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Abstract

The paper investigates stability properties of solutions of optimal control problems
constrained by semilinear parabolic partial differential equations. Holder or Lipschitz
dependence of the optimal solution on perturbations are obtained for problems in which
the equation and the objective functional are affine with respect to the control. The
perturbations may appear in both the equation and in the objective functional and may
nonlinearly depend on the state and control variables. The main results are based on an
extension of recently introduced assumptions on the joint growth of the first and second
variation of the objective functional. The stability of the optimal solution is obtained
as a consequence of a more general result obtained in the paper—the metric subreg-
ularity of the mapping associated with the system of first order necessary optimality
conditions. This property also enables error estimates for approximation methods. A
Lipschitz estimate for the dependence of the optimal control on the Tikhonov regu-
larization parameter is obtained as a by-product.

Keywords 49K20 - 35K58 - 49K40 - 49J40

1 Introduction

LetQ C R",1 < n < 3,beabounded domain with Lipschitz boundary 9<2. For a finite
T > 0, denote by O := Q x (0, T) the space-time cylinder and by ¥ := 9 x (0, T)
its lateral boundary. In the present paper, we investigate the following optimal control
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problem:
) min{f(u) :=/ L(x, 1, y(x, 1), u(x, 1)) dx dt}, (1
ueld 0
subject to
%—f+Ay~|—f(~,y)=u in Q, )
y=0onX, y(-,0)=yy on.

Here y : Q — R is the state, u : Q — R is the control and A is an elliptic operator.
For functions u,, up € L°°(Q) such that u, < up a.e in Q, the set of feasible controls
is given by

U:={ueL®Q)|u, <u<up foraa. (x,1) € Q}. 3)

Denote by y, the unique solution to the semilinear parabolic Eq. (2) that corresponds
to control u € L"(Q), where r is a fixed number satisfying the inequality » > 1+ 7.
The objective integrand in (1) is defined as

Lx,t,y,u) := Lo(x,1,y) + (my + g)u, “

where m is anumber, g is a functionin L°°(Q) and L satisfies appropriate smoothness
condition (see Assumption 2 in Sect. 1.1).

The goal of the present paper is to obtain stability results for the optimal solution
of problem (1)-(3). The meaning of “stability” we focus on, is as follows. Given a
reference optimal control u and the corresponding solution y, the goal is to estimate
the distance (call it A) from the optimal solutions (u, y,) of a disturbed version of
problem (1)—(3) to the pair (i, y), in terms of the size of the perturbations (call it §).
The perturbations may enter either in the objective integrand or in the state equation,
and the meaning of “distance” and “size” in the previous sentence will be clarified in
the sequel in terms of appropriate norms. If an estimation A < const.8? holds with
0 € (0, 1), we talk about Holder stability, while in the case & = 1 we have Lipschitz
stability.

A powerful technique for establishing stability properties of the solutions of opti-
mization problems is based on regularity properties of the system of first order
necessary optimality conditions (see e.g. [18]). In the case of problem (1)—(3), these
are represented by a differential variational inequality (see e.g. [16, 25]), consisting
of two parabolic equations (the primal equation (1) and the corresponding adjoint
equation) and one variational inequality representing the condition for minimization
of the Hamiltonian associated with the problem. The Lipschitz or Holder stability of
the solution of problem (1)—(3) is then a consequence of the property of metric subreg-
ularity (see [15, 18]) of the mapping defining this differential variational inequality.
An advantage of this approach is that it unifies in a compact way the study of stability
of optimal solutions under a variety of perturbations (linear or nonlinear). Therefore,
the main result in the present paper focuses on conditions for metric subregularity of
the mapping associated with the first order optimality conditions for problem (1)-(3).
These conditions are related to appropriate second order sufficient optimality condi-
tions, which are revisited and extended in the paper. Several results for stability of the
solutions are obtained as a consequence.
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The commonly used second order sufficient optimality conditions for ODE or PDE
optimal control problems involve a coercivity condition, requiring strong positive
definiteness of the objective functional as a function of the control in a Hilbert space.
We stress that problem (1)—(3) is affine with respect to the control variable and such a
coercivity condition is not fulfilled. The theory of sufficient optimality conditions and
the regularity theory for affine optimal control of ODE systems have been developed
in the past decade, see [24] and the bibliography therein. Sufficient conditions for
weak or strong local optimality for optimal control problems with constraints given
by elliptic or parabolic equations are developed in [2, 3, 5, 8, 10, 12, 17]. A detailed
discussion thereof is provided in Sect. 2.1. In contrast with the elliptic setting, there are
only a few stability results for semilinear parabolic optimal control problems. Results
in this regard for a tracking type objective functional were obtained for instance in
[9, 10] where stability with respect to perturbations in the objective functional was
studied, and in [11], where stability with respect to perturbations in the initial data was
investigated. We mention that for a linear state equation and a tracking type objective
functional, Lipschitz estimates were obtained in [30] under an additional assumption
on the structure of the optimal control. More comprehensive discussion about the
sufficiency theory and stability can be found in Sect. 2.

The main novelty in the present paper is the study of the subregularity property
of the optimality mapping associated with problem (1)—(3). In contrast with the case
of coercive problems, our assumptions in the affine case jointly involve the first and
the second order variations of the objective functional with respect to the control.
These assumptions are weaker than the ones in the existing literature in the context
of sufficient optimality conditions, however, they are strong enough to imply metric
subregularity of the optimality mapping. The subregularity result is used to obtain
new Holder- and Lipschitz estimates for the solution of the considered optimal control
problem. An error estimate for the Tikhonov regularization is obtained as a conse-
quence.

The obtained subregularity result provides a base for convergence and error analysis
for discretization methods applied to problem (1)—(3). The point is, that numerical
solutions of the discretized versions of the problem typically satisfy approximately
first order optimality conditions for the discretized problem and after appropriate
embedding in the continuous setting (1)—(3), satisfy the optimality conditions for the
latter problem with a residual depending on the approximation and the discretization
error. Then the subregularity property of the optimality mapping associated with (1)—
(3) provides an error estimate. Notice that the (Lipschitz) stability of the solution alone
is not enough for such a conclusion, and this is an important motivation for studying
subregularity of the optimality mapping rather than only stability of the solutions.
However, we do not go into this subject, postponing it to a later paper based on the
present one.

The paper is organized as follows. The analysis of the optimal control problem
(1)—(3) begins in Sect.2. We recall the state of the art regarding second order suffi-
cient conditions for weak and strong (local) optimality, as well as known sufficient
conditions for stability of optimal controls and states under perturbations. In Sect.3
we formulate and discuss the assumptions on which our further analysis on sufficiency
and stability is based. The strong subregularity of the optimality mapping is proved
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in Sect. 4. In Sect. 5, we obtain stability results for the optimal control problem under
non-linear perturbations, postponing some technicalities to Appendix A. Finally, we
support the theoretical results with some examples.

1.1 Preliminaries

We begin with some basic notations and definitions. Given a non-empty, bounded and
Lebesgue measurable set X C R”, we denote by L?(X), 1 < p < oo, the Banach
spaces of all measurable functions f : X — R for which the usual norm || f||.r(x) is
finite. For abounded Lipschitz domain X C R” (thatis, a set with Lipschitz boundary),
the Sobolev space HOl (X) consists of functions that vanish on the boundary (in the
trace sense) and that have weak first order derivatives in L2(X). The space H(} (X)
is equipped with its usual norm denoted by || - ||H01 x)- BY H~1(X) we denote the

topological dual of HO1 (X), equipped with the standard norm || - || -1 (x,. Given a real
Banach space Z, the space L” (0, T'; Z) consist of all strongly measurable functions
y : [0, T] — Z that satisfy

T 1
lrers = ([ IOWa) <o it 1=p<ox.
0
or, for p = oo,
IYlz=.1;2) = inf{M e R | ly(1)llz = M foraer € (0,T)} < oc.

The Hilbert space W (0, T') consists of all of functions in L>(0, T’; HO1 (2)) that have
a distributional derivative in L2(0, T; H~1()), i.e.

W(,T) := {y e L*(0,T; Hy () i—f e L*0, T; H—l(sz))},

which is endowed with the norm
||)’||W(0,T) = ”y”LZ(O’T;HOl(Q)) + ||8y/8t”L2(0,T;H—1(Q))-

The Banach space C ([0, T']; LZ(SZ)) consists of all continuous functions y : [0, T] —
L%(Q) and is equipped with the norm max;ejo, 71 |y (?)|l12(q)- It is well known that
W (0, T) is continuously embedded in C ([0, T]; L2(2)) and compactly embedded in
L*(Q). The duality pairing between a Banach space X and its dual is denoted by
(-, -y x. For proofs and further details regarding spaces involving time, see [14, 20, 27,
31].

The following assumptions, close to those in [3, 5, 6, 8, 10—13], are standing in all
the paper, together with the inequality

r>max{2,1+g} %)
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On the solution stability of parabolic optimal control problems 1039

for the real number r that appears in some assumptions and many statements below
(we also remind that n € {1, 2, 3}). Although for n = 1 it is admissible to have r = 2
(instead of r > 2), we keep the above restriction in order to treat all the cases in a
unified way.
Assumption 1 The operator A : H(} (Q) — H(RQ), is given by
n
= > (i, ()0, y),

i,j=1
where a; ; € L°°(2) satisfy the uniform ellipticity condition
n
g >0: aglé? < Z a; j(x)&E; forallé e R" andaa. x € Q.
i,j=1

The functions f, Ly : QO x R — R of the variables (x, ¢, y), and the “initial”
function yy have the following properties.

Assumption 2 For every y € R, the functions f(-,-,y) € L"(Q), Lo(-,-,y) €
Ll(Q) and yp € L*°(R). For a.e. (x,1) € Q the first and the second derivatives
of f and Lo with respect to y exist and are locally bounded and locally Lipschitz
continuous, uniformly with respect to (x, ¢) € Q. Moreover, By (x, t,y) > 0 forae.
(x,t) € Qandforall y € R.

Remark 1 The last condition in Assumption 2 can be relaxed in the following way:
af
ICr eR: a—(x,t,y) > Cy aa. (x,t) € QandVy € R,
A y A

see [5, 8]. However, this leads to complications in the proofs.

1.2 Facts regarding the linear and the semilinear equation
Let0 < o € L®(Q) and u € L?*(Q). We consider solutions of the following linear

variational equality for 7 € W (0, T) with k(-, 0) = 0:

T 9h T
/o o t A Vg 4 /0 (u —ah, ¥} g dt (6)

for all ¥ e L%(0,T, H& (R2)), that is, for weak solutions of the Eq. (2) with
f(x,t, h) := a(x, t)h and zero initial datum.

Theorem 1 Let 0 < o € L*°(Q) be given.
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1. Foreachu € L*(Q) the linear parabolic equation (6) has a unique weak solution
hy, € W(0, T). Moreover; there exists a constant Cy > 0 independent of u and o
such that

12l 20,7, 1 ) = C2llullz2g)- )

2. If, additionally, u € L’(_Q) (we remind (5)) then the weak solution h, of (6)
belongs to W (0, T)YNC(Q). Moreover, there exists a constant C, > 0 independent
of u and a such that

”hM”LZ(O,T,HO' Q) + “hu”C(Q) < Cr”u”L’(Q)' ®)

Besides the independence of the constants C», and C, on « all claims of the the-
orem are well known, see [29, Theorem 3.13, Theorem 5.5]. A proof of a similar
independence statement can be found in [3] for a linear elliptic PDE of non-monotone
type. We further remark that item 2 of Theorem 1 is true in dimension n = 1 even for
r =2, see [21, Section II1.7].

Proof For convenience of the reader, we prove that the estimates are independent of
a. This is done along the lines of the proof of [3, Lemma 2.2]. By hg,, we denote a
solution of (6) for o = 0. It is well known that in this case there exist positive constants
C,, C, such that

lhoullcig < Crllullry o2y < Callullz2(g)-

+ +

To apply this, we decompose u in positive and negative parts, u = u™ —u ", u™", u"
0. By the weak maximum principle [14, Theorem 11.9], it follows that A, -+, hg -
0. Again by the weak maximum principle, the equation

IV IV

d
E(h‘“ﬁ — h(),u‘*’) + A(/’lay,ﬁ— — hO,u"’) + Ol(/’la‘u+ — hO,u‘*’) = —Olho’u-#

implies 0 < hy i+ = ho ot thus |hg i+ Loy < I1ho.u+ Il (g)- BY the same reasoning,
it follows that 0 < A ,~ < hg - and ||y - ey = 1o~ llc(g)- Hence,

||hot,u||c(Q) = ||ha,u+||c(Q) + ”ho{,u* ”C(Q) = ||h0,u+||c(Q) + ”h(),u’ ”C(Q)
< Crlutllzro) + lu™llrc) < 2Crllullzr()-

The estimate for L2(0, T, H& (£2)) can be obtained by similar arguments as in [3]. O
The next lemma is motivated by an analogous result for linear elliptic equations [3,

Lemma 2.3], although, according to the nature of the parabolic setting, the interval of
feasible numbers s, is smaller.
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Lemma2 Letu € L"(Q) and 0 < a € L*°(Q). Let hy be the unique solution of (6)
and let p, be a solution of the problem

~ A ptap=uin Q, ©
p=00on%, p(-.T)=0 on Q.

Then, for any s, € [1, ”niz) there exists a constant Cy; > 0 independent of u and o
such that

max { ||yl s (), | pullLn )} < Cor lullp1 (- (10)

Here s), denotes the Holder conjugate of s,.

Proof First we observe that by Theorem 1, h, € C (Q) N W(0, T) and as a conse-
quence, |h, "~ 'sign(hy,) € L (Q). Moreover, 5, < ”nlz implies that s;, > 14-5.By
change of variables, see for instance [29, Lemma 3.17], a solution of Eq. (9) transforms
into a solution of (6). Thus according to Theorem 1, the solution g of

_?)_? +‘A*q +oag = |hu|s"_18ign(hu) in Q,
g=0o0n%, q(-.,T) =0 on Q.

belongs to W(0, T) N C(Q) and satisfies
1. sp—1
lallcigy < Coy Il signholl . o) = Coylhull o o).

where Cy, is independent of o and v. Using these facts we derive the equalities

ohy
ot

a
||hu||XLnsn(Q) = /; |y |™ dx = ( - 8_? + A*q +agq, hu) =( + Ahy +ahu161>

sp—1

=/ ug dx < llullprgyllglicp) = CS,’Z”u”Ll(Q)”hu”Lsn(Q)'
0

This proves (10) for &,,. To obtain (10) for p,, one tests (9) with a weak solution of

Wt A+ ah = |qul"sign(q,) in Q,
h=0onx%, h(-,0) =0 on 2,
and argues in an analogous way. O
Below we remind several results for the semilinear equation (2), which will be used
further. The first part of the proof of the next theorem can be found in [4, Theorem
2.1], the second in [5, Theorem 2.1].

Theorem 3 Foreveryu € L9(0, T; LP(2)) with %—l—% < landq, p > 2 there exists
a unique solution y, € L*°(Q) N W(0, T) of (2). Moreover, the following estimates
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hold

lyvullLocoy < nllullLa,r:Lr@) + 1 £ G O, 7.0 )

Hlyoll @), 1D
”yu“C([O,T];LZ(Q)) + ”yu”LZ(()’T;HO' @) = K(||M||L2(Q)
HIFC - Olz20) + IyollL2(@))s (12)

for a monotone non-decreasing function n : [0, 0c0) — [0, 00) and some constant K
both independent of u. Finally, if ux—u weakly in L1(0, T; L?(Q)), then

1 Yur — YullLooy + 1y, — yu||L2(0’T;HOl(Q)) — 0. (13)

The differentiability of the control-to-state operator under the assumptions 1 and 2
is well known, see among others [8, Theorem 2.4].

Theorem 4 The control-to-state operator G : L" (Q) — W (0, T)NL*(Q), defined as
G(v) := yy, is of class C* and for every u, v, w € L"(Q), it holds that Zuw =G (u)v
is the solution of

dz .
T+ A+ fy(x t,y)z=v in Q, (14)
z=0o0n %, z(-,00 =0 on Q
and wy, (v, w) = G" () (v, w) is the solution of
By Az 4 fy(x, t, y)z = — -
dt y ) 7)’u = f}’y(xvtv )’u)zu,vzu,w mn Q’ (15)
z=0on %, z(-,0) =0 on Q.

In the case v = w, we will just write w,_, instead of wy, (y,v).
Remark2 By the boundedness of U in L°°(Q) and by Theorem 3, there exists a
constant M7, > 0 such that

max {||ull =0y, IyullLo)} < My Yu € U. (16)

1.3 Estimates associated with differentiability

We employ results of the last subsection to derive estimates for the state Eq. (2) and its
linearisation (14). These estimates constitute a key ingredient to derive stability results
in the later sections. The next lemma extends [3, Lemma 2.7] from elliptic equations
to parabolic ones.

Lemma 5 The following statements are fulfilled.
(i) There exists a positive constant My such that for every u,u € U and v € L" (Q)

2w, — Zawll 20y = M2llyu — yallLeo)llza,vllL2¢0)- (17)
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(ii) Let X = L>®(Q) or X = L?(Q). Then there exists ¢ > 0 such that for every
u, u € U with ||y, — yallLe(g) < ¢ the following inequalities are satisfied

yu = yallx < 2lzau—allx <3y — yallx, (18)
lzawllx = 2lzuvllx < 3lzawllx- (19)

The proof is a consequence of Lemma 29 given in Appendix A.

2 The control problem

The optimal control problem (1)-(3) is well posed under assumptions 1 and 2. Using
the direct method of calculus of variations one can easily prove that there exists at least
one global minimizer, see [29, Theorem 5.7]. On the other hand, the semilinear state
equation makes the optimal control problem nonconvex, therefore we allow global
minimizers as well as local ones. In the literature, weak and strong local minimizers
are considered.

Definition 1 We say that i € U is an L" (Q)-weak local minimum of problem (1)-(3),
if there exists some & > 0 such that

J() < Ju) Yu el with |lu —it]rrg) <e.
We say that u € U a strong local minimum of (P) if there exists ¢ > 0 such that
@) < J(u) Yu €U with [ly, — yallL=(o) < e

We say that i € U is a strict (weak or strong) local minimum if the above inequalities
are strict for u # u.

Relations between these types of optimality are obtained in [5, Lemma 2.8].
As a consequence of Theorem 4 and the chain rule, we obtain the differentiability
of the objective functional with respect to the control.

Theorem 6 The functional J : L'(Q) — R is of class C*. Moreover, given
u,v, v, vy € L"(Q) we have

7! _ dLo
o = | (5706t )z o+ v+ v ddr (20)

= / (pu + my, + g)vdx dt, 21
0

92L 92
J”(u)(vl,v2)=f [a—yz(x,t,yu,u)—pua—y];(x,t,yu)]zu,vlzu,uzdxdt (22)
0

+/ M (Zy,v, V2 + Zu,v, 1) dx df, (23)
0
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Here, p, € W(0, T) N C(Q) is the unique solution of the adjoint equation

d 9 L
_thﬁp+—iuJJﬂp=——@Jd%uﬁnQ
dt ay dy

p=0on¥%, p(-,T)=00nK.

(24)

We introduce the Hamiltonian Q xRxRxR > (x, ¢, y, p,u) — H(x,t,y, p,u) €
R in the usual way:

H(x,t,y,p,u) = L(x’tv%u)‘i‘P(u_f(xva)’))-

The local form of the Pontryagin type necessary optimality conditions for problem
(1)-(3) in the next theorem is well known (see e.g. [5, 8, 29]).

Theorem 7 If ui is a weak local minimizer for problem (1)-(3), then there exist unique
elements y, p € W(0, T) N L°°(Q) such that

D4 A5+ (1, 5) =it in O, 03)
y=0o0n%2, y(-,0) = ypon Q2.

dp .. OH .

E—i—A p—g(x,t,y,p,u)mQ, 26)
p=0onX, p(-,T)=00n.

oH o _
Qa(x,t,y,p,u)(u—u)dxdtzo Yu e U. 27

2.1 Sufficient conditions for optimality and stability

In this subsection we discuss the state of the art in the theory of sufficient second order
optimality conditions in PDE optimal control, as well as related stability results for
the optimal solution. For this purpose, we recall the definitions of several cones that
are useful in the study of sufficient conditions. Given a triplet (y, p, ) satisfying the

optimality system in Theorem 7, and abbreviating %(x, 1) = %(x, t,y, p,u), we
have from (27) that almost everywhere in Q

- .. OH - .. 0H
Uu=ug if — >0 and u=up if — <O.
ou ou

This motivates to consider the following set

{v € L2(Q)‘v >0ae.on[u =uzlandv <0a.e.on[u = ub]}. (28)

Sufficient second order conditions for (local) optimality based on (28) are given in [5,
8, 10]. Following the usual approach in mathematical programming, one can define
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the critical cone at u as follows:
2 . _10H
Ci = {v el (Q)‘v satisfies (28) and v(x, 1) = 0 if ‘a—(x,t)‘ > 0}.
u

Obviously, this cone is trivial if %(x, t) # 0 fora.e. (x, t) (which implies bang-bang
structure of ) thus no additional information can be gained based on Cj. To address
this issue, it was proposed in [19, 22] to consider larger cones on which second order
conditions can be posed. Namely, for 7 > 0 one defines

DT = {v € L2(Q)’v satisfies (28) and v(x, 1) = 0 if ’g(x, r)‘ > z}, (29)
Gt = {v c LZ(Q)}v satisfies (28) and J' (@) (v) < r||zﬁ,v||L.(Q)}, (30)
El = {v c LZ(Q)‘U satisfies (28) and J' (i) (v) < z||zﬁ,v||L2(Q)}, 31)
€= DI NGL. (32)

The cones D7, E; and G| were introduced in [2, 10] as extensions of the usual critical
cone. It was proven in [2, 9, 10] that the condition:

35> 0.7 >0 suchthat J"@)v* > 8llzall%a gy Yo € G (33)

is sufficient for weak (in the case G = D}) or strong (in the case G = E}) local
optimality in the elliptic and parabolic setting. Most recently, the cone C was defined
in [5] and also used in [6]. It was proved in [5], that (33) with G = C; is sufficient
for strong local optimality.
Under (33) it is possible to obtain some stability results. In [10] and [9] the authors
obtain Lipschitz stability in the (L?> — L>)-sense for the states!, under perturbations
appearing in a tracking type objective functional and under the assumption that the
perturbations are Lipschitz. Further they obtain Holder stability for the states under a
Tikhonov type perturbation. Holder stability under (33) with exponent 1/2 was proved
in [11] with respect to perturbations in the initial condition.

To improve the stability results an additional assumption is needed. This role is
usually played by the structural assumption on the adjoint state or more general on
the derivative of the Hamiltonian with respect to the control. In the case of an elliptic
state equation, [26] uses the structural assumption

oH
Jk > 0 such that erQ:‘a—‘fe”ffce Ve > 0. (34)
u

In the parabolic case this assumption (with €2 replaced with Q) is used in [11]. We
recall that the assumption (34) implies that u is of bang-bang type. Further, (34) implies

I For p,r € [1, 00], we speak of stability in the L” — L -sense for the optimal states y with respect to
perturbations (may appear in the equation or the objective) &, if there exists a positive constant « such that
Hyé =Ylrg) = «li§llLr (), forall & that are sufficiently small. Here, yé denotes the state corresponding
to the perturbation &. We use this expression analogously for the optimal controls.
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the existence of a positive constant & such that the following growth property holds:

J' () (u — i) ZI;HM—IZ”%I Yuel. (35)

(€2)
For a proof see [1, 23] or [28]. If the control constraints satisfy u, < uj almost every-
where on €2, both conditions, (34) and (35) are equivalent, see [17, Proposition 6.4]. In
[26], using (34) and (33) with G = Dg , the authors prove L' — Lz—Lipschitz stability
of the controls for an elliptic semilinear optimal control problem under perturbations
appearing simultaneously in the objective functional and the state equation. Assuming
(34), condition (33) may also be weakened to the case of negative curvature,

38 < &, 3t > 0 such that J"(@)v* > —§||v||7, o, Vv € CL. (36)

(€2)
This was done in [12], [13] where it was proved that (34) together with (36) implies,
for the semililnear elliptic case, weak local optimality. Lipschitz stability results were
also obtained in [17] in the elliptic case. Finally, for a semilinear parabolic equation
with perturbed initial data, [11, Theorem 4.6] obtains, under (33) and (34), L?>—L?and
L' — L?-Hblder stability (see Footnote 1), with exponent 2/3, for the optimal states and
controls respectively. Additionally, L' — L° Lipschitz dependence on perturbations
is obtained.

3 A unified sufficiency condition

In this section, we introduce an assumption that unifies the first and second order
conditions presented in the previous section.

Assumption 3 Let u € U. For a number k € {0, 1, 2}, at least one of the following
conditions is fulfilled:
(Ag): There exist constants oy, yx > 0 such that

J@ =)+ " @ = i) = yillzau-all§ g lu = il (37)

L'(Q)
for all u € U with ||y, — yallLo(g) < .
(By): There exist constants &y, Y% > 0 such that (37) holds for all u € U/ such that
||I/l - IZ”LI(Q) < &k.

In the context of optimal control of PDE’s the conditions (Ag) and (Bg) were first
introduced in [17] and for k = 1, 2 in [3]. Condition(By) originates from optimal
control theory of ODE’s where it was first introduced in [24] to deal with nonlinear
affine optimal control problems. The cases k = 1, 2 are extensions, adapted to the
nature of the PDE setting, while the case k = 0 can be hard to verify if a structural
assumption like (34) is not imposed. The conditions corresponding to k = 1, 2 are
applicable for the case of optimal controls that need not be bang-bang, especially
the case k = 2 seems natural for obtaining state stability. Condition (Ay) implies
strong (local) optimality, while condition (By) leads to weak (local) optimality. As
seen below, in some cases the two conditions are equivalent.
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For an optimal control problem subject to an semilinear elliptic equation the claim
of the next proposition with £ = 0 was proven in [3, Proposition 5.2].

Proposition 8 For any k € {0, 1,2}, condition (Ay) implies (By). If u is bang-bang
(that is, u(x,t) € {uqg(x,t), up(x,t)} for a.e. (x,t) € Q) then conditions (Ay) and
(By) are equivalent.

The proof is given in Appendix A.

Remark 3 We compare the items in Assumption 3 to the ones using (34) and (36) or

(33).

1. Condition (Agp) is implied by the structural assumption (34) and also allows for
negative curvature, similar to (36). For details see [17, Theorem 6.3].

2. Let g = 0. Condition (A1) is implied by the structural assumption (34) together
with (33), that is, by the conditions assumed in [11]. For the convenience of the
reader, this is proven in Proposition 16.

3. Let m, g = 0. Condition (A,) is implied by (33) together with the first order
necessary optimality condition. This is a conequence of Corollary 15.

3.1 Sufficiency for optimality of the unified condition

In this subsection we show that conditions (Ag) and (By) are sufficient either for strict
weak or strict strong local optimality, correspondingly.

Theorem 9 The following holds.

1. Let m = 0 in (4). Let u € U satisfy the optimality conditions (25)—(27) and
condition (Ay) with some k € {0, 1, 2}. Then, there exist ¢y, k; > 0 such that:

_ Kk k — 12—k
J () + Tllyu — Vi IILz(Q)Ilu - uIILl(Q) < J(u) (33)

forallu € U such that ||y, — yallLo(g) < &k-

2. Letm € Rand let u € U satisfy the optimality conditions (25)—(27) and condition
(Bx) with some k € {0, 1, 2}. Then, there exist ek, kx > 0 such that (38) holds for
allu € U such that |lu — ull ;1 gy < &k

Before presenting a proof of Theorem 9, we establish some technical results. The
following lemma was proved for various types of objective functionals, see e.g. [10,
Lemma 6], [9, Lemma 3.11]. Nevertheless, our objective functional is more general,
therefore we present in Appendix A an adapted proof.

Lemma 10 Let u € U. The following holds.

1. Let m = 0. For every p > 0 there exists ¢ > 0 such that
1"+ 6 — ) = J" @) — )| < plizau-all}2 g, (39)
forallu € U with ||y, — yallL=(g) < € and 6 € [0, 1].

@ Springer



1048 A.D. Corella et al.

2. Letm € R. For every p > 0 there exists ¢ > 0 such that (39) holds for allu € U
with |lu — ul ;1) < € and 6 € [0, 1].

For the assumptions with £ € {0, 1}, we need the subsequent corollary, which is
also given in Appendix A.

Lemma 11 Let it € U and let m = 0. Then

1. Forevery p > 0 there exists ¢ > 0 such that
0" (it + 6 — i) — J" ()] (u — fi)2| = P”Zﬁ,u—ﬁ”LZ(Q)”M - ’/_¢||L1(Q) (40)

forallu e U with ||y, — yillL~(g) < € and forall 6 € [0, 1].
2. For every p > 0 there exists ¢ > 0 such that

"G+ 6 — i) — J" (@) (u — )] < pllu — (41)

forallu € U with ||y, — yllre0) < € and for all § € [0, 1].

The same assertions hold true for any m € R with the inequality ||y, — yallL=(0) < €
replaced with |lu — ul| ;1 gy < é.

The next lemma claims that Assumption 3 implies a growth similar to (38) of the
first derivative of the objective functional in a neighborhood of u.

Lemma 12 Letu € U. The following claims are fulfilled.

1. Let m = 0 and u satisfy condition (Ay), for some k € {0, 1, 2}. Then, there exist
o, vk > 0 such that

T =) = Pillzzu—ill§a gl — @l775, (42)

for every u € U with ||y, — yallLo(g) < .

2. Letm € R and let u satisfy condition (By) for some k € {0, 1, 2}. Then, there exist
Ak, Yk > 0 such that (42) holds for every u € U with
”M — IZHL](Q) < O_lk.

Proof Since J is of class C? we can use the mean value theorem to infer the existence
of a measurable function 6 : O — [0, 1] such that

J @) — i) — I @) w—i) = "G+ 60w — i) (u — i)

Select k € {0, 1, 2} such that condition (Ay) is satisfied, we infer the existence of
positive constants y and oy such that

T =ity = J' @) — i) + J7 (@) (4 — 1)’
+ [ @) — i) = T @) — i) = J" (i) (u — i)’
= villziau-alya g lu = @l71c,

— [ (@ + O — i) — J" (@) — )%,
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for all u € U with ||y, — yallL~(g) < ax. Using Lemma 10, we obtain that

J @) =) = (= Pl zi-ilj2 gl =l

for all u € U with ||y, — YiallLe(0) < ok and oy = min{ay, &}, where g > 0 is
chosen such that y; := yx — px > 0. This proves the first claim of the lemma. Using
the last statement of Lemma 11 concerning the general case m € R and the estimate

1

ﬂ =
1y = yallzeco) < €M) llu = @l
we obtain the second claim. O
Finally, we conclude this subsection with the proof of Theorem 9.

Proof of Theorem 9 Using the Taylor expansion and the first order optimality condition
satisfied by u we have

1
J(u) = J @) + J' (@) (u — it) + EJ”(ue)(u — i)’
= 1 /(= ~ 1 " =2
z J@@) + S @) — i) + 5 (o) (u — i)
where ug := u + 0(u — u) for a measurable function 6 : Q — [0, 1]. We select
k € {0, 1, 2} such that the corresponding condition in Assumption 3 is satisfied. Then

we continue the last inequality, using that, according to the condition, there exist
positive ok, Yk such that (38) holds:

1 1
Jw) = J @) + —[J’(ﬁ)(u — )+ J" @) — )] + E[J”(ua) = 7" @1 — )]
1
> JG@) + 2 ”Zu u-itllf2 o)l = 3700 — S o) = J" @) — it)?|

for all u € U with either ||y, — yallLeo(g) < ek or lu — il 19y < ok, depending on
the chosen condition (Ag) or (By). Letm = 0, by Lemma 10 or Lemma 11 (depending
on the condition) there exist ¢ > 0 and y; < yx such that

1" o) = J" @1 — D% < Fellzauillhs g llu — @275,

for every u € U with ||y, — yallLe(g) < &. We may choose oy > 0 and y > 0
according to Lemma 12 and depending on the chosen condition therein. Inserting this
estimate in the above expression and applying (18) gives

1 - k
J(I/t) = J(u) + E(yk - Vk)||ZzZ,u—IZ||L2(Q)||“ u”Ll(Q)

3 =)
>J(w) + T”}’u - yulle(Q)IIu ullLl(Q),
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for all u € U with ||y, — yallLe(g) < min{e, a;} and condition (Ay) follows. For
condition (By), we use that

r—1 _ 1
Iy = yallL=o) < Cr@My) T lu —@ll7,

to apply Lemma 10 or Lemma 11 depending on k € {0, 1, 2}. Finally, for m € R and
under (By) the claim follows by the above arguments applying Lemma 10 or Lemma
11 depending on k € {0, 1, 2}. O

3.2 Some equivalence results for the assumptions on cones

In this subsection we show that some of the items in Assumption 3 can be formulated
equivalently on the cones D} or C; respectively. This applies to (By) or to (Ay)
depending on whether the objective functional explicitly depends on the control or
not. The results in this subsection are important to compare the conditions introduced
in Assumption 3 with other conditions in the literature. We need the next lemma, the
proof of which uses a result from [7].

Lemma 13 Let u € U satisfy the first order optimality condition (25)-(27) and let
u € U be given. For any positive number t, we define

oH
V= 0 _on L5 1>7]
u—u else,

andw :=u —u —v. Let ¢ > 0 be given. Then there exists a positive constant C such
that

1
max {[1zii,wll > (0). IZivllLec)} < C max {8, er } (43)

Jorallu € U with lu — g1y < €. If additionally € is such that (18) holds. and the
control does not appear explicitly in (1) (that is, m = g = 0 in (4)), then (43) holds
forallu € U such thatu — i € G and ||za u—illL~(Q) < &

Proof We define i, i € U by

= aH
i {uon L >l

oH
— uon [|F1>1]
u else. i

Observe that v = s — u, w = &t — i and u — it = v + w. It is trivial by construction
that

ol ol < e =l g)
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On the other hand, by (18), [|ziu—allzo(0) < € implies ||y, — yallLeo) < 2¢. If
m, g = 0, wecan argue asin [7] usingu —u € Gg and the definition of w, to estimate

tlwlipicg) < I/ @@ — ) < tllzau—illo)- (44)

Thus by Theorem 1, (16), and with M := C, (ZML{)?,

1
M”Zﬁ ufﬁ”Zoo(Q) if m,g = 0, u—uce G;;,
Mu—ul;

lza,wllLe0) <

L1(0) else.

For z;,, we estimate with C :=2(M + 1)

1
lzi,vllLe0) < lza,vrwllLeo) + 1| — za,wllLe(g) < C max {8, er } .

In the second case the estimate holds trivially. O
Now we continue with the equivalence properties.

Corollary 14 For k € {0, 2}, condition (By) is equivalent to the following condition
(By): there exist positive constants oy, yx and T such that

@) =)+ " @ = 1 2 yellzau-albag e — a2k, (45)

forallu € U for which (u — i) € D} and |lu — il|1 gy < Q-

Proof Let k € {0, 2}. If (By) holds then (By) is obviously also fulfilled. Now let (By)
hold. The numbers & and y; will be chosen later so that assumption (By) will hold
with these numbers. For now we only require that 0 < &x < ak. Choose an arbitrary
u € U with |lu — il 19y < ar. We only need to prove (37) in the case u — u ¢ D;.
Take v and w as defined in Lemma 13. Clearly by definition v € D}. As a direct
consequence of (22)-(23) and Assumption 1 and 2 there exists a positive constant M
such that

1" @ )] < Mlzzwllz= w1 o), (46)
1" @) (w, v)| < Mzl w1 g)- @7)

Since @y < ox and v € D} we may apply (45) with v instead of u — i. Using also
(46) and (47), we estimate

J@u—a)+ J"@)wu—i)? =T @0+ w) + J" @)+ w)?
> J' (@) () + (@) (w) + J" (@) (v)* + J" (@) (w)* + 2J" (@) (w, v)
= villzaly o 101770 + TlwllLico)
=3Mlza,wllLeco) + llzavllLe @) wlzig)

T
> Vk”Zu l)”LZ(Q)”U“Ll(Q) E”w“Ll(Q)
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In the last inequality we use that by choosing &y > 0 sufficiently small we may ensure
that

T —3M(llza,wllLee() + lza,vllLe o))
T
> 7 — 3MC max [&,&% >

This holds because by Lemma 13, there exists a positive constant C such that

1
max {||zz,wllz>(0). lza.vlro} < C max {&2, ay } : (48)

Further, we use that [lu — u|| 1oy < 2My forallu € U, (8) and (10) in Lemma 2 for
s = 1, to estimate

1
||Zﬁ,w||%2(Q) < lzawlze@llzawliig) = 2CcCrMy| Q17 lwlizigy — (49)

By this, we find

1 2

sinollwli o)
||w||L1(Q>z{ i B
2C Cr My | Q17

W LZ(Q)'

Finally, we make the estimations for the different cases.
For k = 0:

/- — _ _ T
J' @ =)+ J"@w =) = pollvlgi ) + mnwnil@

. T
2 min {0, 52 [ U011+ 1011 )
1 . T -2
> 5 min [)’07 m}(”u - ’4||L1(Q)-

For k = 2:

_ _ ) _ T
J () (u — i) + J" (@) (u — i) > V2||Zﬁ,u||iz(Q) + 5||w||L1(Q)

> min {2 FJza a0 + 2zl )

2CoCr My | Q17

I . 2
z 5 min {7/2 }HZﬁ,u—ﬁ I7200)-

T T T
2CoCr My | Q|7
This proves that (37) is satisfied with an appropriate number . O

If the control does not appear explicitly in the objective functional, we obtain a stronger
result.
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Corollary 15 Let m, g = 0. Then condition (Ay) is equivalent to the following condi-
tion (Ay): there exist positive constants oy, 2, T such that

J' @ =)+ J" @ =) = pallzau-ilia g, (5
forall u € U for which (u — it) € C; and ||y, — yallL>(0) < 2.

Proof 1t is obvious that (A;) implies (A»). For the reverse, if u —ii € C,f the estimate
holds trivially. We need to consider the casesu —it ¢ G7andu—u ¢ D withu—u €
G For the first, we argue as follows. Since u — it ¢ GE it holds

_ _ _ _ T
J @ — i) +J" @ w i) > Slzau-allLig) = rllzau-all72 )

4C, My | Q1~

For the second case u — it € GE andu —u ¢ DE, let @ > O be smaller than o>, so that
(51) and the prerequisite of Lemma 13 is satisfied. We define w, v as in Lemma 13.
By the choice of oy, Lemma 13 gives the existence of a positive constant C such that
lzit,u—allLoe < oz implies

1
max {[1zii,wll (). Izi.vllLe()} < C max {cxz,az’ } :

Now we can proceed by the same arguments as in Corollary 14

Ty — i) + " @) — )* = J' @) (v + w) + J" @) (v + w)?

T
> VZHZIZ,UHiZ(Q) + E“u)”Ll(Q)

Finally, we use (50) to obtain that
/o= — /o= —\2 2 v
T (@) — @)+ J" @ — 1) = yallzala g + ————— Wl )
2CoCr My | Q17

. T 2 2
zmm{yz,—,}(IIZa wliz200) T Izawllz2 o)
1 ’ Q) WHELA(Q)
2CoCrMy| Q|7

. T
= min {2, ——————lzau-al2 ).
200 C, My | Q17

for all (u — i) € C; with |y, — yallz=(g) < . O

Although we can not prove a similar equivalence property for the condition (Aj)
in Assumption 3, below we show that it is implied by the structural assumption (34)
and a second order sufficient condition.

Proposition 16 Let m, g = 0. Then the structural assumption (34) and the second
order sufficient condition (33) (for G = C; ) imply condition (Ay).
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Proof Let u be an arbitrary element of &/. We consider several cases.
L.Ifu—u € C; weemploy the structural assumption (34) that implies the existence
of a positive constant y; such that

J @@ —it) = yillu—ill},,, foralluel. (52)

Further since u — i € CJ, by the second order sufficient optimality condition (33)
there exists a positive constant y» such that

J'@)w =) = yallzau-ill7a gy (53)
Altogether, using the inequality a®> + b> > 2ab we obtain
T @ — )+ J" @ — ) = 297 lziuill2gle — @l (54

which implies (A1) with y =2, /y1y> and any o1 > O.
2. Now we consider the case where u — u ¢ GZ. it holds

J @) — i) > tllzau—illL1 () (55)

On the other hand by the structural assumption (34) we have (52). Further there exists
a positive constant M such that there exists au € U

17" @) — )] < Mlziu—illLoo)lza.u—ill 11 (g)- (56)
Splitting the first variation into two parts and applying either (52) or (55) we con-

clude also using (56) and taking ||y, — yillL>(p) sufficently small, such that by (18),
| zit,u—ill oo () is sufficiently small

_ _ _ _ 1 _
I @) (u — i) + J" (i) (u — i) > E(Vl flu — ”||i|(Q) + tllziu—all1 @)
= M||zig,u—illL> o) 1ziu—ill L1 g)

1 _2 4
> E(yl e —ullg1 ) + §||Zﬁ,u—ﬁ||Ll(Q))-
Applying the estimate

lzz,u-al72(g) < Nzau-allLeco)zau-allL1 o)

1
< 2C-MylOl" zi,u—iallL1 ()

and the inequlity a? + b% > 2ab, the claim follows.
3. Finally, we consider the case u —u € G and u — i ¢ Dj. We select v, w as
defined in Lemma 13. By definition v € C;. We proceed by splitting the first and
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second variation accordingly and applying (44),(52), (56) and taking ||z u—allL>(0)
sufficiently small to estimate

J (@) — i)+ J" @) — i)?
= J'(@)(v) + J' @) (w) + J" (@) () + J' @) (w)?* + 2J" (1) (v, w)
Y1 T
> nillvlZi g + S 1wl2i g+ Iwlizie) + wallzasllzag,

— M max {l|zz,vllL~(0). IzawliLe)} 1zawlricg)

oo M — it alca e+ ol
= ) u u Ll(Q) Y21Zi,v LZ(Q) 4 w LI(Q)'

Then (A1) follows from the second estimation in (50) and the inequality a>+b* > 2ab.
O

4 Strong metric Holder subregularity and auxiliary results

We study the strong metric Holder subregularity property (SMHSr) of the optimality
map. This is an extension of the strong metric subregularity property (see, [18, Section
31] or [15, Section 4]) dealing with Lipschitz stability of set-valued mappings. The

SMHSr property is especially relevant to the parabolic setting where Lipschitz stability
may fail.

4.1 The optimality mapping

We begin by defining some mappings used to represent the optimality in a more
convenient way. This is done analogously to [17, Section 2.1]. Given the initial data
yo in (2), we define the set

D)=y e wo. ) L2 (£ + A)y € 7@y, 0 =y 67

To shorten notation, we define £ : D(L) — L"(Q) by L := % + A. Additionally,
we define the mapping £L* : D(L*) — L"(Q) by L* := (—% + A*), where

D(L") = {p e W©,T)N L“(Q)‘( - % +A*)p e L’(Q), p(-,T) = 0}.

With the mappings £ and £*, we recast the semilinear state Eq. (2) and the linear
adjoint equation (26) in a short way:

* oH
L szy('vyuﬂu)_pfy(.ﬂyu)zW('vyuvpvu)‘
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The normal cone to the set I at u € L'(Q) is defined in the usual way:

Ny() = {veL>))] Jov@—uwydxdr <0 Vv eU} %fu e,
] ifugl.
The first order necessary optimality condition for problem (1)-(3) in Theorem 7
can be recast as

0="Lrp =8¢y pw), (58)
0e Hy(-,y, p) + Ny ).

For (58) to make sense, a solution (y, p, u) must satisfy y € D(L), p € D(L*)
and u € U. For a local solution u € U of problem (1)-(3), by Theorem 7, the triple
(vii» pi, u) is a solution of (58). We define the sets

Y:=D(L) x D(L*) xU and Z:= L*(Q) x L*>(Q) x L*(0Q), (59)

and consider the set-valued mapping ® : Y — Z given by

y Ly+ fC.y)—u
olp|=| £p- %( yv.p.u) |. (60)
u Sy, pou) + Ny(w)

With the abbreviation ¥ := (y, p, u), the system (58) can be rewritten as the inclusion
0 € ®(¥). Our goal is to study the stability of system (58), or equivalently, the
stability of the solutions of the inclusion 0 € ® () under perturbations. For elements
&, ne€ L’ (Q)and p € L°°(Q) we consider the perturbed system

§=£Y+f(’Y)—M,
n =§*p—%—’y1(-,y,p,u), (61)
J2RS %_Z](’y’p)+Nu(u)v

which is equivalent to the inclusion ¢ := (&, 1, p) € ® (V).

Definition 2 The mapping ® : Y — Z is called the optimality mapping of the optimal
control problem (1)-(3).

Theorem 17 For any perturbation ¢ := (£, 1, p) € L"(Q) x L"(Q) x L*°(Q) there
exists a triple ¢ := (y, p,u) € YV such that { € ®().

Proof We consider the optimal control problem
min {J(u) ~|—/ ny dxdt — / pu dxdt},
ueld 0 0
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subject to

Ly+ fx,t,y)=u+§ in Q,
y=0on X, y(-,0) = yp in Q.

Under assumptions 1 and 2, we have by standard arguments the existence of a global
solution #z. Then # and the corresponding state y; and adjoint state p; satisfy (61). O

Given a metric space (X, dy), we denote by By (c, o) the closed ball of center
¢ € X and radius @ > 0. The spaces ) and Z, introduced in (59), are endowed with
the metrics

dy(Wi, ¥2) == Iyt = »2llz2¢0) + Pt — P2ll2@) + lur — u2ll 1),
dz (&1, &) = 1161 — &l 12¢0) + M — m2ll2¢) + o1 — p2llL=(0), (62)

where ¥; = (yi, pi,wi) and & = (&, i, pi), i € {1, 2}. From now on, we denote
¥ == (i, pi, i) to simplify notation.

The following extension of the previous theorem can be proved along the lines of
[17, Theorem 4.12].

Theorem 18 Let condition (Ag) hold. For each ¢ > 0 there exists § > 0 such that for
every ¢ € Bz(0; 8) there exists v € By (; ¢) satisfying the inclusion ¢ € O ().

4.2 Strong metric Holder subregularity: main result

This subsection contains one of the main results in this paper: estimates of the differ-
ence between the solutions of the perturbed system (61) and a reference solution of
the unperturbed one, (58), by the size of the perturbations. This will be done using the
notion of strong metric Holder subregularity introduced in the next paragraphs.

Definition 3 Let v satisfy 0 € & (v/). We say that the optimality mapping ® : Y — Z
is strongly metrically Holder subregular (SMHSr) at (i, 0) with exponent 6 > 0 if
there exist positive numbers a1, o and k such that

dy(y, ¥) < kdz(¢, 0)’

for all € By(l}; a1) and ¢ € Bz(0; ap) satisfying ¢ € (y).

Notice that applying the definition with £ = 0 we obtain that ¢ is the unique
solution of the inclusion 0 € ®(¥) in By(l/_f; a1). In particular, u is a strict local
minimizer for problem (1)-(3).

In the next assumption we introduce a restriction on the set of admissible perturba-
tions, call it I', which is valid for the remaining part of this section.
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Assumption 4 For a fixed positive constant C,, the admissible perturbation { =
(&,n, p) € T C Z satisfy the restriction

&N zr o) InllLrg)y < Cpe. (63)

For any u € U and { € I'" we denote by (y,f , p,i, u) a solution of the first two
equations in (61). Using (11) in Theorem 3 we obtain the existence of a constant K,
such that

Iyéll0) < Ky VYuel V¢ eT. (64)

Then for every u € U, every admissible disturbance ¢, and the corresponding solution
y of the first equation in (61) it holds that (yg(x, t),u(x,1)) € R :=[-K,, K,] x
[ta, up).

Remark 4 We apply the local properties in Assumption 2 to the interval [- Ky, K], and
denote further by C a positive constant that majorates the bounds and the Lipschitz
constants of f and L¢ and their first and second derivatives with respect to y €
[-Ky, Kyl

By increasing the constant K, if necessary, we may also estimate the adjoint state:
Ipalleco) < Ky(I + Inlirg) Yu €U V¢ €T. (65)

This follows from Theorem 1 with o = —%(x, t, yﬁ ) and with %(x, t, y,f, u) at the
place of u.
We need some technical lemmas before stating our main result.

Lemma19 Let u € U be given and v, € L"(Q), & € L*(Q). Consider solutions
Yus Pu» Zu,v and yﬁ, i zi,v of the equations

Ly+ f(.y) =u, | Ly+fCy) =u+E,
ﬁ*P_%_il(yyu’Pvu)zoa E*P_%(»)’E,PJ/!):’?, (66)
Loz + £y yu)z =v. | Loz+ f(.y0)z =

Here, Ly is defined as L, but on the domain (57) with yo = 0. There exist positive
constants K, K> and Ry, independent of { € T, such that the following inequalities
hold

155 = yull 200y < C21E N L2g) (67)
1255 — zuwllz2(0) < K2lENLr0)1zuvll 12(0)- (68)
125 5 — 2uwllzs o) < KsllEll 20y llzuwll z2¢0)- (69)
P — pullz < R2(I€ll12¢0) + Ml 22(0))> (70)

where C» is the constant given in (7) and s € [1, %)-
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Proof Subtracting the state equations in (66) and using the mean value theorem we
obtain

d 9
d—(yﬁ — ) +AGE — ) + 3 s, Yo) (V5 — yu) = £.
t ay

Then, (7) implies (67). To prove (68) we subtract the equations satisfied by zi,v and
Zyu,v to obtain

d af
— (& — 2uw) + AG, — i) + Ty et Y, = zuw)

dt
of af
= [@(X, toyy) — 5(% t, yf:)]zu,v.

Now, using (7), the mean value theorem and (63), (64) with regard to Remark 4 we
obtain that

af af
”Zi,u - Zu,v||L2(Q) <G ” I:@(xv t,Yu) — a(xa t, yﬁ):lzu,v 12(0)

< C2C1GE = yzuwll 200y < C2CIYE — YullL=@)llzuwll 20
= CZCrC||§||L’(Q)||Zu,v||L2(Q)-

Defining K, := C2C; C, (68) follows. The proof for estimate (69) follows by the same
argumentation but using (10) and defining the constant K accordingly. Finally, we
subtract the adjoint states and employ the mean value theorem to find

d af
= Pl = )+ Al = P+ 5(% Y (P! — pu)

92L 92
a_y2(x’ tyo) (Vs — yu) + a—yjzc(x, 1, ¥0) (V5 — Yu) pu + 1.

The claim follows using (7), (16) and (64), (65) for Remark 4 to estimate

Il = Pulli2(g) < (C3C + My C5C + C) Il 1200y + Il 12(0)-
O
Lemma20 Lets € [1, "TH) N[1,2]. Let u € U and let y,, p, be the corresponding
state and adjoint state. Further, let yf: and pf, be solutions to the perturbed state

and adjoint equation in (61) for the control u. There exist positive constants C, C,
independent of ¢ € T, such that for v € U, the following estimates hold.
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1. Form =0in (4):

oH oH
F - = ¢ o0y w —
‘/Q( Y (X, 15 Yu, Pu) o (x, 1,5, pu))(v u)dx dr

= C(||§||L2(Q) + ||77||L2(Q))||Zu,u v||L2(Q) (71)
35=2

< CUE N 2g) + Il 2eo)lo — ull 35,y (72)

2. For a general m € R:

‘/ ( ( u M) ( ))(U )
xvlv Yu, xslz ) u dXdl
8 p a u pu

< CUlElLr o + Inlizr@) v — ullp1g)- (73)
Proof We consider the first case, m = 0. We begin with integrating by parts
[ Gt o = ot )0 =y e
— .x, N 3 - — W, 7, I v—u X
Q 314 yu pu au yu pu
BL() dLo
< ‘/ —(x,z,yu)zu,u,v—W(x,r,yg)zf,,u_v]dxdt‘ﬂ/ & ondxdr
0
dLg ¢
-— t, - — (W, 1,
/ ‘ St ) 3y (. 2, ;)

+ ‘— ,t,¢+(
any(x Yu) +1

+ )/ ﬂZu,u—vdXdl’ =L+ DL+
0

dx dr

Lu,u—v

dx dr

Zuu—v — Ly y—y

For the first term we use the Holder inequality, the mean value theorem, (10), (16),
Remark 4 and (67) to estimate

dLg dLg
nx [ 5000 = G205l dxdr
o!dy dy

< CIy; = vull 2o lzuwu—vll 2¢0)

<cCc 2||5||L2(Q)||Zuu v||L2(Q)

_ 1+ )( 14552

Here we used that by Theorem 1 and Lemma 10 it holds

2=s s
lZu,u—v ||L2(Q) < lzuu—v ”L%O(Q) 2, u—v ”lZ,S(Q)
2—s

1+2=8 ' =D@2=s) 7,+J§
<C T My e =l )
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and noticing that F+5=1- T The second term is estimated by using (16),
Holder’s mequallty, Remark 4 and (68):

¢
Ly u—v — Zuu—v dxdr

dLo ¢
125 ‘_(xﬂtvyu)_‘_n’
o!dy

= 2KSC_‘(||§”L2(Q) + ||77||L2(Q))||Zu,u—v||L2(Q)
s=2

j—
< KU§llz2¢0) + Inllz2o)llu — U||L|(Q) ,

«'=D@=s) L=
where K := 2K CC I+%3 2My) . For last term we estimate

I3 < )/ NZuu—v X dt| < zuu—vllz2(0) M2 (0)-
0

We prove the second case (73). By applying (8) and arguing as in the proof of (67)
and (70) but for , we infer the existence of a positive constant, denoted by C, such
that:

oH oH ¢ ¢
(GGt ) = -t 3 D)) 0 — ) dr |
Q

- ‘/Q[p” — py +m(u —yu)](v—u)dxdt‘

< lpu — Py +mOu — yDllLollu — il L1 g
< CUIENLro) + Inllir o) llv — ull 1)

The main result in the paper follows.

Theorem 21 Let condition (Ag) be fulfilled for the reference solution r = (i, pi, it)
of 0 € ® (). Then the mapping ® is strongly metrically Holder subregular at (1, 0).
More precisely, for every ¢ € (0, 1/2] there exist positive constants oy, and Kk, (with
a1 and k1 independent of €) such that for all € Y with |ju — ﬁ”L](Q) < oy and
¢ € T satisfying ¢ € ® (), the following inequalities are satisfied.

1, Inthe case m = 0 in (4):

_ %
lu —ullp1g) < Kn(||,0||L°°(Q) + 120y + ||n||L2(Q)) ) (74)

0
||y§ - Yﬁ||L2(Q) + ||Pf, - P:Z||L2(Q) = Kn(||,0||L°<>(Q) + ||§||L2(Q) + ||77||L2(Q)) )
(75)

@ Springer



1062 A.D. Corella et al.

where

bG=6=1 if n=1, (76)

Op=0=1-¢ if n=2, 77
10 9 ;

90=H—8,9=H—8 if n=3. (78)

2. In the general case m € R:

lu — idll 1 gy < Kn(npum@ + IElLr o) + ||n||u<Q>), (79)

0o
15§ = vallzzcg) + 175 = pallizgy < kn(Iollie) + 1€ Nr@) + Inllr@)) -
(80)

Proof We begin with the proof for m = 0. We select «; < &g according to Lemma
12.Let ¢ = (£,1.p) € Zand ¥ = (v, pa, u) With |lu — it 1¢g) < 1 such that
e d),ie.

E=Lys+ fCovn) —u,
77 = E*pg - Ba_[;('! ylS’ pls’ u)a
pe M yi. pu)+ Ny).

Let y, and p, denote the solutions to the unperturbed problem with respect to u, i.e.
0="Ly,+ fC,-,yu) —uand 0 = L*p, — Z—I;I(» Yus Pus ).
By Lemma 19, there exist positive constants C2, R, independent of i and ¢ such that
lys = yullz2o) + 1P = Pullz2cg) < (C2 + R2)<||5||L2(Q) + ||T)||L2(Q))- (81)
By the definition of the normal cone, p € %(-, ; yg , p,i) + Ny (u) is equivalent to

oH ¢ ¢
0> (p—a—(',',yu,pu))(w—u) Yw € U.
0 u
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We conclude for w = u,
oH _
0= [ —C, Yus pu)(u—u)
0 u
[ o+ )= 2y PN~ )
— s Yu, — — G s u—u
Q p au )’u pu au yu pu
> J' () (u — 1) — ||p||Loo<Q>||ﬁ —ullz1g)
[ G = b - waxar] s

By Lemma 20, we have an estimate on the third term. Since |[u — ;1) < @0, we

estimate by Lemma 12 and Lemma 20

=l 0,7 = I/ = ) < C(I) 200y + 20y ) lu = il

+ llpllLeoyllu — ullL1(g)

and consequently for an adapted constant, denoted in the same way

2s

- jod s+2
17— ullzig) = € (Iolimio) + 18l 20 + Il 20))

To estimate the states, we use the estimate for the controls. We notice
5)/(2s") +5/2 =1+ (s — 2)(2s) and obtain

14552
LY(Q)

that (2 —

28 2-s _ 1+ﬁ
_ _ 2 2 2s
i = all2cgy < Iy = yull ooyl = Yull iy < Co7 N —ullyig . (83)

Thus, for a constant again denoted by C and with

s—2 2s 35 —2
1+ = s
2s s+2 245

3s—2

jod 2
1va = vall 2oy = E(IE N2 + Il 2y + Nollie@))

Next, we realize that by Lemma 19 and (4.2)

lya — ¥ lr2c0) < I1ya = Yullz2¢y + Iy — ¥§ 2200

352
2+s

< max {é, Cz} <||§||L2(Q) +lnlliz20) + ||P||L°°(Q)>
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Using || pi — pullz2(0) = Callyia — Yull 2y and (70), the same estimate holds for the
adjoint state

Ipa — P&ll200) < IPa — Pulli2co) + I1Pu — P12

3s—2

~ 2+s
< (€€ + R) (1€ l2g) + Il 20y + o Nec0)) 7

subsequently we define  := max{C, C»}. Finally, we consider the case m # 0. Using
estimate 73 in (82) and arguing from that as for the case m = 0, we infer the existence
of a constant C > 0 such that

lu —ullprgy = é(||ﬁ||L°°(Q) + &l o) + ||77||Lr(Q)>-
This implies under (83) the estimate for the states and adjoint-states

lya = ygl2¢0) + lPa — Pl L2(0)

s=2

2s

< max {6, C>C + Rz} (||$||L2(Q) +lnliz20) + ||,0||L°°(Q))

To determine 6 and 6y we notice that the functions

s—2 35 —2
and s —
2s 2+

s —

are monotone. Inserting the value for (n + 2)/2 for each case n € {1, 2, 3} completes
the proof. O

To obtain results under Assumption 3 fork € {1, 2}, we need additional restrictions.
We either don’t allow perturbations p (appearing in the inclusion in (61)) or they need
to satisfy

p € D(LY). (84)

Theorem 22 Let m = 0 and let some of the conditions (A1), (B1) and (Az), (B2) be
fulfilled for the reference solution ¥ = (yi, pa. it) of 0 € ® (V). Let, in addition, the
set I of feasible perturbations be restricted to such { € T for which the component p
is either zero or satisfies (84). The numbers o, k, and € are as in Theorem 21. Then
the following statements hold for n € {1, 2, 3}:

1. Under Assumption 3, cases (A1) and (B1), the estimations

lu =l o) = k(£ 2l 200y + IEN 200y + Il 200) )

)
158 = vallzzig) + 175 = Pallizgy < kn (1£%0 1120 + 1€ N2y + Illz2gy)
with 6y as in Theorem 21, hold for all u € U with ||y, — yallLe(g) < oy, in the

case of (A1), or ||lu — Ullprgy < o in the case (B1), and for all ¢ € T satisfying
€ DY)
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2. Under Assumption 3, cases (A>) and (B2), the estimation

15 = vall 2o + 195 = Pallzzgoy < kn(I1£70120) + 1ENL200) + Il 2(0)

holdforallu € Uwith||yu—yillLo(0) < otn, inthe case of (A2), or lu—ullp1g) <
oy in the cases (B2), and for all ¢ € T satisfying ¢ € O ().

Proof We first notice that if the perturbation p satisfies (84), it holds

d
/ p(u—i)dxdr = / <<— +A> Zau—i + fy(x, 1, yu> Ziu—i)p dx dt
0 0 dt

d *
=L<<_E+A >,0+fy(x,t,yg),0> Ziu—i dx dt.

Thus

‘ / oG — ﬁ)dxdt(
o
< Nzau-all2co)IIL P 120y + Iy, t, YLyl L2 0))-

Under Assumption (Aj), we can proceed as in the proof of Theorem 21 using
Lemma 12 and (71) in Lemma 20, to infer the existence of positive constants «, k
such that

= ullziigy < (1Ll 200) + 1§ 200y + Il 120 )

and by standard estimates and using (18) the existence of a positive constant C such
that

lyi — Yullr2cgy + lPa — Pullr2(gy < Cllya — yullz2¢0) = 2C N zuu—ill12(0)

2s

2s_ s+2
<2Ck+2 <||£*/0”L2(Q) + 152 0) + ||77||L2(Q)) -,

for all u € U with |lyy — yillLeg) < @ or [[u — ullp1p) < « depending on the
assumption. From here on, one can proceed as in the proof of Theorem 21 and define
the final constant « > 0 and the exponent 6 accordingly. Finally, by similar reasoning,
under condition (A,) with Lemma 12 and Lemma 20, one obtains the existence of a
positive constant « such that

Iya = vull2gy + 17a = Pullizoy = € (1701 20) + 1€l L2y + 120y

forall u € U with ||y, — yillLe(@) < @ or lu — il 1oy < a. Again, proceeding as
in Theorem 21 and increasing the constant « if needed, proves the claim. O

Remark 5 Theorems 21 and 22 concern perturbations which are functions of x and ¢
only. On the other hand, [15, Theorem ] suggests that SMHSr implies a similar stability
property under classes of perturbations that depend (in a non-linear way) on the state
and control. This fact will be used and demonstrated in the next section.
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5 Stability of the optimal solution

In this section we obtain stability results for the optimal solution under non-linear
perturbations in the objective functional. Namely, we consider a disturbed problem

P) Hlizfll Je(u) = / [LCe,t,y(x, 1), ulx, 1)) + p(x, t, y(x, 1), u(x, t))]dx dt,
Uue Q

(85)
subject to

FHAYFfOn ) =utE in Q (86)
y=0on X, y(-,0) = yp in €2,

where ¢ := (&, ) is a perturbation. The corresponding solution will be denoted by
y,f. In contrast with the previous section, the perturbation © may be state and control
dependent. For this reason, here we change the notation of the set of admissible per-
turbations to I". However, Assumption 4 will still be valid for the set [". The notations
Cpe, Ky and R used below have the same meaning as in Sect. 4.2 (see Assumption 4
and the subsequent the paragraph).

In addition to Assumption 4 we require the following that holds through the
reminder of the section.

Assumption 5 For every ¢ := (&, u) € [, it holds that w € L'(Q x R). For ae.
(x,t) € Q the function wu(x,1t, -, ) is of class C? and is convex with respect to the

. 2
last argument, u. Moreover, the functions ?a_l; and 37’2‘ are bounded on Q x R, and the
second one is continuous in (y, #) € R, uniformly with respect to (¢, x) € Q.

Due to the linearity of (86) and the convexity of the objective functional (85) with
respect to u, the proof of the next theorem is standard.

Theorem 23 For perturbations ¢ € r satisfying Assumption 5, the perturbed problem
(P;) has a global solution.

In the next two theorems, we consider sequences of problems {(P;, )} with ¢ € I.
The proofs repeat the arguments in [3, Theorem 4.2, Theorem 4.3].

Theorem 24 Let a sequence {x € f}k converge to zero in L*(Q) x L>(Q x R) and
let uy be a local solution of problem (P, ), k =1, 2, .. .. Then any control u that is a
weak* limit in L°°(Q) of this sequence is a weak local minimizer in problem (P), and
for the corresponding solutions it holds that y,, — y; in L%(0,T; H(} (2)NL*®(Q).

Theorem 25 Let {¢i }x be as in Theorem 24. Let u be a strict strong local minimizer of
(P). Then there exists a sequence of strong local minimizers {uy} of problems ( Py, ) such

that uy Xiin L°°(Q) and y,, converges strongly in L0, T; HO1 (2)) NL>®(Q).

The next theorem is central in this section.
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Theorem 26 Let condition (Ag) be fulfilled for the reference solution r = (i, pi, i)
of 0 € ®(Y). Then there exist positive numbers C and o for which the following is
Julfilled. For all ¢ € Y with |lu — ull;1o) < @ and ¢ € I satisfying { € () it
holds:

1. If m =0in (4):

_ r d
I~ g = C[Ig1 20 + | 7]

o]
du” Lo(OxR)]

L®(R;L2(Q))

+

15 = vall o) = C[lEN 20 + | 51|

d 0
EMHL“’(QXR)] ’

)dy L®(R;L2(Q))

+
2. Form € R:

d
u—u < C[ r) + ”— ”
l 210 11z o) dy“ Lo (R:LA ()

+ HEHHLOC(QXR)]’

@ = it + | 7]
15§ = vallz) = C[1E10 + | 70

0o
2] )
duM L®(QxR)

Here 0y and 0 are defined as in Theorem 21.

Proof The reference solution (yj, i) satisfies, together with the corresponding adjoint
variable, the relations (58). Similarly, ( y,f , u) satisfies, together with the corresponding
p,i the perturbed optimality system (61) with the left-hand side given by the triple

§()
E i (), u() (87)
G Y (), u().
Since itis assumed that [lu —ul| 1oy < o we may apply Theorem 21 (here we choose
the same « as in this theorem) to prove the inequalities in the theorem. O

The proof of theorems 27 and 28 follows in the same spirit but using Theorem 22
instead of Theorem 21. We make an additional assumption for the perturbation u in

the objective functional, namely, that p := 7. (u( yu( ), u(-)) satisfies (84), i.e.

—(M( Ve (), u(-)) € D(LY). (88)
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For an explanation of the condition (88), we refer to the proof of Theorem 22.

Theorem 27 Let m = 0 and let condition (A|) be fulfilled for the reference solution

v = Vi, pi, u) of 0 € ® (). Then there exist positive numbers o and Qfor which
the following is fulfilled. For allr € Y with ||y, — yallL=(g) < aand ¢ € I satisfying
¢ € ®(Y) and (88) the following estimates hold:

lu —ullprg)

<c(||£,*i( G ye (O u()lz2c0) + 6] +Hi H )
< TGy O a2 ) L2 T gyl L r: 1200y

and

lys — vallz2g)

d d 6o
-~ C( L*_ ” ; k& ' H_ H ) ’
< C(I T (G vy O ulD 20 + 1§20y + dy“ Lo (RL2(0))

where 0y is defined in Theorem 21.

Theorem 28 Let m = 0 and let condition (Az) be fulfilled for the reference solution
v = (yi, pa, u) of 0 € ® (). Then there exist positive numbers C and qfor which
the following is fulfilled. For allyr € Y with |y, — yallL=(g) < aand{ € I satisfying

¢ € ®(Y) and (88) the following estimate holds.

i = vall2(0)
d d
= i ' ‘ ' ' H_ H )'
< C<||£ T (G v O u) 20y + 520y + dy“ L (RL2(0))

Remark 6 The constraint that u; needs to be close to the reference solution i in the
theorems above is not a big restriction. This is clear, since Assumption 3 implies that
u satisfies (38). Hence, u is a strict strong local minimizer of (P) and, consequently,
Theorem 25 ensures the existence of a family {u, }, &k € [, of strong local minimizers
of problems (P, ) satisfying the conditions of Theorem 21 or 22.

6 Examples

Here, we present three examples that show particular applications in which different
assumptions are involved.

Example 1 (Tikhonov regularization) We consider the optimal control problem
. A 2
P;) minJy (u) ;== | L(x,t,y(x,t),u(x,t))+ = [ u(x,t)”dxdt,
ueld 0 2Jo
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subject to (2) and (3). As before, i denotes a strict strong solution of problem (P)=
(Py). We assume that u satisfies condition (Ap). From Theorem 25 we know that for
every sequence Ar > 0 converging to zero there exists a sequence of strong local
minimizer {u;, }7 | such that u;, — u in L'(Q) for k — oo, thus for a sufficiently
large ko we have that for all £ > ko and a positive constant C

0
198 = Vs, 20 + 197 = Pu 120y < € (%)
lu —upllLr gy < Chk,

where 6 is defined in Theorem 21.

Example 2 (Negative curvature) We consider an optimal control problem, that has
negative curvature. The parabolic equation has the form

%—FAy—i—exp(y) =u in Q, (89)
y=0onX, y(,0)=0 on<.

Let0 < g € Lz(Q_) be a function satisfying the structural assumption, i.e. g satisfies
(34) in place of %. We consider the optimal control problem

min {7 = /Qm, + gu)dx dr

subject to (89) and with control constraints
U:={uecLl®Q)0<u, <u<up foraa. (x,1) € Q}. (90)

By the weak maximum principle y,, — y, < Oforallu € i/ and u := u, constitutes
an optimal solution. Further, by the weak maximum principle, the adjoint-state p; and
the linearized states z; ,—; for all u € U, are non-negative. Moreover, we have

J/(ﬁ)(u—ﬁ)=/(m +g)(u—u)dxdt >0,
0

J" (@) —)? = / Wiz dxdr = / —paexp(3)zz ,_z dxdr <0,
0 0

for all u € U/u. Since g satisfies the structural assumption, there exists a constant
C > 0 such that

P —12
/Qg(u —u)dxdt > Cllu — u||L1(Q) Yu el.
On the other hand, integrating by parts we obtain

/ pi(u — u)dxdt =/ Zit,u—i dx dt. (29
0 0
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If foru € U, ||yu — yallLo(g) is sufficiently small such that

1
2| pa exp(ya) l L)

> \ziu—illLoo0),
we can absorb the term J” (it) (u — it)> by estimating

') (u = it) + J" () (u — it)* = / Ziu—i(1 — paexp(ya)ziu—a)dxdr  (92)
Q

1 K )
= 5 0 Ziu—u dx dt = 3 ||Zl},u712 ||L2(Q)’ (93)

where the last inequality is a consequence of the boundedness of U/ C L*°(Q) that
implies the existence of a positive constant K such that

lzz.u-allzicg) = Kllzzu-aljag)

for all u € U. Altogether, we find

/o= - 1= - 2 -2 K _ 112
J @ =) + @) = ) = Clu = ill}1g) + 5 Izaa-al}2 g,

CK _
>/ Tllu —ullpyoyllzau-illL2g) Yu €U.

Thus, condition (A1) is fulfilled and we can apply Theorem 22 to obtain a stability
result.

Example 3 (State stability) We will discuss (A3) for an optimal control problem with
tracking type objective functional where the control does not appear explicitly in the
objective functional:

min[J(u) :=l/(y —yd)zdxdt}
ueld 2 0 "

subject to (3) and equation (89) and a given function y; € L"(Q). As perturbations
we consider functions ¢ := (&, 7, p) € L"(Q) x L"(Q) x D(L*). Denote by =
(vii, pa, u) the reference solution of 0 € P () satisfying (Az) and consider the
perturbed problem

1
min[J(u) - -/ (y(x,t)—yd(x,t))zdxdt—{—/ r;ydxdt+/ pudxdt},
ueld 2 0 0 0

subject to (3) and

Dy Ay +exp(y) =u-+é in Q,
y=0onX, y(,00=0 on Q.
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Condition (A7) implies that i is a strong local minimizer of the unperturbed problem
(¢ = 0), thus it holds

(@) —it) = / Ya(x, 1) — ya(x, 1)z y—i dxdt > 0 Vu € U,
o
J" @) (u — i) = /Q(yﬁ(x, 1) — ya(x, ) Wiu—ii + 25 ,_z dxdt
= /Q(l — Di exP(yg))z,%’u_ﬁ dxdt Yu e U,

where pj; solves

_ddﬁﬁ + A*pi +exp(ya) pa = Ya — ya in Q,
pi=00nX%, pi(T)=0 on Q.

. 1
If the optimal state tracks y; such that ||yz — yqllLr (@) < CTen0nTiog we find that

(A») holds. From Theorem 27 we obtain the existence of positive constants « and x
such that

1va = ¥§llz20) + 1pa = PNy = 6 (1l 200) + Wl 2oy + 1£%0 1 2(0) ).

for all (yg, py,u) = ¢ € T with ||y, — yallL=(0) < @ and ¢ € T satisfying (84) and
(e dW).
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Appendix A

Lemma 29 Supposer > 1+ % and s € [1, #) N [1, 2]. The following statement is
Sulfilled for all u, u € U. There exist positive constants K,, My and N, s depending
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on s and r such that

1y = Y = zau-illLoc) < Krllyu = yall o g (A1)
e = i = Zaw—iallLso) < Msllyu = yal 7o) Ivu = Yallis ) (A2)
2 2
22 2
lyu — ya — Zﬁ,ufﬁ”LZ(Q) < Nrsllyu — YﬁIILoon)Ilyu - y:Z”LZS(Q)- (A3)

Proof Letus denote ¢ := y, — yi — zZa.u—i € W(0, T) N L>(Q). From the equations
satisfied by the three functions and by the mean value theorem ¢ satisfies

d e [ oy O .
G HAS e = [0 = S0 10 [ 0w = ),

where yg(x,1) = yi(x,1) + 0(x, ) (yu(x, 1) — ya(x, 1)) with 6 : O —> [0, 1]
measurable. Applying again the mean value theorem we obtain

d 92
d_(f+A¢+_f(x t,ya)p =0 J;(x z, Yﬂ)(yu_yu)2

with yy (x,1) = yi(x,t) + 0 (x,1)(yo(x, 1) — ya(x, 1)) and ¥ : Q —> [0, 1] mea-
surable. By Theorem 1 and Remark 4 we infer the existence of constants C,, C
independent of u, u € U and —(x, t, yi) such that

I9llz2(0) < CrCll G = ya)*llrc@) = CrCllye = valjar (g

which proves (A1) with K, := C,C.To prove (A2), we use Lemma 2, Remark 4 and
(16) to obtain that

lpllLs o) < CoCll(vu — y) Il L1
< CyCliyu — yall 1< gy lyu = Yallis(g)-

Taking M; := CSrC_‘, (A2) follows. The inequality, (A3), follows from (A2) and (A1)
of Lemma 29 by estimating

2—s s
1612200y < 181201911750,

2—s 2(2—s) S (2—s)s 2
= K : ||)’u - )’ﬁ”Lz;Z(Q) |:MS2 ||)’u )’u”Lw(Q)”}’u - yu”Lv(Q)i|

<K, M; |Q| 2 ||)’u yu||Lo<>(Q) ”yu - )’ﬁ||L5(Q)-

2=s)

Defining N, 5 := K, * MS§|Q|% and noticing that
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proves the claim. O

Proof of Lemma5 We prove (17) by applying Theorem 1 to ¥ := zz,, — zy,,v. that
solves

dyr af i _ af B af i
ar + Ay + 3y (x, t, y)¥ = [_ay (X, 1, Yup) 3y (x,1, yu)]zug,v
2f
:eayz (-xsts )’0)()’12 _yug)zug,v- (A4)

To prove (18), we use (A3) with s = /2 to estimate

Iyu = yallz2cg) = IPll2() + lzau—allL2(g)
= N, allyu = valleeo)1yu = yill 2 o) + Nzau—illL2(0)-

11
Using fact that by the Holder inequality ||y, — yz ||Lﬁ(Q) <|10|v2 %y, —vi l22(0)>
the claim follows. For the other direction, we select again s = /2 in (A3) and find

lziu—illr2c0) = Nélz20) + Iyu — yillL2¢)
= N, sl = vallLe ) Iyu = yall vz gy + 1u = yall 220
1
< (N,,\@IQIﬁ

1
“Nyvu = yallLe o) + 1) Iyu — yill2(g)-
Finally, for (19) we use (17) and estimate

lziwlliz2cg) < lza,o — Zuwllr2cgy + lzuwlliz2(g)
= K2v2 [Qlllyu — yﬂ||L°°(Q)||Zﬁ,v||L2(Q) + ||Zu,v||L2(Q)-

Choosing ¢ = [2K,J/[Q]]~" proves the first part. The second inequality follows in
a similar way. The estimates with respect to the || - || (p)-norm follow by similar
reasoning, using (A1l). O

Proof of Proposition 8 Let us prove first the implication (A;)=(By) for any k €
{0, 1, 2}. Given u € U, by the mean value theorem

d(yu — ya)

af _
7 + AQu —yi) + — O, ya + 0w — ya) Gu — ya) = u — .
t ay

Using (8) in Theorem 1 we obtain that

_ r=1 4
lvu — yallLeoo)y < Crllu —itllr o) < Cr2My) ™ lu — M||i1(Q)~

r

W, we obtain that (Ay) implies (By) with yx = .

Then, by ¢ :=
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To prove the converse implication, (B;)=>(Ax), we assume that (Bj) holds, but
(Ay) fails. Then for every integer [ > 1 there exists an element u; € U such that

TGy (uy — ity + J" (i) (uy — i)
1 0k k !
< Tl =3 Ia—illz g, and lyu = yill=o) < -
(AS)
Since {u;};°, C U is bounded in L>°(Q), we can extract a subsequence, denoted in

the same way, such that u; X ouin L°°(Q). On one side, (AS5) implies that y,, —

vi in L%°(Q). On the other side, u; A u in L°°(Q) implies weak convergence in
L"(Q). From (13), the convergence y,, — y, in L°°(Q) follows. Then, y, = y; and,
consequently, # = u holds. But condition (By) implies that  is bang-bang, and hence

the weak convergence u; A i in L*°(Q) yields the strong convergence u; — i in
L (Q); see [17, Proposition 4.1 and Lemma 4.2]. Then, for k = 0, (AS) contradicts
(Bo)- The same argument holds for (B1) and (B;) under the additional condition that
u is bang-bang and noticing that ||z 4, —allL>(0) < 3/2llyu; — YallL=(p) by Lemma
5. O

A proof of the following lemma can be found in [8, Lemma 3.5].

Lemma 30 Given u € U with associated state yj;. Then, the following estimate holds
Il Vitow—iy — YillLeo) < Bllyu — yallLe(o) VO €10,1] and Yu e U,  (A6)
where B := (2C,C/TO[My + 1), C, is the constant of Lemma I and C is the one

from Remark 4.

We proof an analogous statement for the adjoint state. For an elliptic state equation
a similar result is proved in [3, Lemma 3.7].

Lemma31 Given u € U with associated state y; and adjoint-state pj, there exists a
positive constant B such that
- !
IPiat+ow—a) — PillL=o) = BUlyu = yallLeo) + Imlllu = ull} 1), (A7)

forall® € [0, 1]and u € U.

Proof Letus prove (A7).Givenu € U and 6 € [0, 1], letus denote up = u+6(u —ir),
Yo = Yuy,and pg = p,,. Subtracting the equations satisfied by pg and p; we get with
the mean value theorem

d d _
— —(po — pa) + A*(po — pa) + —f(x, t, 9)(po — pii)
dt ay
L L _raf af
= —(x,t,y9,up) — —(x, 1, yz, u) + [—(X, tya) — —(x,1, ye)]Pe
dy dy dy dy

—[—2L< 1oy0) - pod et ) |00 = v + muo — @
= X, t, X, 1, i m(u i),
8y2 Yo Peayz yo) (Vo — Ya 4
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where yy = v;i; + 9 (yp — yi) for some measurable function ¥ : 9 — [0, 1]. Now,
we can apply again Theorem 1 and Remark 4 to conclude from the above equation

o — pillL(o) < Cr(C + My C)/101lve — vallL=(o) + ImlOC,llu — il (o)

- _ 1
< B(llyu = yallLo(o) + Imlllu — il 1197,

where B := C,((C + MuC_’)|Q|%B + (2Mu)r»;~1), with B being the constant from
Lemma 30. o

Proof of Lemma 10 The second variation of the objective functional is given by The-
orem 6. Let us denote uy, yg, and pg as in the proof of Lemma 31. From (23) we
obtain

" (@ + 0w — i) — J" (@) (u — i)?|

2
S/H: Lo d°Lo
0

82
572 (x, 2, y9) — 572 dxdr
3 f 5
+/Q (P —Pe)a—yz(XJ,ye)Zug’”_,; dx dt

2
(.X, tv yﬁ)]zuﬁgufﬁ

2 f 2 f ,
+/Q plzl:a_yz(xvtv yﬁ)_a—yz(X,l‘,yg):IZMe’u_ﬁ d.xdt

2

32Lo 3
+/Q [—(x, oy — L (et yﬁ)](zﬁe,u_g —2p i)

dx dt
ay? dy? !

+2| / (= @m| 2 = 2 | dx dr|
o
=h+hL+L+14+Is.

Let us estimate the terms /;, i € {1, .., 5}. For I, we deduce from Remark 4, (A6),
(10) and (19) that for every p; > 0 there exists &1 > 0 such that

I < pillzau—iallja gy i Iy = vali=co) < er.

We consider Ip. Let m = 0, we use Remark 4, (10), (16), (19), and (A7) to obtain for
every p» > 0 the existence of a €5 > 0 such that

I < ,02”212,14—12”%2(Q) if lyu — yallLe) < 2.

For the general case m € R, we use Remark 4, (10), (16), (19), and (A7), to infer for
any pp > 0 the existence of a &, > 0 such that

-~ r—1 1
I < CBC@M)T + ImDllu— il o |auilz g,

2 . -
=< p2||ZIZ,M—L_l”L2(Q) if ||M - u”Ll(Q) < &2.
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The estimate for I3 follows from (10), (16), (19) and Remark 4. Thus for every p3 > 0,
there exists ¢3 > 0 with

I3 < p3 ||Zﬁ‘u7ﬁ||i2(Q) if [lyu — yallLe(o) < €3.

For 14 we infer by Remark 4, (A3), (10), (16), (17), (19) and (A6) that for every p4 > 0
there exists ¢4 > 0 such that
Iy < (é + Mué)||Zu9,u—:2 + Ziu—i ||L2(Q) |Zug,u—ii — Zia,u—a ||L2(Q)
Cy - -

= T(C + MZ/{C)||Zﬁ,u—12||L2(Q) lyo — yallLe (@) ||Zﬁ,u—ﬁ||L2(Q)

< p4||Zﬁ,u—ﬁ||iz(Q) if Nlyu — yallLe) < 4.
The term /5 needs only to be considered in the general case m € R. We recall that
in this case, we assume |[u — ul| 1) to be sufficiently small. To estimate /5 we use

that z; , satisfies equation (14) and that v := 2z ,—i — Zu,,u—i solves (A4). Then, by
Remark 4, applying (10) to (A4), (16), (19), Lemma 2 and (A6) we estimate

2| [ o= tm {2 — zna ] x| < 2imlls = il ) ugr- = -l
Q

s'—1 _ L/
< 2m|@My) T = @}y g 12 = il o)

- -1 _ &
<2im|CCyBMy) 5 Nlu = ill ) 1yug = Yall 120y 129 u-all 12 0)-

We remark, that to make the last step, we used that (A6) holds also if the || - ||, (0)-
norm is exchanged with the || - || ;2 o) -norm. This can be seen in the proof of [3, Lemma
3.5]. Thus we infer that for every ps > 0 there exists a €5 > 0 such that

Is < psllzau-iljag, if llu =l <eés.

Now if m = 0 the validity of the estimates for [; for i € {1, ..., 4} holds under the
condition that ||y, — yallz(g) is sufficiently small. For general m € R the validity
of the estimates holds under the condition that [lu — |11 () is sufficiently small by
the additional arguments given above for the terms I and /5 and for the other terms

by the fact that by (8), [lu — ull 19y < LH, implies ||y, — yallL=(o) < &.
Cr2My) 2r
Taking ¢ := minj<;<s &;, completes the proof. O

ProofofLemma 11 Lets € [1, ”niz) N [1, 2]. We first consider the case m = 0. Using

that Lo and f satisfy the assumption in Remark 4 and arguing as in the proof of Lemma
10, there exists ¢ > 0 and a positive constant P such that

1" @+ 60— @) = J" @1 — )*] < Pllyu = yall oo lzau-al72 o,
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for all u € U with |y, — yallLe(g) < €. To prove (40), we select [1, [, > 0 with
l1 + I = 1 and use the estimate

2—s

lzzuillz2g) < Nauill X gyl — &3y - (A8)
By (A8), (8), (10), (16) and (18) we find

2
1Vu = yallLeo o) lza.u—all 2 )
2-s s

< Iy = villx @) lziu—ill 20 1zau—ill L2 gy 1t = il 11 )

s—1 25, s

I L1+l
< Cysup|lu— u”LOO(Q)”yu - y:i“lfoogQ) ”Zﬁ,ufﬁ”Lz(Q) [l — ul LI(Q)Z
u
b s 2=

~ / _ 3+
=< Cf’MZ/{”yu - ylj”ioo(Q)“le,u—I;”LZ(Q)”u - u”Ll(Qz)” M”LI(Q)’

s—1 2—s
7 (b+55%)
with M := M s . We select /5 such that

I n 2—s n s :
s’ 2s’ 2
We have that 1/s" = 1 —1/s is equivalent to (1+5)(1—1/s)+s/2(1—1+1/s) = 1.
Thus we find

Ih=s"/2—1.

Defining ¢ :
(10), (16) and (18) to infer

C 1 11 proves the first claim. For the proof of (41) we use (A8), (8),

2—g _
Iyu = Yalle(o) I12a0l13 2 ) < Corllye = Yallzw (@ llzaoll iy 1 = @l

s —1 2—s
L+l :
< CiMy" lyu — yang;z@ e = @l 3 g Nl = un;l(@
3 ~ ! 12 2 A
(A9)
5 (xfl)(lzl+27x)
with M = M, . Select [, such that

[ 2—ys
2 +s5=2.
S/

1
By 1/s" =1 — 1/s, this is equivalent to [, = (2 — 5)/(s — 1). Setting ¢ := ClM t

proves the case for m = 0. For m € R, we recall, that the L'(0Q)- dlstance of the
controls is assumed to be sufficiently small. This is used to estimate the terms where
the difference of the controls appears explicitly. For the terms where the controls do not
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appear explicitly we use the estimations for m = 0 above and apply the estimate (8) to
yu— yi to conclude that the L°°(Q)-distance of the states is close if the L' (Q)-distance

of the controls is close. O
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