arXiv:2006.11151v1 [math.OC] 19 Jun 2020

T-positive semidefiniteness of third-order symmetric
tensors and T-semidefinite programming
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Abstract

The T-product for third-order tensors has been used extensively in the literature.
In this paper, we first introduce the first-order and second-order T-derivatives for
the multi-vector real-valued function with the tensor T-product; and inspired by
an equivalent characterization of a twice continuously T-differentiable multi-vector
real-valued function being convex, we present a definition of the T-positive semidefi-
niteness of third-order symmetric tensors. After that, we extend many properties of
positive semidefinite matrices to the case of third-order symmetric tensors. In par-
ticular, analogue to the widely used semidefinite programming (SDP for short), we
introduce the semidefinite programming over the third-order symmetric tensor space
(T-semidefinite programming or TSDP for short), and provide a way to solve the
TSDP problem by converting it into an SDP problem in the complex domain. Fur-
thermore, we give several examples which can be formulated (or relaxed) as TSDP
problems, and report preliminary numerical results for two unconstrained polyno-
mial optimization problems. Experiments show that finding the global minimums
of polynomials via the TSDP relaxation outperforms the traditional SDP relaxation
for the test examples.
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1 Introduction

With the availability of inexpensive storage and advances in instrumentation, the data col-
lected and stored now is more complex than ever before. Especially in practical problems
such as psychometrics, signal processing, computer vision, data mining, graphical analysis,
neuroscience and so on, it is usually necessary to store information in a multidimensional
array, and then use the multidimensional structure to compress, sort, and/or manipulate
the data. Among the many problems described by high-dimensional arrays (or tensors),
third-order tensors have become increasingly prevalent in recent years with the emergence
of the tensor T-product, which is a new type of multiplication between third-order tensors
introduced by Kilmer, Martin, and Perrone [I]. The tensor T-product has shown to be
a useful tool arising in a wide variety of application areas, including, but not limited to,
image processing [2H7], computer vision [8HI2], signal processing, low rank tensor recovery
and robust tensor PCA [I3HIS], and data completion and denoising [I9-31], because the
tensor T-product provides an effective approach to transform the tensor multiplication
into block diagonal matrix multiplication in the discrete Fourier domain.

Since Kilmer, Martin, and Perrone [I] introduced the new type of multiplications
between two third-order tensors so as to devise new types of factorizations for tensors to
be easily used in applications, the exploration of the algebraic properties of T-products
has been in progress. Specifically, in [32] some factorization strategies were established for
third-order tensors via the tensor T-product. In [33] and [3], the authors provided useful
frameworks to better view the action of the third-order tensors upon a set of matrices.
In [34], a lot of familiar tools of linear algebra were extended to the third-order tensors,
including the T-Jordan canonical form, tensor decomposition theory, T-group inverse and
T-Drazin inverse, and so on. In addition, Lund [35] proposed the definition of tensor
functions based on the T-product of third-order F-square tensors, which was found to
be of great use in stable tensor neural networks for rapid deep learning [36], and then
Miao, Qi and Wei generalized the tensor T-function from F-square third order tensors to
rectangular tensors in [37].

It is well known that the positive (semi)definite (P(S)D for short) matrix is an impor-
tant class of matrices, which has a wealth of theoretical results and applications. Actually,
P(S)D matrices can be used for inequality proof, eigenvalue solving, extremum solving,
system stability discrimination, and so on. As a result, P(S)D matrices have been applied
in various fields, such as numerical analysis, optimization theory, probability and statistics,
operations research, control theory, mechanics, electricity, information science and tech-
nology, management science and engineering, and so on. More information about P(S)D
matrices can refer to the monographs [38,[39]. In addition, the semidefinite programming
(SDP for short) as one of the important applications of PSD matrices has received ex-
tensive attention. Especially with the appearance of some effective algorithms for SDP
problems [40H42], SDP problems have been increasingly arisen in practical applications.



There are rich and mature results for SDPs in both theory and algorithms. See [43H45]
and references therein.

Motivated by that mentioned above, we extend the positive (semi)definiteness of matri-
ces and the SDP problem to the case of third-order tensors. Our contribution is threefold:

1) We explore the Fréchet derivatives of the multi-vector real-valued function based
on the inner product and the tensor T-product. We establish the necessary and
sufficient conditions for a multi-vector real-valued function being first-order and
second-order T-differentiable, respectively, and present the exact forms of the T-
derivatives. In particular, we propose a second-order condition to judge the convexity
of the multi-vector real-valued function under the premise that the function is twice
continuously T-differentiable.

2) We give a definition of a third-order symmetric tensor being T-positive semidefinite
(T-PSD for short) inspired by the second-order T-derivative, and show that the
new definition is equivalent to the one given by [3| Definition 2.7] and the one
by [34, Definition 15] in real case. In particular, we show that the set of symmetric
T-PSD tensors is a nonempty, closed, convex, pointed and self-dual cone, and extend
many properties of PSD matrices to the case of third-order T-PSD tensors, including
some results related to the T-eigenvalue decomposition, the T-roots, the T-Schur
complement, and so on.

3) As an important application of the T-positive semidefiniteness of third-order sym-
metric tensors, we introduce the semidefinite programming over the third-order sym-
metric tensor space (T-semidefinite programming or TSDP for short) and show that
a TSDP problem of size m x m x p can be transformed into an SDP problem with
5’%1 or 7%2 blocks of matrices of m x m in the complex domain. Then we present
several examples which can be modeled (or relaxed) as TSDPs, such as minimizing
the maximum T-eigenvalue of a third-order tensor, minimizing the spectral norm
of a third-order tensor, minimizing the nuclear norm of a third-order tensor, inte-
ger quartic programming and calculating the global lower bound of a polynomial.
Besides, we report preliminary numerical results for solving the unconstrained poly-
nomial optimization problem via the TSDP relaxation, which can achieve higher
accuracy and consume less time compared with the traditional SDP relaxation.

The rest of our paper is organized as follows. In Section 2] some notation and basic
results are reviewed. In Section [3, we explore the T-derivatives for the multi-vector real-
valued function and the relationship between a new type of tensors: the T-Hessian Tensor
and convexity of the multi-vector real-valued function. In Section [ we give the definition
of the symmetric T-PSD tensor, then discuss some characterizations and properties of
symmetric T-PSD tensors, and investigate the set of T-PSD tensors. In Section B we
introduce and study the TSDP; and convert the TSDP into the corresponding SDP in the



complex domain. We also present several examples for applications and report preliminary
numerical results. Finally, we sum up the conclusions and do some further discussions in
Section

2 Preliminary

In this section, we give some notation and basic results.

2.1 Notation

Throughout this paper, we use small letters a, b, ... for scalars, small bold letters a, b, ...
for vectors, capital letters A, B, ... for sets, capital bold letters A, B, ... for matrices,
and calligraphic letters 7, %, ... for tensors. For any positive integer n, denote [n] :=
{1,2,...,n}. Let R" := {x:= (1,29,...,2,)" : 7; € R for all i € [n]} and C" := {x :=
(1, 22,...,2,)" 1 2; € C for all i € [n]} where R (C) is the set of real (complex) numbers.
Let m, n and p be positive integers. R"*™ and R™*"*P denote the sets consisting of all real
matrices of size m x n and all real tensors of size m x n x p, respectively. Let N denote the
set of nonnegative integers. For a € N denote |a| := a1 + a9 + -+ - + ;. For any x € R
and o € N", x® means 7" --- 2%, and x' represents the transpose of x. For any &/, & €
R™*m*P the inner product between o7, 4 is denoted as o7 ¢ B = (ot | B) := ka a;ijkbijn,
and the Frobenius norm associated with the above inner product is ||/ = V.7 e o7
Specially, any matrix A € R™P? can be regarded as a tensor &/ € R™'*? with the i-th
frontal slice of 7 being the i-th column of A for all i € [p].

Recall that a complex matrix A is said to be symmetric (Hermitian) if and only if
AT = A (A = A), where AT (A¥) represents the transpose (conjugate transpose) of
A. We denote the set consisting of all real symmetric (complex Hermitian) matrices of
size n x n as SR™"™ (HC™"). For any z € C and X := (x;;) € C"™*", T denotes the
conjugate of z and X := (T;;) denotes the conjugate of the matrix X. Let U > (>
)0 represent that U is (Hermitian) positive semidefinite (positive definite) for any U e
HC™™ and SR (SRY*™) denote the set of all real symmetric positive (semi)definite
matrices of size n x n, while HC}"(HC*™) denotes the set of all complex Hermitian
positive (semi)definite matrices of size n xn . “®” denotes the Kronecker product between
two matrices and “” means standard matrix product.



2.2 Tensor T-product, transpose and inverse

For a third-order tensor &/ € R™*"*P a new perspective was proposed in [I1[32] based on
treating &7 as a stack of frontal slices, which were denoted as A®) e R™*" for all k € [p].
Furthermore, several operators on o7 € R™*"*P were introduced as follows:

A Al Al L AQ) A

A®  AQ A .. AG) A®
beire() = , . . . _ , unfold(ef) := , :

AP AG-D .. A® A AP

fold(unfold(<?)) := <, and beirc™ (bcire()) := o .

With the help of the above operators, the following definitions and properties were
given in [3] (see also [11,10,B32134]).

Definition 2.1. [3 Definition 2.5] (T-product) Let o € R™™P and % € R"**P be
two real tensors. Then the T-product </ = B is an m x s x p real tensor defined by

o « B = fold(bcirc(< )unfold(AB)).

Definition 2.2. [3, Definition 2.7] (Transpose and conjugate transpose) If <7 is a third-
order tensor of size m x m x p, then the transpose &/ is obtained by transposing each
of the frontal slices and then reversing the order of transposed frontal slices 2 through p.
The conjugate transpose </ is obtained by conjugate transposing each of the frontal slices
then reversing the order of transposed frontal slices 2 through p.

For any &7 € R™"™*P we say & is a symmetric tensor if and only if «/T = 7. The set
consisting of all the real symmetric tensor of size n x n x p is denoted by SR™*"*P.

Definition 2.3. [3, Definition 2.8,2.10] (Identity tensor and inverse) The n x n X p
identity tensor S,y 1is the tensor whose first frontal slice is the n x n identity matriz L, x,,
and whose other frontal slices are all zeroes. For a frontal square tensor o/ € R™ " P we
say </ is nonsingular if it has inverse tensor B(= o/ ~1), provided that o «+ B = B+ o =
Frnp-

It is easy to check that & * 7, = Fpmp * & = o for any o/ € R™*"*P_ In addition,
it should be noticed that the invertibility of the third-order frontal square tensor &7 is
equivalent to the invertibility of the matrix beirc(.ef), which can be seen from the following
lemma 34, Lemma 3].

Lemma 2.1. Suppose that o/ € R"*™*P and B € R"***P. Then

(a) beirc(of = B) = beirc( )bcirc(B),



(b) beire(a?)* = beire(a/*) for all k € {0,1,2,...},
(c) beire(T) = beire(2? )7, beire(a/ ™) = beire(e/)H.
In the rest of this paper, for simplicity, we will use the following notation: for any
of; € RmixmixP and ¥; € R™*"*P with i € [I], we denote
e4 "
. oy ¥y
Dzag(gfl,%,--- 7'52{1) = . ) U€C(/7/1,7/2,"' 77/1) = . 5
e N
and sometimes, they are abbreviated as Diag(.< : i € [l]) and vec(¥; : i € [l]), respectively.

When all &7 (7;) become matrices (or vectors or scalars), similar symbols are also used.

Recall that each circular matrix A € R™*" can be diagonalized with the normalized
discrete Fourier transform (DFT) matrix [47], i.e., there exists a diagonal matrix D such
that A = FEDF,,, where F, is the Fourier matrix of size n x n defined as

1 1 1 1 1
- 1 1 w w? wdooo Wl -
Ty : L : (21)
1 Wt w2(n—1) w?’(n—l) . w(n—l)(n—l)
where w = e with i2 = —1. Similarly, block circular matrices can be block diagonalized

by using the Fourier transform. In [3], the authors showed that for any third-order tensor
of € R™*™*P_there exists a block diagonal matrix Diag(A; : i € [p]) such that bcire(of) =
(F? @ 1,,4m)Diag(A; : i € [p])(F, ® Lx,), and pointed out the conjugate symmetry
between these block matrices A;.

Lemma 2.2. [3] Let o7 € R™*"*P be block diagonalized as
beirc() = (FY @ Lyxm) Diag(A; i € [p])(Fp @ Lixn), (2.2)

where ¥, is the Fourier matriz defined by 2.1). Then, Ay € R™", A; € C™" and
A=A, for anyie [p|\{1}. In particular, if o/ € SRV and AD e SR™"  then
A; e R™™ for any i€ [p] and A; = Apio—; for any i € [p]\{1}.

Remark 2.1. It should be noticed that, for any o € R"™"™*P which can be block diagonal-
ized as (2.2), most of the matrices A; (i € [p]) may be complex because of the participating
of Fourier matriz ¥, and they satisfy the relationships: Ay € R™™ and A; = Apio_; for
any i € [p]\{1}. It should be noted that most of the matrices A; (i € [p]) may be complex
even when < is symmetric, since AW = APT20 for any i e [p|\{1} may not hold in
this case. On the other hand, it should be noticed that any A; € C™*™ with i € [p], which
satisfy the above relationships, can lead to a real tensor by the construction as (2.3).
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3 T-Hessian tensor and convexity of the multi-vector
real-valued function

As is well-known to us, the local curvature of a multi-variable real-valued function can be
characterized by the positive semidefiniteness of its Hessian matrix, which is widely used
in Newton-type methods for solving various optimization problems. In this section, we
generalize the Hessian matrix to the third-order tensor: T-Hessian tensor, and study the
discriminant condition of the convexity of the multi-vector real-valued function.

3.1 Derivatives of multi-vector real-valued functions

In this subsection, we explore the derivatives of multi-vector real-valued functions. The
tensor space is a normed linear space with inner product. In the following, we regard a
matrix as a third-order tensor and derive the multi-vector real-valued function with the
help of the inner product and tensor T-product. We adopt the Fréchet derivative: Let
V and W be normed vector spaces, and U < V be an open subset of V. A function
f:U — W is called to be Fréchet differentiable at x € U if there exists a bounded linear
operator A : V' — W such that

A ) — (%) — A

= 0.
h—0 Ihflv

Recently, in [33] and [3], the authors showed that third-order tensors can be seen as
linear operators on a space of matrices with the help of the newly proposed tensor T-
product and obtained many good theoretical and computational results. Inspired by that,
we wonder whether or not can we adopt the third-order tensor as the linear operator in
the above definition of Fréchet derivative when the variety is a matrix? To this end, we
introduce the following definition first.

Definition 3.4. Let f : U < R™? — R be a continuous map. Then, we say f is
T-differentiable at 2" € U if and only if there exists a third-order tensor V 7 f(Z") such

that
I ) [ X)) = T2,
H—O |2 ’
and we denote the first-order T-derivative of f at Z as V7 f(Z") := a%f and we say f is

twice T-differentiable at 2 € U if and only if f is continuously T-differentiable and there
exists a third-order tensor V% f(2") such that

i IV2I(Z + ) =V 5 [(2) = V1 (2) < ] _

0,
H—0 |2



and we denote the second-order T-deriwative of f at 2~ as V4 f(Z) := av‘g%;}"@).

Furthermore, we say f is T-differentiable (twice T-differentiable) on U if and only if
f is T-differentiable (twice T-differentiable) at every 2 € U.

Remark 3.2. From the fact that the tensor T-product of two tensors of size m x n x p
reduces to the matriz multiplication when p = 1, it follows that f : U € R™™P — R being
T-differentiable (twice T-differentiable) on U is equivalent to f being differentiable (twice
differentiable) on U when p = 1.

Theorem 3.1. Let f be a continuous map from U < R™1*P to R. Then

(i) f is T-differentiable on U if and only if ngx)] exists for every & € U. Espe-

cially, for any Z € U, V7 f(Z) = fold[Wd())]]'

(ii) f is twice T-differentiable on U if and only if f is continuously T-differentiable on

U and ﬂ“"éiijfglvdff()‘]%)] is a block circular matriz with each block being of size n x n

for every 2 € U. In particular, V% f((Z)) = beirc™'| [""{;ﬁf‘zzﬂ)‘x | for any
Z el.

Proof. (i) (=): If f is T-differentiable on U, then for any 2" € U, there exists a bounded
operator . such that

|[f(Z + ) = [(Z) = (&L, )|
2% |21

=0,

which, together with (&, ) = (unfold(.L),unfold(F)), implies that

i W2+ 56) = [(2) = Cunfold(2), unfold (£ )]

= 0.
unfold(#)—0 |un fold(7)|

Furthermore, by introducing g(unfold(Z")) := f(Z), we have that

o lglunfold(Z + )] — glunfold(Z")) — (unfold( L), unfold(F))|

A [unfold( /)] =0

which means that % = unfold(Z), ie., % = unfold(Z). Thus,

of (2 : of (2
7B[un}i§ld()ﬂ’)] exists, and Vo f(2') = £ = fo ld[iun}ct()ld()l)]]

(«<): Reversing the above process, we can obtain that if % exists, then f is

T-differentiable on U.



(ii) (=): If f is twice T-differentiable on U, then f is continuously T-differentiable
and for any 2" € U, there exists a bounded operator & : R"1*P — R"*1xP guch that

i WNof(Z+H)-Ngf(X)- L]
1m —
H—0 ||

which, together with || 27| = |unfold(Z")| for any 2" € R™1*P implies that

lim lunfold|V o f(Z + )] —unfold|V 7 f(Z)] — beire( L )un fold(H)|
Ay lun fold()|

Denote h : R — R™ with hlunfold(Z")] = unfold(Vzf(Z)), then we have that
unfold(V 7 f(2)] _ J[h[unfold(Z
Olunfold(2)] Olunfold(2")

block being of size n x n. Thus

0,

= 0.

])] = beire(Z), which is a block circular matrix with each

Olunfold(V 7 f(2)]
Olunfold(2Z)]

exists, and

a[unfold(Vﬂf(%))]]
Olunfold(Z)] '

VL (X)) =L = beirc ']

(<): Reversing the above process, we can obtain the desired result. O

In Theorem [B.I, we establish the necessary and sufficient conditions for a general
multi-vector real-valued function being T-differentiable and twice T-differentiable, respec-
tively, and we give the specific expressions when the derivatives exist. Then what are
the relationships between the derivatives obtained in this way and the derivatives in the
traditional sense?” We construct an example to illustrate that.

Example 3.1. Given a map f : R¥**? — R with for any 2" = [z;;] € R**!*2,

2 2 2 2
f(:%) - Illl + 2I111£L'112 + 1'112 + $211 + $212.

(1) First, we discuss the relationship between V f and V4 f. By the traditional way,
we can obtain that

) f)

V() = @ @ _ |22+ 27112 20010 + 22000

el 22911 2x912

Now, let us to seek the Vs f by the procedure given in Theorem [3.Jl Noting that
unfold(2") = (w111, To11, T112, T212] T, thus we can obtain that

AfI [ of _of _of _of

T _ T
oun fold( 2)] Foiy? Gra11’ dri1a’ axm] = 2[x111 + T112, To11, T111 + T2, Tar2]

furthermore, we can get

2x111 + 22112 27111 + 22112

_ _Z) 4
v?f(%) - fOld[a[ ] 27911 2x912

unfold(2")]

— V2.
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(2) Next, we investigate the relationship between V2 f and V?Z f.

Since V f(Z2") is actually a matrix of size 2 x 2 and 2" is also a matrix of size 2 x 2,
thus by the traditional derivative, VZf(2") should be a tensor of fourth-order with the
elements being same as ones in the matrix A € R*** where:

2 2 2 2

A AVIE) AT, 0000

o oxy; ! 0000

2 0 0 2

While, by Theorem B.], we can get that

20 20
. 9 ~ Olunfold(Vzf(Z))] |0 2 0 0
beirc(V5 f(Z)) = A fold(Z)] =190 2 0
0 00 2

which is a block circular matrix and VZ, f(.27) is a tensor of size 2 x 2 x 2, with the frontal
slices being:

SO P R

Hence, V2f and V% f are not coincide in the sizes, but it should be noticed that the
entries of V2f and these of beirc(V%)f are the same regardless of the orders.

Remark 3.3. (i) V% f(Z) is different from the traditional one due to the participation
of the T-product. Traditionally, the second-order derivative of a multi-vector real-valued
function is a fourth-order tensor. However, V% f(Z") turns out to be a third-order tensor,
which is also reasonable. Its rationality lies in that the existence of V% f(Z) via the T-
product needs such a condition that % 1s a block circular matrix, which implies
that just getting the information of its first block column vector is enough. In other words,

it is enough to express the information of V% f(Z") by a third-order tensor in such case.

(ii) The V7 f(Z) is consistent with the traditional one. This is natural because
Vo f(Z) and Vf(Z) are based on the coincide definition of inner product. So, we
use Vf(Z) to represent V 7 f(Z") in the rest of paper.

3.2 The semidefiniteness of V7, f(2") and the convexity of f(.2)

In this subsection, we investigate the second-order condition for any twice continuously
T-differentiable function f : U < R™*? — R being (strictly) convex. The definition of
the convex matrix function is as follows.

10



Definition 3.5. [4§] A function f: U < R™P — R is convex (strictly convex) if U is
a convez set, and for all X, Y € U (X, Y € U and X # Y ) and any 0 with 0 < 6 < 1,
FOX+(1-0)Y) < (<)0f(X)+ (1 —0)f(Y).

Since the first-order T-derivative is consistent with the traditional one for a multi-
vector real-valued function, it is not difficult to find that for any continuously T-differentiable
function f : U € R™* P — R it is convex (strictly convex) if and only if for any 2", % € U
(X% eUand & #%),

F@) =2 )HZ) + V2, = 2.

Below, in order to establish the second-order condition for any twice continuously T-
differentiable function f : U € R™!*P — R being (strictly) convex, we first extend the
second-order Taylor expansion of the function of one variable to the multi-vector real-
valued function via the tensor T-product.

Theorem 3.2. Suppose that f : U < R™P — R is twice continuously T-differentiable
on U. Then

(i) there exists 5 € (0,1) such that

~ ~ ~ ~

F(2) = J(E) + VTN, &~ T+ (T [(2) 0 (2~ T, 2~ T,

where & = B2 + (1 — 5)37;
(ii) the second-order T-Taylor expansion of f at 2 as follows:

FZ) = [ )+ N] D)2 -2) N
VLN e (X =), X =Dy +o(|2 - 2|

and o(| 2 — Z|?) means a high-order infinitesimal of |2 — Z|? as 2 — 2.

Proof. (i) Construct a function of one variable as: ¢(t) := f(ﬂ?%— (2 — f)) for any

~

t € R. Then, ¢(0) = f(Z") and p(1) = f(Z"). It follows from the condition that f is
twice continuously T-differentiable that ¢ is twice continuously differentiable. For any

11



te]R,leth/=Q7+t(%—§),thenwehave

Aty = G0 =YD —(Vf(U). ) = (VU)X - )
= <Vf(%+t(% 3?,”) (2 — %)>

d K F( U)X =2 d(v
o'(t) = sodf): KV ( )( )>_<(Zt (2 - %»

_ <V?7f(02/*d2/ (%, (%>

_ <bczrc($t2gf(%d))u"f0ld (d%) ’unfold(% — </l/m//‘v)>
= (beire(Vf (X)) - unfold(2 — T),unfold( X — 7))
= <unfold(v2gf( ) * (‘% %)) unfold(% %»

= (VLT AL - DN (X - DN, X~ D

Thus, ¢'(0) = (VA(2), 2 = 2 and ¢"(0) = (VEH(2) « (£ = 2), 2 = Z). Tt
follows from the mean value theorem, that there exists some 5 € (0,1) such that p(1) =
©(0) + ¢'(0) + 3¢"(53), which implies that

~

FZ) = F) VD), 2 = Dy + 3% f( )+ (X~ ), 2 — 2,

where & = 2 + (1 — ﬁ)ﬁ i.e., the result in (i) holds.

(ii) Denote % := ”% %” 2 and v o= |Z - Q”VH Let ¥(v) := f(f%— ~¥) for any v € R,
then by the same way as (i), we have ¢ (0) = f(ﬁ), V() = f(Z),

VOV = (V). 2 — Xy and §"(0)? = (VLA D)« (X~ 2), 2 ~ X,
which, together with (y') = ¥(0) + ¢/(0) + 3¢"(0)7”? + o(|7/|?), imply that

) = H2)+ (D) (2 = 2), 2 =2 _
VL) (X = D), 2 = 2y +ol|l2 = 2P,

i.e., the result in (ii) holds. O

Theorem 3.3. Let f : U € R™YP — R be a twice continuously T-differentiable function
on an open convexr set U. Then

(i) f is convez if and only if for any X € U, V% f(X") satisfies

(Y NL(X)« %)= 0 for any # e RVP, (3.3)

(ii) f is strictly convex if for any X € U, V% f(Z") satisfies

(Y N%(X)« %y >0 for any & e RVDP\ {0},

12



Proof. (i) (=): For any 2" € U and % € R"*'*P\{F}, it follows from U being an open
set that there exists ¢ > 0 such that 2" + 0% € U when 0 € (—¢,¢). Since f is convex,
we have that f(2 +0%) > f(Z)+ KV f(Z),% ). In addition, it follows from Theorem
that

1
& +07) = [(2) + KV F(2), D) + 56X NGH(X) =) + ol |67 7).
Therefore, we can obtain that (% V% f(2) =« %) + %%”2) > 0. Let § — 0, we further
obtain that (%, V% f(Z) =% ) > 0.

(<): For any 2", % € U, it follows from Theorem 3.2l that
1
@) = )+ VHZ), T = 2+ VG Z) (¥ = ), 9 = 2,

where & = Z + (% — Z") with t € (0,1). Since U is convex, it follows that 2 € U;
and hence, by ([B3) we have that (%, V% f(Z) + %) = 0. Furthermore, we have that
()= f(Z)+{Vf(Z), % —Z), which, together with U being convex, implies that f
is convex. The proof of (i) is complete.

By the same way as in the proof of the sufficiency of (i), we can obtain (ii). O

Remark 3.4. Let f : U € R™YP — R be a twice continuously T-differentiable function
on an open convex set U. Since V% f € R™™ P has similar properties as Hessian matriz,
we call V% f the T-Hessian tensor.

4 Symmetric T-positive (semi)definite tensors

In this section, we first introduce a definition of the symmetric T-positive (semi)definite
tensor; and then, we investigate properties of symmetric T-positive (semi)definite tensors.

4.1 Definition

In Section 3, we obtained that the convexity of a twice continuously T-differentiable multi-
vector real-valued function on an open convex set can be characterized by some property
of the T-Hessian tensor. Now we name such a property as the symmetric T-positive
semidefiniteness.

Definition 4.6. Let of € R""*P. We say o is a symmetric T-positive (semi)definite
tensor (T-P(S)D tensor for short), if and only if </ is a symmetric tensor and

(X« 2> (=)0
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holds for any 2" € R™VP\{O} (for any 2 € R™XP). We denote the set consisting of
all symmetric T-P(S)D tensors of size n x n x p as SR P(SRY™P),

Remark 4.5. (i) When p = 1, the T-product defined by Definition [21] reduces to the
product of two matrices. In addition, whenp = 1, & € R™™P reduces to a column vector
and o/ € SR™ "™ P reduces to a square symmetric matriz. Thus, when p = 1, Definition
[4.0 is exactly the definition of the symmetric P(S)D matriz. That is to say, the T-P(S)D
tensor defined by Definition[{.q is a higher-order extension of the P(S)D matriz.

(i1) From Definition [{.0 and Theorem [3.3, we can say that a twice continuously T-
differentiable function f : U < R™1*P — R is convex (strictly convex) if and only if (if)
the T-Hessian tensor V% f(Z") is symmetric T-PSD (T-PD) for any 2 € U.

(#ii) It should be noticed that the positive semidefinite tensor defined by means of the
nonnegativity of the corresponding multi-variate homogeneous polynomial in [{6] is differ-
ent with the one defined in Definition [{-0 Since the positive semidefinite tensor defined
by Qi [{0] vanishes when the order is odd, while the symmetric T-positive (semi)definite
tensor in Definition[{.0] is introduced for third-order tensor.

4.2 Equivalent characterizations of symmetric T-P(S)D tensors

First, we give an equivalent description of Definition

Theorem 4.4. Suppose that o/ € R"*™*P can be block diagonalized as
beirc() = (FI @ Lwn) Diag(A; < i € [p])(Fp @ Lixa), (4.4)

where ¥, is the Fourier matriz of size pxp, which is defined as (21). Then < is symmetric
T-P(S)D if and only if all the matrices A; are Hermitian P(S)D.

Proof. By ([@4), beirc(</) is symmetric if and only if each A; is Hermitian, and 7 is
symmetric if and only if beire(?) is symmetric as shown in [£5

(<): Suppose that all the matrices A; in (£4) are Hermitian P(S)D, then for any x
in C"\{0} (x € C") and i € [p], xTA;x > (=)0. For any 2~ € R™1*P\{F}, there exists
x; € C™ for each i € [p], which cannot be 0 at the same time, such that bcire(Z") =
(FI' ®L,xn)Diag(x; : i € [p])F,. Since

(X o « Xy = ;}<bcz'rc(<%), beire(el )bcire(Z))
= %Tr(bcirc(%)Hbcirc(d)bczrc(%))
= F

STr(F) Diag(x{'Ax; : i € [p])F,)
= 1T7~(Dz'ag(xZHAiX,~ ciep]) =1 Y (xFAx;) =0,

1
P i=1

SR
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where the fourth equality follows from the fact that similar matrices have the same traces,
then &7 is symmetric T-PSD if all the matrices A; are Hermitian PSD.

Since x; € C" cannot be 0 at the same time, there exists at least an index i € [p] such
that XZH A,;x; > 0 if all the matrices A; are Hermitian PD. Hence 7 is symmetric T-PD
if all the matrices A, are Hermitian PD.

(=): Suppose that & € SR} (SR} ™*P)) then (2", & » Z) > (=)0 for any
2 € RIxP\{0}. Below, we divide the discussion into two cases.

Case 1: n is even. By Lemma [2.2] we have A; € R™*" A, € R A, € C"*"
2

and A; = A, »; for any i € [p]\{1,252}. Then, for any x € C"\{0}, choose special
2" in R™P and satisfies that beire(2”) = (F)f ® Lyxn)Diag(X'; : i € [p])F,, where
X'y, = X, 4 = x and others X; = 0 with k being any fixed number in [p]\{1, ey,
Then, from Remark 21 we have that 27 € R™*™*P, Thus, (27, o «+ 2"') > (= 0) by
o € SRV (o € SRY™P). Since &7 € SR™™P Ay € HC™™ and Ay = A o 4.

Thus, x A;x is real, and

P
< (X", A = X = 12 xTAix;) = 1(XHAkX + XA, 01 X) = ngAkx,
p & p p

which implies Ay, is Hermitian P(S)D for any k € [p]\{1, Z2}. In addition, for any x € R",
we can obtain that A, (Ame) is symmetric P(S)D by choosing X'; = x (X' b2 = X) and
others X’; = 0.

Case 2: n is odd. By Lemma[2.2] we have A; e R™*", A; e C"*" and A; = Ap0,;
for any i € [p|\{1}. Then by the same method as Case 1, we can obtain that Ay is
Hermitian P(S)D for any k € [p].

Thereby, combining Case 1 and Case 2, we can obtain that all the matrices A; are
Hermitian P(S)D if &7 is symmetric T-P(S)D. O

Remark 4.6. Theorem [{.4 shows that the judgement of the T-positive semidefiniteness
of a symmetric tensor of size n x n x p can be transformed into the judgement of positive
semidefiniteness of p Hermitian matrices of size n x n. Furthermore, Theorem[{.4] shows
that the symmetric T-P(S)D tensor in Definition[{. is equivalent to the one by [3, Defi-
nition 2.7] and the one by [34, Definition 15] in real case.

Next, we give another equivalent description of Definition

Theorem 4.5. Let o/ € SR"V"™*P. of is symmetric T-P(S)D if and only if beirc(<) is
symmetric P(S)D.

Proof. Since beirc(/T) = beire(e/) = beire(/ ) = beire(«/)T by Lemma 21(c), then
o/ is symmetric if and only if beirc(«/) is symmetric. For any 2" € R™ 1P it follows
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from Definition 2.1l and the definition of operator un fold that
unfold(f « Z7) = beire( )unfold(Z"),

and hence,
(X« Xy = (unfold(Z),unfold( = X))
= (unfold(Z"),beirc( yunfold(Z)).
Thus, by combining Definition .6l and the criterion of P(S)D matrix, we can easily obtain
that o/ is symmetric T-P(S)D if and only if beirc(e/) is symmetric P(S)D. O

Remark 4.7. From Theorem[].5, we can see that lots of results that P(S)D matriz with
block circular structure hold is true for T-P(S)D tensors by combining the properties of
tensor T-product such as those shown in Lemma[2Z1. Thus for convenience, in Section
[4-3 and Section [{.4) we just list some ones which play important roles in Section [{.5 and
Section [3 without proofs.

4.3 T-eigenvalue decomposition of the symmetric T-P(S)D ten-
sor

In this subsection, we aim to establish the T-eigenvalue decomposition for the symmetric
T-P(S)D tensor. To do this, we give the following definition first. It should be noticed
that the definition of T-eigenvalue for third-order F-square tensor was given in [34] and
here we redefine it in an equivalent way for convenience.

Definition 4.7. (T-eigenvalue and Trace) Let o/ € R™ ™ P which can be block diago-
nalized as (4.4). Then a real number X is said to be a T-eigenvalue of <7 if and only if
it is an eigenvalue of some A; for i € [p], denoted by A\(</). The largest and smallest

T-eigenvalues of <7 are denoted by Amax(27) and Amin(%7), respectively. Moreover, the
trace of <, denoted by Tr(</), is defined as Tr(</) :=>F  Tr(A;).

Remark 4.8. By Definition [{.7, Theorem [{.4] and [{4. Fact 6], it is not difficult to see
that a symmetric third-order tensor </ is T-P(S)D if and only if each T-eigenvalue of </
is positive (nonnegative).

It is easy to establish the following properties for the T-eigenvalues and traces of tensors
from the above definition and some known results in [39].

Proposition 4.1. Let o/ and A be two tensors in R"*"*P € € R"™"*P be nonsingular,
and spec(/) be the set consisting of all the T-eigenvalues of </. Then

(a) spec(ef) = spec(bcire(<));
(b) Tr(e) = Tr(beire(/)) = ¥, M) = p 2 (AW)ii;
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(c) Tr(od « B) =Tr(B+A);

(d) spec(€ 1 dC) = spec(H) and Tr(€ €)= Tr().
Remark 4.9. (i) From Lemmal21(a) and Proposition [{-1], it is easy to see that for any
o € SR™"*P and B € SR"P,

K, By = (bcirc(), beire(B)) = Tr(bcire( )bcirc(RB)) = Tr( =« B),
and o is T-P(S)D if and only if Tr(¥ 7T « o/ « ¥) > 0 for all nonzero ¥ € RW1xp
(Tr(V T« «¥) =0 for all ¥V € R™1*P),
(ii) Let o/ € SR P and B € SR " P, Then, it follows from [[3, Lemmas 1.2.3,

1.2.4] and Proposition[f-1| that {</, B) > 0; (I, B)=0iff & » B = O; and

K, By = Anin (D) Amax (B) < Muin ()T (B);
KA B) < Anax (A )T7(B) < nAmax () Amax (B).

It is known that the eigenvalue decomposition plays an important role in the study of
symmetric matrices. In the following, we establish a similar decomposition for symmetric
third-order tensors, especially for the T-P(S)D tensor.

Theorem 4.6. (T-eigenvalue decomposition) Every of € SR"*™ P can be factored as
o = U« S U,

where % € R""*P is an orthogonal tensor and . € R"™*™*? is an F-diagonal tensor(That
is, each frontal slice of .7 is a diagonal matriz) with all of the diagonal entries of (F, ®
Lisp)bcire( L) (FY ® Ixn) being the T-eigenvalues of <. In particular, if o/ € SR}
(o € SR\"P), then all of the diagonal entries of (Fp ® Ly )bcirce()(FL @ Liyy) are
nonnegative (positive).

4.4 The T-roots of a symmetric T-PSD tensor

The following result about the roots of a symmetric T-PSD tensor also holds by Theorem
1.5, Lemma 2.1] and [39, Theorem 7.2.6].

Theorem 4.7. (The T-roots of a symmetric T-PSD tensor) Let o/ € SR ™" and k > 1.
Then there exists a unique % € SR "™P with B* = o .

Corollary 4.1. Let of € SR""*P pe T-PSD. Then there exists a unique positive semidef-
inite tensor B € SR™™P with B2 = of . We write such B as o>

Furthermore, the following conclusion is true.

Theorem 4.8. For any o/ € SR™™*P with bcirc(/) being block diagonalized as ({{.4), (a)
o € SR ™ P(of € SRYP) if and only if (b) of = PT+ P for some tensor P € RM*nxp
(o = PT+« P for some nonsingular tensor & € R™< <P ),
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4.5 The cone of T-PSD tensors

In this subsection, we investigate the set of T-PSD tensors. Recall that a subset C' of a
vector space V' is called a cone (or sometimes called a linear cone) if for each x in C' and
any nonnegative scalar «, the product ax is in C; C' is called a convex cone if for any
nonnegative scalars «, f and any x, y in C, it follows that ax + Sy belongs to C'; and if
additionally C' is a closed set, then we call C' a closed, convex cone.

P’n2
2

Proposition 4.2. SR"*"*? js ;somorphic to R a if p is odd; and SR™"™*P is isomorphic

2
pn_— . .
to R2 " if p is even.

Proof. This proposition can be easily proved; and we omit the proof here. O

Proposition 4.3. SR}"*? is a nonempty, closed, convex, pointed cone.

Proof. From Theorem and the fact that SR™*™ is nonempty and closed, it follows that
SR™™*P is nonempty and closed. For any <7, % € SR""*P and any two nonnegative
scalars a and 3, we have that beirc(ae? + fAB) = abeirc(ef) + Bbcire(A). Suppose that
o, B e SR then beirc(o/) and beirc(%) belong to SRIP*™ from Theorem
Therefore, from the fact that SR”*" is a convex cone, it follows that beirc(as? + 3%8) =
abcire(e) + Bbeire(PB) € SR | which together with Theorem ELH implies that a.e? +
SAB € SRY™P. That is to say, SR"*? is a convex cone. Suppose that o € SR}"*?
and —«/ € SR P, then beire(«) € SR and beirc(—o/) = —bcirc(</) € SRIP*"™.
From the fact that SR’”*" is pointed, it follows that beirc(«?) = O. Thus & = ¢, which
implies that SR’*"" is pointed. O

Remark 4.10. By the proof of Theorem [[.3, it is easy to obtain that SR} is a
nonempty, open, convex cone. It is also easy to show that SR'\"? is the interior of
SRY"™P. By the theory of conic optimization, it follows that SR ™F (SR\™F) can
induce a partial order on SR"™" P  denoted by > (>z). That is, for any o/, B €
SR ™ P of >4 (>7)RB if and only if o — B € SR P(SRLP).

In the following, we will use & >4 (>7)0 if & € SRY™P(SRY"*P). Espe-
cially, we replace & >4 (>7)0 with A > (>)O if A € SR"(SR}\"), as any &7 €
SR P(SRY ) reduces to the A € SR (SR}YY") when p = 1.

Recall that SR}*" is a self-dual cone, which plays an important role in the widely stud-
ied semidefinite programming. In the following, we generalize this fact to T-semidefinite
cone SR For a cone C, the polar cone (or dual cone) [43] is the set C* := {y :
(x,yy =0, forany x € C}.

Theorem 4.9. (Self-duality) SR,""? = (SR}*"*P)*.
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Proof. (i) SR < (SR}*"™*P)*: To this end, we only need to show that </ ¢ # > 0 for
any &7, B >4 O. Since o/, B >4 O, it follows from Theorem F.]] that there exists o7 2
and %3 such that o = /% « /5 and B = B3 = B>, Thus, we can obtain that

A 0B = LTr(of « B) = LTr(o% « o2 « B2 + B2)
= 1Tr(Br et s Br) = (s Br) e (A5 B2) >0,

(i) (SR P)* < SRT™P: We only need to show & >4 O if o € (SR P)*.
Suppose & € (SR}"*P)* then o7 « Z > 0 for any B > 0. Taken B = 2+ P where
9 € R"*1*P ig an arbitrary given tensor, then we have that Z > ¢ and <7 e(2+927) > 0,
ie, Tr(o « (2= 27)) = 0. By Proposition EII(b), we get

Tr(2" = »2) = Tr(bcirc(27)bcirc( )bcire(2))
= Tr(bcirc(Z)(bcirc(D)bcirc(27))) = Tr(o = (2= 27)) = 0.

Hence, by Remark [£.9(i), we can obtain that &/ >4 0. O

4.6 The T-schur complement of a symmetric T-PSD tensor

In this subsection, we give a characterization of the T-positive semidefiniteness of a third-
order tensor by the T-positive semidefiniteness of the T-schur complement [34].

Lemma 4.3. (Tensor block multiplication via T-product) [37] Suppose oy € CM>mixp,
%1 c Cnlxmzxp’ (fl c (Cn2><m1><p’ @1 c (Cn2><m2><p’ % c lexrlxp; %2 c lexrgxp’ %2 c

Cm2xmx? gnd Yy € C™2X"2%P qre complex tensors, then

o P . oty By | | kot By xCo Ak B+ By x Do
cgl D %2 Dy N %1*«52724-91*%2 %1*%24-.@1*.@2 '

Lemma 4.4. Suppose that of; € SR"*"*P for any i € [m]. Then the block diagonal tensor
o/ = Diag(<; i € [p]) is symmetric T-P(S)D if and only if all < are so.

Proof. For any nonzero ¥ € R with n = " n;, we divided it into a block tensor,
i.e., ¥ = vec(¥; : i € [m]) where ¥; € R"**P for any i € [m]. Then, by Lemma 3], we
can obtain that

VTwod « ¥V = wvec(¥:ie|[m])" * Diag(; : i€ [p]) * vec(¥; : i € [m])
e AR
Hence, it is not difficult to get that <7 is symmetric T-P(S)D iff all <7 are so. O

Besides, from [43, Proposition 1.1.7], Lemma 2.1l and Theorem [L.5] the following result
holds.
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Lemma 4.5. Suppose that Z € R"*™*? be nonsingular. Then o/ € SRY"™P (SR}\"*P
if and only if (B« of « B) € SR P (SRIP).

Now, we can establish a theorem about the T-Schur complement.

Theorem 4.10. (T-Schur complement) Suppose that o € SR ;™ P ¢ € SR™"*? and
B e R™"*P_ Then

l%%

%T (5:| >f7(2f7)ﬁ — %—%T*@{_l*%>g(29)ﬁ.

Proof. Tt follows from &7 € SR'"[™"" that < is nonsingular. Denote the block tensor

N Iy — B
@._[ P }

then we have

o B 4 7
T * * S
7 L@T %] 7 lﬁ %—@T*dl*@}
Therefore, by Lemma [£.4] and Lemma [£.5] the theorem is proved. O

5 Semidefinite programming over the third-order sym-
metric tensor space

In this section, we first introduce the TSDP and give its duality theory; and then, we
show the transformation of TSDPs into SDPs in the complex domain. After that, we
consider several problems and reformulate (or relax) them as TSDPs. Finally, we present
some preliminary numerical results for solving the unconstrained polynomial optimization
problem via the TSDP relaxation.

5.1 TSDP problems in primal-dual forms

In this subsection, we replace the matrix variables in the classic SDP by the tensor variables
to yield the TSDP. We consider the TSDP in primal form:
(PTSDP) mg}n €, Z) st. dX = [, X)iepm) =b, L =5 0,

where all o, € SR"™"™P b € R™, ¥ € SR"™"™*P are given and 2 € SR"™"™*P is the
variable. &7 is a linear operator from SR™*"™*P into R™.
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Just as the derivation of the dual problem of the SDP, in order to obtain the dual
problem of (PTSDP), we try to find the adjoint operator of & at first, which is a linear
operator from R™ into SR™*"*? satisfying (&/ 2", y) = (2", &/*y) for any 2" in SR™*"*?
and y in R™. Since

1 & 1 “
(A X y) = Z—)ZyiTr(&fi &)= Tr(Z Y i) = (X, Ay,
i=1 i=1

we have &/*y = " y;.%. Now we can construct the dual of (PTSDP) by the La-
grange approach. By adding a Lagrange multiplier y € R™, (PTSDP) can be turned into
inf g5, 0 SUPypm (€, Z7) + (b — &/ 2", y), then the dual of (PTSDP) yields through in-
terchanging inf and sup. Note that

. s [ {byy), if €—*ye (SR,
yse%g% %gl£0<b’ V) +C -y, X) = { —o0,  otherwise.

This, together with Theorem 9] implies that we can write the dual problem of (PTSDP)
by introducing a slack tensor .7 as:

(DTSDP) max (b,y) st. Fy+ =%, S >50,
y’.

where y € R™ and . € SR"*"*P are the variables. When p = 1, the TSDP problems
(PTSDP) and (DTSDP) are corresponding to the classic SDP problems in primal-dual
forms. Denote

F(P)={Z e SR™"?: o & =b, X >4 O},

F(D):={(y,)eR" x SR™>*"?: of*y + ./ =€, S =5 O}, (5.5)

p*i=inf{(¥¢, Z°): Z € F(P)} and d* :=sup{(b,y): (y,) € F(D)}.

From properties of the T-semidefinite cone obtained in Section and the theory of
conic optimization problems [49], it is not difficult to obtain the following results, and the
proofs are omitted here.

Theorem 5.11. Let F'(P), F(D), p* and d* be defined as (23). Suppose that 2" € F(P)
and (y,”) € F(D). Then

o (weak duality) {b,y) < (€, Z").

e (strong duality) Suppose that (PTSDP) is bounded below and strictly feasible (respec-
tively, (DTSDP) is bounded above and strictly feasible), then p* = d* and (DTSDP)
(respectively, (PTSDP)) is solvable.

o (complementarity slackness condition) If p* = d*, then 2 is optimal for (PTSDP)
and (y,.”) is optimal for (DTSDP) if and only if the complementarity slackness
condition holds, that is, (X", = 0.

e (optimality condition) If (€, Z ) = {b,y), then X" 1is optimal for (PTSDP), and
(y,) is optimal for (DTSDP).
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5.2 The transformation of TSDPs into SDPs in the complex
domain

In this subsection, we present a method to solve the TSDP problem by transforming it
into an SDP in the complex domain (CSDP for short).

For any <7 € SR™™*? (i € [m]) in (PTSDP), bcirc(<) can be block diagonalized as
beire( ;) = (B @Lyupn) AY(F,®1n) with A* = Diag(A’ : j € [p]) where all A} e HC™"
(Al e HC™" if particularly o/ € SR™"*"). Note that

(€, Z*) =ming (€, 2"
< (bcirc(€), beirc(Z™*)) = minyeyre2){bcirce(€), beire(Z))
< (C,X*) = minx(C, X),

where beire(€) = (FY @ Lin)C(Fp ® Lixy), beire(27) = (FY @ L) X(F), @ Liky,) and
beire(2*) = (Fl @ Lyxn) X*(Fp ® Lyxpn) with

C = Diag(C;,i € [p]), X = Diag(X;,i € [p]), X* = Diag(X},i € [p]) (5.6)

with all C;, X; and X*; in HC™*". In addition, 2" >4 0 < X > O and
1 , , 1.,
A X = [(Ay, X ))iepm) = [Z;Tr(bczrc(%), beirc(Z)) liepm) = []—)<A , XD icpmy-

Therefore, let S denote the space of block diagonal Hermitian matrices as the form in (5.6]),
then (PTSDP) and (DTSDP) are equivalent to the following SDP problems (PCSDP) and
(DCSDP) respectively:

(PCSDP) I)I(Hgl %<C,X> st. AX =pb, X > O,
€
(DCSDP) max <(b,y) st. A*y +S=C, S> O,
(y,S)eR™ xS

where X, C and S are given as (B.0), and A is a linear operator from HC"*"™ into R™
denoted as AX = [(A", X)];efn) With A* being its adjoint operator.

It should be noted that both (DCSDP) and (PCSDP) are SDPs in the complex domain
and (DCSDP) is exactly the dual problem of (PCSDP). Noting that these diagonal blocks
of the complex matrices X, C and A’ for i € [m], obtained by block diagonalizing the real
tensors 27, ¢ and &/, satisfy the relationships described in Lemma 22 So, (PCSDP)
and (DCSDP) can be converted to SDPs of smaller size. For the cleanness of the paper,
we only take the transformation of (PCSDP) for example, which can be divided into the
following two cases.

Case 1: p is even. Let X, C and A’ for i € [m] be the complex block diagonal
matrices in (PCSDP), which are obtained by block diagonalizing the real tensors 27, €
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and 7% for i € [m] in (PTSDP), respectively. From Lemma 2.2} it follows that for any
e [PI\1, 222} and i € [m],

X, e R, Xy e R X; € C X =X, 0 5

2 -

nxn nxn nxn _ .

Cl eR s CpJQrZ e R , Cj eC s Cj = Cp_;,_g_j7
7 nxn nxn i nxn T

AL eR™™, Ay e RV, ATeC™, A=A, 5

Thus, for any i € [m],

AteX

Al eX; +ALeXy+ - +Ai0Xp
Al e X, + A’ +2-)<p+2+2 (Al eX; + Al eX))
A§0X1+AM OXpTJrz+QZj:1A§-OXj,

2

where the last equality follows from the fact that the inner product between two Hermitian
matrices is real. Similarly, we can also obtain that

%
CeX=CieX;+Cr2eXp+2) CjeX,.

J=1

~

Thus, by letting X = Diag(Xy, Xy, - - Xz, Xpi2), At = Diag(Al,2A%, -+ 2A% AlL,)
2y

2
for any i € [m], and C = Diag(Cy,2Cy, -+ ,2Cg, Cyy2), it follows that (PCSDP) is
equivalent to

(P'CSDP) r;ugl ]—)<C ,X) st. AX =pb, X> O,
€

where A is a linear operator with AX = [<1§2, i}]ie[m]

Case 2: p is odd. By the same process as Case 1, it is not difficult to obtain that
(PCSDP) is equivalent to

(P"CSDP)  min <C X) st. AX =pb, X > O,
Xes P
where Ai = Diag(Al,2A%, - - ,QAQ%) for any i € [m]; C = Diag(Cy,2Cs, - -- ,2Cp0);
X = Diag(Xy,Xs, - -- ,X%l); and A is a linear operator with A X = [<KJZ, )~(>]ie[m]

As can be seen from the above discussion, we provide a way to deal with (PTSDP)

of size n x n x p by transforming it into a CSDP with block diagonal structure of size
n(E) x n(2) as (P’CSDP) or n(2£2) x n(2£2) as (P"TSDP), which are almost half the

2 2
size of (PCSDP) with block diagonal structure of size np x np when p > 2.
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5.3 Some applications of TSDPs

In this subsection, we show several applications which can be formulated as TSDP prob-
lems.

Application 1. Minimizing the maximum T-eigenvalue of a third-order sym-
metric tensor. The T-eigenvalue was first proposed for third-order symmetric tensors
in [34) by Miao, Qi and Wei. Suppose that .Z(z) € SR™™*P is a third-order symmet-
ric tensor, which depends linearly on a vector z. Since Apa.(-#(z)) < n if and only if
Amaz (A (2) =10 Inp) < 0, 1., Npin(NInp— A (z)) = 0, which and Remark .8 imply that
NI pnp — A (z) =7 O. Therefore, the problem of minimizing the maximum T-eigenvalue
of .4 (z) can be transformed as the following TSDP problem:

max —n s.t. NIy — M (2) =7 0.
.,z

Application 2. Minimizing the spectral norm of a third-order tensor. Recall
that for any o/ € R™*"*P  the tensor spectral norm ||, of & is defined as the largest
singular value of &7 (see [I8,30]). It is known that the tensor spectral norm plays an
important role in the proof of the optimal conditions for the relative problems in [18]30].

Suppose that H(z) € R™*"*P ig a third-order real tensor, which depends linearly on
a vector z. Noting that n > |2 (z)|, if and only if n? > X\, (2 (2)" + P(z)); and by
Theorem 10, the latter is equivalent to

NImmp P (2)
l@(z)T NI g z7 0.

Therefore, the problem of minimizing | Z?(z)||2 can be transformed as the following TSDP
problem:

B NImmp P (2)
Hyl]gx N s.t. l@(z)T 0T >7 0.

Application 3. Minimizing the nuclear norm of a third-order tensor. Recall
that the tensor nuclear norm |7, of any &/ € R™*™*P ig defined as the sum of singular
values of the first frontal slice and is shown to be the dual norm of the tensor spectral
norm |7y in [I8]. In this part, we consider the following two cases.

Case 1. Minimizing the nuclear norm of a third-order tensor without con-
straint. Recall that for a given norm | - | in the inner product space consisting of
three-order tensors, its dual norm | - ||4 is defined as | Z7||q := sup{{ 2", %) : |#| < 1}.
Since the nuclear norm ||&7|, of tensor & is the dual norm of the tensor spectral norm
|||z, according to the relationship that for any % e R™*"*P

A, Z
W0y <1l = e >5 0
1, |
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as shown in Application 2 by taking 7 = 1, we can obtain that the problem of computing
the nuclear norm of &7 € R"™*"*? ig equivalent to the following TSDP model:
(5.7)
Lo & Iy X Fmmp X
rr}gx<eszf,%>—§<l T 6 ],l%T jmp] s.t. l%T jmp]:gﬁ.

Noting that for any #; € R™*™*P and #, € R"*"*P,

A2 || 2 5 = srom«zeona,

thus, the dual problem of (5.7 can be formulated as

min i[T?“(Vﬂl) +Tr(#5)]

K
s.t.
M We 2D

It is not difficult to show that there is no duality gap between (5.7) and (5.8). We
omit the proof here.

Case 2. Minimizing the nuclear norm of a third-order tensor with an equality
constraint. In this part, we investigate the problem of minimizing the nuclear norm
of & € R™™P over a given affine subspace. Usually, the subspace is described by a
linear equations of the form &/ 2" = b as discussed in Section 5.1l This problem can be
formulated as a convex optimization in the following form:

mu%n |Z |« st. 2 =b. (5.9)

Then, by using the TSDP characterization of the nuclear norm given in (B8], we can

rewrite (0.9) as

A

min  —[Tr(#) + Tr(#)] st. [ o

]Zy O, 4 =b.
2 2p

It was showed in [I8] that the tensor robust principal component analysis problem
can be transformed into the nuclear norm minimization problem with such tensor nuclear
norm, which can be solved with the help of the theory of tensor decomposition. The above
discussion demonstrates that the minimization of the above tensor nuclear norm of a third-
order tensor can also be solved by dealing with the corresponding TSDP problem. As is
known to us, a lot of practical problems are usually turned out to be low-rank models with
third-order tensors, and most of them can be solved by the nuclear norm minimization
problem with another related tensor nuclear norm defined in [10], which has been shown to
be widely applied in some practical problems, such as image processing, tensor principal
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component analysis, tensor completion, and so on. Then it is worthwhile to investigate
these forms of convex relaxation by replacing the nuclear norm defined in [10] by the
one given in [I8], and the TSDP provides another path to achieve solutions of low-rank
recovery problems with third-order tensors appearing in the real-life applications.

Application 4. Integer quartic programming. Analogue to the classic SDP
relaxation of integer quadratic programming, we investigate the TSDP relaxation for the
following integer quartic programming;:

max (X, « XY st. X=xx', zje{+l,-1}, Vie[n], (5.10)
where ./ € SR™™ " is given, x := (1; : 1 € [n])T € R*, X € R™*" and 2~ € R™!*" is the
corresponding tensor of the matrix X.

Noting that for any ¢ € [n], x; € {+1,—1} if and only if 27 = 1, if and only if
2?(x? + 23+ -+ + 22) = n. Thus, problem (G.I0) is equivalent to

m;x<%,%*%> st. X=xx', 2?(zi+a5+ - +a22)=n, Yie[n]. (511)

Now, we try to arrive at the TSDP relaxation of (5II)) by using the Lagrangian
multiplier method. By adding Lagrangian multiplier y; € R to each equality constraint in
(5110), we can obtain the Lagrangian function for (G.I1):

L(Zy) = (X, X))~ Zyz( fat+a3+ o +ap) —n)
= (X, =X~ <3&” Diag(y) * 2 ) + nely,

where Ziag(y) represents the F-diagonal tensor induced by y := (y; : i € [n])T with
Piag(y)!) being the diagonal matrix Diag(y; : i € [n]) and other frontal slices being
zeroes, and e := (1,1,...,1)T e R". Since

max L(2',y) = max[(2, &/ « 27) = (X, Diag(y) « Z) + ne'y]
= —min(Z, (Ziag(y) — )+ Z7) — ne'y]
{ nely, if Qiagly) — o >4 O,

+00,  otherwise,
the Lagrangian dual problem of (5.11]) turns out to be

min ne'y s.t. Ziag(y) — o =4 O,
y

which is a TSDP model and its dual problem is

max o e st. Ziy=mn, i€n], Z >=50.
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Previously, we have converted some optimization problems over tensor space and ma-
trix space into TSDP problems, respectively. Next, we show that some optimization prob-
lems over vector space can also be solved by TSDP problem models, such as polynomial
optimization problems.

Application 5. Calculating the global lower bound of a polynomial of even
degree. Consider the polynomial optimization problem:

fU = min f(x + > fax® (5.12)

xeR™
aels,

where U, = {o¢ € N* : 0 < |a| < 2d}. As is well-known to us, problem (5.I2) can be
solved by a relaxation into the following model through the sums of squares (SOS for
short) method [50]:

“ = max v st. f(x)—~ is SOS. (5.13)

508 (x,7)eR™ xR

Actually, define [x|q = (1,21,...,2Zn, 2%, 0100, . .., T1Tp, T3, Tox3, ..., 22, . 2l . 2)T,

) n r n

which is a column vector of size C?_ , consisting of all monomials whose degrees are no
more than d = deg(f , then (BI3]) can be transformed into a standard SDP as [51]:

adp 1= max CeX st. AX=b, X >0, (5.14)
where b = (fq)aevp, Whose dimension is C?1,,— 1, and A is a linear operator denoted
as AX = (A, e X)an;d with A, and C being constant symmetric matrices such that

[x]a[x]) = C + Dnevy, Aax®. In addition, fi& = fo— fif,.

As is known to us, in the process of solving the polynomial optimization problem with
the SDP relaxation, one of the challenges is that the size of the SDP model increases
significantly with the increasing of the number of variables or the degree of polynomial.
Next, we show that the minimization problem of f can be relaxed into a standard TSDP
problem by rearranging the above monomial vector [x]; into a third-order tensor form
and then exploiting the properties of T-PSD tensors, which can be dealt with by solving
an SDP problem of smaller size than the one in (5.14).

Suppose that C?,, = mp, then [x]; € R™. Let [27]4 be a tensor in R™*'*P with
[Z7]a = fold([x]s). Then by Theorem .8 a tensor & € SR™*™*P is T-PSD iff there
exists some tensor &2 € SR>*™*P such that & = 2T+ &. Thus, f(x) —~ must be SOS
(and then be nonnegative) if there exists 2" € SR”™*™*? such that

1
fx) == ];TT([‘%];— « 2 [Xa) = Z o ([(Zax[20), X =70 (515)
Therefore, finding the minimum value of f can be relaxed into the following problem:
sos_tsdp ‘= MAX Y S.t. fX)=y=Z o ([Z]s= [%]dT), X >4 0. (5.16)
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Define constant symmetric tensors ¢ and <7, such that

[(Za* (210 =F + ), dax”,

aelU3,
then (B.I0]) can be expressed as follows:

fR) =y =FC e+ > (Fao X)X, X 250

n
aelUs,

Noting that f(x) = fo + ZQEUQZ fax®, hence 7 is feasible for (.16 if and only if there
exists 2 >z O such that € ¢ 2" + v = fy, and o7, ¢ " = f, for any a € Uj},. Define a
linear operator from SR™*™*? into RC2aY) a5 o/ X = |Fo, © 2 Jacup,- Then up to a
constant, the problem (5.16]) is equivalent to the TSDP problem:

tadp “= max Coed st. X =b, X >0, (5.17)

uc _ uc
and sos—tsdp fO - ftsdp‘

Besides, from the above discuss, it is easy to see that (5.16]) is both relaxation of (5.12)
and (BI3) when p # 1, ie., f* > fi, = fis ;4 and (@I6) reduces to (BI3) when
p = 1. Thereby, it should be noticed that (5I7) with p # 1 is a further relaxation of
(5I4). Then whether or not is there a case where the relazation of (5.17) with p # 1 can
achieve the same effect as (5.14)? Below, we answer this question by giving a theorem
to show the necessary and sufficient condition of fi = f/, under the assumption that
p# 1.

Theorem 5.12. Suppose that f(x) : R — R is a 2d-degree polynomial, whose global
lower bound can be solved by both an SDP relazation as ([5.14)) and a TSDP relaxation as
(517) with p # 1. Then fif = fia, if and only if there exists an optimal solution X* of
(5-14)) which is p-block circular.

Proof. Recall that (5.17) is equivalent to (5.16]), that is
fo— fiagy =max v st. f(x)—y=2 e([Z]ax (27])), & =5 0, (5.18)
and (5.14) is equivalent to (5.I3]), which is further equivalent to the following problem:
fo—fap =max v st f(x)—7=Xe([x]s [x]]), X =O0. (5.19)

Zo([Za=[2])) = %TT([bCiTC([%]d)]T beire(Z) - beire([ Z7]a))
= %bcirc([%]d) o [beirc(Z7) - beire([ 2 ]a)]
= (% -plunfold([Z |q)  [beire(Z) - unfold([ 2 ]4)]
= [x]a e [bcire(2) - [x]4]
= beire(27) o ([x]a- [x]]),
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it is easy to see that if 2™* is an optimal solution of (5.I§]), then bcire(Z™*) must be a
feasible solution of (B.19) and fy < fig,-

On one hand, suppose that 2™ is an optimal solution of (B.I8), if fi, = fig,, then
beire(Z*) is exact an optimal solution of (5I9) and (5I4]), which is a p-block circular
matrix. On the other hand, if there exists an optimal solution X* of (.14]) which is p-block
circular, then by choosing 27* = beire ! (X*) we can find that 27* is a feasible solution
of (B.I8) and the corresponding value of vy is fo — fii, when 2" = 27 in (5.I8). Noting
that the optimal value of (B.I8) is fo — fji,, then we have that fo — fui < fo — fii,,
which together with fuf < fig, implies that fii = [/, . O

Theorem states that if there exists an optimal solution X* of (5.I4]) is p-block
circular, then the relaxation problem (5I7) can achieve not worse effect than (G.I4]).
Below, we show that there are some benefits in computation costs and storage costs of
(517) compared with (B.14) for the cases where the unconstrained polynomial optimization
can be solved by both TSDP relaxation as (.17) and SDP relaxation as (B.14]):

e The number of entries of the variable 2" in (5.I7)) is less than the one of
X in (BI4)). Since [27]q € R™P and [x]q € R™, it is easy to find that X in
(514) is a matrix with mp x mp entries, while 2" in (5.14]) turns out to be a tensor
in SR™*™*P which contains only m x m x p entries.

e (5.17) can be solved by transformed into a CSDP problem with block
diagonal sparse structure, which is not available for (5.14]) even if the
variable of (5.14]) possess special structure since the constant matrice A, is
fixed and do not possess the block diagonal structures. Specifically speaking,
if we adopt the method described in Section [5.2 to deal with (B.17), we only need to
solve a CSDP with 5’%1 or p_erZ blocks of size m x m under some equality constraints,
while (5.14]) can be seen as dealing with an ordinary SDP with 1 block of size mpxmp
under the same number of equality constraints. Hence, for the minimization problem
of a real polynomial of even degree, solving via the TSDP relaxation built the above
would lead to lower computation costs than the corresponding SDP relaxation, which
can also be seen from the numerical experiments in the next subsection.

e The constant symmetric tensors <7, for a € U}, in (5.17) spend no more
storage cost than those matrices A, in (5.14]). Since the number of entries in
the tensor [2 ], [27]} is % of those in the moment matrix [x]4[x]} and each entry

of [Z7]a+[27]} is consisted of a linear combination of p monomials whose degrees
are no more than 2d. Thus it seems that we need to take as the same storage as
those for matrices A, to store these tensors .7,. However, noting that some entries
of [Z7]a * [2']] may be consisted of a linear combination of p same monomials
whose degrees are no more than 2d, therefore the constant symmetric tensors .7,
for a € U, in (B17) could sometimes save some storage than those matrices A, in
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(5I4). In addition, the storage capacity does not change in the transformation of
TSDPs into CSDPs as shown in Section

5.4 Numerical computation

In this subsection, we report preliminary numerical results for solving TSDPs by the
method shown in Section Taking Application 5 discussed in Section for exam-
ple, we consider two polynomial optimization problems and implement these problems in
Matlab R2016a on our PC via SDPNAL+ [42]. The computation is performed on a Dell
Laptop with CPU of 3.2 GHz and RAM of 4.0 GB. As pointed in Application 5 of Section
(.21 the TSDP relaxation of unconstrained polynomial optimization can achieve the same
optimal value as the SDP relaxation sometimes, thus here we confirm this conclusion by
two simple examples and illustrate the benefits of the TSDP relaxation furthermore.

Example 1. Minimize the following polynomial:

f(x) = (z1+ a3+ 2320)? + (1 + 23 + 23)? + (21 + 2% + 23)?
+ (23 + 22 + 22x9)? + (22 + 2ixy + 23)2
It is obvious that the global minimum value f* = 0, the number of variables n = 2,
d= degT(f) =3 and f(x) — f* can be expressed as

_ =T - P —

1 0 00 0j]0O O]0 OO0 O 1
1 0 3|0 2/0 10 1]0 2 1
To 0 00 0j]O0O O]0 OO0 O To
a2 0 2/0 3[0 2[0 1]|0 1 a2
f(X)—f*Z 1’12252 0O 0{0 0|0 OJO OO0 O LL’1$2L’2 ’
x5 0O 1(0 2(0 3(0 2|0 1 x5
a3 0 0/0 0[]0 0[]0 0[0 0 23
27y 0 1/0 1/0 2|0 3|0 2 3Ty
123 0 0[]0 0[O0 0[O0 0[O0 O T123
23 | Lo 2/0 1|0 10 20 3 || 23

where the square matrix is 5-block circular. Therefore, by Theorem (.12] we know that
the TSDP relaxation with p = 5 can achieve not worse effect than the SDP relaxation.
Specifically, to solve this problem via the TSDP relaxation as described from (5.12) to
(GI17), we first find the corresponding <7,, ¢ and b in (5.I7), then transform <7, and
% into the corresponding A, and C as the procedure from (PTSDP) to (P"CSDP), and
finally, call the package SDPNAL+ to solve the derived SDP. In addition, we also solve
this problem via the traditional SDP relaxation as described from (B.12) to (5.14]) for

comparison.

Numerical results for Example 1 by SDP and TSDP via SDPNAL+ are shown in[I]
where the size of the TSDP is replaced by the size of the corresponding CSDP with block
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structure and in each pair “(blk, N,m)”, blk, N and m mean the number of blocks, the
length of each block and the number of equality constraints, respectively; “opt” means
the computed optimal value of the corresponding relaxation; “cpul” means the time
in seconds spent for finding the corresponding matrices A, of the SDP or the CSDP;
“cpu2” means the time in seconds spent for solving corresponding SDP problem or
CSDP problem via SDPNAL+; and “cpu3” means the total time in seconds spent for
solving Example 1 by the SDP relaxation or the TSDP relaxation.

n d p (blk,N,m) opt cpul(s) cpu2(s) cpu3(s)
SDP 2 3 1 (1,10.28) 21545¢ %9  0.021  0.969  1.008
TSDP 2 3 5 (5228) —1.1183¢ ' 0.037 0.426 0.483

Table 1: Numerical results for Example 1 by the SDP and the TSDP via SDPNAL+.

From[ we can see that the TSDP relaxation performs well for Example 1. Especially,
for the TSDP relaxation, we obtain that the global minimum value f, = —1.1183¢7'
by solving a CSDP problem with block diagonal structure, which only takes less than one-
twice of the time of the corresponding SDP relaxation. In addition, the TSDP relaxation
has higher accuracy than the SDP relaxation in this example.

Example 2. Minimize the following polynomial:

f(x) = 1+ 21%5 + 2828 + 2322 + 2328 + 23223 + 2508 + 2382d? + 210232

o2y + 202 + 220230 + 212230 + 2823® + a?adt + 258,
It is obvious that the global minimum value f* = 1, the number of variables n = 2, and
d = degT(f) = 29. We test p = 3 and p = 15 for the TSDP relaxation of this problem,
respectively. Especially, by the TSDP relaxation with p = 15, we obtain that the global
minimum value f7, = 1+ 6.1507¢"% by solving a CSDP problem with block diagonal
structure, which takes only 2.5 seconds; while the corresponding SDP relaxation takes 90.3
seconds. Meanwhile, the TSDP relaxation has higher accuracy than the SDP relaxation

in this example.

Numerical results for Example 2 by the SDP relaxation and the TSDP relaxation are
shown in 2, where “(blk, N,m)”, “opt” , “cpul”,“cpu2” and “cpu3” are same as those in

[

From Tables [[l and 2, we can see that the TSDP relaxation has better performances
both in time cost and precision than the traditional SDP relaxation for these test examples.
Especially in the time cost, solving the CSDP problem transformed from the corresponding
TSDP problem saves a lot of time compared with solving the corresponding SDP problem;
while the time for finding the corresponding complex matrices A, in the CSDP problem is
almost the same as the time for finding the corresponding matrices A, in the SDP problem.
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n d p (blk,N,m) opt cpul(s) cpu2(s) cpu3(s)

SDP 2 29 1 (1,465,1769) 1—1.1897¢ "7 109.453 90.303 199.896
TSDP 2 29 3 (2,155,1769) 1—4.3220e"%® 107.834 61.426 170.272
TSDP 2 29 15 (8,31,1769) 1+6.1507¢"% 103.302 2.515  110.483

Table 2: Numerical results for Example 2 by the SDP and the TSDP via SDPNAL+.

In fact, it should be noticed that the time for finding the corresponding matrices A, can
be removed from the total time of solving above polynomial optimization problems via
the TSDP or the SDP relaxation because these A, are fixed as long as n, d and p are
given, and we show them in Tables [Il and 2] just to make the time spent for the TSDP
relaxation and the SDP relaxation more clear.

6 Concluding remarks

In this paper, we aimed to generalize the SDP problem to the third-order tensor case. For
this purpose, we first introduced the T-positive semidefiniteness of third-order symmetric
tensors from the second-order discrimination condition of the convexity of the multi-vector
real-valued function, and then, extended some of useful characterizations and properties
of the symmetric PSD matrix to the third-order symmetric T-PSD tensor. After that, we
replaced the variable in the classic SDP by the third-order symmetric tensor to introduce
the TSDP, which was dealt with by converting it to a CSDP with the block structure.
Finally, several examples with respect to the TSDP problem were shown and some nu-
merical results of minimizing two polynomials via the TSDP relaxation were reported,
which demonstrated that our method by the TSDP relaxation performs better than the
traditional SDP relaxation for the test examples.

Some issues need to be studied in the future.

(i) In Section [5.4] we have just done some preliminary numerical experiments to test
the feasibility and effectiveness of solving TSDPs by dealing with the corresponding
CSDPs. Surprisingly, we find that for some unconstrained polynomial optimization,
the method of the TSDP relaxation has good performance sometimes. Then what
kind of polynomial optimization problems does the TSDP relaxation work well for?
It deserves further study.

(ii) It is known to us that the SDP has shown great power in a very wide range of
areas. In Section B3] we have just presented a few simple transformations from
some other models into TSDPs. We believe that more problems can be modeled
(or relaxed) as TSDPs. It is also known that the T-product between third-order
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tensors promotes the emergence of many algorithms with good performance in many
practical problems. It is possible that more efficient algorithms for TSDP problems
can be designed by making use of the characteristics of the T-product and special-
structures of practical problems. Furthermore, it deserves to study how to design
efficient algorithms for solving large-scale realistic problems.
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