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Minimum distance of Hermitian two-point codes

Seungkook Park*

Abstract

We prove a formula for the minimum distance of two-point codes on a Hermitian
curve.

1 Introduction

Homma and Kim [5],[6],[7],[8] gave a complete determination of the minimum distance of
two-point codes on a Hermitian curve. Their method is based on the method of Kumar
and Yang[12]. It leads to a theorem with many distinct cases and a long proof divided
over four papers. The objective of this paper is to give a short and easy proof of the
minimum distance of the Hemitian two-points codes using a method based on Kirfel and
Pellikaan [9]. First we use the shift bound to find the lower bound for the minimum dis-
tance. Secondly we use certain types of conics and lines to show that the bound is sharp.
Kirfel and Pellikaan gave a general method of finding a lower bound for the minimum
distance of one-point codes based on the decoding algorithms by Feng and Rao [4], and
Duursma [3]. The method gives a short proof for the minimum distance of the Hermitian
one-point codes. There have been approaches using Kirfel and Pellikaan’s method to
find the lower bound for the minimum distance of general algebraic geometric codes. In
[2], near order functions are used to find the lower bound for the minimum distance of a
two-point algebraic geometric code. Beelen [1] gave a method of finding the lower bound
for the minimum distance of general algebraic geometric codes using the generalized or-
der bound. In fact, the lower bound gives the exact minimum distance of the Hermitian
two-point codes in a large range. We define the multiplicity of the Hermitian two-point
code and use the multiplicity to find a path that will give the minimum distance of the
Hermitian two-point code. Our formulas for the minimum distance of the Hermitian
two-point code are given for all ranges and they meet the formulas by Homma and Kim
with a shorter proof and fewer cases for the formulas. Moreover, our approach can be
used in majority coset decoding [3] which decodes up to half the actual minimum distance.

In Section 2 we give the definition of multiplicity and a method of finding the lower
bounds for the minimum distance of Hermitian two-point codes. In Section 3 we state the
formulas for the multiplicity and minimum distance of the Hermitian two-point codes.
The proofs of the formulas for the multiplicity and minimum distance of the Hermitian
two-point codes are given in Section 4 and Section 5, respectively. In Appendix, we state
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both formulas for the minimum distance of Hermitian two-point codes given by Homma
and Kim [5],[6],[7],[8] and given in this paper for comparison.

2 Multiplicities and the shift bound

We give the definition of multiplicity and a method of finding the lower bound for the
minimum distance of the Hermitian two-point code.

Let X be a Hermitian curve defined by y? 4+ y = 29! over F2. Then X has ¢° + 1
rational points and the genus is ¢(¢ — 1)/2. Let P, be the point at infinity of X and
Py the origin of X. The canonical divisor K of a Hermitian curve is K = (¢ — 2)H,
where H ~ (¢ + 1)Px ~ (¢ + 1)P. Let Fp2(X) be the function field of X over Fe.
For f € Fp2(X)\{0}, (f)o denotes the pole divisor of f, (f)o the zero divisor of f and
(f) = (f)o — (f)so the divisor of f. Given a divisor G on X defined over Fp, let L(G)
denote the vector space over F 2 consisting of functions f € F2(X)\{0} with (f)+G >0
and the zero function. Let G = aP,+bFPy and D = P, +-- -+ P, be a divisor of X, where
supp(G) Nsupp(D) = 0 and Py, ..., P, are pairwise distinct. We define a code C(D, G)
as the image of the evaluation map ev : L(G) — Fp, given by ev(f) = (£(P1),...,{(Py))
for all f € L(G). For a fixed D, we will use the notation C(G) = C(a,b) for C(D,G),
where G = aP,, + bF,.

Definition 2.1. Let Mp_(a,b) be the set of pairs (f, g) of rational functions such that
(1) fg € L(aPsy + bPy)\L((a — 1) Py + bF)
(2) f € L(aPy + bP)
(3) 9 € L((a+b)Px)

The multiplicity mp_(a,b) is defined as

mp, (a,b) =#{-b<i<a+1:3(f g) € Mp_(a+ 1,b) with ordp_(f) = —i}.

We apply the shift bound argument from [I1], see also [I0], to obtain a lower bound
for the weight of a vector that is orthogonal to C'(a, b) but not orthogonal to C'(a + 1, b)
in terms of the multiplicity.

Theorem 2.2. Let ¢ = (c1,...,¢,) € F, be a vector that is orthogonal to C(a,b) but
not orthogonal to C(a + 1,b). Then the weight of c is at least mp_(a,b).

Proof. Let m = mp_(a,b) and let (f1,91),.--, (fm,gm) be pairs in Mp_(a + 1,b) such
that f1, f2, ..., fm have distinct pole orders at P... Let ordp_(fn) < -+ < ordp_(f1).



Then

gjfz- EL(G) for 1=1,...,7—1.
gjfi € L(G + Px,)\L(G) for i=j.
gifi € L(G+ Py) for i=j+1,....m

Let A be the m x n matrix with entries g;(P;) and let B be the m x n matrix with entries

fi(P;). The m x m matrix Adiag(cy,...,c,)BT is zero below the diagonal and nonzero
on the diagonal. Hence it is of rank m and the number of nonzero coordinates in c is at
least m. O

Definition 2.3. Let Mp (a,b) be the set of pairs (f, g) of rational functions such that
(1) fg € L(aPsx + bPy)\L(aPx + (b—1)F)
(2) f € L(aPyx + bF)
(3) g € L((a+b)F)
The multiplicity mp,(a, b) is defined as
miy(a,b) = #{—a < j <b+1:3(f,9) € Mny(a,b+1) with ordp,(f) = —7}.

Theorem 2.4. Let ¢ = (c1,...,¢,) € Fy, be a vector that is orthogonal to C(a,b) but
not orthogonal to C(a,b+ 1). Then the weight of ¢ is at least mp,(a,b).

Proof. The proof is similar to Theorem 2.2 O

We present a method to find a lower bound for the minimum distance of the Her-
mitian two-point codes. Let 0 # ¢ € C(a,b)t. We want to find a lower bound for the
weight of a word ¢ # 0 which is orthogonal to C'(a,b). Consider Figure [Il

We first consider the vector spaces
C(a,b) CCa+1,b) C--- CFy.

The weight for the words ¢ that are orthogonal to C'(a, b) but not orthogonal to C'(a+1, b)
is at least mp_(a,b). The weight for the words ¢ that are orthogonal to C'(a + 1,b) but
not orthogonal to C(a+2,b) is at least mp_(a+1,b). Since ¢ is nonzero, there is a vector
space not equal to the full space I}, say C'(a + 1, b), such that the word c is orthogonal
to C(a + i,b) but not orthogonal to C'(a 4+ + 1,b). The weight of the word ¢ that is
orthogonal to C'(a,b) but not orthogonal to Fy is at least the minimum of the multi-
plicities mp, (a + j,b), where j = 0,1,...,1l; and C(a + [;,b) = F}. Now, we fix a and
increase b. The weight for the words ¢ that are orthogonal to C'(a,b) but not orthogonal
to C'(a,b+ 1) is at least mp,(a,b). The weight for the words ¢ that are orthogonal to
C(a,b+ 1) but not orthogonal to C(a,b+ 2) is at least mp,(a,b+ 1). By a similar argu-
ment as above, the weight of the word ¢ that is orthogonal to C'(a, b) but not orthogonal
to [y is at least the minimum of the multiplicities mp,(a,b+ j), where j = 0,1,...,15
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Cla+2,b) Cla+1,b+1) C(a,b+2)

Cla+1,b) C(a,b+1)
mp,_(a,b) mp,(a,b)
C(a,b)

Figure 1: Lower bound for the minimum distance

and C(a,b+Iy) = F;. We increase the divisors by increasing the pole order of Fy or Py
by 1, and compute the mp,(a + 1,b), mp_(a+ 1,b),mp,(a,b+ 1), and mp_(a,b+ 1).
We apply the same process until the Riemann-Roch space of the divisor becomes the full
space Fy. In each step, we can make a choice for the divisor by adding Fy or P, that
is, we can choose a path to the full space Fy. For each path P, we take the minimum of
the multiplicities along the path and denote it by min(P). Let S be the set of min(P)
for all the paths. Each element of the set S gives a lower bound for the weight of ¢ with
0# ¢ L C(a,b). The best lower bound for the weight of ¢ is obtained by taking the maxi-
mum of the set S. This maximum is a lower bound for the minimum distance of C'(a, b)*.

3 Formulas for multiplicity and minimum distance

We state the formulas for the multiplicity and minimum distance of the Hermitian two-
point codes. The formulas give the minimum distance of the Hermitian two-point codes
for all ranges of G. We divide the ranges into two parts as follows:

1. {G : degG > degK+q} U {G : degK < degG < degK+q AG = sP,, AG » tPy} and



2. {G : degG < degK} U {G : (degK < degG < degK+q) A (G ~sPy V G ~ tPg)},
where s,t € Z.

Theorem and Theorem give the formulas for the minimum distance for the first
part and the second part, respectively.

Proposition 3.1. Let G = K + aP + bFy, where K is a canonical divisor,
= ap(g+1)—a, 0<a;<g,
b = bo(g+1)—b, 0<0b <gq.

1. If a; < ag + by, then
mp., (29 —2+a,b) = (ag+bo — ar)(qg+1) — by + arq

2. Ifa0+b(]§a1§ao+bo+q—1, then
mp, (29 — 2+ a,b) = a1(q+ ap + by — a1) — min{ay, by }.

3. If ag+by+q—1 < ay, then
mPoo(2g_2+a7b) = 0.

1l. ]fbl < a0+b0, then
mp, (29 —2+a,b) = (ao+by —b1)(¢+1) — a1 + big

" Ifag+by <by <ag+by+q—1, then
mp,(2g —2+a,b) = b1(q+ ap + by — by) — min{ay, by }.

3. Ifag+by+q—1<b, then
mp,(2g —2+a,b) =0.

Proof. The proof is given in Section @l O
Theorem 3.2. Let G = K + aPy, + bF,y, where K is a canonical divisor,

a = ap(¢g+1)—a;, 0<a <g,
b = bo(g+1)—b, 0<0b <gq.

Let d* = deg(G) — (29 —2) = a+ 0.

1. If ay < ag + by, then
mp, (29 — 2+ a,b) = d*

2. Ifag+by <a; <ag+by+q—1, then
mp, (29 —2+a,b) =d" + (a1 —ag — by)(¢ + 1 — ay) + max{0,b; — a; }.

3. [fa0+b0+q—1<a1, then
mPoo(Qg_2+a'>b) =0.

1. [fbl < a0+b0, then
mp, (29 — 2+ a,b) = d*



2. [fa0+b0§b1 §a0+bo+q—1, then
mp, (29 —2+a,b) =d* 4+ (b —ag —b)(¢+ 1 —by) + max{0,a; — b }.

3. Ifa0+b0+q—1<b1, then
mp,(2g —2+a,b) =0.

Proof. Follows from Proposition 3.1
Theorem 3.3. Suppose that G satisfies either
(1) degG > degK +q or
(2) degK < degG < degK + q and G = sP, and G » tPq for all s,t € Z.

Let G = K + aPy, + bF,, where K is a canonical divisor,

= ao(¢g+1)—a;, 0<a <gq,
b = bo(g+1)—b, 0<0b <gq.

Let d* = deg(G) — (29 —2) = a +b.

1. [fO < al,bl < ap+ b(], then
d(C(D,G)Y) = d-.

2. If 0 < by < ag+ by < aq, then
d(C(D, G)J') =d" + a; — (CL(] + b(])

2. If0<a; <ag+by < by, then
d(C(D, G)J') =d" + bl — (CL(] + bo)

3. Ifag+ by < a1 < by < q, then
d(C(D, G)J‘) =d* +ay + bl — 2(&0 + bo)

3. Ifag+by < by <a; <q, then
d(C(D, G)J‘) =d* +aj + bl — 2(&0 + bo)

4. Ifag+ by < ay,by and ay = q, by = q, then
d(C(D,G)*) = d* + q— (ag+ bo).

Proof. The proof is given in Section
Remark 3.4. We can rewrite Theorem as

d(C(D,G)*) = d* +max{0,a; — (ag + bo), by — (ao + ), ar + by — 2(ag + bo)},
for all cases except case 4.

Theorem 3.5. Suppose that G satisfies either
(1) degG < degK or



(2) degK < degG < degK + q with G ~ sPy, or G ~ tPq for some s,t € Z.
If G = aPy + bPy with

then
d(C(D,G)F) = ag + by + 2.

Proof. The proof is given in Section O
4 Proof of Proposition [3.1]

Proposition 3.1 Let G = K + aPy + bFPy, where K is a canonical divisor,

= ap(¢g+1)—a, 0<a <gq,
b = bo(g+1)—b, 0<0b <gq.

1. If a; < ag + by, then
mPoo<2g_ 24‘@75) = (a0+bo _a1>(Q+ 1) — by +aq

2. Ifa0+b0§a1§ao+bo+q—1, then
mp, (29 — 2+ a,b) = a1(q+ ap + by — a1) — min{ay, by }.

3. If ag+by+q—1 < ay, then
mPoo(2g_2+a7b) = 0.

i

1. ]fbl < a0+b0, then
mp, (29 —2+a,b) = (ap+bo —b1)(g+1) — a1+ big

2l. ]fa0+b0§b1§ao+b0—l—q—1, then
mp,(2g —2+a,b) = b1(q+ ap + by — by) — min{ay, by }.

3. Ifag+ by +q— 1< by, then
mPO(Qg_Q_I_aab) = 0.

Proof. By renaming Py with P, and P,, with Fp, it is enough to prove the cases 1,2 and
3. We may assume that K = (29 — 2)P,,. Let G = K + aP,, + bP,, where

= ap(¢g+1)—a;, 0<a; <g,
b = bo(qg+1)—b, 0<b <gq.



a0+b0+q—1

a1

a0+bo—a1

Figure 2: Counting multiplicity

Then L(K + aPy +bFPy) = L((¢ — 24 ag + by) (¢ + 1) P — a1 P, — b1 Fp) is spanned by
the monomials z%y’ with

(2) i>a for i4+j=q—2+aog+ by,
(3) i>b; for j=0.

We determine the pairs of integers (i, j) such that there exist
f € L(iPy + bP)\L((i — 1) Py, + bPy)
9 € L(jP)\L((j — 1) Pw),

with fg € L(K + (a + 1)Py + bP)\L(K + aPy + bP). Let 2y and z2y”2 be the
leading monomials of f and g, respectively, with 0 < i1, 75 < ¢q, 0 < j1, j2. The
product fg € L(K + (a + 1)Px + bPy))\L(K + aPx + bP) if

(1) xilyjlxizyjz — xal—lyQ—l-Fao-!-bo—al’ or
(2) l.i1yj1xi2yj2 — xq+a1y—1+ao+bo—a1,
The solutions for (i1, j;) are
(1) 0<i;<a;—1, 0<j; <q—1+4ap+by—ay, suchthat i; >b for j; =0.
(2) a1 <iy<q, 0< 51 <—~1+ag+b—ar.
or

(1) 0<ji<—-14+ay+by—a;, 0<i;<gq, suchthat i; >b for j; =0.
2) ap+bp—ar<ji<qg—1l+ag+by—a, 0<i <a; —1



If ag+byg+q—1 > a3 > ag+ by, then the total number of pairs (i,7) is (ag + by —
a1)(q+1) — by +qay. If a; > ag + by + ¢ — 1, then (1) and (2) have no solutions. For
ag + by —ay; <0, if a; = 0, then (1) and (2) have no solutions. If a; # 0, then there are
no solutions in (2). In (1), there are

ai1(q+ ap + by — a;) — min{ay, by }

solutions. Thus we have the multiplicity a;(q+ao+by—a1) —min{ay, b1} if ag+bg—a; <
0. OJ

5 Proof of Theorem [3.3]

For each path, the minimum of the multiplicities along the path is a lower bound for the
minimum distance of C'(D, G)*. In Theorem B3] we find a path that gives a lower bound
of the minimum distance which is sharp. The following two lemmas give the minimum
of the multiplicities of a certain part of the path chosen in Theorem

Lemma 5.1. Suppose that G satisfies either

(1) degG > degK +q or

(2) degK < degG < degK + q and G = sPy, and G » tPy for all s,t € Z.
Let G = K + aPy + bF,, where K is a canonical divisor,

aplg+1)—a;, 0<a <gq,
b = bo(qg+1)—b, 0<b <gq.
Let d* = deg(G) — (29 —2) = a+ 0.

IfO<b <ap+by<a; and I, ={(29—2+a,b),(2g—24+a+1,b),...,(29g —2+a+
aq —(a0+b0),b)}, then

néiln (mp, (i) = d* 4+ a1 — (ap + by) = apq + boqg — a;.
<12

If0<a; <agp+by <by and Iy ={(2g—2+a,b),2g—2+a,b+1),...,(29—2+a,b+
bl - (a0+b0))}, then

min (mpg,(i)) = d* + by — (ao + by) = apq + bog — br.

1612/

Proof. For the case 0 < by < ag+by < ay, we need to show that mp_ (i) > d*+a;—(ag+bo)
for i € I, that is, we need to show that mp_ (29 —2-+ao(q+1) —ajy,b) > d*+a; — (ag+bo)
for a} = ay,a; — 1,..., ag + by. By Proposition B.I we have

mp. (29 — 2+ ag(q+ 1) — ay,b) — (d* + ar — (ao + bo))
=(a, — (ag + b)) (g — a;) > 0.

The other case follows by symmetry. O



Lemma 5.2. Suppose that G satisfies either

(1) degG > degK + q or

(2) degK < degG < degK + q and G = sPy, and G » tPy for all s,t € Z.
Let G = K 4+ aP,, + bFy, where K is a canonical divisor,

= ao(¢g+1)—a;, 0<a <g,
b = bo(¢g+1)—b, 0<b <gq.

Let d* = deg(G) — (29 —2) = a + 0.
Ifag+by <ay <by <qgand I3 ={(29—2+a,b),2g—2+a+1,0),...,(29—2+a+
a1 — (ap +bo), b)}, then

min (mpoo(l)) =d" + aq —|—b1 — 2(@0 —|—b0) = (ao —|—b0)q — (ao —|—b0)

i€l3

Ifag+by <by <ay <qand Iy ={(29—24a,b),(29—24+a,b+1),...,(29—2+a,b+
bl — (CLQ + bo))}, then
min (mpo(i)) =d* +aj + bl — 2(&0 + bo) = (CLQ + bo)q — (CLQ + bo)

ZGIS/

Proof. For the case ag + by < a1 < by < ¢, we need to show that

mp. (i) > d* 4+ a; + by — 2(ag + by) for i € I3, that is, we need to show that

mp, (29 —2+ag(q+1) —a},b) > d +ay + b —2(ag +bo) for a; = ar, a1 —1,...,ag+by.
By Proposition B, we have

mpoo(Qg -2 + ao(q + 1) — all,b) — (d* “+ a1 + bl — 2(@0 + bo))

= ay(q+ag+ by — ay) — ay — (ao + bo)q + (ao + bo)
= (a; — (ao + bo))(q — a;) — (a; — (ag +bo)) >0

The other case follows by symmetry. O

In order to prove that the lower bounds of Theorem and Theorem are sharp,
we need to show that there exist words that have weight equal to the lower bounds. This
can be shown by constructing functions with certain properties. The functions consist
of multiplications of conics and lines. The following lemmas show that there are enough
conics and lines to construct such functions.

Lemma 5.3. The curves y? +y = 297" and 2? = ay share the following automorphisms,

1>?/_1)a pa(,y) = (ax,azy) fora € IF;.

o(x,y) = (zy~
The group generated by the automorphisms is the dihedral group of size 2(q — 1).

Proof. The first claim is easily verified. Finally, o is of order two and op,0 = p;t. O
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Lemma 5.4. For a rational point P = (u,v) withu # 0 and v & F,,, the function x> —ay,
for a = u?/v, has zeros in Py (with multiplicity two) and in 2q — 2 other rational points
including P. The number of such functions is (¢> — 1)/2 when q is odd and (¢* + q)/2
when q is even.

Proof. The function 22 — oy has poles only at P, of order 2¢. Thus, there are 2¢ zeros,
two of which are Fy. We claim that the remaining zeros form a single orbit under the
action of the dihedral group in the previous lemma. The orbit includes the points

{(au,a*v), (auv™,a*v™") 1 a € F.}.

For P = (u,v) with u # 0, the set {(au,a®v) : a € F}} consists of ¢ — 1 distinct points.
To show that the second group of ¢ — 1 points is disjoint from the first group it suffices to
show that (uv™',v™") & {(au,a*v) : a € F;}. But (uw™',v™") = (au, a®v) if and only if
v = a~! which is excluded by the assumption v € F,. We compute the number of points
N such that v # 0 and v € .

P=(uwv)|P:veF,|P:u=0|P:veF,Au=0 N
q odd ¢ ¢ q 1 ¢ —q¢—q+1
q even ¢ q q q ¢ —q

To each point corresponds a unique function, and the number of functions is obtained as
N/(2q —2). O

We rewrite Lemma [5.4] in terms of divisors in Remark
Remark 5.5. Let 2 — ay be a conic over the field F2 such that
(1’2—Oéy):2Poo+2P0+P1+"'+P2(q_1)—QHOO, (1)

where P;’s are distinct F2-rational points for ¢ = 1,2,...,2(¢—1) and Hy = (¢+ 1) Px.
If ¢ is odd then there are (¢? — 1)/2 number of conics that satisfies ().
If ¢ is even then there are (¢? 4+ ¢)/2 number of conics that satisfies ().

Remark 5.6. For the Hermitian curve y? + y = 297 over F 2, the line passing through
any two rational points intersect the curve in q+1 distinct rational points. Hence we can
choose a line with divisors as below :

(y — Bx) = Py + ¢ distinct points — H..
(x — ) = Py + ¢ distinct points — H.
(y —d) = ¢+ 1 distinct points — H,.

for some 3, « and d in [F 2.
Theorem 3.3 Suppose that G satisfies either
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(1) degG > degK +q or
(2) degK < degG < degK + q and G = sPy, and G » tPy for all s,t € Z.

Let G = K + aPy, + bF,, where K is a canonical divisor,

a = ap(¢g+1)—a;, 0<a; <g,
b = bo(g+1)—b, 0<0b <gq.

Let d* = deg(G) — (29 —2) = a +b.

1. ]fO S al,bl S ag + bo, then
d(C(D,G)*) = d*.

2. If 0 < by < ag+ by < aq, then
d(C(D,G)J‘) = d* + a; — (CLQ + bo)

2. If0<a; <ag+by < by, then
d(C(D,G)t) =d* + by — (ag + bo).

3. If ag+ by < a1 < by < q, then
d(C(D, G)J‘) =d* +aj + bl — 2(&0 + bo)

. [fa0+b0 < b <ay <q, then
d(C(D, G)J‘) =d* + a1 + bl — 2(&0 + bo)

4. [fa() + by < ay,by and ay = q, by = q, then
d(C(D,G)*") = d* + q — (ao + bo).

Proof. To prove the theorem we find a path for each case which will give a lower bound
of the minimum distance. Then we show that it is sharp by finding a word of weight
equal to the lower bound.

Case 1.

We fix b and increase a. By Theorem B2, mp,_(29 —2+a,b) = d* = a+band mp_ (29 —
24d,b) >d + U for arbitrary a’ and &’. Thus the lower bound is d*.

Case 2.

We fix b and increase a to a + a3 — (ag + bg). Then Case 2 is reduced to Case 1. By
Lemma 5.1, the lower bound is d* + a; — (ag + bg).

Case 2.

By the symmetry of Case 2, the lower bound is d* + b; — (ag + bo).

Case 3.

We fix b and increase a to a + a; — (ag + bp). Then Case 3 is reduced to Case 2. By
Lemma [5.2 the lower bound is d* + a; + by — 2(ag + by).

Case 3.

By the symmetry of Case 3, the lower bound is d* + a1 + by — 2(ag + bp).

12
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a1

Case?2’ Casel

by

Figure 3: Cases for Theorem

Case 4.
We fix b and increase a by 1. Then Case 4 is reduced to Case 3. By Proposition 3.1],

mp_ (29 — 2+ a,b) = q(ap + by) — ¢ and
mp.,, (29 —2+a+1,b) = (¢ —1)(ao +bo +1) — (g — 1)
= q(ao + bo) — (CLQ + bo)

Thus the lower bound is obtained at mp,_ (29 — 2+ a, b). In order to prove that the lower
bound of the code using the points P € X (F2)\{F, P} is sharp, we need to find a
word of weight d, where d is the lower bound. We use the fact that there exist a word
with support Py, Ps, ..., Py if and only if Q(G — P, --- — P;) # Q(G). Equivalently,

L(P1—|—"'+Pd_apoo_bP0)%L(_apoo_bp())‘

Note that L(—aP, — bPy) = 0 because a + b > 1. We need to find P;, P, ..., P; such
that
P+ -+ Pi+a1Py+b1Py~ (ag+ by)Hs + E, where E > 0.

Case 2 reduces to Case 1 by taking E = (b; — (ag + by))Py. Case 2 reduces to Case
1 by taking £ = (a; — (ag + by))P. Case 3 and 3" reduces to Case 1 by taking F =
(a1 — (ap + b)) P + (b1 — (ag + bo))Py. Thus all cases reduce to case 1 except case 4
which we prove separately.

Case 4. ag + by < a1,b; and a1 = ¢, by = q.

We need to find Py, Ps, ..., Py, where d = (ag + by — 1)gq, such that

P+ 4+ Pi+qPx +qPy ~ (ag + by)Hoo + E, where E > 0. (2)

13



Let (z) =P+ FPo+ P+ Po+---+ Py — Hy. We take

T ag+bo—1 1
f=- :
Y 211 Y=Y
where y; is the y-coordinate of P;.
We have
ag+bo—1 1
( H = y) = (CLQ + bo — 1)Hoo PP — Pag-i—bg—l — . — P(ao+b0—1)(q+1) and
i=1 v
x
<§) =Pt Pt Pt .+ P — (gt Dl
Hence

(f) = (ap+by)Hew — qP — qPo — (ap + by — 1)q distinct points + Py yp, + -+ - + Py1.

Therefore (2)) is satisfied with £ = Py 1py + -+ + Pp_1.
Case 1. 0 < ay,b; < ag+ by.
We need to show that there exist a function in

LP+- 4+ Pi+ a1 P+ 0Py — (a0 + by)Hs), or
L((ao—i-bo)Hoo—Pl—~-~—Pd—a1Poo—b1P0).

We construct f in L((ag+by)Hoo — Py — -+ — Py — a1 Py, — b1 Py) by using the functions
?*—auy, y—pBjr, v—, and y—3d,. Since 0+ K +aPs+bPy~ K+ D, a+b=¢*—1.
Then ag + by < ¢*> — ¢ — 1. Thus we need at most (¢ — ¢ — 1)/2 conics that satisfy the
condition () of Remark By Lemma [5.4] there are enough conics that satisfy ()
which can be used to construct the function f.

Case : a; < by < ag+ by.

If a1 = 2m is even then, take

b1—a1 ao+bo—b1

f:H(x2—aiy)>< H(y—ﬁix)x H (y — &)

i=1
If a1 =2m + 1 is odd, then take

m b1—az ao+bo—b1

f:xH(x2—aiy)>< H(y_ﬁix>x H (y — 6;).

i=1

Case: by < ay.
If by = 2m is even then, take



If by = 2m + 1 is odd, then take

m a1—by ap+bo—ay

f=z]]@*—am)x []=—wx ] w-d.

i=1 i=1 i=1

Theorem 3.5 Suppose that G satisfies either

(1) degG < degK or

(2) degK < degG < degK + q with G ~ sPy, or G ~ tPq for some s,t € Z.
If G = aPx + bF, with

then
d(C(D,G)*) = ag + by + 2.

Proof. We may assume that K = (¢ — 2)(q + 1)Px. Let Hy = (¢ + 1) F.

It suffices to prove for the three cases (i) ag+by < ¢—3, (ii) ag+by = ¢—2, a; =0, and
(iii) ag+bo = ¢—2, by = 0. If we assume by = 0 then (i) contains the case degG < degK,
(ii) contains the case degK < degG < degK + q with G ~ tP( and (iii) contains the case
degK < degG < degK + q with G ~ sP.

Case 1. ag+by < q—3

Let Gi = agHys + boHy and Gy = agHy + qPs + boHy + qPy. By Proposition B.], we
have that d(C(D,G1)*) > ag + by + 2. Since C(D, Gy)* C C(D,Gy)*, d(C(D,Gy)*t) >
ag + by +2. We need to show that there exists a word of weight ag + by +2 in C(D, Go)*.
The code C(D,Gq)* = Cq(D,Gs) has a word of weight d = ag + by + 2 if there exists
Pl, ey Pd with Q(Gg - P1 e — Pd) §£ Q(Gg) Equivalently, if

L((g—2)Ho — (ag+ by +2)Hoo + Py + P+ -- -+ Py)
# L((q = 2)Hoo — (ag + by +2) Hoo + Ps + Fy).

We choose Py, ..., P;on a line that pass through Py and P,,. Since P+ -+ Pyj+ Py 1+
oo+ P,y 4+ Py+ Py ~ (q+ 1) Py, it is enough to show that

L((¢ = 1)He — (ao +bo + 2)Heo — Pay1-++ — Pya)
#L((q_l)Hoo_(a0+bo+2)Hoo_P1_P2—Pq_l)

We take f = Hg;;ﬂ(y —y;), where y; is the y-coordinate of P;.
In both cases a9+ by = q—2, a1 =0 and ag+ by = q¢q—2, by = 0, we have that the

lower bound is d = ag + by + 2 by Proposition B.Il Now we show that the lower bound
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is sharp for both cases.
Case 2. ag+by=q—2, a; =0
Since G = K + b Py, we need to show that there exist Py, ..., P; with

L(Pl‘l“l‘Pd—blP())
# L(—01 Py).
Take f =y/(y — ).

Case 3. ag+bp=q—2, by =0
Since G = K + a1 P, we need to show that there exist Py, ..., P; with

L(Pl—l——l—Pd—alPoo)
#L(—CMPOO)

Take f =2 — 1. O

6 Appendix

In this section we give formulas for the minimum distance obtained by Homma and Kim.
Also, we give formulas for the minimum distance obtained by our method for comparison.

Homma and Kim method

Let X be a Hermitian curve defined by y? +y = 29%! over F2. Let P, be the point at
infinity of X and P, the origin of X. We consider the code C'(m,n) in (qu)qB_l defined
by the image of the evaluation map

L(mPsx +nPy) — ()™
f L (f(P))PEX(FqQ)\{Pwv Po}

where X (IF2) denotes the set of F-rational points of X. Our problem is to determine
the minimum distance of C'(m,n) for 0 <n <gq.
For n = 0 the following theorem holds.

Theorem 6.1. [5, Theorem 5.2] Let m = aq+b = (¢* — p)g+b € A(Z,q) withb < a <
min{b+¢*> —1,¢* + ¢ — 3}.

(i) Ifb<a<b+q¢*—q—1, thend(C(m,0)) =¢>—1—m.

(ii) If 1 <p<qand0<b<q—p, then d(C(m,0)) = pqg— 1.

(i) If * —1 < a <min{b+¢* — 1,¢* + ¢ — 3}, then d(C(m,0)) = ¢* +q—a— 2.
For n with 1 <n < ¢ — 1, we have the following theorems.

Theorem 6.2. [3], [7], [§] Fiz an integer n with 1 <n < qg—1. Let m = aq+b be a
nonnegative integer with 0 < b < q.
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[ Ifb<a<q—(n+1), thend(C(m,n))=¢>—1—m.
[II] If m satisfies either

(i) 0<b<qg—2and®—1<a<b+q¢*—1, or
(i) b=q—1and ¢* —1<a<¢@®+q—(n+3),

then d(C(m,n)) =q¢*+q—a—2.
[III] If m satisfies either

(i) b=0andqg—n<a<q¢g*—(n+1), or
(1)) 1 <b<q—2 and max{b,q—n} <a<min{b+¢*—(¢+1),¢°— (n+2)}, or
(iii) b=q—1 and g—(n+1) < a < ¢*—(n+2), then d(C(m,n)) = ¢*—1—(m-+n).

In order to describe d(C(m,n)) for remaining m, we put m = (¢*—p)q+b for convenience.

Theorem 6.3. [6, Theorem 1.4] Fiz an integern with1 < n < q—1. Letm = (¢*—p)q+b
be an integer with 0 < b < q.

[IVIIf1<b,n+1<pandp+b<gq, then d(C(m,n)) =pq— (n+1).
[VIIfp<n+1andqg<p+b, then d(C(m,n)) =p(¢g—1)— (b—1).
[VI] Assume that 2 < p <mn and p+b<q.

[VI-1] If either ‘n < q—2" or “n = q—1 and p+b < q”, then d(C(m,n)) = p(q—1).
[VI-2] If n =q—1 and p+ b= q, then d(C(m,n)) = (p — 1)q.

We denote by A(Z, q) the array of integers with the infinite length of column

—q —q+1 ... —q+(¢g—1)

0 1 (g—1)
q q+1 ... q+(g—1)

2¢ 2q+1 ... 2q+(qg—1)

Let
I,={ag+b€ A(Z,q)lb<a}U{ag+ (g—1)|0<a<qg—2}U{-1}

and
Jo={ag+be AZ,q)lb+¢* <a}U{ag+ (¢—1)|¢* —2 < a}.

The following is the formula for the minimum distance of C(m, q).
Theorem 6.4. [3, Theorem 6.1] Let m = aqg+b (0 < b < q) be an integer in I,\.J,.
(A) If m satisfies either
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(i) 0<b<qg—2andb<a<b+q¢*—q—1, or
(1) b=q—1and -1 <a < ¢* -3,

then d(C(m,q)) =q¢* —q—m — 1.
(B) If m satisfies the condition
b+q®—g<a<q -2
then d(C(m,q)) = (¢* —a —1)q.
(C) If m satisfies the condition
0<b<q—2 and q2—1§a§b+q2—1,
then d(C(m,q)) =¢+q—a—2.
Formulas using our method
Theorem 6.5. Suppose that G satisfies either
(1) degG > degK + q or
(2) degK < degG < degK + q and G = sPy, and G » tPy for all s,t € Z.
Let G = K + aPy, + bF,, where K is a canonical divisor,

= ao(¢g+1)—a;, 0<a <g,
b = bo(g+1)—b, 0<b <gq.

Let d* = deg(G) — (29 —2) = a+b. Then
d(C(D,G)*) = d* +max{0,a; — (ag + bo), by — (ao + bp), a1 + by — 2(ag + bo)},
except for the case when (ag + by < ay,by and ay = q, by = q), for which
d(C(D,G)") =d* + q— (ag + bo).

Theorem 6.6. Suppose that G satisfies either

(1) degG < degK or

(2) degK < degG < degK + q with G ~ sP., or G ~ tPqy for some s,t € Z.
If G = aP + bF, with

= ao(¢g+1)+a;, 0<a <gq,

then
d(C(D,G)*) = ag + by + 2.
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Example 6.7. Let X be a Hermitian curve defined by 4% + y = 2% over Fgy. Let K be
a canonical divisor and G = mP,, + nP. We consider the code C'(m,n)*. We give two
tables with degG < degK and degG > degK + . The rows represent m and the columns
represent n. The entries of the first matrix are the minimum distance of C'(m, n)* and the
entries of the second matrix state which formula from Homma and Kim were used to find
the minimum distance. If G = 82P,,+ 3P, then the minimum distance of C(82,3)* = 35
and since the (82,3) entry of the second matrix is 361 it means Theorem 6.3 VI-1 was
used to find the minimum distance. The entries with zero mean that it is not in the
range of Homma and Kim’s formula.

Table [Il is an example of cases when degG < degK.

4 4 4 4 4 4 4 4 4 o o o0 o o0 0 0 0 0
4 4 4 4 4 4 4 4 4 o o o0 o o0 0 0 0 0
4 4 4 4 4 4 4 4 A4 o 0 0 o 0 0 0 0 0
4 4 4 4 4 4 4 4 A4 o 0 0 o 0 0 0 0 0
4 4 4 4 4 4 4 4 4 0O 0 0 0 0 22222222213
4 4 4 4 4 4 4 4 4 0 221 221 221 221 221 221 221 13
4 4 4 4 4 4 4 4 4 0 221 221 221 221 221 221 221 13
4 4 4 4 4 4 4 4 4 0 221 221 221 221 221 221 221 13
4 4 4 4 4 4 4 4 4 0 221 221 221 221 221 221 221 13
Table 1: Minimum distance for codes C(m,n)*+ when m =18,...,26 and n =0,...,8.

Table [2is an example of cases when degG > degK + q. The matrices are given in 10
by 10 for easy comparison. Homma and Kim used n = 0,...,q and m = aq + b where
b =0,...,q which is the upper left 9 by 9 matrix. We used m = ag(q + 1) — a; and
n =by(q+ 1) — by, where 0 < ay, by < ¢ which is the lower right 9 by 9 matrix.
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27 32 32 32 32 32 33 34 35| 36 411 35 35 35 35 232 232 232 11| 411
32132 35 35 35 36 37 38 39|40 42 | 362 361 361 34 34 34 34 12| 42
32135 35 35 35 36 37 38 39|40 42 | 361 361 361 34 34 34 34 12| 42
32135 35 35 35 36 37 38 39|40 42 | 361 361 361 34 34 34 34 12| 42
32135 35 35 35 36 37 38 39|40 42 | 361 361 361 231 231 231 231 12| 412
32136 36 36 36 37 38 39 40] 41 4121 35 35 35 233 233 233 233 11| 411
33|37 37 37 37 38 39 40 41| 42 411 35 35 35 232 232 232 232 11| 411
34138 38 38 38 39 40 41 42|43 411 35 35 35 232 232 232 232 11| 411
35139 39 39 39 40 41 42 43| 44 411 35 35 35 232 232 232 232 11| 411
3640 40 40 40 41 42 43 44 45 411 35 35 35 232 232 232 232 11 411
Table 2: Minimum distance for codes C(m,n)+ when m =81,...,90 and n =0,...,9.
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