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ON SPHERICAL CODES WITH INNER PRODUCTS IN A
PRESCRIBED INTERVAL
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ABSTRACT. We develop a framework for obtaining linear programming bounds for
spherical codes whose inner products belong to a prescribed subinterval [¢, s] of [—1, 1).
An intricate relationship between Levenshtein-type upper bounds on cardinality of
codes with inner products in [, s] and lower bounds on the potential energy (for ab-
solutely monotone interactions) for codes with inner products in [£,1) (when the car-
dinality of the code is kept fixed) is revealed and explained. Thereby, we obtain a
new extension of Levenshtein bounds for such codes. The universality of our bounds
is exhibited by a unified derivation and their validity for a wide range of codes and
potential functions.
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1. INTRODUCTION

In the seminal paper of Cohn and Kumar [6], many classical maximal spherical codes
with applications to communications, such as the Korkin-Zolotarev kissing number con-
figuration on S7, the Leech lattice configuration in 24 dimensions, the 600-cell, etc., were
shown to be universally optimal in the sense that they have minimal potential energy
for a large class of potential interactions. The notion of universal optimality was further
developed for Hamming spaces in [§].

As important as these particular configurations are, it is of significant interest to study
bounds for codes of general cardinality. The theory of universal bounds for codes and
designs in polynomial metric spaces was laid out by Levenshtein in [14]. The interplay
between Levenshtein’s framework and universal lower bounds (ULB) on potential energy
of codes was established recently by the authors for Euclidean spaces in [4] and for
Hamming spaces in [5]. In this paper we further that interplay to codes with inner
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products in a prescribed subinterval [¢, s] of [—1,1) and as a result derive an extension
of Levenshtein’s framework to this setting.

Let S"~! C R" denote the (n — 1)-dimensional unit sphere. A nonempty finite set
C c S"!is called a spherical code. For —1 < ¢ < s < 1 denote by

Clt,s):={CCS"': < (ay)<s, z,yeC,x#y},

the set of spherical codes with prescribed maximum diameter and minimum pairwise
distance, where (x,y) denotes the inner product of x and y. We establish upper bounds
on the quantity
A(n;[¢, s]) := max{|C|: C € C({,s)},
which is a classical problem in coding theory.
Given a (potential) function h(t) : [~1,1] — [0, +00] and a code C C S}, we define
the potential energy (also referred to as h-energy) of C as

E(Cih) =Y h({z.y).
z,yeCz#y
In what follows we shall consider potential functions h that are absolutely monotone,
namely h(*)(t) > 0 for every k > 0 and ¢ € [—1,1). For such potentials we establish ULB
for the quantity

En,M,l;h) :=inf{E(C;h): C €C({,1),|C| = M}.
As in [4], the use of linear programming reveals a strong connection between our ULB
on &(n, M, ¢; h) and our Levenshtein-type upper bounds on A(n; [, s]).

Throughout, P,g") (t), k =0,1,..., will denote the Gegenbauer polynomials [16] nor-
malized with Py(1) = 1. We consider functions f(¢) : [-1,1] = R,

ft) = kaP,gn)(t), where f(1) = ka < 0.
k=0 k=0

The function f is called positive definite (strictly positive definite) if all coefficients f
are non-negative (positive). Following Levenshtein’s notation we denote the class of all
positive definite (strictly positive definite) functions by the symbol F> (F~). When f is
a polynomial, the definition of F~ does not include fj for k& > deg(f) (since fx = 0 for
such k).

The Kabatiansky-Levenshtein [12] approach (see also [10]) is based on the inequality
1 [0 < i 1
(1) A(n; [6;s]) < ain  f(1)/ fo,

n,l,s
where
Fns ={f€F> [ f(t) <0,t€[l,s], fo>0}.
Similarly, the Delsarte-Yudin approach (see [17]) uses the inequality

(2) E(n,M,¢;h) > max M(Mgo—g(1)),

9€Gn s
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where
gn’&h = {g € ‘FZ ‘ g(t) S h(t)7 te [Ea 1)7 g0 > 0}

The determination of the right-hand sides of the bounds and over the respec-
tive classes defines two infinite linear programs. To determine his universal bounds on
A(n,s) :== A(n;[—1, s]) Levenshtein [14] found explicitly the solution of the linear pro-
gram posed by when restricted to F,, _1, N Py, where P, denotes the class of real
polynomials of degree at most m.

In [4] the authors considered the linear program in (2|) over G,, ., NPy, and found its
solution as the Hermite interpolation polynomial of h(t) at the zeros of the Levenshtein
polynomial. This implies the ULB on £(n, M;h) := E(n, M,—1;h). The interplay be-
tween the two optimal solutions is that the zeros of the Levenshtein polynomials serve
also as nodes of an important Radau or Lobato quadrature formulae.

In this paper we further develop the intricate connection between the maximum cardi-
nality and minimum energy problems, which is described in our main result Theorem
For this purpose a central role is played by an £-modification of the so-called ‘strengthened
Krein condition’ introduced by Levenshtein (see Section 4).

The outline of the paper is as follows. In Section 2, we introduce certain signed mea-
sures and establish their positive definiteness up to an appropriate degree. Properties of

their associated orthogonal polynomials are also discussed. In Section 3, Levenshtein-type

polynomials fQZES) (t) are constructed and corresponding quadrature formulas are de-

rived. These formulas are used in Section 4, together with linear programming techniques,
to derive the Levenshtein-type bounds on the cardinality of maximal codes A(n; [¢, s])
and ULB-type (in the sense of [4]) energy bounds on £(n, M, ¢;h). In the last section
some special examples and numerical evidence of an f-strengthened Krein property are
presented.

2. POSITIVE DEFINITE SIGNED MEASURES AND ASSOCIATED ORTHOGONAL
POLYNOMIALS

In this section we establish the positive definiteness up to certain degrees of the signed
measures that are used in the proof of our main result, Theorem

We shall denote the measure of orthogonality of Gegenbauer polynomials as
(3) dp(t) ==yl —t ) dt te-11], n:= &
T Ay
where 7, is a normalizing constant that makes p a probability measure.

Levenshtein used the adjacent (to Gegenbauer) polynomials

n—1 n 5 (n 1 n—3
() -ﬁWﬂ:ﬂﬁQ’Q(VP2’2RD=nfﬁ+~w ' >0,
where P (t) denotes the classical Jacobi polynomial (the normalization is again chosen

so that P (1) = 1). The polynomials () are orthogonal with respect to the probability
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measure

(5) dx(t) := (1 = t)dpu(t).
They also satisfy the following three-term recurrence relation

(t—a )P0ty = b °PLO(t) + ¢ P (1), i=1,2,...,

7 41
where
nt+ 1
POty =1, PO(t) = ,
n—+1
77170 7’1’0 bl,O
1,0 _ T 1,0 _ "i—1%-1 10 _ ;31,0 10
b,” = 170>0,ci =0 % =1-0 ¢,
Mit+1 T

e (] ) (=222) (%)

Let ti’lo < tz«17’20 << ti’io be the zeros of the polynomial Pil’o(t), which are known to
interlace with the zeros of Pll_o1 (t).

We next recall the definition of positive definite signed measures up to degree m (see
[0, Definition 3.4]).

Definition 2.1. A signed Borel measure v on R for which all polynomials are integrable
is called positive definite up to degree m if for all real polynomials p # 0 of degree
at most m we have [ p(t)2dv(t) > 0.

Given ¢ and s such that ¢ < t,lg’? < t};g < s, we define the signed measures on [—1, 1]

(seeand )

(6) dvi(t) = (t—O)dx(®),

(7) dvs(t) = (s —t)dx(t),

(8) dvs(t) = (t— O)(s — Ddx(2),
(9) dpe(t) = (= L)dp(t).

The following lemma establishes the positive definiteness of these signed measures up to
certain degrees, which in turn allows us to define orthogonal polynomials with respect
to these signed measures. This equips us with the essential ingredients for modifying
Levenshtein’s framework.

Lemma 2.2. For given k > 1, let s and £ satisfy { < t,{;’? < tl?% < s. Then the measures

dve(t), dvs(t), and due(t) are positive definite up to degree k —1 and the measure dvy(t)
1s positive definite up to degree k — 2.

Proof. We first note that the system of k + 1 nodes

.10 1,0 1,0 410
Mpy1 = {ty)) <ty < - <t <1l:=17 0}
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defines a positive Radau quadrature with respect to the measure p that is exact for all
polynomials of degree at most 2k (see e.g. [9, pp. 102-105], [I, Theorem 2.4]), namely
the quadrature formula

(10) fo = / F(O)du(t) = w1 £(1 szf (1)

holds for all polynomials f of degree at most 2k, and the weights w;, i = 1,...,k+ 1
are positive.

Let now ¢(t) be an arbitrary polynomial of degree at most k — 1. From we have
that

1 1
/ P(O)dvi(t) = / Pt~ £)(t — O)dp(t)

-1 —1
k
1,0 1,0y /,1,0
- Zwiq2(tk7i)(1 — )t — ) >0,

where equality may hold only if q(t,lc’?) =0 for all i = 1,..., k, which would imply that
q(t) = 0. Therefore the measure diy(t) is positive definite up to degree k — 1 as asserted.
Similarly, for the measure dvg(t) and deg ¢ < k — 1 we have

1 1
IRCZOE / P(t)(1 — 1)(s — du(t)

-1 -1
1,0 1,0
= Zwlq ()@=t (s —9) >0,

where again equality holds only for ¢(t) = 0.
Next, if q(t) #Z 0 is of degree at most k — 2, then we utilize again to derive that

1
/ £)dvg.(t szq () (1 = 1) (19 — 0)(s — 119) > 0.
-1

Hence, dv s(t) is positive definite up to degree k — 2.

To verify the assertion about the measure du,(t) we employ a similar argument but
with a quadrature rule defined on the collection of k& nodes

M, = {th <o <--- < tk,k)}v

where ;. ; are the zeros of the regular Gegenbauer polynomials P,gn) (t). We note that
from [14, Lemma 5.29, Eq. (72)] we have ti’? < t1,1. Using the associated Lagrange basis

polynomials Ei, 1=1,2,...,k, we define the weights v; := f L (t)du(t),i=1,2,..., k.
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Then, as in the proof of Gaussian quadrature, one shows that the formula
k

1
m:/gmwwzzymm»

i=1
is exact for polynomials of degree up to 2k — 1. Thus, for any polynomial ¢(t) of degree
less than or equal to k — 1, we have

1 1
[fwmwz[fwwmw>

1 1

k
= > vig?(tra) (tri — £) > 0,
i=1
with equality if and only if ¢(¢) = 0. This concludes the proof of the lemma. O

Applying Gram-Schmidt orthogonalization (see, for example, [0, Lemma 3.5]) one
derives the existence and uniqueness (for the so-chosen normalization) of the following
classes of orthogonal polynomials with respect to the signed measures @—@

Corollary 2.3. Let { < t}’z < t,lc’z < s. The following classes of orthogonal polynomials
are well-defined:

{PPY(t)}5 g, orthogonal w.r.t. due(t), (1) =1;

{le’z(t)}?:o, orthogonal w.r.t. dvy(t), le’g(l) =1

{P}*(1)Yio, orthogonal w.r.t. dug(t), P;*(1) = 1;

{P]-l’e’s(t) j.:é, orthogonal w.r.t. dvg,(t), le’z’s(l) =1

The polynomials in each class satisfy a three-term recurrence relation and their zeros
interlace.

Remark 2.4. We note that if t,lﬁ’_el L <I< t,i’(l) is such that Pklfl(ﬁ)/Pkl’O(E) = 1, then
Pk1 ’g(l) = 0 and the normalization above fails. However, for our purposes we shall restrict
to values of ¢ such that P,ifl(ﬁ)/Pé’o(E) <1

Utilizing the Christoffel-Darboux formula (see, for example [16, Th. 3.2.2], [I4, Eq.
(5.65)]) we are able to construct these polynomials explicitly. Let

i

1,0 o 1,0 1,0 1,0
T ay) = Y ri P ()P y)
(11) =0
1,0 1,0 1,0 1,0
l,Obl,OPiJrl(x)Pi (y) — P (y) P ()
=T Y Py :

Note that in the limiting case = y we use appropriate derivatives.
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Levenshtein [14] uses the Christoffel-Darboux formula to prove the interlacing proper-
ties tj11, < t 0 < tji, 1 =1,2,...,7, of the zeros of le,o and the Gegenbauer polynomi-
als. Slmllarly, from the representation

(1-0) (P - PPOPS©0)/P0)
(t-0(1-Ph@/P0)

which is verified in the next theorem, we derive interlacing properties of the zeros of le’z

with respect to the zeros of Pil’o

Theorem 2.5. Let ¢ and k be such that tk+1 L <UI< ti’? and Pklfl( )/Pkl’o(ﬁ) < 1. Then

all zeros {tz’] ;-:1 ofPZ- ’ (t) are in the interval [¢,1] and we have

1,0 Tzljo(t’g)
(12) P(t) = m

7

=n e i=0,1,.. .k,

with all leading coefficients nil’z >0 and ti’i < 1. Finally, the interlacing rules

1,0 1,0 ,1,0 , , .
(13) tde(ti,j’ti—‘,—l,j—‘,—l)?/L:]‘""7k_1)j:1,~~-,7/;
1, 1,0 .
tk:,j (tk‘-l—l,j-f-l’tk‘,j—f—l)’ ] = ]., .. .,k’ — 17

hold.

Remark 2.6. As the proof below shows the condition P,i fl( )/ Pl’o( ) <1lis equivalent

with t,lgf; < 1. In general, the orthogonal polynomial Pk ( ) is well defined for all tk g <

l< t,lg’?, but its largest root leaves the interval [—1, 1] and the leading coefficient becomes
negative.

Proof. For any polynomial p(t) of degree less than ¢ we have

/1ﬁ”mamwmww

-1
1
= %0 [ (PS@PH0 - PO @) pit) dx(0) =0

and follows from the positive definiteness of the measure dvy(t) and the uniqueness
of the Gram-Schmidt orthogonalization process.

We next focus on the location of the zeros of Pil’g(t). From (11) and (12]) they are
solutions of the equation
1,0 1,0
P () _ P
0

14 7 i+
14 POt P
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For all i < k the zeros of P;_O1 (t) and Pil’o(t) are interlaced and contained in [ti’?,ti’%}.
Observe that sign P"*(£) = (—1)", so PY5(¢)/P"(£) < 0. The function P} (t)/P;(t)

has simple poles at ti’f, 7 =1,...,7, and simple zeros at tilij, j=1,...,i+1; therefore,
: . 1,6 . 1,0 ,1,0 . ,
there is at least one solution ¢, of on every subinterval (ti,j ,ti+17j+1), j=1,...,1,

which accounts for all zeros of Pil’z(t).

When i = k we note first that Pklfl (Z)/Pkl’o(ﬁ) > 0. Moreover, ¢ is contained in the
interval (t,le’_gl 1 ti’o), so we can account similarly for only the first & — 1 solutions of ,
namely

1,6 1,0 1,0 .
b € (b tei)s J =1, k—1.
This establishes the interlacing properties . To account for the last zero of P,i ’é(t) we
utilize the fact that Pklfl (t)/Pkl’O(t) > 0fort e (tllgi)1 fr1>00)- Aslimy oo Pklfl (t)/Pkl’O(t) =
: 1,0

oo, we have one more solution bk of .

Since Pklfl(ﬁ)/Pkl’o(E) < 1, we conclude that t,lg’% < 1 because P,ifl(l)/Pkl’O(l) =1
Comparison of coefficients in yields 77,1’(Z > 0. O

3. CONSTRUCTION OF THE LEVENSHTEIN-TYPE POLYNOMIALS

Given some ¢ > —1, we choose k = k(¢) to be the largest k such that the condition
1,0 . .
¢ <ty is satisfied.

We first construct the polynomials Pil’é’s(t) utilizing the system {Pil’é(t) k_, from the
previous section. The positive definiteness of the measure dv,(t) implies that

1 2 -1
ril’e = </ (P;’%t)) dl/g(t)) >0, ¢=0,1,...,k—1.
-1

The three-term recurrence relation from Corollary can be written as

(t —al VPR () = b PR () + e PR @), i=1,2, k-1,

% i+1 7 7
where
R0 =1, Pl = U
Lo [t L
pif = Tl s g b0 = Tmllinl g b g bt
m b;’

By Corollary [2.3| we have that the zeros of {Pz-l’g(t)} interlace; i.e.

1,0

1,0
Jj—1z1 j

< t]7z’+1v

1,0 . ,
tj7i<t 1=1,2,...,5—1.
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We next consider the Christoffel-Darboux kernel (depending on /) associated with the
polynomials {P1 £ io

(15)  Ri(z,y;¢ Z P () P ()
P () PM(y) — PHE (y) P
(16) — lfblf z+1( ) (y) Z+1(y) 7 (SU) 0 S i S k o 1
r—y
. 1,0 . 1,0
Given ¢, < s < min{l,7; }, we define
Rp—1(t,8;0)
PLEs (¢t -1\ 58
e (1) Ri_1(1,s;¢0)
a7 _ 1-s B0 -PAOP6)/BAG)
L= P (s) /B (5) t=s

We now define the Levenshtein-type polynomial
i 16s )
(18) I = =0 -9) (P 0)

and proceed with an investigation its properties.

Theorem 3.1. Let n, ¢, s and k be such that tk—l—ll <l < tko Pklfl( )/Pkl’o(ﬂ) <1,

tkk <s< thw and Pk”( )/Pkl_el( ) > Pk”( )/Pkl_zl( ). Then the polynomial Pkl’_e’ls(t)

has k — 1 simple zeros f1 < P2 < --- < Br_1 such that By € (ﬁ,t,lg’fl 1) and By €
WA .

(ot 1) 0=1,2,.. k= 2.

Proof. The proof is similar to that of Theorem It follows from that the roots
of the equation
1,0 1,0
Py (t) o Py (s)
1,0 S
P (8) B(s)
are s and the zeros of Pli’_e’ls(t), say B1 < P2 < -+ < Bi-1.

The function Pl’e( )/Pkl’el( t) has k—1 simple poles at the zeros t,lg’fl’l., 1=1,2,...,k—1,
of Pkl’_é1 (t). Therefore, there is a zero of P,i els( t) in each interval (ti’fl i,ti’fl ip1)s =
1,2,...,k — 2, which accounts for k — 2 zeros.

Since Pkl’e(s)/P,i’_Kl(s) < 0 and the function Pkl’g(t)/Pkl’_gl(t) increases from —oo to 1 for
te ( k Lk—17 1], we have the root s in this interval. Finally, in the interval [—oo, t,lg’fl 1)

Py (1)
Pt ()
Pk1 oy Pkl’_e1 (¢) implies that the smallest zero 51 of Pkl’_z’ls( t) lies in the interval (¢, tk 1)
U

the function increases from —oo to 400 and the condition Pl’e(s) /Pkl’[l(s) >
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The next theorem is an analog of Theorem 5.39 from [I4]. It involves the zeros of
(n7é78)

ok (t) to form a right end-point Radau quadrature formula with positive weights.

Theorem 3.2. Let 1 < B2 < -+ < Br_1 be the zeros of the polynomial Pli’_e’ls(t). Then
the Radau quadrature formula

1 -3
fo= /_1 FH0 -1 dt
(19) b1
= pof(£) + me(ﬁi) +opf(8) + prar f(1) =2 QF(f)

=1

is exact for all polynomials of degree at most 2k and has positive weights p; > 0, i =
0,1,....k+1.

Proof. Let us denote with L;(t), ¢ = 0,1,...,k + 1, the Lagrange basic polynomials
generated by the nodes 5y := ¢ < 1 < -+ < Br_1 < B := s < 1 =: fBry1. Defining
pi = f_ll L;(t)du(t), i = 0,1,...,k + 1, we observe that is exact for the Lagrange
basis and hence for all polynomials of degree k + 1.

We write any polynomial f(t) of degree at most 2k as

F&) = q(@®)(t = O)(t - s)(1 = )PES (1) + g(t),

where ¢(t) is of degree at most k — 2 and g¢(¢) is of degree at most k + 1. Then the
orthogonality of Pkl’_é’ls(t) to all polynomials of degree at most k — 2 with respect to
the measure dvy 4(t) = (t — £)(s — t)dx(t) and the fact that QF(f) = QF(g) show the
exactness of the quadratic formula for polynomials up to degree 2k, namely

1 1
/ F()du(t) = / g(t)du(t) = QF (g) = QF(f).
—1 1

We next show the positivity of the weights p;, ¢ = 0,..., k. Substituting in the
2
polynomial f(t) = (s —t)(1 —t) (Pkl’_z’ls(t)) of degree 2k, we obtain

1

pl(s =00 -0 (P50) =f0 = [ =00 -0 (R50) aut

-1
— /_11 (P,jf’f(t))2 dvs(t) > 0,

from which we derive pg > 0.
To derive that p; > 0 for i = 1,2,...,k — 1, we substitute

F&) = (1 =t)(t = O)(s — huj_1,4(1)
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in (19), where uj_1,(t) = P1 4 #(t)/(t — B;). Then clearly
1
(1= B = BB~ k1530 = fo= [ uk1u(0) dvealt) > 0
2
Similarly, utilizing the polynomial f(t) = (1 —¢)(t — ¢) ( pht S(t)) of degree 2k and
the positive definiteness of the measure dvy(t) up to degree k — 1 we show that py > 0.

Finally, we compute the weight px41 and show that it is positive. In this case we use

ft)= Q(Z’Z’S) (t) in (19) and easily find that
n Z ,8) n,L,s)
fo f 2% /3 2k,0

%“:fm‘7£“N>:“*@“*”

Computing fo = f(n’ %) using (recall that Pk1 els(l) =1) we get

1 PR (1) — P ()
fo= [ (¢= 06— 00 -0 6=
1
N4
(20) + [ =0 = 9P 0aut)
1—s ! 1,0 Pkl’e(s) 1,0
- 1— Pl’e(s)/Pl’K (S) /1(t _@ (Pk (t) - Pl,é (S)Pk—l(t) d:u(t)'
k k—1 - k—1
1.4 . .

By Lemma and the fact that — ( )/ P, (s) > 0 we have that the integrand in
(20) is p081tlve definite and in partlcular its zero-th coefficient (which is the integral in
(20))) is positive. This proves the theorem. O

For any fixed —1 < £ < t%’z and t,lc’z <s< t,lc’é the Levenshtein-type bound is defined
to be

1) -na-s)
Pk+1 fo Jo '

Lok(n;[¢, s]) :==

4. BOUNDING CARDINALITIES AND ENERGIES

In the proof of the positive definiteness of his polynomials Levenshtein uses what he
called the strengthened Krein condition

(t+ VP WP () € 7
(see [14], (3.88) and (3.92)]). We need a following modification.

Definition 4.1. We say that the polynomials {Pil’g(t) K, satisfy (-strengthened Krein
condition if

(21) (t—OPM )P (t) € Fs
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for every i,j5 € {0,1,...,k} except for i = j = k.

The strengthened Krein condition holds true for every i and j by a classical result of
Gasper [I1]. However, the {-strengthened Krein condition is not true for every ¢, and for
fixed £, is not true for every k.

For fixed n and k, denote
l(n, k) :=sup{l € [—1,0] : l-strengthened Krein condition holds true}.

Our computations ensure strong evidence that the following conjecture is true.
Conjecture 4.2. For fizredn and k the condition holds true for every ¢ € [—1,¢(n, k)].
Remark 4.3. The Christoffel-Darboux formula
(1= 0) (B () = PP (0/P(0))

1= P (0/ P (0)

yields easily that the inequality P,i _81( )/ Pk1 0(0) < 1 is a necessary condition for the /-

strengthened condition to hold. Therefore, we assume from now on that it holds (see the
hypothesis of Theorems and .

(t— 0P (t) =

Our computations suggest also that ¢(n, k) is always less (but not much less!) than
t,i:(l) and the smallest root of the equation Pk1 fl( )/ P,i O(t) = 1. Hence the f-strengthened
Krein condition is stronger than the conditions imposed so far. This corresponds to the
Levenshtein’s theory, where the strengthened Krein condition appears to be the most
significant obstacle.

The following Lemma demonstrates the reasonableness of Conjecture

Lemma 4.4. The polynomials {(t — E)Pil’é(t) f;ol are strictly positive definite provided
that —1 < £ < ;")

Proof. From the definition of the kernels T-1 (z,y) and we have that
(L= OPABP ) - P >P£ﬁ<€>>

]

PSP - PO ()P (o)

- Lot o PO o
- 1= 'Hrl( )/PIO( ) (‘lgi+l(t) P-I’O(E) Pz (t)>

(2
Since the zeros of {Pl1 (t)} interlace we have that for all ¢ < k the zeros of Pil’o(t) lie
in the interval [t,lc’?,ti’k] we have that PZ“( )/Pil’o(é) < 0 for all i < k — 1. Indeed, the
numerator and denominator polynomials have different signs on (—oo, ti’?). Since Pil’o(t)

are strictly positive definite (see [I4, Eq. (3.91)]), we conclude the proof of the Lemma.
U

(t = )P (1)
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Lemma 4.5. The polynomials (t—ﬁ)(t—s)Pkl’_g’ls(t) and (t—é)Pkl’_g’f(t) are strictly positive
definite.

P (s) .
b < 0. Applying Lemma

P21 (9)

one concludes that (t—f)(t—s)Pkl’f’ls (t) is positive definite. Furthermore, as le’z(s) >0

and (t — E)le’z(t) is strictly positive definite for j = 0,1,...,k — 1, we derive using

that (t — K)Pkl’_z’ls(t) is also strictly positive definite. 0

Proof. The interlacing property of {PZ»M} implies that

In our main result we use the /-strengthened Krein condition relying on the following
observation. For fixed n, k, and ¢, we check numerically whether is satisfied for
every pair (i,7), 4,5 € {0,1,...,k}, except for i = j = k. This is done for every ¢ =
—1+4me, e = 1073 (of course, doing the step ¢ smaller is only a matter of computations),
m = 1,2,..., until holds true. In practice, when one needs to compute bounds in
the class C'(¢, s), he can consider instead C(¢p,s), where ¢y < ¢ is the largest for which
the f-strengthened Krein condition holds true.

The next assertion is the analog of Theorem 5.42 of [I4]. It uses a seemingly Weakerﬂ
version of the /-strengthened Krein condition.

Theorem 4.6. Let n, k, and ¢ be such that the polynomials (t — E)Pil’e(t)le’é(t) are

positive definite for i € {k,k — 1} and every j < k — 1. Let t,lf’g < s < t,lc’i and
n,,s)

Pkl’g(s)/Pkl’_el(s) > Pkl’é(ﬂ)/Pkl’_el(ﬂ). Then the Levenshtein-type polynomial f2(k: (t) is
positive definite.

Proof. Tt follows from the definition that the Levenshtein-type polynomial can be
represented as follows

k—1
(22) @) = et = 0) (B0 + B ) Yo rf PP (5),
1=0

where ¢ = (1 —s)/(1 + c1)Rk—1(1,4,8) > 0 and ¢; = —Pkl’z(s)/P,i’_zl(s) > 0 under the
assumptions for ¢ and s. Since Pil’é(s) > 0 for 0 < ¢ < k — 1, the polynomial féZ’g’s) (t)
becomes positive linear combination of terms like (t—ﬁ)Pil’e (t)PH(t), where i € {k,k—1}

J
and j <k —1. O

The main result in this paper is the following.

Theorem 4.7. Assume that ¢ € [—1, ti’?) and s € (ti’z, ti’i) and that the (-strengthened
Krein condition holds true. Then

(n)é?s)
| O
(23) Al [f,s]) < 2 =

ln fact, we suspect that both conditions are equivalent.
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Furthermore, for h being an absolutely monotone function, and for M determined by
féZ’Z’S)(l) = M fo, the Hermite interpolan

g(t) = H((t — ) f5°5° (1); h)

belongs to Gy, e.n,, and, therefore,
k
(24) E(n, M, t;h) > M(Mgo — g(1)) = M* > p;h(B:).
1=0

Proof. We first verify the positive definiteness of the polynomials fQ(Z’E’S) (t) and g(t).
We have féZ’Z’S) (t) € F~ by Theorem
Denote by t1 < ty < .-+ < to, the zeros of fz(Z’Z’S) (t) counting multiplicity. Observe,

that tl = f, tgi = t2i+1 = ﬁi, 1= 1, ceey k— 1, and tgk = s. It follows from [7, Lemma 10]
that the polynomial

’Z?
g(t) = H((t = )37 (0): )
is a linear combination with nonnegative coefficients of the partial products

m

[[t-t), m=12. 2k
j=1

Since t9;, 1 = 1,...,k, are the roots of Pkl’g(t) + oszl’f1 (t) (see ) it follows from [6),
Theorem 3.1] that the partial products [[72,(t — t2;), m = 1,...,k — 1, have positive

coefficients when expanded in terms of the polynomials Pil’z(t). Then ¢(t) is a linear
combination with positive coefficients of terms (¢ — E)P-l’e(t)le’g(t) and the last partial

i
n,l,s)

product which is in fact f2(k (t). Now the positive definiteness of g(t) follows from the
validity of the ¢-strengthened Krein condition and Theorem

The bounds and now hold true since fQ(Z’e’S) (t) < 0 for every t € [(,s] (see
(18)) and g(t) < h(t) for every t € [¢,1) by [7, Lemma 9].

The expressions of the bounds via the weights p; and the nodes j; follow from Theorem
5.2 [l

5. EXAMPLES AND NUMERICAL RESULTS

5.1. On the /-strengthened Krein condition. In the table below we present our
computations of the value of ¢(n, k), the maximum ¢ for fixed n and k, such that the
{-strengthened Krein condition is true.

2The notation g = H(f;h) is taken from [6]; it signifies that g is the Hermite interpolant to the
function h at the zeros (taken with their multiplicity) of f.
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Table. Conjectured values of ¢(n, k) for 3 < n,k < 10. The rows after the
corresponding ¢(n, k) show the value of the smallest root of the equation
P,ifl(t) / P,i ¥(t) = 1. The real numbers are truncated after the third digit.

k 10 9 8 7 6 ) 4 3 2 1
0(3,k) | —979 | —.974 | —.969 | —.962 | —.951 | —.936 | —.912 | —.870 | —.787 | —.577
—.978 | =973 | —.967 | —.959 | —.948 | —.930 | —.902 | —.854 | —.754 | —.500
0(4,k) | —.967 | —.961 | —.953 | —.942 | —.927 | —.906 | —.874 | —.821 | —.723 | —.499
—.965 | —.958 | —.950 | —.938 | —.922 | —.897 | —.860 | —.796 | —.676 | —.400
0(5,k) | —.955 | —.947 | —.936 | —.923 | —.905 | —.879 | —.840 | —.779 | —.672 | —.447
—.952 | —-944 | —-.932 | —917 | —.896 | —.866 | —.821 | —.748 | —.615 | —.333
0(6,k) | —942 | —.933 | —.921 | —.904 | —.883 | —.853 | —.810 | —.744 | —.631 | —.408
—-939 | —-929| —.915 | —.897 | —.872 | —.838 | —.787 | —.706 | —.566 | —.285
0(7,k) | —930 | —.919 | —.905 | —.887 | —.863 | —.830 | —.783 | —.712 | —.597 | —.377
—.926 | —.914 | —.898 | —.878 | —.850 | —.811 | —.755 | —.670 | —.526 | —.250
0(8,k) | —.918 | —.906 | —.890 | —.870 | —.843 | —.808 | —.758 | —.685 | —.568 | —.353
—.914 | —.900 | —.882 | —.859 | —.828 | —.787 | —.727 | —.638 | —.492 | —.222
0(9,k) | —.907 | —.893 | —.876 | —.854 | —.825 | —.788 | —.736 | —.660 | —.543 | —.333
—.901 | —.886 | —.866 | —.841 | —.808 | —.764 | —.702 | —.610 | —.463 | —.200
£(10,k) | —.895 | —.880 | —.862 | —.838 | —.808 | —.769 | —.715 | —.638 | —.520 | —.316
—.889 | —.872 | —.851 | —.824 | —.789 | —.743 | —.678 | —.585 | —.439 | —.181

5.2. System of bounds for fixed n and ¢. We present here as example the system
of bounds for A(n;[¢,s]), where n = 4 and £ = —0.95 are fixed and s is varying. Ac-
cording to the above table, the ¢-strengthened Krein conditions holds true for £ < 7 and
corresponding bounds

A(4;]-0.95, s]) < Lok(4;[—0.95,5]) = 1/pgt+1, k=1,2,...,7,

hold true.

On the figure below we show the first four bounds
Loy (4;[—0.95,5]), k=1,2,3,4,

together with the Levenshtein odd degree bounds Loy,—1(4,s), u = 1,2,3,4. The sub-
scripts are missed for short. The behaviour of the bounds is as follows. For s €
[—0.95,41"], 11" = —1/4, the Levenshtein bound L; (4, s) is better, then for s € [t}%,0.0175]
our bound Ly(4;[—0.95,s]) = 1/ps is better, for s € [—0.0175,15°], t5° ~ 0.27429, the
Levenshtein bound L3(4, s) is better, then for s € [té’o, 0.4195] our bound L4 (4;[—0.95, s]) =

1/p4 is better, etc. This is the typical situation for all reasonable values of n and ¢ we
have checked.
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70
L(4;[-0.95,5])
60
50
L(4.s)
40

L(4:[-0.95,5])

30
A—ts]

L(4;[-0.95,5])

m,,./
L(45) (45)
L(4:[-0.955]
-1 -08 -06 -04 -02 0 02 04 06 08

5.3. Bounds for £(n, M, ¢;h). We use the system of bounds from Section 5.2 to derive
our ULB-like bounds for £(n, M, ¢; h). Given n, ¢, and M we consecutively construct the

polynomials f;,f’s(t) and their bounds as above until we reach the maximum & such that

f;;;ﬁ’s(t) € F- and the equality
(1) = Mo

holds. Then, as Theorem [£.7] states, we construct the interpolant

g(t) = H((t — )£ (0): )

and compute the bound

k
E(n, M, t;h) > M(Mgo — g(1)) = M* " p;h(:).
=0

5.4. System of bounds for fixed ¢ and s. For the case k = 2, the Levenshtein
polynomial is given by

f£n7&8) (t) = (t _ {)(t — 8) (Pllvf,s(t))Q )
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where the zero of P11 ’&s(t) isa=— (ii%?fg)ﬁseﬁ:&l)). Thus, from Theorem 4.7| we obtain

(25) At s]) < Fimbe) ) _ (1= = 8)3+ (n+2)(nls+ Ls + 2+ 25+ 1)]

fo (n+ 2)[nl?s? — (L — s)?] — 60s + 3
subject to
{+s+2a <0,
az-ﬁ-Q(E-l-s)oz—Fﬁs—FL207
n+4
3 3(€+ s)
0 >+ 2a(¢ <0.
(£+s)a”+ Oé(s+n+2)jL n+2 =0

The bound is attained by codes of parameters
mi(Bm? -5) 1
2 "m+1)’

(n,M,s) = <3m2 -5,

known only for m = 2 (here ¢ = —1) and 3 (here ¢ = —1/4). Such codes are derived from
corresponding tight spherical 7-designs in dimensions 3m? — 4 (see [10]).

Let n, M, and ¢ be such that £k = 2 be the maximal value of k such that f;,f’s(l) =

M fo holds true and the above fin’g’s) (t) is positive definite (this fixes s as well). Then,
according to Theorem the h-energy (for any absolutely monotone h) bound is
given by the polynomial g4(t) € Gy, ¢, of degree 4 which interpolates h by

94(0) = h(0), ga(e) = h(e), gy(a) = h'(a), ga(s) = h(s), ga(s) =N'(s).

In right ranges for £ and s both bounds are optimal in the sense that they can not be
improved by using linear programming with polynomials of degree at most 4.

Acknowledgement. The authors thank Konstantin Delchev, Tom Hanson, and
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