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Abstract

A relative t-design in the binary Hamming association schemes H (n, 2) is equiva-
lent to a weighted regular t-wise balanced design, i.e., certain combinatorial ¢-design
which allow different sizes of blocks and a weight function on blocks. In this paper,
we study relative ¢t-designs in H(n,2), putting emphasis on Fisher type inequalities
and the existence of tight relative t-designs. We mostly consider relative t-designs
on two shells. We prove that if the weight function is constant on each shell of a
relative t-design on two shells then the subset in each shell must be a combinatorial
(t—1)-design. This is a generalization of the result of Kageyama who proved this un-
der the stronger assumption that the weight function is constant on the whole block
set. Using this, we define tight relative ¢t-designs for odd ¢, and a strong restriction
on the possible parameters of tight relative t-designs in H(n,2). We obtained a new
family of such tight relative t-designs, which were unnoticed before. We will give
a list of feasible parameters of such relative 3-designs with n < 100, and then we
discuss the existence and/or the non-existence of such tight relative 3-designs. We
also discuss feasible parameters of tight relative 4-designs on two shells in H(n,2)
with n < 50. In this study we come up with the connection on the topics of classical
design theory, such as symmetric 2-designs (in particular 2-(4u — 1,2u — 1,u — 1)
Hadamard designs) and Driessen’s result on the non-existence of certain 3-designs.
We believe the Problem 1 and Problem 2 presented in Section open a new way
to study relative t-designs in H(n,2). We conclude our paper listing several open
problems.
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1 Introduction

The concept of relative t-designs in association schemes was started by Delsarte in [12]
(1977). We refer to [5] for a survey of a history of the study of relative ¢-designs in asso-
ciation schemes. In this paper we study relative t-designs in binary Hamming association
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scheme H(n,2). Our emphasis is on Fisher type inequalities and tight relative t-designs.
We mostly consider relative t-designs on two shells.

Two types of relative t-designs in any P-and Q-polynomial association schemes were
considered, see [4]. In the case of Hamming association schemes H (n,q), they coincide.
Firstly, we study the equivalence of these definitions, as well as the equivalence with the
concept of weighted regular t-wise balanced designs (cf. [20]). The second topic is on the
theory of relative t-designs on two shells. Our main theorem is Theorem B3], which says
that if the weight function is constant on each shell of a relative t-design on two shells then
the subset in each shell must be a combinatorial (¢ — 1)-design. This is a generalization
of Proposition 1 of Kageyama in [I8]. Kageyama proved his Proposition 1 for ¢-wise and
(t — 1)-wise balanced design on two shells in H(n, 2), under the stronger assumption that
the weight function is constant on the whole set. Our theorem (Theorem B3] gives a
strong restriction on the possible parameters of tight relative t-designs in H(n,2). We
studied tight relative 2-designs on two shells in Johnson association schemes J(v, k) in [26]
(see also [5]). The concept of tight relative 2e-designs were already discussed in [21], [3],
etc. Here we first discuss Fisher type lower bound, and define tight relative 3-designs on
two shells in H(n,2). We discuss some examples, as well as their classification problems.
In Section [, we will give a list of feasible parameters of such relative 3-designs with
n < 100. Then we discuss the existence and/or the non-existence of such tight relative
3-designs. In Section [6, we discuss possible feasible parameters of tight relative 4-designs
in H(n,2) with n < 50. (Here note that our theorems in the previous sections play
a very important role. We discuss the existence (and mostly non-existence) results of
tight relative 4-designs on two shells in H(n,2) with n < 50. We conclude this paper by
mentioning further research problems, namely what are the problems we want to study
in this research direction.

2 Definitions and basic facts

Let X = (X, {R;}o<i<n) be a symmetric association scheme defined on X. (Please refer to
[11], [6], [8] for information on association schemes.) Let F(X) be the vector space of all
the real valued functions defined on X. Let uy € X be fixed. Let X; = {z € X | (z,u) €
R;}. Some designs in symmetric association schemes are defined very similar to spherical
designs and Euclidean designs. When we consider spherical designs or Euclidean designs,
we use the vector space of polynomials. When we try to define designs in symmetric
association schemes by similar manner as spherical or Euclidean designs, we use the space
F(X) of real valued functions on X instead of the space of polynomials. We consider
F(X) in two different ways. One way is to study F(X) using the property of P-structure
of X. For z € X; we define a real valued function f, on X in the following way.

1 ifreX;, i>jand (z,2) € R,_;,
0 otherwise.

)=

We define
Hom;(X) = (f. | z € X;).



Let k; be the j-th valency of X. Then dim(Hom;(X)) = k;, and we have the following
direct sum.

F(X) = Homy(X) + Hom; (X) + - - - + Hom, (X).
Another way to study F(X) is using the column space of the primitive idempotents

Ey, Ey,...,E,of X. Foreach ¢, 0 </ <n,and u € X, let gb(f) be the u-th column vector
of | X|E,. Each o) is also regarded as a function defined on X. For each E, we define

LX) =(¢¥ |ue X), 0<{<n.

Let my be the rank of Ey. Then dim(Ly(X)) = my. If we consider the usual inner product
of RXI) then we have an orthogonal decomposition of F(X).

F(X) = Lo(X) L Ly(X) L -+ L L,(X).

Let X = (X, {R;}o<i<n) be an association scheme defined on X. Let (Y, w) be a positive
weighted subset of X. Assume Y is on a union of p shells X, U---U X, in X. Let
Y,, =Y NX, and w(Y,,) = > o w(y) for 1 < v < p. We have the following two
different ways of the definition for relative t-designs (cf. [4]).

Definition 2.1 (Relative t-design in Q-polynomial association scheme)
Let X be a Q-polynomial association scheme of class n. Then (Y, w) is a relative t-design
of the Q)-structure of X with respect to uq, if the following property holds:

p

> u‘)é?]) > f@) =) wy)fy) (2.1)

v=1 Tv reXy, yey

forany f € L;(X) with 1 < j <t

Definition 2.2 (Relative t-design in P-polynomial association scheme)
Let X be a P-polynomial association scheme of class n. Then (Y, w) is a relative t-design
of the P-structure of X with respect to g, if the following property holds:

P

> Y ) = X w)f)

v=1 Tv z€Xr, yey

for any f € Hom;(X) with 1 < j <t.

As for the relative 2e-designs in Q-polynomial association schemes, the following Fisher
type lower bound is known.

Theorem 2.3 ([2]) Let (Y, w) be a relative 2e-design of a Q-polynomial association scheme
with respect to ug. Assume Y is on p shells S = X, UX,,U---UX, . Then

V] > dim(Lo(S) + Lo 1(S) + - + Le_pia(S) (2.2)

holds, where L;(S) denotes the restriction of L;j(X) to S.



Definition 2.4 ([2]) If equality holds in 2.2), (Y, w) is called tight.

Theorem is proved by using the following proposition.

Proposition 2.5 ([2]) For uj,us € X, let o\ and 82 be the ui-th column vector of
Ey, and us-th column vector of Ey, respectively. Then (Ep, ¢y, )(Fo,du,) € Z?io L;(X)
holds for any integers {1,050 € {0,1,...,n} satisfying {1 + o < 20 .

Thus for a P-and Q-polynomial association scheme we have two types of decomposition
of F(X). In general for a P-polynomial association scheme Homg(X) + - - - + Homy(X)
may not be closed under the product of functions. However in [4], they proved that the
following condition is satisfied for general Hamming association scheme H(n, q).

Lo(X)+ -+ Ly(X) = Homy(X) + - - - + Homy(X) for £=0,...,n.
Proposition implies the following lemma.

Lemma 2.6 Let (Y, w) be a positive weighted subset on p shells X, U---UX, in H(n,2).
Then (Y,w) is a relative t-design with respect to ug if and only if the following condition
holds:

> Ufg) I @) => wy) H ) (2.3)

v=1 toreX,, j=1 yey

for any s with 1 < s <t and any uy,...,us € X;y.

Proof In [21], it is proved that {(;51(}) | uw € X1} spans the column space of Fj. Since
H(n,2) is a Q-polynomial association scheme, there exists a polynomial v} of degree i
and |X|FE; = v;(|X|E)) holds. Here product of the matrix (|X|E;)’ is defined by the
Hadamard product. Therefore if Y C X, U X,, U---UX,, satisfies the condition (2.3,
then (Y, w) satisfies the defining equation (2.I]) of relative t-designs. 1

The equality (23) plays an important role when we determine the feasible parameters
of tight relative t-design in H(n,2).

3 Main results

Let V = {1,2,...,n} and (‘:) be the set of all r-point subsets of V. Let X = FJ.
Without loss of generality we may assume ug = (0,...,0) € X and X, = {(z1,...,2,) €
X | #{i| x =1} =r}. Forx = (x,...,2,) € X, we define a subset B, of V' by
B, ={i eV |z, =1}. For asubset Y C X, we define By = {B, | y € Y}. On the
other hand for a subset B € (‘:), we define xg = (x1,...,2,) € X, by z; = 1if i € B and
v =0ifi ¢ B.

Definition 3.1 Let V ={1,2,...,n} and B be a set of subsets in V. Let w be a positive
weight function on B. Then (V,B,w) is a j-wise balanced design if

BeB,B.CB



holds with a constant \; which determined by j and independent on the choice of z € X;.
(V, B, w) is called a reqular t-wise balanced design, if it is j-wise balanced forj =1,2,... t.

Theorem 3.2 ([13]) Let V ={1,2,....,n}. LetY C X and By ={B, |y € Y}. Then
(Y,w) is a relative t-design of the P-structure of H(n,2) on p shells with respect to ug, if
and only if (V,By,w) is a reqular t-wise balanced design with positive weight w.

In the following for a subset Y C X, if (V, By, w) is a regular t-wise balanced design with
positive weight w, then we say Y has the structure of a regular t-wise balanced design.
If (V,By) is a combinatorial design, then we say Y has the structure of a combinatorial

design. First we prove the following theorem, which is a generalization of Kageyama’s
Theorem [18].

Theorem 3.3 (Generalization of Kageyama’s Theorem)

Let (V,B,w) be a t-wise and (t — 1)-wise balanced design. Assume B consists of blocks of
size ry and ro. Let B, = {B € B||B| =m} and B,, = {B € B | |B| = ry}. Assume that
the weight function w is a constant w,, on each block set B,,, v =1,2. Then (V,B,,) is

a combinatorial (t — 1)-(n,r,, Aﬁ’;"f) design for v = 1,2, with

(r1) (7’2 —t + 1))\t—1 — (n —t + ]-))\t
. (ro = r1)wy,
(7’1 —t+1))\t_1 - (n—t+1)>\t

@1—Tﬂwm

A

)

N =

Here \; = Z w(B) for z € X;, for j=t—1,t.

BeB,B.CB

Then we prove the following theorem.

Theorem 3.4 Definition and notation are given as above. Let (Y, w) be a weighted subset
of X,y UX,,. LetY,, =Y NX,, and assume w(y) = w,, for anyy € Y,, forv=12. Let
B,, be the set of blocks corresponding to Y,, and N,, = |Y, | for v =1,2. Then (Y,w) is
a relative t-design of H(n,2) if and only if (V,B,,) is a combinatorial (t —1)-(n,r,, )\Er_”l))
design for v = 1,2 and the following equality holds:

2 2 t—1 .
() o r, —j
ZU]T’V)\t (Zla...,lt) _ZNTV'UJTUH n—j (31)
v=1 v=1 7=0
for any distinct t points i1,...,1; in V. In above )\gr”)(il, ...,1;) denotes the number of

blocks in B,, containing {i,..., i;}.

Theorem 3.5 Let (V,B,) be a combinatorial 2e-(n,r, \o.) design and (V,B,_.) be the
complementary design of (V,B,.), with B,_., = {V\B | B € B,.}. Let B=B,UDB,_, and
Y =Y, UY,_, be the subset of X on two shells X, U X,,_, corresponding to the block set
B. Then (Y,w) is a relative (2e + 1)-design with constant weight, namely, w(y) = w for
any y €Y.



In general, for an odd integer ¢, we do not have a natural lower bound for relative t-designs
on p shells. However, if p = 2 and weight is constant on each shell, then Theorem
implies that Y,, and Y,, have the structures of combinatorial 2e-designs. Therefore we
must have

n
¥l = ¥l 1Yl > 2(). (32)

If a relative (2e + 1)-design (Y, w) satisfies equality in (3.2)), then we say (Y, w) is tight.
In the case of t = 3, Theorem and B4l imply that (Y, w) is a relative 3-design on

two shells X, U X, with constant weight on each shell if and only if the corresponding

designs (V, B,,) and (V, B,,) are combinatorial 2-designs. We have the following theorem.

Theorem 3.6 Let (Y,w) be a weighted subset of a union of two shells X, U X,, in
H(n,2). Assume w = 1, n = 4u—1, 1 = 2u— 1 and ro = 2u. Then (Y,w) is a
tight relative 3-design if and only if the corresponding design (V,B,,) is a symmetric 2-
(du —1,2u — 1,u — 1) design and (V,B,,) is the complementary design of (V,B,,).

Proof. Lett =3, w, =w,, =1, n=4u—1,r =2u—1, ry = 2u in BI), then we have
AT (i, i, i) 4+ AT (i, i, i) = u — 1.

Let oo be a point not in V' and V* =V U {occ}. Let B} = {BU{oo} | B € B}. Then
(V,B} UB,,) is a 3-(4u, 2u, v — 1) Hadamard design with 8u — 2 blocks. It is well known
that the complement of any block of 3-(4u,2u,u — 1) Hadamard design is again a block
(cf. [15], Lemma 4.1). This completes the proof. 1

We give the proof of our main results, Theorem B.3, Theorem [3.4] Theorem in the
following section.

For tight relative 2e-designs in Q-polynomial association scheme X, it is known that if
the stabilizer G of ug acts transitively on each shell X,, 1 < r < n, then weight function
w is constant on each Y, 1 < r < p (see [3]). But for odd integer ¢t = 2e + 1, we only
have natural lower bound for the case p = 2, assuming w is constant on each shell. The
following problems would be interesting.

(1) For relative (2e 4 1)-design of H(n,2) on two shells, can we prove [Y] > 2(") holds
without assuming that the weight is constant on each shell ?

(2) Can we generalize Kageyama’s Theorem for the relative ¢-design on p shells with
p>37

(3) Can we generalize Kageyama’s Theorem for H(n,q), g #2 7



4 Proof of main results

Proof of Theorem

Let (V,B,w) be a t-wise balanced design. By assumption B € B has either r; points
or ry points. We assume 2 < r; < ro < n —2 to avoid the trivial cases. Let B, be the set
of blocks of size 7, for v = 1,2. Let A be the incidence matrix of B, i.e., A is a matrix
indexed by V' x B whose entry is defined by

. 1 if7 € B,
Ali, B) = { 0 otherwise.
Let A,, (v =1,2) be a matrix indexed by V' x B defined by

1 it BebB,, andi € B,
0 otherwise.

At ={

By definition we have
A=A, +A,.

In particular for B € B,, (v = 1,2) we have
A(i,B) = A, (i, B) + A, (i, B) = A, (i, B)
and

i A(i, B) = i A, (i,B) =r,.
=1 i=1

Let 4q,...,4;,_1 be distinct £ — 1 points in V. Then we have

> ul {7’2 ZAzB} (i1, B) -+ A(ir_1, B)

BeB
= > w {7“2 ZA (i, B } (iy, B) - -+ A(is_1, B)
BEB,,
+ Z w(B {7’2 ZA ’l B } ’ll, ) A(’it_l,B)
BEBT‘Q
- (TQ - Tl) Z w(B)AT’l(ZlaB) o .Arl(it—la B)
BeB,,
=(ra=m) Y.  w(B)
BEBr'l
{i1,ees ity_1}CB
:wrl(rg—r1)|{B€Br1 | {’il,...,it_l}CB}|. (41)



On the other hand we have

> ul {7’2 ZAzB} (i1, B) -+ A(ir_1, B)

BeB

= Z B)ryA(iv, B) - - - A(iy—1, B ZZ JA(i1, B) - -+ A(iy-1, B)
BeB i=1 BeB

=r, >  wB) - Y oo wB - > > w(B)

BeB 101,01 BeB 1€{01,.. -1 BeB
{i1,-ig—1}CB AU }{i»i1»~~~,it71}CB lines }{i1 ~~~~~ it—1}CB

= 7"2)\15_1 — (n —t4+ 1))\15 - (t - 1))\15_1
= (7"2 —t+ 1))\15_1 - (n —t4+ 1))\15 (42)

Then (A1) and (2] imply

(Tg—t‘l‘l))\t_l—(n—t“—].))\t

BebB, |{i,...,i;_1} C B} =
[{B € By | {ir,- i} C BY e
(r2+t—1))\t,1+(n—t+1))\t

(ro—r1)wr :
Similarly we can prove the statements for B,,. This completes the proof. 1 1

Hence B,, is a combinatorial (¢ — 1)-(n, 1, )\E 1) design with )\t ;=

To give the proof of Theorem B.4] and Theorem 3.5 we need some preparation. Let
(V,B) be combinatorial (t — 1)-(n,r, \;_1) design. Let iy,...,is be distinct s points in V'
and £ be an integer satisfying 0 < ¢ < s. We define

pe(lyiy, ... i) = {B € B:|BN{iy,...,is}| =L}

When we consider relative t-design, we use the following expressions. Let B,., be the block
set corresponding to Y, C X, (ashell in H(n,2)) for v = 1,2. Let uy, ..., us be distinct
s points on the shell X; in H(n,2). Let ¢; be the coordinate of w; which takes the value
1 for 5 =1,...,s. Then we have the following equality

{yeY., | Hui | (y,w)€ Ry—1} =L} =5, (iir, ..., is)

for v = 1,2. In the following firstly we consider some properties of pg(¢;iy,...,is) for
(t — 1)-(n,r, \p—1) designs. It is well known that, for a combinatorial (t — 1)-(n,r, A\i—1)
design B, the following equality holds:

)

pB(S;’il,...,is) :)\5: P |B|
(7)

for s =0,...,t—1. We also use the notation A\P(iy, ..., ;) instead of pg(t;iy,. .., i) for a
combinatorial (¢t — 1)-design B. Before beginning the arguments on the designs we firstly
introduce a combinatorial formula which we use to prove our theorem, although it may
be well known already.



Lemma 4.1 For non-negative integers o, 5 and v satisfying a < (3, the following equality

holds.
Xa:(—l)j@) <ﬁ+;_‘7) — (5_3‘H>. (4.3)

=0

Proof. We have the following formulas for polynomials of z.

7=0
IR . 5+Z) i
(1—2) _22;( Z_
Hence we have . .
1 — p)e—b6-1 — 1y O‘) (5+2> i+j
= ;FO( >(j 5 )"

Let i + j = ~y. Then we have

(1—2)2f-1 = i i(—nj (O‘) (5 +; - j) 2. (4.4)

On the both hand since § — a > 0, we have
(1—2)* B = (1 —a) Gt =% (5 ot ”) 2. (4.5)
Y
v=0

(@4) and (A3) complete the proof. 1

Proposition 4.2 Definition and notation are given as above. Let (V,B) be a combinato-
rial (t — 1)-(n,r, \i—1) design and N = |B].

(1) Let {iy,...,is} be an s-element subset of V.. Then the following equation holds for
s and € satisfying 1 < s <t—1and 0 </l < s.

pg(f; 'il, - ,is) = N. (46)

(2) Let {i1,... it} be at-element subset of V. Then the following equality holds:

PG,y iy) = O o (M Y o, i) @)
GRLUEY

T) r—t

for any integer satisfying 0 < £ <t —1.



Proof. The formula (4.0) is well known (cf. [15]). The formula (A1) also might be already
well known, however we will give the proof below. By inclusion-exclusion principle, we
have

. _ t—/ t—¢ L, t—1V
PB(&le--,lt):)\é—( 1 ))\é+1+< 9 ))\€+2+""|’(—1)té1(t_€_1))\t—1
1)~ Z)\B(Zl,.. ,i¢)

+(—

——
Z < )Agﬂ + (=D, .. (4.8)
7=0
Since (V, B) is a combinatorial (¢t — 1)-(n,r, \;_1) design, the following equation is known.
N <n —(L+7)

Am’:@ .

) for 045 <t—1. (4.9)

Then (L) and ([@3) imply

Nyt (=) =0 =
_(:f) j:O( 1)< J n—r )
e N (n—t 1), ;
(=1) (’;)<n—r)+( DBy, ). (4.10)

Then apply formula (£3)) with « =t — /¢, § =n —r and v = r — {, to equation (LI0) we

have
pa(lyiy, ... i) = (TN){(Z:;) — (—1)”(2:;)}“ DINBGy, i),

This completes the proof of Proposition (2). 1

Let (V,B) be a combinatorial (¢t — 1)-(n,r, A\;_1) design. Let B = {V\B | B € B}.
Then it is known that (V,B¢) is a (t — 1)-(n,n —r, A{_,).

Corollary 4.3 Notations and definitions are given as above. The following equality holds

N (i i) — (—1)AB(iy, i) = %{(”;t) —(—1) <Z:i>} (4.11)

s

10



Proof. Proposition I2 (2) and A" (i, ..., i;) = pg(0; iy, . .., %) implies [EIT). 1

Now we are ready to discuss relative ¢-design (Y, w) in H(n,2) on two shells X,, UX,,
and give the proof of Theorem [3.4] we stated in Section3Bl Let Y,, =Y NX,, forv=1,2.
As we have seen in Section B Y;, and Y,, have the structure of combinatorial (¢t — 1)-

(n,r,, )\Er_”l)) design, i.e., (V, B,,) is a combinatorial (¢t —1)-(n,r,, )\gi”l)) design for v =1, 2.
Where B,, ={B, |y Y, }, B,={i|1<i<n, y, =1}

Proof of Theorem [3.4]
Let wuq,...,us be distinct s points in X;. Let us consider the defining equation of
relative t-designs.

> > e -3 3 wmm (41

v=1 Tu zeXy, j=1 v=1 yeYr,

Let (Q;(£))g<s <, be the second eigenmatrix of H(n,2). It is well known that Q1 (¢) =
n — 2¢ holds for 0 < ¢ <n. Since (z,u;) € R,,_1 U R, 11 holds for any = € X, , we have
the following equality on the cardinality of the set for each ¢ satisfying 0 < ¢ < s.

plem ez -060)

Therefore the left hand side of (£I2) equals

S22 () (L2 )a e

v=1 Tv /=0

frex,

Next we consider the right hand side of (4.12]). Let i; be the coordinate of u; whose entry
is 1 for 1 <4 < t. Let B,, be the block set corresponding to Y, . By (£2) and (4.0), if
s < t, then the right hand side of ([@I2)) equals to the following formula.

Z Wy, Z < )pBrV (67 7;17 cee 7iS>Q1(TV - 1)ZQ1(TV + 1)S_£
i=1

= Z; Z( ) ) Q1(r, — 1)’ Qu(r, +1)*°

Thus the equality (£I2]) holds for any s = 1,...,t— 1. Next, let s = ¢. Then Proposition
1.2 (2) implies that the right hand side of (£12) equals to the following formula

;w’”z ( ) (év) {(::te) ‘<—1>t‘é<:i__i)}+< 1) iy, it)) y

Q1(r, — 1)Qs(r, + 1) (4.14)

11



Here we use the notation )\gr”)(il, ...,iy) instead of N7 (iy,...,i,) (= pB,, (L1, ..., 1))
for simplicity. Then ([AI3]) and ([@I4) imply that for s = ¢, (£I12) is equivalent to the
following equation.

iw:v ;0 <Z <évn) {(::2) - (—1)t‘f<z__i)}+( 1A (zl,...,it)) x
Qui(r, — I ‘Qr(r, + 1)

= ; N(nu)) ;O (z (Z )Ql( ~1)Qu(ry, +1)
- Z () ;O<— r=(}) @it = Qi+
+§wmpzsw(t i, z)g(— ) ()Ql( —1)'Q1(r, + 1)

= ; N&u))ru ; (2) (:j:te) Qi(r, — 1)'Q1(r, + 1)

- Z Ne, (n - t) (Qu(r, — 1) = Qu(r, + 1))

r, —1t
+Zwm ANy i) (Qulry = 1) = Qu(ry + 1)) (4.15)

Since Q1 (r, — 1) — Q1(r, + 1) = 4, (II5) implies
t—1

’ (rv) & N, w, n—t ’ j
S w0 =3 (D”)V<r,,—t) > nH 1 (19

v=1 Tv

Thus we proved that equation (4I2) with s =t is equivalent to ([B.I]). This completes the
proof. 1

Proof of Theorem

Let ry = r and ry = n—r. Since (V, B,,) and (V, B,,) are combinatorial 2e-(n, r,, )\g;”))
designs which are complementary designs of each other N,, = N,, holds and Theorem B.4]
implies that it is enough that we prove the equation (3] holds for t = 2e¢ + 1. In the
proof of Theorem B4l it is shown that (B0 is equivalent to (ZIG). On the other hand
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Corollary 4.3 implies

>\g;1-21(7d7 s 77;26-1-1) + >\g;2_21 (ilv s 77;26-1-1)

S ()
:%(0_2:_1)*(“;2_6;1))- (4.17)

If t =2e+1, 7 =r and 7, = n —r, then {I0]) is equivalent to ([@IT7). Moreover, this
implies w,, = w,,. 1

The following proposition is very useful.

Proposition 4.4 Let (Y, w) be a tight relative 3-design on two shells X,, UX,, in H(n,2).
Assume ry + 1y =n, r1 < ry and w,, = w,,. Then

ATV (i, i) > 1
for any 3-point subset {iy,1s,i3} C V\B, with any B € B,,.

Proof. By assumption w,, = w,,, r1 +r2 = n and by Theorem and Theorem the
combinatorial designs (V. B,,) and (V,B,,) corresponding to Y,, and Y,, are symmetric
2-(n, 71, AY) and 2-(n, e, AY?) designs respectively. Therefore |B,,| = |B,,| = n and

B.I) imply

N 2, d) + A (i 2, )
1
= (n—1)(n—2) (7’1(7”1 —1)(r1 = 2) +ra(re — 1)(rg — 2>)

n? —3nry+3r3 —n

n—1

for any 3-point subset {iy,is,i3} C V. Let B = {ay,...,a,,} € B,,. Let V\B =
{arys1,--.,a,}. Assume that )xgm(aml, Uryi9, Qryr3) = 0 for {a,, 41, Gryro, @iz} C V\B.

Then ) )
(r2) n® —3nry +3r; —n

A3 (a )=

3 ro+1s Qro42, Qry43) =

n—1
holds. Let

n? —3nry +3r5 —n
n(n —1)

g3 = (418)
Count the number of blocks in B,, according to the manner given below. Note that the
following formula for symmetric design are well known

7’2(7’2-1)

)\(7’2):
2 n—1 "

A =gy (4.19)
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Then we have the following equations.

‘{B c Brz‘ ‘B N {CLT2+1, Ary42, ar2+3}| = 3}‘ = (O3, (420)
HB € BTZ“{B N {ar2+1> Qry+2, a’r2+3}| = 2}‘ = )‘gm) — (s, (421)
HB € BTZ“{B N {ar2+1> Qry+2, a’r2+3}| = 1}‘ =Ty — )\§T2)~ (422)

By [I8)-(@22), we have

n=B,| > as+ 30\ — as) + 3(ry — AT?)
(n® — 3nry + 3r3 —n)
n—1
—2n? + 2n + 9nry — 3ry — 612
n—1 '

:37’2—2

(4.23)

(E23) implies
3(n—ry)(n—2ry—1)

n—1

> 0.

Hence we must have 2ry < n — 1. On the other hand by the assumption, we have
n —ry =11 < 79, this is a contradiction. This completes the proof of Proposition 4.4l

5 Tight relative (2¢ + 1)-designs

Let (Y, w) be a tight relative (2e+1)-design on X,, UX,,. We assume weight w is constant
on each Y;, and let w,, = w(y) fory € Y, , v =1,2. Then Y,, =Y N X, is a tight 2e-
design for v = 1,2. Namely, N,, =Y, | = (Z) If ry =1 or ry = n—1, then we must have
trivial case Y,, = X,, or Y,, = X,,. Hence in the following we assume 2 < r; <ry < n—2.

5.1 Tight relative 3-designs

Method to get feasible parameters
The formula given in Theorem for t = 3 give the following formulas. In the following
we use the notation )\g”)(il, is,13) instead of pp, (3;i1,12,13) for simplicity.

. ) . r) (:,L,_—ll)
pBrl, <07 Zl) = )\0 =n—="Ty, pBr,, (17 7’1) - )\1 = (n) =Ty,

o r,(n—r, L r,(n—r,
PBTV(O;Z1,Z2):H—TV—%, pBTV(l;Zhh):i(n_l )7

o . r, — 1)r,
pE,, (251, i2) = A = ( n— 1) ' (5:1)

For any distinct 3 points i1, 79,13 € V, the following equality holds.

= P 2 r,(r, — 1)(r, — 2
;wm)\é )(11,12,13) = ;wm ((n— 1)27(1_2) ) (5.2)

14



The equations (5.I]) and (5.2)) give the equivalent condition for (V, B,,) and (V, B,,) to give
a tight relative 3-design Y =Y, UY,,. Since (V, B,,) and (V, B,,) cannot be combinatorial
3-designs, there exist {ay, as,az} and {by, by, b3} in V satisfying

AT > A (0, a0, a3) > ATV (by, b, ) > 0.
Then (52) implies
W, AT (ay, ag, as) — AT (b, by, b)) = wy (AT (by, by, bs) — AV (ay, as, as)).
Therefore we must have

AT > A2 (b, by, by) > AT (a1, s, a5) > 0.

Hence
A1, a2,08) = AT (b by)
T2 >\?“2 (bl,bg,b3> >\( )(a17a27a3> 7“1
Let

— )\grl) (a17 g, a3) )\(Tl (b17 627 b3)
A (b1, b, by) — AT (ar, a2, ag)

Then by definition a > 0, w,, = aw,, and

1 < )\(”)(al,aQ,ag) — )\( (bl,bg, bg) S >\gd1 y
1< A (b1, ba, bg) = A (a1, az, a) < A

The equation (B.2]) implies that the following holds for any distinct iy, 4,43 in V.

(7,2)2, 7, 7, :7’1(7’1—1)(7’1—2) 7’2(7“2—1)(7“2—2)_1 (Tl)i Z Z
At i) = e Ty Y T m—2) e (i)

We explained how to list feasible parameters n,ry, 79, Ny, Ny, and —2 for the case t = 3.

For the case t > 4 we use the same method. As we have seen in Theorem | the
existence of relative t-design on two shells X,, U X,, is equivalent to the ex1stence of

combinatorial (t — 1)-(n,r1, A)) and (t — 1)-(n, o, A™)) design with A (1, ..., i,) and
>\(T2)(’Ll, ..., 1) satisfying the equality (B1]). In the following sections we often use the
terminology, A-sequence of a (t — 1)-(v, k, \;—1) design (V,B). The definition is given as
follows.

Definition 5.1 Let (V,B) be a (t — 1)-(v,k, \—1) design. Let {1,0,...,¢; be integers
satzsfymg 0< 61 < 62 <0 < Kj < M\_1 and

{{ir, ... ie} C V| A (i da, i) = L} = ag, >0

fors =1,...,5. We call the sequence (ag, * l1,... a5 * {;) the Ni-sequence of (t — 1)-
(v, k, \i—1) design. We call j the length of the \;-sequence.

15



In the following we give the list of all the feasible parameters satisfying the integral
conditions in (5] and (5.2) up to n = 100. We divide the list into four cases according
to the following conditions on 1,7y and w,, wy,.

Case 1: r1 +ry =n and w,, = w,,.

Case 2: 11 +1ry =n and w,, 7# Wy,.

Case 3: 11 +ry #n and w,, = W,.

Case 4: 11 +1ry #n and w,, 7# W,.

Case 1: r; +ry =n and w,, = w,,.

@) @ n [ [ A5
nlnld n |l A 75 37| 18 | =1
131 1 1 46 [10] 2 X s Tor T3 =
11 5] 2 1 47123 ] 11 > 55 50T = ~
1314] 1 1 49 [16] 5 [>12146 <1951 6 —3
151 7] 3 5 51* [ 25| 12 > 1 =
166/ 2 3 52 18] 6 X 13 2 = 2

79127 9 > 1463
199 4 6 53 [13] 3 X

. 79 39 19 | > 2091

21 [ 5| 1 1 55% [ 27| 13 > 1 T Ti6 T 3 >
27 2 X 56 [11] 2 >5 20 —
23 [11] 5 1106 57 [ 8 1 1 % o1 5 > 213964
2519 3 78 58 [19] 6 X = TosT 9 ;
27 [ 13] 6 208310 59* [ 29| 14 > 1 R TR ;
29 | 8] 2 X 61 | 16| 4 >6

86 | 35| 14 X
316 1 1 61 [21] 7 X s T3 a1 —
31 [10] 3 151 61 [ 25| 10 > 24 TRETIEST =
31* [ 15| 7 |10374196953 63*[31] 15 | > 10" s (331 1o ~
34 [12] 4 X 64 [ 28] 12 | > 8784 ot Ti0 T 1 1
35 17| 8 > 108131 66 | 26| 10 | > 588 TRETRESY >
36 [15] 6 > 25634 67 |12 2 X T 53 =
3719 2 4 67 [22] 7 X TRBTERE =
39119 9 | >5.87-101 67* | 33| 16 >1 03 21 6 ”
40 [13] 4 > 1108800 69 [17] 4 >4 o1 131 T 10 ~
41 [16] 6 > 115307 70 24| 8 > 28 o5 T T 33 =T
43171 1 X 71 115] 3 > 72 56 o011 =
43 115] 5 X 71121 6 > 2 o ta3 T 11 =
43* 1211 10 > 82 7135 ] 17 >9 50 10 21 —
45 112 3 > 3752 7319 1 1 o0 a5 a0 ST

Table 1

Remark

(1) In the table given above, if a symmetric design of corresponding parameters (n, 71, )\gl))
exists then a tight relative 3-design on two shells X,, UX,,, with ry = n —r, exists.

(2) n* denotes the case which is 2-(4u—1,2u—1, u—1) Hadamard design with n = 4u—1.
In this case corresponding design (V, ,,) is the complementary design of (V. ,,),
ie, B, ={V\B|Be€B,}.
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(3) The last column for each n denotes the number of non-isomorphic symmetric designs.
“ x 7 indicates the non-existence, “ 7 7 indicates that existence or non-existence is

unknown.

(4) 78" denotes the number of non-isomorphic designs. The information is basically
from the Appendix-Tables A, B and C in [7] and Table 1.35 in [10].

Case 2: 1+ 1y =n and w,, 7# W,.

In the table below, we give the possible values of the pair ()\gl)(il, ig,13), )\ém)(il, ia,13))
for 3-point subset {iy,72,i3} C V and “Xx” indicates the non-existence of tight relative
3-design with the corresponding parameters.

S
5

P O

n|n o TR A8
T
3719 2 : (0,17), (2,10) X 024 8 | & (1,30), (4, 10)
z (0,18),(1,12),(2,6) | x 2 (2,25), (4, 6)
2 19 b) ) b)
1 18 2 ) 2
S5 (0,20), (1,9) X > (2,22),(7,0)
1
75 | (0,33),(1,20),(2,7) 3 (1,28), (6,0)
€ 1),(1,18), (2,2 ———
116 (033 )7( ) 8)7( ) ) 78 | 29 6 22_1 (2724)’(473)
L (0,36), (1, 14) 2 > o
23 199)5 2 = | (1,40),(2,20),(3,0))
L7177(0,32), (1,22), (2, 12) R B e Ty
o | (0,32),(1,22), 2 K3 (0,35), (6, 10)
1 25 b b )
66 26| 10 | & (3,24),(4,11) > (0,36), (5,12)
3 (3,21), (4,12), (5,3) 3 (0,40), (3,18)
T (i33-5i),i=2,...,6 TS Tz 0.17).(2.55)
5 9 b b )
o 0,24),(5,11) 1717(0,48), (1,40), (2,32)
5 0,21), (5,12), (10, 3) R BTy
5 ((0 ’15) ’(5 ’14) ’(10 ’13) = (0, £9), (2, 26)
- ) PR ) ) %5 (0750), (1735), (2720)
=2 (3,19),(6,0) 2 (0,51), (2, 14)
3 3,17), (6,6) 47 IRERETS
i1 (3,17), (6, 1717(0,52), (1, 30), (2, 8)
31 (3,23 7i),i = 0,1,2,3 N R AT
i ) ’ R = (0,53),(2,2)
= (2,19), (9,0) 5 0,54), (1, 25)
e (2,18),(9,3) 2 0.5),{,
7 2.17) (9.6 9620 4 | & (0,57), (4,6)
b) I ) 3
Table 2

Proposition 5.2 There is no tight relative 3-design on two shells with n = 37,r =
9,79 = 28 and w,, # w,,.

Proof. It is known that there exist exactly four 2-(37,9,2) symmetric designs. For
all the four 2-(37,9,2) designs we proved by computation that the Az-sequences equal
to (4662 % 0,3108 % 1). Hence Az-sequences of four 2-(37, 28, 21) symmetric designs equal
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to (3108 * 15,4662 = 16). This implies that A (i1,is,43) = 15 or 16 for any 3 points
i1,12,13 € V. Hence it is impossible to have tight relative 3-design with this parameter. g

Proposition 5.3 The tight relative 3-designs on two shells with n = 66,r; = 26, r, = 40
and w,, # w,, corresponding to the 14 known symmetric designs in the home page of Ted
Spence (see [23]) do not exist.

Proof. So far, the number of the known non-isomorphic 2-(66,26,10) designs is 14.
They give 14 different types of A3-sequence.

(1100, 825x1, 3850%2, 9900%3, 23100x4, 6875%5, 1100x*6),

(110 %0, 475%1, 3950%2, 11200%3, 219504, 6725x5, 1300%6, 50%8),

(600, 4251, 3650%2, 12775%3, 201254, 75255, 1025x6, 1507, 25x%9),
(600, 4501, 3675x2, 12775%3, 19775x4, 79505, 950 6, 1007, 25%9),
(600, 5751, 3875x2, 11850%3, 20175x4, 84755, 6256, 100%7, 25%8),
(850, 400x1, 3650%2, 12650%3, 20400x4, 7300x5, 1125%6, 125%7, 25%09),
(85%0, 4251, 3600x2, 12775%3, 200504, T7725x5, 925x6, 1507, 25%9),
(85%0, 600x1, 3725%2, 11900%3, 20300x4, 8400x5, 6256, 100% 7, 25%8),
(110 %0, 3251, 3700x2, 12450%3, 21000x4, 6775x5, 1250x6, 507, 100 ),
(110 %0, 5251, 36252, 116753, 21825x4, 67255, 1125%6, 757, 75x%8),
(1100, 575x1, 3775%2, 11175%3, 22050x4, 6825%5, 11756, 25%7, 50%8),
(1100, 600%1, 3750%2, 11050*3, 22300%4, 6700%5, 11506, 50x7, 50*8),
(1350, 475%1, 3775%2, 11425%3, 21925%4, 6675%5, 1275%6, 25%7, 50%8),
(135%0, 6751, 3700x2, 10650x3, 22750x4, 66255, 1150%6, 507, 25x%38).

However, the list ()\ém), )xém)) for n = 66 is given in Table 2. Hence it is impossible to
have tight relative 3-designs for n = 66 with non-constant weight if (V, B,,) is the one of
the fourteen 2-(66, 26, 10) designs.

Case 3: 1 + 1y #nand w,, = W,,.
The following is the table of the feasible parameters for n < 100.

Lo fr 2 e M) 8N |
316 1 ||16] 8 (i,4—1),i=0,1 |x

3115 7 ||25] 20 || (4,19—14),i=0,....7 | x
85(21] 5 [|49] 28 || (i,17—1),i=0,...,5
8536| 15 || 64] 48 |[(i,42—1i),i=0,...,15

Table 3

Proposition 5.4 There is no tight relative 3-design with n = 31, r{ + ro # 31 and
Wy, = Wy,

Proof. (1) Non-existence for n = 31, r; = 6, 5 = 16.

(£2) implies A§T1)+)\§T2) = 4. The A\3-sequence of the 2-(31, 6, 1) design is (3875x0, 620x1).
Then we must have )\?TZ (i1,142,13) = 4 or 3 for any 3-point subset {i1,is,i3} C V. The
complementary design (V, B, ) is a 2-(31,15,7) design and (AI]) implies )\552 (i1, 12,13) +

L B.,,. . .
)\frz (i1,12,13) = 7. Hence \3" (i1, 142,i3) = 3 or 4. Hence the A3-sequence of (V, Bf,) must
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be of the form (a3 * 3, a4 *4). On the other hand there are 10374196953 non-isomorphic
2-(31,15,7) designs, and Brendan McKay got all the Az-sequences with length at most 4
as listed below. We can easily see that there is no A3-sequence satisfying this condition.
Therefore there is no tight relative 3-design with this parameter.

No. No
; 23332*23’2322:? 1550 4) 15 | (1081, 40163, 324 %5, 47+ 7)
3 | (64+0, 389203 44804 147) 16 | (112%1, 40043, 336+ 5, 43 % 7)
4 | (11250, 355625, 7844, 4347 | |17 | (L16%1, 399243, 3485, 3947)
5 | (481, 41065, 144x5, 10757 | |18 |(120%1, 39803, 3605, 35+ 7)
6 | (64s1 414813 1025, 91x7) 19 | (124%1, 39683, 372%5, 31%7)
7 | (7241, 41243, 216 %5, 83 7) 20 | (1281, 3956« 3, 3845, 27 7) (5.3)
8 | (80x1 410043 240e3. 75e7) 91 | (132%1, 3044 %3, 396 % 5, 23 7) :
o | (8isl 408813 25245, TieT) 922 | (136 1, 3932 %3, 408 %5, 19%7)
10 | (S8+1 407623, 26405 6727 23 | (140 % 1, 3920 % 3, 4205, 15%7)
) ’ ) 24 | (144 %1, 3908 * 3, 4325, 11%7)
11 | (92%1, 4064 %3, 276 % 5, 63 7) 2 | (148+1, 3806+3, 44dn 5. Tx7)
12 1(96 %1, 405243, 2885, 59%T) | | o6 | (94049 298543, 1280 4, 90+ 5)
13| (100 %1, 40403, 3005, 5557) | | o0 | (et ot oot e 75 s)
14 | (104%1, 4028 %3, 3125, 51 % 7) ’

(2) Non-existence for n = 31, r, = 15, 7y = 25.
By (5.2)), for r; = 15 and ry = 25, we have

ATV iy g, ig) + AV (g iy, i5) = 19.

Since 7y = 25, (V, B;,) is a symmetric 2-(31, 6, 1) design. Hence (£IT]) implies

NZ72 (i) g, ig) = 16 — A\ (i1, da, i) = 15, or 16.
Therefore for r; = 15, we have
Bry . . .
A3t (iq,19,13) = 3 or 4.

Therefore (5.3) implies the non-existence of tight relative 3-design of this parameter.

Case 4: r; + 13 # n and w,, # w,,.

e A e | A g (A7)

316 1 [[21] 14 z (0,10), (1,4) X
10 3 [[16] 8 : (0,8), (1,3) X
0] 3 ||25] 20 2 1(,20—56),i=0,1,2,3 x
15| 7 |21 14 : (3,10), (4,4) X
16| 8 |21 14 2 (0,14),(4,9),(8,4)  x
21| 14 |25 20 > ] (4,20),(9,16),(14,12) x
21| 14 ||25] 20 2 (10,14), (14,5) X
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(0,28), (17, 21)

(46,31 —3i),i=0,...,4

(3,25), (12, 24)

(3,31), (18, 14)

(4,32), (11, 21), (18, 10)

(6,28), (17, 14)

n |l A e | A 5 (A5 A
611116 4 | 36] 21 i (i,14 — 24),i = 1,2,3,4
25| 10 || 45| 33 2 (21,26 —14),i =0,...,5
3 (2,33),(9,0)
36| 21 | 45| 33 2 (6,33),(21,11)
51 (8,33),(19,9)
= (11,30), (16, 3)
71115 3 | 36| 18 i (1,10 — 24),i = 0,1,2,3
15| 3 ||50] 35 = (0,30), (1,20), (2, 10)
21 6 35| 17 3 (1,9), (4,5)
3 (1,14),(2,5)
21| 6 [[36] 18 2 (0,13),(2,8), (4,3)
5 (1,9),(6,8)
i (1,18),(2,4)
21 6 56 | 44 > (1,36), (6,24)
= (1,44),(4,0)
: (2,34), (6,29)
z (1,46 — Ti),i=1,...,6
35| 17 || 50| 35 4 (0,31), (11, 22)
iz (0,32), (17, 16)
o (4,26), (9,24), (14,22)
S (5,28), (11,21), (17, 14)
2 (5,31), (13, 14)
= (5,32), (14, 10)
= (6,28), (13, 16)
38 (8,28),(9,0)
£ (i,65 — 5i),i = 6,...,12
35| 17 [ 56| 44 2 [ (20—1,39—1i),i=1,...,9
i (0,44), (17,24)
2 (5,40), (14, 24)
2 (5,42), (17,13)
= (6,39), (13, 24)
= (8,35),(11,22), (14,9)
L] (8,36),(9,24),(10,12)
2 (9,32), (14, 18)
71135 17 || 56| 44 3 (8,39),(9,4)
5= (9,29), (13,4)
36| 18 || 50| 35 = (9,22), (10, 4)
17
2
1
3
9
15
17
A
11
11
14
3
8

(3,48 — 8i),i = 2,3,4,5
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| AT ]| e | A o CYRIPYED)
36| 18 [[50| 35 | 1o (8,26), (18,7)
2 (8,28),(13,7)
2 (8,30), (10,17), (12, 4)
36| 18 || 56| 44 | & (33,64 — 107),i =2,...,6
2 (8,36), (13,27), (18, 18)
i (0,36), (17, 33)
L (3,36), (18, 32)
g (3,39), (12, 32)
z (4,40), (11, 32), (18, 24)
4 (6,36), (17, 30)
i (6,42), (17,13)
= (8,39), (12, 18)
2 (8,40), (13, 8)
L] (i,132—11i),i = 8,9,10,11
50| 35 |56 44 || ¥ (0,39), (16, 36), (32, 33)
3 (0,40), (35, 32)
2 (0,44), (28, 33)
13 (4,36), (17,35), (30, 34)
2 (7,39), (26, 34)
2 (10,39), (32, 32)
5] (3i+1,50—2i),i=3,...,11
2 (54,88 — 114),i = 4,5,6,7
o (21,39), (32,24)
= (21,44), (28,24), (35,4)
= (22,42), (31, 13)
= (24,35), (32,22)
21 (24,144 - 91),i = 12,13,14,15
= (24,40), (25,24), (26,8)
= (25,29), (28,4)
271 9 |39 19 3 (0,14),(3,9), (6,4)
27 9 66| 55 | o (3,44), (4,22)
27 9 |66 55 | =+ (1,51), (5,40), (9,29)
39| 19 |[52]| 34 || & (7,29), (11,16), (15, 3)
P (0,24), (19, 20)
= (2,30), (11, 20)
= (8,33), (11,4)
39| 19 |[66| 55 | 12 (0,51), (19, 40)
ke (8,28), (14,9)
= (10,20), (11,4)
40| 20 || 52| 34 2 (54,28 — 3i),i =0,...,4
° 5.29), (11,9)
= (10 20), (11, 4)
40| 20 || 66| 55 | 22 (7,53), (20, 20)
> (8,48), (17 3)
= (24,100 — 11i),i = 5,...,9
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(12,61), (20, 24)

(5i+3,84—12i),i=1,2,3,4

(11,67), (14,42), (17,17)

(8,67), (20,56)

(11,66), (22,4)

n - /\g‘l) ry /\27‘2) Zj:f ()\gm)’ /\;(37‘2))
791521 34 [ 66| 55 21 (3i+1,123—11d),i=17,...,11
2 (4,54), (28,43)
a (17,49), (34, 38)
19 (20,48), (30, 37)
= (22,47), (24, 14)

85121 5 57| 38 2 (1,26), (4,9)
28| 9 [|49| 28 Z (2,22),(4,7),(6,12)
281 9 [[36] 15 2 (3,6),(8,2)

281 9 64 | 48 = (4,27), (6,12)
% (0,44), (9,18)

36| 15 | 57| 38 L (0,26), (15,24)
= (1,34),(8,22),(15,10)
= (6,26),(9,9)

49| 28 | 57| 38 = (2,30), (25,22)
2 (44,45 — 5i),i=2,...,7

57| 38 || 64| 48 22 (0,37), (22, 36)
5 (49,45 — 5i),i=2,...,7
= (22,45), (30, 22)
a (22, 48), (33,6)
3 (25,37), (28, 18)
= (25,42), (26,8)

91 |[10] 1 46 | 23 1 (0,12),(1,5)
0] 1 55| 33 = (0,21), (1,6)
36| 14 | 45| 22 z (2,19), (4,14),(6,9), (8,4)
36| 14 | 81| 72 : (1,96 — 6i),i =4,...,14
45| 22 | 55| 33 z (0,24), (22,15)

2 (2,29), (14, 16)

= (10,21), (17, 6)

Z (10,25), (12,8)
45| 22 || 81| 72 18 (2,72), (18,57)

i (11,63), (22, 36)

7 (3,65), (10,64), (17,63)

2 (8,68), (17, 54)

22 (8,72), (21, 32)

= | (20,133-13i),i=12,...,15
46| 23 | 55| 33 2 (13,19), (18,17), (23, 15)
46| 23 | 55| 33 z (0,33),(23,6)

= (11,22),(14,3)

5 (53 43,23 — 24),i =0,...,4
46 | 23 |[81| 72 | % (12,40), (13,2)

8

37

5

12

3

25

12

11

11

62

[\)
[\]



|| ey [ AT | v | AT o CYRIPYED
91| 55| 33 |81 72 || £ | (21,57),(29,16)
10 | (21,60), (31,31)
2 | (21,62),(33,45)
= | (22,59),(33,36)
o | (24,47),(33,12)
20| (6,72),(33,56)
21 (11,67), (25,62)
21 (16,67), (29, 56)
Table 4

Proposition 5.5 There is no tight relative 3-design with the parameters n = 31, ri+ry #
n, w,, # w,, in the list given above.

Proof. There are 151 non-isomorphic 2-(31, 10, 3) designs and the Az-sequence is one of

the following cases.

(1240 « 0, 2790 x 1, 465 * 2),
(1239%0, 27931, 462%2, 1%3),
(12380, 2796+ 1, 459 2,
(12370, 27991, 456 2,

(1236 %0, 2802x1, 4532, :
(

(

(

(

(

)

)

1234 %0, 28081, 4472,
1233 %0, 28111, 444x2,
12320, 28141, 441%2, ,
123150, 28171, 438%2, 9x3),
(12250, 28351, 420%2, 15x3).

3

)

2% 3)
3%3)
4% 3)
1235%0, 28051, 450%2, 5x%3),
6+ 3)
7% 3)
8% 3)

The non-existence of such tight relative 3-designs on two shells is obtained (cf. Section

B.2). I

Proposition 5.6 The tight relative 3-designs on two shells with n = 61,1, = 25,1y = 45
and w,, # w,, from the 31 known symmetric designs in the home page of Ted Spence do
not exist.

Proof. In the home page of Ted Spence, there are 31 non-isomorphic 2-(61,25,10)
designs. And we can calculate the following Az-sequences for these 2-(61, 25, 10) designs.

(1050, 125%1, 24002, 76503, 17625%4, 6735%5, 1200%6, 150+ 7),
(10550, 125%1, 2325%2, 79503, 17175%4, 70355, 1125%6, 150x7),
(10550, 125%1, 2375%2, 7725%3, 17550%4, 67605, 1200%6, 150x7),
(105%0, 125%1, 2300%2, 8025x3, 17100%4, 70605, 1125%6, 150x7),
(1300, 200%1, 2300%2, 74503, 17800%4, 6760+5, 13006, 50 *7),
(1300, 200%1, 22752, 75253, 17725%4, 6785%5, 13006, 50*7),
(1300, 200%1, 2225x2, 77503, 17350%4, 7060#5, 12256, 50*7),
(130%0, 200%1, 2200%2, 7825x3, 17275%4, 70855, 1225%6, 50x7),
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(180%0, 230%1, 2800%2, 5715%3, 18880%4, 74055, T705%6, 507, 25%8),
(180%0, 225%1, 2720%2, 58753, 18930%4, 7170%5, 815%6, 50%7, 25x%8),
(185%0, 200%1, 2640%2, 6360x3, 18150%4, 7680%5, T700%6, 60*7, 15%8),
(185%0, 250%1, 2595%2, 62503, 18250%4, 7740%5, 645%6, 60%7, 15x%8),
(195%0, 225%1, 2700%2, 5905#3, 18800%4, 72805, 845%6, 307, 10x8),
(195%0, 250%1, 2645%2, 5905%3, 18880%4, 7215%5, 860%6, 307, 10%8),
(195%0, 265%1, 2720%2, 5695x3, 18910%4, 7410%5, 755%6, 30%7, 10x*8),
(195%0, 230%1, 26752, 5955x3, 18750%4, 7305%5, 840%6, 30%7, 10x8),
(195%0, 200%1, 27302, 6005x3, 18570%4, 7445%5, 805%6, 30%7, 10x8),
(195%0, 230%1, 2585%2, 6135%3, 18750%4, 71255, 930%6, 307, 10x8),
(195%0, 205%1, 2770%2, 5855%3, 18730%4, 73905, 805%6, 307, 10x8),
(200%0, 270%1, 2745%2, 5625%3, 18845%4, 75955, 670%6, 307, 10%8),
(200%0, 275%1, 2590%2, 5895x3, 18915%4, 7240%5, 835%6, 30%7, 10x8).

So, we can see the non-existence of such tight relative 3-designs on two shells, if (V, B,,)
is one of the 31 known 2-(61, 25, 10) designs listed in the home page of Ted Spence. 1

Theorem 5.7 ([7]) Let (V,B) be a symmetric 2-(v, k, \) design. Then (k — X\)""! is a
square.

Theorem [5.7] implies the non-existence of 2-(n, 1, )\gl)) design with n even in Table 1.

Theorem 5.8 ([7]) Let v be odd and assume the existence of a symmetric 2-(v, k, \)
design. Then the diophantine equation

22 = (k= N)y? + (—=1)7D/2 )2
has a non-trivial solution in integers.

Theorem [5.8 implies the non-existence of 2-(n, 1, )\gl)) design with n odd in Table 1.
5.2 Further results

The discussion in the present paper led to the following Problems and Conjectures.
Problem 1. If there is any tight relative 3-design (Y, w) on two shells X,, UX,, in H(n,2)
with constant weight and ry + ro = n, then is it true that the corresponding symmetric
2-(n, ry, )xgl)) design (V, B,,) and 2-(n, o, )\;TQ)) design (V, B,,) are complementary designs
with each other?

Conjecture 1. Problem 1 is affirmative.

Remark. We note that the same problem is also formulated for tight relative t = 2e + 1
designs in H(n,2), with (V,B) as tight combinatorial 2e-designs.

We can also re-phrase this problem as follows. (This treat the case when 1 + 79 = n.)

Problem 2. Are there two symmetric 2-(n, k, A) designs such that (V,B;) and (V, By)
are different as designs (although they may be or may not be isomorphic as designs) such
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that their (unordered) As-sequences coincide?

Conjecture 2. No such two symmetric designs exist satisfying the condition of Problem
2.

Remark. No such two symmetric designs are known. We note that the same problem is
also formulated for tight relative (2e + 1)-designs Y =Y,, UY,, on two shells of H(n,2),
corresponding to tight combinatorial 2e-designs (V, B,,) and (V, B,,). Namely, there are
no two tight combinatorial 2e-designs with the same Mg, 1-sequence. (So far, no such two
symmetric designs are known, and we may conjecture that such examples may not exist.)

Here we record some developments on these two problems(and on two conjectures).
Note that if Conjecture 1 holds then Conjecture 2 also holds.

(1) First we proved Conjecture 1 for n < 16 by adhoc arguments.

Then we proposed these two conjectures in our seminar. Then our undergraduate
students Zongchen Chen and Da Zhao responded, providing the following results.
Their results will be published as an independent paper [9].

(i) Conjecture 2 is true for a symmetric 2-(n, k, \) design if A = 1, or 2.

(ii) Conjecture 2 is true for a symmetric 2-(n,k, \) design if A = 3, provided
k> 17.

(iii) Conjecture 1 is true for 2-(19,9,4) and 2-(23,11,5) designs.

To prove (iii) for 2-(19,9,4) designs, we needed the information on the incidence
metrics of all the four 2-(19,9,4) designs in the home page of Ted Spence. As
for 2-(23,11,5) designs, we used all the 1106 incidence matrices provided with the
curtesy of Ted Spence; note that only 197 of those with non-trivial automorphism
group are listed in his home page. Then by calculating the A3-sequences (and the
automorphism group of the 3-subset multiplicity graph defined in the following) of
all those symmetric designs and proved that Conjecture 1 is true for n = 19 and
23. (Later, Chen and Zhao also succeeded in proving Conjecture 1 for n = 27, by
obtaining the incidence matrices of all the 208310 of 2-(27,13,6) designs from the
list of Hadamard matrices of order 28.) Here we summarize the main result (tech-
niques) of Chen and Zhao [9] below.

Let (V,B) be a 2-(n, k, \) design and A3(iy,is,13) = [{B € B | {i1,12,i3} C B}|. Let
I" be the Johnson graph J(n, 3). The vertex set of I is the set of all the 3-point subset
of V' denoted by (‘3/) We assign weight A3(iy, 2, 13) for each vertex {iy,is,i3} € (g)
We call (I', A\3) the 3-subset multiplicity graph of the symmetric design (V, B). Let
Aut(T"; A\3) be the subgroup of the automorphism group of I' preserving the weight

As-

(a) If two distinct 2-(n, k, A) designs (V, B;) and (V, B,) are isomorphic, then their
3-subset multiplicity graphs are isomorphic. (So if the corresponding 3-subset
multiplicity graphs are not isomorphic then the two designs are not isomorphic.)
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(b) Let (V,B) be a 2-(n,k, \) design with n > 7. Let Aut(V,B) be the automor-
phism group of (V,B). Then Aut(I',A3) > Aut(V,B) holds. Moreover the
following (i) and (ii) hold.

(i) If Aut(I',A3) > Aut(V,B), then there exists another 2-(n,k, \) design
(V, g) isomorphic to (V, B) having the same 3-subset multiplicity graph.
(ii) If Aut(I', A\3) = Aut(V, B), then there are no other design with the same3-
subset multiplicity graph.
(If 2-(n, k, \) design (V,B) is given explicitly and if n is small, then one can
determine all the 3-subset multiplicity graphs and their automorphism groups
by computer.)

(2) Then we obtained the following general result (without needing incidence matrices
of each design). Conjecture 2 is true for any 2-(4u — 1,2u — 1,u — 1) Hadamard
design. (See Theorem B.Gl for more detail.)

(3) We proved Conjecture 2 is true for 2-(31, 10, 3) and 2-(31, 15, 7). As for 2-(31, 10, 3)
designs we calculated Asz-sequences using all the 151 incidence matrices of 2-(31, 10, 3)
designs from Spence [24] (provided with the courtesy of Ted Spence; note that only
44 of those with non-trivial automorphism group are listed in his home page [23]).
As for 2-(31, 15, 7) designs we used Az-sequence with the length at most 4 of all the
10,374,196,953 symmetric 2-(31,15,7) designs (coming from Hadamard matrices of
order 32 [19]) calculated by Brendan McKay. (See the proof of Proposition [5.4] for
the detail.)

(4) If we could get incidence matrices of all the 78 of 2-(25, 9, 3) designs (those 40 of them
with non-trivial automorphism group are listed in the home page of Ted Spence),
by calculating their A3-sequences, we expect we can show Conjecture 1 is true for
n = 25. In the meantime, Chen and Zhao obtained the incidence matrices of all the
2-(25,9,3) designs from Denniston [14], and then succeeded in proving Conjecture 1
for n = 25.

(5) Combining all the results mentioned above, we can conclude that Conjecture 1 is
true for all n < 35.

5.3 Tight relative 5-designs

Theorem 5.9 Let (Y, w) be a tight relative 5-design of H(n,2). Assume w is constant
wy, on each Y, forv =1,2. Then n = 23 and (V,B,,) and (V,B,,) are combinatorial
tight 4-(23,7,1) design and 4-(23,16,52) design respectively. Moreover w,, = w,, holds
and (V,B,,) is the complementary design of (V,B,,).

Proof. By Theorem B3| (V,B,,) and (V,5,,) are combinatorial tight 4-designs. It is
well known that there are two combinatorial tight 4-designs, 4-(23,7,1) design and 4-
(23,16,52) design. Hence ry = 7, 1y = 16 and |Y,,| = |Y,,| = 253 hold. Then (B
implies

3 624

= Rnt 4
1gWn T g Wre (5-4)

(ri) /- - . . (ra) e« . .o
Wy As (11, 92, 3, 14, 15) + Wry Ap 2 (11, 1o, U3, 14, 15) =
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Theorem B.5] implies if (V, B,,) and (V, B,,) are complementary designs with each other,
then the corresponding points set Y,, C X,, and Y,, C X,, in H(n,2) gives a tight relative
5-design(Y, w), with constant weight w(= 1) where Y =Y,, UY,,. Then in this case (5.4
implies
o o) 3 624
)\g 1)(117 12,13, 14, Z5) + >\é 2)(7'17 12,13, 14, 7’5) = E + E = 33
Since )\Yl) = 1, we have )\é“)(z'l, ia,13,14,%5) = 0 or 1. Therefore we have )\érz)(z'l, in, 13,14, 15) =
33 or 32. Even if they are not complementary to each other, since there exist 5-point sets
{ay,...,as} and {by,...,bs} in V satisfying )\gl)(al, ...,a3) = 1 and )xé”)(bl, ., bs) =0,

(E4) implies

Wy

>\§—’T2)(b1, bg, bg, b4, b5) — )\gm)(al, ag, 4z, 4, CL5) = w .
72
Therefore we must have w,, = w,,. Next assume there exists another 4-(23,7,1) design
(V,B,.,) and B, UB,, corresponds to the tight relative 5-design with constant weight. Let
i1,19,13,14,15 be any 5 points with )\é”)(il,ig,z'g,zg,%) = 1. Then there exists a unique
block B € B,, and B’ € B, containing {i1, s, 13,14, 75}. Then {iy,is,73,i4} C B', B. Let
2 € B'\{i1, s, i3, i1}. Then{iy,is, i3, 14, 2’} C B'. Therefore A" (iy, 4y, 43,44, 2/) = 1. This
implies there exists a unique block in B,, containing {iy, iz, i3, 14, 2'}. Since B is the unique

block containing {41, 72, i3, 74 }, B must also contain z’. Hence we must have B’ C B. Since
|B'| = |B| = r1, we must have B’ = B. Thus B}, and B,, coincide. 1

Remark For tight relative (2e + 1)-designs on two shells in H(n,2) with e > 3, in view
of the non-existence results of (combinatorial) tight 2e-designs in [17], [22], [1], [16], [25],
we can see that there are no tight relative (2e + 1)-designs on two shells in H(n,2), if
3 < e <9. And moreover, there are only finitely many tight relative (2e + 1)-designs on
two shells for any fixed e > 10.

6 Tight relative 4-designs

In this section, we consider tight relative 4-design on two shells. For any distinct four
points iy, ...,i4 € V, formulas (£6) and (L7) given in Proposition for t = 4 give the
following results.

pBy, (G, ... is) = (n) N, fors=1...,3and 0 < /¢ < s,

oy, (Lir, ... ig) = é\;) {(f__i) — (-1) (:fy—_i) } + (=D)AL ).

for 0 < ¢ < 3.
For t = 4, the equation (B3] is equivalent to the following condition:

4

2 2 .
S w A i) =Y Noyw, T ::__j
v=1 v=1

Jj=0
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for any distinct four points 41, . .

., 14 € V. Also by definition of tight relative 4-design, we
must have |Y| = dim(Ly(X,, UX,,))+dim (L (X,,UX,,)) = rank(Es)+rank(FE;) = =
We search for the parameters n,r,rs, N, N,, which satisfy all the integral conditions.
Then for each feasible parameter, we investigate whether such combinatorial 3-(n, r,, )\gr”))
exists or not. The following is the list of feasible parameters of tight relative 4-designs for

n < 50.
n r 12| Ny Ny, )\gl) )\gm)
11 5 633 33| 2 4 3-(11,5,2) X
16 6 7|5 8 | 2 5 | 3-(16,6,2)M X
16 6 9|5 8 | 2 12 | 3-(16,6,2) X
16 7 108 56 | 5 12 | 3-(16,10,12) | x,[a]
16 9 10| 80 56 | 12 12 | 3-(16,10,12) | x,[a]
22 6 7|77 176] 1 4 o
22 6 15| 77 176| 1 52 o
22 7 8|8 165 2 6 | 3-(22,7,2)W X
22 7 14|88 165| 2 39 | 3-(22,7,2) X
22 7 101|176 77 | 4 6 |3-(22,10,6)l | x
22 7 12176 77 | 4 11 | 3-(22,12,11) | x,[d
22 7 16176 77 | 4 28 o
22 8 15|165 88 | 6 26 | 3-(22,15,26) | x,[b]
22 10 15| 77 176| 6 52 | 3-(22,10,6) X
22 12 15| 77 176 | 11 52 | 3-(22,12,11) | x,[d]
22 14 15| 165 88 | 39 26 | 3-(22,15,26) | x,[b]
22 15 16| 176 77 | 52 28 o
37 9 10[185 518| 2 8 | 3-(37,9,2)l X
37 9 27185 518| 2 195 | 3-(37,9,2) X
37 9 16370 333| 4 24
37 9 21(370 333| 4 57
37 10 28|518 185 | 8 783 | 3-(37,28,78) | x,[d]
37 16 28333 370 | 24 156
37 21 28333 370| 57 156
37 27 28|518 185 | 195 78 | 3-(37,28,78) | x,[d]
41 15 16328 533 14 28
41 15 25328 533 | 14 115
41 16 26533 328 | 28 80
41 25 26533 328 | 115 80
46 10 11]253 828 | 2 9 |3-(46,10,2)T | x
46 10 35253 828 | 2 357 | 3-(46,10,2) X
46 11 36828 253 | 9 119 | 3-(46,36,119) | x,[f]
46 35 36828 253 | 357 119 | 3-(46,36,119) | x,[f]
Remark

(1) The last column denotes the existence and non-existence of 3-(n, r,, )\:(f”)) design.

(2) In the last column, the notation “[a]” denotes that the corresponding 3-(n,k, \)

design is the complementary design of 3-(v, k, \)l? design.
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Driessen [15] gave the following condition for the existence of some special 3-(n, k, 2)
designs.

Theorem 6.1 ([15]) A 3-((;) +u+1,u+1,2) design can only exist in one of the following
cases:

(1) w =2 mod 48 and for every odd prime p and « with p® || u one has « is even or
p=1,3,9,11 mod 16.

(2) uw=14 mod 48 and for every odd prime p and o with p® || u one has « is even or
p=1,7,9,15 mod 16.

Note that the complementary design of a t-(n, k, \) design is t-(n,n — k, u) design with
p=X".")/("}). We consider the complementary design of 3-(("F 1) +1,u+1,2) design,
i.e., 3-design with the following parameters.

() (b emon)

Theorem implies the non-existence of some 3-(n, k, \) designs in the following table.

(V. B) (V. B°) N
3-(11,5,2) | 3-(11,6,4) | 33
3-(16,6,2) | 3-(16,10,12) | 56
3-(22,7,2) | 3-(22,15,26) | 88
3-(37,9,2) | 3-(37,28,78) | 185
3-(46,10,2) | 3-(46,36,119) | 253

Using (B3.1]), we obtain the following lemma.

Lemma 6.2 Let (V,B,) be a (t — 1)-(n,r, \) design and (V,B,41) a (t —1)-(n,r + 1, \)
design with \' = A\175. Let 0o be a point not in V' and define V* 1= V U {oo} and
Bt :={BU{o0} | Be€B.}. If (V,B,UDB,.1) is a relative t-design with constant weight,
then (V*, B UB,41) is at-(n+ 1,7+ 1, \) design.

Theorem 6.3 There exist exactly four tight relative 4-designs with constant weight when
n =22 and (r1,7m2) = (6,7), (6,15), (7,16), (15,16).

Proof. It is proved that

2 2 t—1 :
Zwm)\gr”)(il, co ) = ZwaTV H v ‘7
v=1 v=1 j=o M

Putting w,, = w,, and t = 4, for any four distinct points iy, 25,173,724 € V, we obtain that
Ay, i)+ A G i) = 1,33, 20, 52, (6.1)

corresponding to the four cases. It is known that there is a unique 5-(24, 8, 1) design which
is called the Witt design, so does its derived design 4-(23,7,1) design (V. B). Then we
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obtain 3-(22,6, 1) design (V, B,,) and 3-(22,7,4) design (V, B,,) as the derived design and
residual design of (V' B), as well as their complement designs, i.e., 3-(22, 16, 28) design
(V,Bg,) and 3-(22, 15,52) design (V, B;,).

Using the incidence matrix of Witt design, we can obtain the incidence matrix of (V, B,,)
and (V) B,.,). It is not difficult to check (G.]) is satisfied. Hence we find four tight relative
4-designs, i.e., YV, UY,,, YUY Y, UY? and Y,S UY,,. Here Y, and Y,? correspond to
the block sets B,, and BS (v = 1,2), respectively.

We shall prove the uniqueness of each tight relative 4-design. (Note 4-(23,7,1) design
and 3-(22,6, 1) design uniquely exist [7].) Let (V,Bg) and (V, B7) be derived design and
residual design of the unique 4-(23,7,1) design (V*, B).

case 1: r, =6,r,=717.

Assume Y = Yz U Y7 is a tight relative 4-design and (V,Bg) corresponds to Y. It is
to prove that (V,B;) corresponds to Y;,. Suppose (V,B.) is a different 3-(22,7,4) de-
sign cooresponding to Y7 such that Y = Y5 UY,. We should remark that (V,B;) may
be isomorphic to (V,B7). Using Lemma [6.2, we have two different 4-(23,7,1) designs
(VF,B) := (VT,Bf UB;) and (VT,B') := (V' By UB,).

(i). If (V, B,) and (V, B;) are non-isomorphic, then (V*, B) and (V*, B') are non-isomorphic.
This contradicts the uniqueness of 4-(23,7,1) design.

(ii). If (V, B.) is isomorphic to (V, Bz) (but different), then 3 a permutation o € Ssy such
that o(B;) = B, where Sy, is the symmetric group on the vertex set V. This implies
that (V*,B) and (V*,B') are not isomorphic. Otherwise there are at least two distinct
points py,ps € V' which are not fixed by o, such that p;, ps appear in the same (= 21)
blocks in Bg. It is impossible because Ay = 5 for any 3-(22,6, 1) design. This again gives
a contradiction!

case 2: r, = 0,719 = 15.

Assume Y = Y5 U Y35 is a tight relative 4-design and and (V, Bg) corresponds to Ys. We
have verified that Ys U Yy is a tight relative 4-design. It is enough to prove that (V, )
corresponds to Yis. Suppose (V) Bj;) is a different 3-(22, 15, 52) design corresponding to
Y15. With the similar argument in case 1, we obtain two non-isomorphic 4-(23,7,1) de-
signs (VT, B U BS) and (V*, Bf UBj5). This again gives a contradiction.

The other two cases can also be proved using the uniqueness of 4-(23, 15, 52) design.

Finally, we exclude the tight relative 4-designs with non-constant weight. It is not difficult
to check that the types of A\j-sequence are (6160 %0, 1155% 1), (6160 % 1, 1155 0), (6160
33,1155 % 32), (6160 % 19, 1155 % 20) corresponding to r = 6,7, 15, 16. Then the list below
implies the non-existence of tight relative 4-designs with non-constant weight for n = 22.
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noori To | AFL O AS? Y (/\yl),)\EF))

Wry
226 15| 1 52 | & (0,36), (1, 16)
22 7 16| 4 28 (0,24), (4,1)
(0,28),(2,7)

22 15 16| 52 28 (0,20), (39, 19)
(0,26), (24, 21), (48, 16)
(0,28), (26, 21), (52, 14)
(3,22), (24, 20), (45, 18)

(3,28), (30, 20)
(5,24), (28,20), (51, 16)
10, 28), (41, 16)
12,22), (34,19)
12,28), (45, 14)
13,26), (42, 16)
16, 20), (36, 19)
( )
( )
( )

16, 26), (48,13
21,22), (46, 16
24,22), (52,13
(31,28), (36,4)
(32,24), (36, 1)
(32,28), (34, 7)

~| |~~~

ool Rlefol Bl SR & RISl Nl [l Sl & Rk~

This completes the proof. 1

7 Concluding Remarks

Here we collect some open problems we want to study in the research direction described
in the present paper.

Firstly, let us recall the three problems (1), (2), (3) mentioned at the end of Section
B We would like to add the following problems.

(i) So far, we do not know any example of tight relative 3-designs on two shells in
H(n,2) with non-constant weight function, more precisely constant on each shell. The
first several open cases are n = 56, then n = 66 (Case 2) and n = 61 (Case 4). We bet that
there may exist such tight relative 3-designs on two shells in H(n,2) with non-constant
weight, but so far we have difficulty in finding one.

(ii) So far, we do not know any counterexample to Conjecture 1 and Conjecture 2. The
first open cases seem to be n = 36 and then n = 40. Although we formulated Conjecture
1 and Conjecture 2, we think these are important as working hypothesis, and we would
not be surprised even if a counterexample could be found. It would be theoretically very
interesting whether these conjectures hold or not.

(iii) Conjecture 2 obviously does not hold, if the condition that the two 2-(v,k, \)
designs are symmetric is dropped. For example, if you take any two non-isomorphic 3-
designs, then regarding these designs as 2-designs, they are not isomorphic as 2-designs,
but obviously have the same Az-sequence. So, it would be interesting to try to find two
non-isomorphic 2-designs close to symmetric designs with different \3-sequences. It would
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be interesting for which family of symmetric designs, or non-symmetric designs, whether
the property mentioned in Conjecture 2 holds or not.

(iv) It would be interesting how much the methods used in the present paper could
be generalized for the study of tight relative t-designs on other Q-polynomial association
schemes. In particular, it would be interesting to know how much theorems similar to
our Theorem (as well as Kageyama’s theorem) hold for other association schemes.
First test cases would be non-binary Hamming association schemes H(n,¢) and Johnson
association schemes J(v, k).

(v) We would like to repeat our belief that the classification problem of tight relative ¢-
designs is interesting problem as the classification problem of tight t-designs is interesting.
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