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SELF-RECIPROCAL POLYNOMIALS AND COTERM
POLYNOMIALS

NERANGA FERNANDO

ABSTRACT. We classify all self-reciprocal polynomials arising from reversed Dickson
polynomials over Z and F,, where p is prime. As a consequence, we also obtain
coterm polynomials arising from reversed Dickson polynomials.

1. INTRODUCTION

The reciprocal f*(z) of a polynomial f(z) of degree n is defined by f*(z) = z" f(1).
A polynomial f(z) is called self-reciprocal if f*(x) = f(z), i.e. if f(x) = ag+ a1z +
asx?+- -+ a,x", a, # 0, is self-reciprocal, then a; = a,,_; for 0 < i < n. Self-reciprocal
polynomials have important applications in coding theory. We briefly explain two
applications in the next two paragraphs.

Let C' be a code of length n over R, where R is either a ring or a field. Consider
the codeword ¢ = (cg,¢1,...,Cn9,¢n—1) in C, and denote its reverse by ¢" which is
given by ¢ = (¢p_1,Cn_2,--.,¢1,¢). A code C is defined to be reversible if ¢" € C
for all ¢ € C. If 7 denotes the cyclic shift, then 7(c) = (¢,-1,¢0,---,Cn_2). A code
C is said to be a cyclic code if the cyclic shift of each codeword is also a codeword.
Cyclic codes have a representation in terms of polynomials. For example, the codeword

c=(cy,c1, ..., Cn1) can be represented by the polynomial f(x) = co+cix+- - cp12™?
and the cyclic shifts of ¢ correspond to the polynomials x'f(x) (mod 2™ — 1) for i =
0,1,...,n — 1. Among all non-zero codewords in a cyclic code C, there is a unique

codeword whose corresponding polynomial g(x) has minimum degree and divides ™ —
1. The polynomial g(x) is called the generator polynomial of the cyclic code C. In
[11], Massey studied reversible codes over finite fields and showed that the cyclic code
generated by the monic polynomial g(z) is reversible if and only if g(z) is self-reciprocal.

Deoxyribonucleic acid (DNA) is a molecule that contains all of the information nec-
essary to build and maintain an organism. DNA computing was first introduced by
Leonard Adleman when he solved the famous directed Hamiltonian path problem by
using DNA molecules as a form of computation; see [2]. Cyclic codes have played a
pivotal role in the area of error-correcting codes; see [17]. The structure of DNA is used
as a model for constructing good error correcting codes and conversely error correcting
codes that have similar properties with DNA structure are also used to understand
DNA itself. The interplay between DNA structure and error correcting codes have
been extensively studied by many authors in which self-reciprocal polynomials play a
major part. We refer the reader to [1I, [5l [6] [14], 15, 19, 18] for further details.
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Let p be a prime and g a power of p. Let [F, be the finite field with ¢ elements. From
the definition of a reciprocal polynomial, it is clear that if f(x) is irreducible over F,,
then so is f*(x). Several authors have surveyed self-reciprocal irreducible monic (srim)
polynomials and obtained many results; see [8, 12} [13, 20, [16].

The present paper is a result of a recent article by the author on the reversed Dickson
polynomials of the (k4 1)-th kind over finite fields in which many previously discovered
results on reversed Dickson polynomials were generalized; see [3]. For a € F,, the n-th
reversed Dickson polynomial of the (k4 1)-th kind D, x(a, z) is defined by

L5

n— k:-z <n - z) (—ayian?
i —i\ i
and Dy y(a,z) =2 — k.

When p is odd, it was shown in [3] that the n-th reversed Dickson polynomial of the
(k + 1)-th kind D,, x(1,x) can be written as

Dyy(l,2) = (%)"fnvka _4z),

INIE

(1.1) Dy i(a, ) =

where

n—1 ,
1.2 wre(T) =k J+1 9 ic7y
(12)  fule ZO(QJH) ity 4 Z(Qj)x e Zla
for n > 1 and

f(]’k(l’) =2—k.
In [I0], Hou and Ly explored the properties of the reversed Dickson polynomials of
the first kind D,, o(x) over finite fields and showed that

Dyo(1,z) = (%)n_l fa(1 —4a);

where

(1.3) falz) =Y <n) 2.

J=0 2]

In [9], Hong, Qin, and Zhao showed that the reversed Dickson polynomials of the
second kind D, ;(z) can be written explicitly as follows.

1
Dn,l(l,l’) = 2_n fn+1(1 - 4LU),
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The author of the present paper showed in [4] that the reversed Dickson polynomials
of the third kind D, »(z) can be written explicitly as follows.

1
Dn,g(l,flf) = F fn(l — 4LU),

where

(1.5) (M@ZEZ(%ZJIW

=0

Note that (L2) is a genelarization of (L3), (I4), and (LX) for any k. The self-
reciprocal property of (L3), (L4), and (L3) was used in [10], [9], and [4], respectively,
by the aforementioned authors to find necessary conditions for the corresponding re-
versed Dickson polynomials to be a permutation of F,. These observations led to the
inquisitive question “when is f, ; a self-reciprocal?”. This paper answers this question
completely and it is quite interesting to notice that self-reciprocal polynomials are only
arising from the reversed Dickson polynomials of the first and third kinds when n is
even, and only from the reversed Dickson polynomials of the second kind with an ex-
ception (see Theorem 24] and Theorem B.4) when n is odd. An overview of the paper
is as follows.

At the end of this section, we list some preliminaries that will be used in latter
sections.

We explore f, x(x) € Z[z], for(x) € Fpylz], where p is an odd prime, f, x(z) € Fo[z]
in Section 2, Section 3, and Section 4, respectively, and find necessary and sufficient
conditions for f, x(x) to be a self-reciprocal.

In Section 5, we give an introduction to coterm polynomials and their applications
in coding theory. Then we obtain several coterm polynomials as a consequence of the
self-reciprocal polynomials obtained in Sections 2,3, and 4.

We note to the reader that in Sections 2,3, and 4, we allow the degree n in the
definition of a self-reciprocal polynomial to be zero, i.e. we consider non-zero constant
polynomials eventhough they are not very interesting.

1.1. Preliminaries.

Theorem 1.1. (Luca’s Theorem) Let p be a prime and let n,m > 0 be two integers
with p-adic expansions

n=oayp’ +arpt +asp’+ -+ oy pt,

and
m=Bop’ + Bip' + Bop® + -+ Byl

()= ()G ()

An immediate consequence of the Luca’s Theorem is as follows.

Then
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Lemma 1.2. (n) is divisible by a prime p if and only if at least one of the base p
m

digits of m 1is greater than the corresponding digit of n.

Lemma 1.3. (See [12]) Every self-reciprocal irreducible polynomial of degree n > 2 has
even degree.

2. WHEN IS f,r A SELF-RECIPROCAL?

In this section we answer the question “when is f,, , a self-reciprocal?” by considering
two cases: n is odd and n is even.
Recall that for n > 1,

n—1 . . n .
2.1 = J_ 3ty 19 i e
D I IR > (5,) ezl
Theorem 2.1. Let n > 1 be even. f,r(x) is a self-reciprocal if and only if k € {0,2}.
Proof. Let k = 0. Then (2.1 becomes

n .
fusle) =2 (27) .
Jj=0

which is a self-reciprocal since

for0<j < 5.
Let k = 2. Then (21]) becomes

farla) =2 3 <27;111) (27 =27y +2 ) <27;) 2.

320 j=0

So we need to show that

is a self-reciprocal.
Note that
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% ey e ()

7>0 5>0
n—1 ’ n—1 : n .
_Z(2y+1) ;(%H)ww;(%)x]
_Z(n—l) : Z(n.—l)ijrleZ(n.—l)le
= 25 +1 = 25 +1 = 25 +1
(2.2) +Z<n_1)
5>0

n—l) . n—1 .
=X () ()
= (2]—|—1 = 29
n )
J
(2]+1)x

J>
2’ is a self-reciprocal since
(29 + 1) P

(2/_1 1) B <2<<% ~ 1?— J)+ 1)’

I
g

for0<j; <35 -1
Now assume that

a —k ik n—l) j+1 < ) J
ey b=k 3 (50) Pk (L) e ()

>0
is a self-reciprocal.

Note that the degree of f, x(x) is g and the right hand-side of (Z3]) can be written
as

n

(24) (k(n—1)+2)+ 2 [k; (27;111) Iy (27;—_11) +2 (2])} (2 - k)3,

If k # 2, since f,\ is a self-reciprocal, we have
2—k=k(n—1)+2

which implies k£ = 0.
If £ # 0, then kK = 2. Otherwise, it contradicts the fact that n > 1. Note that for
k=2and j =14 —1, we have

(i)~ G+ (5) 7o
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and

o) 2(570) 2 ) %) 50 )

O

Remark 2.2. When n is even, note that in (2.4), if we replace the constant term by
the coefficient of v and viceversa, (2.4) does not generate self-reciprocal polynomials
for any k.

To give an example, let k =1 and consider

n—1 n—1 n
k<2j+1>_k<2j—1)+2<2j>
in 24) for1 <j <% —1. We have
)= G2 0) = ()« (1) + ()
2j +1 2j — 1 2 2j +1 2 2
n n
- <2j+1) " (29')

_(n+1
S \2j+1
Clearly, when j =1 and j =5 —1

n+1 n+1
()00
Let’s replace the constant term by the coefficient of 2% in (Z4) and define g, to be

n

(2.5) gni(z):=(2—k)+ 2;11 [k (27;111) —k (27;—_11) +2 (27;)] )+ (2-k)z%.

Also, replace the coefficient of #2 by the constant term in ([24) and define h,, ; to be

ho () = (l{:(n—l)+2)+§ []{7 (27;111) —k (2”],__11) +2 (27;)] 2+ (k(n—1)+2) 2%
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Then we have the following result.
Theorem 2.3. Let n > 1 be even. g, and hyy, are self-reciprocal if and only if k =0

Proof. We only need to claim that

(2.6)

' (2@111) - (Z_—11>+2 (Z) - <2<gn—_j>1 ¥ 1) o <2<gn—_j>1— 1)*2 <2<gn—j>)

for 1 < j <% — 1 when and only when k = 0.
When £k = 0 clearly equality holds. Now assume that & # 0. Then from (2.6]) we
have

" (2@111)"{ (Z_—ll)“ (27;) =t <2<gn—_j>1 n 1) " (2<%n—_j>1— 1)*2 (2<%n— j>)
fn) G ) =+ G ) )
]G+ ()l =G0 + (5]

which implies
n n n
- for1<j<Z_1
<2j+1) (29'—1) rsl=570

which is a contradiction.
O

Theorem 2.4. Let n > 1 be odd. f,;(x) is a self-reciprocal if and only if k =1 or
n =3 when k = 3.

Proof. Let k=1 in (2I)). Then we have

=3 (50) 72 (62) e g ()

—;@jﬂ) 3 ()7
=5 (550)

1 .
Clearly, Z (n.—l— ) 2’ is a self-reciprocal polynomial since

n+1Y\ n+1
2j+1) \2(%g —4)+ 1)
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Now assume that f, ;(z) is a self-reciprocal polynomial. Note that the degree of

frk(x) is P2 and the right hand-side of (2.3]) can be written as
(2.7)
! 1 1
B n—1\  (n-— n J(k(n— 1) 2m) 25
(k(n—1)+2)+ ; [k (2j+1) k <2j_1)+2 (2j)] 2+ (—k(n—1)+2n) 2"

k(n—1) 42 = —k(n —1) 4 2n implies k = 1.

When k # 1, If —k(n — 1) +2n =0, then k # 0, 2.

Now assume that k& # 0,1,2. Then—k(n — 1) + 2n = 0 if and only if n = 3 when
k = 3 since n is odd and

k . .
n—meZlfandonlylfk—?).

Note that f,, x(z) =8 when n =3 and k = 3.

Remark 2.5. Note that when n =1, f, (z) =2 for all k.

Remark 2.6. When n > 1 is odd, note that in (2.7)), if we replace the constant term by

the coefficient of 2" and viceversa, (2.4) does not generate self-reciprocal polynomials
for any k.

Let’s replace the constant term by the coefficient of "7 in [2.1) and define g, to
be

nfl_l

B T R R

j=1
4 (=k(n—1)+2n) 2"7.

Also, replace the coefficient of 22" by the constant term in [2.7) and define hy , to
be

n—1
-1

)= (a2 X [k (57 ) (500 ) (5] s nmny ) 277

j=1
Then we have the following result.

Theorem 2.7. Let n > 1 be odd. gy, and h;,, are self-reciprocal if and only iof k =1
Proof. We only need to claim that

(2.9)

' (2@111)‘1“ (2@_—0” (Z) - (2(%—? e 1)"“ (2(%-? - 1)*2 (2(%-? —j))

for1 <j< "T_l — 1 when and only when k£ = 1.
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Let K = 1. Then from the left hand side of (2.9), we have

() () 2 (@)= (52) - (75 7) 2 (3)

which is the right hand side of (2.9]).
Now assume that k # 1. Then from (2.9) we have

() ()2 (5) =+ Gt Ty ) Lot =y - 1) 2 (oo - )
o) =) 2 () =) =+ ) 2 i)
Sy R ) R 49 R ) R Gy R Oy
’ <2nj_+11) - (27;_—11) ! (27;) ) (%Z 1) -

(k—1) @111) +(1—k) @,‘_11) 0

n—1 n—1 ‘ 1<,<n—1 1
= or —_— =
2j + 1 2j — 1 =)= o

which is a contradiction.

which implies
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3. IN OpD CHARACTERISTIC

Let n > 1, p be an odd prime, and 0 < k£ < p — 1. Consider

(3.1) ﬁmu%=k§:<21a)@4_ﬁﬂy+2§:(Z) i €T,z

j=0 j=0

Theorem 3.1. Assume that n is even. Then f, () is a self-reciprocal if and only if
one of the following holds

(i) k=0.
(ii) k=2 and n # (21)p, where l € Z7.

Proof. Let k = 0. Then

furle) =2 %" @) 2.

J=0

(27;) - (2(gn— j)) (mod p).
for 0 <j < 3.

Consider the p-adic expansions

We claim that

n=oapp’+arp' +aap’+-+ap,

and

2j = Bop’ + Bip' + Bep® + -+ B

Then by Luca’s theorem, we have

(@)= () () o
_ <aooi°50) <alofﬁl) <a20f52) <atojﬁt>

= (2<gn— y) (i)

Then the claim follows from the fact that
(273) =0 (mod p) if and only if there exists an 0 < [ < ¢ such that 5, > o if and only
if (2(%"_].)) =0 (mod p).

Let k =2 and n # (21)p, where | € Z*. Note that n # (21)p implies p [(2n).
From (2.2)), we have
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_1 1
fog(z —22 <273+1) xl x” —1—2;( )
n j
:2§:<%+4)I

Jj=0

(3.2)

Consider the p-adic expansions

n=oayp’+arp' +aap’+-+ap,
and

2 +1=PBop’ + bip' + Bap® + -+ Bip.
Then by Luca’s theorem, we have

(i) = () G ()~ () o
N IR [P B G

= (ag=1)— 1) @09

Then the claim follows from the fact that

(2J+1) =0 (mod p) if and only if there exists an 0 <[ < ¢ such that 5, > «; if and

only if ( 1) =0 (mod p).

2((5 - 1) i)+

Now assume that f, () is self-reciprocal. From (2.4]), we have

21
< n — ]. n — ]_ . n
_ _ J _ b
(3.3) (k(n U+2y%g;ﬁ<%+i) k<%_l)+2<%ﬂx—ﬂ2 k) a3,
Since f,, x(x) is self-reciprocal, we have
kln—1)4+2=2—k (mod p)

which implies £ = 0 for any even n or p|n.
Note that since n is even, % is even, so we can write n = (20)p for some | € Z7.
Now we claim that when k& # 0,2 and p|n, it contradicts our assumption that f, x(z)

is self-reciprocal.
Let k # 0,2 and p|n. Then from (3.3 we have

n
1

(3.4) (z—ky+§:[k(%la)—k<2ji>+2(%>yﬂ+42—mx%

J=1

Now we claim that
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(3.5)
' (2@111) ot <2nj_—11> i @) 7 <2<gn—_j>1 ¥ 1) o (2<gn—_j>1— 1) 7 <2<gn— j))
fugggg—L (mod p)
et
' (273110 ot (2@_—11) i @) =" <2<gn—_j>l ¥ 1) ot (2<gn—_j>l— 1) 7 <2<gn— j))
(mod p)

Then by the proof of Theorem 2.3, we have

<2jn+1) - <2jn— 1) (mod p),

for1 <j < 5 — 1, which is clearly a contradiction.
Now let k =2 in (B.3)). Then we have

2y
n—1 n—1 n -
. 2 2 —2 2,0 )]+
(36) ”+; <2j+1) (2‘7'—1)+ <2j) !
We show that when k = 2, if f, ; is a self-reciprocal, then n # p(2), i.e. p fn.
When k£ = 2, Assume that n = p(2l), i.e. p|n. Then the constant term in (B.6l)

vanishes, and as a result f,  is not a self-reciprocal. Hence the proof.
Note that (3.6) can also be written as

n_q n_q
n . n .
. 2 2 7 =2 J
7 " Z(%H)I Z(?ﬁl)x
j=1 j=0
[

Corollary 3.2. If k = 0 and n > 2 with n = 2 (mod 4), then f,x(x) is not an
irreducible self-reciprocal polynomial.

Proof. If n = 2 (mod 4), then the degree of f, x(x) is odd. The rest of the proof follows
from Theorem [B.1] (i) and Lemma [[.3 O

Corollary 3.3. Ifk =2 andn # (2)p withn =0 (mod 4), where l € Z*, then f, r(x)
is not an rreducible self-reciprocal polynomial.

Proof. If n =0 (mod 4), then the degree of f, x(z) is odd when k = 2. The rest of the
proof follows from Theorem 3] (i) and Lemma [[.3] O

Theorem 3.4. Assume that n > 0 is odd. Then f,r(x) is a self-reciprocal if and only
if one of the following holds

(i) n=1 for any k.
(ii) k=0 and n = p', where l € Z*.
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(iii) n =3 and k = 3 when p > 3.
(iv) k=1 and n+ 1 # (21)p, where l € Z7.

Proof. From Remark 2.5, we have fi (x) = 2 for all k. When p > 3, f33(z) = 8.
Let k=0 and n = p' in B0, where [ € Z*. Then

Fon() =2 ) (27;) 2 =2,

J=0
Now let k = 1 in ([BJ) and assume that n + 1 # (20)p, where | € Z*. Then from
Theorem [2.4] we have

-5 (57

Jj=0

Note that n+ 1 # (21)p implies p f(n + 1).
Consider the p-adic expansions

n+1l=ap’ +arp' +azp’ + - +app,
and

2j +1=Bop° + Bip' + Bap?® + -+ Bip,
Then by Luca’s theorem, we have

)= ()G GE) () oot
- (aoa—o 50) (ala—l 51) (af 52) (atof @)

(ot )

Then the claim follows from the fact that

(2’;111) =0 (mod p) if and only if there exists an 0 <[ <t such that 5, > «; if and

. n+1 —
only if (2(%+_j)+1) =0 (mod p).

Now assume that f, () is a self-reciprocal. From (2.7) we have
(3.8)

n=1_1

(k(n—1)+2)+ ; [k (27’;111) —k (2"],__11) +2 (2’;)] 2+ (—k(n—1)+2n) 27"

Case 1. Here we consider the case where the constant term and the coefficient of
n—1 .

x 2 being non-zero.
Since f, x is a self-reciprocal, we have

kn—1)+2=—-k(n—1)+2n (mod p),
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which implies

(k—=1)(n—1)=0 (mod p).
Since n is odd, we have n = 1 for any k # 1.
Let k=1 in (3.8) to obtain

(3.9)

Since ([B.9)) is a self-reciprocal, we have either n = 1, in which case f,x(z) is a
constant polynomial, or p f(n + 1) which implies n + 1 # (2)p, where [ € Z*. Hence
we have (i) and (iv).

Case 2. Here we consider the case where the constant term is non-zero, but coeffi-
cient of 2" is zero in (), i.e.

(3.10) k(n—1)+2#0 (modp) and —k(n—1)+2n=0 (mod p).

—k(n—1)+2n =0 (mod p) implies n # 1 (mod p) and k # 2.
From —k(n — 1) +2n =0 (mod p) we have

(3.11) n=_—- (modp),

which implies
(a) k=0 for any p,
(b) k =3 when p > 3,
(c) k=1 for any p, or
(d) kK =4 when p > 3.
If k = 0, since n is an odd, we have n = p’, where | € Z*. Note that in this case
fn,k(ip) =2.
If k=3 and p > 3, we have n = 3 (mod p). Since n is odd, n = 3. Note that in this
case fnx(x) =8.
If £ =1, then it contradicts (310).
The coefficient of "z~ in (BX) is

n—1 n—1 n
k —k 2 .
() -+ ) ()
Assume that £ = 4 when p > 3. When k = 4, from (BII)), n = 2 (mod p). Then

. n—1_1 .
the coefficient of z = ! is

(7)) ) o)1)=
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But the constant term in (B.8)) is

kn—1)4+2=4n—1)+2=6 (mod p).

This contradicts our assumption that f, ,(z) is a self-reciprocal.
Hence the proof.
O

Corollary 3.5. If k =1 and n+ 1 # (20)p with n = 3 (mod 4), where | € ZT, then
fni(x) is not an irreducible self-reciprocal polynomial.

Proof. If n = 3 (mod 4), then the degree of f, x(z) is odd when k = 1. The rest of the
proof follows from Theorem B.4] (iv) and Lemma [L.3 O

4. IN CHARACTERISTIC 2
When p = 2, (2I]) becomes

(4.1) fox(z) =k Z (27;111) — 2/t € Fyla).

Note that we only need to consider £ = 1. We note to the reader that when p = 2,
the polynomials defined by f, » do not arise from reversed Dickson polynomials.

Theorem 4.1. Let n > 1 and k = 1. Then f,x(x) is a self-reciprocal if and only if n
1S even.

Proof. Necessity immediately follows from the fact that ( = 0 when n is odd. For

2j +1)
the sufficiency, assume that n is even. Then from (4.1) we have

—1 . —1 )
fn,k(ZL’) = Z (Z n 1) ) + Z (273 n 1) I’H'l
J J

(4.2)

Note that

n—1 n n—1
2741 27 —1

() (%) (5 )+ (520
(29'1 1) * (‘Z)
(50)

Then (4.2) can be written as
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(13) hat =% ()

For 0 < j < 3, we have

(51 = (™ 00)

Now we claim that for 1 <j <4 —1, If (27;111) vanishes, then so does (2(%"fjl)+1).

Consider the 2-adic expansions

n+l=002"+2' + 2>+ + o, 2,

and

27+ 1=0302"+ 812" + B2% + .- + 3 2.
Note that ag =1 and By = 1 since n + 1 and 25 + 1 are odd. Then

n—2j+1=2"+ (a1 — B1)2" + (a2 — B2) 2° + -+ - + (e — By) 2".

Then by Luca’s theorem, we have

(27;111) = (2) (2) (2) (mod 2),
(2(§n—+j)1+ 1) - (Oio) (alof 51) (atofﬁt) (mod 2).

Then the claim follows from the fact that

and

(273111) =0 (mod 2) if and only if therelexists an 1 <[ <t such that 8, > «; if and
: n+ —
only if (2(%_j)+1) =0 (mod 2).

O

Corollary 4.2. Ifn > 2 with n = 2 (mod 4), then f,x(x) is not an irreducible self-
reciprocal polynomial.

Proof. If n = 2 (mod 4), then the degree of f, x(x) is odd. The rest of the proof follows
from Lemma O

Remark 4.3. Note that when n =2, f,, = x + 1 which is irreducible.
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5. COTERM POLYNOMIALS

5.1. Introduction. Coterm polynomials were introduced by Oztas, Siap, and Yildiz
n [14]. They studied DNA codes over an extension ring of Fy 4+ uF, with the use of
coterm polynomials.

Let R be a commutative ring with identity.

Definition 5.1. (See [14]) Let f(z) = ap + a1z + -+ - + a,_12" ' € R[x]/(2" — 1) be a
polynomial, with a; € R. If for all 1 <14 < |4 ], we have a; = a,,—;, then f(z) is said to
be a coterm polynomial over R.

According to the definition f(z) = ag+ajz+ -+ a,_12"" ' is a coterm polynomial
in Rlz]/(2™ — 1) if and only if (a;,as,...,a,—1) is self-reversible.

The classical way of constructing a reversible code is to find a self-reciprocal divisor
of £ —1 and construct the cyclic code generated by that divisor. However, Oztas, Siap,
and Yildiz explained a new way to construct reversible codes using coterm polynomials.
We refer the reader to [14] and the references therein for further details.

5.2. Coterm Polynomials from reversed Dickson polynomials. Clearly, If f(z) =
ap + a1 + asx? + - + a,x", a, # 0, is a self-reciprocal polynmial, then the removal
of the term a,x™ from f(x) gives a coterm polynomial. Using the above fact and the
self-reciprocal polynomials obtained in the previous sections, we have the following
results.

Consider

(51) )=k Y (2”]110 W12 Y (27”;) i e 7.

Jj=0 Jj=0
Theorem 5.2. Let n > 4 be even. Define
Cri(z) == far(z) — 217,
If k=0, then C, x(x) is a coterm polynomial over Z.

Proof. If k = 0, then f, x(x) is a self-reciprocal (see Theorem 2.1]). The rest of the
proof follows from (2.4)). O

Theorem 5.3. Let n > 6 be even. Define
Cok(z) := far(z) — 202271,
If k =2, then C, x(x) is a coterm polynomial over Z.

Proof. If k = 2, then f, x(x) is a self-reciprocal (see Theorem 2.1)). The rest of the
proof follows from (2.4)). O

Theorem 5.4. Let n > 4 be even. Define
Crip(2) = gni(z) — 207,

where g, k() is the polynomial defined in (230). If k = 0, then C,x(x) is a coterm
polynomial over Z.
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Proof. If k = 0, then f, x(x) is a self-reciprocal (see Theorem 2.3). The rest of the
proof follows from (2.0)). O

Theorem 5.5. Let n > 3 be odd. Define
Co(7) = frr(z) = (n+ 1)z"7.
If k=1, then C, x(x) is a coterm polynomial over Z.

Proof. If k = 1, then f, x(x) is a self-reciprocal (see Theorem [2.4). The rest of the
proof follows from (2.7). O

Theorem 5.6. Let n > 3 be odd. Define
Cr() == goilx) = (n+ 1)a"=,

where gy, () is the polynomial defined in ([Z8). If k = 1, then C, () is a coterm
polynomial over Z.

Proof. If k = 1, then f,x(x) is a self-reciprocal (see Theorem 27). The rest of the
proof follows from (2.8). O

Let’s consider

(52)  furle)=k Y (273;11) (2 =) +2 Y (Z) @ €T,

320 j=0

where p is an odd prime and 0 < k <p— 1.
Theorem 5.7. Let n > 4 be even. Define
Cri(x) == far(z) — 277,

If k =0 and w,(n) # 2, where w,(n) is the base p weight of n, then C,, () is a coterm
polynomial over .

Proof. If k = 0, then f,x(x) is a self-reciprocal (see Theorem [BI]). The rest of the
proof follows from (3.3). O

Remark 5.8. Let w,(n) =2 in Theorem[5.7. From ([B.3)), we have

ka(l') = fn,k

-1

(z) — 22>
22

(5.3) < (Z) v

2-1

24y (;;) .

J=1

Assume that 1 <j<g—1,4e 2<2j5<n-—2.
Consider the p-adic expansions

n:aopo+a1p1+a2p2+---+atpt,
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and

2j = Bop’ + Bip' + Bop® + -+ Bip".
Then by Luca’s theorem, we have

()= ()G G (5) moan
27) ~ o) \ 5/ \ 5 B, P
We claim that there exists 0 <1 <t such that a; < B; for all1 < j < 5 —1.

Assume to the contrary o; > B; for all 0 < i <'t.
Since wy(n) = 2, we have

ozo—l—oz1+a2+---+at:2.
Since a; > [; for all 0 < i <t, we have
Bo+ B+ Pat+ -+ B <2

If Bo+ 1+ Po+ -+ -+ By = 0, then it contradicts the fact that 25 > 2.

If By + Bi + By + -+ By = 1, then there esists an 0 < i < t such that 25 = p', a
contradiction.

If Bo+ 1+ Po+ - - -+ By = 2, then it contradicts the fact that 25 < n — 2.

Hence

(QRJ.)EO (mod p) for all 1§j§g_1,

From (5.3)), we have
Chi(z) =2 (mod p).

Theorem 5.9. Let n > 6 be even. Define
Chi(x) == far(z) —2n xz L

If k=2, n# (2l)p, where l; € Z*, and n # p'2 + 1, where ly € ZF, then C,, () is a
coterm polynomial over IF,.

Proof. If k = 2 and n # (2l)p, where [; € Z7, then f,;(z) is a self-reciprocal (see
Theorem B.1]). The rest of the proof follows from (B.3). O

Remark 5.10. Let n = p2 + 1, where ly € Z+, in Theorem 5.9, From B2, we have
Cri(2) = fop(x) = 2nz2"

n_o

=22 (2/11) v

5=0
=2 (mod p).
Theorem 5.11. Let n > 3 be odd. Define
Co(r) = frr(z) — (n+ 1)z"7.

Ifk=1,n+1% (2l)p, where ly € Z, and n # p'2, where ly € ZT, then C,1(x) is a
coterm polynomial over I,
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Proof. If k = 1 and n+ 1 # (2l;)p, where l; € Z7, then f, x(x) is a self-reciprocal (see
Theorem [B.4]). The rest of the proof follows from (B.8). O

Remark 5.12. Let n = p’2, where ly € Z, in Theorem 511, From BX), we have
Coi(@) = fur(@) — (n+1)z"T
n—1

nl_y

n—+1 .

- (350
im0 N\

=1 (mod p).

(
Remark 5.13. In characteristic 2, f, () — 2% is a coterm polynomial over Fy if
n > 4 is even and n # 2, where | € ZT. Note that when n = 2!, where | € ZF, we
have f,x(z) — 2> =1 (mod 2).
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