arXiv:2008.01256v3 [math.0C] 15 May 2021

ON SOLVING A CLASS OF FRACTIONAL SEMI-INFINITE
POLYNOMIAL PROGRAMMING PROBLEMS

FENG GUO AND LIGUO JIAO*

ABSTRACT. In this paper, we study a class of fractional semi-infinite polynomial program-
ming (FSIPP) problems, in which the objective is a fraction of a convex polynomial and
a concave polynomial, and the constraints consist of infinitely many convex polynomial in-
equalities. To solve such a problem, we first reformulate it to a pair of primal and dual
conic optimization problems, which reduce to semidefinite programming (SDP) problems if
we can bring sum-of-squares structures into the conic constraints. To this end, we provide a
characteristic cone constraint qualification for convex semi-infinite programming problems
to guarantee strong duality and also the attainment of the solution in the dual problem,
which is of its own interest. In this framework, we first present a hierarchy of SDP relax-
ations with asymptotic convergence for the FSIPP problem whose index set is defined by
finitely many polynomial inequalities. Next, we study four cases of the FSIPP problems
which can be reduced to either a single SDP problem or a finite sequence of SDP problems,
where at least one minimizer can be extracted. Then, we apply this approach to the four

corresponding multi-objective cases to find efficient solutions.

1. INTRODUCTION

In this paper, we consider the fractional semi-infinite polynomial programming (FSIPP)

problem in the following form:

st () <0, (2) <0, (1)
p(z,y) <0, YyeY CR",

where f, g, ¥1,...,1¥s € Rlz] and p € R[z,y|. Here, R[z] (resp. Rz, y]) denotes the ring of
real polynomials in x = (z1,...,2,,) (resp., x = (x1,...,2,,) and y = (y1,...,yn)). Denote
by K and S the feasible set and the optimal solution set of , respectively. In this paper,
we assume that S # () and make the following assumptions on (1):
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(Al): Y is compact; f, —g, each v; and p(-,y) for each y € Y are all convex
in x;

(A2): Either f(z) > 0 and g(z) > 0 for all z € K; or g(x) is affine and
g(x) >0 for all z € K.

The feasible set K is convex by (A1), while the objective of is generally not convex. The
assumption (A2) ensures that the objective of is well-defined. It is commonly adopted
in the literature about fractional optimization problems [24], 36], [44], and can be satisfied
by many practical optimization models [4, 36, 49]. If Y is noncompact, the technique of
homogenization can be applied (c.f. [53]).

Over the last several decades, due to a great number of applications in many fields, semi-
infinite programming (SIP) has attracted a great interest and has been a very active research
area [14, 15, 22, B5]. Numerically, SIP problems can be solved by different approaches
including, for instance, discretization methods, local reduction methods, exchange methods,
simplex-like methods, feasible point methods etc; see [14], 22] [35] and the references therein
for details. A main difficulties in solving general SIP problems is that the feasibility test
of a given point is equivalent to globally solving a lower level subproblem which is generally
nonlinear and nonconvex.

To the best of our knowledge, there are only limited research results devoted to semi-
infinite polynomial optimization by exploiting features of polynomial optimization problems.
For instance, Parpas and Rustem [40] proposed a discretization-like method to solve minimax
polynomial optimization problems, which can be reformulated as semi-infinite polynomial
programming (SIPP) problems. Using polynomial approximation and an appropriate hier-
archy of semidefinite programming (SDP) relaxations, Lasserre [29] presented an algorithm
to solve the generalized SIPP problems. Based on an exchange scheme, an SDP relaxation
method for solving SIPP problems was proposed in [53]. By using representations of nonneg-
ative polynomials in the univariate case, an SDP method was given in [54] for linear SIPP
problems with the index set being closed intervals. For convex SIPP problems, Guo and Sun
[16] proposed an SDP relaxation method by combining the sum-of-squares representation
of the Lagrangian function with high degree perturbations [30] and Putinar’s representation
[42] of the constraint polynomial on the index set.

In this paper, in a way similar to [16], we will derive an SDP relaxation method for the
FSIPP problem ({I]). Different from [16], we treat the problem in a more systematical manner.
We first reformulate the FSIPP problem to a conic optimization problem and its Lagrangian
dual, which involve two convex cones of polynomials in the variables and the parameters,
respectively (Section . Under suitable assumptions on these cones, approximate minimum
and minimizers of the FSIPP problem can be obtained by solving the conic reformulations.
If we can bring sum-of-squares structures into these cones, the conic reformulations reduce

to a pair of SDP problems and become tractable. To this end, inspired by Jeyakumar



and Li [23], we provide a characteristic cone constraint qualification for convex semi-infinite
programming problems to guarantee the strong duality and the attachment of the solution in
the dual problem, which is of its own interest. We remark that this constraint qualification,
which is crucial for some applications (see Section , is weaker than the Slater condition
used in [16].

In what follows, we first present a hierarchy of SDP relaxations for the FSIPP problem
whose index set is defined by finitely many polynomial inequalities (Section [4)). This is done
by introducing appropriate quadratic modules to the conic reformulations. The asymptotic
convergence of the optimal values of the SDP relaxations to the minimum of the FSIPP
problem can be established by Putinar’s Positivstellensatz [42]. Moreover, when the FSIPP
problem has a unique minimizer, this minimizer can be approximated from the optimal
solutions to the SDP relaxations. By means of existing complexity results of Putinar’s
Positivstellensatz, we can derive some convergence rate analysis of the SDP relaxations.
We also present some discussions on the stop criterion for such SDP relaxations. Next, we
restrict our focus on four cases of FSIPP problems for which the SDP relaxation method is
exact or has finite convergence and at least one minimizer can be extracted (Section [5]). The
reason for this restriction is due to some applications of the FSIPP problem where exact
minimum and minimizers are required. In particular, we study the application of our SDP
method to the corresponding multi-objective FSIPP problems, where the objective function
is a vector valued function with each component being a fractional function. We aim to find
efficient solutions (see Definition to such problems. Some sufficient efficiency conditions
and duality results for such problems can be found in [8, 52] 55, 56]. However, as far as we
know, very few algorithmic developments are available for such problems in the literature
because of the difficulty of checking feasibility of a given point.

This paper is organized as follows. Some notation and preliminaries are given in Section
2l The FSIPP problem is reformulated as a conic optimization problem in Section [3] We
present a hierarchy of SDP relaxations for FSIPP problems in Section [l In Section [5] we
consider four specified cases of the FSIPP problems and the application of the SDP method

to the multi-objective cases. Some conclusions are given in Section [6]

2. NOTATION AND PRELIMINARIES

In this section, we collect some notation and preliminary results which will be used in
this paper. The symbol N (resp., R, R, ) denotes the set of nonnegative integers (resp., real
numbers, nonnegative real numbers). For any ¢ € R, [¢] denotes the smallest integer that
is not smaller than ¢. For v € R™, |lu|| denotes the standard Euclidean norm of u. For
a=(ay,...,a,) € N |a] = a1+ -+ a,. For k € N, denote N} = {a € N" | |a] < k}
and |N?| its cardinality. For variables z € R™ y € R" and 8 € N™, a € N*, 27, y* denote
g By yen respectively. For h € R[z], we denote by deg(h) its (total) degree.



For k € N, denote by R[z]; (resp., R[y|x) the set of polynomials in R[z] (resp., R[y]) of degree
up to k. For A = R[z], R[y], R[z]|x, Rly]x, denote by A* the dual space of linear functionals
from A to R.

A polynomial h € R[z] is said to be a sum-of-squares (s.o.s) of polynomials if it can
be written as h = 3., h? for some hy, ..., h € Rlz]. The symbols ¥2[z] and %2[y] denote
the sets of polynomials that are s.o.s in R[z] and R]y], respectively. Notice that not every
nonnegative polynomial can be written as s.o.s, see [43]. We recall the following properties

about polynomials nonnegative on certain sets, which will be used in this paper.

Theorem 2.1 (Hilbert’s theorem). Every nonnegative polynomial h € R[x] can be written
as s.0.s in the following cases: (i) m = 1; (ii) deg(h) = 2; (iii) m = 2 and deg(h) = 4.

Theorem 2.2 (The S-lemma). Let h, ¢ € Rx] be two quadratic polynomials and assume that
there exists u® € R™ with q(u®) > 0. The following assertions are equivalent: (i) q(z) > 0
= h(z) > 0; (ii) there exists X > 0 such that h(z) > Ag(x) for all x € R™.

Proposition 2.1. [45, Example 3.18] Let ¢ € R[z] and the set K = {x € R™ | q(x) > 0} be
compact. If h € Rz] is nonnegative on KC and the following conditions hold

(i) h has only finitely many zeros on K, each lying in the interior of K;
(ii) the Hessian V?h is positive definite on each of these zeros,

then h = oq + o1q for some 0,01 € L?[z].

For h,hy,..., h, € R[z], let us recall some background about Lasserre’s hierarchy [27]
for the polynomial optimization problem

R*:= min h(z) st. ze€S:={xeR™|h(x) >0,...,h(x) >0} #0. (2)

zeR™

Let H :={hy,...,h.} and hy = 1 for convenience. We denote by

gmodule(H) := {Z hjo; | o; € X%, =0,1,... ,/{}
=0

the quadratic module generated by H and denote by

gmodule, (H) := {Z hjo; | o; € X[x], deg(hjo;) <2k, j=0,1,... ,/{}
=0

its k-th quadratic module. 1t is clear that if h € qmodule(H ), then h(z) > 0 for any = € S.

However, the converse is not necessarily true.

Definition 2.1. We say that qmodule(H) is Archimedean if there exists ¢ € qmodule(H)
such that the inequality ¢(x) > 0 defines a compact set in R™; or equivalently, if for all
¢ € Rlz], there is some N € N such that N + ¢ € qmodule(H) (c.f., [40]).



Note that for any compact set S we can always force the associated quadratic module
to be Archimedean by adding a redundant constraint M — ||z||3 > 0 in the description of S
for a sufficiently large M.

Theorem 2.3. [42], Putinar’s Positivstellensatz| Suppose that qmodule(H) is Archimedean.
If a polynomial ¢ € R[z| is positive on S, then ) € gqmodule,(H) for some k € N.

For a polynomial 9(z) = > .ym Yaz® € Rlz] where 9, denotes the coefficient of the
monomial x® in v, define the norm

(3)
We have the following result for an estimation of the order k£ in Theorem [2.3

Theorem 2.4. [39, Theorem 6] Suppose that qmodule(H ) is Archimedean and S C (—7g, Ts)™
for some 7 > 0. Then there is some positive ¢ € R (depending only on h;’s) such that for
all Y € Rlz| of degree d with mingeg ¥ (x) > 0, we have 1 € qmodule,(H) whenever

o lvls "
k Z cexp |:(d2m m) :| .

For an integer k£ > max{[deg(h)/2], ko} where ky := max{[deg(h;)/2],i = 1,..., K},
the k-th Lasserre’s relaxation for is

B = inf Z(h) st. £ € (qmodule,(H))', £(1) =1, (4)
and its dual problem is
pmal— sup p st h— p € qmodule, (H). (5)
p

For each k > k, and can be reduced to a pair of primal and dual SDP problems, and
we always have hP™ < pdual < p* (c.f. [27]). The convergence of h{" and h2"™ to h* as
k — oo can be established by Putinar’s Positivstellensatz [27, 42] under the Archimedean
condition. If there exists an integer k* such that hg“mal = h{ual = p* for each k > k*, we say
that Lasserre’s hierarchy for has finite convergence. To certify h{"s! = h* when it occurs,
a sufficient condition on a minimizer of called flat extension condition [9] is available.
A weaker condition called flat truncation condition was proposed by Nie in [37]. Precisely,
for a linear functional .Z € (R[z]ax)*, denote by M (.Z) the associated k-th moment matrix
which is indexed by N, with («, 8)-th entry being £ (z*#) for o, 3 € NI

Condition 2.1. [37, flat truncation condition] A minimizer £* € (Rlx]ox)* of satisfies
the following rank condition: there exists an integer k' with max{[deg(h)/2],ko} < K < k
such that

rank Mk’fko (g*) = rank Mk/ <$*>



Nie [37, Theorem 2.2| proved that Lasserre’s hierarchy has finite convergence if and
only if the flat truncation holds, under some generic assumptions. In particular, we have the
following proposition.

Proposition 2.2. |37, c.f. Theorem 2.2| Suppose that the set {x € R™ | h(z) = h*} is finite,
the set of global minimizers of 1s nonempty, and for k big enough the optimal value of
15 achievable and there is no duality gap between and . Then, for k sufficiently
large, hzrimal = h{wal = h* if and only if every minimizer of satisfies the flat truncation

condition.

Moreover, if a minimizer Z* € (R[z]a)* of (2) satisfies the flat extension condition or
the flat truncation condition, we can extract finitely many global minimizers of from the
moment matrix My (.Z*) by solving a linear algebra problem (c.f. [9, 20]). Such procedure
has been implemented in the software GloptiPoly [21] developed by Henrion, Lasserre and
Lofberg.

We say that a linear functional .Z € (R[z])* has a representing measure p if there exists
a Borel measure @ on R™ such that

ZL(x%) —/ z*du(z), VYo e N™.

For k € N, we say that £ € (R[z];)* has a representing measure 4 if the above holds for
all @ € NJ*. By [9, Theorem 1.1], Condition implies that .Z* has an atomic representing
measure. Fach atom of the measure is a global minimizer of and can be extracted by
the procedure presented in [20)].

We end this section by introducing some important properties on convex polynomials.

Definition 2.2. A polynomial h € Rlx] is coercive whenever the lower level set {x € R™ |
h(z) < a} is a (possibly empty) compact set, for all o € R.

Proposition 2.3. |25, Lemma 3.1] Let h € R[z]| be a convex polynomial. If V*h(u') = 0 at

some point u' € R™, then h is coercive and strictly conver on R™.
Recall also a subclass of convex polynomials in R[z] introduced by Helton and Nie [19].

Definition 2.3. [19] A polynomial h € R[z] is s.0.s-convex if its Hessian V*h is an s.o.s-

matriz, i.e., there is some integer r and some matriz polynomial H € R[z]™™ such that

V2h(z) = H(z)"H(x).

In fact, Ahmadi and Parrilo [2] has proved that a convex polynomial h € R[z] is s.0.s-
convex if and only if m = 1 or deg(h) = 2 or (m,deg(h)) = (2,4). In particular, the class
of s.0.s-convex polynomials contains the classes of separable convex polynomials and convex

quadratic functions.



The significance of s.o0.s-convexity is that it can be checked numerically by solving an
SDP problem (see [19]), while checking the convexity of a polynomial is generally NP-hard
(c.f. [1]). Interestingly, an extended Jensen’s inequality holds for s.o.s-convex polynomials.

Proposition 2.4. |28, Theorem 2.6| Let h € R[z]|2q be s.0.s-convez, and let £ € (R[z]2q)*
satisfy £ (1) =1 and £ (o) > 0 for every o € X2[x] N R[z]aq. Then,

L) = WL (@), .., L ).
The following result plays a significant role for the SDP relaxations of in Section [5|

Lemma 2.1. [19, Lemma 8| Let h € Rx] be s.o.s-convex. If h(u) = 0 and Vh(u) = 0 for
some u € R™, then h 1s an s.o.s polynonmial.

3. CONIC REFORMULATION OF FSIPP

In this section, we first reformulate the FSIPP problem to a conic optimization
problem and its Lagrangian dual, which involve two convex subcones of R[z| and R[y], re-
spectively. Under suitable assumptions on these cones, we show that approximate minimum
and minimizers of can be obtained by solving the conic reformulations.

3.1. Problem Reformulation. Consider the problem

min - f(z) —r"g(x). (6)

zeK
Note that, under (A1-2), @ is clearly a convex semi-infinite programming problem and its
optimal value is 0.

Now we consider the Lagrangian dual of @ In particular, the constraints p(z,y) <0
for all y € Y means that for each u € K, p(u,y) € R[y] belongs to the cone of nonpositive
polynomials on Y. The polar of this cone is taken as the cone of finite nonnegative measures
supported on Y, which we denote by M(Y). Therefore, we can define the Lagrangian
function Lyg(x, pu,n) : R™ x M(Y) x R — R by

Lyg(e, ) = f(z) — r*ga) + /Y () dp(y +Zw (7)

Then, the Lagrangian dual of @ reads

max inf Ly ,(z,p,n). (8)

peEM(Y) ;>0 z€R™

See |7, 22], 35, [47] for more details.
Consider the strong duality and dual attainment for the dual pair @ and :

(A3): 3 € M(Y) and n* € R?. such that inf,epm Ly g(x, ", n*) = 0.
The following straightforward result is essential for the SDP relaxations of (1] in Section [f]



Proposition 3.1. Under (Al-3), Ly (u*, p*,n*) = 0 and V Ly (u*, pu*,n*) = 0 for any
u* € S.

Under (Al-3), we first reformulate to a conic optimization problem with the same
optimal value r*. We need the following notation. For a subset X C R™ (resp., the index set
Y), denote by Z(X) C Riz] (resp. Z(Y) C R[y]) the cone of nonnegative polynomials on X
(resp., Y). For Z € (R[z])* (resp., 7 € (R[y])*), denote by Z(p(x,y)) (resp., 7 (p(x,y)))
the image of £ (resp., ) on p(x,y) regarded as an element in R[z] (resp., Rly]) with
coefficients in R[y] (resp., R[z]), i.e., Z(p(z,y)) € R[y] (resp., #(p(z,y))) € R[z]). For a

subset X C R™, consider the conic optimization problem
(7 := sup p
P

st f(x) = pg(x) + A (p(x,y)) + D njii(x) € P(X), (9)

=1

peER, A € (2(Y)), neRL.

\

Proposition 3.2. Under (A1-3), suppose that X N'S # (), then 7 = r*.

Proof. Under (A3), define 5#* € (R[y])* by letting #*(y®) = Iy yPdu*(y) for any B € N™.
Then, 7#* € (2(Y))* and (r*, #*,1*) is feasible to (9). Hence, 7 > r*. As X NS # 0, for
any u* € X NS and any (p, 7, n) feasible to (9), it holds that

f(u) = pg(u*) + A (p(u”,y)) + Z n;w;(u*) > 0.

Then, the feasibility of u* to implies that r* = £ EZ:; > p and thus r* > 7. O

Remark 3.1. Before moving forward, let us give a brief overview on the strategies we
adopted in this paper to construct SDP relaxations of from the reformulation @D The
difficulty of (9 is that the exact representions of the convex cones Z(X) and Z(Y) are
usually not available in general case, which makes @D still intractable. However, the Posi-
tivstellensatz from real algebraic geometry, which provides algebraic certificates for positivity
(nonnegative) of polynomials on semialgebraic sets, can gives us approximations of Z(X)
(with a carefully chosen X) and Z(Y) with sum-of-squares structures. Replacing & (X)
and Z(Y) by these approximations, we can convert @D into SDP relaxations of . In
order to obtain (approximate) optimum and optimizers of from the resulting SDP relax-
ations, we need establish some conditions which should be satisfied by these approximations
of Z(X) and Z(Y). Then according to these conditions, we can choose suitable subset X
and construct appropriate approximations &(X’) and Z(Y). Remark that different sub-
sets X and versions of Positivstellensatz can lead to different approximations of Z(X’) and
P(Y) satisfying the established conditions. Therefore, to present our approach in a unified
way, we next use the symbols C[z] and C[y] to denote approximations of Z(X’) and Z(Y),



respectively, and derive the conditions they should satisfy (Theorem . Then, we specify
suitable C[z] and C[y| in different situations to construct concrete SDP relaxations of (1)) in
Section [ and Bl 0

Let C[x] (resp., Cly]) be a convex cone in R[z| (resp., R[y]). Replacing #(X) and Z(Y)
by C[z] and C[y] in (9)), respectively, we get the conic optimization problem
(..primal
rP :

= Sup p
Py’ m

st f(x) = pg(x) + A (p(x,y)) + Y njwoi(x) € Clal, (10)

j=1

pER, H € (Cly])", neR,

\

and its Lagrangian dual
pdual . — igﬂf Z(f)
st. Z e (Clz])", ZL(g) =1, (11)
—Z(p(z,y)) €Clyl, L(¥;) <0, j=1,....5.
For simplicity, in what follows, we adopt the notation
L(x) = (ZL(x1),..., L (xm))
for any .2 € (R[z])*. Let
d = max{deg(f), deg(g), deg(t), . .., deg(1s), deg, (p(z, y))}. (12)

For any € > 0, denote the set of e-optimal solutions of
SS::{xGK‘MST*—FE}. (13)
g(x)

The following results show that if the cones C[z| and C[y] satisfy certain conditions, we
can approximate r* and extract an e-optimal solution by solving and .

Theorem 3.1. Suppose that (A1-2) hold and Cly] € P(Y). For some € > 0, suppose that
there exists some u® € S, such that —p(u'®),y) € Cly] and h(u)) > 0 for any h(x) € Clx].

(i) If (A3) holds and Ly ,(x, u*,n*) + eg(x) € Clx], then r* — e < pPrimal L pdual Lpx g o

il 18 a minimizer o Suc at the restriction Rlzl, admits a representing

i) If 2% i 11) such that the restriction £L*|rp, admit ti
nonnegative measure v, then r* < rd@ < x4 ¢ and

:2;253 _ ftil/ (/xldy,...,/xmdl/) €S..

Proof. Define a linear functional .2’ € (R[z])* such that .2’ (z*) = L for each o« € N™. By

g(u®)
the assumption, it is clear that .Z”’ is feasible to . Then, rdval < Z'(f) = ﬁzg <r +e.



(i) Define 7 € (R[y])* by letting #*(y°) = [, y’dp*(y) for any B € N". By the
assumption, s* € (Cly|)*. Since Ly (z, u*,n*) +eg(x) € Clz], (r* —e, *, n*) is feasible to
. Hence, rPrimal > y* _ 2 Then, the weak duality implies the conclusion.

ii) As £*|rp.), admits a representing nonnegative measure v, we have 3* dv >
(] g g

0; otherwise .Z*(g) = 0, a contradiction. For every y € Y, as p(z,y) i fdu

is a probability measure, by Jensen’s inequality, we have

where the last inequahty follows from the constraint of the Lagrangian dual problem ({11).

%(f;i_g)go, j=1,....s, (15)

which implies that .2*(x)/.£*(1) is feasible to (I]). Therefore, it holds that

For the same reason,

1

| f(x)dv

T*‘i‘&fzg*(f) (f) ffx v f;lf
Zg)  [gl@)dv 55 [g(z)dv
L @)
9(Z(x)/2*(1))

In particular, the second inequality above can be easily verified under (A2). Therefore, we
have r* < pdual <% 4 ¢ and £*(x)/£*(1) € S.. O

Theorem opens the possibilities of constructing SDP relaxations of . In fact,
if we can find suitable cones C[z] and C[y] with sum-of-squares structures and satisfy the
conditions in Theorem , then and can be reduced to SDP problems and become
tractable; see Sections [4] and [5] for details.

Remark 3.2. We would like to emphasize that the Slater condition used in [16] to guarantee
(A3) and the convergence of the SDP relaxations proposed therein might fail for some appli-
cations (see Remark [5.1 (i)). Thus, we need a weaker constraint qualification for (A3). O

3.2. A Constraint Qualification for (A3). Inspired by Jeyakumar and Li [23], we consider
the following semi-infinite characteristic cone constraint qualification (SCCCQ).

For a function A : R™ — RU{—00, 400}, denote by h* the conjugate function of A, i.e.,

h*(€) = sup {(¢, z) — h(x)},

reR™

and by epi h* the epigraph of h*. Let

G U o (f p(-,y>du<y>)* and Cy = | J epi (an) (16)

peEM(Y neRY

Definition 3.1. SCCCQ s said to be held for K if C; + Cs is closed.

10



Remark 3.3. Along with Proposition [A.2] the following example shows that the SCCCQ
condition is weaker than the Slater condition. Recall that the Slater condition holds for
K if there exists u € R™ such that p(u,y) < 0 for all y € Y and 9;(u) < 0 for all
j =1,...,s Consider the set K = {z € R | yx < 0, Vy € [-1,1]}. Clearly, K = {0}
and the Slater condition fails. As s = 0, we only need verify that C; is closed. It suffices
to show that C; = {(w,v) € R* | v > 0}. Indeed, fix a up € M([—1,1]) and a point
(w,v) € epi (fy p(-,y)du(y))” € Ci. Then,

0, if w= d
v > sup (wa: —/ xydy(y)) = { nw f[_l’l] yelpi(y) (17)
[7171]

z€R +oo, ifw# f[—l,l] ydu(y).
Conversely, for any (w,v) € R? with v > 0, let
_ {]wlé{_l}, if w <0,

wé{l}, if w >0,

where 0;_1} and d;1y are the Dirac measures at —1 and 1, respectively. Then, i € M([—1,1])
and w = [,_, ,,ydji(y) holds. By (I7), we have (w,v) € epi ([ p(, y)dii(y))". O

For convex semi-infinite programming problems, we claim that the SCCCQ guarantees
the strong duality and the attachment of the solution in the dual problem, see the next
theorem. Due to its own interest, we give a proof in a general setting in the Appendix [A]

Theorem 3.2. Under (Al1-2), SCCCQ implies (A3).

Proof. See Theorem [A.2] O

4. SDP RELAXATIONS WITH ASYMPTOTIC CONVERGENCE

In this section, based on Theorem [3.I} we present an SDP relaxation method for the
FSIPP problem with the index set Y being of the form

Y={yeR"[qa(y) >0,...,q:.(y) >0}, whereq,...,q € R[yl.

The asymptotic convergence and convergence rate of the SDP relaxations will be studied.
We also present some discussions on the stop criterion for such SDP relaxations.

By Theorem [3.1] if we can choose a suitable subset X C R™ and construct appropriate
approximations C[z]| and C[y| of Z(X) and Z(Y ), respectively, which satisfy the conditions
in Theorem for some £ > 0, then we can compute the e-optimal value of by solving
and . Consequently, to construct an asymptotically convergent hierarchy of SDP
relaxations of (I)), we need find two sequences {Ci[z]} C R[z] and {Cx[y]} C R[y], which
are approximations of Z(X’) and Z(Y), respectively, and have sum-of-squares structures.
These sequences of approximations should meet the requirement that for any ¢ > 0, there
exists some k. € N such that for any k£ > k., the conditions in Theorem will hold if
we replace the notation C[z] and Cly] by C[z] and Ci[y], respectively. We may construct
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such sequences of approximations by the Positivstellensatz from real algebraic geometry
(recall Putinar’s Positivstellensatz introduced in Section [2)) where the subscript k indicates
the degree of polynomials in the approximations and the containment relationship Cilz| C
Cri1lx], Cily] C Cryaly] is satisfied. In and (11]), replace the notation C[z] and C[y] by
Cr[z] and Ck[y], respectively, and denote the resulting problems by (10k) and (L1Jt). Then, as
k increases, a hierarchy of SDP relaxations of (I)) can be constructed. Denote by r?"™* and
rdual the optimal values of ) and ), respectively. The argument above is formally

stated in the following theorem.

Theorem 4.1. Suppose that (Al-3) hold and Cily] C P (Y) for all k € N,k > [d/2]. For
any small € > 0, suppose that there exist k. € N, k. > [d/2] and some u'® € S. such that
for all k > k., —p(u'®,y) € Crlyl, Lyy(x, u*,n*) + eg(x) € Crlx], and h(u'®) > 0 holds for

any h(z) € Clz]. Then, limy_,o 2™ = limy, o rioa! = 7.

Proof. For any small ¢ > 0, by Theorem [3.1] (i), we have r* — & < rP"™ < piuwal < g 4 ¢ for

any k > k. and hence the convergence follows. O

4.1. SDP relaxations with asymptotic convergence. In what follows, we will construct
appropriate cones {Cx[z]} and {Ck[y]}, which can satisfy conditions in Theorem and
reduce (10k) and (L1k) to SDP problems.

Fix two numbers R > 0 and g* > 0 such that
|lu]| < R and g(u*) >g¢* forsome u*e€S. (18)

Remark 4.1. Since S # () and (A2) holds, the above R and ¢g* always exist. Let us discuss
how to choose R and ¢g* in some circumstances. If K or S is bounded, then we can choose
sufficiently large R such that K C [-R,R]™ or S C [—R, R|™. Now let us consider that
how to choose a sufficiently small g* > 0 such that g(u*) > g* for some u* € S, which may
be not easy to certify in practice. If g(z) = 1, then clearly, we can let ¢* = 1/2. If g(z)
is affine, then we can set ¢* by solving min,ek g(x), which is an FSIPP problem in which
the denominator in the objective is one. Suppose that g(z) is not affine and a feasible point
v’ € K is known. We first solve the FSIPP problem f* := min,ex f(z). If f(v') = 0 or

f* =0, then by (A2), r* = 0; otherwise, we have f* > 0 and

oo 9w oo g(W)

g(u™) = f(u,>f(u ) = f(u’)f )

for any v* € S. Thus, we can set g* to be a positive number less than ?Ezl,g 1 0

We choose the subset
= {z e R™ ||l < R?, g(z) > ¢'}. (19)
which clearly satisfies the condition X N'S # () in Proposition and let
Q:={a,....e:} CRlY, G:={R" |z’ g(z) - g} CR[a].

12



For any k € N,k > [d/2], let
Cr[z] = gqmodule,(G) and Ci[y] = qmodule,(Q), (20)

i.e., the k-th quadratic modules generated by G and @ in R[x] and R[y|, respectively. Then,
for each k > [d/2], computing 72"™* and 7" is reduced to solving a pair of primal and
dual SDP problems. We omit the detail for simplicity.

Consider the assumption:

(A4): gqmodule(Q) is Archimedean and there exists a point © € K such that
p(u,y) <0forallyeY.

Theorem 4.2. Under (A1-4) and the settings and (20)), the following holds.

. . imal .
(1) limpeo r™™ = limy oo i = >,

(ii) Ifrdvwal < 400 which holds for k large enough, then ririmal = rdual gnd rdval js gttainable.

(iii) For any convergent subsequence { £ (v)/Z;5(1)}i (always exvists) of { L (x) /L (1) e
where ZF is a minimizer of ), we have lim;_,o 2 (x)/ L5 (1) € S. Consequently,
if S is singleton, then limy_,o L (x)/ 45 (1) is the unique minimizer of (I]).

Proof. (i) Clearly, Cx[y] € £(Y) for any k € N,k > [d/2]. Let € > 0 be fixed. Let u* € S
be as in and u™ := Mu* + (1 — A\)u. As K is convex, u® € K for any 0 < A\ < 1. By
the continuity of g and g on K, there exists a X' € (0, 1) such that

[u] <R, gu™))>g¢g* and ™) e€8.. (21)
For any y € Y, by the convexity of p(z,y) in z,
p(u™,y) < Np(u*,y) + (1 = N)p(a, y) < 0.

By Theorem , there exists a k; € N such that —p(u®),y) € Cy[y] for any k > k;. Since
g* >0, (A3) implies that Ly (z, u*,n*) +eg(x) is positive on the set X. As qmodule(G) is
Archimedean, by Theorem again, there exists a ko € N such that Ly (x, u*, n*) +¢eg(z) €
Ci[z] for any k > ko. It is obvious from that h(u®)) > 0 for any h € Cp[z], k > ky. Let
k. = max{ky, ko, [d/2]}, then the sequences {Ci[z]|} and {Ci[y]} satisfies the conditions in
Theorem [.1] which implies the conclusion.

(il) From the above, the linear functional £’ € (R[z])* such that £’ (x*) = (;22;),? for
each o € N™ is feasible for (11}) whenever k > max{k;, [d/2]} and hence r{"® < +oco. For
any k > max{ki, [d/2]} and any feasible point .%; of (L1f), because .%;, € (Cy[z])*, we have
Zi(g—g*) > 0 and Z(1) > 0. Hence, along with Z(g) = 1, we have 0 < Z(1) < 1/¢*
for all k > [d/2]. Since there is a ball constraint in (19), by [26, Lemma 3] and its proof,

we have

> () < ) (m; k’) ZR < (m; k’) Z o

aeNG

13



for all k € N, k > [d/2] and all &, € (Ci[z])*. In other words, for any k& > max{ky, [d/2]},

the feasible set of the ) is nonempty, bounded and closed. Then, the solution set of

the (11}) is nonempty and bounded, which implies that (L0f) is strictly feasible (c.f. [48]

Section 4.1.2]). Consequently, the strong duality rp“mal = rdual holds by [48, Theorem 4.1.3].
(iii) As gmodule(G) is Archimedean, by the definition,

Vvt € N, 3N, I(t) €N, Va € N, N; & 2% € qmodule;;,,(G) = Cypy[z].
For any k > I(t), since £ € (Cixlz])*, for all a € N},
[ L (@)] < ZE(Ny) = Ni - Z7(1) < Nifg™. (22)
Then, for any k£ > [d/2], we have |.Z(2*)| < N] for any a € NJ* where
N{ := max{N,;/g*, M;} and M, := max{|-Z; ()| | e e N, [d/2] <k <I(t)}.
Moreover, from and the equality .Z;(g) = 1, we can see that Z*(1) > 0 for all k£ >
[d/2]. For any k > [d/2], extend .2 € € (Rog[z])* to (R[x])* by letting £ (x*) = 0 for all

la] > 2k and denote it by .Z. Then, for any £ > [d/2] and any o € N, it holds that
|$k*(xa>| S N‘/al. That iS7

{(Z:(x“))aeNm}k>[dm - aH ~Najs Naf] - (23)

By Tychonoff’s theorem, the product space on the right side of (23)) is compact in the product
topology. Therefore, there exists a subsequence {.;27,5 }ien of {.,2:; b and a P e (R[x])* such
that lim; .5,”;; (x%) = L (x®) for all & € N™. From the pointwise convergence, we get the
following: (a) Z* € (qmodule(G))*; (b) Z*(g) = 1; (c) L (p(x,y)) < 0 for any y € Y
since .,Z*(p(x,y)) < 0 for any k& > [d/2]; (d) .,?*(wj) <0forj=1,...,s. By (a) and
Putinar’s Positivstellensatz, along with Haviland’s theorem [I§], #* admits a representing
nonnegative measure v, i.e. ,3”/*( *) = [a*dv for all @ € N™. From (b) and (22), ,,57*(1) >0
Then, like in (14) and (15), by (c and (d), we can see that

Li(x) L)

L L) 2
From (i),
r* im o (F) — D%(f) - ff(x)dy B ﬁff(x)dy
S AN =20 Lg)  Jo@)dv g [ g(x)dv

which implies that lim; . £ (2)/ 2 (1) € S
As S is singleton, S = {u*}. The above arguments show that lim,_m Le(w) ] L (1) =
u* for any convergent subsequence of { £ (z)/ £ (1)}k. By AL () LD C
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[—Ni, N{]™ which is bounded. Thus, the whole sequence { £} (x)/ 2 (1)}, converges to
u* as k tends to oo. O

1
4.2. Convergence rate analysis. Next, we give some convergence rate analysis of rp“ma

and r{"! based on Theorem [2 .
Let us fix R, ¢* € R, u* € K satisfying (18), u* € M(Y),n* € RS satisfying (A3), u € K
satisfying (A4), a number Ry > R and a number Ry > 0 such that Y C (—Ry, Ry)".
For any ¢ > 0, define the following constants.
e i llull > R,

. al|—||u*|?
N, = { Tal-TeT

0, otherwise,

9@-g* i o(m N
N o= dw-g 9@ =g
’ 0, otherwise,

F(@)—(r*+e)g(@) e . _
Ny = { T@-Gag@+eg(w)’ it f(@) ‘2 (" +e)g(@) Ne := max{N, Ny, Ny}
0, otherwise,

It is easy to see that N. € [0,1). Let
N.+1

N o= and u™) = Nu* + (1 — N)a. (24)

Lemma 4.1. The point u™) in ([24)) satisfies the conditions in .

Proof. 1f ||@|| < R, then clearly [|u)|| < R; otherwise, ||@| > R > ||u*| and
] = [INu" + (L= Nal| < NJu*]| + (1= X)|al]
< all + Ne(ull = llall) = "] + B = [lu*]| = R
Since g(x) is concave, we have
g(™)) = Ng(u*) + (1 = X)g(a).
If g(u) > g*, it is clear that g(u®*)) > g*. Suppose that g(u) < ¢*, then g(#) < g(u*) and
g(u® )> Ng(u) + (1= XN)g(u) = X(g(w) — g(w)) + g(u)
Ny(g(w”) = g(w)) + g(u) = g" = g(u) + g(u) = g".
If f(u) < (r*+¢€)g(u), by the convexity of f(x) and —g(x), it holds that
FX) <N f)+ (1= N)f(@) < (" +e)(Ng(u*) + (1= N)g(@) < (r* +2)g(u™), (25)
which implies that «*) € S.. If f(@) > (r* + ¢)g(@), we have
N(f(@) = (" +e)g(m) = N(f(u") = (r" +e)g(u”))
> Ni((f(u) = (" +e)g(u)) +eg7)
= f(u) = (r" +€)g(w).

Then, the second inequality of still holds and hence u*) € S,. Therefore, all conditions
in are satisfied by v, U
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Recall the norm defined in (3)). Write p(z,y) = > senn py.5(7)y? and let

max|js) <R [Py,5(2)]
Pmax := Max B
)
Then, pmax is well-defined and |[p(u™?, y)|| < Pmax by Lemma. Denote p := max ey p(4,y).

AsY is compact, pi < 0. Denote d, = deg, p(z,y) and Lyax := || Lsq(z, u*,n*)|| for simplic-

primal dual

ity. The convergence rate analysis of 7, and r;;"* is presented in Proposition , where
the only constant depending on ¢ is V., and all others depend on the problem data in

and the fixed R, g*,u*, u, u*, n*, Ry and Ry in the assumptions.

Proposition 4.1. Under (A1-4) and the settings (18) and (20)), there exist constants c1, ¢z €

R (depending on q;’s, g, R and g*) such that for any e > 0, we have r*—e < rp“mal < pidual <

r* + ¢ whenever

2Ry (Lunax + £]l9(2) ) RS\
> 2 _dy 2. d X .
k > max {01 exp [(d . — 1)Pu> ] , Cg €XP l(d m e ,1d/2]

Proof. Recall the proof of Theorem (i). By Lemma , ™) in satisfies the conditions
in (21). Then, by Theorem there is a constant ¢; € R depending only on ¢;’s such that
—p(u™) | y) € Cily] for all k > k; where

’ dy C1
ki = ciexp | | d>n™ .Hp(U(A )’y)”},%Y 5
Y7 mingey (—p(u™), y))

and there exists a constant ¢; € R depending only on g(z), R and ¢g* such that Ly ,(x, p*, n*)+
eg(z) € Cylx] for all k > ko where

L * * d c2
ko := ¢y exp {(dzmd ” FICIINY )j—e*g(a:)HRX ) ] .
IIlllee)((Lf,g(x, w5 ) + 69(:{:))
For any y € Y, by the convexity of p(z,y) in x,

(Na - 1)pg

5 > 0.

—p(u™),y) > =Np(u,y) — (1= N)p(a,y) = (X = 1)p; =

Moreover, Ly ,(z, u*,n*) + €g(x) > eg* on the set X in (|19). Therefore,
Cc1
2Ppmax Linax R4
by < o exp [(d u) ] and s < oy exp Kded< +cllgla)l) X) } |

(N - l)pu 59*

Then, the conclusion follows. O

4.3. Discussions on the stop criterion. Recall the asymptotic convergence of the hierar-
chy of SDP relaxations (10k) and (L1f) for the FSIPP problem () established in Theorem
4.2l Before we give an example to show the efficiency of this method, let us discuss how
to check whether or not £ (z)/ % (1) where £ is a minimizer of (11f) for some k is a
satisfying solution to .
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Under (Al-2), it is clear that a feasible point u* € K is a minimizer of if and only
if u* is a minimizer of the convex semi-infinite programming problem
mip o)~ L 0(0), (26)
For (26)), it is well-known [35] that if the KKT condition holds at u* € K, i.e. there are finite
subsets A(u*) C Y, J(u*) C {1,...,s} and multipliers v, > 0, y € A(u*), n; >0, j € J(u*)
such that

p(u*,y) =0, VyEA(u*) Y;(u*) =0, Vj e J(u"),
Vf(u") fl )+ Y wVap(why) + D () =0, (21)

g( yeA(u*) jeJ(ur)

then u* is a minimizer of (26} . The converse holds if K satisfies the Slater condition. Next,
we use this fact to give a stop criterion of the hierarchy of SDP relaxations ) for ([1)).

Recall Lasserre’s SDP relaxation method for polynomial optimization problems intro-
duced in Section [} Fix a k € N and let u* = £ (z)/%;(1). Denote by 7 a small positive
number as a given tolerance. Now, we proceed with the following steps:

Step 1. Solve the polynomial minimization problem

* .= min —p(u* 2
p* = min p(u*,y) (28)

by Lasserre’s SDP relaxation method using the software GloptiPoly. If
max{—p*, ¥y (u*), ..., Ys(u)} <7,

then u* is a feasible point of within the tolerance 7. In the case when Condition
holds in Lasserre’s relaxations, we can extract the set of global minimizers of
(28]) which is a finite set in this case (c.f. [9 20]) and we denote it by A(u*). Let
J(u) = {j | |¢;(u*)| <7}, then A(u*) U J(u*) indexes the active constraints at u*
within the tolerance 7.

Step 2. Solve the non-negative least—squares problem

Vi) - L)+ T Tt ¢ 3wt

g( yEA(ur) JjeJ (u*)

w:= min
Yy=>0,m;>0

" (20)

which can be done by the command [sqnonneg in Matlab. If w < 7, then the
KKT condition in holds at £y (x)/ % (1) within the tolerance 7. Then we may
terminate the SDP relaxations (11f) at the order & and output £ (x)/ £ (1) as a

numerical minimizer of .

The key of the above procedure is Condition which can certify the finite convergence
of Lasserre’s relaxations for and be used to extract the set A(u*). For a polynomial
minimization problem with generic coefficients data, Nie proved that Condition holds
in its Lasserre’s SDP relaxations (c.f. [38, Theorem 1.2| and [37, Theorem 2.2|). Hence, an
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interesting problem is that if the coefficients data in is generic, does Condition always
hold in Lasserre’s SDP relaxations of ? It is not clear to us yet because the coefficients
of p(u*,y) also depend on the solutions .£}* to (11f) and thus we leave it for future research.

Several numerical examples will be presented in the rest of this paper to show the
efficiency of the corresponding SDP relaxations. We use the software Yalmip [34] and call
the SDP solver SeDuMi [51] to implement and solve the resulting SDP problems and
(11)). To show the advantage of our SDP relaxation method for solving FSIPP problems, we
compare it with the numerical method called adaptive convezification algom'thmﬂ (ACA for
short) [12], 50] for the following reasons. On the one hand, if g(z) is not a constant function,
then the FSIPP problem ({1]) is usually not convex. Hence, numerical methods in the literature
for convex SIP problems [14], 22} [35] are not appropriate for . On the other hand, most
of the existing numerical methods for SIP require the index set to be box-shaped, while
the ACA method can solve SIP problems with arbitrary, not necessarily box-shaped, index
sets (as Y in is). The ACA method can deal with general SIP problems (the involved
functions are not necessarily polynomials) by two procedures. The first phase is to find a
consistent initial approximation of the SIP problem with a reduced outer approximation of
the index set. The second phase is to compute an e-stationary point of the SIP problem
by adaptively constructing convex relaxations of the lower level problems. All numerical

experiments in the sequel were carried out on a PC with two 64-bit Intel Core i5 1.3 GHz

CPUs and 8G RAM.

Example 4.1. In order to construct an illustrating example which is not in the special
cases studied in the next section, we consider the following two convex but not s.o.s-convex
polynomials where h; is given in [2}, (4)] and hy is given in [3], (5.2)]
hyi(x1, 29, v3) =322% + 1182823 + 402823 + 25z72; — 430 w5ws — 352 w3 + 3wivyzs
— 1623 x3x; + 240305 + 1625 + 442522 + 702525 + 602325 4 3025,

51531 9005 49171

o x5 — 1 x5 + G Ty + 72127 — 206025

g 3817 , 4 5 6 3

— lda] + % + 36327 — 927 + 77z + 3162129 + 497175

7269
— 25500 w9 — 9681125 + 1710725 + 7942515 + 5 2373

301 2143 1671 14901 1399

3825 4041
5 —L 5 ——2%x3 — 364w, + 48z;.

It can be verified by Yalmip that both h; and hy are s.o.s polynomials. Let

ho(x1, 12) =89 — 363z 79 +

(30)

p(xlwz, yhyQ) =1+ h1<ylx1 — Y22, Y21 + Y12, 1)/100 + (?Jﬂl - y2$2) - (yle + ?/15132)

ts code named SIPSOLVER is available at https://kop.ior.kit.edu/791.php
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and f(xy,x9) := ho(x1 — 1,29 — 1)/10000. Clearly, f(z) and p(z,y) for all y € R? are convex

but not s.o.s-convex in z. Let g(z1,xs) := —a3 — 23 + 4 and (11, 22) := 23 /2 + 223 — 1.
Consider the FSIPP problem
r* = min @) st.(r) <0, plr,y) <0, YyeY CR? (31)
zer? g(z) a -
where

Y = {(y1,50) €ER* |41 >0, 42 >0, y{ + 5 = 1}.

Geometrically, the feasible region K is constructed in the following way: first rotate the
shape in the (z1,zs)-plane defined by —1 + hy(z1,29,1)/100 — 21 + 22 < 0 continuously
around the origin by 90° clockwise; then intersect the common area of these shapes in this
process with the ellipse defined by 1(z) < 0 (see Figure[l). It is easy to see that (A1-4) hold
for this problem. Let R = 2 and ¢g* = 1. For the first order k = 4, we get r{" = 0.0274 and
ZLr(x)/ ZLF(1) = (0.7377,0.6033).

As we have discussed before this example, now let us check that if u* := (0.7377,0.6033)
is a satisfying solution to (31)) within the tolerance T = 1072. We first solve the problem
by Lasserre’s SDP relaxations in GloptiPoly. It turns out that Condition is satisfied
in Lasserre’s relaxations of the first order. We obtain that p* = 6.7654 x 107> and A(u*) =
{(0.775,0.6315) }. Since 1(u*) = 4.2425 x 107>, within the tolerance 1073, we can see that
u* is a feasible point of and the constraints

p(z1,22,0.775,0.6315) <0, (1, 22) <0,

are active at u*. Then, we solve the non-negative least-squares problem by the command
Isqnonneg in Matlab. The result is w = 0.0000, which shows that the KKT condition ({27))
holds at u*. Thus, u* is a numerical minimizer of and hence of within the tolerance
1073, The total CPU time for the whole process is about 25 seconds.

To show the accuracy of the solution, we draw some contour curves of f/g, including
the one where f/g is the constant value f(u*)/g(u*) = 0.0274 (the blue curve), and mark
the point u* by a red dot in Figure|ll As we can see, the blue curve is almost tangent to K
at the point u*, which illustrates the accuracy of u*.

Next, we apply the ACA method to . It turns out that the first phase of ACA
to find a consistent initial approximation of with a reduced outer approximation of Y
always failed. That is possibly because Y in has no interior point and the upper level
problem is not convex (c.f. |12, 50]). Then, we reformulate to the following equivalent
fractional semi-infinite programming problem involving trigonometric functions and a single

parameter ¢

gg@g % s.t. ¥(z) <0, p(x,sint, cost) <0, Vte|[0,7/2]. (32)

~—
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FIGURE 1. The feasible set K and contour curves of f/g in Example

Then we solve by the ACA method again. After a successful phase I, the first 10
iterations of phase II to compute an e-stationary point of run for about 22 minutes and
produced a feasible point (0.6530,0.6272). The 15th iteration of phase IT produced a feasible
point (0.7374,0.6034) and the accumulated CPU time is about 40 minutes. The algorithm
did not reach its default termination criterion within an hour. U

5. SPECIAL CASES WITH EXACT OR FINITELY CONVERGENT SDP RELAXATIONS

In this section, we study some cases of the FSIPP problem , for which we can derive
SDP relaxation which is exact or has finite convergence and can extract at least one minimizer
of . The reason for this concern is due to some applications of the FSIPP problem where
exact optimal values and minimizers are required, see Section [5.2

Recall the reformulations and . Letting ¢ = 0 in Theorem implies that

Theorem 5.1. Suppose that (Al1-3) hold and the cones Clx] and Cly| satisfy the follow-
ing conditions: Cly] C P(Y), Lg,(x,u*,n*) € Clz], there exists some u* € S such that
—p(u*,y) € Cly] and h(u*) > 0 for any h(z) € C|x].
(i) We have rPrimal = pdual — gx,
(ii) If £* is a minimizer of such that the restriction £*|rp, admits a representing
nonnegative measure v, then

:5;8 _ IZV (/xldy,...,/mmdy> es.

Next, we specify four cases of the FSIPP problem, for which we can choose suitable

cones C[z] and C[y] with sum-of-squares structures and satisfy conditions in Theorem [5.1]
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5.1. Four cases. Recall the s.o.s-convexity introduced in Section [2| and consider
Casel. (i) n=1and Y = [-1,1]; (ii) f(x), —g(z), ¥i(z),i = 1,...,s, and p(z,y) € R[z]
for every y € Y are all s.o.s-convex in z.
Case 2. (i) n>1,Y ={y € R"| ¢(y) > 0} where deg(o(y)) =2, ¢(y) > 0 for some y € R™;
(ii) deg,(p(z,y)) = 2; (iii) f(z), —g(z), Yi(x),i = 1,...,s, and p(z,y) € R[z] for
every y € Y are all s.o.s-convex in x.
Let d, = deg,(p(v,y)) and d, = deg,(p(r,y)). For Case 1 and Case 2, we make the
following choices of C[x] and C[y| in the reformulations and ([L1):
In Case 1: Let
Clz] = X*[z] N R[z]zq, (33)

and

(34)

80,91 22 17d€ 00 <2 dy 2,
cmz{eowlu—y%)) S ”1}.

deg(01(1 — yi)) < 2[d,/2]
In Case 2: Let C[x] be defined as in (33) and
Clyl = {0+ x| X >0, 0 € 3?[y], deg(f) < 2}. (35)

Recall Proposition [3.2] and Remark [3.1} In Case 1 and 2, we in fact choose X = R™ and
¥2[x] NR[z]2q as the approximation of Z2(X). In each case, we can reduce and to
a pair of primal and dual SDP problems.

Lemma 5.1. Under (A1-2), if f(x), —g(z), ¥i(z), i =1,...,s, and p(x,y) € R[z| for every
y € Y are all s.o.s-convex in x, then the Lagrangian Ly (x,ut,n) is s.o.s-convex for any
peM(Y) and n e R

Proof. Obviously, we only need to prove that [y, p(z,y)du(y) is s.o.s-convex under (Al-2).
Note that there is a sequence of atomic measures {y;} € M(Y) which is weakly convergent
to g1, i.e., imy oo [y R(y)dpw(y) = Jy h(y)du(y) holds for every bounded continuous real
function h(y) on Y (c.f. [5, Example 8.1.6 (i)]). It is obvious that [y, p(x,y)dui(y) € Rlz]q,
is s.0.s-convex for each k. Since the convex cone of s.o.s-convex polynomials in R|z],, is
closed (c.f. [2]), the conclusion follows. O
Theorem 5.2. In Cases 1-2 : under (A2), the following holds.
(i) rdual = % and 25 € S where L* be a minimizer of which always ezists.

Z+(1)
(ii) If (A3) holds, then rP'™al = r* and it is attainable.

Proof. In Case 1, by the representations of univariate polynomials nonnegative on an interval
(c.f. [31, 41]), we have —p(z,y) € Cly] for each z € K. In Case 2, by the S-lemma and
Hilbert’s theorem, we also have —p(z,y) € Cly] for each z € K. For any u* € S, the linear
functional .¢" € (R[x])* such that Z'(z%) = E;E;)*j for each a € N, is feasible to (L1]). Hence,
pprimal < pdual < px by the weak duality.
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(i) Let .£* be a minimizer of (L1]), then .£*(1) > 0. In fact, .£*(1) > 0 since .£* €
(X2%[z] N R[z]eq)*. If £*(1) = 0, then by the positive semidefiniteness of the associated
moment matrix of .Z*, we have Z*(z*) = 0 for all @ € NJJ', which contradicts the equality
ZL*(g) = 1. As ¢y(x),...,¢s(x), p(z,y) € Rlz| for every y € Y are all s.o.s-convex in z,
similar to the proof of Theorem (ii), it is easy to see that ﬁ:g; € K due to Proposition
2.4 Since f(x) and —g(z) are also s.0.s-convex, under (A2), we have

CH(ES) Az
r Sg(‘f*—@l)) < ;;i))-f*(g)

— f*(f) — Tdual S 7,*.
£*(1)

Z*(x)
Z*(1)

functional £’ € (R[x]eq)* such that £’ (z®) = % for each a € N7} is a minimizer of (L1)).
(ii) By Lemma [5.1] Proposition 3.1 and Lemma2.1 Ly (x, u*, 7*) € C[z] in both cases.
Thus, 7P™4 = r* due to Theorem [5.1] (i) and is attainable at (r*, #, n*) where 5# € (R[y])*

satisfies that #(y°) = [, y’dp*(y) for any 8 € N™. O

dual

It means that r = r* and

is minimizer of . Clearly, for any u* € S, the linear

Now we consider another two cases of the FSIPP problem :
Case 3. (i) n=1and Y = [-1,1]; (ii) The Hessian V2f(u*) = 0 at some u* € S.
Cased. (i) n>1,Y ={y € R"| ¢(y) > 0} where deg(o(y)) =2, ¢(y) > 0 for some y € R™;
(i) deg,(p(z,y)) = 2; (iii) The Hessian V?f(u*) > 0 at some u* € S.

Let R > 0 be a real number satisfying and q(x) := R* — (22 + --- + 22,). For an
integer £ > [d/2], we make the following choices of C[z] and C[y] in the reformulations
and in Case 3 and Case 4:

In Case 3: Replace C[z] by Ci[z] = gmodule,({¢}) and let C[y] be defined as in (34).
In Case 4: Replace C|z] by Ci[z] = gqmodule,({¢}) and let C[y| be defined as in (35).

Recall Proposition and Remark . In Case 3 and 4, we in fact choose X = {z €
R™ | ¢(x) > 0} and quadratic modules generated by {q} as the approximation of Z(X).
For a fixed k, in each case, denote the resulting problems of and by (10k) and
(11)), respectively. Denote by T,Srimal and 71! the optimal values of (10/k) and ) We
can reduce (10f) and (11f) to a pair of primal and dual SDP problems.

Theorem 5.3. In Cases 3-4 : under (Al1-2), the following holds.

(i) For each k > [d/2], rP™ < pdual <% gnd rdual is attainale.
(i) For a minimizer ZF of (L1k), if there exists an integer k' € [[d/2], k]| such that

rank My (&) = rank My (%)), (36)
then, rdwl = r* and ﬁ’{g; is minimizer of ;
k

(iii) If (A3) holds, then for k large enough, r,‘jrimal = rdval = > and every minimizer £ of

Satisfies € rank conaition wnicn certifies a ,Sfi(l) 1S a Mminimaizer o .
(1)) satisfies the rank condition (BG) which certifies that =) mimizer of ()
k
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Proof. (i) As proved in Theorem [5.2] we have —p(u*,y) € C[y] for every u* € S C K in both
cases and hence 2™ < pdual < p* Due to the form of ¢(z), the attainment of 7! follows
from |26, Lemma 3| as proved in Theorem (ii).

(ii) From the proof of Theorem (iii), we can see that £} (1) > 0. By [9, Theorem
1.1], implies that the restriction )" |g[,],,, has an atomic representing measure supported
on the set K’ := {z € R™ | ¢(x) > 0}. Then, the conclusion follows by Theorem (ii).

(iii) Under (A1-3), consider the nonnegative Lagrangian L (x, u*,n*). By Proposition
, Ly g(z, ¥, m*) is coercive and strictly convex on R™. Hence, by Proposition , Sisa
singleton set, say S = {v*}, and u* is the unique minimizer of L (x, *,n*) on R™. Clearly,
u* is an interior point of K’. Then, by Proposition there exists k* € N such that
Ly g(z, p*,m*) € qmodule. ({¢}). Thus, in both Case 3 and Case 4, Ly ,(z, u*,n*) € Cilx]
for every k > k*. Then, rﬁrimal rdual — p* for each k > k* by Theorem (i)

Consider the polynomial optimization problem

[*:=min Ly (x, 1", n) st. q(x)>0. (37)

zeR™

Then, [* = 0 and is attained at u*. The k-th Lasserre’s relaxation (see Section [2)) for is

Jual . — mf L(Lyg(x,1*,n%)) st. Z € (qmodule,({q}))*, Z(1) =1, (38)

and its dual problem is

pprimal . — sup p st. Lyg(z, p*,n*) — p € gqmodule; ({q}). (39)
pe
We have shown that 2™ > 0. As the linear functional £’ € (R[z]g)* with £ (2%) = (u*)®
for each a € Ny} is feasible to (38), along with the weak duality, we have lg“mal < [l <
[* = 0, which means lzfimal = |3l = (. Hence, Lasserre’s hierarchy and have finite
convergence at the order k* without dual gap and the optimal value of is attainable.
Moreover, recall that u* is the unique point in R™ such that L (u*, p*,n*) = 0 =1*. Then
by Proposition , the rank condition holds for every minimizer of . for sufficiently
large k. Let £ be a minimizer of ) with £ > k*. Now we show that

of (38} . Clearly, j*( is feasible to (38)). Because

g*( ) is a minimizer

o aual — Zi(Lyg(,p* %))
0=0" =l < =5 ].:5?*(1)
k

- 7 ) (.Zk*(f) — 1L (g /.Zk x,y))du” +Z?7].$k (¢, >

1
:.,2”*(1) (r —r* +/$k p(z,y))dp* +Z773$k %)) <0,

7=1
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;’%’g) is indeed a minimizer of . Therefore, for k sufficiently large, the rank condition

. ) holds for £~ and hence for .Z}. O
Example 5.1. Now we consider four FSIPP problems corresponding to the four cases studied
above.

Case 1: Consider the FSIPP problem
(1 +1)* + (22 4+ 1)?

min
z€ER? —x1 — 29+ 1
s.t. p(x,y) = 23 + P + 2yziws + 21+ 72 < O, (40)
Vye[-1,1].

For any y € [—1, 1], since p(z, y) is of degree 2 and convex in x, it is s.0.s-convex in x. Hence,
the problem (40)) is in Case 1. For any # € R? and y € [—1, 1], it is clear that

p(z,y) < 2]+ 25 + 2|20 + 21 + 10
Then we can see that the feasible set K can be defined only by two constraints
p(z,1) = (21 + 22) (21 + 22+ 1) <0 and p(x, —1) = (21 — 22)* + 21 + 25 < 0.

That is, K is the area in R? enclosed by the ellipse p(z, —1) = 0 and the two lines p(z,1) = 0.
Then, it is not hard to check that the only global minimizer of is u* = (=0.5,-0.5)
and the minimum is 0. 25 Obviously, (A2) holds for (40)). Solving the single SDP problem
(L1) with the setting and (34), we get j*Exg = (—0.5000, —0.5000) where .Z* is the
minimizer of . The CPU time is 0.80 seconds. Then we solve (40) with ACA method.
The algorithm terminated successfully and returned the solution (—0.5000, —0.5000). The

over CPU time is 4.25 seconds.

Case 2: Consider the FSIPP problem
(. (z1 = 1)+ (22— 1)?

min

T€R2 T+ o

s.t. w<£€> = (1'1 + X9 — 1)(1’1 + T9 — 0. 5) < 0 (41)
p(x,y) = (yi +43)2i + (1/2 = yryp)a; —1 <0, Vy e Y,

Y={yeR*|y;+y; <1}

\

It is easy to see that is in Case 2. For any y € Y, it holds that

ﬁﬁ)

pley) < a3+ a3 —1=play?), y© = (‘7, 2

Hence, K is the part of the unit disc around the origin between the two lines defined
by ¢(x) = 0 and the only global minimizer is u* = (0.5,0.5). Obviously, (A2) holds

for (4I). Solving the single SDP problem with the setting and (37)), we get
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2o = (0.4999,0.5000) where .£* is the minimizer of (TI). The CPU time is 1.20 sec-
onds. Then we solve with ACA method. The algorithm terminated successfully and

returned the solution (0.5000,0.5000). The overall CPU time is 52.75 seconds.
Case 3: Recall the convex but not s.o.s-convex polynomial ho(z) in (30). Consider the FSIPP

problem
(1'1 — 1)2 + (.I'Q — 1)2 -2

min
z€R? —x1— 29+ 4
st Y(x) =27 + 25 —4 <0, (42)
o hQ(.Z‘l,.TQ) 2
pla,y) = ———= —yx; —y’r, — 1 <0, Vye [-1,1].

1000
Clearly, this problem is in Cases 3 and satisfies (A1-2). We solve the SDP relaxation (1)
with the setting Cix[z] and Cly| aforementioned. We set the first order & = 4 and check
if the rank condition holds. If not, check the next order. We have rankM3(.Z}) =
rankM,(.Z}) = 1 (within a tolerance < 107%) for a minimizer £ of of r{" i.e., the rank
condition (B6) holds for ¥’ = 4. By Theorem (if), the point u* := ZHI = (0.9044, 0.8460)
is a minimizer and r{** = —0.8745 is the minimum of ([42)). The CPU time is about 16.50
seconds. To show the accuracy of the solution , we draw some contour curves of f/g,
including the one where f/g is the constant value f(u*)/g(u*) = —0.8745 (the blue curve),
and mark the point u* by a red dot in Figure [2| (left). Then we solve with the ACA
method. The algorithm terminated successfully and returned the solution (0.9040, 0.8463).

The overall CPU time is 21.57 seconds.
Case 4: Consider the FSIPP problem
(.131 — 2)2 + (x2 — 2)2 -1

min

cER? —z?—2i+4
st.(x) =22 +22—-1<0,
Y(x) 1h 2 S (43)
T1,T
P(%Z/)ZM‘Fylyﬂxl-i-@)—lﬁoa Vyey,

1000
Y={yeR* |y +y; <1}

\

Clearly, this problem is in Cases 4 and satisfies (Al-2). We solve the SDP relaxation
(L1)) with the setting Ci[z] and Cly] aforementioned. For the first order k& = 4, we have
rankM;(.Z}) = rankM,(.Z}) = 1 (within a tolerance < 1078) for a minimizer .£; of of r{uel.
By Theorem (ii), the point u* := ﬁiﬁg; = (0.7211,0.6912) is a minimizer of ([43). The
CPU time is about 14.60 seconds. See Figure 2| (right) for the accuracy of the solution. Then
we solve with the ACA method. The algorithm terminated successfully and returned

the solution (0.7039,0.6823). The overall CPU time is 768.02 seconds.

For the above four FSIPP problems, we remark that the optimality of the solution
obtained by our SDP method can be guaranteed by Theorem [5.2] (i) and Theorem [5.3] (ii),
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FIGURE 2. The feasible set K and contour curves of f/g in Example Case
3 (left) and Case 4 (right).

while the solution concept of the ACA method is that of stationary points and all iterates
are feasible points for the original SIP. U

5.2. Application to Multi-objective FSIPP. In this part, we apply the above approach
for the special four cases of FSIPP problems to the following multi-objective fractional semi-
infinite polynomial programming (MFSIPP) problem

vine, (23 13)

s.t. p(z,y) <0, VyeY CR",

(44)

where fi(z),gi(z) € Rlz], © = 1,...,1, p(z,y) € Rlz,y]. Note that “Ming:” in the above
problem is understood in the vectorial sense, where a partial ordering is induced in the
image space R’, by the non-negative cone R,. Let a,b € R’, the partial ordering says that
a>b(or a—b e R’), which can equivalently be written as a; > b;, for alli = 1,...,¢, where
a; and b; stands for the ith component of the vectors a and b, respectively. Denote by F the
feasible set of . We make the following assumptions on the MFSIPP problem :

(A5): Y is compact; fi(z), —gi(z), i = 1,...,t, and p(x,y) € R[z| for every

y € Y are all convex in x;

(A6): For each i = 1,...,t, either fj(x) > 0 and g;(z) > 0 for all x € F; or

g:(z) is affine and g;(z) > 0 for all z € F.

Definition 5.1. A point u* € F is said to be an efficient solution to if

fi(x) file)\ () I\ )
(gl(x)a.."gt@)) (91(U*)"”’gt(u*)>¢ Ri\{0}, VzeF. (45)
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Efficient solutions to are also known as Pareto-optimal solutions. The aim of

this part is to find efficient solutions to (44). As far as we know, very few algorithmic

developments are available for such a case in the literature because of the difficulty of checking

feasibility of a given point.

The e-constraint method [17, [6] may be the best known technique to solve a nonconvex

multi-objective optimization problem. The basic idea for this method is to minimize one of

the original objectives while the others are transformed to constraints by setting an upper

bound to each of them. Based on the criteria for the e-constraint method given in [I1], an
algorithm to obtain an efficient solution to follows.

Algorithm 5.1. (Compute an efficient solution u* to the MFSIPP problem ({44]).)

1.
2.

. If either u( can be verified to be the unique minimizer of ori=t, return u* = u®:

Set i = 1 and choose an initial point u~1 € F.

Solve the single objective FSIPP problem
. fl(x) i— i— . .
Ty = glellil} gl(x) s.t. gj(u( 1))f](I) - f](u( 1))9](517) <0, J 7é z. (Pz)

and extract a minimizer u¥ of (Py).

otherwise, let i =i+ 1 and go to Step 2.

Theorem 5.4. The output u* in Algom'thm 15 indeed an efficient solution to .

Proof. We refer to [I1), Propositions 4.4 and 4.5]; see also [32, Theorem 3.4]. O

Remark 5.1. (i) Clearly, is an FSIPP problem of the form (I)). It is easy to see

that for each ¢ = 2,...,t, the constraints

g (W fi(x) — fi(uD)gi(x) <0, j=1,...,i—1,

are all active in . Therefore, the Slater condition fails for (P) with i =2,...,¢.
(ii) According to Algorithm [5.1] the problem of finding an efficient solution of the MF-
SIPP problem reduces to solving every scalarized problem and extracting
a (common) minimizer, which is the key for the success of Algorithm Gener-
ally, approximate solutions to can be obtained by some numerical methods for
semi-infinite programming problems. However, note that the errors introduced by
any approximate solutions can accumulate in the process of the e-constraint method.
This can potentially make the output solution unreliable. 0

We have studied four cases of the FSIPP problem, for which at least one minimizer

can be extracted by the proposed SDP approach. Now we apply this approach to the four

corresponding cases of MFSIPP problem:
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Case I (resp., II): is in Case 1 (resp., 2) for each i =1,...,¢;

Case III (resp., IV): (Py) is in Case 3 (resp., 4) for some ¢’ € {1,...,t}.

For Case I and II, if the assumptions in Theorem hold for each , then an efficient
solution to the MFSIPP problem can obtained by solving ¢ SDP problems.

For Case III and IV, we only need solve (P;/) to get an efficient solution to . In fact,
we have the following result.

Proposition 5.1. In Cases III-IV: under (A5-6), the scalarized problem (P;) has a unique
manimizer u'") which is an efficient solution to the MFSIPP problem .

Proof. By assumption, f;(z)—rygy(x) is convex and its minimum on the feasible set of (P;)
is 0 attained at any optimal solution of (P;). By Proposition 2.3 fi(z) —rygs(z) is coercive
and strictly convex on R™. Then, fy(x) — ryg#(x) has a unique minimizer on the feasible
set of (Py). Consequently, (Py) has a unique minimizer u*). By Theorem u™) is an
efficient solution to (44)). O

As a result, in Case III and Case IV, if the assumptions in Theorem hold for (P;),
an efficient solution to the MFSIPP problem can be obtained by solving finitely many
SDP problems.

Example 5.2. To show the efficiency of the SDP method for the four cases of the MFSIPP

problem discussed above, now we present an example for each case. In each of the following

examples, m = 2 and t = 2. We pick some points y on a uniform discrete grid inside Y and

draw the corresponding curves p(x,y) = 0. Hence, the feasible set F is illustrated by the

area enclosed by these curves. The initial point «(®) and the output u* of Algorithm are

marked in F by ‘*’ in blue and red, respectively. To show the accuracy of the output, we first
91’ g2

F. For each point u on a uniform discrete grid inside the square, we check if u € F (as we

will see it is easy for our examples). If so, we plot the point (Q—EZ;, g—gzg) in the image plane.

The points <£EZEZ;;, ﬁigzgﬁ) and (%, %) are then marked in the image by ‘*’ in blue
and red, respectively. We will see from the figures that the output of Algorithm in each

example is indeed as we expect.

illustrate the image of F under the map (ﬁ ﬁ) To this end, we choose a square containing

Case I: Consider the ellipse
F = {(z1,72) € R?* | 227 + 23 + 22125 + 22, < 0},
which can be represented by
{(z1,22) € R* | p(z1,22,51) <0, Vy1 € Y},

where

p(x1, X9, 41) = (yi1 + 2?/% - 33/% — 2y + D)y + 2y1(y% —1)as — Q?J%?
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FIGURE 3. The feasible set F (left) and its image (right) in the example of Case I.

and Y = [—1,1] (See [13]). The feasible set F is illustrated in Figure |3| (left).
Consider the problem

2
Min]Rgr {(ﬁ,é) = (%, x% —l‘2+l'1) ‘ T € F}
g1 g2 T2

Clearly, this problem is in Case I. By checking if a given point is in the ellipse F, it is easy to
depict the image of F in the way aforementioned, which is shown in Figure (right). Let the
initial point be u® = (—1,1) in Algorithm 5.1} The output is u* = u® = (—0.2138,0.8319).
These points and their images are marked in Figure [3]

Case II: Consider the set
F = {(z1,72) € R?* | p(x1, %2, y1,92) <0, VyeY}
where p(z1, 2, y1,52) = —1 + 2% + 23 + (y1 — y2)*z122 and
Y = {(y1,92) € R* [ 1 —yi —y5 > 0}

The set F is illustrated in Figure [4] (left). The Hessian matrix of p with respect to z; and
To 1S

2 (1 — 42)?
(1 — 42)? 2

It is easy to see that p(z1,xa, y1,ys) is s.0.s-convex in (x1,xs) for every y € Y.

H= with  det(H) =4 — (y1 — y2)*.

Consider the problem

. fi [ xy—r+1
Min — =) =—— 2+t reF
=N\ g —gf 42 TR
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X f1:fg1

FIGURE 4. The feasible set F (left) and its image (right) in the example of
Case II.

Clearly, this problem is in Case II. To depict the image of F in the aforementioned way,
we remark that F is in fact the area enclosed by the lines x; + o = 41 and the unit
circle. Hence, it is easy to check whether a given point is in F. The image of F is shown
in Figure 4 (right). Let the initial point be u(®) = (0,1) in Algorithm . The output is
w* = u® = (0.6822, —0.1476). These points and their images are marked in Figure .

Case III: Consider the polynomial h;(z1,x2,z3) in and let
F = {(z1,22) € R? | p(x1,22,71) <0, Vy € Y},

where p(xy, 12, y1) = —1 + hy(21,22,1)/100 — y121 — 229 and Y = [—1,1]. Clearly, p(z,y1)
is convex but not s.o.s-convex for every y; € Y. We illustrate F in Figure || (left).
Consider the problem
2 4 .2

MmRi{(%’%) = (%, xf+x§—x1+1> ‘ xEF}. (46)
For a given point u € R?, as p(uy, us, y1) is a univariate quadratic function, it is easy to check
whether —p(uq, ug,y1) is nonnegative on [—1,1] (i.e., whether u € F). Hence, The image of
F can be easily depicted in Figure || (right). Clearly, (P;) is in Case 3. Hence, we only need
to solve (Py) to get an efficient solution by Proposition and Theorem . We let the
initial point be u® = (—0.6,0.5) in Algorithm [5.1|and solve (P;) by the SDP relaxations for
Case 3. We set the first order k = 4 and check if the rank condition holds. If not, check
the next order. We have rankM3(.Z}) = rankM, (%) = 1 (within a tolerance < 1078) for
a minimizer .Z; of of "l i.e., the rank condition holds for ¥ = 4. By Theorem
(ii), the point u* := ;ﬁg; = (0.000, —0.1623) is an efficient solution to (46]). These points

u©® u* and their images are marked in Figure [5|
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FIGURE 5. The feasible set F (left) and its image (right) in the example of
Case III.
Case IV: Let hy(x1, T2, 23) be the polynomial in and
F = {(21,22) € R? | p(ar,22,41,92) <0, Vy €Y},
where p(x1, 22, y1,y2) = (h1(z1,22,1)/100 — 1) — y192(z1 + x2) and
Y ={(y1.52) €R* |1 —yy —y; >0}

Clearly, p(x,y) is convex but not s.o.s-convex for every y € Y. We illustrate F in Figure @
(left).
Consider the problem
2 241 2
Ming, § (2, 2) = (Fitoetl o it ‘xEF . (47)
+ g1 g2 —r5+x1+4 a9+ 2

To depict the image of F in the aforementioned way, we remark that F is in fact the area

enclosed by the two curves p (Il, T, i\g, j:\g) = 0. Hence, it is easy to check whether
a given point is in F. Then the image of F can be easily depicted in Figure @ (right).
Clearly, (Py) is in Case 4. Again, we only need to solve (P;). We let the initial point be
u® = (—0.5,0.5) in Algorithm and solve (Py) by the SDP relaxations for Case 4. We
check if the rank condition holds for the order initialized from 4. Similarly to Case III,
when £ = 4 and k' = 4, the rank condition holds for a minimizer .Z} of r{!. By
Theorem (5.3 (ii), the point u* = Z&5 = (0.1231,0.000) is an efficient solution to (7).
These points u(?), u* and their images are marked in Figure @ 0

6. CONCLUSIONS

We focus on solving a class of FSIPP problems with some convexity /concavity assump-
tion on the function data. We reformulate the problem to a conic optimization problem
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FIGURE 6. The feasible set F (left) and its image (right) in the example of
Case IV.

and provide a characteristic cone constraint qualification for convex SIP problems to bring
sum-of-squares structures in the reformulation. In this framework, we first present a hier-
archy of SDP relaxations with asymptotic convergence for the FSIPP problem whose index
set is defined by finitely many polynomial inequalities. Next, we study four cases of the
FSIPP problems for which the SDP relaxation is exact or has finite convergence and at least
one minimizer can be extracted. This approach is then applied to the four corresponding

multi-objective cases to find efficient solutions.
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APPENDIX A.

Consider the general convex semi-infinite programming problem

r*:= inf h(x)

xER™
st i(x) <0,...,9(z) <0, (48)
p(z,y) <0, VyeY CR",
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where h(-), ¥1(),...,¥s(-), p(-,y) : R™ — R for any y € Y, are continuous and convex
functions (not necessarily polynomials), p(z,y) : R™ x R" — R is a lower semicontinuous
function such that p(z,-) : R* — R is continuous for all z € R™, the index set Y is an
arbitrary compact subset in R”. We denote by K the feasible region of and assume that
K # (). Inspired by Jeyakumar and Li [23], we next provide a constraint qualification weaker
than the Slater condition for to guarantee the strong duality and the attachment of the
solution in the dual problem.

Denote by M(Y) the set of nonnegative measures supported on Y. We first show that
for all p € M(Y),

By : s /Y P, y)du(y)

is a continuous and convex function. Indeed, it is clear that this function always takes finite
value due to the continuity assumption of p(z,-) for all z € R™. Now, by Fatou’s lemma,
for any z*) —

liminf [ p(z®, y)du(y) Z/Yp(xay)dﬂ(y)-

k=oo Jy
This shows that @, is a lower semicontinuous function. Also, as p(-,y) is convex and p €
M(Y), it is easy to see that @, is also convex for all 4 € M(Y). Thus, ¢, is a proper lower
semicontinuous convex function which always takes finite value, and so, is continuous.
The Lagrangian dual of reads

MEMI(I%%?;GRj— xlel%gm {h(x) i /Y = w)duly) + Z il } o

Recall the notation in (16)),

Ci= |J eni (/Yp(-,y)du(y))* and C; = [ J epi <2njwj>*

HEM(Y) nER?,
We say that the semi-infinite characteristic cone constraint qualification (SCCCQ) holds for
K if C; + Cq is closed.

Proposition A.1. The set C; 4+ Cs is a convex cone.

Proof. As Cy is a convex cone due to [10, Theorem 2.123|, we only need to prove that C; is
a convex cone.

We first prove that C; is a cone. It is clear that (0,0) € C;. Let A > 0 and (£, a) € Cy
Then, there exists i/ € M(Y) such that (£, @) € epi( [y, p(-,y)dp'(y))". Let i = M\ €
M(Y). As @, is continuous and convex, by [I0, Theorem 2.123 (iv)],

) e xept ([ i) =eni (3 [ i) =eni( [ pnants))

Hence, A(§, a) € C;.
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Now it suffices to prove that co(C;) C C;. Let (§,a) € co(Cy). As C; is a cone in
R™ from the Carathedory theorem, there exist (&,a;) € Ci, £ = 1,...,m + 1, such
that (€,0) = S04 (&, o). For each £ = 1,...,m + 1, there exists yy € M(Y) such that
(&, ar) € epi (fy p(,y)dpe(y))”. Note that @, is continuous for each £ =1,...,m+ 1. Let
fo=""7" € /\/l( ), then by [10, Theorem 2.123 (i) and Proposition 2.124],

(&MZ%(&&%)G%GN(L( y)dpe(y )—epl<n§/ y)dpe(y )

B B = epi (/Yp(ny)dﬂ(y)y C (i

The proof is completed. l

Theorem A.1. Exactly one of the following two statements holds:
(i) Gz € R™) h(z) <0, ¢;(x) <0, j=1,...,s, p(z,y) <0,VyecY;
(ii) (0,0) € epi h* + cl(Cy + Cy).

Proof. Let
K, := {x €R™: / p(z,y)du(y) <0, Yu € M(Y)},
Y
and

K, —{xeRm mej ) <0, VneRs}

It is easy to see that K = K; N K, and the indicator functions of K; and K, are

Ok, (z) = sup ) / p(z,y)du(y) and Ok,(z) = sup Zm%
Y

peEM(Y neRs
By Proposition and [33, Lemma 2.2|, it holds that
epi (0k,)" =cl(Cy) and epi (0k,)" = cl(Cy).
Now, we show that [not (i)] is equivalent to [(ii)]. In fact,
[not (i)] & h(x) >0, Vo e Ki NKs,
& $16r1§f7,1{h(x) + 0k, () + 0k, (z)} >0
< (0,0) € epi(h + Ik, + Ik,)"
By the continuity of h and [I0, Theorem 2.123 (i)], we have
epi (h + 0k, + 0k,)" =epi h* + epi (0, + 0k,)"
=epi h* + cl(epi (0k,)* + epi (dk,)")
=epi h* + cl(cl(Cy) + cl(Ca))
=epi h* + cl(Cy + C2)).

Hence, the conclusion follows. 0
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Theorem A.2. Suppose that the SCCCQ holds for (48)), then there exist u* € M(Y) and
n* € RS such that

r :xlerll@&fm{h(ac)%—/Y x,y)dp*(y —l—Zn]w] }

where r* is the optimal value of .

Proof. From the weak duality, we have

* > . f h d
" _ueMI(I%fa)ﬁeRizle%m{ (a:)—l—/Y ,y)dp(y +me] }

As we assume that K # ), 7* > —oo. Applying Theorem with h replaced by h where
h(x) = h(z) — r* for all z € R™, and making use of the SCCCQ, one has

(0,00 € epih + [J epi (/ p(-,y)dlt(y))* + | epi (Z%%)

peEM(Y) Y neERY
= epi h*+(0,)+ | epi (/ p(-,y)du(y)) LJ epi (Zm%)
pEM(Y) Y ners,
Then, there exist (§,«) € epi h*, u* € M(Y), (1,8) € epi (fY y)dp*(y )) , 7€ R,

(€.7) € epi (S5, mpuy) sueh that (€,a) + (r.8) + ((.7) = (0,—*). Then, for every
reR™,
— h(z) - L P y)dir* () — jzln;wx)

= <§7I> - h(l‘) + <7—7 I> - Lp(7y>dﬂ*<y> + <<,I‘> - Zn;¢J(x)

<@+ ( [ ot ) (Zm)

<a+fB4y=-r"
Then the conclusion follows by the weak duality. (l

Recall that the Slater condition holds for if there exists u € R™ such that p(u,y) < 0
for all y € Y and ¢;(u) < 0 for all j = 1,...,s. We show that the Slater condition can
guarantee the SCCCQ condition.

Proposition A.2. If the Slater condition holds for , then Cy + Cy is closed.

Proof. Let (w®),v®)) € C; 4 C5 such that (w®,v®) — (w,v) and we show that (w,v) €
C1 + Cy. For each k € N, there exist (w®D 0"} € C; and (w®?,v*?) € C, such that

(w®,u®) = (kD y®DY 4 (k2 02
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Then, for each k € N, there exists a measure u*) € M(Y) and n¥) € R% such that for any
xreR™,

D > (D g) — / p(x, y)dp®(y), (50)
Y

and
2 > (p*2) g Zn (51)

Therefore, for any x € R™,
v® > (w® 2) - / pla,y)dp® Zm Wby(). (52)
Y

Without loss of generality, we may assume that (w,v) ¢ {0} x R, since {0} x R, € C; +
Cy. Hence, for each k € N, without loss of generality, we may assume that fY du® () +
> i1 n](k) > 0 and let

pk) 0 — nk)
s k) - s k)"
fY dpt®) (y) + Zj:1 77](' ) fY dp®(y) + ijl 77](' )

Then, passing to subsequences if necessary, we may assume that there are a measure v €

/](k) _

M(Y) and a point ¢ € R% such that the sequence {i®} is weakly convergent to v by
Prohorov’s theorem (c.f. [5, Theorem 8.6.2|) and the sequence {77®)} is convergent to £&. We
claim that both [, du®(y) and > 77](}:) are bounded as k — oo. If it is not the case, then
dividing both sides of by [y dut®(y) + > i1 T]](k) and letting & tend to oo yealds

oz—/ (z,y)dv(y Zgﬂpj ), VaeR™
Y

Recall that p(z,-) : R" — R is continuous for all x € R™. As the Slater condition holds and
Y is compact, there exist a point © € R™ and a constant ¢ < 0 such that

/ (u,y)dv(y +Z§]1/)J ) < <0,
Y

a contradiction. Then, passing to subsequences if necessary, we may assume that there is a
measure 7 € M(Y) and a point y € R? such that the sequence { p*)} is weakly convergent
to 7 by Prohorov’s theorem again and the sequence {n*)} is convergent to y. Letting k tend
to oo in yealds that for any x € R™

vZ(w,l‘>—/Y (z,y)dT(y ZX]¢]
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ie.,

(w,v) € epi (fY p(-,y)dr(y) + Z;:l ijj>*. As both [, p(-,y)dr(y) and ijl XU, are

continuous on R™, we have

epi /Yp(.7 y)dT(y) + jzlxjwj = epi (/Y p(-7 y)dT(y)) + epi ;Xﬂﬁj C C +Co.

Therefore, the conclusion follows. U
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