2, = 2* € X* and lim 6} = 0*, where X* £ argmin f(z; 6*).
k—o0 k—o0 zeX



It should be noted that the second author has examined the counterpart of such problems in
stochastic regimes where stochastic approximation schemes are employed [12].

1.1 Alternate and related avenues

Given that the focus lies on solving (C(0*)) and (L) simultaneously, at least three approaches
assume relevance and are described next.

A sequential approach: A natural question is whether this problem could indeed be solved in
a sequential fashion. For instance, one approach could be to compute 6* in the first stage and
subsequently solve (C(6*)). Yet such an avenue is complicated by several challenges: (i) First, the
problem (L) is often of a large or massive scale and accurate/exact solutions of this problem are
needed in finite time to utilize this approach. However, the claim that finite termination schemes
are available is a strong one. In fact, even in the rare instance when this requirement is met,
the number of steps might be far too large in practice. Consequently, such an approach leads to
obtaining an approximation of §*, given by a vector 6 and cannot provide asymptotically accurate
solutions. (ii) Second, if the process is terminated prior to the commencing with the computation of
x*, then the resulting computational effort would be wasted in that we have no guarantees regarding
the solution. We consider precisely such an approach in the context of economic dispatch problems,
discussed in Section [4 Table [I|shows the importance of terminating the learning problem after a
sufficiently large number of iterations via a sequential approach. In particular, for smaller problems
with 5 generators, 15,000 learning steps suffice in getting reasonably accurate estimates of z* while
the same number of iterations prove insufficient for getting accurate solutions for networks with 20
generators. In contrast, our focus lies in developing techniques that can provide asymptotically
accurate solutions equipped with global non-asymptotic error bounds.

Learning steps Computational steps number of gﬁlnfeéiatzl;ij*ﬁ[ number of gil}?iatgf ):_ ;19 T
o — o*|| | MERTI=TT g, — o+ | MEelD=T7T
1000 15000 6.43e0 6.49e-2 2.10el 2.33e-1
5000 15000 3.34e0 4.25e-2 1.95el 9.05e-2
10000 15000 1.48e-1 8.80e-3 1.77el 8.08e-2
15000 15000 1.63e-2 4.00e-4 1.06el 6.60e-2

Table 1: Sequential approach: Effect of problem size on accuracy

A variational approach: Given that a sequential approach may not always be satisfactory,
a partial resolution lies in considering a variational approach where the overall problem is cast
as a static variational inequality problem [I0]. If X C R™ and F : R"™ — R", then it may
be recalled that VI(X, F) requires an z € X such that (y — )T F(z) > 0 for all y € X.
Under convexity assumptions, it can be shown with relative ease that (z*,0*) = 2* is a solution
of VI(Z,H) if Z 2 X x © and H(z) = (Vif(z,0); Veg(6)). But the solution of VI(Z, H) via
projection-based techniques [13] remains a challenge since H(z) is generally not a monotone map
over the set Z even if f and g are convex C! functions in = and 6, respectively; it may be recalled
that a map H is monotone over Z if for every 21,20 € Z, (H(z1) — H(22))% (21 — 22) > 0. But
there are no available first-order schemes for computing solutions to non-monotone variational
inequality problems, severely limiting the utility of such an approach. Yet, despite the inherently
challenging nature of the joint variational problem, our goal remains in deriving non-asymptotic
rates of convergence for gradient methods for such problems by leveraging the structure of the
problem and ascertaining the impact that learning has on the rates.



A robust optimization approach: Robust optimization, a subfield of optimization, considers
obtaining solutions that are robust to parametric uncertainty [8, [I4} [7]. In such problems, rather
than a vector 8*, a part of the problem input is the uncertainty set, say Uy. In such a case, the
relevant robust optimizaton problem attempts to obtain an z that minimizes the worst-case value
that f(x,0) takes over Up:

min max f(z,8).

zeX O€ly f( )
In contrast, our framework is fundamentally different in that the vector 6* is a deterministic and
unknown vector that can be learnt. To provide a clearer comparison, the learning scheme solves
the following problem

min f(z;0") where 6% = argming(6).
zeX 9o

Learning while doing schemes: Finally, we note the surge of interest in algorithms which
incorporate learning directly into the optimization phase. Early instances of such problems were
seen in the form of the multi-armed bandit problem [I5} 1T] in which a decision-maker simultanelusly
acquires new knowledge and leverages existing knowledge in optimizing decisions. In contrast with
the current context, the learning problem is no longer static and available a priori; instead, it
evolves in time as a consequence of aggregating observations. In response to such challenges,
Agarwal et al. have developed techniques in the context on online linear programming [16] as
well as stylized counterparts in the context of revenue management [I7, [18]. A rather different
tack is taken in the work by Jiang et al. [19], where the problem L is replaced by a sequence
of learning problems L1, ..., L, such that the index of k represents the number of data points
used within the construction of the associated estimation (regression) problem. The solution of
the kth learning problem is denoted by 6 and under suitable assumptions, {0y} — 6*, where
0* is a solution to the limiting problem. If 6 is used within the scheme for computing x, then
probabilistic convergence statements are provided for {x}} in the context of distributed projection-
based schemes for stochastic Nash games, leading to monotone variational inequality problems.
We note that offline schemes provide a benchmark in terms of ascertaining the cost of obtaining
observations over time, rather than a priori, allowing us to derive metrics to relate online schemes
with their offline counterparts (such as through competitive ratios for instance).

1.2 Contributions and outline

In this paper, we investigate the global convergence and rate analysis of joint first-order gradient
methods under a variety of convexity, Lipschitzian, and boundedness requirements. Suppose vy
and 7, denote steplength for optimization and learning at iteration k. If IIy(y) denotes the
Euclidean projection of a vector y on the set Y, then consider the following prototypical update:

Algorithm 1 (Joint gradient scheme). Given xg € X and 6y € © and sequences vk, Vg k>

Tpg1 = x (2 — v Vaf (Tr, 0k)) vk > 0, (Opt(Or))
9k+1 = H@ ((gk — ")/971€V99(9k)) s vk 0. (Learn)

VvV 1V

In our proposed scheme, we take a gradient step in the z-space using an estimate 6, of 6* and a
simultaneous step in the §—space. Note that instead of using the exact gradient V, f(xx, 6*) at the
kth iterate, we employ Vf(zk,0)) as the gradient estimate and rp = Vf(zk, 0r) — Vo f(zk, 0%)
represents the error in the gradient at iteration k. Recent literature on inexact gradient schemes has



investigated convergence properties and rate analysis for various schemes using inexact gradients
with bounded error [20, 21], 22] 23] 24]. Our framework is distinct in that we develop a broader
framework of gradient, extragradient, and regularized schemes for solving both optimization and
variational inequality problems through the provision of modified algorithmic requirements (such
as those on steplengths), asymptotics, and enhanced rate statements. The framework is developed
under the caveat that the inexactness (in gradient estimates) decays to zero at a prescribed rate, a
consequence of obtaining increasing accurate estimates of 0, when taking the gradient step in the
r—space. The main contributions of this work can be captured as follows:

(i) Convex optimization: In the first part of this paper, we develop asymptotics and rate state-
ments for misspecified convex optimization problems in smooth and nonsmooth settings and assume
that the learning problem is strongly convex, unless mentioned otherwise: (a) Smooth optimiza-
tion problems: Our first set of results in the smooth regime demonstrate that constant steplength
schemes are convergent but lead to a quantifiable decay in the linear convergence rate characteris-
tic of constant steplength gradient methods. Unfortunately, such techniques are heavily reliant on
the knowledge of certain problem parameters, in the absence of which we show that diminishing
steplength sequences are also convergent. When the strong convexity assumptions are weakened,
we note that the presence of learning leads to modification of the convergence rate in function
values by an additive factor given by ||y — 6*[|O (¢)f + 1/K) where 6 represents our initial esti-
mate of 0%, g, denotes the contractive constant in the learning problem. Finally, we demonstrate
that when the learning problem loses strong convexity, under a suitably defined weak-sharpness
requirement, global convergence can still be retained; (b) Nonsmooth optimization problems: When
the optimization problem is nonsmooth, it can be shown that while the overall convergence rate of
the proposed misspecified subgradient methods is still O(1/v/K), a similar additive factor emerges
of the form |6y — 6*||O (qf +1/K) . A summary of the rate statements is provided in Table

Computation Computation & Learning
Strongly convex/diff. Linear Sublinear
convex/diff. O(1/K) O(1/K) + |60 — 0*[O(1/K + &)
convex /nonsmooth. O(1/VK) O(1/VK) + ||6o — 0*|O(1/ K + qf)

Table 2: Summary of rate statements

(ii) Monotone variational inequality problems: Variational inequality problems represent a
broad framework for capturing optimization and equilibrium problems and assume particular rele-
vance, given that misspecification may arise in the constraints. In the second part of this paper, we
consider two sets of schemes for resolving misspecified variational inequality problems. Of these,
the first avenue is a constant steplenth misspecified extragradient scheme for monotone variational
inequality problems. However, this approach requires an accurate estimate of suitable Lipschitz
parameters. Consequently, we present a misspecified variant of the iterative Tikhonov regulariza-
tion framework to misspecified monotone regimes.

(iii) Numerics: We develop a set of test problems based on economic dispatch problems [25] with
misspecified cost and demand. The numerics support the asymptotic statements and the validity
of the bounds.



2 Misspecified Convex Optimization

In this section, we will consider two settings differentiated by the assumptions on the function f(x, 6)
in (C(#*)) and the function ¢g(#) in (£). In Section we examine gradient-based methods where
f(x, ) is differentiable in x for every 6 while in Section we weaken the smoothness requirement
on f(z,0). In each setting, we provide both constant steplength schemes with associated complexity
statements as well as diminishing steplength schemes that are less reliant on problem parameters.

2.1 Smooth convex optimization

In this section, we consider regimes where both the optimization and learning problems are differ-
entiable and distinguish the cases based on the convexity assumptions on the problem. Specifically,
in subsection we provide convergence statements and rate analysis when both problems are
strongly convex. Next, in subsection we weaken the strong convexity assumption on the
computational problem to mere convexity and provide rate statements in such settings. Finally, in
subsection we relax the strongly convex assumption of the learning function and analyse the
case when the solution set of the learning problem satisfies a weak sharpness assumption. We now
list several key assumptions used during our analysis. We begin with a differentiability assumption
on f and g.

Assumption 1. The function f(x,0) is continuously differentiable in x for all € © and function
g is continuously differentiable in 0.

Next, we impose a Lipschitzian assumption on f in z, uniformly in 6.

Assumption 2. The gradient map V. f(x;60) is Lipschitz continuous in x with constant Gy,
uniformly over 8 € © or

IVaf(21,0) = Vaf(22,0)| < Gralley —waf,  Vor,z2€ X, VOeO.
Additionally, the gradient map Vg is Lipschitz continuous in 0 with constant G.

Finally, we impose a requirement on steplength sequences for the computational and learning
problems required in the diminishing steplength regime.

Assumption 3. Let {v¢i} and {vyr} be diminishing nonnegative sequences chosen such that

oo
D1 Vfk =00, ey 'YJQC,k <00, D ply Yok =00, and Y 'Yg,k < 00.
k=1

2.1.1 Strongly convex optimization and learning

In this subsection, convergence statements for the iterates produced by Algorithm [I] are provided
under the following strong convexity assumption.

Assumption 4. The function f is strongly convexr in x with constant ny for all 6 € © and the
function g is strongly convex with constant 1, .

We impose an additional Lipschitzian assumption on V, f(z*;6) in 6.
Assumption 5. The gradient V, f(x*,0) is Lipschitz continuous in 6 with constant Lyg.

Before providing the main results, we introduce the following Lemma from [26]:



Lemma 1. Let the following hold:

o0
[0
w1 < grup+ap, 0<ge<l1, >0, Y (I—g)=o0, lim =0
1 k—ro0 (1—qk)

Then, limy_,oo up < 0. In particular, if ux > 0, then ug — 0.
Our first result provides a convergence statement under a constant steplength assumption.

Proposition 2 (Constant step length scheme). Let Assumptions @ and @ hold and vy,
and g are fized at yr and 4, respectively so that 0 < vy < 2/Gy, and 0 < v4 < 2/Gg4. Then, the
sequence {xy, 0} generated by Algom'thm converges to x* € X and 0* € O, respectively.

Proof. By nonexpansivity of the Euclidean projector and triangle inequality, |[zx11 — z*|| can be
bounded as follows:

k41 — 27|
=[x (2 = 7y Vaf(2r, 0k)) — Mx (2" —v;Vaf (2, 07))]
< ek — 2%) =75 (Vaf (zx, Ok) — Va f (2", 67))]]
< ek = 2%) = vp(Vaf (2r, Ok) — Va f (2%, 00| + 95|V f (27, 0r) = Vo f (25,07 (1)

The first term in can be further bounded by first writing the following expansion:

(@ — 2*) = (Vo f (@h, Ok) — Vaf (2%, 00) 1> = ok — 2*° + 7 Vaf (r, 0k) — Vo f (27, 01) ||
—2vp(zp, — ) (Vo f (21, 0) — Vo f (2%, 0k)). (2)

Under the assumption of Lipschitz continuity of V, f(x, ) in x, it follows that
IV f (2k, O) = Vo f (2%, 00)|1° < Gpaler — 2 (Vo f(ag, 0) = Vi f (2", 61)).
By combining the above inequality with , we obtain

(2 = 2*) = ¢ (Va f (2r, 08) — Vaf (2", 1))
<l — | =972 = 9y Gra) (@ — &) (Vo f (@r, 0) — Vi f (2", 00))- 3)

In addition, under strong convexity of f(x;6) in z, it follows that
(= 2) (Vo (@ 0k) = Vaf (27, 60)) = g, — 2"
Thus, inequality becomes

(k= 2%) — v (Vo f (8, 0k) — Vo f (@, 017 < lze — 2*12 = vmp (2 — 754G ra) |2 — ¥
= (1= vms(2 = vGya))lar — z*||. (4)

Note that since vy < (2/Gy ), then it follows that (1 —~ns(2—~;Gys)) < 1. The second term in
is bounded by leveraging the Lipschitz continuity of V, f(x*, ) in 6:

17f(Vaf (2", 0k) = Vaf(a®,0%)I < v5LollOk — 07 (5)
Now by combining , , and , we obtain the following bound:

lzpr1 — 2| < qullzr — 2% + qol|0 — 67, (6)



where ¢, £ \/(1 — (2 —v;Gya)) and g9 = vyLg. To show that ||z, — z*| — 0 as k — oo, we
may employ Lemma [I| This requires showing the following:

) > y . qrollfr — 0%
> (1 - g2) = 003 lim L7 —7 1,
(Z) k_l( q ) (”) kl 1—q 0

Since g, < 1, (i) is satisfied. In addition, by the Lipschitz continuity of Vgg and choosing ~,
such that 0 < v, < 2/Gy, |0 — 0*|| = 0 as k — oco. Consequently, condition (i7) is met as well,
completing the proof. O

In many instances, while we may be able to claim strong convexity or Lipschitz continuity, the
precise bounds may be unavailable. However, an incorrect choice of a steplength may lead to di-
vergence, motivating the need for an alternate approach. To this end, we employ a diminishing
steplength sequence that does not necessitate the knowledge of either the convexity constant or the
Lipschitz constant. We outline the proof of convergence in the next Proposition.

Proposition 3 (Diminishing steplength schemes). Let Assumptions [1], 3 and [5 hold.
Additionally, let vy be defined based on Assumption @ and 74 be fized at vy so that 0 < vy, <
2/Gy.Then, the sequence {xy,0r} generated by Algorithm |1 converges to z* € X and 6* € O,
respectively.

Proof. We use a similar line of argument as in Proposition [2] to obtain the following bound:

lzer1 — 2| < qupllze — 27| + qo,kl|0k — 671, (7)

where for sufficiently large k, we have that gy 2 (1 —rrnp(2 — 'yf’knyx))l/Q < 1 and gg =S

v¢kLo. By Assumption [3| we have that > 77, (1 — ¢ ) = 0o. Furthermore, we have the following
simplification of condition (ii) of Lemma
Al

lim = lim
k—o00 (1 — q%k) k—o0 77f(2 — ’nyng,x)

(1 + go) LollOk — 07| _

since ¢y — 0 and ¢ — 0 and || — 0*|| — 0 as k — oco. Therefore, the conditions of Lemma
are satisfied and ||z — 2*|| = 0 as k — co. O

It is well known that under strong convexity assumption, the iterates generated from the pro-
jected gradient method converge at a geometric rate [27]. However, when learning is incorporated,
it is expected that this rate drops. Next, we analyze the impact introduced by learning.

Proposition 4 (Rate analysis in strongly convex regimes). Let Assumptions @ and @
hold. In addition, assume that v¢ and 74 are chosen such that 0 < v5 < 2/Gy, and 0 < v4<2/G,.
Let {x, i} be the sequence generated by Algorithm 1. Then for every k > 0, we have the following:

k1 — 2| < @p " lwo — 2| + (k + 1)aq"[160 — 67,

1/2

where gz £ (1=vpnp(2—7rGr.2))/%, a0 2 VLo, g9 = (1=gng(2—79Gy)) /2, and q £ max(q, gg).-

Proof. Under the assumption of strong convexity of g, the learning algorithm has a globally geo-
metric rate of convergence when employing constant stepsize v, where 0 < v, < 2/G; specifically,

161 — 071l < a5 '1|60 — 67|, VK > 0. (8)



where g £ (1 — y4ny(2 — ’ngg))l/2 < 1 since 4 < 2/G4 . To obtain the convergence rate for the
joint scheme, we expand @ to obtain the following bound:

k
|z = 2% < @5 lwo — 2| + a0 Y )0k — 67| VE>0. (9)
i=0
We may further expand @D using to simplify the bound as below:
k
lksr — 27 < @5 lwo — 2¥|| + a9 Y qhal 100 — %[ < ¢E T |0 — 2| + (% + 1)qoq® (|60 — 6%,
i=0

Degradation from learning

where ¢ £ max(gy,q,). Note that condition v; < 2/Gy, guarantees that g, < 1, implying that
q = max(qy, ¢q) is less than 1. O

Remark: Notably, the presence of learning leads to a degradation in the convergence rate from
the standard linear rate to a sub-linear rate. Furthermore, it is easily seen that when we have
access to the true 8%, the original rate may be recovered.

2.1.2 Convex optimization with strongly convex learning

In this subsection, we weaken the rather stringent assumptions of strong convexity of f(z,0) in z
for every 6 € ©.

AssuMPTION [db. The function f is convezr in x for all @ € © and the function g is strongly
convex with constant 1.

In addition, we make the following assumptions:

Assumption 6. (a) The sets X and © are compact and sup,¢cx ||| < C, where C is a constant.
(b) The gradient map Vg f(x;0) is uniformly Lipschitz continuous in 6§ with constant Gg:
IVaf(@,01) = Vo f(z,02)[| < Groll0r — 02, Vb1,00 € ©,0 € X.

Assumption 7. There exists a constant Ly g such that |f(x,61)—f(x,02)| < Lygl|01—62], V01,02 €

0,x € X.

Before presenting the main result, we introduce the following Lemma from [28].
Lemma 5. Let Bk, vg, ax > 0 for all k. Furthermore, suppose the following holds for all k:
up1 < (1 + Br)ug — vg + ag.
Suppose Y . op < 00 and Y, B < 0o. Then limy_yoo up =4 >0 and ), vy < 00.

In the following proposition, we prove the convergence of the iterates generated by Algorithm
under the convexity requirements on f(z;6). We also provide the rate statement.

Proposition 6 (Constant steplength scheme with averaging). Let Assumptions @ b, @
and @ hold and stepsizes s and vy be fixed at constants v and v4 so that 0 < v4 < 2/G4 and
0 <~y <1/Gy,. Let the sequence {x, 0} be generated by Algorithm |1 and suppose Ty, is defined

as
k—1
E Lit+1
i=0

k

_ A
T —

Then the following hold:



CGyo
1—qq

(i) In addition, if a, = lzo—2"IP g by =

o , then the following holds:

_ * x ag * b9 K
1 wob) = a0 < 5 o= 1 (32 + Lo )

(ii) kli_)ngof (Tg, Ok) = f(x*,0%).

Proof. (i) Recall the following by the mean-value theorem, the Cauchy-Schwartz inequality, and
Lipschitz continuity of the gradient map V, f(x, 6*) in z:

F0) = 00) + Va0 (=) + [ (Fadot ty = 0,0%) = Vel (0.6 - 0
< @) + Vb @09 (=) + [ NVt by — 2),60%) — T f (0D — )l
< @)+ Vaf a6y a)+ [ Gty - 2l — o)l
= J(,0%) + Vad (@69 (y — ) + 3Grally — oI

If we set y = z;1 and o = z; and since G, < 5=, we have the following;

Ga
F(@iz1,0%) < f(@:,07) + (Vaf(2i,0;) — 1) (wig1 — @) + ; [@ig1 — @il

% 1
= f(24,0%) + Vo f (2i,0)7 (wip1 — 1) + EH%‘H — x| — ] (@is1 — m2), (10)

where r; £ V, f(2i,0;) — Vi f(x;,0%). Under the convexity of f(x;6%) in z,

Flai %) < f(@*,0) + Vo f i, 0°)" (2 — %)
= f(2",0%) + Vo f (i, 05) (w; — 2%) — v (2 —27). (11)

By summing up and , we obtain

* * * * 1 *
F(@ig1,0%) < f(&*,0°) + Vo f (2i,0)T (wig1 — %) + EH%‘H —zil]” = ] (@ig1 — 2). (12)

Next, we bound the term V. f(x;,6;)7 (x;41 — 2*). From the property of the projection on a convex
set, denoted by IIx(z), we have that

(z —Ox () (y—IIx(z)) <0, VreR"yeX.

If we set x = x; —vsV f(x;,0;) and y = =* in the above inequality and by noting that ;11 = IIx(z),
we obtain that (x; — vfVaf(i,6;) — ziy1)7 (¥ — 2i11) < 0. After rearrangement of the terms, the
above inequality is equivalent to

Vel (i, 0)" (xi01 — %) < — (2341 — 2) (2" — 2i31).

1
f
By using this bound in , we get that

f(i1,07) < f(2",07) + 7f($i+1 - l“z)T(x — Tiy1) + %sz#l - $z||2 - TiT(wiH — "),



Since ||xi11 — zi]|? + 2(wip1 — 7))L (2% — 2i31) = ||z — 2|2 — ||zi01 — 2*||%, the above inequality can
be written as

1 1
11,0%) < F(@",07) + =— |l — % — =— liga — 2|2 — T (i1 — ).
Faie1,0%) < 70+ 5l =2 = 5w =2 = (wig = )

Moving f(x*,6*) to the other side and summing from i = 0 to K — 1, we get the following:

K-1 K—1
Y (flaivn,a®) = f(a*,67)) < —fo —a*|? + fo =P+ Y il — |
=0 1=0
K-1
||:c0 =P+ ) Irillleies — 2",
=0
where the second inequality follows from the nonnegativity of 5— ||a; K — x*||?. Dividing both sides
by K,
| Kl =
7 2 (lawnn,a) = £ 0) < oopllvo =+ 52 3 el =l (13
i=0 i=0

By Assumption [6[a), ||zit1 — 2*|| < C for all ¢ > 0. In addition, by Assumption [6b), we have
that ||ri]| = ||Vaf(z, 9 i) — Vaf(x,0)] < Gygllbi — 6% Since the function g is strongly convex and
vy < G2 , there exists a g € (0,1) such that [|6; — 6*|| < ¢} [/ — 6*|. Therefore, from (13)), we
obtain the following:

LSS Flosan, 0% — (o, 0%) < = _Jlzo — o*[ + CGpaltp — 07 AL
— Tit1,0") — f(a*, < T — T e
K L +1 Sl 010 K —qy)

)

By leveraging the convexity of f(e;0*) in (e), we have that

1—
F@) ~ 560 < oo~ P+ Cagalty oIS
But, we may derive a bound on |f (Zg, 0k ) — f(z*, 6%)| as follows:
|f (e, 0x) — f(27,0°)] < [f (T, O) — [ (Zk, 07)| + [ f (K, 07) — (2%, 67)]. (15)

We leverage the Lipschitz continuity of f(z,#) in 6 uniformly in  with constant L together with
and to complete the proof of (i):

b
) = (a0 < 5+ 10— 01 (Lyont + 52 ) (16)

Impact of learning

A CGfg

Whereax:%adbg L, .
(ii) Global convergence follows by taking limits and by recalling that ¢, < 1 to claim that



Remark: Unlike in the case of strongly convex optimization, there is no degradation in the stan-
dard rate of convergence in function values which is O(1/K). In particular, the contribution from
learning adds a factor to this rate that is scaled by ||#y — 6*||, the distance of 6y from 6*. Notably,
this factor has two parts, the first of which is a faster geometric rate given by L f79q§{ and the a
second part given by bg/K. In short, the overall rate changes by a constant factor. Furthermore, if
0y = 0%, we recover the standard rate for convex optimization. However, this scheme does require
knowledge of relevant Lipschitz constants and we now present diminishing steplength schemes that
do require Lipschitzian properties but do not require knowing the precise constants.

Proposition 7 (Diminishing steplength scheme). Let Assumptions 14 [4b, and [d hold.
Additionally, let s be defined based on Assumption @ and v < 2/Gg. Let the sequence {zy, 0}
be generated by Algorithm . Then, {xx} converges to a point in X* and {0y} converges to 0* € O.

Proof. By the nonexpansivity property of the Euclidean projection operator, for all k > 0, ||zx4+1 —
x*||? can be bounded as follows:
k1 — 2% = |Tx (2 = 77 Vaf (2x, Or)) — Tx (27|

< @k = 2*) = v Vaf (2x, 0|

= llar — 2*)1* = 29k Ve f (@, 06)T (2 — &%) + V11V f (@5, O) ||

— lon — 271 = 2974V o 87 (2 — ) — g0 (o — )

+ V1l Vaf (zk, 0) 117, (17)
where 7, = Vi f(2p, 0r) — Vaf(zr,0%). By leveraging convexity and the gradient inequality, we
have that f(z*,0%) > f(zg, 0%) + Vi f (21, 0%)T (2* — 21), implying that

—Vaf (wr, 0" (w0 — 2%) < —(f (g, 0%) — f(2*,6%)). (18)
By substituting in and by noting that 2y7r? (z —2*) < ||rg? +’7121,k||l’k — x*||?, we have
the following bound:
i1 =212 < llaw — a2 = 250 (f (0r, 0%) = f(2*,0%)) = 2ypuri (wn — %) + 75l VoS (25, 00) |7

< Nk — 2™ 17 = 2y (F (2, 07) = f(2",07)) + ||
+fllee — 2P+l Vo f (@ 00 (19)
By Assumption |§|, we have that ||| < | Vaef (2r, 0k) =V f (zr, 07)]]? < G%QHGk—G*HQ. In addition,
under strong convexity of g and choosing v, < 2/G,, we have that ||y — 6*||> < qngGo —6%)1?,
where g4 € (0,1). Consequently 6, — 6* as k — oo. Furthermore, can be further simplified as
below:
21— 22 < (L7 ) llwn — 2(* = 270 (f (2x, 0%) — f (", 67))
+G7 045 100 — 017 + 77 1 Vo f (0, 00) (20)

A
=

The requirements of Lemma [f] hold since (f(zy, 0*) — f(z*,6*)) > 0 since 2* € argmin, x f(x;0%).
Consequently, by leveraging Lemma |5, we observe that > ;2 a; < oo since

GFgll00 — 07|

S0 o o < T
k 4



and ), ’y]% Ve f (g, 0r)||? < 0o, since Y ’y?k < oo and ||V f(zk, k)| is bounded, a consequence
of the compactness of X and © and the continuity of the gradient map. We may therefore con-
clude that ||z —2*||* = v > 0and ", v£.(f (zk, 0F)— f(2*,0%)) < co. It suffices to show that v = 0.

Since Y, vk (f(xr, 0%)— f(2*,60%)) < ocoand ), v r = 00, it follows that liminfy_, f(zk, 0%) =
f(z*,0%). Since the set X is closed, all accumulation points of {z} lie in X. Furthermore, since
f(zk, 0%) — f(x*,0%) along a subsequence, it follows that {x;} has a subsequence converging to
some point in X*. Moreover, since ||z —z*|| is convergent, then the entire sequence {x} converges
to a point in X*. O

2.1.3 Convex optimization with convex learning

A key restriction in the prior subsection is the need for imposing a strong convexity assumption on
the learning problem. The need for this assumption arises from noting that we require utilizing a
rate estimate in solution iterates in the learning space, rather than merely function iterates. In this
subsection, we consider a convex learning problem but impose a weak sharpness requirement [26]
which is defined next. Note that an alternative approach is pursued in the next section in a more
general variational regime.

Definition 2.1 (Weak sharpmness). The solution set ©* is said to be weak sharp if there ex-
ists a positive number « such that g(0) — g(6*) > adist(0,0%), VO* € OF, where dist(d,0*) :=
0 — 0*|| and « is called modulus of sharpness.

ming«co-

Under a weak sharpness requirement on the solution set, the solution to the learning problem
can be obtained in a finite number of iterations. The proof of this Lemma may be found in [26].

Lemma 8 (Finite convergence under constant steplength). Consider a convex differentiable learn-
ing problem L in which the solution set ©F is nonempty and satisfies a weak sharpness property.
Furthermore, Vg is assumed to be Lipschitz continuous with a constant G4. Then, the sequence
{0k} generated by a projected gradient scheme with stepsize v, < G%, converges to 0* in a finite
number of iterations, where 6* € ©*.

We now consider a constant steplength scheme where 7, and v, are sufficiently small con-
stants.

Proposition 9 (Constant steplength scheme). Let Assumptions @ and @ hold. In addition,
suppose that ©* satisfies a weak sharpness requirement and the stepsize sequences {vy¢r} and {vg 1}
are fized at some positive constants vy and g, respectively, where 0 < vy < 2/Gf, and 0 < 4 <
2/Gy. Let {xy, 0k} be the sequence generated by Algorithm . Then, {x} converges to a point in
X* and {0} converges to a point in ©* as k — oo.

Proof. Based on Lemma there exist a finite K > 0 such that for all £ > K, we have that
0, = 0" € ©*. Hence, for all k£ > K, Algorithm becomes standard projected gradient scheme
without learning and thus under Lipschitzian property of gradient of function f and by choosing
0 < vy <2/Gyy, the sequence {x}} converges to 2* € X*. For the proof of convergence of gradient
projected scheme, the reader can refer to [26] . O

Next, we consider a diminishing steplength sequence for the optimization and learning problems
and provide an intermediate result on the summability of the sequence {, ;dist(6y,©*)}.



Lemma 10. Consider a convez differentiable learning problem L in which the solution set ©* is
nonempty and satisfies a weak sharpness property. In addition, suppose that © is bounded and
the sequence 74 be defined based on Assumption @ Then, for the sequence {0y} generated by
Algom'thm we have that Y 72 | Vg kdist(0k, ©F) < co.

Proof. Under boundedness of gradient of function g and by using diminishing step length
10+ = 0°11% < 1160k — 0°[1* = 299, (9(0k) — 9(67)) + 75 Vag (O)|°.

Under the weak sharp property of ©*, we have that g(0x) — g(0*) > adist(0, ©*). By substituting
this expression into the above inequality, we obtain

1041 — %1% < |0k — 0%[|* — 20y, pdist (B, ©F) +~2,C2,

where C' := supyeg [|Vg(0)]]. Since > 72, ’ygkCQ < 00, then by using Lemma |5, we conclude that
> rey Vg kdist(0g, ©F) < co. O

We now impose a Lipschitzian requirement on the gradient map V, f(z;6) in 6 uniformly in x.

Assumption 8. There is a constant My g such that for ||V f(x,0) =V f(x,0%)| < My edist(6,0%)
forall@ €O, 0" c O andxz € X.

Theorem 11 (Diminishing steplength scheme). Let Assumptions @ @ and @ hold and
©* is weak sharp. Let {xy,0;} be the sequence generated by Algorithm . Additionally, let g1 be
defined based on Assumption @ and ¢ = Yok for all k > 0. Then, {x} converges to a point in
X* and {0} converges to a point in ©* as k — oco.

Proof. By the nonexpansivity property of the Euclidean projection operator, for all £ > 0 and any
¥ € X*, ||zpq1 — ¥ can be bounded as follows:

zksr — 2*|* = |x (2x — vk Ve f @k, O)) — x ()|
< e — %) = Y Vaf (@, 01) ||
= llar — 21> = 296 Vo f @k, O6) (ke — %) + 17 1| Ve f (ks ) ||
<z — &I = 270 Vo f (@r, 0% (2 — 2%) = 2yp7i (2 — ) + 77 1| Vo f (2, 001,

where 7, = Vi f(2p, 0r) — Vaf(zr, 0%). By leveraging convexity and the gradient inequality, we
have that

F(@*,0%) > fag, 0%) + V(f(xr, 09 (a* — ),
implying that —V . f(zg, %) (2, — %) < —(f (21, 0*) — f(x*,0%)). By the previous observation and
the Cauchy-Schwartz inequality, we have the following:
|41 — 22

<l = (1> = 2y (f (21, 0°) = F(@&*,07)) = 2y (21 — ) + 7 il Ve f (p, 1) ||

<ok — 21 = 2ypu(f (e, 0%) — F(@*, 0 ) +2vrxllrelllzn — 2| + V7 4l Vo f (2k, 0) |

< oy — &*)1* = 2y75(f(xn, 0%) — f(2*,0%)) + 4C My gys pdist (6, ©F) + ’Y%k”vzf(%? 0|17, (21)

(a).

where C' is the constant in Assumption |§| a). By Lemma

Z’yf kdlSt(Qk, Z’yg kdlst(ek,@*) < 0.
k=1 k=1



In addition,

oo o

> Rl Ve F w61 < G3 S < oo,

k=1 k=1
where Cy = sup,exgeo |Vaf(z,0)||. Hence, the conditions of Lemma [5| are satisfied and the
sequence ||zj41 —x*|| is convergent for any z* € X* and > 72, v7x(f (2, 0°) — f(z*,60%)) < co. The
the latter implies lim infy_, o (f (25, 0*) — f(2*,60%)) = 0 in view of Y 72, 75, = 00. Since the set X
is closed, all accumulation points of {x}} lie in X. Furthermore, since f(xy,0*) — f(z*,0%) along a
subsequence, by continuity of f it follows that {z}} has a subsequence converging to some point in
X*. Moreover, since ||z —z*|| is a convergent sequence, the entire sequence {x} converges to some
point in X*. Finally, the sequence {fj} converges to a 6* € ©*, a consequence of Lemma O

2.2 Nonsmooth convex optimization

In this section, we derive the global convergence and rate statements for the regime when function
f(z;0) is not necessarily differentiable. Note that Assumptions and [4]still hold for function g
and for clarity, we restate them in the following assumption and proceed to present a subgradient-
based analog of Algorithm

Assumption 9. The function g is continuously differentiable in 6, strongly convex, and the gradient
map Vog(8) is Lipschitz continuous in § with constant G,.

Algorithm 2 (Joint subgradient scheme). Given an zy € X and a 0y € © and sequences
k> Yok }s then

Tht1 = HX (I’k — 'Yf,kdk) N Vk Z 0, (nsOpt(@k))
Or+1 = o (Ok — 79k Vg (Ok)) , Vk > 0, (Learn)

where dy, € Of (v, k).

We now state two assumptions employed in this subsection, the first of which pertains to subgradient
boundedness while the second imposes Lipschitz continuity of f(x,#) in 6 uniformly in z.

Assumption 10 (Subgradient boundedness). There exists an M > 0 such that ||dg|| < M for
all dy, € Of (xg,0r) and for all O € O.

Assumption 11. There exists a constant Ly g such that |f(x,01)—f(x,02)| < Lyg|61—62] V01,02 €
0,x € X.

The following Lemma will be used subsequently in our convergence analysis.

Lemma 12. Let Assumptions and hold. Let {xy} and {0k} be the sequences generated by
Algorithm [3 Then, for ally € X and k > 0, we have

k1 =yl < llaow =yl = 2970 (f(0n, 0%) = F(y.0%) +ALgovr x|k — 0| + 7 M2,
where M is defined in Assumption and Ly g is the Lipschitz constant in Assumption .
Proof. By nonexpansivity of the Euclidean projector and triangle inequality, we may bound ||z;11—
yl| as follows:
41 = ylI* < [Tx (25 = yppdi) = Mx @) < [l — v pde — ylI?
= lloi — ylI> = 2vpn(zr — v) " di + 7 1l del?
< ek — ylI* = 2ypn(ze — y) dk + VG M2



Now, by leveraging convexity of function f(x, ) in x for all 6, we obtain

lkn = yl* < Nk =yl = 297k (F (2n: 0) = f (Y, 00)) + 77, M7 (22)

By Assumption the function f(z,0) is Lipschitz continuous in 6 for every x. Consequently,
|f (2, 0k) — 2k, 0%)] < LyollOk — 0*[| and |f(y, 0k) — f(y,0)| < Lypll0k — 07| It follows that

f(@g, 07) — f(2r, 0) < Lypll0" — 0kl and f(y,0k) — f(y,0") < Lypll6x — 07|
By combining these two inequalities, we get the following lower bound:
f(@r, 0k) = f(y,06) = f(2x,07) = f(y,07) = 2Ly 0l[0k — 07|
Now by combining above inequality with , we have that
kst =yl < llaw =yl = 29pn(f(@r, 0%) = f(y,0%) +ALgovsllOk — 07 + 77, M2 (23)
O]

By leveraging Lemma we now provide the main convergence result for subgradient-based
schemes for resolving misspecified convex optimization problems.

Proposition 13 (Global convergence for diminishing steplength schemes). Let Assump-
tions [9, and hold. Additionally, let vy be defined based on Assumption [3 and vy be
fized at v4 so that 0 < vy < 2/Gg. Let {xy, 0} be the sequences generated by Algorithm @ Then,
{zr} converges to a point in X* and {0} converges to 0* € ©.

Proof. Using for y = a*, where 2* is any point in X*, we obtain

ki1 — 2*))? < |log — 2| = 297k (f (g, 0F) — F(2*,0%)) + 4L s o071k

O — 0%|| + 7 M.
To prove the convergence, we employ Lemma [5| Since ||0; — 6*| < q];HHO — 0*|, we have that

ALy pl|00 — 67|

o0
< 00 and 72, M? < .
1—q, Z Ik

k=0

o0
S ALpovkl0r — 07| <
k=0

Hence, conditions of Lemma |5|are satisfied and x — Z € X as k — oo and > oo o v7.k(f(2g, 0%) —
f(x*,0%)) < oo. Because Y p- vk = 00, we can conclude that liminfy_,o f(zk, 0%) = f(z*,0%).
This implies that a subsequence of {z}} converges to a point in X*. But the entire sequence is

convergent, implying that the entire sequence converges to a point in X*. Furthermore, 6, — 6*
as k — oo. O

In keeping with the focus of this paper, we now provide derive rate statements for the function
iterates where we quantify the impact of learning.

Proposition 14 (Rate analysis with averaging). Let Assumptions @ , and hold. Let
%g,k be fized at vy such that 0 < vy < 2/G4. Consider the sequence {xy, 0y} generated by Algorithm

K .
and Zj, & w Then the following hold:

(i) If v is defined based on Assumption @ then

Jm | f(Zk, O) — f(27,67)] = 0.



1) Suppose orithm |9 is to be terminated after K iterations an e optimal constan
5) Supp Algorith s to be t inated K iterati d 7y (the optimal tant
steplength) is defined as

|lzo — 2™
:7’ 24
VK VR (24)

then

_ dy K Co )
Tr,0k) — f(2,0")] < —+ |6 — 0¥|| | L + ,
) = 10070 < 2 o~ 07 (Lot + s
where dy = M||xzg — z*|| and cg =2Ls9/(1 — qq)-
Proof. (i) By letting y = z* in and by summing over k, we have that the following holds:

k k

k
lkir — 271° < llzo —a*|> = 2 ) vpa(f (@i, 07) = f(27,6%) +4Lsp > ypallfs — 60" + M>> 3,
=0 i=0 i=0

By the nonnegativity of |21 — x*||?, it follows that

k

k
22% (i, 0%) — f(2*,07)) < [lmo — 2*||* +4Lsp > vpill0i — 07 + M>D 47, (25)
i=0 =0

From the convexity of f(z,60*) in x, we have the following:

(4,0 x5, 0%)) > 2(f(z, 0%) — f(z*,6%)). 26
Z e Z::W, — f( )) =2 (f(@k, 07) — f( ) (26)

By combining and , we obtain the inequality

*112 2 k 2 «
o — a*|1> + M? Y2777 . 2L 3K vpall6 — 67|
k " .
2 0 D oico Vi

Notably, the second term arises from learning and can be further bounded as follows:

[ (2, 07) = f(2",07) <

k k * k—l—l

. . . 2Lgovrollbo —0°[|(1 — gz ™)
2L1o Y v1ill6i — 0%| < 2Lyevr0llfo — 071 q) < - :
i=0 i=0 9

Consequently, we may bound f(zg,0*) — f(z*,6*) as follows:

lwo — 2*||2 + M2 YE 72, L 2Lporsollfo 67101 gith)
2 Zi:o Vfi (1—qq) Zi:O Vfi
It follows that |f(Zk, 0x) — f(x*,0*)| may be bounded as follows:

o — 2*|* + M 077, 0711~ g5™")

f (@, 07) = f(a",07) <

< Lyogt| 00 — 07| +
! 2 Zf:o Vi (1 —qq) Zz‘:o Yf,i



Since g4 < 1, Y727 = 00, and > 2, '7]2% < 00, it follows that limy_,o0 | f(Zk, Ok) — f(z*,0%)| = 0.
(ii) Next, if we assume that the steplength is fixed at v, after k = K iterations, the bound on the
error is given by the following;:

*||2 2 2 * K+1
(s 000) = Fa"0)] < Lyoqf g — o] V0 E M A DG 2Ll = 671 — 57"
) Y —_ ) g

+
2(K +1)vs (1—gg)(K +1)
If we minimize the right hand side with respect to ¢, we arrive at the best optimal constant stepsize

[0 — 2]

KT R AT

Using this step length, we have the optimal convergence rate of

2Lypll00 — 0*(1 — g *") | Mz — 27|
i, 0k) — f(2*,07)] < LyggX |60 — 67| + —2 5
[f(@x. 0r) = f(27,07) < Ly pdq |00 — 07| (1—qg)(K +1) K+1

dm 2Lf9 )
< ——2— 4+ |6 — 0%|| [ Log® + ’
~ VK +1 1% =671 < H0y T T =) (K + 1)

d:p Co
=L oo — 07| (Lpeg + =),
L oy ||< rod! (K+1)>

Impact from learning

where d, = M||xzg — 2*|| and cg = 2Ls9/(1 — qq). O

Remark: Standard subgradient methods for convex optimization display a convergence rate of
O(1/VK) in function value [29]. Notably, the joint scheme shows no degradation in the rate,
not even in a constant factor sense. More specifically, the modification in the rate is given by
160 — 0%[|O (£ + ¢¥), with both terms arising from learning diminishing to zero at a faster rate.
This factor is scaled by the distance of 6y from its true value #* and we recover the original rate if
0y = 6*.

3 Misspecified monotone variational inequality problems

In the problem formulation investigated thus far, the misspecified parameter 8* lay in the objective
function f. Yet in many instances, the misspecification may also arise in the constraint set. In
particular, consider the following misspecified problem (C'(6*)), defined as
min x, 0" c'(0*

min_ f(@.0"). @)
where z € R", f: X x © — R is a convex function in z for every § € © C R™. One approach is to
relax the constraints that are misspecified and consider a Lagrangian (or an augmented Lagrangian)
approach. Another approach lies in leveraging the convexity of the problem and considering the
complementarity problem arising from the first-order (sufficient) optimality conditions. It is well
known that if the constraints set X (6*) has an algebraic structure given by

X(0%) & {z: h(x;0*) > 0,2 >0},
where h(x,0) is a convex function in z for every 6, then the first-order conditions are given by

0<z L V.f(z,0)—Vh(z,0)TX>0,

0< AL h(z,6) >0, (CP®))



where v L v = [ul;[v]; = 0 for every i. It is well known [I0] that this complementarity problem
(CP(9)) is equivalent to VI(Z, F(.;0)), where Z £ R7"*" and F(z), defined as

a (Vaf(z,0) — Vih(z,0)TA
re & (Y0,

is a monotone map. More generally, variational inequality problems represent a broadly encom-
passing tool for capturing a range of equilibrium problems arising in economics, engineering, and
applied sciences (cf. [13]). This motivates us to extend the realm of computational problems to
accommodate the class of misspecified monotone variational inequality problems, which is formally
defined later in this section. By doing so, we may not only accommodate the problem (C’(6*)), but
also we can consider a far broader class of misspecified problems.

Given a set X C R" and F : X — R"”, a single-valued mapping, then a variational inequality
problem VI(X, F) requires an x € X such that (y — )T F(z) > 0 for all y € X. More specifically,
we consider the misspecifed variational inequality problem VI(X, F'(e;6*)) where F': X x © — R™:

(y—2)"F(;07) >0, VyeX. (V(67))

In Subsections and we present extragradient and regularized first-order schemes, respec-
tively, for misspsecified monotone variational inequality problems with strongly convex learning
problems. Throughout this section, we make the following assumption on the learning function g
and map F.

Assumption 12. (a) The function g is differentiable, strongly convex with constant ng, and
Lipschitz continuous in gradient with constant G.

(b) The map F is monotone in x and uniformly Lipschitz continuous in x and 0 with constants
Lpy and Lrg, respectively:

|F(2150) — F(a:0)]| < Loallas — a5 Var,m0 € X, V€O,
HF(JI,Ql) — F(x,Hg)H < LF,0H91 — 02“ V91,(92 S @, Ve e X.

3.1 Extragradient schemes

The extragradient scheme was first proposed by Korpolevich [30] and such approaches have been
enormously useful in the solution of both convex optimization problems and monotone variational
inequality problems [13] via constant steplength schemes. Subsequently, Nemirovski [31] proposed
a prox-type method with a general distance function with convergence rate of O(1/K), which
is equivalent to extragradient scheme under a Euclidian distance function. In this subsection, we
consider whether the extragradient framework can be extended to the regime of interest and propose
a misspecified variant of the extragradient scheme:

Algorithm 3 (A joint extragradient scheme). Given zy € X, 6y € © and a steplength T,

211 = Ux (v — 7F (21;6k)) vk >0, (Extrag(0y))
Tyl = Hx(:lik — TF(Zk_H; Qk)) Vk > 0, (ExtraZ(Qk))
Or+1 = e (0r —v4Veg(Or)) VEk > 0. (Learn)

Unlike the standard projected gradient framework, the extragradient scheme requires two con-
secutive gradient steps with the same belief ;. Note that the proof of convergence follows along
the lines of that provided by Facchinei and Pang [32], but with some care required to handle the
extra terms arising from learning. We begin by presenting a supporting Lemma.



Lemma 15. Let Assumption holds and {x, 0} be the sequence generated by Algorithm @ If

z* is a point in X*, then for all k,

zs1 = 2*|* <z —a*)1? = (L= 72 LEg )21 — 2l)? + 27 Lpp|0sr — 0| [l2* — 214 |-
Proof. By the projection property, we have that for any = € R™,
ITx(z) — 2||> < ||z — 2||* — |Tx(z) —z||* forall z¢€ X.
Using above relation with = xp — 7F(2541; 0k) and z = 2, we obtain
2k r1 = 2*)|* < llog = TF (2h4150k) — 2% = |lzpgr — (25 — TF (25415 00)) 1
By expanding the terms on the right hand side, we have
[ (27)
< g — 2|1 = lener — 2l + 27 F (21415 01) T (2" — 1)
< g — 2| = lektr — zpl® + 27 F (21150 (¢ — 2p1)

+ 27 (F (2413 0k) — F (2141, 0%))" (2% — 2p11)

<k — 2*1 = l|zpsr — 2kll® + 27 F (2113 0%) T (2% — 2pg1) + 2774 (2% — 2p40), (28)

where the second inequality is a consequence of adding and subtracting F(zz,1,0%)7 (2* — zp41)
and 7441 is defined as 741 2 F(2p11,0k) — F(2r41,0%). By the monotonicity of F(e;6%) over X,
it follows that

(F(zh41,0%) = F(z*,0%)" (21 — 27) 20,

and since z* € X*, the above inequality can be simplified to F(zx11,0*)T (2441 — 2*) > 0. Hence,
by adding and subtracting xx.1 in the above inequality, we obtain that

F(2r11;0%)" (211 — 2rp1) + Fz3150%) " (w0 — %) > 0,

which implies
F(2k41;0%) (2ha1 — 2rg1) > F2p41;0°)7 (2% — 2ppn).
Using this relation in , we see that
lnsn — a2 < ok — 2717 — lnsn — 2xl2 + 20 F (oign, 0 (s — aan) + 277 Ty (2 — 241)
<law — a1 = lzrrs — @il = 27F (2rg1, 0°) " (2r11 — 2h41) + 2774 (87 — 2p41)-
By writing 41 — 2 = (41 — 2ke1) + (Zhgp1 — Tk), we can expand ||z — 23]|? as follow:
ka1 — 2ll® = (@1 — 2k41) + (201 — 2) |2
= llzn1 = zea |2+ llzren — 2l = 202 = 2000) T (@041 = 2001).
By combining the terms in the inner product with 11 — 2141, we obtain
ks — 212 < flew = 212 = ok — 2o |® = llzen — 2l

+ 2(@pp1 = 2h1) (@ — TF (2611, 07) = 2541) + 2700 (@ —2ppa). (29)



Through the addition and subtraction of terms, (21— 2x41)? (xx —TF (2611, 0%) — 2x11) as follows:

(Trr1 — 2e41) " (@ — TF (2hs1,0%) — 2041) = (Th1 — 2h41)” (26 — TF (28, Ok) — 241)
+7(@hr1 — 2k41)” (F(@r, 0k) — F(2k11,601))
+ (g1 = 2h01) T (F (211, 0) = F2041,0%)).
Since zx41 € X and zp11 = U x (2 —7F (2, 0k )), the first term on the right hand side is nonpositive

by the projection property. By leveraging this property and the Lipschitz continuity of F'(e,0*) in
z, we have

(@41 — 2641) " (2 — TF (2141, 0%) — 2541)
< T(Thy1 — 2k41)” (F(2h, 0k) — F (2141, 0)) + T(@k1 — 2641) " (F (2041, 0k) — F (2141, 0%))

< TLpglwrr1 — zegallllen — zrenll + 77 (Trgn — 2041)

1
< SUlnen = 2l + 7 L llok — 2k l?) + 77 (@1 = 2510)- (30)
From the Lipschitz continuity of F'(x,#) in 6, it follows that ||[rx+1]| = [|F (2k+1,0k) — F (2k+1,0%)| <

L pl||0r — 67||. By employing this bound and by substituting in (29), the result follows.

21 — &) < ok — 2*)* = [|2rrr — 21l = znr1 — zoll® + |21 — 261 1* + 7°Les |2k — 2|12
+27[[rrga | |2 — 2]
= |lzx — 2*|> — (1 = 72 L) | 2e41 — @l + 27 |Iresa || |l2* — 2]

= llaw — 27| = (1 = 7°Lig) l2k1 — zill® + 27Lpgll0k — 0% [lll2" — 25 |-
O

We now leverage this result in proving the convergence of the iterates produced by Algorithm

Theorem 16 (Convergence of extragradient scheme). Let Assumption holds and © 1is
bounded. In addition, assume that stepsize vy 1s fived at vy, where v4 < Glg Let {xy, 01} be the
sequence generated by Algorithm [3 with

2 1
< = —.
Ly, +2Lroll00 — 07|

T

Then {xr} converges to a point in X* and {0} converges to 0* € © as k — co.
Proof. From Lemma we have
ks = 2|1 < llag = "I = (1 = 72 L) 241 — 2xl® + 27 Lpgll6 — 072" — 2kl

where z* is any point in X*. By writing 2* — 211 = (xx — 2k+1) + (¥ — 21) and using the triangle

inequality, we obtain that

s = 12 < llan — 2|2 = (1= 2L )1z — il + 27 Liegl10 — 0112k — 2| + 127 — a])
<oy = 2*)1? = (1= 72 L) 2k — zi?

+ Lpgll0k — 0| (72 N|l2k — ziga ||® + 722" — 2k))? +2),



from 2a < a? + 1. By strong convexity of function g, there exist a constant g, € (0,1) such that
10k — Ool| < q’;_l [0 — 6*||. By replacing this bound into the above inequality and then combining
the similar terms, we get

41 — 2™
<l = &*|* = (1 = 72 L) 21 — @ll® + Lioay 100 — 671l (72 |2k = 2pa | + 722" — il |* + 2)
< (L+7°Liolfo — 0[lag )l —a*|* = (1 = 72(LE, + Liolifo — 0 llay ™)) ll2ksr — 2
+2Lrogy (|60 — 67 (31)

To prove that the sequence {zj} converges to a point in X*, we make use of Lemma To check
that conditions of Lemma are satisfied, we first see that

T2 Lpollfo — 0"

2LFro||00 — 0*
rollbo =01 _

o o
> TLpgllbo—0"llgf ' < <ooand Y 2Lpaqy |6 — 67| <

k=1 1—q k=1 1—q
In addition, 7 satisfies the following for every k:
9 1 1

T

< < -
Ly + Lrollfo — 05 = L3 + Lpgll6o — 6*[1q5 "

Consequently, (1—7%(L% ,+ Lr|l60—6* lg¥=")) > 0 for all k > 0. Then, by Lemma {5, we have that

(i) {|lxx—2*||} is a convergent sequence and (ii) Zzozl(1—7'2(L?c7x—|—Lf,9H90—0*]]q;f*l))\|zk+1—ka2 <
oo. By (i), {zx} — % as k — oo where Z is not necessarily a point in X*. Since (ii) holds and by
observing that 2211(1—72(L§11+Lf’9”00—6*Hqgfl)) = 00, it follows that lim infy_, o ||2k+1— k|| =
0. Consequently, we have that for some subsequence K,

= lim xp,= lim 2z, =
K3k—o0 +

HX(xk — TF(:Ek; Gk)) = Hx(i‘ - TF(:E, 0*))
Kok—o0

lim
K3k—o00
This implies that Z is a point in X*. But since {x;} is a convergent sequence, the entire sequence
converges to Z and the result follows. O

Remark: It can be observed that if 8y = 6*, then we recover the standard bound on the
steplength for extragradient schemes. While we do not analyze the rate of extragradient schemes, we
believe that analogous rate statements may be possible, akin to those provided by Nemirovski [31].

3.2 Regularized schemes for monotone VIs

Consider a perfectly specified problem VI(X, F'), where F' is a monotone map over a set X C R"
and assume that x* denotes its least square norm solution. Consider the e-regularized problem,
denoted by VI(X, F' + eI), where € is a positive constant and I is an identity map. Since the map
F + €l is strongly monotone as a consequence of the regularization, VI(X, F' + €I) admits a unique
solution. This motivates the ezact Tikhonov regularization method that generates a sequence {zj}
where z;, solves VI(K, F + ¢;I), € denotes the regularization at the k" iteration, and €; — 0 as
k — oo. Under suitable conditions (see [33], 34 10, Ch.12]) the sequence {z;} converges to z*
as € — 0. The standard structure of the Tikhonov regularization scheme requires obtaining exact
or increasingly exact solutions of the subproblems VI(X, F' 4 ¢,I), a relatively costly process. An
alternative lies in taking a simple projected gradient step on the regularized map [26] and updating
the regularization and steplength sequence at appropriate rates. This framework appears to have



been first mentioned in [35] and further analyzed in [36] and is often referred to as iterative
Tikhonov regularization and defined as follows:

Tt = Ix (2 — W (F(zr) + exzi))  VE >0,

where 7, and € are two vanishing sequences satisfying certain requirements. The reader can refer
to [36] for more details. Inspired by this framework, we introduce a class of (Tikhonov) regularized
schemes for the solution of misspecified monotone variational inequality problems:

Algorithm 4 (A regularized projection scheme). Given an g € X and 6y € © and sequences
{"Yf,ka’Yg,k} and {ek}J

Tpy1 =y (:Ek — 'yf,k(F(xk, Qk) + ekxk)) Vk > 0, (Var(@k, Gk))
Or41 := e (Ox — v4.kVeg(Or)) vk > 0. (Learn)

In our analysis, we consider two auxiliary sequences {z}} and {z}}, defined as follows:

af o= Ux(z}, — vpr(F(2h, k) + exal)) Yk >0, (Tik(6x))
zp = x(2f — vpk(F(2],0%) +exzl))  VEk > 0. (Tik(6%))

Note that {z}} denotes the Tikhonov sequence associated with an estimate of 8*, given by 6y, and
each iterate represents the solution of the regularized problem VI(X, F(e;6x) + €;I). The iterate
xi, can be viewed as a solution to a fixed-point problem, an alternative avenue for stating that 2% is
a solution of VI(X, F'(e;0;) + €,I). Analogously {z}} represents a sequence in which each iterate is
a solution to the regularized problem VI(X, F'(e;0*) + €;I). In what follows, we present a series of
Lemmas that will be used to prove the convergence of the sequence {zx} to the least-norm solution
of problem V(6*). The proof sketch is as follows: In Lemma we relate {z}} with {z}} and show
that as 6y converges to 6%, {z}} converges to {z}}. Lemmas and when combined,
show that as k — oo, the iterative Tikhonov sequence {z} converges to the sequence {z}}, by first
deriving the bound on ||z — z%|| and then showing that this bound goes to zero. Consequently,
convergence of {z;} to the least norm solution will be immediate since we know that ||z} — 2} || — 0
as k — oo and {z}} converges to the least norm solution of problem V(6*). We make the following
assumptions on the set X and also on the stepsize and regularization sequences:

Assumption 13. The set X is compact and sup,cy ||z|| < M, where M is a constant.

Assumption 14. The following hold:
(a) 0 < Vg < (LF;WS % for all k;

(b) virer <1 and Y 72| Vi rep = 00;

3 |Ek71_6k| — .

(C) limy o0 Tk 0;
A . q* . qq A
(d) Yo = 7y such that v4 < 2/Gyg, hmk_moi = 0 and hmk_,oom = 0, where q5 =

V1= 9mg(2 = 74Gl).-

Lemma 17. Let Assumptions and hold. Consider the sequences {z}} and {z}} generated
by (Tik(6*)) and (Tik(0y)). Then, ||z} — zL|| = 0 as k — oo.



Proof. By the definition of z, we have the following: (2} — 2%)T (F(z%;6;) + exal) > 0. Similarly,

we have the following: (2 — z8)T(F(2L;0%) + ex2l) > 0. By adding the two inequalities, we obtain

the following:

(2 — f) T (F(f; ) — F(24:6%)) > exllaf, — 2%
By using monotonicity of F(e;0*) and Lipschitz continuity of F', this inequality can be recast as
follows:

eillzg — 2il® < (2f, — @) (Fa); 0) — F(24;07))
= (2 — 23) T (F @) Op) — F(a}:0%) + F(3;0%) — F(24:07))
= (2 — 23) T (Fw)s; Op) — F(2}:0%)) + (21, — 23)" (F(};07) — F(2;07))
<0
< (2 — 2p) " (F () 0k) — F(23:0%)) < llzg — @il LrollOx — 071

It can then be concluded that

Lrg

Lrg
I < =22 qk160 — 67,

124

where the second inequality is a consequence of the strong convexity of g, by which 6 converges
to 0* at a geometric rate g, £ /1 —7,Gy(2 —7,G,). Using Assumption [14(d), it follows that
limy, o0 |2}, — 2k = 0. O

We now develop a bound on ||z} — 2% || in terms of the regularization parameters €; and €;_q
and the estimates 6, and 0;_1.

Lemma 18. Let Assumptzons n, . and .(d) hold. Suppose zt and x| are defined by Tik(0))
and Tik(0x—1) respectively. Then, we have that ||z}, — 2t || can be bounded as follows:

LFeqk 1o, M
o}, — af || < ——L—— + —|er—1 — e,
€k €k

where g3 = \/1 —7,G4(2 — 14Gy), Cg = ||00 — 0*||(1 + q4), and M is defined in Assumption .
Proof. We begin by recalling that z_; and z! satisfy the following inequalities:

(ko1 — z3) " (F (@), O) + ery) 2 0, and (af, — 2f_y)" (F(2)_1, 0h-1) + ex-1241) 2 0.
Adding both inequalities, we obtain that

(why — 2}) T (F (a2}, 0k) = F(2h_1,08-1)) + (wfy — 2f)" (el — exa2)_y) > 0.
By adding and subtracting (zf_, —2%)T F(z_,,0x) and (2! _, —a!)Texal |, we obtain the following
by using the monotonicity of F(z,6) in x:
(@hoy — 23) T (F(2fy, 0k) = F(af_y,06-1)) + (2hoq — 2f) " (enh_y — err2f_y)
> (g — 24) T (F (@), Ok) — Flag, 0)) + en(zfy — i) (2hoy — 2t) > enllzfy — ai]*.

Consequently, by leveraging Cauchy-Schwartz inequality and by invoking the bound ||z|| < M, we
obtain the following bound:

1= @lllOk = Okl + g My — whlllen—1 — el

) |
€k

ekllh—y — @i l* <

LEyg F M
= [laf_y — 2l < =0k — O || + lek—1 — ex] < —=10k — Op—1ll + —lex—1 — exl.
€k €L €L



Furthermore, ||0; — 01| can be bounded as follows:
16k = Or—r [l < 116k — 67[| + [|0k—1 — 6*]] < g |6* — boll + g5~ 1|6 — 6oll = g5~ ' Cy-
k—1
The resulting bound on ||z} — % || can be further simplified as ||z} —zf || < %kc" +%|€k—1 -
€k|- O

Next, we proceed to derive a bound on the difference ||zj41 — ||

Lemma 19. Let Assumptions and (d) hold. Suppose {zy} and {z}} are sequences
generated by Algorithm || and (Tik(0y)). Then, ||zg11 — ak|| can be bounded as follows:

akLysoqs ' Cy N Mgy,
€k €L

lzks1 — 24l < gellzr — 2h || + lek—1 — €k,

where q = \/(1 + vﬁk(LF@ + €)% — 2ypiex) and Cy, q4 and M are constants defined in Lemma
18

Proof. We begin by bounding ||z4+1 — || by leveraging the nonexpansivity of the Euclidean
projector.

zrr1 — 24 l” = |x (zr — vrp(F(zn; 0k) + enzr) — x (2f, — vre(F(2h; ) + eral))||”

< lon = gk (F (s 0k) + enar) — (af — vpk(F () 00) + e[|
= llzk — 2hlI* + V7 4l F (2, O0k) + enzr — (F(2h; k) + exal)|)?
— 29pk(wp — )T (F(w; 01) + exr — (F(xh; 0k) + exh).
The Lipschitzian property of F'(z;6) in z uniformly in § and the strong monotonicity of (F(x; 0)+e€x)
in z uniformly in # allows for deriving the following bound.
2k — hl1? + VF R (@, Ok) + extr — (F(},, 0k) + ey
— 2y iz — o) (F(2k, Ok) + ey — (F(ah, 0k) + eral)
< llaw = 212 + 77 e (Lre + e on — 2il® — 2vpperllan — ol
= (1 + 77 1(Lra + &) — 2vpper) 2k — 2%,

which can be simplified to ||zg11 —2}|| < grllzg — =} || where gx 2 (1477 (L +ex)? — 2y pex) V2.
By using the triangle inequality, the above inequality can be expanded as the following;:

okt — 2l < arllow — 23l < arller — i || + aellz), — 2| (32)
By combining and Lemma we obtain the following;:

akLyoqi ' Cy N Maq
€k €L

#rg1 — 24l < @rllze — 2f_ || + ler—1 — €xl.

We now leverage this bound to show that ||z — 2}|| — 0 as k — oc.

Lemma 20. Let Assumptions and |14 hold. Consider the sequence {xy} and {z!} generated
by Algorithm |4 and (Tik(6y)), respectively. Then, limg_,o |25 — 2t || = 0.



Proof. This requires the use of Lemma [19]and Lemma [I}
(i) Under Assumption [14f(a), we have that

G = \/(1 + 7 e(Lre + &) = 2ypker) = \/(1 = Vrk(2ek = Vpk(LEg + €1)?)) < \/(1 —Vpker)< 1,

where the last inequality follows from Assumption (b) Hence, we obtain the following;:

> S(1-¢) 1 o 1
E 1-— = E - > — E 1— > — E =

where the last equality follows from Assumption (b)
(ii) Under Assumption [14] we obtain the following:

lim Qka,eq;f—ng Ma lex—1 — €kl
k—oo | (1 — qk)ex (1—qr)er =

|+ a)anLyedy'Cy  Ma(1+ qr)
= lim D) 2 lek—1 — €kl
k—o0 | (1- qk)ﬁk (1- qk)ek
[+ a)aLredtCy M1+
< lim ( ) f2 g g + qk( . Qk) |€k—1 _ Ek"
koo | Y1k VfkC
[2L;0d""1'C, oM
< lim £0% 3 L+ slek—1 —exl| =0,
koo | VfkE V1 k€

where the last inequality follows from Assumption (b) (since vf ke < 1 for all k implying ¢, < 1)
and the last equality is a consequence of invoking Assumption (d) and (c). Hence, conditions
of Lemma (1| are met. This completes the proof. O

We now prove the convergence of the regularized gradient schemes by showing that ||z} —zL| — 0
as k — oo.

Theorem 21 (Convergence of regularized scheme). Let Assumptions and hold.
Consider the sequence {zy,0;} generated by Algorithm [} Then, {xx} converges to z* as k — oo,
where * denotes the least-norm solution of X* and {0y} converges to 0* € ©.

Proof. From Lemma it can be concluded that z; — ! as k — oo. Furthermore, Lemma
guarantees that ! — 2z as k — oo. Moreover, the sequence of solutions to the (Tikhonov)
regularized problems, denoted by {z}}, converges to z*, the least norm solution of VI(X, F(e;6*))
(cf. [I0, Ch. 12]). It follows that z} — z* as k — oo. O

A natural question is whether there is indeed a feasible choice of steplength sequences that
satisfies the prescribed assumptions. In the next Lemma, we show that there exists a feasible
choice of stepsizes that can satisfy requirements of Assumption

Lemma 22. Let’}’f’k:m andEk:W, w}l€7’€0<,8<04<1 and0<a+5<1

Then, conditions of Assumption are satisfied.
Proof. (a) It can be seen by the choices of v¢ ) and ¢ that
Ley/(Lpgted)

1 1 1 1

Yk = g = < < .
M L + 12+ 1) = (L + 1%k + 1)7 (L + g )k +1)8 ~ Lig(k+1)7




1 1
(b) ZZO:I Vi k€ = 220:1 (Lp+1)2(k+1)o+pB > Z;O:l 1 = CC
(c) If t = (k + 1), we may express the required limitas follows:

B
1 1 i
lim L% _ i MGDE lim E ’ lim M— lim ﬂ
k—o00 Vi, k€, N k—o0 W o k—o0 k—o0 (k + 1)—& - k00 (k‘ +1 —a—-B
1-(1-1)
= lim M
t—o00 t—a—0

Since this limit is of the form of 0/0, we may use L’Hopital’s rule to express the limit as follows:

1-(1-1)° —B1-H 1\ 1
limM:hm pll—1) 2= lim -4 (1- = lim =1x0=0.
BT e % (ca— Bta Pl ik t) o (—a—paP

qk*l qk—l
(d) We have that limg_,oo =4 = limg_,oo —4—— = 0, since the numerator converges to zero
V£ k€L =
k k
at a faster rate than the denominator. In addition, limy_, Z—i = limp_, q+ = 0 for the same
(k+1)B
reason. ]

4 Numerical Results

In this section, we present some numerical results that support the converence and rate analysis
provided earlier. In Section we describe the economic dispatch problem which will form the
basis of our computational investigations. On the basis of this problem, we consider the problem
of misspecified costs (Section as well as misspecified demand (Section .

4.1 Economic dispatch problem

A traditional economic dispatch problem [25] requires scheduling of generation to meet demand
requirements in a least-cost fashion. The schedule has to abide by a set of capacity and ramping
constraints and is given by the following optimization problem:

T N
min chi(givt) (EDisp)

t=1 1=1
N
subject to Zgi’t > dy, vti=1,...,T (33)
i=1
0<git <G Vi, t=1,...,T (34)
Git — Yig—1 <17 Vi, t=2,...,T (35)
Gi—1 — gig < T Vi, t=2,...,T, (36)

where N and T" are number of generators and time periods, respectively. In addition, g;; represents
output power of generator i at time ¢, and ¢;(-) is the generation cost function of generator i, d;
denotes load demand at period ¢, G; is the capacity of generator 4, and ;" and r?own are the ramp-
up and ramp-down limits of generator ¢, respectively. Note that is responsible for balancing
generation with demand while (34)) ensures that the power output of generators stay within the
defined threshold. Constraints and are ramping rate bounds that simply ensure that

any change in power output is within a defined limit over consecutive periods.



4.2 Misspecified cost functions

In what follows, we consider a setting where generation cost functions are misspecified quadratic
functions modeled as ¢;(g;60;) = 0;19% + 029, where 0; = (6;1,0;2) is unknown. Suppose that for
generator i, we have a prior collection of P samples denoted by (cij, i), j = 1,..., P defined as
Cij = Gjlggj +050i; +&(w) j=1,..., P, where { is a random variable with mean zero. Then, the
misspecified parameter 0* = (6, 0%)i=V is learnt by solving the following least squares problem:

N P
1
in h hhéiggi'_i‘z 129i))>.
, i (0), where h(6) NP 2 j:1(cj (0i19;; + bi2gij))

In the first set of tests, we examine convergence of the constant and diminishing step length

[ # [ Capacity [ rUP [ pdown ]
1 40 20 20
2 40 20 20
3 35 18 18
4 50 25 25
5 40 20 20

Table 3: Generator capacities and ramp limits

schemes proposed in Section We consider a set of 5 generators with misspecified generation
cost function coefficients. The goal is to schedule the power output over 5 time periods. The
generators’ specifications are shown in Table For each generator, a set of 1000 samples is
collected for constructing the learning problem. Figure [I|shows the behavior when using a constant

4
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Figure 1: Strongly convex Opt. and learning: Const. steplength (1) and Diminish. steplength (r)

steplength scheme, with vy = 0.04 and v, = 0.003. Note that the Lipschitz constants for the
gradient of optimization and learning functions are Gy, = 20 and G4 = 250, respectively, while the
strong convexity constant of the optimization problem is 7y = 20. Hence, the prescribed stepsizes
satisfy the required conditions. The scheme is also compared to the case when using the optimal
f* in the cost coeflicient, requiring no learning. Expectedly, we observe slower convergence when
the cost function coefficients are misspecified. The figure on the right displays the trajectories
when using diminishing step length scheme with v = vy = % Figure plots the convergence



rate when using constant step size schemes and both the optimization and learning problems are
strongly convex.

5 1 1 1 1 1 1
— Misspecified theta* 60 L L — "‘ e
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Figure 2: Strongly convex optimization: Impact on rate (1) and empirical vs. theor. rate (r)

Figure (1) compares the error in solution iterates of optimization problem for the cases of
missipecified and known 6*. As would be expected, when no learning is involved, we observe a
linear convergence rate as shown in the dashed line. However, when learning is incorporated, the
rate drops as shown by solid line. Figure [2[ (r) compares the actual error in solution iterates of
misspecified optimization problem to the theoretically predicted bound obtained in Proposition
and supports the validity of the bound.

No. of generators Constant step size, k = 5000 | Diminishing step size, k = 15000 | Averaging scheme, k& = 15000
_ g+ Mf(gk,0)—F"1T _ p* Mf(9r.0 ) =71 _ p* Mf(gk.0)—F"1T
o — 07 | S o — 071 | L o — 0% | -
5 3.3e-3 9.4e-7 1.3e-3 5.7e-4 6.9e-7 3.4e-4
10 1.2e-2 2.7e-6 2.7e-3 6.0e-4 1.1e-6 5.8e-4
15 1.2e-1 5.4e-5 1.2¢-3 5.9e-4 2.1e-6 5.6e-4
20 9.0e-1 3.0e-3 4.3e-2 1.2e-3 5.0e-6 6.6e-4

Table 4: Constant and diminishing stepsize and averaging schemes

In Table 4, we examine the performance of the various schemes as the problem size grows. The
implemented schemes are the constant step size scheme proposed in Proposition , diminishing step
size scheme proposed in Proposition [3| and averaging scheme stated in proposition [} We compare
the error in both the solution to the learning problem and the error in the function value associated
with the optimization problem after a prescribed set of iterations. While constant steplength
schemes perform well, the performance appears to be more affected by problem size in comparison
with diminishing steplength or averaging schemes. This can be traced to the observation that as
problem size grows, the Lipschitz constant of gradient of learn function increases as well and the
employed step sizes for constant step size scheme are adjusted accordingly.

Figure [3|displays the performance when using the averaging schemes proposed in Proposition
[6l With known 6*, the rate of convergence in function values is of the order of 1/K where K is
number of steps. In Figure [3| (1), the error in function values is shown as a dashed line when 6*
is known and this rate drops by a constant factor when learning is involved as shown by the solid
line. Figure (3| (r) compares the theoretical bound in Proposition |§| with the empirical error. As
it is confirmed in this figure, the theoretically predicted rate represents an upper bound to the



actual convergence rate of averaging scheme. Table [4] displays the errors obtained from running
the averaging scheme for 15000 iterations with increasing number of generators.
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Figure 4: Nonsmooth convex optimization: empirical error vs. theor. bound

To test the joint subgradient scheme(Algorithm , we consider a nonsmooth generation cost
function that is the maximum of 3 linear functions and is defined as below:

ci(g;0;) = max <9i19 + 0i2,0i39 + 034, 0i59 + 92’6) i=1,...,N

Figure [ displays the result using the optimal constant step length scheme proposed in part (ii)
of Proposition Given a terminal iteration index K, the optimal step length is first calculated
using and then the scheme is terminated after K number of iterations. Figure HM4| compares
the resulted empirical error in function value of averaged point versus the theoretical bound. As
shown in the figure, the empirical error is within the theoretical bound.

4.3 Misspecified demand

Suppose that demand vector d = (d; : t = 1,...,T) is misspecified and may be learnt through a
parallel learning process. We refer to the misspecifed problem as (EDisp(d)) where d denotes the



misspecified demand. Suppose the linear inequality constraints of (EDisp(d)) are given by

T
N *
(Zi:1 it — dt>t71
/=
h(g) & (Gi - giﬁt)i,tzl
T
(T;lp = Git + gi,tfl)i,tZQ

down T
(rfov™ — gisa +-gat)ﬁt:2

where g 2 (g;4:i=1,...,N,t=1,...,T), and the cost function is given by ¢(g) 2 ST SN | ¢i(gis)-
The first order conditions of this problem are necessary and sufficient and are given by

- 2 (9 s (Vgelg;d) = Vgh(g;d*)TA
0<zl F(z;d") >0, Where2—<>\>,F(z)—< h(g: d°) ,

and A is a vector of dual variables corresponds to the constraints set h(g) > 0. The above conditions
can be compactly stated as VI(Z, F'(e; d*)) [13] allowing us to consider the use of the regularized and
extragradient schemes developed in Section [3|for the solution of misspecified variational inequality
problems. We consider a set of 5 generators with known quadratic cost functions while the demand
vector d* = (df : t =1,...,T) is unknown. A set of 1000 samples is randomly generated and the
optimal demand is the solution to the following learning problem:

1000
min L(d) where L(d)= d — 2,
min L@ (@23 iyl
=1
and y;, ¢ = 1,...,1000 denote the set of samples. Since the variational problem is merely monotone,

the solution set is multi-valued. In such settings, we use the gap function [10] as a metric of
progress, which is analogous to the objective function in optimization. Given VI(Z, F'), associated
gap function is defined as follows:

Gy 2 LFW'y P ez
N EES (¥

where Z° £ {z:27y >0,y € Z}. Recall that z solves VI(Z, F) if and only if G(z) = 0. To
allow for representing the gap function when F'(y) ¢ Z°, we use a modified gap function given by
G(y) = F(y)Ty, which could be negative. Figure [5| (1) compares the trajectory of gap function
value with learning (solid line) with the trajectory observed when d* is available. Note that in this
problem, 7' = 2 and vy = k=965 and ¢, = k7934, In addition, we employ a constant step size of
vg = .003 for the learning problem, given that the Lipschitz constant of V4L(d) is estimated to be
520. Expectedly, learning leads to a degradation in the convergence rate as compared with using
the true demand d*. In Figure [5 (r), we examine the behavior of the misspecified extragradient
scheme where T' = 5 and Lp, = 2.8, Lpy = 1 and G, = 2, respectively. Hence, the step sizes
are fixed at 7 = 0.01 and v, = 0.9. Finally, in Table |5, we examine the error when the number
of generators increases. We terminate the regularized and extragradient scheme after 10000 and
150000 iterations and we present the error in solution iterates of learning function as well as the gap
function associated with the true problem. Since the extragradient scheme is a constant steplength
scheme, its performance appears to be significantly better than the regularized scheme but the
latter does not necessitate knowledge of system parameters.
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No. of generators Extragradient scheme, &k = 10000 | Regularization scheme, k& = 150000
d — T ] G(gx; d¥) ld—d*T | G(gx; d¥)
5 4.5e-6 2.10e-5 2.7e-4 1.2e-3
10 9.8¢-6 4.36e-5 3.8e-4 2.3e-3
15 1.3e-5 6.5e-5 4.6e-4 3.4e-3
20 1.8e-5 8.6e-5 5.3e-4 4.5e-3

Table 5: Convergence of extragradient and regularization schemes

5 Concluding remarks

The field of optimization algorithms has predominantly focused on the resolution of optimization
problems when the objective function and the constraint set are known with certainty. However, in
settings complicated by large networked systems with streaming data, the resulting optimization
problems are often corrupted by a misspecification, either in terms of the model or a prescribed
parameter. We focus on the second case and examine how one may resolve this misspecification
through a suitably defined learning process. More precisely, we formalize the setting as one where
we have two coupled computational problems; of these, the first is a misspecified optimization
problem while the second is a learning problem that arises from having access to a learning data
set, collected a priori. One avenue for contending with such a problem is through an inherently
sequential approach that solves the learning problem and utilizes this solution in subsequently solv-
ing the computational problem. Unfortunately, unless accurate solutions of the learning problem
are available in finite time, it appears that sequential approaches may not prove advisable.

In this paper, we consider a simultaneous approach that combines learning and computation
via gradient-based techniques. We make several contributions in this regard, broadly categorized
within the realm of misspecified convex optimization and monotone variational inequality problems:
(i) Convex optimization problems: First, in strongly convex regimes, it can be readily shown that
constant steplength gradient schemes admit global convergence properties. In regimes where the
strong convexity constants are unavailable, we prove that suitably defined diminishing steplength
schemes are also shown to be convergent. Furthermore, we provide rate statements that demon-
strate a degradation the linear convergence rate, a consequence of incorporating learning. Next,
we consider problems where the computational problem is merely convex and observe that both
constant steplength gradient and subgradient methods see no change in the overall convergence
rate but instead display a similar modification in their rates given by |6y — 9*||O(q§< +1/K). This



term is scaled by the initial misspecification in 8 and comprises of two terms, the first being a term
that emerges from learning the true 6* and decays to zero at a geometric rate while the second is
an interaction term that takes its rate from the averaging structure. When both the computation
and the learning problems are assumed to be merely convex with an additional weak sharpness
assumption on the learning problem, both constant steplength and diminshing steplength state-
ments may be provided; (ii) Variational inequality problems: In the context of monotone variational
inequality problems, we present two sets of techniques. Of these, the first is a constant steplength
extragradient scheme in which the steplength bound is modified to incorporate the initial mis-
specification, given by ||y — 6*||. Our second scheme develops an iterative (Tikhonov) regularized
scheme that does rely on problem parameters and allows for recovery of the least norm solution of
the misspecified variational inequality problem. Finally, preliminary numerical tests support the
theoretical findings and remarkably the empirical convergence rates show a significant superiority
to theoretical bounds, suggesting that improvements may be available.

Yet much remains to be understood about the realm of such techniques, For instance, to what
extent does the introduction of learning affect the convergence rate in gradient methods as arising
from Nesterov-type acceleration techniques? Furthermore, can be develop analogous rate state-
ments for proximal and Lagrangian schemes and quantify the impacts from learning? Finally,
can we extend this framework to other computational problems such as in the solution of Markov
decision-making problems (MDPs)?
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