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ON THE GEOMETRY OF FULL POINTS OF ABSTRACT
UNITALS

DAVID MEZOFI AND GABOR P. NAGY

ABSTRACT. The concept of full points of abstract unitals has been introduced by
Korchmaéros, Siciliano and Szényi as a tool for the study of projective embeddings
of abstract unitals. In this paper we give a more detailed description of the
combinatorial and geometric structure of the sets of full points in abstract unitals
of finite order.

1. INTRODUCTION

An abstract unital of order n is a 2-(n® + 1,n + 1,1) design. We say that an
abstract unital (X, B) is embedded in a projective plane II if X consists of points
of IT and each block b € B has the form X N ¢ for some line ¢ of II. For results on
projective embeddings of abstract unitals see [12] and the references therein.

Let U = (X, B) be an abstract unital of order n and fix two blocks by, by. Using
the terminology of [12], we say that P is a full point with respect to (by,bg) if P ¢
by U by and for each ) € by, the block connecting P and () intersects b,. In other
words, there is a well defined projection m, pp, from b; to by with center P. We
denote by Fy (b1, bs) the set of full points of U w.r.t. the blocks by, by. Clearly,
FU(bh bg) = FU(bQ, bl)

The structure of the paper is as follows. The main result of this paper is proved
in Section 3. It shows that for any abstract unital of order ¢, which is projectively
embedded in the Galois plane PG(2, ¢?), the set of full points of two disjoint blocks
are contained in a line. Moreover, the perspectivities of two disjoint blocks generate a
semi-regular cyclic permutation group. In Section 4, we extend the results of [12] by
giving a complete description on the structure of full points in the classical Hermitian
unitals. Section 5 gives an overview of computational results about full points in
abstract unitals of order 3 and 4, which belong to known classes [I}, 6, 14} [13]. For
the computation we developed and used the GAP package UnitalSZ [10].

2. COMBINATORIAL PROPERTIES OF THE SET OF FULL POINTS

2.1. Bounds on the number of full points. We start with an easy observation
on the number of full points of two blocks by, by of U. The result seems to be rather
weak.
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Lemma 2.1. Let U = (X, B) be an abstract unital of order n > 2. Then

n? —n  if by, by have a point in common,

Fy(bi,b9)| <
[Furlbr bo)] < {n2 — 1 if by, by are disjoint.

Proof. For a fixed point P € by we define the set S, as the union of the blocks
connecting P with @ € by \ by, and the set Sp = S}, \ (b U by). Clearly,

5] = n? —n if by, by have a point in common,
r n? —1 if by, by are disjoint.

As Fy(b1,by) C Sp, the lemma follows. O

In most (but not all) known examples of abstract unitals, the set of full points is
contained in a block. This motivates the following definition.

Definition 2.2. Let U = (X, B) be an abstract unital and by, by € B disjoint blocks.
(i) The triple (U, by, bs) is full point regular if the set of full points Fyy(by,be) C ¢
for some block ¢ € B such that by Nc = by Nc = .
(ii) The abstract unital U is full point reqular if for any two disjoint blocks by, by
the triple (U, by, by) is full point regular.

2.2. Full points and perspectivities. By definition, any full point P of the blocks
b1, by defines a bijective map 7y, pp, : b1 — ba; we call it the perspectivity with center

P.

Definition 2.3. Let by, by be blocks of the abstract unital U. Define the group of
perspectivities of by as

Perspy, (b1) = (7o, P T00,0.0 | Py @ € Fr(by, b2)).

It is easy to see that Persp,, (b;) and Persp, (b;) are isomorphic permutation
groups, the former acting on b; and the latter acting on by. For different full points
Q, R, the perspectivities 7y, g5, and m, g, are different. This implies | Persp,, (b1)| >
|Fir(by, b2)|. In particular, Persp,, (by) is nontrivial if |Fy(by, b2)| > 1. An important
case will be when Persp,, (b1) is a cyclic semi-regular permutation group on b;.

2.3. Dual k-nets in abstract unitals. We will present examples of abstract uni-
tals when the set of full points w.r.t. the blocks b, by form a third block b3. More
generally, we introduce the concept of an embedded dual k-net of an abstract unital.
An abstract k-net is a structure consisting of a set X of points and a set B of blocks,
which is partitioned into k£ disjoint families By, ..., By for which the following hold:
(1) every point is incident with exactly one block of every B;, (i =1,...,k); (2) two
lines of different families have exactly one point in common; (3) there exist 3 lines
belonging to 3 different B;, and which are not incident with the same point. See
[3, 5] as reference on abstract k-nets.

Definition 2.4. Let U = (X, B) be an abstract unital of order n and k > 3 and
integer. We say that the blocks by, ... by form an embedded dual k-net in U, if the
following hold for all1 <1< j <k:
(ii) For all P € b;, Q € b;, the block containing P, Q) intersects all by, ..., by in a
point.
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It is clear that for an embedded dual k-net by, ... by of U, b3U- - -Uby, C Fy(by, by).
The converse needs some explanation.

Lemma 2.5. Let U be an abstract unital of order n, k > 3 an integer and by, ..., by
blocks of U.
(i) If by C Fy(by,by), then by and by are disjoint.
(ZZ) ]f bg Q FU(bl,bQ), then bl Q FU(bQ, bg) and bg Q FU(bl,bg).
(iii) If b3 Uby C Fyy(by,be), then by and by are disjoint.
(iv) The blocks by, ..., by form an embedded dual k-net if and only if bsU- - -Uby, C
Fy(by,by).

Proof. (i) Assume that {Z} = b; Nby and by C Fyy(by, be). Clearly, bs is disjoint from
b1Uby. Fix an arbitrary point P € b, \{Z}. Each point R € b3 projects P to bo\{Z}.
Hence, there are points Ry, Ry € bs such that m, g, 5, (P) = T, Ryp, (P). This means
that P € b3, a contradiction. (ii) For any P; € by, P3 € b3, the block P, P intesects
by. Now fix P, and let P; run through b3 in order to obtain the bijection m, p, 5,
Thus, Py € Fy(by, bs). Since this holds for all P; € by, the claim follows. For (iii) it
suffices to show by C Fyy(bs, by). Take P € by, @ € by arbitrary points. From @, P
projects to R € by and using by C Fy(by, by), P projects to S € by from R. Hence,
Q@ projects to by from P.

The “only if” part of (iv) follows from the definition. Assume now b3 U---Ub, C
Fy(by,by). By (i) and (iii), all blocks by, ..., by are disjoint. For the indices 3 <i <
J < k, there is an injective map « | by x by — b; X b; mapping (P, P») — (B;, P;)
with collinear quadruple Py, P», P;, P;. Moreover « is bijective, hence any pair of
points (P, P;) € b; x b; determines a block ¥ of U such that &' Nb, = P;, i = 1,2.
The block joining Py and P, intersects any block by C Fyy(by, by) in P for 3 < s <k,
therefore by, ..., b, form a dual k-net in U. 0

2.4. Bounds on dual k-nets in abstract unitals. For embedded dual k-nets,
the trivial bound is £ < n+1. With some elementary counting, we can improve this
to k <n —1. This implies that an abstract unital of order 3 has no embedded dual
3-nets.

Proposition 2.6. Let U be an abstract unital of order n > 3.

(i) If U has an embedded dual k-net {by,... by}, then k <n — 1.
(ii) For two blocks by, by, Fy(b1,bs) cannot contain more than n — 3 blocks.

Proof. (i) Let us assume that £ >n —1 and let P =b; UbyU...Ub. Any block of
U intersects P in 0, 1, k or n + 1 points, the latter being the blocks b; themselves.
W.lLo.g. consider the disjoint blocks by, by. Any pair of points chosen from b; and b,
determines the unique block in B which is a k-secant to P, therefore the number of
k-secants is (n + 1)2. Then, fix an arbitrary block b; of the dual k-net and a point
P on the block b;. The number of 1-secant blocks on P is n?> — n — 2. Thus the
number 1-secant blocks to P is k(n + 1) (n? —n —2). Since |B| = n? (n* —n+1)
we have

k+n+1)>+k(n+1) (n*—n—2) <n®*(n*-n+1),

which gives n® —3n? 4+ n+1 <0 by k > n > 3, a contradiction.
(ii) If Fy (b1, by) contains the k — 2 blocks b, ..., by, then {by,..., b} is an em-
bedded dual k-net in U by Lemma 2.5](iv). Hence, k —2 < n — 3 by (i). O
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2.5. Embedded dual 3-nets and latin squares. An embedded dual 3-net {b;, b, b3}
determines a latin square L of order n + 1 in the following way. Label the points of
bl, bg, b3 by the set {1, o, n A+ 1}

bs:{Ps,la---aps,n—l—l}a s=1,2,3.

For i,5 € {1,...,n+ 1}, let ¢ be the block connecting P, ; and P ;. Define s by
{Ps s} = bsNcand write s in row ¢ and column j of L. Choosing a different labeling
for by, by, by results in an isotope latin square. By reordering the three blocks, one
gets conjugate or parastrophe latin squares. The set of all parastrophes of a latin
square L is also called the main class of L. Latin squares are naturally related to
(the multiplication tables of) finite quasigroups. See [9, Section 1.4] for more details
and further references on conjugacy and parastrophy of latin squares.

A property which, for each class C, either holds for all members of C' or for no
member of C' is said to be a class invariant. Properties of the underlying (dual)
3-nets are main class invariants of the corresponding coordinate latin square. In
particular, the groups of perspectivities can be defined for (dual) 3-nets and they
are useful examples of main class invariants. In the primal setting, perspectivities
of 3-nets have been presented in [3] and [5].

Let L be a latin square of order n. We say that L is group-based if it is a
parastrophe to the Cayley table of a group G of order n. As the group G only
depends on the main class of L, the following concept is well-defined.

Definition 2.7. Let B = {b1, by, b3} be an embedded dual 3-net of the abstract unital
U. We say that B is cyclic, if the corresponding latin square is a parastrophe of the
Cayley table of the cyclic group of order n+ 1, where n is the order of U.

Proposition 2.8. Let U be an abstract unital of order n and B = {by, by, b3} be an
embedded dual 3-net of U. The following are equivalent:

(i) B is cyclic.

(ii) Perspy, (b;) is the cyclic group of order n+1 for all 1 <i,j <3, # j.

Proof. Let L be the latin square associated to B. By [3, Proposition 1.2], (ii) implies
that the rows of L are elements of the cyclic group of order n, hence L is cyclic and
(i) holds. Conversely, assume that B is labeled in such a way that the the coordinate
latin square L is the Cayley table of the cyclic group. Then [3, Theorem 6.1] implies
(ii). O

3. FULL POINT REGULARITY OF EMBEDDED UNITALS

The questions on the embeddings of abstract unitals in projective planes are
long studied problems, with special focus on the embeddings of abstract unitals of
order ¢ in the desarguesian plane PG(2, ¢?). Korchmdros, Siciliano and Szényi [12]
developed the method of full points for the embedding problem. The main tool is
the group of perspectivities of unital blocks. We notice that while the permutation
group Persp,, (b;) depends only on the abstract unital structure of U = (X, B), we
may be able compute it more easily when a projective embedding of U is given.

Although the definition of the group of perspectivities works for intersecting blocks
by, bs, in the sequel, we will only deal with the case when by, by are disjoint. The
next definition gives a stronger version of the full point regular property, using the
structure of the group of perspectivities.
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Definition 3.1. Let U = (X, B) be an abstract unital and by, by € B disjoint blocks.

(1) If (U,b1,bs) is a full point reqular triple and Persp,,(b1) is a cyclic semi-
reqular permutation group of by, then (U,by,by) is said to be strongly full
point reqular.

(ii) The abstract unital U is strongly full point reqular if for any two disjoint
blocks by, by the triple (U, by, by) is strongly full point regular.

Notice that U is strongly full point regular if it has no full points at all. The next
two lemmas deal with elementary properties of the groups of affinities of projective
lines in PG(2,¢?), where ¢ is a power of the prime p.

Lemma 3.2. Let p be a prime.

(i) Let g be an element of the affine linear group AGL(1,p’) such that o(g) |
p/ — 1. Then g has a unique fized point v € F,r and permutes F,s in orbits
of length o(g).

(ii) Let S be a subgroup of AGL(1,p’) such that p { |S|. Then, S is cyclic and
|S| divides p* — 1. Moreover, S has a unique fized point in F ;. O

Lemma 3.3. Let (1, (s be two lines of PG(2,q¢*) and P,Q be two points off €1 U {5.
Write Z = ¢, Ny and V; = £; N PQ, i = 1,2. The perspectivity 7y, pe,Te,.0.0, fizes
Z and Vi and permutes {1\ {Z,V1} in orbits of equal lengths.

Proof. Elementary. O

Let S be any set of n + 1 points in the projective plane II of order n. A nucleus
of S'is a point P such that each line of Il through P intersects S in a unique point.
It follows that P ¢ S. We denote by N (S) the set of all nuclei of S.

Let U = (X, B) be a unital of order ¢ embedded in PG(2,4¢?) and let b;,b, € B
be two (not necessarily disjoint) blocks of U. Denote the lines containing the blocks
by and by by ¢1 and /5 respectively. Using the notations in [10] let B = by U (43 \ by):
the set B consists of ¢> + 1 non collinear points, it is contained in the union of the
lines ¢; and 5. Note that Z = ¢; N {3 belongs to B. Let N (B) denote the set of all
nuclei of B. Clearly, if P is a full point w.r.t. to the blocks by, by then P is a nucleus
of B, hence Fy(by,by) € N(B).

The next lemma formulates [10, Propositions 2 and 3] in our setting.

Lemma 3.4. Let U = (X, B) be a unital of order q embedded in PG(2,¢*) and let
bi,bs € B be two blocks of U. Denote the lines containing the blocks by and by by
0y and Uy respectively. Write Z = {1 N4y and B = by U ({3 \ be). Define the set
'y = {70, pesTes.0.0, | P,Q € N(B)} where N (B) denotes the set of all nuclei of B.
Then the following hold:

(i) Ty leaves by invariant.

(ii) T'1 is a group of affinities of the affine line ¢, \ {Z}. O

Define the integer r by ¢ = p”. The order of the group I'; is tp", where p 1 t,
and I'y is isomorphic to some group I' = AB of affinities where B is an additive
subgroup of order p" of GF(¢?) and A is a multiplicative subgroup of order t of
GF(g?) such that ¢ | pg«d™h) — 1. Let m = (p"~" — 1) /t and let B;UO; U...UO,,
be the partition of ¢; \ {Z} into I'1-orbits. We have by [10, Section 2| that By has
length p* and for each i = 1,2, ..., m the orbit O, has length tp".



6 DAVID MEZOFI AND GABOR P. NAGY

Let B, = ¢; N B for i = 1,2 and let gl = B; \ {Z}, then gl is the union of T'y-
orbits. It follows that the size of gl must be divisible by p”, and we must distinguish
between two cases:

(1) If the blocks b; and by are disjoint, it means by = B = [3\1, hence p" | ¢ + 1.
It is possible only for h = 0, thus the group B is trivial.

(2) Otherwise b; N by = {Z}, meaning b, = B; = B; U {Z}, hence the size of B,
is ¢. In this case ¢ = ap" + btp", where b € {0,1,...,m} and a = 1 or 0,
depending on whether B; C l§1 or not. If a = 0, then ¢ = btp", and as p{ ¢
we have t = 1, therefore the group A is trivial.

Lemma 3.5. Let U = (X, B) be a unital of order ¢ embedded in PG(2,¢*) and let
bi,by € B be two disjoint blocks of U. Denote the lines containing the blocks by
and by by ¢ and Uy respectively. Write Z = €1 N4y and B = by U ({3 \ by). Define
the group Ty generated by the perspectivities To, pe,Te,.0.0 with P,Q € N (B) where
N (B) denotes the set of all nuclei of B. Then the following hold:
(i) pt Tl

(ii) Ty is cyclic and |Ty| | ¢* — 1.

(i1i) Ty has a unique fized point Vi & by U {Z}.

(iv) The set of full points Fy(by,by) is contained in a line m through Vi but Z.

Proof. Assume that I'; has an element v of order p. Since by is I'j-invariant, v has
a fixed point in by, different from Z as Z ¢ b;. However, affinities with two fixed
points have order dividing ¢®> — 1. This proves (i).

Together with Lemmas B.2] and B3], (i) implies (ii) and (iii). Notice that Lemma
3.2(i) is needed to show that Vi & b;.

Since B is trivial, the set of nuclei N'(B) is contained in a line m such that Z ¢ m
(cf. [T0, p. 67]). In particular Fy(by,bs) is contained in m as Fy(by,by) € N(B).
Furthermore, by Lemma B3] for any P,Q € N (B) the line PQ contains V;, hence
Vi € m. This proves (iv). O

We can now state and prove the main theorem of this section.

Theorem 3.6. If the unital U of order q is embedded in PG(2, ¢) then it is strongly
full point regular.

Proof. Let us assume that U is embedded in PG(2,¢?). Let by, by be two disjoint
blocks of U. If |Fy(by,b2)] < 1 then we have nothing to prove. Otherwise, by
Lemma Fy (b, by) is contained in a block ¢, which is disjoint to b; and by. Fur-
thermore, Persp,, (b1) is cyclic, its order divides ¢*>—1 and b; decomposes into orbits
of equal lengths. This means that (U, by, bs) is a strongly full point regular triple. [J

4. FULL POINTS OF THE HERMITIAN UNITAL

For a prime power ¢, let p be a Hermitian polarity of PG(2, ¢*). Two points P, Q
are said to be conjugate if P € (J°. Similarly, the lines ¢, m are conjugate if (P € m.
Let R be the set of pairs (¢,m), where £, m are conjugate lines to each other but
not self-conjugate. The projective unitary group PGU(3, ¢q) acts transitively on R™.
Given two conjugate lines /1, (5, one constructs ¢3 = (¢ N ¢)?, conjugate to both
{1 and ¢5. We say that (1, (5, (3 form a polar triangle. The projective unitary group
PGU(3, q) acts transitively on the set of polar triangles. Consider the set X of self-
conjugate points of p; | X| = ¢* + 1. The line £ intersects X in 1 or ¢ + 1 points,
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depending on if ¢ is self-conjugate or not. Let ¢ be a non self-conjugate line and m
be a line connecting ¢ and a point P € X N{. Since ¥ € P? we have m = P which
must be a self-conjugate line. This means that (¢,¢') € R implies that /N ¢ & X.
It follows that any non self-conjugate line ¢ is contained in exactly ¢(¢ — 1)/2 polar
triangles. For further details and background, see [8, Section 7.3]

The abstract Hermitian unital #(q) is constructed from the set X of self-conjugate
points of p. The subsets cut out by the (¢ + 1)-secants (not self-conjugate lines)
form the set B of blocks of H(q). Notice that we consider H(q) as an abstract
unital, having a natural embedding in PG(2, ¢*). The following proposition gives a
characterization of the conjugate relation in terms of the abstract unital H(q) for ¢
even.

Proposition 4.1. Let q be even, let p be a Hermitian polarity of PG(2,¢?) and let
X be the set of self-conjugate points of p. Let l1,l5 be not self-conjugate lines and
define the blocks b; = 0; N X of H(q), i = 1,2. Then the following hold:
(1) If €1,05 are conjugate, then Fyg (b1, b2) = bs, where by = {5 N X with {5 =
(6y N ly)P. In other words, the blocks contained in a polar triangle form an
embedded dual 3-net of H(q).
(ii) If €1, 0o are not conjugate then either by M by # 0, or |Fyyq) (b1, b2)] = 1.

Proof. (i) Up to projective equivalence, we can assume that the matrix of p is the
identity. Since the unitary group PGU(3, ¢) acts transitively on R, we can assume
lp: Xy =0and ¢y : Xo = 0. Then, ¢; N ¢y = (0,0,1) and ¢3 : X3 = 0. Let € be a
(g+ 1)th root of unity in F2. The elements of b, = {;,N X, s = 1,2, 3, have the form

Ai = (07 178i)7 B] = <€j707 1)7 Ck = (178k70)7

respectively, with 4,7,k = 0,1,...,¢q. Since the points A;, B;, C} are collinear if
and only if €% = 1, we see that A; projects from Cj to B_;_. In particular,
bs C Fyyq)(b1, b2), and equality holds by Theorem

(ii) The case when (1, {5 are not conjugate and by N by = () was elaborated in [12],
Section 2.2]. O

Remark 4.2. Proposition [4.1] shows that for g even, H(gq) has embedded dual 3-
nets. More precisely, any block of H(g) is contained in g(q — 1)/2 polar triangles.
The group of automorphisms of H(q) acts transitively on the set of embedded dual
3-nets.

Let po be a Hermitian polarity of the projective line PG(1,¢?). The set of self-
conjugate points of py forms a subline PG(1, ¢), cf. [8, Lemma 6.2]. Let ¢ be a line
of PG(2,¢%). A Baer subline of ¢ is subset of size q + 1, consisting of self-conjugate
points of some Hermitian polarity p of PG(2, ¢?). Equivalently, a Baer subline S is
isomorphic to PG(1, ), and S = ¢ NI for some line ¢ and a Baer subplane II.

Proposition 4.3. Let U = (X, B) be an abstract unital of order q, embedded in

PG(2,¢?). Let by, by, by form an embedded dual 3-net. Then by, by, by are Baer sub-
lines.

Proof. Let ¢ be the projective line containing b;. By Theorem 3.6, C' = Persp,, (b;) is
a cyclic subgroup of order ¢+ 1, preserving b;. Since C' is obtained using projections
in PG(2,¢?), it is a subgroup of the projectivity group of £. By the arguments of
[12, Section 3] one shows that b; is a Baer subline of /. O
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Remark 4.4. Let ¢ be even, and consider an arbitrary embedding of the Hermitian
unital H(q) in PG(2, ¢*). By Remark FE2] and Proposition EE3], all blocks correspond
to Baer sublines of PG(2,¢?). Using the characterization of Hermitian curves from
[7, 15], this observation gives a simple proof of the main theorem in [12] in the even
q case.

5. FULL POINTS AND DUAL 3-NETS OF KNOWN SMALL UNITALS

In this section we present computational results on the structure of full points
of known small unitals. More precisely, we study the following classes of abstract
unitals of order at most 6:

Class BBT: 909 unitals of order 3 by Betten, Betten and Tonchev [6],
Class KRC: 4466 unitals of order 3 with nontrivial automorphism groups by
Kréadinac [13],
Class KNP: 1777 unitals of order 4 by Kréadinac, Nakié¢ and Pavcevié [14],
Class BB: two cyclic unitals of order 4 and 6 by Bagchi and Bagchi [1].

Notice that KRC contains all abstract unitals of order 3 with a nontrivial auto-
morphism group. As mentioned in [I3], 722 of the BBT unitals appear in KRC.
Moreover, the cyclic BB unital of order 4 is contained in KNP. The BB unital of
order 6 has no full points, therefore we omit the BB class from the tables of this
section. We access the libraries of small unitals and carry out the computations
using the GAP4 package UnitalSZ [16].

5.1. The number of full points and the structure of the group of perspec-
tivities. We only consider disjoint pairs of blocks admitting at least two full points
as for only one full point the perspectivitiy group is trivial. In Tables [l 2 and
we summarize the existing number of full points, the structure of the group of
perspectivities and the number of unitals with such pairs for each library (BBT,

KRC, KNP).

TABLE 1. BBT unitals of order 3

Full points Group of perspectivities Unitals

2 O 477
2 Oy 94
2 O, 290

TABLE 2. KRC unitals of order 3

Full points Group of perspectivities Unitals

2 1015
2 Cs 379
2 Cy 897
3 S 6
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TABLE 3. KNP unitals of order 4

Full points Group of perspectivities Unitals

2 Oy 93
2 Oy 71
2 Cs 107
2 Cs 5
3 A5 2
3 CQ X CQ 1
3 Cy 32
3 Cs 30
3 S5 3
4 Cs 8
5 Cj 165
6 C5 X C4 72
6 Dio 23

5.2. The structure of the full points. The structure of the full points is only
interesting when there is at least 3 of them, hence the BBT unitals are out of our
scope. Even the case of 3 full points is simple: they are either contained in a block
or not. As KRC unitals admit at most 3 full points, we are only interested in the
KNP unitals.

The computation in [16] showed that if there are 4 or 5 full points (in the case of
disjoint blocks) then either the whole set of full points is contained in a single block,
or no three points are collinear. Similarly in the case of 6 full points either 5 of the
full points form a block or no 3 of them are collinear. Now by “collinear” we mean
that the points form a subset of some block of the unital.

5.3. Unitals with large full point sets. Let us denote by €2 the subset of unitals
with at least one large full point set, that is, |Fy (b1, be)| > 3 for a pair (by,by) of
disjoint blocks. We have seen that (2 is the empty set for BBT unitals. By Table
2 |2] = 6 for KRC unitals. Hence, the interesting case is the KNP library, where
the size of () is 206. In Table ] we present the number of KINP unitals with some
restrictions on the structure of full points. Clearly A C B, C C B and Q = BU B.

TABLE 4. KNP unitals with large full point sets

set property cardinality
Q) at least one large full point set 206
A all large full point sets form a block 74
B all large full point sets are contained in a block 80
B some large full point sets are not contained a block 126
C' no large full point set is contained in a block 1

5.4. Full point regularity. In Table [l one sees how many of the unitals of the
different libraries are full point regular (FPR) and strongly full point regular (SFPR).
In fact, if a unital is not strongly full point regular then is not embeddable into
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PG(2,¢?). Hence 94 BBT unitals, 385 KRC unitals and 195 KNP unitals are
definitely not embeddable into PG(2, ¢?). Notice that [2] proves a much stronger
result, where the authors show that there are just two orbits of unitals in PG(2, 16),
containing the Hermitian unitals and Buekenhout—Metz unitals, respectively.

TABLE 5. Full point regularity

Library Unitals FPR SFPR

BBT 909 815 815
KRC 4466 4081 4081
KNP 1777 1586 1582

5.5. Embedded dual 3-nets. By Proposition [2.6](ii), one can find embedded dual
3-nets only among the KNP unitals. The computation shows us that the latin
squares constructed from the dual 3-nets are always of cyclic type, namely, any
embedded dual 3-net is cyclic in the KNP library. However, we constructed a new
unital of order 4 with a non-cyclic embedded dual 3-net, cf. Appendix [Al

REFERENCES

[1] S. Bagchi and B. Bagchi, Designs from pairs of finite fields. I. A cyclic unital U(6) and other
regular Steiner 2-designs, J. Combin. Theory Ser. A, 52 (1) (1989), 51-61.

[2] J. Bamberg, A. Betten, C. E. Praeger, A. Wassermann, Unitals in the Desarguesian projective
plane of order 16. Journal of Statistical Planning and Inference 144 (2014) 110-122.

[3] A. Barlotti and K. Strambach, The geometry of binary systems, Adv. in Math. 49 (1983), no.
1.

[4] S. Barwick and G. Ebert, Unitals in projective planes, Springer, New York, Springer Mono-
graphs in Mathematics (2008), xii+193 pages.

[5] V.D. Belousov. Algebraic nets and quasigroups (In Russian), Izdat. ” Stiinca”, Kishinev (1971),
166 pp.

[6] A. Betten, D. Betten and V. D. Tonchev, Unitals and codes, Discrete Math., 267 (1-3) (2003),
23-33 (Combinatorics 2000 (Gaeta)).

[7] G. Faina, G. Korchmdros. A Graphic Characterization of Hermitian Curves. Ann. Discrete
Math. vol. 18, North-Holland, Amsterdam—New York, 1983, pp. 335-342.

[8] J. W. P. Hirschfeld, Projective geometries over finite fields, The Clarendon Press, Oxford Uni-
versity Press, New York, Second edition, Oxford Mathematical Monographs (1998), xiv+555
pages.

9] A. D. Keedwell and J. Dénes, Latin squares and their applications. Second edition.
Elsevier /North-Holland, Amsterdam, 2015.

[10] G. Korchméros, F. Mazzocca, Nuclei of point sets of size ¢ + 1 contained in the union of two
lines in PG(2,q). Combinatorica 14 (1994), no. 1, 63-69.

[11] G. Korchmaros, G. P. Nagy and N. Pace, 3-nets realizing a group in a projective plane, J.
Algebraic Comb. 39 (2014), 939-966.

[12] G. Korchméros, A. Siciliano, T. Szényi. Embedding of classical polar unitals in PG(2,¢?).
Journal of Combinatorial Theory, Series A 153 (2018) 67-5.

[13] V. Krcadinac, Some new Steiner 2-designs S(2,4,37), Ars Combin., 78 (2006), 127-135.

[14] V. Kreadinac, A. Naki¢ and M. O. Pavéevié¢, The Kramer-Mesner method with tactical de-
compositions: some new unitals on 65 points, J. Combin. Des., 19 (4) (2011), 290-303.

[15] C. Lefevre-Percsy, Characterization of Hermitian curves, Arch. Math. (Basel) 39 (1982) 476—
480.

[16] D. Mez6fi, G. P. Nagy, Algorithms and libraries of abstract unitals and their embeddings,
Version 0.5 (2018), (GAP package), https://github.com/nagygp/UnitalSZ.



ON THE GEOMETRY OF FULL POINTS OF ABSTRACT UNITALS

11

APPENDIX A. UNITAL OF ORDER 4 WITH NON-CYCLIC EMBEDDED DUAL 3-NET

LoadPackage (” UnitalSZ” );

bls:=[[1,2,55,64,65],
[1,6,12,19,54]
1,13,17,49,57]
1,22,51,56,60]
2.3,6,30,58], [2
2,8,34,37,40]
2.,15,21,43,62]
2,35,38,39 ,41]
3,5,10,39,59],
3,11,15,20,34] ,
3,21,36,40,42]
3,41,50,51,54],
4,9,56,58,59]
4,13,30,32,51],
4,24,42 .49 ,55],
5,9,12,17,51],
5.16,19,20,26] ,
5.34.35.57 .65
6,10,14,40,41

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[ ]
[ ]
[ I
[6,16,22,34,64] ,
[6,24,35,50,53],
[7,10,11,42,60],
[7,17,29,38,62],
[7,28,30,33,40]
[8,15,18,27,59],
[8,23,32,39 ,44]
[9,15,19,28 53],
[9,26,32,33 ,42]
[10,15,17,30,64]
[10,24,36,37,47]
[11,12,33,38,59]
[11,23,24,29,57]
[11,40,53,55,58]
(12,22 ,28,32,47]
[12,39,40,46 ,64]
[13,19,24,31,56]
[13,40,60,62,65]
[14,25,36 ,44 ,64]
[15,24,32,38 ,65]
[16,17,37,48 ,58]
[16,33,50,55,63]
[17,31,32,40,50]
[18,30,41,44 ,56]
[19,29,45 ,51 ,65]
[20,21,30,47 ,63]
[20,32,60,61,64]
[21,39,48 ,51,55]
[23,47,49 .51 ,59]
[25,38,56,57,61]
[28,31,43,52,60]
[30,36,50,59,65]
[33,34,44,47 ,60]

[4,10,28,46 ,65]

[5,13,27,36,63]

[1,3,32,46 ,63], [1
[1,8,38,47,50], [1,9
[1,14,15,16,29], [1
[1,26,30,39,52], [1

4,14 ,54,60],

[2,9,10,18,31]

[2,16,23,27,28], [2
[2,36,49 .53 ,56], [2
[3,7,22,49 ,52], [3,8
[3,12,13,16,61], [3
[3,26,37,38,43], [3

[4,5,41,52,53]

[4,15,37,39 ,61]
[4,29,40,43 ,63]

4
[5

(5,18,21,28,38], [5
(5,43 ,45 .50 ,56], [6
(6,11,25,43,51], [6
[6,17,23,36,52], [6
[6,27,29,33,39], [7
[7,12,15,55,56], [7
[7,18,19,39,50], [7
[7,36,43 .54 ,61], [8
[8,17,21,35,60], [8
[8,25,31,33,41], [8
[9,16,35,43,47], [9
[9,30,34,38 ,54], [9

[10,16,21,32,56]
[10,26,27,51,62]
[11,14,39,47 ,56]
[11,26,36,45 ,48]
[12,14,24,30,43]
[12,25,34,48 ,63]
[13,14,21,33,53]
[13,20,35,52,58]
[14,17,19,59,63]
[14,27,32,45 ,58]
[15,26,50,58 ,60]
[16,24,41,59 ,60]
[16,38,40,51 ,52]
[17,39,42,43 53]
[18,32,34,36 ,55]
[19,30,37,57,62]
[20,23,40,54 ,56]
[20,33,46,49 ,62]
(22,43 ,46 ,55 ,59]
[24,34,39,58 ,62]
(26,40 ,44 ,57 ,59]
[28,51,57 ,58 ,64]
[31,34,51,53,61]
[33,37,52,56,65]

[2,5,29,46 ,47]
[2,11,19,32,52]

[4.6,26,31,47]
[4,11,21,50,64]

[5,14,22,61,62]

4,7,34,45], [1,5,11,31 ,44]
.24 ,27,40], [1,10,20,48,53]
,18,33,43 58], [1,21,23,25,37]
,28 ,36,41,62], [1,35,42,59,61],

[2,7,13,48 ,59]
[2,12,20,50,57],

,17,33,45,61], [2,22,24,25,26],
42,44 ,51,63], [3,4,19,23,33],
14,48 ,65], [3,9,25,29,60],

17,24 ,28,44], [3,18,47,53 ,57]
.27 .35 ,56,64], [3,31,45,55,62],

[4,8,16,36,57]
[4,12,35,44,62],
,17,18,20,25], [4,22,27,38,48],

,6.,7,32.,37], [5,8,42,54 ,58]
[5,15,25,40,49] ,

,23,30,55,60], [5,24,33,48,64],
,8,56,62,63], [6,9,21,61,65],
,13,38,44 ,55], [6,15,42,46,57],
.18 ,48 ,49 ,60], [6,20,28,45,59],
,8,20,24,51], [7,9,41,63,64]
14,23 ,26,35], [7,16,44,46,53],
,21,27,31,57], [7,25,47,58,65],
,9,11,13,46], [8,10,12,45,52],
.19 ,43,49 ,64], [8,22,29,30,53],
,26 ,28 ,55,61], [9,14,52,55,57]
,20,22,36,39], [9,23,48,50,62],
37,44 ,45,49], [10,13,23,34,43]

[10,19,25,35,55
(10,29 ,44,50,61],
[11,16,18,54,62
[11,27,30,49,61],
[12,18,23,42 65
[12,27,37,53,60
[13,15,41,45 ,47
[13,22,37,42,50
(14,18 ,37,46 ,51],
[14,28,34,49 ,50

[

[

[

], [10,22,33,54,57]

J

J

J

J

J

J

J

J

J
[15,33,35,36,51]

J

J

J

J

J

J

J

J

J

J

J

J

J

[10,38,49,58 ,63]
(11,17,22,41,65]
[11,28,35,37,63]
(12,21,26,41,49]
[12,29,31,36,58]
[13,18,26,29,64]
[13,25,28,39 ,54]
[14,20,31,38,42]
[15,22,23,31,63]
[15,44,48 ,52 ,54]
[16,25,30,42 ,45], [16,31,39,49 .65]
[17,26,34,46 ,56], [17,27,47,54,55]
[18,22,35,40,45], |
[19,21,22,44 ,58], |
[19,36,38,46 ,60], |
(20,27 ,43,44 ,65], |
(21,24 ,45,46 ,54], |
[23,38,45,53,64], |
(25,27 ,46,50,52], |
(26,53 ,54,63,65], |
[29,32,35,49 ,54], |
[31,37,54,59,64], |
[39,45,57,60,63], |

18,24 ,52,61,63]
19,27,34,41 ,42]
19,40,47 ,48 ,61]
20,29,37,41,55]
21,29 ,34,52,59]
23,41,46 ,58 ,61]
25,32 ,53,59 ,62]
28,29 ,42 ,48 ,56]
30,31,35,46 ,48]
32,41,43,48 ,57]
42,47 .52 .62 ,64]
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u:=AbstractUnitalByDesignBlocks(bls);
t:=BlocksOfUnital (u){[1,33,200]};
StructureDescription(PerspectivityGroupOfUnitalsBlocks (u,t[1],t[2],t[3]));
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