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PSEUDOCYCLIC AND NON-AMORPHIC FUSION
SCHEMES OF THE CYCLOTOMIC ASSOCIATION
SCHEMES
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Dedicated to Richard M. Wilson on the occasion of his 65th birthday

ABSTRACT. We construct twelve infinite families of pseudocyclic and
non-amorphic association schemes, in which each nontrivial relation is
a strongly regular graph. Three of the twelve families generalize the
counterexamples to A. V. Ivanov’s conjecture by Ikuta and Munemasa
[15].

1. INTRODUCTION

This note is a sequel to [I2]. We assume that the reader is familiar
with the basic theory of association schemes as can be found in [2] [7]. For
background in strongly regular graphs, we refer the reader to [8, [13]. All
association schemes considered in this paper are commutative and symmet-
ric. Let (X, {R;}o<i<d) be an association scheme with d classes. For i €
{0,1,...,d}, let A; be the adjacency matrix of the relation R;, and let Ey =
ﬁJ, FE4, ..., B4 be the primitive idempotents of the Bose-Mesner algebra of
the scheme (X, {R;}o<i<a), where J is the all-one matrix of size | X| x |X].
The basis transition matrix from {Ey, E1, ..., Eq} to {Ag, 41,..., Ag} is de-
noted by P = (pj(i))0<i’j<d, and usually called the first eigenmatriz (or
character table) of the scheme. Explicitly P is the (d + 1) x (d + 1) matrix
with rows and columns indexed by 0,1,2,...,d such that

(Ao,Al, .. ,Ad) = (Eo,El, .. ,Ed)P.

Let k; = p;(0) and m; = rank(E;). The k;’s and m;’s are called valen-
cies and multiplicities of the scheme, respectively. We say that the scheme
(X, {Ri}to<i<a) is pseudocyclic if there exists an integer ¢ such that m; = ¢ for
all i € {1,...,d}. A classical example of pseudocyclic association schemes is
the cyclotomic association scheme over a finite field, which we define below.
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Let ¢ = pf, where p is a prime and f a positive integer. Let v be a fixed
primitive element of F, and N|(g—1) with N > 1. Let Cp = (v"), and C; =
7iCp for 1 <i < N—1. Assume that —1 € Cp. Define Ry = {(z,z) | x € F,},
and for ¢ € {1,2,...,N}, define R; = {(z,y) | z,y € Fg,x —y € Ci_1}.
Then (Fy, {R; }o<i<n) is an association scheme. We will call this scheme the
cyclotomic association scheme of class N over F,. The first eigenmatrix P
of the cyclotomic scheme of class N is the following (N + 1) by (N + 1)
matrix (with the rows of P arranged in a certain way)

1 N-1 N-1 N-1 . N1
q q q q
Loy 1o m o TNyoa
P = 1 Mn_2 My o o Nves (11)

I omo m om0 oy,
where the 7,;’s are the cyclotomic periods (or Gauss periods) of order N
defined by

ni= Y b(x).
zeC}

In the above defintion, 1 is the additive character of F, defined by

¥:Fg = C ga) =6, (1.2)

where &, = ¢?™/P and Tr is the absolute trace from F, to F,,.
The following theorem gives combinatorial characterizations of pseudo-
cyclic association schemes.

Theorem 1.1. Let (X, {R;}o<i<a) be an association scheme, and for z € X
and 1 < i < d, let Ri(z) = {y | (z,y) € R;}. Then the following are
equivalent.
(1) (X, {Ri}o<i<a) is pseudocyclic.
(2) For some constant k, we have k; = k and Zle pl, = k—1, for
1<j<d.
(3) (X,B) is a 2 — (v,k,k — 1) design, where B ={R;(z) |z € X,1 <
i <d}.

For a proof of this theorem, we refer the reader to [7, p. 48] and [14] p. 84].
Part (2) of the above theorem will be useful in Section 3.

Let (X,{Ri}o<i<a) be an association scheme. For a partition Ay :=
{0},A1,...,Ag of {0,1,....d}, let Ry, = Ugen, Rk, for 0 < i < d'. 1If
(X, {Rn, }o<i<a) forms an association scheme, then we say that (X, { Ra, }o<i<d’)
is a fusion scheme of the original scheme. If (X, {R\, }o<i<a’) is an associa-
tion scheme for every partition {A;}o<;<q of {0,1,2,...,d} with Ag = {0},
then we call the original scheme (X, {R;}o<i<d) amorphic. For a recent sur-
vey on amorphic association schemes, we refer the reader to [I1]. Given
a partition {A;}o<i<g of {0,1,2,...,d} with Ag = {0}, there is a simple
criterion in terms of the first eigenmatrix P of (X, {R;}o<i<q) for deciding
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whether (X, {Rx, }o<i<a’) forms an association scheme or not. We state this
criterion below.

The Bannai-Muzychuk Criterion. Let P be the first eigenmatrix of an
association scheme (X, {R;}o<i<q). Let Ag := {0}, A1,..., Ay be a partition
of {0,1,...,d}. Then (X, {Rx, }o<i<ar) forms an association scheme if and
only if there exists a partition {A;}o<;<a of {0,1,2,...,d} with Ay = {0}
such that each (A;,Aj)-block of P has a constant row sum. Moreover,
the constant row sum of the (A;, Aj)-block is the (7,7) entry of the first
eigenmatrix of the fusion scheme. (For a proof of this criterion we refer the
reader to [1} 21].)

A. V. Ivanov conjectured in [I6] that if each nontrivial relation in an as-
sociation scheme is strongly regular, then the association scheme must be
amorphic. This conjecture turned out to be false. A counterexample was
given by Van Dam [9] in the case where the association scheme is imprimi-
tive. Later on, Van Dam [I0] also gave a counterexample in the case where
the association scheme is primitive. More counterexamples were given by
Tkuta and Munemasa [15] in the primitive case. However it should be noted
that there are only a few known counterexamples to Ivanov’s conjecture in
the primitive case (cf. [15]).

The purpose of this note is to generalize the counterexamples to Ivanov’s
conjecture by Ikuta and Munemasa [I5] into infinite families. Along the
way, we obtain many more infinite families of counterexamples to Ivanov’s
conjecture in the primitive case. The counterexamples we came up with are
all pseudocyclic fusion schemes of the cyclotomic schemes. One of the main
tools that we use is the theory of Gauss sums, which we review in the next
section.

2. GAUSS SUMS

Let p be a prime, f a positive integer, and ¢ = p/. Let & = e2mi/P and
let ¢ be the additive character of IF, defined in (.2]). Let

x:F, = C
be a character of F;. We define the Gauss sum by

9(x) = Y x(a)(a).

acky

Note that if xg is the trivial multiplicative character of Fy, then g(xo) = —1.
We are usually concerned with nontrivial Gauss sums g(x), i.e., those with
X 7# X0-

While it is easy to show that the absoulte value of a nontrivial Gauss sum
g(x) is equal to /g, the explicit determination of Gauss sums is a difficult
problem. However, there are a few cases where the Gauss sums g(x) can be
explicitly evaluated. The simplest case is the so-called semi-primitive case,
where there exists an integer j such that p’ = —1 (mod N) (I is the order
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of x in ﬁ;, the character group of IFy). Some authors [5, 6] also refer to this
case as uniform cyclotomy, or pure Gauss sums. We refer the reader to [0,
p. 364] for the precise evaluation of Gauss sums in this case.

The next interesting case is the index 2 case, where —1 is not in the sub-
group (p), the cyclic group generated by p, and (p) has index 2 in (Z/NZ)*
(again here N is the order of y in fE\‘;) Many authors have investigated this
case, including Baumert and Mykkeltveit [4], McEliece [19], Langevin [17],
Mbodj [I§], Meijer and Van de Vlugt [20], and Yang and Xia [22]. In the
index 2 case, it can be shown that N has at most two odd prime divisors.
Assume that N is odd, we have the following three possibilities in the index
2 case (see [22]): Below both p; and py are primes.

(1) N =pi*, p1 =3 (mod 4);

(2) N = pi'p5, {p1 (mod 4),ps (mod 4)} = {1,3}, ordpr(p) = &(pT"),
ordyr (p) = G(ph);

(3) N = p'p8, p1 = 1,3 (mod 4), ordyp (p) = 6(p") and py = 3 (mod
1), ordyy (p) = 0(p5)/2.

We state below the results on evaluation of Gauss sums in Case (1) and
(2) from the above list.

Theorem 2.1. (Langevin [I7]) Let N = p{*, where m is a positive integer,
p1 is a prime such that py > 3 and p1 =3 (mod 4). Let p be a prime such
that (Z/NZ)* : (p)] = 2 (that is, f := ordn(p) = ¢(N)/2) and let ¢ = p’.
Let x be a multiplicative character of order N of Fy, and h be the class
number of Q(v/—p1). Then the Gauss sum g(x) over F, is determined up
to complex conjugation by

b+ c/—
Q(X) = fplphoa

(1) ho = 552,

(2) b,c#0 (mod p),

(3) b* + p1c? = 4p",

(4) bpho = —2 (mod p1 ).

Theorem 2.2. (Mbodj [18]) Let N = p{'phy, where m,n are positive in-
tegers, p1 and py are prime such that {p; (mod 4),py (mod 4)} = {1, 3},
ordym(p) = ¢(pT"), ordyn (p) = ¢(py). Let p be a prime such that [(Z/NZ)* :
(p)] = 2 (that is, f = ordn(p) = #(N)/2) and let ¢ = p/. Let x be a
multiplicative character of order N of F,, and h be the class number of
Q(v/=p1p2). Then the Gauss sum g(x) over Fy is determined up to complex

conjugation by
b+ cy/—pip2
g = T o,

where
(1) ho = L5,
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(2) b,c#0 (mod p),

(3) b% + pipac® = 4p",

(4) b = 2p"? (mod €), here £ € {p1,ps} is the prime congruent to 3
modulo 4.

3. PSEUDOCYCLIC FUSION SCHEMES OF THE CYCLOTOMIC SCHEMES

Let p be a prime, f be a positive integer and ¢ = p’. Let 7 be a fixed prim-
itive element of IF;, and N > 1 be an integer such that N|(¢—1). As we did
in Section 1, let Cop = (vV) and C; = 4'Cy for 1 <4 < N — 1. Assume that
—1 € Cp. Define Ry = {(z,z) | z € Fy}, and for i € {1,2,..., N}, define
R ={(z,y) | z,y € Fg,x —y € C;_1}. Then (Fy, {R;}o<i<n) is the cyclo-
tomic association scheme of class N on IF,. It was proven by Baumert, Mills
and Ward [5] that (Fg, {R;}o<i<n) is amorphic if and only if —1 is congruent
to a power of p modulo N (i.e., the so-called semi-primitive condition holds).
See also [3] for a proof of this fact. Below we will show that even though in
the index 2 case the cyclotomic association scheme (Fg, {R;}o<i<n) is not
amorphic, we can still have interesting fusion schemes of (Fg, {R;}o<i<n)-

3.1. The index 2 case with N = p["ps. In this subsection, we assume that

N =p"py (m > 1), p1, p2 are primes such that {p; (mod 4),ps (mod 4)} =
{1,3}, pis aprime such that ged(p, N) = 1, ordym (p) = ¢(pT*) and ordy, (p) =
#(p2), and f := ordn(p) = ¢(N)/2. Let ¢ = p/, and as before let Cy, C1,...,Cn_1
be the N-th cyclotomic classes of F,. Note that here we have —C; = C; for

all 0 <i < N — 1 since either 2N|(¢ — 1) or ¢ is even. For convenience, we
define d := p1po. For 0 < k < d — 1, define

Py -1

Dk = U Cip2+kp71n71 (31)
i=0
Note that D;, = Vka71D0 and {0}, Do, D1, ..., Dg_; form a partition of [F,.
Now define R, = Ry and
R;c = {(-’I’,y) ’ $7y€anl’—y€Dk—1}. (32)

We will show that (Fy, {R} }o<k<d) is a fusion scheme of (Fq, {R;}o<i<n).
The proof depends on the following evaluation of Gauss sums in the index
2 case, and results from [12].

Let x1 be the multiplicative character of order p{* of F, defined by x1(v) =

exp(f}lﬁf), and let x2 be the multiplicative character of order py of IF, defined
by x2(7) = exp(%). By Theorem [2.2] we have

(3.3)

o b+ cy/—pip2
9(X1X2) = fpho,

where hg = % (h is the class number of Q(y/—pip2)), b,c Z 0 (mod p),
b2 + pipac® = 4pP, and b = 2p"/? (mod ¢), here £ € {py,ps} is the prime
congruent to 3 modulo 4.
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Theorem 3.1. With the definition of R). given in (32), (Fq, {R} }o<k<d) is
a pseudocyclic association scheme.

Proof: We will first prove that (IFy, { R} }o<k<a) is an association scheme by
using the Bannai-Muzychuk criterion discussed in Section 1.

For each a, 0 < a < N — 1, there exists a unique i, € {0, 1, ...,p&n_l -1}
such that p"~' | (a + paia). Tt follows that there is a unique j,, 0 < j, <
p1p2 — 1, such that a = —poi, +p’1”_1ja (mod N). It is now easy to check
that —ipo +jp’1”_1, 0<i< p’ln_l —land 0 <j < pips— 1, form a complete
set of residues modulo V.

The group of additive characters of F, consists of 1y and ¥, 0 < a <
q — 2, where 1) is the trivial character and 1. is defined by

Yya 1 Fy = C*,  thya(z) = 50", (3.4)

We usually write 11 simply as ¢. The character values of Dy were computed
in the proof of Theorem 5.1 [12]. Since Dy is a (multiplicative) translate
of Dy, we know the character values of Dj as well. Explicitly, for each a,
0<a<N-—1, write

a = —poig —i—pT_lja (mod N),

with 0 <4, < pgn_l —1and 0 < j, < p1p2— 1. For convenience we introduce
the Kronecker delta d,,, which equals 1 if pj|a, 0 otherwise. Also we define
da,p, Dy setting it equal to 1 if pa|a, O otherwise. By the results in [12], we

have 1
Do) = NTa+p’1”71k’

where
p1—1

1 p-l p2—1
Ta_,_p;”*lk = —p?" - (_1) 2 pT p2\/<_15a+p71n71k,p2 - (_1) 2 pgn\/aéja-i-hm

b o m—1
+ §p °p1 T (P10t — 1)(p25a+p’1”71k,p2 -1

a+p" kN (Ja+ kN ¢
- ( ! el P
D2 p1 )2
In the above formula, b,c are given by (B.3), ()

symbols. Observe that a + p" 'k = —paia + p7" ' (ju + k) (mod N). So

m—1
_ X a+p’17171k _ b1 Jatk
6a+p11nflk7p2 = 0j,+kpy» and < > =\ m Tk Therefore,

thya(Dy) is independent of 4.

and () are Legendre

In order to apply the Bannai-Muzychuk criterion, we define the following
partition of {1y« | @ € Z/NZ}. For each j, 0 < j < d — 1, define

Aj+1 = {wﬁ,fpzwp’l"*lj |0 <i<pl' -1},

and Ag = {¢o}. Clearly Ag,Aq,...,Ay form a partition of {1 | a €
Z/NZ}. For each 0 < k < d — 1, since ¥a(Dy) is independent of i, (here
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= —poiq + P ja (mod N)), we see that 1.a(Dy,) is a constant for those
a in the same subset of the above partition. By the Bannai-Muzychuk cri-
terion (with Ag = {0}, Ajr1 = {L+ipa +p" 15 | 0 < i < p ! — 1},
0<j<d-1), wesee that (Fy, {Rf, R,...,R}}) is an association scheme.

Next we show that the association scheme (Fy, {R} }o<k<d) is pseudo-
cyclic. To this end, we show that the following group ring equation holds in
Z|(Fg, +)]-

Claim: Y9 o D? = (¢—1)- O, +
in [Fy.

p1pz 4—L(F,—0Op ,)» Where O, is the zero element

For any a, 0 < a < N — 1, we write a = —ipo +jap§”’_1 (mod N) with
i € {0,1,...,p" ' — 1} and j, € {0,1,2,...,d — 1}. Since tha(Dy) is
independent of i,, we may assume that 7, = 0. We now compute

d—1
Zﬂ’“{a(Dk) = N2 ZTm Yjatk) — N22T2 m—1
k=0

Since the last expression above is independent of a, we see that Zi;é Yrya(Dy)
are equal to the same constant for all 0 < a < N — 1. Since each Dy, is a
union of some N-th cyclotomic classes, it follows that Zi;é Yya(Dy)? are
equal to the same constant for all 0 < a < ¢ —2. Therefore, by the inversion
formula, we have

2

> Di=(n—X)-0r, + \F,

for some integers n, A\. Now applying the principal character to both sides,
and computing the coefficients of Op, on both sides, we have

— 1
n=pip2-
p1p2
qg—1
n+(g—HA=d- :

p1p2
It follows that n = ¢ — 1, and A = ;szz -1 The claim is now established.
A direct consequence is that Zf 01 pgl = 4= — 1, for all j, where pi’i are

the intersection parameters given by Di2 = Z =0 pZ ZD + pZ i~ Or,. By Part
(2) of Theorem [T} the association scheme (F,, {Rk}ogkgd) is pseudocyclic.
The proof is complete. O

In order to obtain counterexamples to Ivanov’s conjecture, we need to have
each Rj (1 < k < d) in Theorem Bl to be strongly regular. Note that R},
is just the Cayley graph Cay(F,, Di_1), and Cay(F,, Dx—1) = Cay(F,, Do)
for all 1 < k < d since Dj_; = ~*—Dpi" 'Dy. Tt follows that if Cay (Fy, Do)
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is strongly regular, then all R}, 1 < k < d, are strongly regular. In [12], we
obtained necessary and sufficient conditions for Cay(F,, Dy) to be strongly
regular, which we quote below.

Theorem 3.2. (Corollary 5.2 in [12]) With b, ¢, h given in (3.3), Cay(F,, Do)

is a strongly regular graph if and only if b,c € {1,—1}, h is even and
—1 —1

pr=2p"2 + (=1)"7 b, py = M2 — (1) b

In [12], we used a computer to search for p, p1, p2 satisfying the conditions
in Theorem We found six infinite families of strongly regular graphs in
this way. By the discussion preceding Theorem[3.2] and since the parameters
of each of the six examples of srg are neither Latin square type nor negative
Latin square type, each of the six families of srg gives rise to an infinite class
of counterexamples to Ivanov’s conjecture. Below we list the parameters
of these examples. For the detailed reasons why we have strongly regular
graphs, we refer the reader to [12].

Example 3.3. Letp=2, ¢=2%3""" p, =3, po =5, N = 3.5, with m >
1. Then we have a 15-class pseudocyclic fusion scheme (Fgq, { R} }o<k<15) in
which each relation R, 1 < k <15, is strongly reqular.

We remark that when m = 2, Example B3] is the same as Example 1 in
[15].

Example 3.4. Letp=2,q= 24'5”%1, pr=05,p2=3, N=35"-3, withm >
1. Then we have a 15-class pseudocyclic fusion scheme (Fq, { R} }o<k<1s) in
which each relation R, 1 < k <15, is strongly reqular.

We remark that when m = 2, Example B.4] is the same as Example 2 in
[15]).

Example 3.5. Letp =3, q = 312'5m71, pL=>5,po =7, N =5"7, withm >
1. Then we have a 35-class pseudocyclic fusion scheme (Fq, {R} Yo<k<3s) in
which each relation R, 1 < k < 35, is strongly reqular.

Example 3.6. Letp =3, q = 312'5m71, pr="T,p2=95, N="7"5, withm >
1. Then we have a 35-class pseudocyclic fusion scheme (Fq, {R} Yo<k<3s) in
which each relation R, 1 < k < 35, is strongly reqular.

Example 3.7. Let p = 3, q = 3144'17’”71, pp = 17, pp = 19, N =
17" .19, with m > 1. Then we have a 323-class pseudocyclic fusion scheme
(Fq, { R}, Yo<k<s23) in which each relation R}, 1 < k < 323, is strongly regu-
lar.

Example 3.8. Let p = 3, q = 3144'197”71, pp = 19, pp = 17, N =
19™ .17, with m > 1. Then we have a 323-class pseudocyclic fusion scheme
(Fq, { R}, Yo<k<s23) in which each relation R}, 1 < k < 323, is strongly regu-
lar.
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We remark that by using Corollary 3.2 in [I5], one can further obtain
3-class fusion schemes of the above pseudocyclic association schemes, in
which two relations are strongly regular graphs, while the third relation is
not (see the character table of these 3-class fusion schemes in the statement
of Corollary 3.2 of [15]).

3.2. The index 2 case with N = p{". In this subsection, we assume that
N = p{* (here m > 1, p; > 3 is a prime such that p; = 3 (mod 4)), p is a
prime such that ged(N,p) = 1, and f := ordy(p) = ¢(N)/2. Let ¢ = p7,
and as before let Cp,C1,...,Cn—1 be the N-th cyclotomic classes of F,.
Note that —C; = C; for all 0 < i < N — 1 since either 2N|(¢g — 1) or ¢ is
even. For 0 < k < p; — 1, define

pq 1
Dy= {J Cpppr (3.5)
1=0

Note that Dy = ’yk’flnilDo and {0}, Dy, D1, ...,D,,—1 form a partition of
F,. Now define R} = Ry and

R, ={(z,y) |2,y €Fg,x —y € Dy_1}. (3.6)

We will show that (Fg, {R} }o<k<p,) is a fusion scheme of (Fgy, {R;}o<i<n).
The proof depends on the following evaluation of Gauss sums in the index
2 case, and results from [12].

Let x be the multiplicative character of F, defined by x(7v) = exp(2&).
By Theorem 2.1], we have

o(0) = Y hez0 (mod p), (37

where hg = % and h is the class number of Q(/—p1), b* + p1c® = 4p",
and bp™ = —2 (mod py).

Theorem 3.9. With the definition of R}, given in (3.8), (Fq, {R} Yo<k<p,)
18 a pseudocyclic association scheme.

Proof: The proof is similar to that of Theorem [3.I1 For each a, 0 < a <
N — 1, there is a unique i, € {0,1,... ,p{”’_l — 1}, such that p’ln_1|(a + iq)-
It follows that there is a unique j,,0 < j, < p1 — 1, such that a = —i, +
pT‘lja (mod N). It is now easy to check that —i +jp§n_1, 0<i< pgn_l -1
and 0 < j < p; — 1, form a complete set of residues modulo V.

The group of additive characters of F;, consists of 1)y and 1, 0 < a <
q—2. The character values of Dy were computed in the proof of Theorem 4.1
[12]. Since Dy is a (multiplicative) translate of Dy, we know the character
values of Dy as well. Explicitly, for each a, 0 < a < N — 1, write

a=—i, —i—p’ln_lja (mod N),

with 0 < 4, < p’ln_l —1and 0 < j, < p1 — 1. For convenience, we also
introduce the Kronecker delta d;,, which equals 1 if p1|j,, and 0 otherwise.
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By the results in [12], we have

m—1 1
Yy (D) = $(y*H Do) = T, e,
where
ho m—lb ho m . k
_ -1 b P pTpic Ja+
Ta+kp’1”*1—_p71n +T(P15ja+k—1)— 5 < " )

In the above formula, b, ¢ are given in (B.7), and (5 ) is the Legendre symbol.
It is important to note that 1y (Dy,) is independent of i,.

We define the following partition of {¢« | a € Z/NZ}. For each j,
0<j<p;—1, we define

Ajir ={Y iy, [0S i< pl =1,

and Ag = {9p}. Then clearly Ay, Aq,..., A, form a partition of {1« | a €
Z/NZ}. For each 0 < k < p; — 1, since ¢4a(Dy) is independent of i, (here
a = —ig+p" j, (mod N)), we see that 1/« (D},) is a constant for those a in
the same subset of the above partition. By the Bannai-Muzychuk criterion
(with Ag = {0}, Aj1 = {1+i+p] j|0<i<p" ' —1},0<j<pi—1),
we see that (F,, {Rg, Ry ..., R}, }) is an association scheme.

Similarly we can show that the following group ring equation holds in
ZI(F,, )]

p1—1 g—1

> Di=(q—1)- 0, + ——(Fy — Og,),
=0 p1
from which the pseudocyclicity of the scheme (Fy, { Ry, R}, ..., R, }) follows.
We omit the details of the proof of the above group ring equation. The proof
is now complete. O

In order to obtain counterexamples to Ivanov’s conjecture, we need to have
each R}, (1 <k < p1) in Theorem to be strongly regular. Note that R},
is just the Cayley graph Cay(F,, Di_1), and Cay(F,, Dx—1) = Cay(F,, Do)
for all 1 < k < pq since Dy_1 = fy(k—l)PTleo. Again it follows that if
Cay(Fg, Do) is strongly regular, then all R}, 1 < k < p, are strongly regular.
In [I2], we obtained necessary and sufficient conditions for Cay(F,, Dy) to
be strongly regular, which we quote below.

Theorem 3.10. (Corollary 4.2 in [12]) With b, ¢ given in (3.7), Cay(Fy, D)
is a strongly regular graph if and only if b,c € {1, —1}.

In [12], we used a computer to search for p,p; satisfying the conditions
in Theorem B.I0l We found six infinite families of strongly regular graphs
in this way. By the discussion preceding Theorem [B.10, each of the six
examples of srg gives rise to a class of infinitely many counterexamples to
Ivanov’s conjecture. Below we list the parameters of these examples. For the
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detailed reasons why we have strongly regular graphs, we refere the reader
to [12].

Example 3.11. Let p = 2, q = 23'7m71, p1 =7, N =p*, m=>11isan
integer. Then we have a 7T-class pseudocyclic fusion scheme (Fq, { R} }o<k<7)
in which each relation R, 1 < k <7, is strongly reqular.

We remark that when m = 2, Example B.I1] is the same as Example 3 of
[15].

Example 3.12. Let p = 3, q = 353'1077”71, p1 = 107, N = p", m >
1 is an integer. Then we have a 107-class pseudocyclic fusion scheme
(Fq, { R} Yo<k<io7) in which each relation R}, 1 < k <107, is strongly regu-
lar.

Example 3.13. Letp =5, g = 59'1977171, p1 =19, N =p*, m > 1 is an in-
teger. Then we have a 19-class pseudocyclic fusion scheme (Fy, { R} }o<k<19)
in which each relation R, 1 <k <19, is strongly reqular.

Example 3.14. Let p = 5, ¢ = 5249497 ) — 499, N = Py, m >
1 is an integer. Then we have a 499-class pseudocyclic fusion scheme
(Fq, { R}, Yo<k<agy) in which each relation R}, 1 <k <499, is strongly regu-
lar.

Example 3.15. Let p =17, ¢ = 17336 ,p1 =67, N=p", m>1isan
integer. Then we have a 67-class pseudocyclic fusion scheme (Fq, { R} Yo<k<67)
in which each relation R}, 1 < k < 67, is strongly reqular.

7m71

Example 3.16. Let p = 41, ¢ = 4187163" 7" ) — 163, N = p", m >
1 is an integer. Then we have a 163-class pseudocyclic fusion scheme
(Fq, { R} Yo<k<i63) in which each relation R}, 1 < k < 163, is strongly regu-
lar.

Again we remark that by using Corollary 3.2 in [I5], one can further
obtain 3-class fusion schemes of the above pseudocyclic association schemes,
in which two relations are strongly regular graphs, while the third relation
is not.
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