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Abstract The known families of difference sets can be subdivided intothree classes:
difference sets with Singer parameters, cyclotomic difference sets, and difference sets
with gcd(v,n)> 1. It is remarkable that all the known difference sets with gcd(v,n)>
1 have the so-called character divisibility property. In 1997, Jungnickel and Schmidt
posed the problem of constructing difference sets with gcd(v,n)>1 that do not satisfy
this property. In an attempt to attack this problem, we use difference sets with three
nontrivial character values as candidates, and get some necessary conditions.
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1 Introduction

Let G be a finite abelian group of orderv and exponentm. A subsetD of sizek in G
is called a(v,k,λ ) difference set if each nonidentity element ofG can be represented

Tao Feng· Sihuang Hu· Shuxing Li
Department of Mathematics, Zhejiang University, Hangzhou, 310027, Zhejiang, China

Gennian Ge
School of Mathematical Sciences, Capital Normal University, Beijing, 100048, China

Tao Feng
E-mail: tfeng@zju.edu.cn

Sihuang Hu
E-mail: husihuang@zju.edu.cn

Shuxing Li
E-mail: sxli@zju.edu.cn

Gennian Ge
E-mail: gnge@zju.edu.cn

http://arxiv.org/abs/1303.1659v1


2 Tao Feng et al.

asd1d−1
2 , d1,d2 ∈ D in exactlyλ ways. The order ofD is defined to ben = k−λ .

For a subsetA of G, we setA(−1) = {g−1 |g∈ A}; also we use the sameA to denote
the group ring element∑g∈Ag ∈ Z[G]. Then, it is not hard to see that ak-subsetD
of a groupG of orderv is a (v,k,λ ) difference set inG if and only if it satisfies the
following equation in the group ringZ[G]:

DD(−1) = n+λG.

Besides group rings, character theory is another very fruitful tool in the study of
difference sets. For a finite abelian groupG, we useĜ to denote its character group,
andχ0 the principal character. TheFourier inversion formula below will be used
frequently.

Lemma 1 Let G be an abelian group of order v. If A= ∑g∈G agg∈ Z[G], then

ah =
1
v ∑

χ∈Ĝ

χ(A)χ(h−1)

for all h ∈ G, whereχ(A) = ∑g∈Aagχ(g).

One useful consequence of the inversion formula is as follows. Let G be an
abelian group of finite order, and letA andB be two elements ofZ[G]. ThenA= B
if and only if χ(A) = χ(B) for all charactersχ of G. The next result is a standard
characterization of difference sets by using their character values.

Proposition 1 Let G be an abelian group of order v andχ ∈ Ĝ. Let k andλ be
positive integers satisfying k(k−1) = λ (v−1). Then a k-subset D of G is a(v,k,λ )
difference set in G if and only if

χ(D)χ(D) =

{
n, if χ 6= χ0,
k2, if χ = χ0.

For more background on difference sets, the interested reader may refer to [4,17].
The known families of difference sets can be subdivided intothree classes: differ-

ence sets with Singer parameters, cyclotomic difference sets, and difference sets with
gcd(v,n) > 1. There are five known families of difference sets with gcd(v,n) > 1,
namely Hadamard difference sets, the McFarland and the Spence family, a series
similar to Spence difference sets discovered by Davis and Jedwab [9], and a series
generalizing Hadamard difference sets found by Chen [8]. Wesay a difference setD
hascharacter divisibility property if

√
n|χ(D) for each nonprincipal characterχ

of G. It is remarkable that all the known difference sets with gcd(v,n)> 1 have this
property. So it is natural to ask the following problem, which was posed by Jung-
nickel and Schmidt in their survey paper [12].

Research Problem:Construct difference sets with gcd(v,n)> 1 that do not have the
character divisibility property.
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This current project makes an attempt to attack this problem. For a difference set
D, we define

X = X(D) = {χ(D) | χ ∈ Ĝ,χ 6= χ0},

which is the set of character valuesχ(D), whereχ ranges over all the nonprincipal
characters ofG. We will use difference sets with|X| = 3 as candidates and derive
some necessary conditions. With the aid of computer, some infinite classes of plau-
sible parameters satisfying all the necessary conditions has been found. Besides, we
find several classes of parameters which meet almost all the necessary conditions.
We list these parameters as a supportive evidence for the existence of difference sets
without character divisibility property.

Related to this paper, there are some similar results on graphs. In [5,6,7], Bridges
and Mena studied the multiplicative design, which is related to a family of three
eigenvalue graphs. Ma [13] considered the subset of a group with few character values
under the name of polynomial addition sets. Overall, these works are particular cases
of the problem of graphs with few eigenvalues, see [2, Chapter 15].

This paper is organized as follows. In Section 2, we obtain some necessary con-
ditions for the existence of difference sets with exactly three nontrivial character val-
ues. Then, according to Lemma 2, we split our discussion intothree cases, which
are handled separately in Sections 3-5. Another three special cases are considered in
Section 6. A brief conclusion will be given in the last section.

2 Necessary Conditions

In the following, we will always assume thatχ(D) takes exactly three nontrivial char-
acter values, denoted bya,b andc, whenχ ranges over all the nonprincipal characters
of G.

Here we fix some notation. WriteZ∗
m for the multiplicative group of units inZm.

For eacht ∈ Z∗
m, defineσt ∈ Gal(Q(ξm)/Q) by σt(ξm) = ξ t

m, and every element in
Gal(Q(ξm)/Q) is of this form. For eachχ ∈ Ĝ, defineχ t(x) = σt(χ(x)) for all x∈ G,
which is also a character ofG. For a subsetU of Ĝ, setU (t) = {χ t |χ ∈U}. We define

Uz = {χ ∈ Ĝ\{χ0}|χ(D) = z}

for eachz in {a,b,c}. Then,Ua, Ub andUc form a partition of nonprincipal charac-
ters ofG. For each characterχ of G, χ−1 is also a character ofG, andχ−1(D) =
σ−1(χ(D)), therefore we have

{σ−1(a),σ−1(b),σ−1(c)}= {a,b,c}.

Then, at least one element of{a,b,c} is fixed byσ−1. Without loss of generality, we
assume thatc = σ−1(c), i.e.,c is a real number. Then, we see thatb= σ−1(a) = ā,

andU (−1)
a =Ub.

Let χ be a character inUc, that isχ(D) = c. Together withχ(D)χ(D) = n, we
obtainc=±√

n. By takingG\D instead ofD, which is also a difference set, we may
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assume thatc=
√

n. Clearly neither ofa, ā is equal to±√
n. Since Gal(Q(ξm)/Q) is

abelian, we have

σ−1(χ t(D)) = σtσ−1(χ(D)) = χ t(D),

for eacht ∈ Z∗
m. It now follows thatσt(

√
n) = χ t(D) =

√
n for eacht ∈ Z∗

m. Hence

the number
√

n is an integer andU (t)
c =Uc for eacht ∈ Z∗

m.
Similarly, it is easy to see that the subgroupT := {t ∈ Z∗

m|σt(a) = a} has index

2 in Z∗
m andU (t)

a =Ua, U (t)
b = Ub for eacht ∈ T. Consequently, for eachχ ∈ Ĝ and

t ∈ T, we haveχ(D) = χ t(D) = χ(D(t)). By the inversion formula, we infer that
D is fixed byT, namely,D(t) = D for eacht ∈ T. On the other hand, we see that
Q(a) is a quadratic subfield ofQ(ξm), by the fundamental theorem of Galois theory.
Then,Q(a) =Q(

√
d) for some squarefree integerd. Now we recall some well-known

results about quadratic and cyclotomic fields, which can be found in any standard
textbook on algebraic number theory, e.g. [11].

The ring of algebraic integers ofQ(
√

d) isZ[1,β ] with

β =

{√
d, if d ≡ 2,3 (mod 4),

(−1+
√

d)/2, if d ≡ 1 (mod 4),

and the discriminant ofQ(
√

d) is

∆d =

{
4d, if d ≡ 2,3 (mod 4),
d, if d ≡ 1 (mod 4).

The discriminant ofQ(ξm) is equal to

(−1)φ(m)/2 mφ(m)

∏p|m pφ(m)/(p−1)
,

which has the same prime divisor withm; unlessm≡ 2 (mod 4) in which case it
has the same odd prime divisor withm. Because a primep ramifies in a field if and
only if p divides the discriminant of this field, we see that each primedivisor of∆d is
a divisor ofm. It follows thatd|m, and 4|mwhen∆d is even.

For each primep|m, we denote the Sylowp-subgroup ofG by Gp, and write
G = Gp ×W, whereW is a subgroup of orderw and w is coprime top. We also
assume that|Gp| = ps for some integers. Now we come to our first result, which is
about the discriminant of the quadratic fieldQ(a).

Lemma 2 The discriminant∆d of the quadratic field Q(a) has only one prime divi-
sor. Moreover, we have

∆d =





−p, if d =−p, wherep is a prime≡ 3 (mod 4),
−8, if d =−2,
−4, if d =−1,

and the above three cases are the only possibilities.
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Proof Take any primep dividing ∆d, and assume thatps||v. For each nonprincipal
characterχ which is principal onGp, χ(D) is in the fieldQ(ξord(χ)) whose discrimi-

nant is coprime top. It follows thatχ(D) =
√

n. Using the inversion formula, we can
check that the homomorphic image ofD in Ḡ= G/Gp is

D̄ =
√

n+
k−√

n
w

Ḡ, (1)

wherew= v/ps. It follows that

w|(k−
√

n),

equivalently,v|ps(k−√
n). If there is another prime divisorq of ∆d, thenv|qr(k−√

n)
with qr ||v. Because gcd(ps,qr) = 1, v|(k−√

n) which is false. Therefore∆d has only
one prime divisor. It follows that either∆d =±p for an odd primep or ∆d =±2r for
some integerr ≥ 2. Correspondingly, we have

(a) d = p∗ = (−1
p )p, or

(b) d ∈ {−1,−2,2}.

In case (a), we havep≡ 3 (mod 4), sinceσ−1(
√

p∗) = (−1
p )

√
p∗ =−√

p∗. In case

(b),d = 2 does not occur, since
√

2= ξ8+ξ 7
8 is fixed byσ−1. Hence we are only left

with the three cases listed in this lemma. ⊓⊔

Remark: Whenp= 2, the assertionv|2s(k−√
n) in the above proof can be improved.

Let N be a subgroup of order 2s−t such that the Sylow 2-subgroup of̄G = G/N
is elementary abelian. Letrk2(G) denote the maximum possible integer for sucht.

Then the same argument as above will giveD̄ =
√

n+ k−√
n

v/2s−rk2(G) Ḡ. It now follows

v|(2s−rk2(G)(k−√
n)).

Whena is a pure imaginary number, we have the following result.

Lemma 3 If a+ ā= 0, then d=−1.

Proof Froma+ ā= 0 andaā= n, it follows thata= ±i
√

n. So we obtainQ(a) =
Q(

√
−1), thend =−1. ⊓⊔

For convenience, we introduce some other notations:∆ = 2
√

n− a− ā, Ω =
(v(

√
n− a))/((a− ā)∆), andR= (k−√

n)/∆ . Write D = ∑g∈Gdgg andD(−1) =

∑g∈G d′
gg, with each ofdg,d′

g being 0 or 1. From the inversion formula, we have the
following equations for each elementg∈ G:

vdg = ag−1(Ua)+ āg−1(Ub)+
√

ng−1(Uc)+ k;

vd′g = āg−1(Ua)+ag−1(Ub)+
√

ng−1(Uc)+ k;

vδg = g−1(Ua)+g−1(Ub)+g−1(Uc)+1.

Hereg−1(Uz) = ∑χ∈Uz χ(g−1) for z= a,b,c; δg = 1 if g= 1G and 0 otherwise. Then
we get
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Table 1

dg d′
g g−1(Ua) g−1(Ub) g−1(Uc)

1 1 − v
∆ +R − v

∆ +R 2v
∆ −1−2R

1 0 Ω +R Ω̄ +R v
∆ −1−2R

0 1 Ω̄ +R Ω +R v
∆ −1−2R

0 0 R R −1−2R

g−1(Ua) =
(vdg− k+ ā)(

√
n−a)− (vd′g− k+a)(

√
n− ā)−√

nāvδg+
√

navδg

(a− ā)∆
;

g−1(Ub) = g−1(Ua);

g−1(Uc) =
v(dg+d′

g)− (a+ ā)(vδg−1)−2k

∆
.

Especially, wheng= 1G, the above equations give

|Ua| = |Ub|=
v(
√

n−d1)

∆
+R, and

|Uc| =
v(2d1−a− ā)

∆
−1−2R.

Wheng 6= 1G, we divide it into four cases depending on the values ofdg, d′
g as listed

in Table 1.
It is easy to see that|D∩D(−1)| is just the coefficient of 1G in D2. Using the

inversion formula, we have

v|D∩D(−1)|= |Ua|(a2+ ā2)+ |Uc|n+ k2,

which implies

|D∩D(−1)| = |Ua|(a2+ ā2)+ |Uc|n+ k2

v

=
1
v

[
|Ua|(−2n+a2+ ā2)+ (2|Ua|+ |Uc|)n+ k2]

=
1
v

[
−(v(

√
n−d1)+ k−

√
n)(2

√
n+a+ ā)+ (v−1)n+ k2]

= k− (
√

n−d1+
k−√

n
v

)(2
√

n+a+ ā)< k

Next, we define the following sets, which form a partition ofG\ {1G}: E1 =
D∩D(−1) \ {1G},E2 = D\D(−1),E3 = D(−1) \D, andE4 = G\ (D∪D(−1)∪{1G}).
NeitherE2 nor E3 is empty, otherwise,D = D(−1) = D∩D(−1) implies thatχ(D) =
χ(D(−1)) = χ(D), which is false forχ ∈ Ua. Similarly, at least one ofE1, E4 is not
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empty, or elseD+D(−1) = G− 1+ 2d1 andχ(D) takes only two character values
whenχ ranges over all nonprincipal characters. Therefore, at least three ofEi ,1 ≤
i ≤ 4 are not empty.

It is worthy to notice that whenE1 is empty butE4 is not, we obtain a 3-class
association scheme on̂G. SupposêG has conjugate classes{C0,C1, . . . ,Cd}, where
C0 = {χ0}. Define thei-th relationRi by (x,y) ∈ Ri if and only if yx−1 ∈ Ci . It is
well known thatX = (Ĝ,{Ri}0≤i≤d) is a d-class association scheme [3]. SetCi =

∑x∈Ci
x for 0≤ i ≤ d. Then{C0,C1, . . . ,Cd} forms a Schur ring [14]. With the Bannai-

Muzychuk criterion [1,16] and the information provided in Table 1, we obtain a 3-
class fusion scheme ofX whose first eigenmatrix is

P=




χ0 Ua Ub Uc

1 1 v(n−d1)
∆ +R v(n−d1)

∆ +R v(2d1−a−ā)
∆ −1−2R

E2 1 Ω +R Ω̄ +R v
∆ −1−2R

E3 1 Ω̄ +R Ω +R v
∆ −1−2R

E4 1 R R −1−2R




,

with

detP=
v3

(a− ā)∆
.

In the following, we will derive some necessary conditions from the above dis-
cussions. We fixp to be the only prime divisor of∆d. Write

√
n = pxu for some

nonnegative integerx and(p,u) = 1, i.e.,px||√n.

(1) ∆ |v, ∆ |(k−√
n), (a− ā)∆ |v(√n−a), (a− ā)|v.

These follow from the fact that all entries in Table 1 are algebraic integers,E2

andE3 are not empty, and at least one ofE1, E4 is not empty. The last one comes
from Ω − Ω̄ = v/(a− ā).

(2) v|(k−√
n)(2

√
n+a+ ā).

This is because|D∩D(−1)| is an integer.

(3) w|(k−√
n),

√
n+ k−√

n
w ≤ ps.

These come from the proof of Lemma 2. Ifp=2, we actually havev|2s−rk2(G)(k−√
n) and

√
n+ k−√

n

2rk2(G)w
≤ 2s−rk2(G).

(4) p|(2√n+a+ ā).
Suppose not, then we otainps|(k−√

n) from (2). Recall thatw|(k−√
n), so we

havev|(k−√
n) which is false.

(5) 1≤ 2d1−a− ā.
This comes fromg−1(Uc) is an integer not exceeding|Uc|.
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Now, we give some information about other prime divisors of the order ofG.

Proposition 2 If q is another prime divisor of v, then we have q|(a− ā).

Proof Assume thatq ∤ (a− ā), thenq ∤ (
√

n−a), since otherwiseq | (√n− ā), and
their difference givesq | (a− ā). Let

Ḡ= Gp×〈α : αq = 1〉

be a quotient group ofG, and defineD̄ as the image ofD in Ḡ.
Whend =−p wherep is an odd prime, we haveσt(

√
d) = σt(

√
p∗) = ( t

p)
√

p∗.

ThusT = {t ∈Z∗
m|( t

p) = 1}.Whend=−1, we havep= 2 and 4|m. Since
√
−1= ξ4,

we see thatT = {t ∈ Z∗
m|t ≡ 1 (mod 4)}. Whend = −2, we havep = 2 and 8|m.

Since
√
−2 = ξ8 + ξ 3

8 , we see thatT = {t ∈ Z∗
m|t ≡ 1,3 (mod 8)}. So whenever

d =−p,−1 or−2, we can find an integert ∈ T satisfying thatt ≡ 1 (modps) and
t ≡ i (modq) for any integeri,1≤ i ≤ q−1, by the Chinese remainder theorem.

BecauseD is fixed byT, we can see that

D̄ = D0+D1(〈α〉−1)

with D0,D1 ∈ Z[Gp]. Denote〈α : αq = 1〉 by Gq, let χ1× χ2 be a character ofGp×
Gq. Whenχ2 is principal onGq, we have

χ1(D0)+ (q−1)χ1(D1) = c1, (2)

otherwise,

χ1(D0)− χ1(D1) = c2. (3)

c1,c2 ∈ {a, ā,
√

n} if χ1 is nonprincipal onGp, andc1 = k,c2 =
√

n otherwise. When
χ1 is nonprincipal, by taking the difference of the above two equations, we obtain
qχ1(D1) = c1− c2, and our assumption forcesc1 = c2 andχ1(D1) = 0. Whenχ1 is
principal, we haveχ1(D1) = (k−√

n)/q. Hence

D1 =
k−√

n
qps Gp,

which givesps|(k−√
n). Together withw|(k−√

n), we obtainv|(k−√
n) which is

false. Thereforeq|(a− ā). ⊓⊔

In addition, we obtain some results about the multiplier ofD.

Proposition 3 If there is a prime q dividing n and coprime to v, then we have D(q) =
D.

Proof Let Q be a prime ideal inZ[ξv] lying overq, thenQ|n sinceq|n. If Q|a andQ|ā,
thenQ|∆ = 2

√
n−a− ā, which givesQ|v since∆ |v. This contradicts to the fact thatq

is coprime tov. Forn= aā, we haveQ divides exactly one ofa, ā. Sinceσq(Q) = Q,
{σq(a),σq(ā)}= {a, ā}, we must haveσq(a) = a andσq(ā) = ā. Becauseχ(D(q)) =
σq(χ(D)), andχ(D) only takes the valuesk,

√
n,a, andā, we immediately get that

χ(D(q)) = χ(D) when χ ranges over all characters. It follows from the inversion
formula thatD(q) = D. ⊓⊔
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Remark: (1) For such a primeq as in Proposition 3, fromσq(a)= a, namelyσq(
√

d)=√
d, we have:( q

p) = 1 if d = −p with p odd; q ≡ 1,3 (mod 8) if d = −2; q ≡ 1
(mod 4) if d =−1.

(2) Letq 6= p be a prime divisor of bothn andv. Then by Proposition 2, we have
q|(a− ā). From 4n= (a+ ā)2− (a− ā)2, we getq|(a+ ā). If q is odd, thenq|a and
q|ā.

3 The cased =−p

We will first deal with the cased = −p with p an odd prime in this section. Assume
d =−p, wherep is a prime≡ 3 (mod 4).

From Lemma 3, we knowa+ ā 6= 0. Some new inequalities and necessary condi-
tions about divisibility can be obtained under this assumption. We will use notation
like (6’) to mark the property which is obtained under the additional assumption that
p is an odd prime. For an integerl , the greatest integerz such thatpz divides l is
denoted by ordp(l).

(6’) px||(a+ ā), px|(a− ā), px|k, s≥ x+1.
Sinced = −p ≡ 1 (mod 4) and a is an algebraic integer inQ(

√−p), there

exist integerse and f such thata = e+ f −1+
√−p
2 . Then a− ā = f

√−p, so
ordp((a− ā)2) is odd. The factpx||(a+ ā) follows from 4n= (a+ ā)2− (a− ā)2

and ordp((a− ā)2) is odd. Then we obtainpx|(a− ā) and px|∆ = 2
√

n−a− ā.
Since∆ |(k−√

n), we havepx|(k−√
n) and hencepx|k. Fromw|(k−√

n), we
havev|(k−√

n)ps−x, which givess≥ x+1.

(7’) x≥ 1.
Take a characterχ ∈ Ua, and letχ ′ be another character ofG which coincides
with χ on W and is principal onGp. Thus we seeχ(D) = a andχ ′(D) =

√
n.

Since(1−ξps)|(χ(D)−χ ′(D)), it follows that(1−ξps)|(a−√
n). Similarly, we

have(1− ξps)|(ā−√
n). Recall thatp|(2√n+ a+ ā), we have(1− ξps)|4√n.

Therefore we getp|4√n, which impliesx≥ 1.

(8’) px||k, px||(k−√
n), ps||(k+√

n), ∆ |pxw.
From k(k− 1) = λ (v− 1) and (1), we have ordp(λ ) = ordp(k) ≥ x. Then from
k2 = n+ λv and ordp(n) = 2x < x+ s ≤ ordp(λv), we get ordp(k) = x, i.e.,
px||k. Because(k+

√
n)− (k−√

n) = 2
√

n, we readily verify that at least one
of ordp(k+

√
n), ordp(k−

√
n) is x. Now k2−n= (k+

√
n)(k−√

n) = λv gives
{ordp(k+

√
n),ordp(k−

√
n)}= {s,x}. If ordp(k−

√
n) = s, together withw|(k−√

n) we getv|(k−√
n) which is false. Hence we have ordp(k+

√
n) = s, ordp(k−√

n) = x. The last one∆ |pxw follows from ∆ |v, ∆ |(k−√
n), and gcd(v,(k−√

n)) = pxw.

Now define

γ =
k−√

n
pxw

.
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Fromw|(k−√
n) andpx||(k−√

n), we see thatγ is an integer coprime top. From

(k+
√

n)(k−
√

n) = k2−n= λv,

we have
γ(λ +n+

√
n) = ps−xλ ,

which gives

λ =
(n+

√
n)γ

ps−x− γ
=

(pxu+1)u
ps−x− γ

pxγ,

k = n+λ =
ps−xn+

√
nγ

ps−x− γ
=

(psu+ γ)u
ps−x− γ

px,and

w =
k−√

n
pxγ

=
(n−√

n)ps−x+2
√

nγ
γ px(ps−x− γ)

=
(pxu−1)u

γ
+

(pxu+1)u
ps−x− γ

.

Write

a+ ā = −pxα,

a− ā = η px√−p

with α,η ∈ Z and gcd(p,α) = 1. Because 1≤ 2d1−a− ā anda+ ā 6= 0, we must
haveα ≥ 1. From 4n = (a+ ā)2 − (a− ā)2, 4u2 = α2 + pη2. From Proposition 2,
we see thatπ(w) = π(η) \ {p}, whereπ(w) denotes the set of prime divisors ofw.

From
√

n+ k−√
n

w ≤ ps we getu+γ ≤ ps−x. After simplification, we reduce the above
conditions to the following list:

γ|(pxu−1)u, (ps−x− γ)|(pxu+1)u, 2u+α|w, ps−x|px(2u−α),
η |ps−xw, u+ γ ≤ ps−x, π(w) = π(η)\ {p}, 4u2 = α2+ pη2,
s≥ x+1, x≥ 1, α ≥ 1.

Remark: (1) From the expression ofw, we can show that roughlyv ≥ 4n with γ
as a variable in(0, ps−x), and minimized whenγ = ps−x

2 . We have made no use of
divisibility conditions involvinga, ā. Notice thatw > 1, since(2u+α)|w and 2u+
α ≥ 3, i.e.,G can not be ap-group.

(2) From|Uc| ≥ 0, we getv≥ 2k−2d1
2d1+pxα +1, which is trivial.

(3) Let Ũc = {χ ∈ Uc | χ is nonprincipal onGp}. Then we have|Ũc| = |Uc| −
(|W|−1). We define a group action ofZ∗

ps onŨc by (t,χ)→ χ t , wheret ∈ Z∗
ps,χ ∈

Ũc. It is not hard to see that each orbit has length divisible byp− 1. Therefore we
obtain(p−1)

∣∣(w(d1−
√

n)− (k−√
n)).

(4) LetT1 = {t ∈ Z∗
ps|( t

p) = 1}. We can define a similar group action ofT1 onUa

as above. By an analogous argument, we havep−1
2

∣∣(w√n−d1+(k−√
n)).

At this point, we may speculate all the known parameter sets.We have conducted
a computer search forp∈ {3,5,7,11,13,17,19},1≤ x,s≤ 10,1≤ α,η ≤ 104, and
failed to find a parameter set satisfying all the conditions listed in this section and
Section 2. The examples below indicate that such parameter sets might exist.
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Example 1Take p = 7, α = 8, η = 24, u = 32, γ = 4, v = 23 · 35 · 73, k = 54656,
n= 210 ·72. In this case, 3|w, 3|(k−√

n), and withd1 = 0, all the conditions in this

section are satisfied except(
√

n−d1+
k−√

n
v )(2

√
n+a+ ā)≤ k .

Example 2Take p = 11, α = 30, η = 48, u = 81, γ = 980, v = 210 · 3 · 115, k =
364287561,n=38·114. In this case,w≡ 2 (mod 5),

√
n≡1 (mod 5), 5|(k−√

n),
and withd1 = 1, all the conditions in this section are satisfied exceptp−1

2 |(w√n−
d1+(k−√

n)).

4 The cased =−2

Secondly, we move to the cased = −2 and∆d = −8. Under such assumption, we
have already known that 4|m in Section 2. Define

l = min{|N|
∣∣G/N has exponent strictly divisible by 4}.

So we may choose such a subgroupN of G, whose order isl andG/N has exponent
strictly divisible by 4. Considering the homomorphic imageof D in G/N, as in the
proof of Lemma 2, we obtain

√
n+

k−√
n

v/l
≤ l .

Clearly l is a power of 2 andl ≤ 2s−2. Since
√
−2 lies inQ(ξ8) but not inQ(ξ4), we

must have 8|exp(G), hencel ≥ 2. Writek=
√

n+γ∆ for some positive integerγ, and
a= u1+u2

√
−2, whereu1,u2 are two integers satisfyingu2

1+2u2
2 = n. We have run

a computer search for−104 ≤ u1 ≤ 1,1≤ u2,γ ≤ 104 and found many parameter sets
such that all the conditions in Section 2 are satisfied. Here we only give the following
examples.

Example 3When a = 96(−1+ 2
√
−2)t, γ = 216t, n = 210 · 34 · t2, v = 4n, with

t ∈ {2i,12· 2i ,20· 2i | i is a nonnegative integer}, all the conditions in Section 2 are
satisfied. Ift = 1, we getl ≥ 1

(1− k−√
n

v )

√
n= 2

√
n= 26 ·32, sol ≥ 210. This forces the

Sylow 2-subgroup ofG to be cyclic, but a result of Turyn says such difference sets
do not exist, cf. [17, Theorem 2.4.11].

Example 4When a = 192(−7+ 4
√
−2)t, γ = 972t, n = 212 · 36 · t2, v = 4n, k =

2n+
√

n, with t = 2i for some nonnegative integeri, all the conditions in Section 2
are satisfied. Ift = 1, l ≥ 2

√
n = 27 ·33, thenl ≥ 212. This is ruled out similarly as

above.

5 The cased =−1

The analysis of the cased = −1 and∆d = −4 is almost the same as that of the case
d =−2. First define

l = min{|N|
∣∣G/N has exponent strictly divisible by 2}.
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Similarly as above, we have
√

n+
k−√

n
v/l

≤ l , (4)

where l is a power of 2, and 2≤ l ≤ 2s−1. Write k =
√

n+ γ∆ for some positive
integerγ, anda= u1+u2

√
−1, whereu1,u2 are two integers satisfyingu2

1+u2
2 = n.

We have also run a computer search for−104 ≤ u1 ≤ 1,1≤ u2,γ ≤ 104 and found
many parameter sets such that all the conditions in Section 2are satisfied. Here we
give an example.

Example 5When a = 160(−3+ 4
√
−1)t, γ = 500t, n = 210 · 54 · t2, v = 4n, k =

2n+
√

n, with t = 2i for some nonnegative integeri, all the conditions in Section 2
are satisfied.

6 Special Cases

Three special cases will be considered in this section:

(1) D is a Hadamard difference set witha+ ā= 0;
(2) G is a p-group;
(3) Uc∪{χ0} is a subgroup of̂G.

6.1 D is a Hadamard difference set witha+ ā= 0

Now let D be a Hadamard difference set with three nontrivial character values
√

n, a
andā. Assume thata+ ā= 0, then by Lemma 3, we obtaind = −1 anda= ±i

√
n.

Since 1≤ 2d1−a− ā, we infer thatd1 = 1, i.e., 1G ∈ D. In the following, we split
the discussion into two cases, according to the parameter ofD.

If D is with parameter(v,k,λ ) = (4n,2n+
√

n,n+
√

n), then it will satisfy all the
necessary conditions, with the only possible exception of (4), which becomesl ≥2

√
n

here. Using formulas of Section 2, we have∆ = 2
√

n,R=
√

n,Ω = −√
n− i

√
n,

and|D∩D(−1)| = 2
√

n. DenoteH = D+D(−1)−G. There are 2
√

n(= |D∩D(−1)|)
elements whose coefficients are 1 inH, and others have coefficients 0 or−1. In
addition, the sum of all coefficients ofH is 2

√
n(= 2k− v). It now follows thatH is

a subset ofG. DenoteM =Uc∪{χ0}, then we have

χ(H) = χ(D)+ χ(D(−1))− χ(G) =

{
2
√

n, if χ ∈ M;
0, if χ ∈ Ĝ\M.

Using inversion formula, we findH2 = 2
√

nH andH = H(−1), i.e.,H is a subgroup
of G with order 2

√
n. We say a character ofG annihilates a subgroupH of G if

χ(h) = 1 for all h ∈ H. The set of all characters ofG annihilatingH is called the
annihilator ofH in Ĝ, and denoted byH⊥. We readily verify thatM = H⊥ and|M|=
|H⊥| = |G/H| = 2

√
n. As in the proof of Lemma 2, we findG⊥

2 ≤ M and |G⊥
2 | =

|G/G2|= w. This leads tow|2√n, which impliesw2 |4n. We recall thatv= 4n= 2sw,
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Table 2

dg d′
g g−1(Ua) g−1(Ub) g−1(Uc)

1 1 −√
n −√

n 2
√

n−1

1 0 −i
√

n i
√

n −1

0 1 i
√

n −i
√

n −1

where gcd(w,2) = 1. Hence we findw2 |2sw, which impliesw = 1, i.e., G is a 2-
group. It now follows thatn = 2s−2, ands must be even, since

√
n is an integer.

Write s= 2m for some nonnegative integerm, thenD is with parameter(v,k,λ ) =
(22m,22m−1+2m−1,22m−2+2m−1). In this case, we may update Table 1 to get Table
2.

On the other hand, ifD is with parameter(v,k,λ ) = (4n,2n−√
n,n−√

n), then
it can be ruled out. First we find|D∩D(−1)| = 1 and|Uc| = 1+2

√
n. DenoteH =

G+1−D−D(−1). ClearlyH is a subset ofG with size 1+2
√

n. We readily verify

χ(H) =





1+2
√

n, if χ = χ0,
1−2

√
n, if χ ∈Uc,

1, if χ ∈ Ĝ\M,

and

g−1(Uc) =





1+2
√

n, if g= 1G,
1−2

√
n, if g∈ H,

1, if g∈ G\H,g 6= 1G.

By the inversion formula, we obtain

H2 = (2
√

n−1)+ (2−2
√

n)H +2G,

and
U2

c = (2
√

n−1)+ (2−2
√

n)Uc+2Ĝ.

Because the coefficients ofH2 are nonnegative, we have 2− 2
√

n+ 2 ≥ 0, which
gives

√
n≤ 2. If n= 1, we haveD= {1G}, for |D|= k= 1 andD contains the identity

element. But this contradicts to the fact thatχ(D) takes three values. Ifn = 4, then
we getv= 16 andU2

c = 3+2(Ĝ−Uc). Hence for every element ofUc, its coefficient
in U2

c is zero. By the result of Turyn [17, Theorem 2.4.11],G cannot be cyclic, so
must be isomorphic toZ8

⊕
Z2 or Z4

⊕
Z4. It is a well known fact that̂G ∼= G. In

each case, there are exactly three elements of order 2 inĜ, and they all belong toUc.
Hence at least one element of order 2 must has positive coefficient in U2

c . This is a
contradiction.

The following is a summary of our discussions.

Lemma 4 Let D be a Hadamard difference set of order n in an abelian group G
with three nontrivial character values

√
n, a andā. If a+ ā = 0, then D must be

with parameter(v,k,λ ) = (22m,22m−1+2m−1,22m−2+2m−1) for some nonnegative
integer m. In particular, G is a2-group. Let H= D+D(−1)−G. Then one has that
H is a subgroup of G, and H⊥ = χ0∪{χ ∈ G|χ(D) =

√
n}.
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6.2 G is a p-group

Recall thatw> 1 if p is odd, hence we must havep= 2. By a result of Menon [15],
the plausible difference setD is with parameter(v,k,λ ) = (4n,2n±√

n,n±√
n).

Write v = 4n = 2s for some nonnegative integers. Since∆ |v, we can assume∆ =
2
√

n−a− ā= 2u with u being a nonnegative integer. From∆ = 2
√

n−a− ā< 4
√

n
and−a− ā≥ 1− 2d1 ≥ −1, we get 2s/2− 1≤ 2u < 2s/2+1. Consequently we find
2u = 2s/2 = 2

√
n, implying a+ ā= 0. This implies thatD satisfies the conditions of

Lemma 4. HenceD must be with parameter(v,k,λ ) = (22m,22m−1+2m−1,22m−2+
2m−1) for some nonnegative integerm. Let H = D+D(−1)−G. Then one has thatH
is a subgroup ofG, andH⊥ = {χ0}∪{χ ∈ Ĝ|χ(D) =

√
n}.

Let us further assume that the exponent ofG is 4. From

√
n+

k−√
n

2rk2(G)
≤ 2s−rk2(G),

we getm≥ rk2(G). By the definition ofrk2(G), we can verify thatm= rk2(G), and

G∼= Zm
4 . Sincea=±i

√
n, we find that eachχ ∈Ua∪U (−1)

a has order 4. Notice that
Ĝ ∼= Zm

4 has 2m− 1 = 2
√

n−1 elements of order 2 and|Uc| = 2
√

n− 1, therefore
Uc contains exactly all the characters of order 2. In other words,H⊥ = {χ0}∪{χ ∈
Ĝ|χ(D) =

√
n} is the unique maximal elementary abelian subgroup inĜ. Such dif-

ference sets have been constructed by Davis and Polhill [10].

6.3Uc∪{χ0} is a subgroup of̂G

Let M = Uc ∪ {χ0}. SinceM is a subgroup, we see thatψ(M) can only take two
character values 0 and|M|, for each nonprincipal characterψ of Ĝ. Together with the
fact

ψ(M) ∈
{
−2R,

v
∆
−2R,

2v
∆

−2R

}

as listed in Table 1, we readily verify

v
∆
−2R= 0,

2v
∆

−2R= |M|,

since−2R< 0 and v
∆ −2R< 2v

∆ −2R. We recall thatR= k−√
n

∆ , thereforev= 2(k−√
n) and |M| = v

∆ . On the other hand, we havek2 = n+ (k− n)v. It now follows
v= 4n, k = 2n+

√
n andλ = n+

√
n, i.e.,D is with parameter(v,k,λ ) = (4n,2n+√

n,n+
√

n). Let H = D+D(−1)−G. Then we have

χ(H) =

{
2
√

n, if χ ∈ M;
a+ ā, if χ ∈ Ĝ\M.
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From the inversion formula, we findH = a+ ā+M⊥. Comparing the coefficients of
1G on each side, it now follows

a+ ā=

{
0, if d1 = 1;
−2, if d1 = 0.

If a+ ā=−2, then we have∆ = 2
√

n−a− ā= 2
√

n+2. From∆ |(k−√
n), we have

(
√

n+1)|n, which is false. Hencea+ ā= 0. ThereforeD also satisfies the conditions
of Lemma 4.

Now we see that in either of the above two special cases,D satisfies the conditions
of Lemma 4. We state the following as a summary of this section.

Theorem 1 Let D be a difference set in an abelian group G with three nontrivial
character values

√
n, a andā. Denote M= {χ0}∪{χ ∈ Ĝ|χ(D) =

√
n}. If

(1) D is a Hadamard difference set with a+ ā= 0, or
(2) G is a p-group, or
(3) M is a subgroup of̂G,

then D is with parameter(v,k,λ ) = (22m,22m−1+2m−1,22m−2+2m−1) for some non-
negative integer m. In particular, G is a2-group. Let H= D+D(−1)−G. Then one
has that H is a subgroup of G and H⊥ = M.

7 Conclusion

In this paper, we make an attempt to find difference sets without the character divisi-
bility property. Under the assumption that the difference sets have only three distinct
nontrivial character values, we have derived some restrictions on the parameters. It
turns out that their character values all lie in the fieldQ(

√
−d), whered = 1, d = 2

or d is an odd prime congruent to 3 modulo 4. We have conducted a computer search
for plausible parameters satisfying all these conditions.Whend = 1 or 2, we have
found some plausible parameter sets satisfying all our conditions, some of which are
listed in Examples 3-5. It is an interesting open problem to rule out these parame-
ter sets or construct a difference set with these parameters. An affirmative answer to
this problem will provide difference sets without the character divisibility property.
On the other hand, we have not found any parameter set satisfying all the derived
conditions whend is an odd prime.

At last, we take an initial step towards the case of|X|= 4. Similarly we introduce
the following sets

Uz = {χ ∈ Ĝ|χ(D) = z}

for eachz∈ {a,b,c,d}. These four sets will form a partition of̂G\ {χ0}. According
to the lengths of orbits ofGal(Q(ξm)/Q) acting ona,b,c,d, we may divide it into
the following four cases:

(1) The Galois groupGal(Q(ξm)/Q) acts transitively. For each primep|v, there
exists a characterχ with ord(χ) = p, so χ(D) ∈ Q(ξp). From the assumption
thatGal(Q(ξm)/Q) acts transitively on the set{a,b,c,d}, we have{a,b,c,d} ⊆
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Q(ξp). If v has another prime divisorq different fromp, then there exists a char-
acterψ such that ord(ψ) = q, it follows as above that{a,b,c,d} ⊆ Q(ξq). Since
Q(ξp)∩Q(ξq) =Q, we have{a,b,c,d}⊆Q, which is a contradiction. Therefore,
the order ofG must be a prime power, i.e.,G is p-group.

(2) There is one fixed point{a}, and an orbit of length three{b,c,d}. Thena ∈
Q. Fromaā = n, we havea =

√
n or −√

n. Since{σ−1(b),σ−1(c),σ−1(d)} =
{b,c,d}, we may assume thatc= b̄ without loss of generality. Thenσ−1(d) = d,
that isd is a real number. In addition,dd̄ = n, therefored =−a. Thend will also
be fixed byGal(Q(ξm)/Q), contradicting to our assumption.

(3) There are two fixed points{a}, {b} and an orbit of length two{c,d}. By the
similar analysis as in Case (2), we havea=±√

n, b=−a, andd = c̄.

(4) There are two orbits of length two{a,b} and{c,d}. Thenb= ā andd = c̄.

We leave this problem for our future considerations.
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