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ABSTRACT. Applying a method of Godsil and McKay [6] to some graphs related
to the symplectic graph, a series of new infinite families of strongly regular graphs
with parameters (2" £2("—1)/2 9n—149(n=1)/2 gn=24 9(n=3)/2 gn=24 9(n=1)/2) are
constructed for any odd n > 5. The construction is described in terms of geometry
of quadric in projective space. The binary linear codes of the switched graphs are
2" F 277 n + 3,21 5-code or 2" F 277, n + 3, 21+2]5-code.
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1. INTRODUCTION

Consider the n-dimensional projective space PG(n,2) over the finite field Fs.
That is, PG(n,2) = Fy™ \ {0}. When n is odd, there are two non-equivalent non-
singular quadrics in PG(n, 2), namely elliptic and hyperbolic. For general references,
see [9 Ch. 5] and [I0, Ch. 22]. Both quadrics define a symplectic polarity (null
polarity) in PG(n,2) [0, Thoerem 5.28].

Let n > 5 be an odd number. Let Q be a non-singular quadric in PG(n, 2).
Define the graph I'g = (Vg, Eg) as follows. The vertex set Vg is the set of points
of PG(n,2) not in Q. Two vertices x and y are adjacent in I'g if and only if the
line zy joining them is an external line of Q. I'g is the complement of a subgraph of
the symplectic graph Sp(n + 1,2), which is the graph of the perpendicular relation
induced by a non-degenerate symplectic form of 3™ on the non-zero vectors of Fy+t,

In [8, [7, I1], I'g is denoted by Nf,,, where € is + (plus) if Q is hyperbolic, and —
(minus) if Q is elliptic.

A strongly regular graph with parameters (v, k, A, ) is a graph with v vertices
such that each vertex lies on exactly k edges; any two adjacent vertices have exactly A
neighbours in common; and any two non-adjacent vertices have exactly p neighbours
in common. The adjacency matrix of a strongly regular graph has exactly three
eigenvalues. One is k& with multiplicity 1, and the remaining two are usually denoted
by r and s, r > s with multiplicities f and g respectively. For general references, see
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[, Ch.9] and [5l Ch.2]. It is well-known that I'g defined above is a strongly regular
graph. Table[[lshows the parameters of I'g for the different quadrics in PG(n, 2) (see

7).

Q graph v k A [
elliptic |Tg =N, | 2" 42" |21 42" |27 2 4 2% |2n 2 4 2"

n—1 n—1

hyperbolic FQ = NT—L:—l on _ 95— | gn—1 _ 2”771 on—2 _ 2"7*3 on—2 _ 93t

Q graph r s f g
elliptic | To =N, 2"7"13 —2"7’: L+t — 4) P4l 4 9%
. n—1 n—3 2" 41 2= 1(9n
hyperbolic | I'g = N,/ ; 272 —273 =277 | (2 -4

TABLE 1. Parameters of I'g

Godsil and McKay (1982) introduced a method to generate graphs with the same
adjacency spectrum [0] i.e. the adjacency matrices of the graphs have equal multisets
of eigenvalues. The method is described as follows. Let I' be a graph. Let S be a
subset of the vertex set such that the subgraph of I' with vertex set S is regular.
Suppose any vertex outside S has 0, |S| or 3|S| neighbours in S. Consider the graph
I obtained by switching I" as follows: for any vertex x of I' outside S, if = has 3|S]
neighbours in S, then delete those $|S| edges and join z to the other 1|S| vertices.
We call S a Godsil and McKay switching set of T'. By Godsil and McKay [6], I” has
the same adjacency spectrum as I'. In the case where I' is a strongly regular graph,
I has the same adjacency spectrum as I' and thus is also a strongly regular graph
with the same parameters (see [4]). Recently, there has been interest in constructing
new strongly regular graphs from known ones using the method of Godsil-McKay
described above, see for example [I] and [3].

In this article, we apply the method of Godsil-McKay to I'g as described above.
The paper is organized as follows: After a brief description of our terminology in
Section 2], we give two constructions of Godsil-McKay switching sets for I'g in Section
In Sections @ and [5] we study the binary code spanned by the rows of the adjacency
matrix ['g and that of its switched graphs. In Section[@l we give a number of switched
graphs found and find the parameters of the codes of the switched graphs.

2. TERMINOLOGY AND NOTATION

Forany m = 0,1,2,--- ;n—1, a subspace of dimension m, or m-space, of PG(n, 2)
is a set of points all of whose representing vectors form, together with the zero, a
subspace of dimension m+1 of F4 ™. The number of points of an m-space in PG(n, 2)
is 2™t — 1 [9, Theorem 3.1].

A quadric @, in PG(n, 2) is the set of points [ X, X1, - - - , X, satisfying a non-zero
homogeneous equation of degree two, i.e. Z?gj,i,j:o a;; X;X; = 0 for some a;; € Fy,



not all zero. If the equation can be reduced to fewer than n+ 1 variables by a change
of basis, (), is called singular. Otherwise, it is non-singular.

Depending on the parity of n, there is one or there are two quadrics under
the action of the automorphism group of PG(n,2). For n odd, there are two dis-
tinct non-singular quadrics, respectively the elliptic quadric with canonical equation
f(Xo, X1)+Xo X3+ -+ X,,_1X,, = 0 where f is an irreducible binary quadratic form,
and the hyperbolic quadric with canonical equation XoX;+ XoX3+---+X,,_1X,, = 0.
For n even, there is the parabolic quadric with canonical equation X2+ X; X5+ - -+
X,-1X, = 0. For a parabolic quadric @, there is an unique point in PG(n,2) \ Q,,
called the nucleus of @), such that all line through the nucleus is tangent to @, (see
[10, pagel0]). Table Rl shows the number of points of different non-singular quadrics.

quadric @, Elliptic Hyperbolic | Parabolic
number of points | 2" — 2" —1|2n+2% —1| 27 —1

TABLE 2. Number of points in non-singular quadrics

A singular quadric in PG(n, 2) is either an m-space, m < n, or a cone I1,,_;_1Q;
which is the set of points on the lines joining an (n — ¢ — 1)-space II,,_;_; to a non-
singular quadric @y in a t-space II; with II,,_,_; NII; = (). The number of points of
such a cone is

(2.1) Tl @Qe] = (2777 = 1) + 2771 Q]

A polarity p of PG(n,2) is an order-two bijection on its subspaces that reverses
containment. That is, for an m-space I1,,, and m/-space I1,,, of PG(n, 2), if I1,,, C IL,,,
then II?, € II?,. In particular, a polarity interchanges m-spaces and (n — 1 —m)-
spaces. For a general reference on polarities, see [9, Section 2.1].

The (binary linear) code C(I") of a graph I' = (V, E) is the subspace in the vector
space IF‘QV‘ generated by the rows of the adjacency matrix of I' modulo 2. The length
nof C(I') is |V, and the dimension k of C(I") is the dimension of C(I") as a subspace

in F'QV‘. For any vector w = (w;)zey € F|2V|, the weight wt(w) of w is
wt(w) = {z € V]w, # 0}/.

The minimum weight d of a code is the minimum of the weight of its non-zero code-
words. A binary linear code of length n, dimension £ and minimum weight d will
be referred to as an [n, k, d|s. For any subset U C V, the characteristic vector of U,
denoted by vV, is the vector (w,).ey where w, = 1if x € U, and w, = 0 if x ¢ U.
For a general reference on codes, see [2].

For the graph T'g = (Vg, Eg) defined in Section [, C(I'g) is a [2" + 2"% ,n +
1,27y code if Q is elliptic, and is a [2" + 2%,71 + 1,271 — 2%]2 code if Q
is hyperbolic. A vector w € F'zvg‘ is a codeword of C'(I'g) if and only if it is the



characteristic vector of (PG(n,2)\ Q) \ X for some (n — 1)-space X in PG(n,2). The
weight distribution of C'(T'g) is shown in Tables Bl and @ (see for example [7]).

weight 0 gn—1 o1 4 9t
n—1 n—1

number of codewords || 1 | 2" — 22 — 1| 2"+ 2 2

TABLE 3. Weight distribution of C(I'g) if Q is elliptic

weight 0271 —2%" on-1
n—1

number of codewords || 1| 27 — 27 |27 +2"7 — 1

TABLE 4. Weight distribution of C(I'g) if Q is hyperbolic

3. TWO CONSTRUCTIONS OF GODSIL-MCKAY SWITCHING SETS OF ['g

In this section, we will prove Theorems B.Al and B.Bl which give constructions of
Godsil-McKay switching sets of the graph I'g defined in Section [ for quadrics Q in
PG(n,2).

Theorems B.Al and BBl are as follows.

Theorem 3.A. Let Q be a non-singular quadric in PG(n,2) where n > 5 is odd. Let
t be an integer such that 0 <t < "7_3, a be a t-space in Q, and II be a (¢ + 1)-space
meeting Q in exactly a. Let I'g be as defined in Section [l Then

(3.1) Sp=11\ «

is a Godsil-McKay switching set of I'g of size 27!, Let I'g; be the graph obtained by
Godsil-McKay switching with switching set S;. Then I'g, is a strongly regular graph
with the same parameters as I'g (which are listed as in Table [[]). Furthermore, if L
is the polarity of PG(n,2) induced by Q, then

(3.2) T, := (PG(n,2)\ Q) \ o~
is the set of vertices in I'g outside S; which have exactly 1|.S;| neighbours in S;.

Theorem 3.B. Let Q be a non-singular quadric in PG(n, 2) where n > 5 is odd. If
Q is elliptic, then let ¢t be an integer such that 0 < ¢t < ”53. If Q is hyperbolic, then
let ¢ be an integer such that 0 < ¢t < "7_5 In PG(n,2) where n > 5 is odd, let Q be
a non-singular quadric. Let o be a t-space in Q. Let I, I be distinct (¢ + 1)-spaces
meeting Q in exactly « such that the space spanned by II and II" meet Q in exactly

a. Let I'g be as defined in Section [I Then
(33) St,t = (H U H/) \ (0%
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is a Godsil-McKay switching set of I'g. Let I'g;; be the graph obtained by Godsil-
McKay switching with switching set S;;. Then I'g;; is a strongly regular graph with
the same parameters as ['g (these are listed as in Table [[). Furthermore, if L is the
polarity of PG(n,2) induced by Q, then

(3.4) Tie =T, U[(ITFATT)\ Si0) \ Q]

is the set of vertices in I'g outside S;; which have exactly |%St7t| neighbours in S 4,
where A is the symmetric difference.

Remark. In both Theorems B.Al and BBl ¢t < "T_?’ ort < "7_5 This is a necessary
and sufficient condition for the existence of o, IT and II" by [10, Theorem 22.8.3].

Remark. In Theorem B.B] by the dimension theorem for subspaces, the space (IT, IT")
spanned by II and IT" is an (¢ 4 2)-subspace. By [ Theorem 3.1], there are exactly
three planes through « in (II, IT"). Let II” be the plane through « other than IT and
IT". Since Q is a quadric, either (IL, 1"y N Q = II” or (II,1I') N @ = « holds by [10,
Theorem 22.8.3]. In the former case, since (II, IT") is one dimension higher than that
of IT", (ITUII") \ @ = (IL, II") \ TI” is a Godsil-McKay switching set of I'g by Theorem
[B.Al The latter case is treated in Theorem B.Bl

Throughout this article, we will work under the assumptions of Theorems [B.Al or
B.Bl In particular, the symbols n,Q, L, t, o, II, IU', T'g, T'oy+, Tots, Sty Stt, Tt and
T are preserved as defined in Theorems [3.Al or [3.B]

We first check the size of switching sets described in Theorems [B.Al and 3.8l

Lemma 3.1. The size |Sy| of S; and the size |Si;| of Siy are respectively 21 and
2t+2'

Proof. Since 11 is a (¢ + 1)-space and « is a t-space,
1S = [T\ a] = (2872 — 1) — (21 — 1) = 2t+1,
For S;;, because of IINII" = «, we have
1See| = |(MUT) \ af = 2(27% — 1) — (21 — 1) — (271 — 1) = 2!F2
O

We now determine the structure of the subgraphs of I'g with vertex sets S; and
St respectively.

Lemma 3.2. The subgraph of I'g with vertex set Sy is null.

Proof. Since « is one dimension less than that of II, a line in II either lies in « or is
tangent to a, and thus to Q. In other words, no two vertices are joined in I'g. U

Lemma 3.3. The subgraph of I'g with vertex set S, is a reqular subgraph of degree
2t+1'



Proof. Let x be a point in S; ;. Without loss of generality, assume x € II. We count
the number of neighbours of . By the same argument used in Lemma B.2], = is not
adjacent to any vertex in I \ «.

Since the span of IT and II' meets Q in exactly @ by assumption, any line through
x and a point in II"\ «v is an external line of Q. In other words, the vertex is adjacent
to any vertex in IT" \ a.. Since the size of II'\ a is 2!, the result follows. O

Lemma 3.4. S; is a Godsil-McKay switching set of I'g.

Proof. By Lemma [B.2] the subgraph of I'g with vertex set .S; is null.

By Lemma 311 |S;| = 27! Let 2 be a point in (PG(n,2) \ Q) \ S;. It suffices to
show that either any line joining z and a point of S; meets Q, or there are exactly
2t or 211 points y in Sy such that the line 2y is an external line to Q. Since any
line in PG(n,2) has exactly three points, any line through two external points of Q
is either a tangent or an external line. Thus, it also suffices to show that either any
line joining x and a point of S; is an external line, or there are exactly 2!, 2! points
y in Sy such that the line xy is tangent to Q.

Suppose the line zy joining x and a point y of S; is tangent to Q. Since every
line has only three points, the unique point z on xy other than x and y is a point of
Q. Let 3 be the (¢t 4 1)-space spanned by z and «. Then 3 meets Q in the t-space
a and at least one point not in a, namely z. By [10, Theorem 22.8.3], 3 either lies
in @ or meets Q in exactly two t-spaces.

If ¥ lies in Q, then every line through x and a point of S; is a tangent to O, and
we are done.

If ¥ meets Q in exactly two t-spaces, say « and o/, then o and o' meet in a
(t — 1)-space. Then a line xy’ through x and a point y’ of S; is tangent to Q if and
only if ¢ is in S; N (z, /). Since

SNz, 'y = (IT\ ) N (z,a)
= (IIN(z,a)) \ (N (z,a'))
= (y,andad)\ (ana)
has (2071 — 1) — (2 — 1) = 2 points, the result follows. O

We need to make use of a property of L to prove the following two lemmas.
Recall from [10, Lemma 22.3.3] that, for any point y € Q, y* comprises the points
on the tangents to Q at y and the lines in Q through y; for any point y ¢ Q, y*
consists of the points on the tangents to Q through y.

Lemma 3.5. The following inclusions hold:
(1) St C HJ_ C OZJ_.
(2) S@t C HLAH/L C Oél.



Proof. Since « is a subset of II and I, by the definition of a polarity, II+ and II'*
are subsets of a™.

Since the line through any two points of II is either a tangent of Q or a line of
Q. By [10, Lemma 22.3.3], II is a subset of II+. Similarly, II" is a subset II't. Hence
S, C I+ and Sy, c T+ U I,

As stated in Theorem [B.B| the space spanned by IT and II' meets Q in exactly a.
Thus, any line through joining a point of IT\ & and a point of I\ « is an external line
of Q. By [10, Lemma 22.3.3], [INII"t = () and IT*NII" = (), and so S;,NITENIT+ = (.
The result follows. l

To determine 7}, we prepare a lemma about polarities in PG(n, 2).

Lemma 3.6. Let p be a polarity of PG(n,2). Let ¥ be an (m + 1)-space of PG(n,2)
where 0 < m <n—1. Let x be a point in PG(n,2). Then exactly one of the following
cases occurs.

(1) x is in XF.

(2) x is in 7w\ X° for exactly one m-space 7 in 3.

Proof. By [9, Theorem 3.1], there are exactly N = 2™*2 — 1 m-spaces in . Let
T, T, -+ ,Tn be the m-spaces contained in Y. Since p is a polarity, 7/, i =
1,2,---, N, are (n — 1 —m)-spaces containing the (n —2 —m)-space ¥*. For distinct
i,j€{1,2,--- N}, o Nnf = (m,n;)” = ¥¢. Thus, the number of points in Uy, =

s [90]+ 500, [\ B9 = (20717 — 1) 4 N2 = 1) — (21— 1) = 2 -
which is the number of points in PG(n,2). Now, the result follows. O

Lemma 3.7. Let x be a point not in Q. Then exactly one of the following cases
occurs.
(1) x is in 1T+, any line joining x and a point in S; is not an external line of Q.
(2)  is in wt \ I+ for exactly one t-space ™ # a in I1; the line xy through x and
a point y € Sy is an external line of Q if and only if y ¢ m. Furthermore,
there are 2 such points y.
(3) x is in ot \IIt; any line through a point of Sy and x is an external line of Q.

Proof. By [0, Theorem 3.1], there are exactly N = 2!72 — 1 t-spaces in II. Let
To, M1, -+ ,Tn_1 be the t-spaces contained in II. Without loss of generality, assume
Ty — (.
Let 2 be a point not in Q. By Lemma B8], x is either in IT+ or in 77 \ II*+ for
exactly one 7 € {0,1,--- | N —1}.
(1) Suppose z € II*+. Then x € y* for all y € II. Thus the line through =
and a point y € II'\ Q is a tangent to Q. In order words, no point y in
IT\ Q =11\ a = S satisfies the condition that the line zy is an external line

of Q.



(2) Suppose z € 7 \ II* for exactly one i # 0. By a similar argument, it
follows that no point y in m; \ @ = m; \ « satisfies the condition that the
line xy is an external line of Q. Suppose there exists z € S; \ m; such that
the line through xz is not an external line of Q. Since every line contains
exactly three points, that line is tangent to Q and thus z is in z*. Then
r €zt Nmt = (z,m)" = II'*. This gives a contradiction, and thus the line
through = and a point y € S; is an external line of Q if and only if y ¢ ;.
Since a Nm; is a (t — 1)-space, there are exactly

[Se\mil = [\ m) \ (a\ m)| = [(27% = 1) = 2" = )] = [2" = 1) - (2" = )] =2

points y in .S; such that the line xy is an external line of Q.

(3) Suppose x € at \ II*+. Suppose there exists y € S; such that the line zy is
not an external line of Q. Then that line is a tangent to @ and thus = € y*.
Then z € y= Nat = (y,a)" = I+, This gives a contradiction and the result
follows.

L]
We are ready to give a proof of Theorem [3.Al

Proof of Theorem [B.Al By Lemma B4, S, is a Godsil-McKay switching set for
Io.

By Godsil and McKay [6], I'o ; has a same adjacency spectrum as I'g. Since I'g is
a strongly regular graph, I'g ; is also a strongly regular graph with the same param-
eters (see the first three paragraphs on [4, Subsection 14.5.1]), where the parameters
are listed as in Table [l on

By the definition of T; and Lemma [3.7],

T, = (PG, 2)\ @ n[(|J =\ 1I*) \ 5]
T«

where 7 runs over all t-space of II except a. By Lemma [B.6] (U#a T\ 1) =
PG(n,2) \ at. Since S; is in at, the result follows. O

With Lemma [3.7, we prove Theorem 3.8l

Proof of Theorem By Lemma B3] the subgraph of I'g with vertex set S is
a regular subgraph of degree 21
Let x be a point in (PG(n,2) \ Q) \ Si;. By Lemma B.G one of the following
cases OCCurs.
(1) z € IT+ and = € T+,
(2) z € I+ and z € ot \ TT't.
(3) z € II* and x € ©" \ II'* for some t-space 7’ # « of II'.
(4) z € ot \ II* and x € ITT'*.



(5) z € at \ I+ and x € ot \ II'-.
(6) z € 7t \ II* for some t-space m # « of II, and x € IT'*.
) x € m+ \ II* for some t-space m # « of II, and z € 7'+ \ II'* for some t-space

Note that case (3) never occurs. Indeed, since « is a subset of II, we have
II+ C at. Indeed, if z is in II*, then z is in o by Lemma B.5l By Lemma [B.6]
at = (ot \ II'M) U II'* is disjoint from 7'+ \ II't. Similarly, case (6) never occurs.

For the remaining cases, by Lemmal[3.7, there are respectively 0+0 = 0, 0+2+! =
UL L 4 0 = 2tFL otFL 4 9L — 92 9t 4 9t — 211 points y in (ITUIT') \ a such
that the line zy is an external line of Q. Therefore, S;; is a Godsil-McKay switching
set of I'g because we have |S; ;| = 27 by Lemma 3.1

Similarly, by Godsil and McKay [6], '+ + has a same adjacency spectrum as I'g.
By M], I'g:+ is also a strongly regular graph with the same parameters, where the
parameters are listed as in Table [l

The vertex x is adjacent to none or all vertices in Si,, if and only if case (1) or
(5) holds, if and only if x € a* \ (II*AIT'*). The result for T;; now follows. O

4. SOME CODEWORDS OF THE SWITCHED GRAPHS

We shall use the same notation n, Q, L, ¢, a, I, Il', I'g, T'oy, U'ate, Sty Ste, T,
Ti+, as described in Theorems B.A] or BBl Recall from Section 2 that C'(T'g;) and
C(T'gy+) are respectively the code of C'(I'g:) and C'(I'gy,). In this section, we aim
to prove vt vTt € C(Tg,) and vt vTtt € C(Tgyy).

Since we will need frequently the number of external lines of a non-singular
quadric through a point, we give these numbers in the following lemma for ease
of reference.

Lemma 4.1. Let Q,, be a non-singular quadric in PG(m,2). Let x be a point not
in Qm. If m is odd, there are 2™ 2 + 275 external lines through x, where the upper
sign of + is taken when if Q,, is elliptic, and otherwise if Q.,, is hyperbolic. If m is
even, there are 0 or 2™~2 — 1 external lines through x, depending on whether x is the
nucleus of Q,, or not.

m—1

Proof. When m is odd, @,, has 2 272 — 1 points (see Table [Ml). Thus, there
are |PG(m, 2)| — |Qn| = 2™ & 2(m~Y/2 non-quadric points. By [10, Theorem 22.6.6],
these non-quadric points are in the same orbit under the subgroup Aut(Q,,) of the
automorphism group of PG(m, 2) which fixes @),,,. Thus, through each point, there are
a same number of external lines. The result follows because there are %(2’”_2)(2m7+1 +

1)(2"2" £ 1) external lines in PG(m, 2) [I0, Lemma 22.8.1].
Similarly, when m is even, there are 2™ non-quadric points. Recall from Section 2]
that all line through the nucleus of @, is tangent to @,,. By [10, Theorem 22.6.6|, any




non-quadric points, other than the nucleus, are in the same orbit under Aut(@,,). The
result follows similarly because there are £(2™72)(2™ — 1) external lines in PG(m, 2)
[10, Lemma 22.8.1]. O

In the following lemma, whenever we use the signs + or F, the upper sign is
always taken when @ is elliptic, and lower sign is always taken when Q is hyperbolic.

Lemma 4.2. There is an external line | of Q such that | and o are disjoint.

Proof. Let x be a non-quadric point not in at. Let 3 be the (n — t)-space spanned
by {z,at}. If there is an external line of Q through z but not in 3, then such a line
will be disjoint from at and we are done.

We first consider the case for t = 1. By Lemma [B.6] x € 7+ for a unique 1-space
7 of II. Since z is not in at, we have m # a and so TN« is a point of Q. By Theorem
[T0, Theorem 22.7.2], ¥ N Q is a parabolic quadric. If z is the nucleus of XN Q, then
there is no external line (of both @ and ¥ N Q) in ¥ and through x, as desired. If
is not the nucleus of ¥ N Q, then there are

n3 ]

external lines in 3 and through z by Lemma [l Since n is not less than 5, this
number is less than the number of external lines in PG(n,2) through z found in
Lemma [Tl and thus there is an external line of Q through z but not in X, as
desired.

Similarly, in case t = 2, ¥ is an (n — 2)-space meeting Q in a line cone 1,9, ,
over an elliptic quadric Q. , if Q is elliptic, and a line cone I1; @ , over a hyperbolic
quadric @ , if Q is hyperbolic. Since I1;Q, , has

(4.1) IO, | =3+4(2"*—2"" —1) =22 _9om1/2_
points and 11, Q" , has
(4.2) IO+ | =3+4(2" 442" —1) =224 20-0/2

points, there are
5] = [I,Q | =22 +27 ce {— +}
non-quadric points in the (n — 2)-space 3. Thus, there are at most
22 4 2"5
2
external lines in 3 through x. Since this number is less than the number of external
lines in PG(n, 2) through x found in Lemmal[Z] there is an external line of Q through

2 but not in X, as desired.
We now consider the case for ¢ > 2. By [0, Theorem 3.1], through z, there are

o=t _q

—on=3 4 9%
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lines in the (n — t)-space X. Since this number is less than the number of external
lines through x found in Lemma [4.], there is an external line of @ through x but not
in X, as desired. [

Lemma 4.3. The vector v* is in C(T'gy). The vector vt is in C(Lgyy).

Proof. Let | = {x, 15, 23} be an external line of Q such that [ and ot are disjoint.
This exists by Lemma

For each v = 1,2,3, let r;, 7; and 7; respectively be the row of the adjacency
matrices of I'g, I'gy, I'g 4 corresponding to ;. Then r; is the characteristic vector
of (PG(n,2)\ Q) \ z;-. By Lemma 3.6, PG(n,2) \ Q is the disjoint union of I*+\ Q,
(2 \ D)\ Q, (x5 \ )\ Q and (x5 \[*)\ Q. Since I+ is a subset of x;- for i = 1,2, 3,
we have

(43) rl—l—rg—l—rg:()

: Vol
in Fy .

Since [ is disjoint from a*, we have { C T} and [ C T} .. By the definitions of I'g;
and I'g 4, for each ¢ = 1,2, 3, we have

(4.4) =1+ v
and
(4.5) T S

By [@3) and @A), vy + 7y + r3 = v° and so v** is a codeword of C(I'g;). Similarly,
v5:t is a codeword of C(Ig ;) because 7 + ry + 73 = vt by [@3) and ([EH). O

The purpose and proof of following lemma are similar to those of Lemma [£.2]
and we apply this lemma to prove v’t € C(I'g;) and v’ € C(Tg ).

1

Lemma 4.4. Let x be a non-quadric point in a—. Then there is an external line | of

Q through x such that | is tangent to o at x.

Proof. To prove the lemma, it suffices to show some of external line through = does
not lie in at.

We first consider the case for t = 1. Then o' is an (n—2)-space. By [10, Theorem
22.7.2], aNQ is aline cone I1;Q,,_, over an elliptic quadric Q,,_, if Q is elliptic, and
a line cone I, @ , over a hyperbolic quadric Q" , if Q is hyperbolic. For either Q
elliptic or hyperbolic, the set of points ’s in o N Q such that the line zy is tangent
to a* N Q forms a line cone I1;Q,_5 over a parabolic quadric Q,_5. Since Q,_5 has

2"=% — 1 points [9, Theorem 5.21], there are
L Qns| =[3+4(2"°—1)]=2"" -1
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tangents in at through z. Using ([A.1)) and (42), there are

lat N Q| — 11, Q5| _ gn—4
2

secants in at through . Since there are 272 — 1 lines in ' through z [9, Theorem
3.1], there are

(4.6) (202 — 1) — (2n 4 202y _(gn3 1) = gnd 4 o(n=3)/2

(n—3)/2

F2

external lines of @ in a through x, where the upper signs of + and T are taken if Q
is elliptic and the lower sign if Q is hyperbolic. Since the number in ({.0) is less than
the number of external lines through z found in Lemma [l there is an external line
of Q through z but not in o, as desired.

We now consider the case for t > 1. By [0, Theorem 3.1], through x, there are
only

2n—1—t -1

lines of the (n—1—t)-space at. Since this number is less than the number of external
lines through x found in Lemma [4.], there is an external line of @ through x but not
in at, as desired. O

Lemma 4.5. The vector vt is in C(Lgy). The vector vt is in C'(T'gyy).

Proof. Let z; € S;. Note that z; € a®. Take an external line | = {x;, x5, 23} of Q
through z such that [ is tangent to a* at z;. It exists by Lemma @41

For each v = 1,2,3, let r;, 7; and 7; respectively be the row of the adjacency
matrices of I'g, 'y, I'g++ corresponding to x;. By the same argument used in the
proof of Lemma [4.3] we have

(4.7) ri+ro+1r3=0.

Because of 1 € S; C S;4, by the definitions of I'g; and I'g;;, we have
(4.8) rp=r+o’

and

(4.9) FL=r 4ot

Since o, r3 are not in at, they are in T; and T;; by (B2) and [B.4). So, for i = 2,3,
we have

(410) ’l"Z =1, + USt
and
(4.11) Py =1 4 vt

12



By (1), @X) and @EI0), vy + rs + 73 = vt and so v’* is a codeword of C(Tgy).
Similarly, v+ is a codeword of C'(I'g;;) because 7y + 75 + 73 = v’tt by (1), (E9)

and (.IT). O

5. THE MINIMUM WORD OF C(I'g;) AND C'(I'g4,)

In this section, we use the same notation n, Q, L, t, a, II, I, T'g, I'gy, T'g s,
St, Sit, Ti and Ti, as in Section Ml except requiring n > 7.

Let
(5.1) Cy = (C(Tgu), 0™, v™)
and
(5.2) Cie = (C(Tgyy), v5, 00)

In this section, we aim to prove the minimum word of C; and C;; are respectively vt
and vt. This will give the minimum word of C(I'g;) and C'(I'g;;) once we prove
that C; = C(I'g) and Cy; = C(I'g4y) in the next section.

Lemma 5.1. Let w € C(T'g). Then wt(w + v5) > 21 and wt(w + v®4t) > 2042,

Proof. From Table 3 if Q is elliptic, the weight wt(w) of w satisfies wt(w) > 2771,
By Lemma B} wt(v9) = 2+ and wt(v°tt) = 212, So,
wt(w + v°) > wt(w) — wt(v™) = 277 — 2
wt(w 4+ v9) > wt(w) — wt(vt) = 2771 — 202,

Since we have assumed n > 7 in this section and we have ¢ < "T_?’ under the assump-
tion in Theorems B.Al and B.B], it is straightforward to verify that wt(w + v5t) > 20+1
and wt(w + v50t) > 202,

From Table M if Q is hyperbolic, then wt(w) > 27! — 2"7" . Similarly, since
n > 7, it is straightforward to verify that wt(w +v) > 2+ and wt(w + vtt) > 20+2
with t in the range stated in Theorems B.A] and O

For any subset U of points of PG(n, 2), denoted by U the set U \ Q. Recall that
whenever we use the signs + or F, the upper sign is always taken when Q is elliptic,
and lower sign is always taken when Q is hyperbolic.

Lemma 5.2. (1) |at| =271 £2%",
(2) Let A= (IILAII)\ Syy. Then |A| = 27172 £ 2" — 2142,
(8) Let X be an (n — 1)-space. Then exactly one of the following holds:
(a) SNQ=Q, i; [S|=2""1
(b) XN Q =11Q,,_o where Q,,_o and Q are both elliptic or both hyperbolic;
S| =2n-1+ 2%,

13



Proof. (1) Since « is in Q, by [10, Theorem 22.8.3], a N Q is a cone I1;Q,, 2o
where Q95 is elliptic if Q is elliptic, and is hyperbolic otherwise. By (2.1
and Table [I we have

n—2t—3

ot N Q)= (2 — 1) 4 2 (2 A2 g2t ) =2nt E ot — 1,

Since o™

is an (n —t — 1)-space, it follows that
] =la*| ~|a" N Q|
:(2n—t o 1) o [2n—t—1 ¥ 2

(2) Similar to (), we have

n

7 ] =2" L2

T4 =[] = [T N Q| = [IT*| — [TQn-1-3|
:(2n—t—l o 1) _ [(2t+1 _ 1) + 2t+1(2n—2t—3 o 1)] _ 2n—t—2

and

(T, T0) | =[ (T, I0) | = (T, IT) ) N Q| = | (ILTT) ™ | = [T1,Qp 214

n—2t—>5

:(Qn—t—2 o 1) o [(2t+1 - 1) 4 2t+1(2n—2t—4 ) 5 o 1)]
__on—t—3 n-3
=2 F22 .,

where Q,,_o;4 is hyperbolic if Q is elliptic; Q, o4 is elliptic if Q is hyper-
bolic. Recall from Lemma B35 S;; C IIAIl'". Now using Lemma Bl we
deduce

[A] = | 4 |IF) = 2(IL )| = S| = 2772 £ 2°F — 212,

(3) By [10, Theorem 22.8.5], ¥ N Q is either (a) 9,1 or (b) 149, where Q,_»
and Q are both elliptic or both hyperbolic. The result follows by (21]) and
Table [l

O

Lemma 5.3. The size of T, and Ty, are respectively |T;| = 2™ — 2"7'1 and |T;4| =
on 4 2% — on—t=2 _ 92 Purthermore, the following holds:

(1) |Ti| > 2.

(2) IT,AS,| > 20+
(3) [Tl > 272,

(4) | T ASpy] > 2142,

Proof. Using (B:2) and Lemma (2|, we obtain

T} = [PG(n, 2)| | Q| —|al| = (2" —1)—(2"52°F —1)—(2" "' £2"7") = 2" 2",

14



Since 0 <t < "T_?’, we have
|77t‘ o 2t+1 _ 2n—t—1(2t+1 o 1) - 2t+1 > 3. 2n—t—1 o 2t+1 > 0.

So, |Ti| > 21,
Using ([3.4) and Lemma B.2([2), we have

| Tyel = || + |A] = 2 — 2" 72 £ 275 — 2+
where A = (TI*AIT'4) \ Sy Because of t > 0, we have
[Th] — 242 = 277172252 — 1) £ 9°F — 2P > 7.2 L 0% 9,
When Q is elliptic, t < ”T_?’ and so
72020t ot s,

When Q is hyperbolic, t < "7_5 and so

n—1

7.9n 712 _9ft _otk3 > 7. 9% _ 9% _ott3 5 ).

In both cases, [T > 272, The results of T,AS; and T;;AS;; follow because of
TtﬂSt:@anth,tﬂSt,t:@. O

Lemma 5.4. Let R = (PG(n,2)\ Q)\ X for some (n—1)-space ¥ of PG(n,2). Then
the following holds:

(1) |RAT,| > 21+,

(2) |IRAT,AS,| > 20+,
(3) |RAT,,| > 21+2.

(1) |RAT,AS,,| > 202,

Proof. The complement R° of R in PG(n,2)\ Q is

A~

R =%.
Let A := ((IT*AII') \ Siy) \ Q. By B2) and [34), we have

c_ 1
T = o,

(5.3)
T, =T, UA.

Recall for any subsets Uy, Us, Us of PG(n,2) \ Q, we have U1 AUy = USAUS; (Uy U
Ug)c = Ulc N []207 (U1AU2)AU3 = U1A(U2AU3); U1AU2 D) U1 \ UQ, and equality
holds if and only if U; C U,. Further because of S, S;; C at by Lemma and
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Sit N A =0, we have

RAT, = SAat > 5\ at;
RAT,AS, = (SAab)AS, = SA@E\S,) DS\ (at\ S,) O S\ at;
RAT,, = SA(at N A¢) = SA(at \ A) D £\ (ol \ A);
RAT,,AS,, = SA[(ar\ A)\ Sl D S\ [(at \ A)\ Sea] D S\ (ot \ A).

(5.4)

Thus, it suffices to show (i) [S\ at| > 21 and (ii) [£\ (at \ A)| > 22 for ¢ within
the range mentioned in Theorems B.Al and B.Bl By [I0, Theorem 22.8.3], ¥ N Q is
either (a) a parabolic quadric Q,,_1, or (b) a point cone I1yQ,,_5 where Q,, 5 and Q
are both elliptic or both hyperbolic.

(a) If XN Q = @Q,_1, then by [I0, Theorem 22.7.2], we have ¥+ ¢ Q and so
Y1 ¢ a. By the definition of a polarity, we have a+ ¢ Y. Since ¥ is a
hyperplane and ot is an (n — 1 — t)-space, ¥ Nat is a (n — 2 — t)-space.

(i) By Lemma 5.2/(@Ba) and 0 < ¢ < 52, we have

IS\ at| - 2t >|5) - [E nat] - 2!
="t (2t 1) -2t =2 - 1) 41— 2
Z2n—t—1 o 2t+1 +1>0.

(i) Similarly, since 3\ (O/zI \A)C S\ o/zI, we have

S\ (@l \ A)] = 22 >|S| — [T nat| — 22
>on—iml _ot+2 L 1 5,

(b) (i) f XN Q =114Q, _», then by Lemma B2(MBD) and because of t > 0, we
have

S\ at] - 271 >8] — |at] — 2t
=2 2T ) - (20 £ 27T ) - ot
:2n—1—t(2t o 1) o 2t+1 Z 2n—1—t o 2t+1 > 0
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(i) f XN Q =11pQ,_2, then by Lemma BE2[MRBL) and because of t > 0, we
have

S\ (ol \ A)] - 2+
>[5 — [at| + 4] - 212
(5.5) —(2 2T ) — (2T 25 ) (2R 2 — 212) ot
=2l 1) £ 2" — 9itd
>3.0n"27t 4 9"y _ it3

where the last equality holds if and only if ¢t = 1.
If O is elliptic, then because of t < ”T_?’, we have

(5.6) 3.2n 27 49" 9t >

where the equality holds if and only if ¢ = "T_?’ Because of n > 7, it

isA imp/o\ssibke to have 1 = ¢ = 5%, Combining (5.3) and (5.0), we have
I\ (ot \ 4)] > 202,
If @ is hyperbolic, then because of ¢t < "T_E’, we have

(5.7) 3.2 _ oty _ ot 5

Combining (55) and (5.7), we have |3\ (o/zI \ A)| > 2042,
U

Proposition 5.5. Let u be a non-zero vector in Cy. Then wt(u) > 271 and equality
holds if and only if u = v,

Proof. Let u be a non-zero vector in C;. Then u is one of the following: w, w + v,
w4 vt w4+ oTt 4 5 ot wTt + 05 or v for some w € C(I'g). By Tables Bl and
@ wt(w) > 21 and by Lemma [B1l wt(w + v%) > 271, Note that for any subsets
Ui, Uy of PG(n,2)\ Q, vVt + 02 = pU1402 The result follows from Lemmas B.1]
and 5.4 because w = v® where R = (PG(n,2)\ Q) \ ¥ for some (n — 1)-space ¥. [

Proposition 5.6. Let u be a non-zero vector in Cyy. Then wt(u) > 272 and equality
holds if and only if u = v,

Proof. Tt follows using arguments that are similar to those in the proof of Proposition
O

6. NUMBERS OF SWITCHED GRAPHS FOUND

With the notation as given in Section [l for n, Q, L, t, a, I, I, I'g, 'y, I'g 1y,
St, S, Ty and Ty, we assume n > 7. In this section, we will prove C(I'g;) = C; and
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C(Tgut) = Ciy as claimed in Section [, and then count the number of non-isomorphic
graphs constructed through Theorems [3.Al and B.Bl

Let A, A;, A;; be the adjacency matrices of I'g, I'g; and I'g ¢ 4.

Since S; C Sy and T; C T, we may assume that the first |\S;| rows and columns
of A, Ay, Ay correspond to points of PG(n,2) \ Q in Sy; the next |S;; \ S;| rows and
columns correspond to those in Sy, \ Sy; the last |1} | rows and columns correspond
to points in 7}, such that the last |T3| rows and columns correspond to points in T;.
By the definition of I'g 4,

O O J,
(61) At =A + Mt,Where Mt = O O O
J, O O
where J; is the |S;|-by-|T3| all-ones matrix. Similarly, by the definition of I'g .,

O O Jy
(62) At,t =A + Mt,ta where Mt,t = O O O

Ji; O O
where Jy; is the |Si|-by-|T} .| all-ones matrix.

Lemma 6.1. None of vt or v1tt is in C(Tg).

Proof. Suppose vt is in C(I'g). Recall any codeword in C(I'g) is v® where R =
(PG(n,2)\ Q) \ X for some (n — 1)-space ¥. By (8.2),

(PG(n,2)\ Q) \ " = (PG(n,2)\ Q) \ =,
This implies ¥\ @ = at \ Q. Considering the size of ¥\ Q and a* \ Q given in

Lemma 5.2, we have n = 3 or t = 0, which contradicts the range of n and t stated in
Theorem [B.Al or Theorem [B3.Bl d

We now prove C(I'g;) = C; and C'(I'g+:) = Ci as announced in Section [Bl
Lemma 6.2. C(I'g;) = (C(Lgy),v%,v™) and the 2-rank of C(Tgy) is n + 3.

Proof. By Lemmas and 5, vt and vt are codewords of C(I'g;). By @), a
row of the adjacency matrix of I'g; either is a row of the adjacency matrix of I'g or
differs from such a row by v** or v™t. Thus, any row of the adjacency matrix of I'g
is a codeword of C(I'g;).

By Lemma 6], vt ¢ C(I'g) and by Proposition 5.5 for any w € C(I'g), we have
that none of w and w + v** is the vector v**. Thus, v, vT* and a basis of C'(T'g)
form a linearly independent set of size 2+ (n+ 1) = n + 3.

In (&1)), since the 2-rank of M, is 2, the 2-rank of C'(I'g) differs from that of
C(Tgy) by at most 2. Since v¥* and vt and a basis of C(I'g) form a linearly inde-
pendent set in C'(I'g;) with size two more than the 2-rank of C(I'g), they form a
basis of C(I'g). O
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Lemma 6.3. C(Dg;) = (C(Dgyye), v, vt and the 2-rank of C(Tgy,) is n+ 3.
Proof. The proof is similar to that of Lemma O

We now give the parameters of C(I'g;) and C(I'g;+). Recall the upper sign of
F is taken when if Q is elliptic, and otherwise if Q is hyperbolic.

Theorem 6.4. C(I'g,) is a [2nF2"2  n+3, 2+ ),-code. C(Tout) isa 2" F2"s n+
3, 2!2]y-code

Proof. The length of C(I'g;) and C'(I'g+,) are the number of vertices of their respec-
tive graphs, which is 2" F 2"2". Other parameters of the codes follow from Lemmas

6.2, 6.3, and Proportions [5.5] O
Theorem 6.5. The graphs I'g,I'g1,1'g2, - ,FQ7%,FQ71,1, Foo9, -+, I'omm are
distinct up to isomorphism, where m = ”T_?’ if Q is elliptic and m = ”7_5 if Q is
hyperbolic.

Proof. T'g is distinct from other graphs in the list because it has a 2-rank n + 1 [11],
Theorem 5.3] but others do not by Lemmas and Let I',TV be two graphs
listed above other than I'g. Let S and S” be switching sets of ['g such that I, T are
obtained from I'g with switching sets respectively S and 5’

Suppose there is an isomorphism ¢ between I' and IV. Then ¢ induces a code
isomorphism ® between C'(I') and C(I"). Since ® maps minimum word(s) of C(I') to
those of C(I"), we have ®(S) = S" by Propositions [B.5] and Considering the size
of the switching sets given in Lemma B.I], we may assume without loss of generality
that I' = I'g 441 and IV = T'g s, for some t. By Lemma B.2] the subgraph of I'g, and
hence of I', with vertex set S = S;;1 is null. But by Lemma [3.3] the subgraph of I'g,
and hence of I, with vertex set S" = S;; is not null. This contradicts ®(5) = 5,
and so I' and I are non-isomorphic. 0

Since we work under the assumption that n > 7 in Sections [Al and [0, Theorem
is valid under the same assumption. However, it can be checked directly that
in case Q is elliptic and n = 5, I'g, I'g1 and I'g;; are non-isomorphic; in case
Q is hyperbolic and n = 5, I'g and I'g; are non-isomorphic. In conclusion, for
n > 5, if Q is an elliptic quadric in PG(n,2), then Theorems BAl and BBl give n — 3
non-isomorphic graphs, other than I'g, with the same parameters as ['g, where the
parameters are shown in Table[Il For n > 5, if Q is a hyperbolic quadric in PG(n, 2),
then Theorems [B.A] and B.Bl give n — 2 non-isomorphic graphs, other than I'g, with
the same parameters as ['g.
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