arXiv:1709.08947v2 [math.CO] 3 Feb 2018

Frame difference families and resolvable balanced
incomplete block design

Simone Costa®, Tao Feng?, Xiaomiao Wang®

“Dipartimento DICATAM, Universita degli Studi di Brescia, Via Valotti 9, I-25123 Brescia, Italy
*Department of Mathematics, Beijing Jiaotong University, Beijing 100044, P. R. China
“Department of Mathematics, Ningbo University, Ningbo 315211, P. R. China

simone.costa@unibs.it, tfeng@bjtu.edu.cn, wangxiaomiao@nbu.edu.cn

Abstract: Frame difference families, which can be obtained via a careful use of cyclo-
tomic conditions attached to strong difference families, play an important role in direct
constructions for resolvable balanced incomplete block designs. We establish asymp-
totic existences for several classes of frame difference families. As corollaries new infinite
families of 1-rotational (pg 4 1,p + 1,1)-RBIBDs over F} x IE‘ZIF are derived, and the
existence of (125¢ + 1,6,1)-RBIBDs is discussed. We construct (v,8,1)-RBIBDs for
v € {624,1576,2976,5720,5776,10200, 14176, 24480}, whose existence were previously
in doubt. As applications, we establish asymptotic existences for an infinite family of
optimal constant composition codes and an infinite family of strictly optimal frequency
hopping sequences.
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1 Introduction

Throughout this paper, sets and multisets will be denoted by curly braces { } and
square brackets [ |, respectively. When we emphasize a set or a multiset is fixed with an
ordering, we regard it as a sequence, and denote it by ( ). Every union will be understood
as multiset union with multiplicities of elements preserved. AUAU---UA (h times) will
be denoted by hA. If A and B are multisets defined on a multiplicative group, then A-B
denotes the multiset [ab:a € A,b € B].

For a positive integer v, we abbreviate {0,1,...,v — 1} by Z, or I,, with the former
indicating that a cyclic group of this order is acting.

A (v,k,\)-BIBD (balanced incomplete block design) is a pair (V,.A) where V is a
set of v points and A is a collection of k-subsets of X (called blocks) such that every
2-subset of X is contained in exactly A blocks of A. A (v,k, A\)-BIBD (V,.A) is said to
be resolvable, or briefly a (v, k, A\)-RBIBD, if there exists a partition R of A (called a
resolution) into parallel classes, each of which is a partition of V.

A powerful idea to obtain resolvable designs is given by the use of a special class of
relative difference families: frame difference families. This concept was put forward by
M. Buratti in 1999 [9].
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Let (G, +) be an abelian group of order g with a subgroup N of order n. A (G, N, k, \)
relative difference family (DF'), or (g,n,k,\)-DF over G relative to N, is a family B =
[B1, B, ..., B,] of k-subsets of G such that the list

AB = |z —y:z,y€ B,z #y = MG \N),
i=1

i.e., every element of G \ N appears exactly A times in the multiset A8 while it has
no element of N. The members of B are called base blocks and the number r equals to
Ag—n)/(k(k—1)). A (G,{0},k, \)-DF is said to be a difference set if it contains only
one base block, written simply as (G, k, A\)-DS or (g, k,\)-DS over G. The complement
of a (g, k,A\)-DS over G with the base block B is a (g,9 — k,g — 2k + \)-DS over G with
the base block G \ B.

Let § be a (g,n, k, A\)-DF over G relative to N. § is a frame difference family (FDF)
if it can be partitioned into An/(k — 1) subfamilies §1,82, .., San/k—1) such that each
§i has size of (¢ — n)/(nk), and the union of base blocks in each §; is a system of
representatives for the nontrivial cosets of N in G. When \n =k — 1, a (g,n, k, A\)-FDF
is said to be elementary.

The following proposition reveals the relation between frame difference families and
resolvable designs, which can be seen as a corollary by combining the results of Theorem
1.1 in [9] and Theorem 5.11 in [26]. We outline the proof for completeness.

Proposition 1.1 If there exist a (G,N,k,\)-FDF and a (|N|+ 1,k,\)-RBIBD, then
there exists a (|G| + 1,k,\)-RBIBD.

Proof Let § be a (G, N, k,\)-FDF, which can be partitioned into A|N|/(k — 1) sub-
families 1,82, .-, Srn|/(k—1) such that UFesi,heN(F +h) =G\ N for each 1 < i <
AN|/(k—1). Set

‘BZ:{F—F}’LFESZ,}‘LEN}

for 1 <i < A\|N|/(k—1). Let S be a complete system of representatives for the cosets
of N in G. For each s € S, construct a (|N|+ 1,k,A\)-RBIBD on (N + s) U {oo}, where
oo & G. It has A\|N|/(k — 1) parallel classes, written as Q,;, 1 < i < A|N|/(k—1). It
is readily checked that (P; +s) UQs,, 1 < i < AIN|/(k—1) and s € S, constitute all
parallel classes of a (|G| + 1, k, A)-RBIBD, which is defined on G U {o0}. 0

An automorphism group of a (v,k,\)-RBIBD (V,.A) with R as its resolution is a
group of permutations on V leaving A and R invariant, respectively. A (v, k, \)-RBIBD
is said to be 1-rotational over a group G of order v —1 if it admits G as an automorphism
group fixing one point and acting sharply transitively on the others.

By revisiting the proof of Proposition [Tl one can have the following proposition.

Proposition 1.2 Suppose there exists a (G,N,k,\)-FDF. If there is a 1-rotational
(IN|+1,k,A\)-RBIBD over N, then there is a 1-rotational (|G|+ 1, k,\)-RBIBD over G.

The target of this paper is to construct frame difference families and (1-rotational)
resolvable designs via strong difference families. Let & = [F, Fy, ..., Fs| with F; =
(fio, fi1,---, fig—1) for 1 <i <, be a family of s multisets of size k defined on a group



(G,+) of order g. We say that & is a (G, k, u) strong difference family, or a (g, k, u)-SDF
over G, if the list

A = lfia— fip: 0<ab<k—1a 8 =G,

i=1

i.e., every element of G (0 included) appears exactly p times in the multiset AS. The
members of & are called base blocks and the number s equals to pug/(k(k—1)). Note that
1 is necessarily even since the element 0 € GG is expressed in even ways as differences in
any multiset.

Proposition 1.3 A (G, k, u)-SDF exists only if ju is even and p|G| =0 (mod k(k—1)).

The concept of strong difference families was introduced in [9] and revisited in [14}[32].
It is useful in the constructions of relative difference families and BIBDs (cf. [21]), and
perfect cycle decompositions (cf. [I12]). Many direct constructions for RBIBDs in the
literature are obtained by the use of certain suitable SDFs explicitly or implicitly (cf.
[RLOLT3L17]).

Although many authors have worked on the existence of (v, 8,1)-RBIBDs, there are
still 66 open cases for small values of v (see Table 4 in [25] or Table 7.41 in [4]). In Section
2 we shall show that, with a careful application of cyclotomic conditions attached to a
strong difference family, we can establish the existence of three new (v, 8,1)-RBIBDs for
v € {624,1576,2976}. Then via known recursive constructions for RBIBDs, we obtain
another five new (v, 8,1)-RBIBDs for v € {5720, 5776, 10200, 14176, 24480}.

M. Buratti, J. Yan and C. Wang [16] proved that any (k — 1, k, kt)-SDF can lead to
a ((k—1)p,k—1,k,1)-FDF for any sufficiently large prime p and p = kt +1 (mod 2kt).
We shall generalize their result in Section 3 (see Theorem [B.3]).

In Sections 4 and 5, we shall prove that, if the initial SDF has some particular
patterns, then the lower bound on ¢ can be reduced greatly. Theorem [£.10] generalizes
Construction A in [13], and Theorems and [L7] generalize Construction B in [13].
As corollaries of Theorems and 410, Theorems [ IIHLTA] give new 1-rotational
(pg+1,p+1,1)-RBIBDs. Theorem [5.7] presents a new infinite family of (v, 6, 1)-RBIBDs.

As applications, in Section 6, we derive new optimal constant composition codes and
new strictly optimal frequency hopping sequences.

2 Basic lemma and new (v,8,1)-RBIBDs

Let g be a prime power. As usual we denote by [F, the finite field of order ¢, by IF';F its
additive group, by Fy its multiplicative group, by F? the set of nonzero squares, and by
FZ] nonsquares in [F,.

Ifg=1 (mod e), then C5? will denote the group of nonzero eth powers of F, and once
a primitive element w of F, has been fixed, we set C; = Wt Cglfori=0,1,...,e—1.
We refer to the cosets Cy, CT?, ..., Co% of Cy? in [ as the cyclotomic classes of index
e. Let A be a multisubset of F;. If each cyclotomic coset C’f “ for | € I, contains
exactly A elements of A, then A is said to be a A-transversal for these cosets. If A is
a l-transversal, A is often referred to as a representative system for the cosets of C*
in . The following lemma allows us to obtain frame different families by using strong
difference families.



Lemma 2.1 Let ¢ =1 (mod e) be a prime power and dle. Let S be a representative sys-
tem for the cosets of Ci? in C’g’q. Let d(g—1) =0 (mod ek) andt = d(q—1)/ek. Suppose
that there exists a (G,k,ktA\)-SDF & = [Fy, F;, ..., F,], where A\|G| =0 (mod k — 1)
and F; = (fio, fits-- -5 fik—1), 1 < i < n. If there exists a partition P of base blocks of &
into N\|G|/(k — 1) multisets, each of size t, such that one can choose appropriate multiset
(@1, D2, ..., Py] of ordered k-subsets of Fyy with ®; = (¢i0, Pits---»Pik-1), 1 < i < n,
satisfying that

(1) U?:1[¢i,a — ¢i,b : fiﬂ — f@b = h, (CL, b) S [k X Ik,a 75 b] = Coe,q . Dh fO’I” each h € G,
where Dy, is a A-transversal for the cosets of C’g’q in 7,

(2) Uspepltia : a € It] = Cg? - Ep for each P € P, where Ep is a representative
system for the cosets of Cg’q in I,

then
§=[B: {(1s)}:1<i<mscs

is a (G xS, G x{0},k,\)-FDF, where B; = {(fio0, %i0), (fi1, ®i,1), - s (fik—1, Pik—1)}-
Proof Since n = Akt|G|/(k(k — 1)) and t = d(q — 1)/ek, we have

_ e _AGllg—1)
Sl =n = k-1

which coincides with the number of base blocks of a (G x Ff,G x {0}, k, \)-FDF. Ac-
cording to P, we can partition § into A|G|/(k — 1) subfamilies

Sp=[B;-{(1,s)}: F; € P,s € 95],

where P € P. Each subfamily contains |P|x |S| = te/d = (¢—1)/k base blocks. Because

of Condition (2),
U UB{.s)

. F;eP seS

forms a representative system for the nontrivial cosets of G’ x {0} in G x F}. Finally it
is readily checked that

AF=JU@Bi-{(1,9}) = | Ul(fia = firs (dia — din) - 5) : (a,b) € I x I, a # b]

seSi=1 seSi=1
= |JUn} x (C§?- Dy - {s}) : h € G] = A(G x F}).
seS
Therefore § is a (G x F}f, G x {0},k, \)-FDF. O

2.1 A 1-rotational (624,8,1)-RBIBD

In this subsection we shall apply Lemma 2.1l with e = ¢ — 1 to present a new RBIBD.
Note that when e = ¢ — 1, Cy? = {1} and S = C’g’q.

Lemma 2.2 There exists an elementary (Z7 x Fag, Z7 x {0},8,1)-FDF.
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Proof Take the (Z7,8,8)-SDF containing the unique base block [0,0,1,1,2,2,4,4] as
the first components of base blocks of the required FDF. Let

B = {(0,1),(0,20), (1,14),(1,58), (2,18),(2,61), (4,26), (4,73)}.

Then applying Lemma 2.1 with G = Z7, ¢ = 89, e = 88, d = 8, k = 8 and A\ = 1 which
yield |P| =1 and ¢t = 1, we have

F=[B-(1,5):s5€Cy¥

forms an elementary (Z; x Fgy, Z7 x {0},8,1)-FDF. It is readily checked that each Dp,

h € Zr7, is a representative system for the cosets of C§’89 in F§y (for example Dy =

{19,42,43,44,45,46,47,70} and Dy = {3,4,13,38,47,49,57,83}). The unique Ep = {1,
20, 14,58, 18,61, 26,73} is also a representative system for the cosets of 03’89 in F§y. O

Theorem 2.3 There exists a 1-rotational (624,8,1)-RBIBD over Zgas.

Proof By Lemma there exists a (Z7 x Fgy, Z7 x {0},8,1)-FDF. Apply Proposition
[L2] with a trivial 1-rotational (8,8,1)-RBIBD to obtain a 1-rotational (624,8,1)-RBIBD
over Zz X IF‘;Q that is isomorphic to Zgss. O

2.2 A (v,8,1)-RBIBD for v € {1576,2976}
In this subsection we shall apply Lemma 2.1] with e = % to present two new RBIBDs.

Lemma 2.4 There exists a (Zy,8,8)-SDF for p € {63,119}.
Proof For p =63, take

Fy = [20,20, —20, —20, 29, 29, —29, —29],
Fy=Fy=F,=Fy=10,1,3,7,19, 34, 42, 53],
Fs=Fr = Fy = Fy = [0,1,4,6,26,36,43,51].

Then the multiset [F; : 1 < i < 9] forms a (Zg3, 8, 8)-SDF.
For p =119, take

Fy = [20,20, —20, —20, 29, 29, —29, —29],
Fy=Fy=F, = Fy=[0,1,42,28,101,97,94, 114],
Fy=F = Fy = Fy = [0,1,12, 23,41, 85,104, 106],
Fio = Fiy = Fip = Fi3=[0,2,5,17, 37,47, 68, 76,
Fiy = Fi5 = Fig = Fip = [0,4, 10, 38, 54, 62, 86, 93).

Then the multiset [F; : 1 <14 < 17] forms a (Z119, 8, 8)-SDF. O
Lemma 2.5 There exists a (Z, x F3s,Z, x {0},8,1)-FDF for p € {63,119}.
Proof Take the (Z,,8,8)-SDF from Lemma 2.4l as the first components of base blocks of

the required (Z, x F3x, Z, x {0},8,1)-FDF. Take 22 — x + 2 to be a primitive polynomial
of degree 2 over F5 and w to be a primitive root in Fos. Let € = wb. For p = 63, let



= {(20’1)’(207 ) ( 20 f) ( 207 _5)7(297w)7(29’_"‘})’(_297(“)5)7(_297 —wf)},
= {(0,1), (1,w!"), (3, w12) (7,w?), (19,w?3), (34, wt), (42,w™®), (53,w5)},

B6— {(0,1), (1,w'), (4,0°), (6,w'?), (26,w*), (36,w'®), (43, w'"), (51,0°)},

By = By - {(1,-1)}, By = B2 -{(1,8)}, Bs = By - {(1,-¢)},

Br = Bg - {(1,-1)}, Bs = Bg - {(1,¢)}, By = Bg - {(1, =)}

For p = 119, let

={(20,1), (20, —1),(—20,&), (—20, =¢), (29, w), (29, —w), (—29, w¢), (—29, —w&)},
By = {(0,w), (1,w"), (42, 1), (28,w"), (101, w'®), (97, w'3), (94, w'?), (114, w!?)},
36 ={(0,1), (1,w'?), (12, w) (23, w'8), (41,w™), (85,wT), (104, w"), (106, w')},

={(0,w), (2,w7), (5,w'?), (17,w?), (37,w'), (47,w'®), (68,1), (76,w'?)},
={(0,w), (4,w"), (10,w0), (38,w7), (54,w??), (62, w'?), (86, w'6), (93,w'?)}.
B3 - BQ : {(17 _1)}7 B4 = B2 . {(175)}7 B5 = B2 : {(17 _5)}7
By = Bs - {(1,-1)}, Bg = Bg - {(1,€)}, By = Bg - {(1, =)},
By = Bio-{(1,-1)}, Bis = Bio - {(1,¢)}, Byz = Byo - {(1,-¢)},
Bis = By - {(1,-1)}, Big = B - {(1,€)}, Bir = By - {(1,-¢)}.

Let S be a representative system for the cosets of 06 %= ={1,-1,¢,—¢} in C 2 25 . Then,
applying Lemma 2.1] with G = Z,,, ¢ = 25, e = 6, d =2 k=8and A =1 Wthh yield
|P| =p/7 and t = 1, we have a (Z, x Fi, Z, x {0},8,1)-FDF for p € {63,119}. Note that
for any i, 1 <i < p/7, U,eq Bi-{(1,5)} forms a representative system for the nontrivial
cosets of Z, x {0} in Z, x Fj. O

Theorem 2.6 There exists a (1576,8,1)-RBIBD and a (2976,8,1)-RBIBD.

Proof By Lemma [Z5] there exists a (Z, x Fj, Z, x {0},8,1)-FDF for p € {63,119}.
Apply Proposition [Tl with a (p 4+ 1,8,1)-RBIBD, which exists by Table 7.41 in [4], to
obtain a (1576,8,1)-RBIBD and a (2976, 8,1)-RBIBD. 0

2.3 Five new RBIBDs via recursive constructions

A transversal design is a triple (V, G, B), where V is a set of km points, G is a partition of
V into k groups, each of size m, and B is a set of k-subsets (called blocks) of V satisfying
every pair of V is contained either in exactly one group or in exactly one block, but not
both. Such a design is denoted by a TD(k, m).

It is well known that the existence of a TD(k,m) is equivalent to the existence of
k — 2 mutually orthogonal Latin squares of order m. A TD(q+ 1, q) exists for any prime
power ¢ (cf. Theorem 6.44 in [34]), and a TD(10,48) exists by Theorem 2.1 in [3].

Lemma 2.7 (Lemma 4.9 in [25]) Suppose there exist a TD(10,m) and a (56m+8,8,1)-
RBIBD. For any given 0 < n < m, if there exists a (56n + 8,8,1)-RBIBD, then there
exists a (56(9m + n) + 8,8,1)-RBIBD.

Lemma 2.8 (Lemma 4.34 in [25]) Suppose there exist a TD(9,8n), a (56n + 8,8,1)-
RBIBD and a (56m—+8,8,1)-RBIBD. Then there exists a (56(8mn-+n)+8,8,1)-RBIBD.

Theorem 2.9 There exists a (v,8,1)-RBIBD for v € {5720, 5776, 10200, 24480}.



Proof Apply Lemma 2.8 with m = 2 and n = 6 to obtain a (5720, 8, 1)-RBIBD, where
the needed (v, 8,1)-RBIBDs for v € {120,344} are from Table 7.41 in [4].

For v € {5776,10200, 24480}, apply Lemma2Z.7with (m,n) € {(11,4),(19,11), (48,5)}

to obtain a (v,8,1)-RBIBD, where the needed (624, 8,1)-RBIBD is from Theorem 23]

and the needed (u, 8,1)-RBIBDs for u € {232,288,1072,2696} are from Table 7.41 in [4].

O

Let (H,+) be an abelian group of order h. An (H, k,\) difference matriz (briefly,
(H,k,\)-DM) is a k x hA matrix D = (d;;) with entries from H so that for each 1 <1i <
7 < k the multiset

{dll—dﬂlglgh}\}

contains every element of H exactly A times. An (H, k,1)-DM is homogeneous if its each
row is a permutation of elements of H.

The property of a difference matrix is preserved even if one add any element of H to
all entries in any row or column of the difference matrix. Then, w.l.o.g., all entries in the
first row in a difference matrix are zero. Such a difference matrix is said to be normalized.
Any normalized difference matrix can yield a homogeneous difference matrix by deleting
its first row. Thus the existence of a homogeneous (H, k —1,1)-DM is equivalent to that
of an (H, k,1)-DM. The multiplication table for the finite field Fy is an (F,f, ¢, 1)-DM [23].

The following construction is a variation of standard recursive construction for dif-
ference families (see for example Theorem 6.1 in [16]).

Construction 2.10 Suppose there ezists a (G, N, k,1)-FDF. If there exists a homoge-
neous (H, k,1)-DM, then there exists a (G x H, N x H, k,1)-FDF.

Theorem 2.11 There exists a (14176,8,1)-RBIBD.

Proof Take a (Zg3xFqs, Zg3x{0},8,1)-FDF from Lemma[25l Then apply Construction
210 with a homogeneous (Fg,8,1)-DM to obtain a (Zgs x Faz x Fd', Zgg x {0} x Fq , 8, 1)-
FDF. Finally apply Proposition [[.T] with a (568, 8, 1)-RBIBD, which exists by Table 7.41
in [4], to obtain a (14176, 8,1)-RBIBD. O

3 Asymptotic existence of FDF's

Throughout this paper we always write
1 " (m
_ 2 m—1,y,)2 _ h
Q(d,m) = Z(U +VU?+4d™tm)*, where U = hg_l <h> (d—1)"h-1)

for given positive integers d and m. The following theorem characterizes existences of
elements satisfying certain cyclotomic conditions in a finite field.

Theorem 3.1 [I5l[19] Let ¢ =1 (mod d) be a prime power, let B = {by,b1,...,bpm—1}
be an arbitrary m-subset of Fq and let (Bo, 1, ..., Bm—1) be an arbitrary element of Z[}.
Set X ={zeF,:x—-0b € C’g;_q fori=0,1,...,m —1}. Then X is not empty for any
prime power ¢ =1 (mod d) and ¢ > Q(d,m).



Abel and Buratti [I] announced Theorem [BI] without proving it. The case of m =
3 in Theorem B was first shown by Buratti [I0]. Then a proof similar to that of
m = 3 allows Chang and Ji [19], and Buratti and Pasotti [15] to generalize this result
to any m. Theorem Bl is derived from Weil’s Theorem (see [29], Theorem 5.41) on
multiplicative character sums and plays an essential role in the asymptotic existence
problem for difference families (cf. [20]).

The idea of the following lemma is from Theorem 4.1 in [16].

Lemma 3.2 If there exists a (G, k,kt\)-SDF with A|G| = 0 (mod k — 1), then there
exists a (G x Ff,G x {0}, k,\)-FDF

e for any even A\ and any prime power ¢ =1 (mod kt) with ¢ > Q(kt, k);

e for any odd A and any prime power ¢ = kt + 1 (mod 2kt) with ¢ > Q(kt, k).
Proof By assumption one can take a (G,k,kt\)-SDF & = [Fy, Fy, ..., F,]|, where
n =tAG|/(k — 1) and F; = [fi0, fi1,---» fik—1], 1 < i < n. To apply Lemma 2] with
e =q—1 and d = kt, we need to give a partition P of base blocks of & into A|G|/(k —1)

multisets, each of size ¢, such that one can choose appropriate multiset [®1, @, ..., ]
of ordered k-subsets of Iy with ®; = (¢ 0,®i1,--.,Pir-1), 1 <i < n, satisfying that

(1) Uitil¢ia = dip : fia — fip = b, (a,b) € Iy x Iy, a # b] = Dy, for each h € G,
(2) Ui.repl®ia:a € Ix] = Ep for each P € P,

where Dy, is a A-transversal for the cosets of Cg Lin IF'Z and Fp is a representative system

for the cosets of Cg % in IF.
Thus if one can choose an appropriate mapping 7 acting on symbolic expressions
satisfying that

(1) Uiy[n(pia — dip) : fia— fip = h,(a,b) € I X Ij,,a # b] = Al for each h € G,
(2") Uipeplm(dia) : a € I] = I for each P € P.

and can choose appropriate elements of ®;, 1 < ¢ < n, such that these elements are
consistent with the mapping 7, i.e., 7 can be seen as a function from Fy to Zg satisfying

m(x)=0ifz € Cg’q, then one can apply Lemma 2. to obtain a (G' x F;, G x {0}, k, \)-
FDF.

This procedure can always be done. First we need to choose an appropriate mapping
7 satisfying Conditions (1’) and (2'). Condition (2’) can be satisfied easily. The key is
how to meet Condition (1”). Let Gy denote the subgroup of {h € G : 2h = 0}. When A
is even, we can specify w to satisfy

Uis [m(bia — bin) : fia— fin =h,(a,b) € Iy x Iy,a # b] = Alg, he G\ Go,

Uisi 7 (dia = dip) : fia = fip = by (a,b) € I X Iyya < b] = 414, h € Go.
When A is odd, we can specify 7 to satisfy
Ui [m(@ia — bip) © fia — fipy = hy(a,b) € Iy X Iy,a #b] = Mg, h € G\ Go,

Ui [7m(@ia — Gip) : fia — fip =h, (a,b) € Iy X Ij,a < b] = Ay, heGs.
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Note that when A is odd, by Proposition [L.3] the existence of the given (G, k, kt\)-SDF
implies d = kt is even. When ¢ =d + 1 (mod 2d), —1 € C’;l’q.

Once 7 is fixed, one can apply Theorem [3.1] and Lemn?la 2.1l to obtain the required
(G xFf,G x {0},k,\)-FDF. O

Theorem 3.3 If there exists a (G, k, kt\)-SDF with A\|G| =0 (mod k — 1), then there
exists a (G x Fl,G x {0}, k,\)-FDF

e for any even A and any prime power ¢ =1 (mod kt) with q > Q(kt, k);

e for any odd \ and any prime power q = krt + 1 (mod 2krt) with ¢ > Q(krt, k),
where r is any positive integer.

Proof For even ), the conclusion is straightforward by Lemma For odd A, if a
(G, k, kt\)-SDF exists with n base blocks, then there exists a (G, k, krt\)-SDF with rn
base blocks for any positive integer r, which means by Lemma that there exists a
(G x Fj,G x {0},k,\)-FDF for any prime power ¢ = krt 4+ 1 (mod 2krt) with ¢ >
Q(krt, k). O

4 FDFs from SDFs with particular patterns

The application of Theorem [B.3] results in a huge lower bound on ¢. To reduce the
lower bound, we shall request the initial SDF has some special patterns. If an SDF only
contains one base block, then it is referred to as a difference multiset (cf. [9]) or a regular
difference cover (cf. [5]).

Lemma 4.1 [9]

(1) Let p=3 (mod 4) be a prime power. Then 2({0}UF})) is an (F},p+1,p+1)-SDF
(called Paley difference multiset of the second type).

(2) Let p be an odd prime power. Set X1 =2({0} UF,) and X5 = 2({0} U F?) Then
(X1, Xo] is an (F,}, p+ 1,2p + 2)-SDF (called Paley strong difference family of the
third type).

(3) Given twin prime powers p > 2 and p+2, the set (F,) XFEH)U(F? XIF?H)U(IE‘Z,X{O})
is a (p(p + 2), p(p+22)_1, p(p+42)_3)-DS over Ff x IE‘;+2. Let D be its complement.
Then 2D is a (p(p+2),p(p +2) + 1,p(p + 2) + 1) difference multiset (called twin

prime power difference multiset).

pm_l pm71—1 pm72_1
p—17 p-1 7 p-1 )

difference set over me—ll . Let D be its complement. Then pD is a (p;n__ll P P (p—

(4) Given any prime power p and any integer m > 3, there is a (

1)) difference multise?(called Singer difference multiset).

By Theorem B3] we can easily obtain an infinite family of FDFs from each of the
SDF's in Lemma 1l For example, by the second type Paley (IF‘;,’ ,p+1,p+ 1)-SDF, we
get



Corollary 4.2 Letp =3 (mod 4) be a prime power. Then there exists an (F,; xF ¥ x

{0},p+1,1)-FDF for any prime power ¢ = p+2 (mod 2(p+1)) and g > Q(p+1,p+1).

The lower bound on ¢ in Corollary is huge even if p is small. For example, if
p = 11, then Q(12,12) = 7.94968 x 10%7. Thus it would be meaningful to develop a new
technique to reduce the bound.

Lemma 4.3 Let G be an additive group of odd order l. Suppose that there exists a
(G,1+ 1,14 1)-SDF whose unique base block (fo, f1,...,fi) =

(x07x07x17x17 s 7‘T%7xl;1)7

where xo,x1,...,2q_1)/2 are distinct elements of G. Let q be a prime power satisfying
g=1 (mod!l+1) and let d = (I +1)/2 . Suppose that one can choose an appropriate

multiset (¢o, 1, .., ¢1) =

(y07 —Y0,Y1, —Y1,--- 7yl*717 _yl;)

1
2
such that {yo,y1,...,yq—1)2} C F; and for each h € G,
[(ba B ¢b : fa - fb = h7 (CL?b) € Il-l—l X [l+17a 7é b] = {17_1} . Dh7

where Dy, is a representative system for the cosets of C’g’q inFy. Let S be a representative
system for the cosets of {1,—1} in C’g’q. Let B = {(fo,%0), (f1,01),---,(fi,d1)}. Then

§=[B-{(1,5)}:s€5]
forms an elementary (G x Ff,G x {0}, +1,1)-FDF.

Proof Since d is a divisor of [ + 1 and ¢ = 1 (mod [ + 1), d is also a divisor of g — 1.
This makes C’g’q meaningful. The assumption ¢ = 1 (mod [ + 1) ensures —1 € C’g 4,
Since ¢ is odd, y; # —y; for any 0 < i < (I —1)/2, B-{(1,s)} is a set of size [ + 1 for
any s € S. Then applying Lemma 2Tl with e = (¢ — 1)/2, d= (1 +1)/2, k =1+ 1 and
A = 1 which yield [P| = 1 and t = 1, we have a (G x F},G x {0},1 + 1,1)-FDF. Note

—1)/2,
that {17_1} = O(gq /24 and {y07 —Yo, Y1, Y1, -- 7yl*717 _yl*Tl} = {17_1} : % : DO- U

Lemma 4.4 Follow the notation in Lemma [L3].
(1) W.lo.g., Do=2"{y0,y1,-,Ya-1)/2}-
(2) For each h € G\ {0}, let
Ty =pa— ¢ fo— fo=h,(a,b) € Ly1 X Lr11,a # b].

Then Ty, = {1,—1} - Dy, for some Dy, C Fy and the size of Dy, is (I +1)/2. Fur-
thermore, Dy, = D_j, and w.l.o.g., Dy, consists of elements of type y; = y;.

(3) Let T be a representative system for the cosets of {1,—1} in G\ {0}. Any element
of type y; = y; must be contained in a unique Dy, for some h € T (note that the
term “element” here is a symbolic expression; for example y1 — yo and ys + y4 are
different element but they may have the same value).

Proof The verification is straightforward. O
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Begin with SDFs from Lemma [£1}1), (3) and (4), and then apply Lemma [4.3] [.4]
and Theorem [3.J] We have the following theorems. Note that we take p = 2 when use
Lemma [4.T](4).

Theorem 4.5 Let p = 3 (mod 4) be a prime power. Then there exists an elementary
(Ff x Ff,Ff x {0},p + 1,1)-FDF for any prime power ¢ = 1 (mod p 4 1) and q >

Q((p+1)/2,p).

Theorem 4.6 Let p and p+ 2 be twin prime powers satisfying p > 2. Then there exists

an elementary (F; x IE‘;’+2 x Fr Bl x F;;rz x {0}, p(p + 2) + 1,1)-FDF for any prime

power ¢ =1 (mod p(p+2) +1) and ¢ > Q((p(p+2) +1)/2,p(p + 2)).

Theorem 4.7 Let m > 3 be an integer. Then there exists an elementary (Zom_1 X
Fi, Zym 1 x{0},2™,1)-FDF for any prime power ¢ = 1 (mod 2™) and q > Q(2m-1t om_
1).

Compared with Corollary .2, Theorem not only reduce the lower bound on ¢
but also relax the congruence condition on g. Take for example p = 11. By Theorem
the bound is Q(6,11) = 8.77844 x 10'®, which is much smaller than Q(12,12).

Theorems and [£.7] can be seen as a generalization of M. Buratti and N. Finizio’s
construction in [I3] for (Zy x Zq,Z7 x {0},8,1)-FDFs, where ¢ is a prime.

Lemma 4.8 Letp =1 (mod 4) be a prime power and d = p+1. Let q be a prime power
satisfying ¢ = 1 (mod 2p + 2). Let w be a generator of F),. Take the third type Paley
(Ff,p+1,2p +2)-SDF from LemmaBI(2) whose base blocks are:

(f107f117 e 7f1p) = (0707w27w27w47w47 e ,wp—l’wp—l)’
(f207f217 cee 7f2p) = (0707w7w7w37w37 .. 7wp_27wp_2)'

Suppose that one can choose appropriate multisets

(¢107 ¢117 o 7¢1p) - (y07 —Y0,Y1, —Y1,Y2, —Y2, ... 791%17 _yPT*l)a
(¢207¢217 cee 7¢2p) = (y%7 _yPTHvyPTﬁv _y%HH <o Ypy _yp)7

such that {yo,y1,...,yp} € F, and for each h € F,

2

U[¢m — ¢iv © fia — fiv = h, (a,b) € Ipy1 X Iyp1,a # b = {1, -1} - Dy,
i=1

where Dy, is a representative system for the cosets of Cg’q in 7. Let S be a representative

system for the cosets of {1,—1} in Cg’q. Let B; = {(fio, ®i0), (fi1, ®i1),-- -, (fip, Pip)}
where 1 = 1,2. Then

5= U[Bi-{(l,s)}:seS]

i=1

forms an elementary (F; x Ff,Ff x {0},p +1,1)-FDF.

Proof Applying Lemma2Ilwith G = IF;’, e=(q—1)/2,d=p+1,k=p+land A=1

which yield |P| = 1 and t = 2, we obtain a (F,;f x F,F;5 x {0},p+1,1)-FDF. Note that

-1)/2,
{17_1} :C(gq )/ ¢ a‘nd {y07_y07y17_y17"'7yp7 _yp}:{lu_l}%DO g
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Lemma 4.9 Follow the notation in Lemma [L.8.

(1) W.lo.g., Do =2-{yo,y1,Y2,---Yp}-
(2) For each h € T}, let

2

Th = U[¢Za - ¢’Lb : fia - fzb - h, (a,b) S Ip+1 X Ip+17a ;é b]
i=1

Then Ty, = {1, —1}- Dy, for some Dy, C Fy and the size of Dy, is p+1. Furthermore,
Dy, = D_j, and w.l.o.g., Dy, consists of elements of type y; £ y;.

(3) Let T be a representative system for the cosets of {1,—1} in Fy. Any element of
type y; £ y; must be contained in a unique Dy, for some h € T

Proof The verification is straightforward. O
Combining the results of Lemmas 4.8 and 4.9, and then applying Theorem Bl we

have

Theorem 4.10 Let p =1 (mod 4) be a prime power. Then there exists an elementary

(Ff x Ff,Ff x {0},p 4+ 1,1)-FDF for any prime power ¢ = 1 (mod 2p + 2) and q >

Qp+1p).

Theorem .10l can be seen as a generalization of M. Buratti and N. Finizio’s con-
struction in [I3] for (Zs x Z4, Zs x {0},6,1)-FDFs, where ¢ is a prime.

Start from the FDFs in Theorems [4.5] [4.6] [4.7] and [4.10l Then apply Proposition
with a trivial 1-rotational (k,k,1)-RBIBD. We obtain the following theorems.

Theorem 4.11 There exists a I-rotational (pg+1,p+1,1)-RBIBD over F,f xFF for any
prime powers p and q with p=3 (mod 4), ¢ =1 (mod p+1) and ¢ > Q((p+1)/2,p).

Theorem 4.12 Let p and p + 2 be twin prime powers satisfying p > 2. There exists a
1-rotational (p(p + 2)q + 1,p(p +2) + 1,1)-RBIBD over IF; X IE‘;’+2 X IE‘;F for any prime
power ¢ =1 (mod p(p+2) +1) and ¢ > Q((p(p+2) +1)/2,p(p + 2)).

Theorem 4.13 There exists a 1-rotational ((2™—1)q+1,2™,1)-RBIBD over Zym 1 xF
for any integer m > 3 and any prime power ¢ =1 (mod 2™) and ¢ > Q(2™~1,2™ —1).

Theorem 4.14 There exists a 1-rotational (pq+ 1,p + 1,1)-RBIBD over IF';; X IF;’ for
any prime powers p and q with p =1 (mod 4), ¢ =1 (mod 2p+2) and ¢ > Q(p+ 1,p).

5 A family of RBIBDs with block size 6
Lemma 5.1 There ezists a (Zi25,6,6)-SDF.

Proof Take

12



A; =1[0,0,19,19, 71, 71], Ay = A3 = [0,10,28,51,78,97],

Ay = As =[0,3,62,75,86,110], Ag = A7 =[0,5,12,58,70,112],
Ag = Ag = [0,7,27, 44,70, 96], Ao = Ay = [0,1,42,93, 85, 45],
Ay = Ayg = [0,1,100,104,109,88], A4 = A5 = [0,1,90,81,21,32],
Ajg = A7 = [0,3, 16, 40, 46, 50], Ajg = A9 = [0,2,7,29, 35, 68],

Agg = Aoy = [0,2,8,57,102,116],  Ag = Agg = [0,2,22,32,36,96],
Agy = Ags = [0,8,23,38, 72, 86].

Then the multiset [4; : 1 <14 < 25| forms a (Z125,6,6)-SDF. O

Applying Theorem B3] with a (Z195,6,6)-SDF, we can obtain a (Zj25 X F(‘;,Zl% X
{0},6,1)-FDF for any prime power ¢ = 7 (mod 12) and ¢ > Q(6,6). But the bound
Q(6,6) = 3.4829 x 10'° is a little big. We shall reduce the bound by supplying a refined
construction in this section.

Lemma 5.2 Let ¢ =7 (mod 12) be a prime power. Take the (Z125,6,6)-SDF given in
Lemma B0, whose base blocks are Ay, Ao, ..., Ass. Suppose one can choose appropriate
multisets

C1 = (y11, —y11, Y12, —Y12, Y13, —¥Y13),
Coi = (Y2i,1, —Y2i,1, Y2i,2, —Y2i,2,Y2i,3: Y2ia)s  Coip1 = —Co;,
where 1 < @ < 12, such that each C;, 1 < j < 25, is a representative system for
the cosets of C’g’q in Fy. Furthermore, write A; = (aj1,a;2,a;3,a;4,a55,a56), Cj =
(¢j1,¢j2, ¢j3, ¢ja, €55, Cjg ), and
Bj = {(aj1,¢1), (452, ¢j2), (a3, ¢j3), (aja, ¢ja), (aj5, ¢55), (ag6, o) }

where 1 < j < 25. Set
25

UJa = |J {1} xA.

Jj=1 l€Z125
If for any | € Z195, A} is a representative system for the cosets of C’g’q in I, then
F=[B-{(1,a)} :a € Cy?,1 < j < 25]
forms a (Z125 X F[—;,ng) X {0},6, 1)—FDF
Proof Apply Lemma 2RIl with G = Zq95, e = q¢— 1, d =6, k = 6 and A = 1 which yield
|P| =25 and t = 1 to obtain the required a (Zi5 x F, Z125 x {0},6,1)-FDF. ]
Lemma 5.3 Follow the notation in Lemma 5.2
(1) Cr={1,-1} - {y11, 412, y13}.

(2) For1<i<12, Oy = ({1, =1} - {y2i,1,y2i,2}) U {y2:,3 Y2ia} and Coipr = ({1, -1} -
{y2i,1,y2i2}) U{—Y2i3, —Yy2i4}-

(3) For eachl € Zias, Ay = A_; = {1,—1} - Dy for some D; C F, and the size of D is
3.

(4) W.lo.g., Do =2-{y11,y12,Y13}-
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(5) For each | € Z3y5, w.l.0.g., Dy consists of elements having the following types

(I) y1,4, £ Y14, for some 1 <ty #ty <3;

(I1) y2ir £ y2is for some 1 <i <12, r € {3,4} and s € {1,2};
(II1) y2i,4 £ y2i3 for some 1 <1 < 12;

(IV) yoi2 £ y2i1 for some 1 < i <12;

(V) 2y2i s for some 1 <i <12 and s € {1,2}.

(6) Any element of Types (I), (II), (III) and (V') is contained in a unique D; for
some 1 <[ <62.

(7) Any element of Type (IV') is contained in exactly two different D;’s, say Dy, and
Dy, for some 1 <1; # 1y < 62.

Proof It is readily checked that (1)-(6) hold. The verification for (7) is a little more
complicated, which relies heavily on the given (Z;25, 6, 6)-SDF. For example, since By =
{(0,921), (10, —y21), (28, y22), (51, —y22), (78,y23), (97, 924) }, we have yaz — ya1 € Dog and
Dy1; yo2o+y21 € D1g and Ds;. By tedious calculation, one can check (7). For convenience,
we list each D; explicitly for 0 <[ < 62 in Table 1l O

Theorem 5.4 There exists a (Z125 X F;F,Zl% x {0},6,1)-FDF for any prime ¢ = 7
(mod 12) and q > 43.

Proof Since ¢ =7 (mod 12), —1 € C’g’q. By Lemma [5.3] (1)-(4), if one can choose an
appropriate mapping g acting on symbolic expressions satisfying that

4 {9(911)79(912)79@13)} - {07 172}7
® g(y2i1) # 9(y2i2) for 1 <i <12,
e {y(d): de D;}is {0,1,2} for each 1 <1 <62,

and can choose appropriate elements of Cj, 1 < j < 25, such that these elements
are consistent with the mapping g, i.e., g can be seen as a function from F} to Zj
satisfying g(x) = 0 if x € Cg’q, then one can apply Lemma to obtain a (Zj95 X
FF, Z125 x {0},6,1)-FDF. Note that once the above second condition is satisfied, let
a; = L3\ {f(y2i1), f(y2i2)}, 1 <i <12, and we require yz; 3 and yo; 4 belong to different
cosets CS7 and CS:{FS'

By Lemma[(5.3] (6) and (7), the key to pick up an appropriate mapping g is to assign
values of g for elements of Types (IV) and (V) (note that elements of Type (V) is
contained in a unique D; for some 1 <1 < 62 and is related with some Cy;, 1 < i < 12).
We here give explicit values of g for elements of Types (IV) and (V) in Table 2l Then
combining Table[I] one can give values of ¢ for elements of Types (I), (II) and (III). For
example, for D33 = [y10,2 —¥10,1, ¥18,3 +¥18,1, Y18,4 — ¥18,3], by Table 2 g(y10,2 —y10,1) = 1,
so it suffices to require {g(y18.3 + ¥18,1), 9(¥18,4 — ¥18,3)} = {0,2}.

Once g¢ is fixed, one can apply Theorem B.I] and Lemma to obtain a (Zi25 X

Fr, Z125 x {0},6,1)-FDF for any prime ¢ = 7 (mod 12) and ¢ > Q(3,7) = 6.43306 x
107. Note that the number 7 in Q(3,7) is from the fact that the number of cyclotomic
conditions on yg; s is 7 for 1 <7 < 12 and s € {1,2}; the number of cyclotomic conditions
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Do = [2y1,1,2y1,2, 2y1,3), D1 = [2y10,1, 2y12,1, 2Y14,1],
= [2y18,1, 2Y20,1, 2y22,1], D3 = [2y4,1,Y10,4 — Y10,2, 2Y16,1)

D4 = [2y12,2, Y16,4 — Y16,3, Y22,3 + Y22,2], Ds = [2y6,1,Y12,3 + Y12,2, Y18,2 + Y181
= [y16,3 + Y16,2,¥18,3 + Y18,2: Y20,2 + Y20,1], D7 = [Y6,2 + ¥6,1,2Y8,1, Y18,2 — Y181},
= [y10,3 + ¥10,2, ¥20,2 — ¥20,1, 2Y24,1], Dy = [y12,3 — ¥12,2, 2Y14,2, Y20,4 — Y20,1)

DlO = [2y2,1, V16,4 + Y16,2, 2Y22,2], D1 = [ya3+ Ya,2,Y14.4 — Y14,3, Y20,4 + Y20.1),
D12 = [Y6,2 — 6,1, Y6,3 + ¥6,2, Y12,4 — Y12,2) D13 = [2y4,2, Y6,4 — Y6,1, Y162 + Y16,1],

D1y = [y20,4 — ¥20,3, Y22,3 — Y22,2, Y24.4 — Y24,3), Dis = [Ya,4 — Ya,1,2Y24,2, Y24,2 + Y241,

D16 = [y12,3 — Y12,1, Y124 + Y12,2: Y16,2 — Y16,1], D17 = [2ys,2,¥12,3 + Y12,1, Y20,4 — Y20,2),

Dig = [y22+ Y21, Y44 + Ya,1,Y6.4 + Y61 Dig=y12+y1,1,¥1,2 — Y1,1,Y2.4 — Y2,3)

Doo = [ys2 + Ys1,Y14,3 + Y141, Y222 + Y22.1],  Do1 = [Y12,2 + V12,1, Y12,4 — Y12,3, Y14,3 — Y1415
Doy = [y12,2 — Y12,1, 218,2, Y22,2 — Y22,1), Dos = [2y2.2,Y20,3 — Y20,1, Y24,2 — Y24,1),

Doy = [ya,3 — Ya,2, Ya,4 — Ya,3, 2Y16,2], Das = [y6,4 — ¥6,2, Y12,2 — Y12,1, Y20,3 + Y20,1)
Do = [ys,3 + Ys,2,Ys,a — ¥8,3, 12,2 + Y12,1), Da7 = [y2,3 + y2,2,Y8,2 — ¥s,1, Y18,2 — ¥18,1),
Dog = [y2,2 —Y2,1,Y2,4 — Y2,1,Y18,3 — y18,2]7 Doy = [y8,4 —Ys8,1,Y18,2 + Y181, Y224 — y22,1],
D3y = [y16,3 — Y16,2, Y222 — Y22,1,Y24,2 — y24,1], D3y = [y14,4 + Y14,1,Y20,3 — Y20,2, Y22,4 + y22,1],
D3y = [y10,2 + Y10,1, V14,4 — Y14,1, Y22,2 + Y22.1], D33 = [Y10,2 — Y10,1, Y18,3 + Y18,1, Y18,4 — Y18,3],
D3y = [y16,4 — Y16,2, 22,3 + Y22,1,Y24,3 + Y24,2], D35 = [Ya,a + Ya,2,Y14,2 — Y14,1, Y18,3 — Y18,1),
D3s = [yg,a + ys,1, Y142 + Y141, Y22.3 — Y22,1], D37 = [Ys,2 — ¥Ys,1,Y12,4 — Y12,1, Y16,2 — Y16,1],
Dsg = [y2,4 + y2,1, V12,4 + Y12,1, Y242 + Y24,1)s D39 = [Ya,3 — Ya,1,Y18,4 + Y18,2, Y24.4 — Y24,1),
Dy = [ylo,s — Y10,1, Y10,4 — Y10,3,Y16,2 y16,1], Dy = [y2,2 — Y2,1,Y10,2 + Y10,1, Y10,3 + ylo,l],
Dys = [y4,3 + Y4,1,Y6,4 — Y6,3,Y10,2 — le,l]a Dy3 = [y8,3 — Y8,2,Y10,3 — Y10,2, Y16,3 + y16,1],
Dus = [ys.2 + Ys1,Y10,4 + Y101, Y142 + Y14.1],  Das = [Y10,.4 — Y10,1, Y14,2 — Y14.1, Y20,3 + Y20,2]5
Dus = [y2,4 + ¥2,2, 2Y6,2, Y16,3 — Y16,1) D7 = [y2,3 — ¥2,1, Y16,4 + Y16,1, Y24,4 + Y241
Dug = [ya,4 — Y42, Y10,4 + ¥10,2, Y24,4 + Y24,2),  Dag = (Y144 + Y14,2, 2Y20,2, Y24,3 — Y24,2],

Dso = [y2,3 — ¥2,2,Ya,2 + Y41, Y16,4 — Y16,1), Ds1 = [y2,2 + y2,1, 2Y10,2, Y22,4 — Y222,

Dso = [y1,3 —Y1,2,Y1,3 +Y1,2,Y8,4 + y8,2]7 Ds3 = [y4,2 —Y4,1,Y6,2 — Y6,1,Y24,3 — y24,1],
D5y = [y1,3 —Y1,1,Y1,3 + Y1,1,Ys,4 + y6,2]7 Dss = [y6,3 —Y6,1,Y8,3 — ¥Y8,1,Y20,2 — y20,1]7
Dse = [y2,4 — Y22, Y8,4 — Y82, Y14,3 — Y14,2], Ds7 = [y2,3 + ¥2,1, Y18,4 — ¥18,1, Y20,2 + ¥20,1)
Dsg = [y6,2 + 6,1, Y6,3 — ¥6,2> Y14,4 — Y14,2) Dsg = [ya,2 + ya,1,Y18,4 + ¥18,1, Y204 + 20,2
Dgy = {%,3 +Y6,1,Y14,3 + Y142, Y22,4 — Y223, De1 = [Y18,4 — ¥18,2, Y22,4 + Y22,2, Y24,3 + Y24,1),

Dga = Ya4,2 — Y4,1,Y8,3 T Ys,1,Y24,4 — y24,2]-

Table 1: Dy, 0 <1 <62

on yg,r is 6, 1 < ¢ < 12, r € {3,4}; the number of cyclotomic conditions on y; ¢ is 5,
te{1,2,3}.

For primes ¢ = 7 (mod 12) and 50023 < g < Q(3,7), by computer search, we can
pick up appropriate elements of Cj, 1 < j < 25, such that they are consistent with the
mapping ¢ given in Table 21

On the other hand, elements of C; do not have to be what they look like in Lemma
B2l It’s enough to require each €, 1 < j < 25, is a representative system for the
cosets of Cj T F?,
the cosets of Co’q in Fj. If we allow C; to vary among the multisets that satisfy the
required conditions, by the use of computer, we can also find appropriate elements of
Cj, 1 < j <25, for primes ¢ =7 (mod 12) and 43 < ¢ < 50023. For example for p = 67,
we can take

such that each A;, | € Zjo5, is also a representative system for

Cy={1,-1,6,—6,7,—7}, Cy={1,-1,2,-2,4,20},
Cy={1,-1,2,-2,4,11}, Cs={1,-1,17,-17,12,29},
Cs ={2,-2,1,-1,4,32}, Cyo = {1,-1,30,—30,12,35},
Cra = {2,-2,5,-5,20,4}, Cyy = {1,43,13,19,4, 46},
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i 1[2[3]4[5]6][7[8[9]10[11]12
9(2y2i1) {1121 ]2]olo]1]2]0]2
9(2y2:2) 21221 21]2]1lolo[2]0

goiz—yun) |21 (2112220110
gointuyu) |11 [T 11021 [2]0]0]1

Table 2: the values of g for elements of Types (IV) and (V)

Cis = {1,5,13,16,31,36},  Cis = {1,3,10,44, 46,33},
Cao = {1,53,17,50,63,21}, Coy = {2,37,63,4,42,9},
Coy = {2,6,53,1,35,12}.

and Co;y1 = —Cy; for 1 < ¢ < 12. The interested reader may get a copy of these data
from the authors. O

Lemma 5.5 (Theorem 4.4 in [13]) There exists a (Zs x F},Zs x {0},6,1)-FDF for any
prime ¢ =1 (mod 12) and g > 37.

Theorem 5.6 There exists a (Ff% X F;,Ff% x {0},6,1)-FDF for any prime q = 1
(mod 12) and q > 37.

Proof By Lemma 5.5 there exists a (Z5 x F;r, Zs5 x {0},6,1)-FDF for any prime ¢ = 1
(mod 12) and ¢ > 37. Start from this FDF and then apply Construction with a
homogeneous (F3;,6,1)-DM to obtain a (Zs x Fj x F3;, Zs x {0} x F§;,6,1)-FDF. Note
that Zs x IE‘;% is isomorphic to Ff%. O

Theorem 5.7 (1) There exists a (125qg+1,6,1)-RBIBD for any prime ¢ =7 (mod 12)
and q > 43.

(2) There ezists a 1-rotational (125q + 1,6,1)-RBIBD over Fi,: x IF';F for any prime
¢=1 (mod 12) and q > 37.

Proof (1) For any prime ¢ = 7 (mod 12) and ¢ > 43, by Theorem [5.4], there exists a
(Z125 % IF‘(‘;, Z195 x {0},6,1)-FDF. Then apply Proposition [T with a (126,6, 1)-RBIBD
(a unital design (cf. [7])) to get a (125¢ + 1,6, 1)-RBIBD.

(2) By Theorem[5.6] there exists a (F55 xF, F55 x{0},6, 1)-FDF for any prime ¢ = 1
(mod 12) and ¢ > 37. Then apply Proposition [[.L21 with a 1-rotational (126, 6, 1)-RBIBD
over F{,., which exists by Example 16.92 in [2], to get a l-rotational (125¢ + 1,6, 1)-
RBIBD over Fiy; x F. m

6 Applications
In this section we establish asymptotic existences for optimal constant composition codes

and strictly optimal frequency hopping sequences by the use of frame difference families
obtained in this paper.
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6.1 Partitioned difference families and constant composition codes

Let (G, +) be an abelian group of order g with a subgroup N of order n. A (G, N, K, \)
partitioned relative difference family (PRDF) is a family 8 = [By, Ba, ..., B,] of G such
that the elements of 8 form a partition of G \ N, and the list

AB = U[x—y cx,y € Bi,x #yl = AMG\ N),
i=1
where K is the multiset {|B;| : 1 < i < r}. When N = {0}, a (G, {0}, K, \)-PRDF
is called a partitioned difference family and simply written as a (G, K,\)-PDF. The
members of ‘B are called base blocks.

We often use an exponential notation to describe the multiset K: a (G, N, [k} k5>
- k"], \)-PRDF is a PRDF in which there are u; base blocks of size k;, 1 < j <.

Proposition 6.1 If there exists an elementary (G, N, k,1)-FDF with |[N| =k — 1, then
there exists a (G, [(k — 1)'k*],k — 1)-PDF, where s = (|G| — k +1)/k.

Proof Let § be an elementary (G, N, k,1)-FDF with |[N| = k — 1. Then § satisfies
Uregnen(F +h) =G\ N. Set

B={F+h:FeF,he NFU{N}.

Then B forms a (G, [(k — 1)'k®],k — 1)-PDF, where s = (|G| — k + 1) /k. 0

Combining the results of Lemma 2.2 Theorems F5, E6], A7 10 and Proposition
[6.1] we have

Theorem 6.2 (1) There exists a (Z7 x Fgg, [71877],7)-PDF.
(2) There exists an (F; x Ff, [p'(p+ 1)%],p)-PDF

— for any prime power p =3 (mod 4) and any prime power ¢ =1 (mod p + 1)
with ¢ > Q((p +1)/2,p);

— for any prime power p =1 (mod 4) and any prime power ¢ =1 (mod 2p+2)
with ¢ > Q(p + 1,p),

where s =p(qg—1)/(p+1).

(8) Let p and p + 2 be twin prime powers satisfying p > 2. There exists an (IF‘];,Ir X

Fro x FL [(p(p +2) (p(p + 2) + 1)%], p(p + 2))-PDF for any prime power q = 1
(mod p(p +2) + 1) and ¢ > Q((p(p + 2) + 1)/2,p(p + 2)), where s = p(p + 2)(q -
1)/(p(p+2) +1).

(4) There exists a (Zam_1 X
and any prime power q

(2" =1)(¢ —1)/2™.

Fr (2™ — 1) (2™)%],2™ — 1)-PDF for any integer m > 3
=1 (mod 2m) with ¢ > Q(2™71,2™ — 1), where s =

Partitioned difference families were explicitly introduced in [22] to construct optimal
constant composition codes, which can be used in the MFSK modulation of power line
communications (cf. [33]). For more information on partitioned difference families and
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its relationship with other topics such as zero-difference balanced functions (cf. [36]), the
interested reader may refer to [28]. We remark that recently M. Buratti [I1] established a
construction for partitioned difference families by the use of Hadamard strong difference
families.

Let @ = {0,1,...,q — 1} be an alphabet with ¢ symbols. An (n, M,d, [wo, w1,- ..,
wq—1])q constant composition code (CCC) is a subset C C Q™ with size M and minimum
Hamming distance d, such that the symbol i, i € @, appears exactly w; times in each
codeword of C.

Since there is no essential difference among the symbols of (), one often regards
[wo, w1, ...,wg—1] as a multiset and denotes it by [k k5?--- k;"], where k; appears u;
times in [wo, w1, ...,wq—1], 1 < j <. Let Ay(n,d, [wo,wr,...,we—1]) be the maximal size
of an (n, M, d, [wy,wr,...,ws—1])-CCC.

Proposition 6.3 [31] If nd — n® + (w§ + wi+--- + w2 1) >0, then

d
Ag(n,d, jwo,wi, ... ,we—1]) < i

. 6.1
_nd—n2+(w8+w%+-'~+w§_1) (6.1)

A constant composition code attaining the bound (G.1)) is called optimal. The follow-
ing proposition indicates that optimal CCCs can be derived from PDFs.

Proposition 6.4 (Construction 6 in [22]) If a (G,[k{*k3? - - k"], \)-PDF exists, then
there is an optimal (|G|, |G|, |G|=A, [k k3? - - - k;"']) - CCC meeting the bound (1)), where

l
q= Zj:l U -
Applying Proposition [6.4] with PDF's from Theorem [6.2] we have

Theorem 6.5 (1) There exists an optimal (623,623,616, [7'877])75-CCC.
(2) There exists an optimal (pg, pq,p(q — 1), [p*(p + 1)%])s41-CCC
— for any prime power p = 3 (mod 4) and any prime power ¢ =1 (mod p+ 1)
with ¢ > Q((p +1)/2,p);
— for any prime power p =1 (mod 4) and any prime power ¢ =1 (mod 2p+2)
with ¢ > Q(p+1,p),
where s =p(qg—1)/(p+1).

(8) Let p and p + 2 be twin prime powers satisfying p > 2. There exists an optimal

(p(p +2)a,p(p +2)¢, p(p + 2)(q — 1), [(p(p + 2))' (p(p + 2) + 1)°])s+1-PDF for any
prime power ¢ =1 (mod p(p+2)+1) and ¢ > Q((p(p+2)+1)/2,p(p+2)), where

s=pp+2)(¢—1)/(plp+2)+1).

(4) There exists an optimal ((2™ —1)q, (2™ —1)q, (2™ —1)(g— 1), [(2™ — 1)1(27)*])s41-
PDF for any integer m > 3 and any prime power ¢ = 1 (mod 2™) with ¢ >
Q(2m~1 2m — 1), where s = (2™ — 1)(q¢ — 1)/2™.
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6.2 Frequency hopping sequences

Frequency hopping multiple-access has been widely used in the modern communication
systems such as ultrawideband, military communications and so on (cf. [24,35]).

Let F = {fo, f1,---, fi—1} be a set (called an alphabet) of | > 2 available frequencies.
A sequence X = {xz(t)}'; is called a frequency hopping sequence (FHS) of length n over
Fifz(t)e Fforany 0 <t<n-—1.

For any FHS X = {x(t)}{=, the partial Hamming autocorrelation function of X for
a correlation window length L starting at j is defined by

Jj+L-1
Hx x(1;j|L) = Z hlz(t),z(t +71),0 <17 <n-—1, (6.2)

where 1 <L <n,0<j<n-—1, hla,b] =1 if a = b and 0 otherwise, and the addition
is performed modulo n. If L = n, the partial Hamming correlation function defined in
([62) becomes the conventional periodic Hamming correlation (cf. [27]).

For any FHS X = {z(t)}7=) and any given 1 < L < n, define

H(X;L)= H L
( ) Ogljaé{nlglfé{n{ XX(T ]| )}

Proposition 6.6 [18] Let X be an FHS of length n over an alphabet of size . Then,
for each window length L with 1 < L <n,

o [

where € is the least nonnegative residue of n modulo [.

Let X be an FHS of length n over an alphabet F. It is said to be strictly optimal if
the bound ([6.3]) in Proposition is met for any 1 < L < n.

Proposition 6.7 (Theorem 3.7 in [6]) Let k and v be positive integers satisfying k +
1lv — 1. Then there exists a strictly optimal FHS of length kv over an alphabet of size
(kv+1)/(k+1) if and only if there exists an elementary (kv,k,k+ 1,1)-FDF over Zy,.

Combining the results of Lemma 2.2, Theorems .5 [1.6], L7, A.T0 and Proposition
[6.6] we have the following theorem. Note that to apply Proposition [6.6] the needed FDFs
must be defined on a cyclic group.

Theorem 6.8 (1) There exists a strictly optimal FHS of length 623 over an alphabet
of size 78.

(2) There exists a strictly optimal FHS of length pq over an alphabet of size (pq +
1/(p+1)

— for any prime p = 3 (mod 4) and any prime ¢ = 1 (mod p + 1) with ¢ >
Qlp+1)/2,p);

— for any prime p = 1 (mod 4) and any prime ¢ = 1 (mod 2p + 2) with q >
Q(p+1,p).
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(8) Let p and p + 2 be twin primes. There exists a strictly optimal FHS of length
p(p+2)q over an alphabet of size (p(p+2)q+1)/(p(p+2)+1) for any prime ¢ =1
(mod p(p+2) +1) and ¢ > Q((p(p +2) +1)/2,p(p +2)).

(4) There exists a strictly optimal FHS of length (2™ — 1)q over an alphabet of size
(2™ — 1)g + 1)/2™ for any integer m > 3 and any prime ¢ = 1 (mod 2™) with
q>Q2m 2™ —1).

7 Concluding remarks

By a careful application of cyclotomic conditions attached to strong difference fami-
lies, this paper establishes (asymptotic) existences of several classes of frame difference
families, which are used to derive new resolvable balanced incomplete block designs,
new optimal constant composition codes and new strictly optimal frequency hopping
sequences.

We believe that starting from those CCCs or FHSs obtained in Section 6, and ap-
plying appropriate known recursive constructions in the literature, one can obtain more
new existence results on them. For example, by Construction 3 in [28] and via similar
technique in the proof of Theorems 18 and 19 in [28], one can obtain more new PDFs,
which can yield new CCCs; apply Theorem 6.8 in [6] to obtain more new FHSs, and so
on.

Frame difference families can be seen as special resolvable difference families (cf.
[8U16]). By using a (44,4, 5, 2) resolvable difference family, which is not a frame difference
family, M. Buratti, J. Yan and C. Wang [16] presented the first example of a (45,5, 2)-
RBIBD. Thus an interesting future direction is to establish constructions, especially
direct constructions, for resolvable difference families.

Most of our results in this paper rely heavily on existences of elements satisfying
certain cyclotomic conditions in a finite field, and Theorem [3.1] just supplies us a way to
ensure existences of such elements. We remark that recently X. Lu improved the lower
bound on ¢ in Theorem Bl in some circumstances (see Theorem 3 in [30]). He intro-
duced an existence bound L(d,t) for elements x that satisfies the following cyclotomic
conditions:

i) 2 € Uievy) Cid’q, where U(Zg) is the set of all units in Zg;
i) 2% (ajz + b;) € C’g’q for1<j<t-—1.

One possible development of this paper could be to find suitable constructions that use
his result.
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