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TACTICAL DECOMPOSITIONS OF DESIGNS OVER
FINITE FIELDS

ANAMARI NAKIC AND MARIO OSVIN PAVCEVIC

ABSTRACT. An automorphism group of an incidence structure 7
induces a tactical decomposition on Z. It is well known that tacti-
cal decompositions of t-designs satisfy certain necessary conditions
which can be expressed as equations in terms of the coefficients
of tactical decomposition matrices. In this article we present re-
sults obtained for tactical decompositions of g-analogs of ¢t-designs,
more precisely, of 2-(v, k, \2; ¢) designs. We show that coefficients
of tactical decomposition matrices of a design over finite field sat-
isfy an equation system analog to the one known for block designs.
Furthermore, taking into consideration specific properties of de-
signs over the binary field Fa, we obtain an additional system of
inequations for these coefficients in that case.

1. INTRODUCTION AND PRELIMINARY RESULTS

Let I, be the finite field of order ¢ and Fy the vector space of di-
mension v over the finite field F,. An r-space is a subspace of F; of
dimension r. The number of r-spaces of Fy is

N e

The number of r-spaces containing a fixed s-space, s < r, is

-
r—s],
For every two subspaces U and V', the dimension formula holds:

dim ((U,V)) =dim U + dim V —dim (U NV).

Designs over finite fields were first introduced in the 1970’s, see [4],[5],[6].
First nontrivial designs over finite fields which are not spreads were
constructed in [14].
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Definition 1.1. A finite set B is called design over finite field with
parameters t-(v, k, \y) if the following properties hold:

(1) elements of B are k-spaces of the vector space F; called blocks,
(2) every t-space of IF} is contained in Ay blocks.

Designs over finite fields are also often called g-analogs of t-designs,
or shorter g-designs. A t-(v, k, \;) design is a finite incidence structure
(P, B), where P is a set of v elements called points, and B is a multiset of
nonempty k-subsets of P called blocks such that every set of ¢ distinct
points is contained in exactly A\; blocks. When parameters are not
important, t-(v, k, \;) designs are shorter called ¢-designs. When ¢ = 2,
designs are called block designs. Designs over finite fields are closely
related to t-designs. Every design B with parameters 2-(v, k, A2; q)
gives a block design with parameters 2-( [’1’] o m o A2), where points are
identified with 1-spaces of IFy and each block is identified with the set of
1-spaces it contains. The inverse statement is not valid. For example,
there are block designs with parameters 2-(15,7,3) which cannot be
constructed from the associated 2-(4, 3, 3;2) design.

If B is a design with parameters t-(v, k, A; ), then B is a design with
parameters s-(v, k, \s; q), 0 < s < t, where

iy

)\8 = )\t .
[,

The number of blocks in B equals

|B| = )\t%.
],
Automorphism of B is a linear operator ® € GL,(q) such that ®B =
B. The set AutB of all automorphisms of B is a subgroup of the
general linear group GL,(q), called full automorphism group of B. Any
subgroup of Aut B is an automorphism group of B.

2. TACTICAL DECOMPOSITIONS OF DESIGNS OVER FINITE FIELDS

The idea of considering tactical decompositions of block designs was
first introduced by Dembowski [7]. Equations for coefficients of tactical
decomposition matrices for block designs are well known [9] and they
were used for constructions of many examples of block designs (listed
in [13]). These equations were generalized for any ¢ > 1 in [12]. In this
article we introduce tactical decompositions of designs over finite fields
for t = 2. We show that coefficients of tactical decomposition matrices
satisfy an equation system analog to the one known for block designs.
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Furthermore, taking into consideration specific properties of designs
over the binary field Fy, we obtain an additional system of inequations
for coefficients of tactical decomposition matrices of a 2-(v, k, Ag; 2)
design. The system of equations and inequations for coefficients of
tactical decomposition matrices represents necessary conditions for the
existence of designs over finite fields with an assumed automorphism
group.

The Kramer-Mesner method [10] has been adopted and used for con-
struction of designs over finite fields, see [1], [2], [3]. In [11] it was intro-
duced how a tactical decomposition of a t-design induced by an action
of a proposed automorphism group can be used for the enhancement
of the Kramer-Mesner method. The necessary conditions on the exis-
tence of designs over finite fields with an assumed automorphism group
introduced in this article can be implemented in the Kramer-Mesner
method for construction of designs over finite fields, in a manner analog
to [L1].

Definition 2.1. Let U be the set of all 1-spaces of a finite vector space
V' over a finite field F. Elements of ¥ shall be called points. A decom-
position of a design B over a finite field F is a partition of the set of
points W =W U---UW,, and the set B=B,U---UB,. We say that
a decomposition is tactical if there exist nonnegative integers p;;, Kij,
1=1,....m, 5=1,...,n, such that

(1) every point in U, is contained in p;; blocks in B;,

(2) each block in B, contains k;; points in U;.

Matrices [pi;] @ [kij] are called tactical decomposition matrices.

There are two trivial examples of tactical decomposition of a design.
The first example is obtained by putting n = m = 1, and the second by
partitioning sets ¥ and B into 1-element subsets. A nontrivial tactical
decomposition can be obtained by an action of an automorphism group
G < Aut(B) on a design.

Theorem 2.2. Let G be an automorphism group of a design over finite
field B. Then the orbits of the set of points W and the orbits of B form
a tactical decomposition.

Let B be a design with parameters 2-(v, k, \; q). Let
V=000V, B=B U---UB,,

be a tactical decomposition of B. For P € ¥ we denote by Zp = {B €
B| P < B} the set of all blocks containing P. Obviously, |Zp| = A\
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and
Pij = |Ipm8j|, PE\I/Z',
B
Rij = ||:1:|ﬂ\112|, BGBj,

where [ﬂ is the set of all 1-spaces of B. Coefficients p;; and k;; are
not dependant on the choice of P € ¥; and of B € B; if and only if
the decomposition is tactical. It is easy to show that

< k
;fﬂj = ll} )

q
Zpij = AL
j=1

Double-counting of the set {(P, B) € U; x B; : P < B} yields
(2) (Wil - pij = |Bj| - i

(1)

Now, fix a point P € ¥;. Double-counting of the set
{(Q,B) € ¥, xB: P,Q < B}
yields

(3) > ok = Y [Tp NIg).
j=1

Qev,

It is easy to compute the right-hand side of the previous expression.
Obviously, Zp NZg = {B € B : (P,Q) < B} and so

)\1 P:Q
Ir NIyl = ’ ’
[Zp N Zg| {Az, P#£Q.

Thus, we have obtained a system of equations for the coefficients of
tactical decomposition matrices.

Theorem 2.3. Assume B is a 2-(v, k, A2; q) design with a tactical de-
composition

U=0,U.---UV, B=BU-- -UB,.

Let [pij] and [k;j] be the associated tactical decomposition matrices.
Then

- . Jp— )\2'|\IIT’|? l#’f’,
(4) ;pzmm = { M+ (0, =1), I=r
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3. IMPROVEMENTS FOR THE BINARY FIELD

Assume now that B is a design over the binary field Fy with parame-
ters 2-(v, k, Ay; 2) and with an automorphism group G < GL,(2). Then
the orbits of ¥ and the orbits of B form a tactical decomposition

U=U,U---UT, B=B U---UB,.
Fix a point P € ¥;. Double-counting of the set

{(R,S8,B) eV, x¥y,xB: PRS<B}
yields

(5) Zplj’%rj"isj = Z Z |IP mIR ﬁzs‘
j=1

ReV, SeV,
Let Re ¥,, S € U,. Obviously

ImeRmIS:{BGB : <P,R,S> SB} =:TpRs.

By the dimension formula, 1 < dim(P, R,S) < 3. For R € U, let
Ul (R) be the set of all Q € ¥, such that dim(P, R,Q) =1, 1 =1,2,3,

U(R) :=1{Q € ¥, : dim(P, R, Q) = i}.
Sets U’ (R) are pairwise disjoint and form a partition of ¥,

U, = UL(R)UTV?(R)UV3(R).

Let
Qﬁ“s: Z Z |IPRS|> 1=1,2,3.
ReV, SeVi(R)
Then
(6) Z pleTj’%Sj = 71"5 + ¢§s + ¢§s
j=1
In the continuation, we compute ¢, ¢?,, and obtain an upper bound

for ¢3,. It is easy to see that

|I | _ )\17 S e \D;(R)a

PRSI = Aoy, S E \Dg(R)

For S € U3(R) we can obtain only an upper bound,
) v—3

(7) |IPRS| < IIlll’l{)\Q, |i]{} _ 3:| } =! .

q

Consequently, we can obtain only an upper bound for the right-hand

side of ().
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We denote the 3 points of a 2-space (P, R) of F§ by P, R and P+ R.
Let M,s(P) C W, be the set of all points R € ¥,., P # R, such that
P+ Re VU,

M, (P):={Rec U, \{P}: P+RcT,}.

Tactical decomposition of B is group-induced. Hence, the cardinality
of M,;(P) is not dependant of the choice of P € ¥y, i.e. |[M,4(P)| =
|IM,.s(P")|,VP" € ¥;. We shall write 0y,.s := |M,s(P)|. The cardinality
of U'(R), i =1,2,3, varies depending on whether R = P, R € M, (P)
or otherwise.

Lemma 3.1. Assume B is a 2-(v,k, A\2;2) design with an automor-
phism group G and a G-induced tactical decomposition

U=U,--U¥,, B=BU- -UB,.
Let P € WV, and R € V,. Then

1 |1, l=r=siR=P,
|\D8(R)|_{ 0, otherwise .

Furthermore:

(1) Forl#r+#s#1 holds

Rl ={ e

0, otherwise,

sy _ J W —1, Re M, (P),
[WL(R)| = { |Wsl, otherwise.

(2) Forl=r=s holds

3, R € M,4(P),
|U2(R)| =<} |¥| -1, R=P,

2, otherwise,

|Ws| =3, Re M, (P),
|U3(R)| = 0, R=P,
|| — 2, otherwise.
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(3) Forl=r+# s holds

1, Re M, (P),
|W3R)| =< V|, R=P,

0, otherwise,

|\I]8|_1a REMTS(P)a
wRI={ 0. R=P
|Ws|,  otherwise.

(4) Forl# r =s holds

LELTES o

1, otherwise,
sy _ J [ =2, Re M, (P),
[VS(R)| —{ U, =1, otherwise.

Proof. 1t is easy to see that

1 | A{P}, l=r=sand R=P,
v (R) = { (), otherwise.

We shall now determine W%(R) in each of the four cases. Then,
TI(R) = U\ (T,(R) UTL(R)).
Note that for R € ¥, holds
V3(R) C{P,R,P+ R}.
Let l #1r # s # 1. Then P,R ¢ U, hence

2 | {P+ R}, Re M, (P),
Vi(R) = { 0, R & M,,(P).
Let [ =r =s. Then P,R € ¥, and
{P,R,P+ R}, Re& M, (P),
T3(R) =

v\ {P}, R=P
{P, R}, otherwise.

Let [ =r # s. Then
{P+ R}, Re M,(P),
T3(R) =

v, R =P,
0, otherwise.
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Let [ #1r =s. Then

9 R,P+ R}, Re M,
v (R) = { { {R}, ; otherw1se( )

U

The following theorem gives additional necessary conditions on the
existence of a 2-(v,k, A9;2) design with an assumed automorphism

group.

Theorem 3.2. Assume B is a 2-(v, k, \y;2) design with an automor-
phism group G and a G-induced tactical decomposition

U=U,U---UV, B=BU---UB,.

Let [pij] and [k;j] be the associated tactical decomposition matrices.
Then

n
> pijtinstis; =
i=1

O-lrs')\2+¢§s> l%r%s#l,
=¢ M+ +ous —3) A+ 2, l=r=s,
(|Us| + ours) A2 + B2, l=r+#sorl#r=s,
and
(|\I]T|'|\I]8|_O-lrs)(pa Z%T%S#l,

S < (U =310y —ous +2)p, L=1=35,
(|\Ijr|'|\118|_|\118|_0'lr8)%0a l=r#sorl#r=s,

where ¢ := min{ \g, [Z:?’,’]q}.

Proof. Fix a point P € ¥;. Then it holds
Zpl]”%rjﬁsj = 71“8 + ¢72“8 + Cbis
j=1

Applying Lemma B3], it is easy to compute ¢, and ¢?2,, and obtain an
upper bound for ¢3_.

Let | # 1 # s # 1. Then ¥, = M, (P) UM, (P),

72"322 Z )‘2: Z Z )\2_0lr5' 2

ReV, SeV2(R) ReM;s(P) SeEV2(R)

787
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while

o= Y |Zers]

ReV, SeU3(R)

S0 Zersl+ DD D |Zeas]

REM,+(P) SEU3(R) REM,s(P) SET3(R)
Salr5(|\ys|_]—)¢+(|qu| 0-17“8)|\II |()0
= (|\IIT| : ‘\IIS| - UITS)‘P-
Let | =r =s. Then ¥, = M, (P)U{P} U M,(P),
hm X X et 3 B et 3k
REM,(P) S€W2(R) ReM,(P) SEV2(R) Sewy(p

—30’1r8)\2+2(|\111| Olrs — ))\2+(|\I’l| —1)
= (3|\Dl| + Opps — 3))\29

o= > > Zersl+ D> D> |Zess

ReM,s(P) SE¥3(R) ReM,o(P) SEV3(R)
< ops (V| = 3)o + (| V.| — a1 — (|0, — 2)¢p
= (|\Ijl|2 - 3|\Ijl| — Olrs + 2)@

Let [ =7 # 5. Then ¥; = M,,(P) U{P} LU M, (P),

72«522 ZM‘*‘Z)Q

while

ReM,;s(P) SeV2(R Sew2(P
= (Ulrs_'_ ‘\I] ‘))‘27
while
o= D D Teesl+ ) Z [Zpns]
ReEM,s(P) SEV3(R) ReM,s(P) SEV3(R

< (|Vs| = Dowrs + (|¥r| — o1 — 1) W |90
= (|\IIT| ’ ‘\IIS| - ‘\IIS‘ - UITS)‘P-

Let [ # r = s. Then ¥, = M,(P) U M,,(P),

D DD I LD DD P
ReM,s(P) SET2(R) ReM,.s(P) SEVZ(R)
= 2Ulrs)\2 + (|\I]s| - Ulrs))\2
- (|\I]s| + Ulrs))\Za

s S0 Zersl+ D, D |Zeas|

REM,s(P) S€U3(R) ReM,(P) SEV3(R)
O-lrs(|\ljs| - 2)Q0 + (|\Ijr| UITS)( v | - 1)
(O] - [Ws| = |9, = T10) -

while

A
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Note that the application of the equality

|y

Kij = @pzj

on the left-hand side of the expression ([]) eliminates the coefficients
r;j from () and yields a system of inequations for the coefficients p;;

n

- |\Ijr| ’ |\IIS|
Z PlikrjRsj = Z Wpljprjpsj-
j=1 !

J=1

An analog relation is valid for the coefficients x;; as well.

4. EXAMPLES FOR SOME CYCLIC GROUPS

We shall now illustrate our results on the example of a design B with
parameters 2-(4,3,3;2). Let G = (@) < GLy(4),

0001
0010
=101 10
1001

Group G is the cyclic group of order 3. Assume G is an automorphism
group of B. Then

U=0, U1,

with respective orbit representatives ([1, 0,0, 0]), ([1,0, 1,0]), ([1,0, 1, 1]),
([1,1,0,0]), ([0,1,0,0]). All orbits are of length 3. The orbits of B
are currently unknown to us, but it is obvious that these orbits are of
length 3. In addition, the orbits of ¥ and the orbits of B form a tactical
decomposition

U=U,---U¥s, B=BL---UBs.
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Coefficients of a corresponding tactical decomposition matrix [p;;] must
satisfy the equations ([II) and (4)),

5
Zpij:’?, izl,...,5,
=1
5
Zpij:7a j:]->"'a5>
=1
5
> i
pL=13, i=1,...,5,
=1
5
Zprjpsj:9a r#s.
j=1

There are two matrices, up to a rearrangement of rows and columns,
with coefficients that satisfy the above mentioned equations:

31111 31111
1 3111 12 2 20
11311 , 1220 2
11131 120 2 2
11113 10 2 2 2

Note that the coefficients of the tactical decomposition matrices of a
block design with corresponding parameters 2-(15, 7, 3) also necessarily
satisfy this system of equations.

Furthermore, by the Theorem [3.2] the coefficients p;; satisfy an ad-
ditional system of inequations. First we determine the values oy,

1, [#r+#s#I,
Olrs = 27 l:T:‘Sa

0, l=r#sorl#r=s.

Coefficients p;; necessarily satisfy these inequations:

5
(8) 31 <) g, <31, 1=1,...,5
j=1
5
(9) 3D puprips < 11, L#T£s#1,
j=1

5
(10) 9 <) oy <15, L#T.
j=1
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Only one of the two constructed matrices satisfies these additional con-
straints. For the matrix

_ == =W
O NN
O NN
NN O DN
NN ODO

it holds that
5
> ray =25,
j=1

a contradiction with inequation (). Hence, the associated tactical
decomposition matrix [p;;] of a design with parameters 2-(4, 3, 3;2) and
automorphism group G, equals to the matrix

31111
13111
11311},
11131
11113

up to a rearrangement of rows and columns. There is a unique 2-
(4,3,3;2) design. It can be obtained by taking all the hyperplanes of
the projective space PG(3,2). In general, the coefficients of the tactical
decomposition matrices of a block design with the corresponding pa-
rameters do not necessarily satisfy the system of inequations from The-
orem 3.2l Namely, there are block designs with parameters 2-(15,7, 3)
for each of the two constructed tactical decomposition matrices. For
the computation of the matrices we used the program orbmat5qd made
by V. Kréadinac [11], application GAP [§] and our own programs.
Hereafter, we give another example. Consider now a design B with

parameters 2-(6,3,6;2). Let & € GLg(2),
0 1 0 0 0 07
001 O0O0O0
s |0 00100
00 0O0T1QO0
00 0O0O0T1
L1 0 0 0 1 1]

Then G = (®) < GLg(2) is the cyclic group of order 31. Assume that
(G is an automorphism group of B. Then

U=, U, LT,
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with respective orbit representatives ([1,1,1,1,0,1}), ([1,0,0,0,0,0]),
([1,0,0,0,0,1]). Moreover, || = 1, |¥y| = |¥3] = 31. Furthermore,
all orbits of B, currently unknown to us, are necessarily of length 31,
and the orbits of ¥ and the orbits of B form a tactical decomposition

\I/:\Iflu\lfgu\:[]g, B:BlL|"'|_|Blg.

In addition,

_{ 31, 1#r#s#1,

Olrs = .
Irs 0, otherwise,

30, r#s,1r,5=23,
O2rs = L, Q%T%S#2v

0, otherwise,

30, r=s,1r,8=2,3,
O3rs = ]-7 37&7?7&57&3?

0, otherwise.

We constructed 65 matrices satisfying the equations (Il) and () for
coefficients p;; of tactical decomposition matrices. Out of these 65
matrices, 3 do not satisfy the system of inequations from Theorem [3.2}

31 31000 000000O0O00O0O0OO0O0
0 6 1 333334444444 4 44
6 0 6 44 4443333333333

Namely, the coefficients of these 3 matrices do not satisfy the inequality

18

186 < Zpljp2jp3j < 1116.

j=1

For each of the remaining 62 matrices we attempted to construct a de-
sign over finite field with parameters 2-(6, 3, 6;2), automorphism group
G and associated tactical decomposition matrix M. For the construc-
tion we used a method analog to the one described in [I1]. We conclude
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that such design exists only when M is

31310 00000 O0OO0O0OO0OO0OO0OO0OO0OO0O0
3 3 0044444444444 4 44
3 3 7733333333333 333

In [I] examples of 2-(6,3,6;2) were constructed. Using the Kramer-
Mesner method the author constructed designs with an automorphism
group G = (07), where o is the Singer cycle, hence, G is the cyclic
group of order 9. The number of constructed designs is not reported.
We could construct 330 designs with given parameters, admitting the
action of the cyclic group G of order 31.
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