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PROOFS OF TWO CONJECTURES ON THE DIMENSIONS OF
BINARY CODES

JUNHUA WU

ABSTRACT. Let £ and Lo be the binary codes generated by the column F2-null spaces of
the incidence matrices of external points versus passant lines and internal points versus
secant lines with respect to a conic in PG(2, ¢), respectively. We confirm the conjectures
on the dimensions of £ and Lo using methods from both finite geometry and modular
representation theory.

1. INTRODUCTION

Let F, be the finite field of order ¢, where ¢ = p°®, p is a prime and e > 1 is an integer.
Let PG(2, q) denote the classical projective plane of order ¢ represented via homogeneous
coordinates. Namely, a point P of PG(2, ¢) can be written as (ag, a1, a2), where (ag, a1, as)
is a non-zero vector of V', and a line £ as [bg, by, ba|, where by, by, b are not all zeros. The
point P = (ag, a1, az) lies on the line £ = [by, by, bo] if and only if

apbo + a1b1 + agby = 0.

A non-degenerate conic in PG(2,q) is the set of points satisfying a non-degenerate
quadratic form. It is well known that the set of points

O ={(1,,£?) | t € F} U{(0,0,1)}, (1.1)
which is also the set of projective solutions of the non-degenerate quadratic form
Q(Xo, X1, X) = X7 — X0 X (1.2)

over [, gives rise to a standard example of a non-degenerate conic in PG(2,q). It can
be shown that every non-degenerate conic must has ¢ + 1 points and no three of them
are collinear, which forms an oval (see [§, P. 157]). In the case where ¢ is odd, Segre [16]
proved that an oval in PG(2,¢) must be a non-degenerate conic. In this paper, ¢ = p° is
always assumed to be an odd prime power. For convenience, we fix the conic in (L)) as
the “standard” conic. A line /¢ is passant, tangent, or secant accordingly as [¢ N O| = 0,
1, or 2, respectively. It is clear that every line of PG(2, ¢) must be in one of these classes.
A point P is an internal, absolute, or external point depending on whether it lies on 0,
1, or 2 tangent lines to O. The sets of secant, tangent, and passant lines are denoted by
Se, T and Pa, respectively; the sets of external and internal points are denoted by F and
I, respectively. The sizes of these sets are |Se| = |E| = w, |Pa| = |I]| = @, and
|T| = g+ 1 (see (2.2)). Moreover, it can be shown that the quadratic form @ in (1)
induces a polarity o, a correlation of order 2, under which E and Se, O and T, and I and
Pa are in one-to-one correspondence with each other, respectively.

Let C be a 0-1 matrix; that is, C is a matrix whose entries are either 0 or 1. Note that
C can be viewed as a matrix over any ring with 1. The p-rank of C, denoted by rank,(C),
is defined to be the dimension of the column space of C over a field F' of characteristic p.

Key words and phrases. Block idempotent, Brauer’s theory, character, conic, general linear group,
incidence matrix, low-density parity-check code, module, 2-rank.
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The column null space of C over F' determines a linear code whose dimension is defined
to be the dimension of the corresponding column null space of C over F.

Let A be the (¢ + ¢+ 1) x (¢* +q+ 1) point-line incidence matrix of PG(2, ¢); namely,
A is a 0-1 matrix and the rows and columns of A are labeled by the points and lines of
PG(2, q), respectively, and the (P, ¢)-entry of A is 1 if and only if P € ¢. It can be shown
that the 2-rank of A is ¢> 4+ ¢ [9] and the p-rank of A is (p'gl)e [1], where ¢ = p°. The
binary linear code generated by the column Fy-null space of A has dimension 1. Therefore,
it is not useful for any practical purpose.

In [5], Droms, Mellinger and Meyer partitioned A into the following 9 submatrices:

A A Agg
Ao Ay Ay (1.3)
Az Az Az

where the block of rows for (Aj1,A2,Asp) are labeled by the absolute, internal, and
external points, respectively, and the block of columns for (A11, A2, A13) are labeled by
the tangent, passant, and secant lines, respectively. They used the column null spaces of
the submatrices A; ; for 2 < 4,5 < 3 over IF to construct four low-density parity-check
(LDPC) codes. Based on computational evidence, they made a conjecture on the dimen-
sions of these codes. For convenience, we denote Ass and Aso by B and By, respectively.
From (L3)), it follows that B and By are the incidence matrices of internal points ver-
sus secant lines and external points versus passant lines, respectively. Note that B is a
@ X q(q_2—1) matrix and By is a @ X q(q—;'l) matrix. The purpose of this article is to
confirm the following conjecture on the dimensions of the LDPC codes £ and L arising
from the column Fao-null spaces of B and By, respectively.

Conjecture 1.1. (Droms, Mellinger and Meyer [5]) Let L and Ly be the Fao-null spaces
of B and By, respectively. Then

-y, ifg=1 (mod 4),

qiT_l—q—i-l, ifg=3 (mod 4);

dimﬂi‘z (,C) = {

and

¢’ 1 ifg=1 (mod4
dimg, (Lo) = { 27’ fq = ( ),
— +1, ifg=3 (mod 4).

Suppose that Py,..., Pyg41)/2 and £1,..., £4,_1)/2 are indexing the rows and columns of
B, respectively. Then we permute the rows and columns of Bg to obtain a new matrix C
such that the rows and columns of C are indexed by /1,..., £4(q—1)/2 and P1,...; Pygi1)/2;
respectively. The matrix C is indeed equal to BT, where BT is the transpose of B. This
implies that B and By have the same 2-rank. Therefore, in order to find the dimensions
of the Fo-null spaces of B and By, it suffices to calculate the 2-rank of either B or By.
Recall that the subgroup G of PGL(3, ¢) fixing O is isomorphic to PGL(2,¢) [8, p. 158].
Further, G has an index 2 normal subgroup H isomorphic to PSL(2,¢). It is known [7]
that H acts transitively on E and I as well as on Se, T and Sk.

In [17], Sin, Wu and Xiang calculate the 2-rank of Ags (i.e. the incidence matrix of
external points and secant lines) using a combination of techniques from finite geometry
and modular representation of H. In this article, we compute the 2-rank of B using similar
representation theoretic results obtained in [I7] and different geometric results. Therefore,
between the current article and [I7], the reader will expect to see some overlaps in the
results and statements on modular representation of H as well as the basic geometric facts
about conics.
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Let F be an algebraic closure of Fo. Let F! and F¥ be the free F-modules whose
standard bases consist of the characteristic column vectors of I and those of E, respectively.
The actions of H on I and FE make the free F-modules F! and F'¥ into F'H-permutation
modules. We define a map

¢ : FI - FF (1.4)

as follows: specify the images of the basis elements of F! under ¢p first, i.e.

¢B(GP) = > Xxa

QcePLNE

for each P € I, and then extend ¢g linearly to F!, where L is the polarity induced by
the quadratic form @, Gp and xq are the characteristic column vectors of the internal
point P with respect to I and the external point Q with respect to F, respectively. The
matrix of ¢p is a 0-1 matrix of size |E| x |I|. Up to permutations of the rows and columns,
B regarded as a matrix over F', is the matrix of ¢g with respect to the standard bases
of FI and FE. Moreover, ¢g(x) = Bx for x € FI. Tt can be shown that ¢p is an
F H-homomorphism. Hence, the column space of B over F is equal to Im(¢g), which is
also an F'H-submodule of F¥. This point of view enables us to use results from modular
representation of H to determine the dimension of Im(¢p) and thus the 2-rank of B. We
remark that in the calculation of the 2-rank of Ags the authors of [I7] view Ass as the
matrix of an F H-homomorphism ¢ from F¥ to ¥ under which the characteristic vector
of an external point P is mapped to the sum of the characteristic vectors of the external
points on P+.

Our idea of calculating dimp (Im(¢g)) is to find a decomposition of Im(¢g) into a direct
sum of its submodules whose dimensions can be computed easily. To this end, we apply
Brauer’s theory and compute the decomposition of Im(¢p) into blocks. The silmilar
idea was used in [I7] to compute the decomposition of Ker(¢) into blocks as well as
dimp(Ker(¢)). Nevertheless, there are two major differences between the current article
and [I7]: (1) the geometric results used to compute the decomposition of Im(¢p) into
blocks are essentially different from these used to compute the decomposition of Ker(¢);
(2) the summands of Im(¢p) in its block decomposition are more complicated than these
of Ker(¢), which indicates that more efforts are required to find dimp(Im(¢p)).

In the following we will give a brief overview of this article. In Section 2, we first review
the basic facts about O and then prove several crucial geometric results. From them,
in Section 5, we show that the 2-rank of the incidence matrix D of external points and
Npq,p(P) for P € I (the set of external points on the passant lines through P) is either
q or ¢ — 1, depending on ¢. The character of the complex permutation module C! and its
decomposition into a sum of the irreducible ordinary characters of H were calculated in
[19]; the decomposition of the characters of H into 2-blocks was given by Burkhardt [3]
and Landrock [I3]. From them we see that C’ is a direct sum of C H-modules consisting
of one simple module from each block of defect zero, and some summands from blocks of
positive defect. According to Brauer’s theory, Im(¢p) is the direct sum

Im(¢) = @) Im(¢p)es (1.5)
B

where ep is a primitive idempotent in the center of F'H. The block idempotents eg are
elements of FFH and were computed in [I7]. In order to compute Im(¢p)ep for each 2-
block B, we need detailed information concerning the action of group elements in various
conjugacy classes on various geometric objects and on the intersections of certain special
subsets of H with various conjugacy classes of H. These computations are made in Sections
3 and 4. These information also tell us that (i) Im(¢B)ep, is equal to the column space of
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D over F, or this space plus an additional trivial module, depending on ¢, where By is the
principal 2-block of H, and (ii) block idempotents associated with non-principal 2-blocks
of positive defect annihilate Im(¢g) (Lemma 6.2). Since the B-component of F! is the
mod 2 reduction of the B-component of C’, using (i) and (ii), and the block decomposition
of C! | we show that Im(¢g) is equal to the direct sum of the column space of D and
the simple modules lying in the 2-blocks of defect 0, or this sum plus an additional trivial
module, depending on ¢q. Then the dimension formula of Im(¢p) follows instantly as a
corollary.

2. GEOMETRIC RESULTS

Recall that a collineation of PG(2, q) is an automorphism of PG(2, ¢), which is a bijection
from the set of all points and all lines of PG(2, q) to itself that maps a point to a line and
a line to a point, and preserves incidence. It is well known that each element of GL(3,q),
the group of all 3 x 3 non-singular matrices over F,, induces a collineation of PG(2, q).
The proof of the following lemma is straightforward.

Lemma 2.1. Let P = (ag, a1,a2) (respectively, £=[by,b1,bs]) be a point (respectively, a
line) of PG(2,q). Suppose that 0 is a collineation of PG(2,q) that is induced by D €
GL(3,q). If we use P? and 9 to denote the images of P and £ under 0, respectively, then

P’ = (ag,a1,a2)" = (ap, a1, a2)D
and
69 = [b07b17b2]0 = [CO,Cl,CQL

where ¢y, c1,co correspond to the first, the second, and the third coordinate of the vector
D~ (bg, b1, b2) T, respectively.

A correlation of PG(2,q) is a bijection from the set of points to the set of lines as well
as the set of lines to the set of points that reverses inclusion. A polarity of PG(2,q) is a
correlation of order 2. The image of a point P under a correlation o is denoted by P,
and that of a line ¢ is denoted by ¢7. It can be shown [8 p. 181] that the non-degenerate
quadratic form Q(Xo, X1, X2) = X? — XX induces a polarity o (or L) of PG(2,q), which
can be represented by the matrix

0
10 . (2.1)
0 O

Lemma 2.2. ([I0, p. 47]) Let P = (aop,a1,a2) (respectively, £ = [by,b1,b2]) be a point
(respectively, a line) of PG(2,q). If o is the polarity represented by the above non-singular
symmetric matriz M, then

P? = (ag,a1,a2)” = [co, c1, co]
and
7 = [bg, b1, ba]” = (bo, b1, bo)M ™,

where ¢y, ¢1, co correspond to the first, the second, the third coordinate of the column vector
M(ag, a1,a2)", respectively.

For example, if P = (z,y,2) is a point of PG(2,q), then its image under o is P? =
[Z7 _2y7 x] .

For convenience, we will denote the set of all non-zero squares of F, by O, and the set
of non-squares by [4,. Also, F} is the set of non-zero elements of F,.

Lemma 2.3. ([8, p. 181-182]) Assume that q is odd.
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(i) The polarity o above defines three bijections; that is, 0 : I — Pa, 0: E — Se,
and o : O — T are all bijections.
(ii) A line [bg, b1, bs] of PG(2,q) is a passant, a tangent, or a secant to O if and only
if b% — 4bobe € 4, b% — 4byby = 0, or b% — 4boby € Oy, respectively.
(iii)) A point (ag,a1,a2) of PG(2,q) is internal, absolute, or external if and only if
a3 — apaz € By, a? — apaz = 0, or a? — agag € O, respectively.
The results in the following lemma can be obtained by simple counting; see [§] for more
details and related results.

Lemma 2.4. ([8, p. 170]) Using the above notation, we have

q(g—1)
2

(g +1)

) =101 =q+1, |Pal = |1 = :

, and |Se| = |E| = (2.2)

Also, we have the following tables:

TABLE 1. Number of points on lines of various types

Name Absolute points External points Internal points
Tangent lines 1 q 0
Secant lines 2 ‘15—1 %
Passant lines 0 ‘12i1 %

TABLE 2. Number of lines through points of various types

Name Tangent lines Secant lines Skew lines
Absolute points 1 q 0
External points 2 q2;1 %
Internal points 0 o a1

2.1. More geometric results. Let G be the automorphism group of O in PGL(3,q)
(i.e. the subgroup of PGL(3,¢q) fixing O setwise). Then G is the image in PGL(3,q) of
O(3,q9) =SO(3,q) x {(—1), hence also the image of SO(3, q), to which it is isomorphic. For
our computations, we will describe G in a slightly different way. The map 7 : GL(2,¢q) —
GL(3, q) sending the matrix (2%) to

a® ab b2
2ac ad+bc 2bd (2.3)
c? cd d?

is a group homomorphism. The image of 7(GL(2, ¢)) in PGL(3, ¢) lies in G. Now, whether
or not the group 7(GL(2,q)) contains SO(3,q) depends on ¢q. Nevertheless, 7(GL(2,q))
always contains a subgroup of index 2 in O(3,¢q) whose image in PGL(3,¢) is G. Thus,
the induced homomorphism 7 : PGL(2,q) — PGL(3,¢) maps PGL(2,q) isomorphically
onto G.

Let H = 7(SL(2,q)), the group of matrices of the form (23] such that ad — bc = 1.
Since the kernel of 7 is (—1I3), it follows that H = PSL(2,¢q) and that H is isomorphic to
its image H in PGL(3,q). In fact, we have H = (3, q).



Since
PaL2g) = PsLa U (g (1) - PSLa)
our discussion shows that
HUd(17£_17£_2) -H (24)
is a full set of representative matrices for the elements of G. In our computations, it will

often be convenient to refer to elements of G by means of their representatives in the set
[24). Additionally, a group element in (2.3) has the inverse equal to

d? —bd v?
—2cd ad+bc —2ab | . (2.5)
2 —ac 2

Moreover, the following holds.
Lemma 2.5. [7] The group G acts transitively on I and Pa as well as on E and Se.
We will refer to this lemma frequently in the rest of this section.

Lemma 2.6. [I7, Lemma 2.9] Let P be a point not on O, £ a non-tangent line, and P € £.
Using the above notation, we have the following.

(i) IfP eI and { €Pa, then PNl € E ifg=1 (mod 4), and PNl c I ifqg=3
(mod 4).

(i) IfP eI and £ €Se, then PNl c T ifg=1 (mod4), and PNl c E ifqg=3
(mod 4).

(iii) If P € E and £ €Pa, then PNl c T ifg=1 (mod 4), and PNl € FE if¢g=3
(mod 4).

(iv) If P € E and £ €Se, then PANL € E ifg=1 (mod 4), and PNl c I ifqg=3
(mod 4).

Next we define O, —1:={s—1|se€ Oy} and U, —1:={s—1]|s e}
Lemma 2.7. [I§] Using the above notation,
(i) ifg =1 (mod 4), then |( Dq_l)m Dq| = % and |( Dq_l)m Q‘q| = |( %—1)“ Dq|
= ‘( Mq - 1N Mq’ = %7’
(ii) #f ¢ =3 (mod 4), then |(Pg—1)N Oq| = % and |( Og—1)N Og| = |( Bg—1)N g
= |( Q‘q - 1)0 Q‘q| = %-
Definition 2.8. Let P be a point not on O and ¢ a line. We define Ey (respectively, Iy) to
be the set of external (respectively, internal) points on £, Pap (respectively, Sep) the set
of passant (respectively, secant) lines through P, and Tp the set of tangent lines through

P. Also, Npo r(P) (respectively, Nse p(P)) is defined to be the set of external points on
the passant (respectively, secant) lines through P.

In the following lemma, we list the sizes of the above defined sets as well as the action
of G on these sets. Also, we adopt standard notation from permutation group theory. For
instance, if W C I, then W9 := {w9 | w € W}, Gp is the stabilizer of P in G, and for
M C G, MY is the conjugate of M under g.

Lemma 2.9. Using the above notation, if P € I, we have
() |Bp.| = |Sep| = 5,
(i) |Ip1| = |Pap| = 4=, ]
1

(iil) |Npo,5(P)| = [Nse,(P)] = H=;
moreover, if P is not a point on O, £ is a non-tangent line, and g € G, we have
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(vii) Np, 5(P) = Npo,p(P?) and N, p(P) = Nse,p(P?),
(P1)9 = (P9)*, where L is the polarity of PG(2,q) defined as above.

Proof:  The above (i) - (iii) follow from from Tables 1 and 2 and simple counting, and
(iv) - (vii) follow from the fact that G preserves incidence. O

By the defintion of G, it is clear that the following two lemmas are true.

Lemma 2.10. Let P be a point of PG(2,q). Then the polarity L defines a bijection
between Ip1 and Pap, and also a bijection between Ep.i and Sep.

Lemma 2.11. Let W be a subgroup of G. Suppose that g € G and P is a point of
PG(2,q). Then
(W9py = W3.

Proposition 2.12. Let P be a point not on O and set K = Gp. Then K is transitive on
each of Ip., Ep1, Pap, and Sep. Moreover, if P € E, then K is also transitive on Tp.

Proof: The case where P € I is Proposition 2.11 in [19]; the case where P € E or O is
Lemma 2.11(iii) in [17]. O

Lemma 2.13. [17, Corollary 2.16] Let P be a point of PG(2,q) and let L be the polarity
of PG(2,q) defined above. Then for g € Gp we have P+ = (P1)9. Consequently, P+ is
fized setwise by Gp. Moreover, Gp. = Gp.

Lemma 2.14. Assume that P € I and £ = PL. Let Q € Ey and (* € Tq. Suppose that
P11 and Py are two distinct external points on £* and let {1 and £y be the tangent lines
different from €* through P1 and Ps, respectively. Then ¢1 and ¢ meet in an external
point on a secant line through P if and only if one of the following two cases occurs:

(i) Py and Py are on two passant lines through P;

(ii) Py and Py are on two secant lines through P.

Proof: Since G is transitive on I and preserves incidence, without loss of generality, we
may assume that P = (1,0, —¢), and thus £ = [1,0, —£~!]. Since K := Gp is transitive on
E; by Proposition 212 we can assume that Q = (0,1,0). Let £* = [1,0,0] be a tangent
line through Q. It is clear that
Ep ={(0,1,m) | m € Fg}.

Let P; = (0,1,m3) and Py = (0,1,m2) be two distinct external points on ¢*. Then
the tangent lines through P; and Ps different from ¢* are 1 = [ml, —4my,4] and fy =
[m3, —4mg, 4], respectively. So we have that Pg := 4 N fy = (1, 4m2 mum2) ¢ B Thus
the line through P and Pj is

ma mi + Mg
R PR R L |
’ 4€ 3

which is a secant line if and only if

16 <mz11?2 + 1>2 -y ma)_ (md 2 10ms 1) ¢ g

£ - &2 !
if and only if either m? —4¢ € 4, for i =1, 2 or m? —4€ € O, for i = 1, 2. Since the

line through P and P; (i =1 or 2) is lp p, = [1, "¢, %] and its discrimnant is ™ o 45, we
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conclude that ¢p p, is a secant line if and only if either (i) P; and Py are on two passant
lines through P or (ii) P; and P2 are on two secant lines through P. O

Definition 2.15. Let N C E. We define xn to be the characteristic (column) vector
of N with respect to E; that is, xy is a column vector of length |E| whose entries are
indexed by the external points such that if P € N then the entry of xn indexed by P is 1,
0 otherwise. For a line ¢, if no confusion occurs, we shoule use x; to replace {g,. Also, if
N = {P} is a singleton set, we will frequently use xp to replace X{P}-

Remark 2.16. In the rest of this section, xny for N C E will be always viewed as a
column vector over Z, the ring of integer.

Corollary 2.17. Let P € I. Using the above notation, we have

XNpa p(P) = Z x¢ (mod 2),
LT (P.U(P))

where ((P) is a tangent line through an external point on P, T (P, {(P)) is the set of
tangent lines distinct from ¢(P) through the external points that are on both {(P) and the
passant lines through P, and the congruence means entrywise congruence.

Proof: It is clear that |T(P,4(P))| = % since there are T passant lines through

P and each of them meets ¢(P) in an external point. Let ¢ € T(P,¢(P)). Then by
Lemma [2.T4] any tangent line other than ¢ in T'(P, ¢(P)) meets ¢ in an external point on a
secant line through P, and if we use IE(¢,¢(P)) to denote their intersections with ¢ then
the points in Ey \ TE(¢,¢(P)) must be on the passant lines through P. Since

(Ee, \1E((1,6(P))) N (Ep, \ TE(£2, £(P))) =0
for two distinct lines 41, ¢5 € T(P,4(P)) and
q—1 qg+1

|Ee \ TE((,£(P))| = q — o = o

it follows that

1 1)2
SoEAEGR) = Y _(g+1)

(eT (P L(P)) LT (P U(P)) 4
which is the same as the size of Np, g(P) by Lemma [229(iii). Consequently, we must have
U E,\IE(P,((P U E; = Npap(P).
LeT(PL(P)) lePap

Moreover, since each point in IE(¢,£(P)) lies on exactly two lines in T'(P, ¢(P)) and each
point in Ey \ IE(¢,¢(P)) doesn’t lie on any line other than ¢ in T'(P,¢(P)), we obtain

Z XE, = Z XENIE(¢P)) T+ Z Z XQ

LET (P L(P)) CeT (P £(P)) LeT (P L(P)) QEIE(L,L(P))

= Z XENE(£,0(P)) + 2 Z XQ

LeT(PL(P)) QeM

Z XENIE(L,(P)) (2.6)
eT(PL(P))

:ZXZ

lePap
= XNpa.r(P) (mod 2)

where M = {fl N4y | by, 0 € T(P,E(P)),fl 75 52} ]
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Lemma 2.18. Assume that ¢ = 1 (mod 4). Let P € O. Then there exits a set M(P)
consisting of an odd number of internal points such that, for each external point Q € P+,

the number of passant lines through Q and the points in M(P), counted with multiplicity,
is odd.

Remark 2.19. In this lemma, it is possible that Q, Q1, ..., Qi are on the same passant
line £, where Q € Ep. and Q; € M(P) for 1 <i < k. If this circumstance occurs, then
the line £ should be counted k times.

Proof:  Without loss of generality, we may assume that P = (0,0, 1), and so £ := Pl =
[1,0,0]. Using Lemma 2T and (23], we have

d®> —bd b?
K:=H,= 0 1 -2 |ldeF, beF, ;. (2.7)
0o 0
Since

1 b 2\ 1 —kb (kb)?

0 1 =2 =10 1 —2kb (2.8)

0 O 1 0 0 1

for any positive integer k, it is obvious that

1 —b b
0 1 =2 beF, (2.9)
0 0 1

is a collineation subgroup of order ¢ in K, which we denote by T'.
For (0,1,u1), (0,1,uz) where uy, ug € Fy and u; # ug, we have

1 _uwiug (u1—u2)2
2 2
(0,1,U1) 0 1 _(ul _u2) = (0,1,2@);

0 0 1

this implies that 7' is transitive on Ey = {(0,1,u) | u € F,}.
Now let Py = (1,0, —¢) € I, set M(P) := {PY | g € T'} which is the T-orbit of Py, and
let Q =(0,1,u) € £. Then
M(P) = {(17 _b7 b2 - g) ‘ be Fq}
and the lines through both Q and the points in M(P) form the multiset
L(Q) = {[b* +ub— & u,—1] | b F,}.

Note that a line [b% +ub—¢&, u, —1] € L(Q) is passant if and only if % —1 e 0O, Since

the number of t € [, satisfying t —1 € Oy is |( @y —1) N Oy = (14;1 by Lemma 2.7](1),

it follows that the number of b € F, \ {—5} satisfying % —1le Ogis 2(%) = q%l.
2

Moreover, when b = —3, % —1=-1€ 0Ojas ¢=1 (mod 4). Hence, the number

of b € I, satisfying % —1le O4is % +1= %. Thus, counted with multiplicity,

there are % passant lines in L(Q). Therefore, there are an odd number of internal points
(precisely %) in M(P) connecting Q by a passant line as ¢ = 1 (mod 4). Since T is
transitive on both M(P) and E, and preserves incidence, we conclude that the number
of passant lines through an external point on P+ and the points in M(P), counted with
multiplictiy, must be odd. O
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Remark 2.20. Let P € O. In the rest of this article, without being further mentioned,
M(P) always denotes a set of internal points associated with P satisfying the conditions
in Lemma [2.18.

Corollary 2.21. Assume that g =1 (mod 4). Let £ be a tangent line. Then

Xe = Z ZXZ

PeM ZJ‘) Z ePap

= Z XNpa.n( (mod 2)

PeM(tt)
where the congruence is entrywise congruence.

Proof: Let P € M(¢1). Then from Corollary 217, it follows that

XNpa,p(P) = Z Xe

¢ ePap
2.10
Yy (mod2). (2.10)

0 eT(PL(P))

where ¢(P) is a tangent line through an external point on P+ and T'(P, £(P)) is the set of
tangent lines different from ¢(P) through the external points that are both ¢(P) and the
passant lines through P.

Further, if we take ¢/(P) = ¢ for each P € M({*) and set W (P) := {{N ¢y | {1 € Pap},

then
. xw =) ) Xz’

PeM(l+) (' ePap PeM(+) ' eT(P (P

Y YUY

PeM(L) QeEW(P) /' T\ {£}

= 2 2 wx (2.11)

QEE: ' eTq\{¢}

=Y ay

' eT\{£}

Z Xy (mod 2),

' eT\{¢}

where a, for ¢ € T\ {¢} are odd. In (2II)), the second equality follows from the definition
of T(¢,£(P)) and the third equality holds since the multiset

U U 7o\ {4, (2.12)

QEE, L(Q)

where L(Q) := {{p, q € Pa | P1 € M({1)}, is the same as the multiset

U U To\ {4,

PeM(((L) QeW (P)

and the tangent line ¢ other than ¢ through an external point Q on ¢ occurs an odd
number of times in ([2.12) by Lemma 218
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Since )y op Xy =0 (mod 2), it follows that

Z Z Xy = Z XNpqo,i(P)

PeM(tt) ¢ ePap PeM(4t)

Z X¢

' eT\{¢}

Xe + Z Xy
Jer

Xx¢ (mod 2).

0

Lemma 2.22. Let P € E and let T1 and T, be the two tangent lines through P. Assume
that Z C (Er, U Ep,) \ {P}. Then there is a set M (P) consisting of an even number of
internal points such that, for any point Q € Z, the number of passant lines through Q and
the points in M/(P), counted with multiplicity, is odd, and the number of passant lines
through P and the points in M,(P), counted with mutiplicity, is even.

Proof:  Since G is transitive on F, without loss of generality, we may assume that
P = (0,1,0), and thus 77 = [1,0,0] and T, = [0,0,1] are two tangent lines through P.
Let K := Gp be the stabilizer of P in G. Using (2.4]), we have
K = {d(d*1,%)|d® € 0} U {ad(%,-1,)|* € Oy}
C2
U {d (d{%,#)(% c Dq} U {ad(c%,—%,?)( 2 e Dq}.
Let Py = (1,1, z), where z € (4, (respectively, x € O,) and 1 — x € [,, be an internal

point for ¢ = 3 (mod 4) (respectively, ¢ = 1 (mod 4)). (Note that such an z in the last
coordinate of P; exists in F,.) Then the K-orbit of Py is

1 =z 9 1 =z 9
on = (it )| oo { (g )| < o}

To prove the first part of the lemma, we need only show that it holds for
Z = (ETl U ETQ) \ {P}

Let Q = (0,1,1) € Z. Using (2I3]), we have that Kq only contains the identity
collineation. So K is transitive on Z as |Z| = |K| = 2(¢ — 1). The lines through Q
and the points in Op, form the multiset

LQ) ={le = d",=d"] [ &* € O} U{[w = d*¢,d"¢*, =d'¢”] | & € g}
A line in L(Q) is passant if and only if

(2.13)

(@ —2)°
oY  jen
4(1 — z) €
or (@ 2
d=& —2
LS9 jen
4(1—x) € "o
where d> € O,. The number of d? satisfying either of the above two equations is equal
to that of ¢ € F} satistying ﬁl_—f);) — 1€ 0O, since F; = 0O,U 0Oy, where 0, =

{d?¢ | d* € O,}. For the case where ¢ = 3 (mod 4), since the number of ¢ € F, satisfying

t—2)2 . 1 1 .. .
ﬁ —1€ Ogisequal to 2|( @, —1)N O] = 2(L£+) = T2 by LemmaZ.9(ii) and ¢ = 0 is
one of them, we see that the number of passant lines in L(Q), counted with multiplicity, is

% which is odd since ¢ = 3 (mod 4). For the case where ¢ = 1 (mod 4), since the number
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of t € Fy\ {2} satisfying (=27 ¢ O, is equal to 2|( 2, — 1) N Oy| = 2(qT)

4(1—x)
Lemma [2.9(i), ¢ = 0 is not one of the solutions and ¢ = 2 also satisfies Li(l )) 1e Dq, we
see that the number of passant lines in L(Q), counted with mult1pl1c1ty, %1 which is

odd as ¢ =1 (mod 4). Now we set M (P) := Op,, and so |M (P)| = ¢ — 1 is even. Since
K is transitive on both Z = (E7, U Er,) \ {P} and the points in M’ (P), the number of
passant lines through a point in Z and the points in M ' (P), counted with multiplicity,
must be odd.

The lines through P and the points in M’ (P) form the multiset

e

each or none of which is a passant line accordingly as ¢ = 3 (mod 4) or ¢ =1 (mod 4).
Hence, we conclude that the number of passant lines through P and the points in M(P),
counted with multiplicty, is even. O

Remark 2.23. Let P € E. In the following discussion, without being further mentioned,
M/(P) will always denote a set consisting of an even number of internal points that satisfy
the conditions with Z = E1, \{P} in the above lemma, where T} is one of the two tangent
lines through P.

Corollary 2.24. Let P € FE and let T1 and T3 be the two tangent lines through P. Then

Xt X1 = Z Z Xe

QeM' (P) teSeq

= Z XNse,5(Q) (mod 2),

QeM'(P)

where the congruence means entrywise congruence.

Proof: Let Q € M'(P). Then Corollary 217 gives

Neos@ = DL X
¢'€Paq
Z Xy (mod 2),
U eT(QA(Q))
where £(Q) is a tangent line through an external point on Q* and T/(Q, ¢(Q)) is the set

tangent lines through the external points that are on both ¢(Q) and the passant lines
through Q. Let 1 be the all-one column vector of length |E|. Since

(2.14)

1+ XNpa.£(Q) = XNs. £(Q) (mod 2) (2.15)

and |M'(P)| is even, we have

Yo DY e = D A+ XNps@)

QeM' (P)LeSeq QeM' (P)

Z 1+ Z XNpa,r(Q)

QeM' (P) QeM'(P)

Z XNpa,r(Q)

QeM'(P)

Z Z Xx¢ (mod 2).

QeM' (P) LeT(Q,4(Q))

(2.16)
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Further, if we set /(Q) := Tj for each Q € M'(P) and set W' (Q) := {T1 N4, | £, € Pagq},

since the multiset
U U T\ {711}
PieEr [/ (Pq)

where L' (P1) = {fp, p, € Pa | Py € M (P)}, is the same as the multiset
U U e\ {1}, (2.17)
QeM' (P)P1eW’(Q)

and the tangent line ¢ other than 7; through an external point Py # P (respectively,
P; = P) on T} occurs an odd (respectively, even) number of times in (2.17) by Lemma[2:22],

we obtain Z Z W = Z Z Z y

QeM’ (P) LeT(Q,4(Q)) QeM' (P)P1eW’(Q) LeTp, \{T1}

= > > b

P, EETl ZETpl \{Tl }

2.18
= szXT2 + Z bZXZ ( )
eT\{Th, T2}
= Z x¢ (mod 2),
eT\{T1, T2}
where by for £ € T'\ {T1,T>} are all odd integers and by, is an even integer.
Using (2.16]), 2.18)), and the fact that >, - x¢ = 0 (mod 2), we have
X X1, = Z X¢
x€T\{T1,T2}
= Z Z Xt
QeM' (P) tePaq
= Z XNpo p(Q) (mod 2).
QeM'(P)
O

3. THE CONJUGACY CLASSES AND INTERSECTION PARITY

In this section, we review the conjugacy classes of H and study their intersections with
some special subsets of H.

3.1. Conjugacy classes. Recall that

a® ab b?
H= 2ac ad+bc 2bd a,b,c,d € Fy, ad —bc =1
c? cd d?

is the subgroup of G that is isomorphic to PSL(2,¢). If we define T' = tr(g) + 1, where
g € H and tr(g) is the trace of g, then the conjugacy classes of H can be read as follows.

Lemma 3.1. [I7, Lemma 3.2] The conjugacy classes of H are given as follows.
(i) D= {d(l’ 1, 1)};
(ii) F* and F~, where FTUF~ ={g€ H|T(g)
(i) 0] ={ge H|T(9) =0}, 1 <i<iPifq=
(mod 4), where §; € O, 0; #4, and 6; —4 €
(iv) 0] ={g € H | T(9) = 0};

= g#d(]‘? 17 1)};
1 (mod4) or1<i<%2ifqg=3
Oy,
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V) [l ={g€eH|T(9) =m}, 1 <k<9 ifg=1 (mod4), or1 <k < T2 if
g =3 (mod 4), where m; € Oy, m # 4, and T, — 4 € U,.

Remark 3.2. The set FTUF™ forms one conjugacy class of G, and splits into two equal-
sized classes F* and F~ of H. For our purpose, we denote F™ U F~ by [4]. Also, each
of D, 6], [0], and [m] forms a single conjugacy class of G. The class [0] consists of all
the elements of order 2 in H.

In the following, for convenience, we frequently use C' to denote any one of D, [0], [4],
[0;], or [m]. That is,
C= D7 [0]7 [4]7 [02]7 or [Wk] (31)

3.2. Intersection properties.

Definition 3.3. Let P €1, Q € E, { € Pa. We define
Hpq={h € H|P1)" € Pag} and Spy={he H|(PH)" =1}

That is, Hp,q consists of all the elements of H that map the passant line P to a passant
line through Q and Spy is the set of elements in H that map P to the passant line (.

Using the above notation, since G preserves incidence, for g € G, P € I, and ¢ € Pa,
we have
H%’Q = Hpy qs, Sg’l = Spg 9. (3.2)

The following corollary is apparent.

Corollary 3.4. Let g € G and C be given in (1) and let P and Q be two external points.
Then (C NHp,q)? = CNHpsqs-

Next the size of the intersection of each conjugacy class of H with K which stabilizes
an element of I in H is calculated.

Corollary 3.5. Let P € I and K = Hp. Then we have
(i) [KND|=1;
(i) [K N [4]| =0;
(iii) |K N[mg]| =2 for each k;
(iv) |[KN[0;]] =0 for each i;
) [0

(v) |IKN|0)| = % or q;—l accordingly as ¢ =1 (mod 4) or ¢ =3 (mod 4).

Proof: Let Q= (1,0,—¢) and K; = Hq. Since H is transitive on I, it follows QY =P
for some g € H. By Lemma 211 we have K{ = K. Consequently,
[KNCl=[(K1NnC)].

Therefore, to prove the corollary, it is enough to consider P = Q. It is clear that [DNK| =
1. Let g € KN C. Then the quadruples (a,b,c,d) determining g satisfy the following
equations

bd —act = 0

P’ = —E(d - )

ad —bc = (33)
a+d = s,

where s2 = 0, 4, 7, 0;. The equations in (33) give (1) a =d = 3 = 324?1, b2 = @%4)5
and (2) a = —d, s = 0, ¢?¢ — 1 = a®. From Case (1), we see that |K N [r}]| = 2 for each
[mx] and |[K N C| = 0 for C = [#;], [4]; moreover, if ¢ = 3 (mod 4), we obtain one group
element ad(—¢,—1,671) € KN [0] in Case (1). Since the number of t € 7, satisfying
t—1¢€ Oyis It or 2 accordingly as ¢ = 1 (mod 4) or ¢ = 3 (mod 4) by Lemma 29,
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the number of ¢ € F} satisfying ¢ —1 € O is 2|( By — 1) N Oy which is % or %
accordingly as ¢ =1 (mod 4) or ¢ =3 (mod 4). When ¢ =1 (mod 4), ¢ = 0 also satisfies
c*¢ —1 € 0,. Therefore, Case (1) and Case (2) give qzil or qg—l different group elements
in K N [0] depending on g. Now the corollary is proved. O

In the following lemma, we investigate the parity of |Hp g N C| for each C' # [0] and
P c 1, Q € E. Recall that ¢p q is the line through P and Q.

Lemma 3.6. Assume that ¢ =1 (mod 4). Let P € I and Q € E. Suppose that C = D,
4], [m] (1 <k <550, [6:) (1< i < 452).
(i) If tp g € Sep, then |Hp,q N C| is even for each C.

(ii) If tp.q € Pap and Q € P, then |Hp.q N C| is odd if and only if C = D.

(iii) If tp.q € Pap and Q ¢ PL, for each class [m] with 1 < k < %, there are
two different points Q1, Q2 € Eyp o such that |[mx] N Hp ;| is odd for j =1, 2;
moreover, the two points associated with one class [ry,] are different from those
associated with the other class [my,], where [, # [Tky]-

Proof: Since G acts transitively on I and preserves incidence, without loss of generality,
we may assume that P = (1,0, —¢). From (2.4]), it follow that

K :=Gp=
d? cd& c2¢?
2cd d? + 2¢ 2edé d,c ey, > —c2¢=1

c? cd d?
d? —cd§ c*&
U 2cd —d? — c*€ 2cde dyc€Fy,—d*> + 26 =1
c? —cd d? (3.4)
d? cd c?

U 2edé™1 d*+ 2 2ed ||d,ceF,d* -2 =1
625_2 Cdf_l d2

d? —cd c?
U 26t —d? — ¢ 2ed ||d,c€F,,—d* ¢ +32 =1
625_2 —Cdf_l d2

Since K is transitive on both Pap and Sep by Proposition 2.12] and
HpqNC|=|HpqNC)|=HpqsNC|

by Corollary 3.4l we may assume that Q is on either ¢1 or /3, where ¢; = [1,0,£7!] € Pap
and fo = [0,1,0] € Sep.

Case I. Q € /; and Q ¢ P+.

In this case, Q = (1,2, —¢) for some = € F; and z?+¢€ 0, and

Pag = {[1,s,(1 +s2)¢ | s € Fy, s> —4(1 +s2)¢ 1 €14, }.
Using ([3.4)), we obtain that
Kq={d(1,1,1),ad(1,-¢7", )}
It is apparent that d(1,1,1) fixes each line in Pag. From
ad(1, ¢, (L5, (14 s2)€7) | = (14 s2)8, —56,1)

it follows that [1,s,(1 + sz)¢7!] € Paq is fixed by Kq if and only if s = 0 or s =
—2x~!. Therefore, Kq has two orbits of length 1 on Paq, ie. {f; = [1,0,£7!]} and
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{63 = [1,—2z~!, —¢71]}, and all other orbits, whose representatives are R, have length
2. From
Hp.qNC|=[Spe, NC|+|Spe, NCl+2 ) [SpeNC,
LeR1

it follows that the parity of |Hp g N C| is determined by that of |Sp ¢, N C|+ |Sp e, NC|.
Here we used the fact that [Sp N C| = [Sp y NC| if {¢,£'} is an orbit of Kp on Pagq. It
is clear that |Sp N D| = |Sp¢, N D| = 0.

Note that the quadruples (a,b, ¢,d) that determine group elements in Sp ¢, N C satisfy
the following equations

—2cd + 2abé~t = 0
C2 _ a2£—1 — (d2 _ b2f_1)£_1
a+d = s (3.5)
ad — be = 1

where s? = 4, m,, 0;. The first two equations in @5)give ¢ = +v/—1c¢~! and a =
++v/—1d. Combining them with the last two equationsin (B.5]), we obtain 0, 4 or 8
quadruples (a,b,c,d) satisfying the above equations, among which, both (a,b,c,d) and
(—a,—b,—c,—d) do appear at the same time. Therefore, |Sp,, N C|is 0, 2, or 4. Partic-
ularly, in [0], there might be only 2 elements satisfying the above conditions.

Similarly, the quadruples (a, b, ¢,d) that determine a group element in Sp ¢, N C satisfy
the following equations

—2cd + 2abé™t = 227 Y(d® - b*¢TY)
C2 _ a2£—1 — —f_l(d2 _ b2£_1)
a+d = s (3.6)
ad — be = 1,

where s2 = 4, 1, 0;. The first two equations in (3.6]) give
d? -2 = £A, (3.7)

[ 1
A= reTe (3.8)

From (7)), 2 — d?> = FA¢ ! and a? + d? = 52 — 2 — 2bc, it follows that
(b1 +¢)? = —(£24 + 2 — s2)¢ L, (3.9)
Hence, if ([3.6) determines an odd number of group elements, then
—(£24+2 - )¢t ¢ 0,

If —(£24+2—s2)¢~1 € O, and we set By = V—(EF2A+2 ) by A —d2¢ ! =
+ A& and a? — b2 = FAET!, we have

where

1 1
d= 5[5 + (B — 2Bp) (or d= 5[ + (B, + 2B<i>b>]> (3.10)
and thus
1 1

Combining b = (£B(4) — c)¢~! and ad — be = 1, we have

B2 62 §B3 62 2 B4 52
(5-%)8+<%—B(i>6)6+<%— ZQ _1):0 (3.12)
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B2 2 B3 2 2 B} &2
(5_ (i)£>c2_<€ L _B(i)§>c+<%_ (ot _1>:0. (313

or

52 52

The discriminant of (B.12) or (B.I3) is

5325 2 4 42
A:g( ey ‘1> (F-¢80)-Goremme o G

From BI0), BII), BI12), GI3), and B.I4), it follows that (B.6]) produces 2 or 4 group

elements; that is, |Sp g, NC| =2 or 4.
If —(£2A4+2 —s?)¢671 =0, then s? is one of 24 + 2 and —2A + 2 since
422

Therefore, in this case, we have |[s*] N Sp 4,| = 1. It is also clear that, for the same [s

’]

[5*) N Sp |
is odd, where Py = (1, —x,—¢) € Ey,. Moreover, when x runs over
Li={zeF,|2>+{€ Oy}

once, each [mg] with 1 <k < % appears exactly twice in the multiset

1 1
{2 m+2}U{—2 m+2}.

2 2
+ +2==+ + 2
V(@2 + ¢ V(@3 +E1)¢

if and only if 1 = tx5. Therefore, for each class [m;] with 1 < k < %, there are two
different points Q1, Q2 € Eyp o such that [[mx] N Hp q,| is odd for j = 1, 2; further,
the two points associated with one class [mg, | are different from those associated with the
other class [my,], where |7y, | # [7k,]. The proof of (iii) is completed.

Case I1. Q =/, NP+,

In this case, Q = (0,1,0). From (B4]), it follows that

Kq ={d(1,1,1),ad(~1,1,-1),d(~1,-¢ ', —¢7%),ad(1, -1, %)}
Since Paq = {[1,0,—z] | z € B}, it follows that the passant lines through Q that are

fixed by Kq are ¢; = [1,0,£71] and ¢4 = [1,0,—¢71]. Thus, Kq has two orbits of length
1 on Paq and all the other orbits, whose representatives are R, have length 2. By

Hp.qNC|=1[Spe, NC|+|Spe, NC|+2 ) [SpeNC,
LER

we obtain that the parity of [Hp g N C|is determined by that of |Sp ¢, NC|+ |Spe, NC|.
From the discussions in Case I, we know that |Sp ¢, NC| always even. Since {4 = P! and
Gp = Gpi by Lemma 2.13] it follows from Corollary that |Sp ¢, N C| is odd if and
only if C'= D. The proof of (ii) is completed.

Case III. Q € /5.

In this case , Q = (1,0, —y) for some y € O,. Using ([B.4), we see that

Kq ={d(1,1,1),d(-1,1,-1)}.

Note that
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Moreover, all the orbits of Kq on Paq = {[1,s,y~!]| s € Fy, s —4y~! € 11,} have length
2, then |Hp,q N C]| is even for each C. Part (i) is proved.
(]

Lemma 3.7. Assume that ¢ =3 (mod 4). Let P € I and Q € E. Suppose that C = D,
[4, [m] (1< k<52, [0 (1< < 13).

(i) If tpq € Sep and Q ¢ P, for each class [0;] with 1 < i < %, there are
two different points Q1, Q2 € Eyp o such that |[0;] N Hp q;| is odd for j =1, 2;
moreover, the two points associated with one class [0;,] are different from those
associated with the other class [0;,], where [0;,] # [0i,]-

(ii) If tp.q € Sep and Q € PL, then |Hp.q N C| is odd if and only if C = D.

(ili) If fp,q € Pap, then |Hp.q N C| is even for each C.

Proof: The proof is essentially the same as the one of Lemma We omit the
details. g

4. GROUP ALGEBRA F'H

4.1. 2-Blocks of H. In this section we recall several results on the 2-blocks of H =
PSL(2,q). We refer the reader to [14] or [2] for a general introduction on this subject.

Let R be the ring of algebraic integers in the complex field C. We choose a maximal
ideal M of R containing 2R. Let F' = R/M be the residue field of characteristic 2, and
let x : R — F be the natural ring homomorphism. Define

S = {{|reR, sc R\M}. (4.1)

Then it is clear that the map * : S — F defined by (£)* = 7*(s*)~1 is a ring homomorphism
with kernel P = {% | r € M, s € R\ M}. In the rest of this article, ' will always be the
field of characteristic 2 constructed as above. Note that F' is an algebraic closure of Fs.

Let Irr(H) and IBr(H) be the set of irreducible ordinary characters and the set of
irreducible Brauer characters of H, respectively. In the following, we deduce the 2-blocks
of H from the known results on the 2-blocks of PSL(2, q). For baisc results on blocks of
finite groups, we refer the reader to Chapter 3 of [14].

The character tables of PSL(2,q) were obtained by Jordan and Schur independently;
see[I1], [12], or [I5] for the detailed discussions. The irreducible characters of H can be
read off from the character tables of PSL(2,q) as follows.

Lemma 4.1. ([I1], [12], [I5]) The irreducible ordinary characters of H are:

(i) 1= x0, Vs X1s -+ Xazts B1, B2, o1, .- gb% if g =1 (mod 4), where 1 = xq is
the trivial character, v is the character of degree q, xs for 1 < s < (14;1 are the
characters of degree q — 1, ¢, for 1 <r < % are the characters of degree q + 1,
and B; for i =1, 2 are the characters of degree q%l;

(i) 1 = xo0, X1, ---» Xaz3, 51, m2, m1, ... (b% if ¢ = 3 (mod 4), where 1 = xq is
the trivial character, v is the character of degree q, xs for 1 < s < % are the
characters of degree ¢ — 1, ¢ for 1 <r < % are the characters of degree q + 1,

and n; fori=1, 2 are the characters of degree %;

The following lemma tells us how the irreducible ordinary characters of H are parti-
tioned into 2-blocks.

Lemma 4.2. [I7, Lemma 4.1] First assume that ¢ =1 (mod 4) and ¢ — 1 = m2"™, where
2¢m.
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(i) The principal block By of H contains 2"~2 + 3 irreducible characters
X0 = 17 v 517 /827 ¢i17 -'-7(252'(2”,271)7

where xo = 1 is the trivial character of H, ~v is the irreducible character of degree
q of H, B1 and B are the two irreducible characters of degree %, and ¢;, for
1<k <272 1 are distinct irreducible characters of degree ¢+ 1 of H.

(ii) H has qZ—l blocks Bs of defect 0 for 1 < s < %, each of which contains an
irreducible ordinary character x5 of degree q — 1.

(iii) If m > 3, then H has mT_l blocks B, of defect n — 1 for 1 <t < mT_l, each of
which contains 2"~ irreducible ordinary characters ¢y, for 1 <i < 27L

Now assume that ¢ = 3 (mod 4) and ¢+ 1 = m2", where 21 m .
(iv) The principal block By of H contains 2"~2 4 3 irreducible characters

xo =1, v, m, 2, Xi17"'7Xi(2n7271)7

where xo = 1 is the trivial character of H, 7y is the irreducible character of degree

q of H, n1 and n2 are the two irreducible characters of degree q;—l, and x;, for

1<k <272 1 are distinct irreducible characters of degree ¢ — 1 of H.

(v) H has % blocks B, of defect 0 for 1 < r < %, each of which contains an
irreducible ordinary character ¢, of degree q + 1.

(vi) If m > 3, then H has mT_l blocks B;/ of defect n — 1 for 1 <t < mT_l,
which contains 2"~ irreducible ordinary characters xy, for 1 <1i <2"1,

Moreover, the above blocks form all the 2-blocks of H.

Remark 4.3. Parts (i) and (i) are from Theorem 1.3 in [13] and their proofs can be
found in Chapter 7 of III in [2]. Parts (i) and (v) are special cases of Theorem 3.18 in
[14]. Parts (ii7) and (vi) are proved in Sections II and VIII of [3].

4.2. Block Idempotents. Let BI(H) be the set of 2-blocks of H. If B € BI(H), we

each of

write
fB = Z €x>
x€lrr(B)
where e, = % > gel x(g71)g is a central primitive idempotent of Z(CH) and Irr(B) =

Irr(H) N B. For future use, we define IBr(B) = IBr(H) N B. Since fp is an element of
Z(CH), we may write
f8o= > 1800,

Cecl(H)

where cl(H) is the set of conjugacy classes of H, C is the sum of elements in the class C ,

and N ,
fe(C) = \_1| Z x(Wx(za) (4.2)
x€lrr(B)
with a fixed element zo € C.

~

Theorem 4.4. Let B € BI(H). Then fp € Z(SH). In other words,fp(C) € S for each
block of H.

Proof: It follows from Corollary 3.8 in [14]. O

We extend the ring homomorphism * : S — F to a ring homomorphism * : SH —
FH by setting (3_,cp $¢09)" = >_yep 559- Note that x maps Z(SH) onto Z(FH) via

~

X oeam scC)" = 2 ceam) 5¢C- Now we define
ep = (fp)” € Z(FH),
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which is the block idempotent of B. Note that egey = 55 ep for B, B € BI(H), where
dpp equals 1 if B = B’, 0 otherwise. Also 1 = ZBGBZ(H) en.
All the block idempotents of the 2-blocks of H are given in the following lemma; see
[17] for the detailed calculations.
Lemma 4.5. [I7, Lemma 4.4] First assume that ¢ = 1 (mod 4) and ¢ — 1 = m2" with
2¢m.
1. Let By beAthe principal block of H. Then

(@) eny(D)=1.

(b) eBO(F+) =ep,(F /)\E F.

(c) 6&([/@ € F, e, ([0]) = 0.

(d) eny([m]) = 1.
2. Let B, be any block of defect O of H. Then
() en(D)=0.
(b) ep,(F*) =ep,(F7) = 1.
(c) e, ([0]) = eBs([Hi]) = 0.
(d) en,([m]) €
3. Suppose m > 3 and let B; be any block of defect n —1 of H. Then
(a) e (DA) =0
(b) e (T)ZGB;(F_/)\: 1.
(©) e (B0) € F. ey ([0) = 0.
() eBt([Wk]) 0

Now assume that ¢ =3 (mod 4). Suppose that ¢ + 1 = m2™ with 24 m.
4. Let By beAthe principal block of H. Then

(a) ep (D) =1.

(b) eBO(F+) =ep,(F~)eF.

© em@)=1.

L( ) e, ([0]) =0, e, ([m]) € F.

5. Let B, be any block of defect 0 of H. Then
(a) es, (D) =0.
(b) ep, (FF) =ep, (F7) =1.
(c) 637([ )= 637([ k) = 0.
(d) en, ([0:)) €
6. Suppose that m > 3 and let Bt be any block of defect n — 1 of H. Then
(a) e (DA) =0
(b) ey (FF) = ey (F) = 1.
(c) e ([6:]) = 0.

—

(@) e (0 = 0, e () € F.
The following corollary will be used in the proof of Lemma

Corollary 4.6. Let B; (1 <s < %) or B, (1 <r <L 3) be the blocks of defect 0 of H
depending on whether ¢ =1 (mod 4) or ¢ =3 (mod 4). Using the above notation,

(i) if g =1 (mod 4), for each Bs, there is a class [m] such that 638(@) #0;

(i1) if ¢ =3 (mod 4), for each B, there is a class [0;] such that ep, ([0;]) # 0.
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Proof:  First we assume that ¢ = 1 (mod 4). From Theorem 8.9 in [12], we have
Xs(gk) = —6@k)s _ 5=(2k)s for 1 < | < %, where Yy, is the irreducible ordinary character
lying in Bg, gx € [mg], and ¢ is a primitive (¢ + 1)-th root of unit in C. Note that

e md) = Y xs(Wxslorh)

XSEBS
_ _q=1/¢(2k)s —(2k)
= L (6 +0 ).
Since
(q=1)/4 . (g—1)/4
_ q—1 2k)s —(2k)s\*
ep,([mk]) = (_\ | §(2k) +0 ( ))
k=1 k=1 s
Y i o ST e s Y
= ( et s )
3 —1
I T I L el
= = t+5=)
g+3 q+3
(625—6TS + 1—675)*
1-52 5251

—

we conclude that ep, ([m]) # 0 for some k. Part (i) is proved.
Part (ii) can be proved in the same fashion using Theorem 8.11 in [I2]; we omit the
details. O

Let M be an SH-module. We denote the reduction M/PM, which is an F H-module,
by M. Then the following lemma is apparent.

Lemma 4.7. Let M be an SH-module and B € BlI(H). Using the above notation, we
have
fBM = EBM,

i.e. reduction commutes with projection onto a block B.

5. LINEAR MAPS AND THEIR MATRICES

Let F' be the algebraic closure of Fy defined in Section 4. From now on, xy for N C FE
will be always regarded as a vector over F. Recall that for P € I, Np, p(P) (respectively,
Nge.5(P)) is the set of external points on the passant (respectively, secant) lines through P.
We define D (respectively, D) to be the incidence matrix of E and Np, z(P) (respectively,
Nse g (P)) for P € I. Namely, the columns of D and D' can be viewed as the characteristic
vectors of Np, g(P) and Ng. g(P), respectively. In the following, we always regard both
D and D’ as matrices over F.

Definition 5.1. For P € I, we define Gp to be the column characteristic vector of P
with respect to I, i.e. Gp is a 0-1 column vector of length |I| with entries indexed by the
internal points; the entry of Gp is 1 if and only if it is indexed by P.

Let k be the complex field C, the algebraic closure F' of Fy, or the ring S in (@.I]).
Let k! and k¥ be the free k-modules with the bases {Gp | P € I} and {xp | P € E},
respectively. If we extend the actions of H on the bases of k! and k¥, which are defined
by xp -h = xpr and Gq -h = Ggn for P € I, Q € E, and h € H, linearly to k' and kP
respectively, then both k! and k¥ are kH-permutation modules. Since H is transitive on
1, we have

kl = Ind%(h@))
where K is the stabilizer of an element of I in H and Indf (1) is the kH-module induced
by 1.
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The decomposition of 1 Tg, the character of Ind%(lk), into a sum of the irreducible
ordinary characters of H is given as follows.

Lemma 5.2. [19, Lemma 5.2] Let K be the stabilizer of an internal point in H.

Assume that g =1 (mod 4) Let Xs, 1 <5< %, be the irreducible ordinary characters
of degree q — 1, ¢, 1 < r < L2 drreducible ordinary characters of degree q + 1, v the
wrreducible of degree q, and ﬁ], 1 < j <2, irreducible ordinary characters of degree q+1

(i) If ¢ =1 (mod 8), then

(g=1)/4 (g—9)/4
=14 ) xs+v+B8+B+ > b,
s=1 7j=1

where ¢p;, 1 < j < ‘14—9, may not be distinct.
en

(ii) If g=5 (mod 8), then

(g—1)/4 (g—=5)/4
1Tg:1+ Z Xs + 7+ Z ¢7”j7
s=1 j=1

where ¢p;, 1 < j < ‘12—5, may not be distinct.

Nezt assume that ¢ = 3 (mod 4). Let Xs; 1<s< % be the irreducible ordinary
characters of degree q — 1, ¢, 1 < r < L=, the irreducible ordinary characters of degree
q+ 1, v the irreducible character of degree q, and nj, 1 < j < 2, the irreducible ordinary
characters of degree %.

(iii) If ¢ =3 (mod 8), then

(g—3)/4 (g—3)/4
IME=1+ Y drtm+m+ > X
r=1 j=1
where xs;, 1 <j < ‘14—3, may not be distinct.
(iv) Ifq=7 ( od 8), then

(g—3)/4 (g+1)/4

=1+ > ot D> Xep
r=1 7j=1

where xs;, 1 < j < q%l, may not be distinct.

Corollary 5.3. Using the above notation,

(i) if ¢ = 1 (mod 4), then the character of Indi(1¢) - fp, is xs for each block Bs of

defect 0;

(ii) if ¢ = 3 (mod 4), then the character of Ind:(1c) - f, is ¢, for each block B, of
defect 0.

Proof: The corollary follows from Lemma and Lemma O

Since H preserves incidence, the following corollary is obvious.

Corollary 5.4. Let P € I. Using the above notation, we have

XNpa 5(P) " W = XNpo 5(Ph) XNse £(P) - 1 = XNg. p(Ph)
for h € H.
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In the rest of the article, we always view Gp as a vector over F. Consider the maps ¢g,
¢p, and ¢y from F I'to F¥ defined by extending

Gp = XpL, 9P = XNp, n(P)> 9P = XNs. 5(P)
linearly to F', respectively. Then it is clear that as F-linear maps, the marices of ¢B, ¢p,

and ¢ are B, D, and D', respectively, and for x € F!, ¢B(x) = Bx, ¢p(x) = Dx and
dp(x) = D’x. Moreover, we have the following result.

Lemma 5.5. The maps ¢B, ¢p, and ¢ are all F'H-module homomorphisms from FT
to FP.

Proof: Let Gp be a basis element of F/. Then ¢(Gp - h) = ¢(Gp) - h since
¢B(Gp - h) = x(pryr = X(pL)» = XpL -h = ¢B(GP) - h.

By linearity of ¢g, we have ¢g(x) - h = ¢ (x - h) for each x € F. The proof of the map
¢B being F'H-homomorphism is completed.
The proofs of the other two maps being homomorphisms are similar since

XNpa,s(P) " 1= XNpy 5 (Ph) XNse p(P) * 10 = XNg, n(PP)
for h € H and P € I by Corollary .4l We omit the details. O

For convenience, we use colp(C) to denote the column space of the matrix C over F.

Corollary 5.6. Using the above notation, we have Im(¢p) = colp(B), Im(¢p) = colp(D),
and Tm(¢p) = colp(D').

Now we define My := (x¢ | £ € T)r and Mz := (xy, + x¢,; | i # £; € T)F to be the
spans of the corresponding characteristic vectors over F.

Lemma 5.7. The dimensions of My and Ms over F are dimp(M1) = q and dimp(My) =
q — 1, respectively. Moreover, the all-one column vector 1 of length |E| is neither in My
nor in Ms.

Proof:  Since ), x¢ = 0, where 0 is the zero column vector of |E|, it follows that {xy |
¢ € T} is linearly dependent over F, ie. dimp(M;) < q. Now let T C T with |T| = ¢
and suppose that {x, | ¢ € T'} is linearly dependent over F. Then > ver’ @exe = 0, where
ay € F and ay, # 0 for some ¢; € T'. Since there are q external points on /1 and there are
only ¢ — 1 tangent lines other than ¢; in 7", some external point on ¢; must be passed only
by ¢; among the tangent lines in 7", which forces ap, = 0, a contradiction. This shows
that 7" must be linearly independent over F', and so dimp(M;) = q. Moreover, if T cT
and |T'| = ¢, then {x¢ | £ € T'} must be a basis for M;.

Next if ¢1 is a tangent line, then My = (x4, + x¢ | £ € T'\ {{1})F since xo, + x¢;, =
(e +x0)+ (e +X0,)- A8 S peqm oy (Xey +x0) = 0, dimp(My) < g—1. Let T° C T\ {61}
with |T'| = ¢ — 1 and suppose that {x,, +x¢ | £ € T'} is linearly dependent over F. Then
> ver e(Xey + Xe) = Dpeq aexe = 0 since |T'| is even, where ay € F and ag, # 0 for
some ¢y € T'. By applying the same argument in the first paragraph of this proof, again,
we obtain that a,, = 0 which is a contradiction. Therefore, {xs, + x¢ | ¢ € T’} is linearly
independent over F, and so dimp(Mj) = ¢—1. Moreover, if T' ¢ T\{¢1} and |T'| = ¢—1,
then {x¢, + x¢ | £ € T'} must be a basis for M.

Now we assume that 1 € M; and {x; | £ € T'} with 7" C T and |T'| = q is a basis
for My. Then ), ;v arxe = 1, where ay € F for £ € T' and ag, # 0 for some /}, € T
Since |T"\ {¢x}| = ¢ — 1, some external point on £; must be only passed by ¢ among all
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the tangent lines in 7”; this forces ays, = 1. For each ¢ € T\ {{;}, we have ay, + a; =1,
that is, ay = 0 for each ¢ € T\ {{}. Thus x,, = 1, which is impossible. Consequently,
1 ¢ M. Similarly, we can show that 1 ¢ Ms. We omit the details. O

Lemma 5.8. If ¢ =1 (mod 4), then colp(D) = M;; if ¢ = 3 (mod 4), then colp(D) =
M.

Proof:  Assume that ¢ = 1 (mod 4). Let XNpqa (P) be the column of D indexed by
P. Then XNp, p(P) 18 an F' -linear combination of the generating elements of My by
Corollary 2.I71 Now if x; is a generating element of M1, then it is an F-linear combination
of the columns of D by Corollary 22Tl Therefore, colp(D) = M;.

Now we assume that ¢ = 3 (mod 4). Let XNpq.p(P) be the column of D indexed by P.
Suppose that £(P) is a tangent line through an external point on P+ and T(P,{(P)) is
the set of tangent lines through the external points on ¢(P) that are also on the passant
lines through P. Then by Corollary 217 and the fact that |T'(P,¢(P))| = % is even, we
have

XNp, g(P) = Z Xe
LET (P L(P))

= Z (xe + Xep));

(eT(PU(P))

that is, Xnp, z(P) € M2. Now let x4, + x¢, be a generating element of My. Then we have

Xey T X, = Z XNpa,e(Q)
QeM'(P)
by Corollary 2:24] where P = ¢; N ¢5. Hence, colp(D) = M. O

Corollary 5.9. If ¢ =1 (mod 4), ranks(D) = ¢; if ¢ =3 (mod 4), ranky(D) = ¢ — 1.
Proof: It follows from Lemmas (.7 and (.8 O

Further, we have the following decomposition of colp(D").

Lemma 5.10. If ¢ = 3 (mod 4), then colp(D') = (1) & colp(D) as FH-modules, where
(1) is the trivial F'H-module generated by the all-one column vector 1.

Proof:  Since each row of D' has % 1s, then

Z XNge,g(P) = 1.

Pel

For h € H,
= (Z XNge g (P “h= Z XNse. g(P") Z XNsepP) =1 € colp(D).

Pecl Pel Pel

Consequently, (1) is indeed a trivial submodule of colp(D").

It is clear that colp(D') = (1) + colp(D) since XNs. z(P) € colrp(D ") if and only if
XNse.5(P) = L+ XNp, p@) € (1)+colp(D). Further, (1 )ﬂcolF(D) = 0 since colp(D) = M,
and 1 ¢ My by Lemmas 5.7 and .8 Therefore, colp(D') = (1) @ colp(D). O
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6. STATEMENT AND PROOF OF MAIN THEOREM
The main theorem is given as follows.

Theorem 6.1. Let Im(¢p) and Im(¢p) be defined as above. As F H-modules,
(i) if ¢ =1 (mod 4), then

(g—1)/4
m(¢p) =Tm(¢p) & ( @ M),

s=1

25

where Mg for 1 < s < =L are pairwise non-isomorphic simple F'H-modules of

1
dimension q — 1;
(ii) if ¢ =3 (mod 4), then

(q—3)/4
m(¢s) = (1) @Im(ép) & ( P M),
r=1
where M, for 1 < s < =3 gre pairwise non-isomorphic simple F'H-modules of

1
dimension ¢+ 1 and (1) is
vector of length |E)|.

To prove the main theorem, we need the following lemma.

the trivial F'H-module generated by the all-one column

Lemma 6.2. Let ¢ — 1 = 2"m or q + 1 = 2™m with 2 { m depending on whether ¢ = 1

(mod 4) or ¢ =3 (mod 4). Using the above notation,

(i) if¢=1 (mod 4), then Im(¢B) - ep, = Im(¢p), Im(¢B) - ep, # 0 for 1 <s

andIm(¢B)-eB£ =0form>3and1<t< m2_1;

(ii) if ¢ =3 (mod 4), then Im(¢B)-ep, = Im(¢p/), Im(¢B)-ep, #0 for 1 <r

andIm(gbB)-eB/:OformzZ%andlﬁtﬁmgl
t

Proof: It is clear that Im(¢g) is generated by {xp. | P € I} over F. Let B € BI(H).

Since
e = Y (@Y e h
Cecl(H) heC
B SITTE) ST
Cecl(H) heC
= > @) > xa
Cecl(H) heC Qe(PLH)nE
we have
XpL €B = Z S(B7 P7 Q)XQ7
Qel
where

S(B,P,Q):= > [HpqNCles(O).
Cecl(H)

Assume first that ¢ = 1 (mod 4). If ¢p q € Sep, then S(B,P,Q) = 0 for each B €
BI(H ) since |’HPQ NC| = 0in F for each C # [0] by Lemma B.6(i) and ep,([0]) =

635([0]) = eBt([O]) =0 by 1(c), 2(c), 3(c) of Lemma [4.5]
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If /p g € Pap and Q € P+, then by Lemma [3.6(ii) and 1(a), 1(c), 2(a), 2(c), 3(a), 3(c)
of Lemma [£5]

S(By,P,Q) = \HP,Qm[oueBO([O])+\HPQmD\eBO(1:)) = 0+1 = 1,
S(B87P7Q) = |HP,Qm[0”635([/@)—1_|HP,QQD|€BS(13) = 0+0 = 07
S(B,P,Q) = [Hpqn[0]ley (0]) +|HpqN Dley (D) = 0+0 = 0.

If Q is on a passant line ¢ through P and Q ¢ P, then by Lemma B.6(iii) and 1(c),

1(d), 2(c), 2(d), 3(c), 3(d) of Lemma [£.5]
5(Bo,P,Q) = [HpqN [0]|€Bo([0]) +HpQN [Wk]leBo([Wk]) =1
S5(Bs,P,Q) = [HpqN [0]|€Bs([/0\]) Hp.Q N [Wk]leBs([Wk]) = e, ([m]),
S(B,P,Q) = [Hp.qN[0]ley (0]) + [Hp.q N [melle, ’([ﬂ'k]) = 0.

By Lemma [B.6(iii) and the fact that there are % classes of the form [mj] and there are
% points on ¢ that are not on P+, we have that for each [r}] there exist two external
points Q1 and Q2 on £ such that |[Hp g, N [m]| (j = 1 or 2) is odd and for each Q € ¢
and Q ¢ P there is a class [m;] such that |[Hp.q N [mx]| is odd. Combining the above
analysis with Lemma IZEL we obtain that for each By, there is a Q and a class [my] such
that (B, P,Q) = ep, ([m]) # 0.

Therefore, we have shown that Im(¢B) - ep, = Im(¢p) by definition, Im(¢B) - ep, # 0
for each s, and Im(¢p) - € B = 0. The proof of (i) is completed.

Now assume that ¢ = 3 (mod 4). If lpq € Pap, then S(B,P,Q) = 0 for each
B € BI(H) since |Hp,g N C| = 0 by 4(d), 5(c), 6(d) of Lemma 5]

Let ¢p.q € Sep and Q € P+, then by Lemma B.7(ii) and 4(a), 4(d), 5(a), 5(c), 5(d) of
Lemma [4.5]

S5(Bo,P,Q) = ‘prQm[0”630([0])+‘HPQQD‘630(§) = 0+1 = 1,
S(BS,P,Q) = "Hp7Qﬂ[0”636([0])4-’HPQQD‘GBS(Q) = 040 = O,
S(B,P,Q) = [HpqN[0]ley (0]) +|HpqN Dley (D) = 0+0 = 0.

If fp q € Sep and Q ¢ P+, then by Lemma B.7(i), 4(c), 4(d), 5(c), 5(d), 6(c), 6(d) of
Lemma [£.5],

S(Bo,P,Q) = [HpqN [0les, (0)) + [Hp.q O Billes, (0]) = 1,
5(Bs,P.Q) = [Hp.q N [0lles.((0) + |Hp.q N[0 HGBS([M]) = eg,([b:]),
S(B,P,Q) = [Hpqn[0]ley (0)+ [Heqn[Billey () = 0.

From Lemma [B7(i) and Lemma [£.6], we have that for each Bj, there is a Q and a class

[0;] such that S(Bs, P,Q) = e, ([6:]) # 0.
Therefore, we have shown that Im(¢B) - e, = Im(¢) by definition, Im(¢B) - ep, # 0
for each s, and Im(¢B) - ey = 0. The proof of (ii) is completed. O

Proof of Theorem Let B be a 2-block of defect 0 of H. Then by Lemma (.7 we
have

FI-eB:SI-fB.
Therefore, by Corollary 5.3, F! - e, = N, where N is the simple F H-module of dimension
g—1or g+ 1 lying in B accordingly as ¢ =1 (mod 4) or ¢ = 3 (mod 4). It is clear that
¢B(FI) = Im((bB)
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Assume that ¢ =1 (mod 4) and ¢ — 1 = m2" with 2 { m. Since
(g=1)/4 (m—1)/2

1= ep, + e, + Z
s=1 t=1

we have
(¢—1)/4
Im(¢g) = Tm(¢p)-ep, & ( P Im(¢)-ep) @ ( @ Im(¢ B

s=1 t=1
(q 1)/4

= @ ¢B(F') -ep,)

(q 1/4

= Im @ ¢B(F" -eB,)) (6.1)
(q 1) /4
= @ ¢B (N,

(q 1)/4

= Tm(¢p) @ ( P M),
s=1

where N is the simple module of dimension ¢—1 lying in Bj for each s by the discussion in
the first paragraph and M, := ¢g(N;) for each s. In ([6.1), the terms ep for 1 <¢<m-L

and Im(¢p) - e B, for 1 <t < mTl appear only when m > 3; the second equality holds
since Im(¢B) - g =0 for each t and Im(¢B) - ep, = Im(¢p) by Lemma [6.2(i); and the

third equality holds since ¢p is an FH-homomorphism by Lemma and ep, € FH.
Consider the map

AsiNs _>¢B(N)

defined by A\s(n) = ¢p(n) for n € Ny, where 1 < s < = Tt is clear that Ay is the same
as the resctriction of ¢g to Ns. Consequently, Ag is a SurJectlve F H-homomorphism.
Moreover, Ker()g) is either 0 or Ny since, otherwise, Ker(\s;) would be a non-trivial
submodule of N, which is impossible. If Ker(\s) = Ng, then ¢(Ns) = ¢B(F')-ep, =0,
which is not the case by Lemma [6.2[i). Thus, we must have Ker(\s) = 0; that is, As
is an F'H-isomorphism. So we have shown that M, := Im(NV;) = N, and thus M for
1<s< % are pairwise non-isomorphic simple modules of dimension ¢ — 1. The proof
of (i) is finished.
Now assume that ¢ = 3 (mod 4). Applying the same argument as above, we have

(—3)/4
m(¢p) =Im(¢p) & ( P M),
r=1

where M, for 1 <r < ‘12—3 are pairwise non-isomorphic simple F'H-modules of dimension
g+ 1. Since Im(¢py) = (1) ® Im(¢p) by Lemma 5.10] it follows that

(q 3)/4
1

r=

Now Conjecture [[T] follows as a corollary.
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Corollary 6.3. Let L and Ly be the Fo-null spaces of B and By, respectively. Then

¢l fq=1 d 4
dimg,(£) = { ;7 @ H1=1 (modd),
= —q+1, ifq=3 (mod4)

and

¢’ 1 ifg=1 (mod 4
dimp, (Lo) = 1124_17 _fq _ ( )
— +1, if¢g=3 (mod4).

Proof: From Theorem and Corollary [5.9] it follows that the 2-rank of B is

(¢—1)
4

ranke(B) = g +
or )
-1
ranke(B) =1+ (¢—1) + (a 1 )

accordingly as ¢ =1 (mod 4) or ¢ = 3 (mod 4). Therefore, the dimension of the Fy-null
space of B is

(-1 ¢ -1
4 )= 4

(q—l)(q—3)) -1
4

dimF2 (ﬁ) =
or

dimg, (£) = w —(1+(@—-1+

accordingly as ¢ =1 (mod 4) or ¢ = 3 (mod 4).
Since rankg(B) = ranks(By), the dimension of £y can be calculated in the same way.
We omit the details. O
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