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Abstract. Boolean functions have very nice applications in cryptography and
coding theory, which have led to a lot of research focusing on their applications.
The objective of this paper is to construct binary linear codes with few weights
from the defining set, which is defined by some special Boolean functions and
some additional restrictions. First, we provide two general constructions of
binary linear codes with three or four weights from Boolean functions with
at most three Walsh transform values and determine the parameters of their
dual codes. Then many classes of binary linear codes with explicit weight
enumerators are obtained. Some binary linear codes and their duals obtained
are optimal or almost optimal. The binary linear codes obtained in this paper
may have a special interest in secret sharing schemes, association schemes,
strongly regular graphs.
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1 Introduction

Let g be a prime power and n be a positive integer. An [n, k, d] code C over the finite field F, is a k-dimensional
linear subspace of FZ with minimum Hamming distance d. Let A; denote the number of codewords with
Hamming weight 4 in C. The weight enumerator of C is defined by 1+ A1z + Asz? +- - -+ A,z" and the sequence
(1, A1, Ay, - -+ | Ay) is called the weight distribution of C. A code C is said to be a t-weight code if the number of
nonzero A; in the sequence (1, Ay, Ag,- -+, A,) is equal to t. An [n,k,d] code over Fy is called distance-optimal
if there is no [n, k,d+ 1] code over F,, and dimension-optimal if there is no [n,k + 1, d] code over F,. A code is
said to be optimal if it is both distance-optimal and dimension-optimal.

Binary error correcting linear codes are widely studied by researchers and employed by engineers since they
have applications in computer and communication systems, data storage devices and consumer electronics. In
particular, due to linear codes with few weights have applications in secret sharing [IL5L[7L42], strongly regular
graphs [4], association schemes [3] and authentication codes [I3], many researchers focused on constructions
of linear codes with few weights and made a lot of progress on this topic. A non-exhaustive list dealing with
linear codes with few weights is [I4HI7.20,21]23, 26283035, B37H41,43,[44]. Almost all known linear codes in
the the previous literature were constructed by trace representations. As far as we know, Ding et al. [14] first
constructed a generic class of linear codes by trace representations as follows:

Cp = {(Tr"(zdr), Try*(wdp), - -+, TrY" (2dy)) | @ € Fpm},
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where Tr]" denote the trace function from Fpm to F, and D = {d1,ds,...,dn} C Fpm. The code Cp is a linear
code over F,, with dimension at most m and D is called the defining set of Cp. Along this line, Li et al. [26]
considered a class of linear codes with dimension at most 2m of the form

Cp = {e(a.b) = (O (a2 + b))y pyep * 0.0 € Fyr | Y

and studied Cp for the case D = {(z,y) € F2.. \ {(0,0)} : To{* (z™ + y™2) = 0}, where Ny, Ny € {1, 2, p= ™1}
Then, this construction was generalized to the other cases of D by Jian et al. [23] and Li [27], and some linear
codes with few weights were obtained. Very recently, Wu et al. [40] studied the p-ary linear code Cp for the
case D = {(x,y) € F2.. \ {(0,0)} : f(x)+ g(y) = 0} for any odd prime p, where f(x) = Tr}"(z) and g(y) is a
weakly regular bent function, or both f(z) and g(y) are weakly regular bent functions.

Inspired by the works in [40], this paper considers binary linear codes of the form () by employing some
special Boolean functions and more restrictions on defining sets. Concretely, we first study the linear codes of
the form () by selecting the defining set as

De = {(z,y) € F3. \ {(0,0)} : f(2) +g(y) =0 and Tr{"(z +y) = ¢}, (2)

where € € {0,1} and f(z) and g(y) are Boolean functions from Fam to Fy with at most three Walsh transform
values. We call the linear codes obtained from the definition set ([2) the first class of linear codes. When the
Walsh spectra of f(z) and (y) satisfy some conditions, we determine the weight distribution of Cp_ and the
parameters of their dual codes for € € {0,1}. The second contribution of this paper is that we derive new at
most three or four weight linear codes of the form () from the following defining set:

D¢ = {(z,y) € F3. \ {(0,0)} : f(z)+g(y) =0, Tr{"(z) = 0 and Tr{"(y) = €}, (3)

where f(x) and g(y) are Boolean functions with at most three Walsh transform values satisfying some additional
conditions. We call the linear codes obtained from the definition set (B]) the second class of linear codes. Some
of binary linear codes obtained in this paper are optimal or almost optimal.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries. Section 3
introduces the Walsh transform values of some quadratic Boolean functions. In Section 4, we investigate the
weight distribution of the first class of linear codes and the parameters of their dual codes. Section 5 investigates
the weight distribution of the second class of linear codes and the parameters of their dual codes. Section 6
concludes this paper.

2 Preliminaries

Throughout this paper, we adopt the following notation unless otherwise stated:
o o is a finite field with 2™ elements.
o Tr*(+) is the trace function from Fom to Fye, where £, m are positive integers with £|m.
e uy(-) is the 2-adic order function and set v2(0) = occ.
o Tt (z) := Zf;é 22" where x is a variable.
o Ty o Ty () = T} (T2 (x)), where u,v,up and vg are positive integers with u|v and ug | vo.

Lemma 2.1 ( [82]) Follow the notation introduced above. Denote d = ged(lk,m) and let a € Fam. The

equation Tt (z) = a has a solution in Fom if and only if ng’k) 0oT?0T7(a) = 0 when % is odd and T (a) =0

when % is even, where [d, k] is the lowest common multiple of two positive integers d and k.

d.k

For convenience, we introduce a few basic concepts, which will be used in the following sections. Let f(z)
be a Boolean function from Fom to Fa. The Walsh transform of f(x) is defined by

f(w) _ Z (_1)f($)+Tr1n(W1)7 w € Fom. (4)

x€Fom



o If f(z) satisfies f(w) € {£2%} for all w € Fym, then f(z) is called a bent function. Bent functions were
coined by Rothaus in [33] and exist only for even m.

o If m is odd and f(z) satisfies f(w) € {0,£2™2" } or m is even and f(z) satisfies f(w) € {0,+2"2" } for all
w € Fam, then f(z) is called a semibent function [31].

o If f(z) satisfies f(w) € {0,+£A} for all w € Fym, then f(z) is called a plateaued function. By Parseval’s
identity, then A = 2mT+d, where d is an integer such that 0 < d < m. Clearly, bent functions and almost
bent functions are the special cases of plateaued functions [6].

To study the parameters of the dual codes of the objective linear codes, we need the Pless power moment
identities on linear codes. Let C be a binary [n, k] code, and denote its dual by Ct. Let A; and A;" be the
number of codewords of weight i in C and C*, respectively. Then we have the first four Pless power moments
identities ( [29], p. 131) as follows:

S A= Yi = B AL 3 = 2 1)~ 20+ 244
i=0

i=0 i=0

D A =20’ (n + 3) — (3n® + 3n — 2) A + 6ndy — 6A7].
=0

The following is a well-known result.
Lemma 2.2 (Sphere Packing Bound) Let C be a binary [n, k,d] code. Then
. L9z n

where L%J is the largest integer less than or equal to %.

3 Walsh transform values of some quadratic Boolean functions

Let f(x) be a Boolean function from Fam to Fy and its Walsh transform defined in (@l). The Walsh transform
was used to characterize some properties of Boolean functions, such as nonlinearity, balance, etc.. Boolean
functions with few Walsh transform values were extensively studied due to their applications in cryptography,
error correcting codes and signal sequence design. However, as far as we know, there is few research on study of
the relation between two Walsh transform values of Boolean functions. The following lemmas show that there
exist quadratic Boolean functions f(z) such that f(w)f(w + 1) = 0 for any w € Fam.

Lemma 3.1 Let m,k be positive integers with d = ged(m, k) and va(-) denote the 2-adic order function. Let
f(z) = Te" (ax®* 1) be a Boolean function from Fom to Fy for some o € Fim. If o € {21 | ¢ € Fin}, ice.,
there exists f € F5m such that o = ﬁ2k+1, then

+273° f va(m) < va(k) and Tx (wB™1) =1,
flw) =< £2™5  jf va(m) > va(k) + 1 and Trhy(wB™1) =0,
0 otherwise.

When va(m) < va(k), fw)fw+1) =0 for any w € Fom if and only if TeT(871) # 0. When vy(m) > vg(k)+1,
f(w)f(w+1) =0 for any w € Fam if and only if Trhy(871) # 0.

Proof. Note that {z € Fom |22t} = {z € Fom |22 ™1} since d = ged(k, m), then the possible values of f(w)
can be easily obtained from [9[10]. Now we consider the necessary and sufficient condition of f (w) f (w+1)=0
for any w € Fom.

When vg(m) < wva(k), it is obvious there are some w such that Tr]'(wB~!) = 1 for 3 € Fj.. Then
f(w)f(w+1) = 0 for any w € Fym if and only if one of Tr'T(wB™1) and Tr7 ((w + 1)871) is equal to 1, i.c.,
Trl"(871) # 0. When vg(m) > va(k) + 1, the results can be shown similarly. [J



Remark 3.2 If o ¢ {2+ |c € Fin}, then f(x) = Te{"(aa? 1) is a Gold bent function and f(w) = +2% for
any w € Fom.

Lemma 3.3 Let f(z) = Tr1 (Zl 1 2ik+1) be a Boolean function from Fam to Fa. Assume that ged(Ck,m) =
ged((0+ D)k, m) = 1, then f(w) - f(w+1) =0 for any w € Fom, and the possible values of f(w) are given as
follows:

. o, if T (U +w) =0,
o (1 1
0, if Tr"(0+w) =1.

Proof. 1t is clear that

Pwy= 3 zj o) 3 (1) (St o )

zoEFom z€Fom

Z (_1)%@ (Zle(z+y)2ik+1+w(r+y)+2f:1 m2i"+1+wm)

z,y€Faom
= Z (_1)Tr71n(25:1wy2ik+2i’:1m2iky+25:1yzik+1+wy)
z,y€Faom
m(se 2tk m (¢ ik ! ik (5)
— Z (_1)Tr1 (Ei:ly +wy) Z (_1)Tr1 (Ei:lwy +io )
yEFam z€Fom
= 3 (R ) s gy () )
yEFam z€Fom
m Tr;n (Zl;l yzik+1+wy)
S X ERe)
y€Fam, z+z2D* =0

(L—1)k Q(+1)k

WhereZ=y+y2k+---+y2 . It is easy to see that z 4 z = 0 if and only if z = 0 or z = 1 since

ged((¢ 4+ 1)k, m) = 1. Hence, we have

fFAw)=2m Z (_1)Tr71n (Z v +1+wy)'

yEFam ,2€F2

Next, we discuss the values of f2(w) for w running through Fom.

Case 1: (is odd. As T? o T7"(z) = 0 for any & € Fom, by Lemma[ZI] y + 32 + -+ yQ(“l)k

= @ has solutions

for all @ € Fom. It is obvious that for different elements ag, a1 € Fom, the solut1ons Y+ y 2* —|— -+ y2(£71)k = ag
and y—i—yzk 4+ +y2(£71) = a, are different. Hence, y + 3> —|— 4y 279 _ 0 and y+y —|— oy 20708 g
have only one solution, respectively. Clearly, ¥ = 0 or y = 1 is the solution of y + 3% +--- +y 2“ Y —0or
y+ yzk +-+ y2(271)k = 1, respectively. Hence,
=2y (- Tfl (v en) _om (1 + (—1)Tr1”<f+w>) .
y€l2
Case 2: ( is even. As ged(¢k,m) = 1, then m must be odd. By Lemma B y + 2 + - +42 " =4

has solutions if and only if T7"(a) = 0. As y + y2k + -+ yQ(LUk is a linear polynomial and the number of

a € Fan such that T (a) = 0 is 21, then the equation y + 32" + -~ + 32 = 0 has two solutions and
y+y2k—|—- . -+y2(£71)k = 1 has not solution. Clearly, y = 0 and y = 1 are the solutions ofy—f—yzk—i—- . -+y2(£71)k =0.
Hence,

o) =2 3 (1) (S ) g (1 e,
y€EF2

Therefore, no matter £ is odd or even, we have f2(w) = 2 (14-(—1)T7" +9)) . As ged(Ck, m) = ged(((+1)k, m) =
1, then m is odd and f(w) - f(w+ 1) = 0 for any w € Fym, the desired conclusion follows. [J

In fact, if we do not put such strong restrictions on the Boolean function f(x) in Lemma B3] the Walsh
transform values of f(z) still satisfy f(w) - f(w+1) = 0 for any w € Fom.



Lemma 3.4 Let va(-) denote the 2-adic order function and f(x) = Trm(z:Z 1 22" 1) be a Boolean function
from Fam to Fa. If va(m) < va((€ + 1)k), then f(w) - f(w+1) =0 for any w € Fom.

Proof. By similar computations as in (Gl), we obtain
¢ ; m (L ik 1
fwflw+1)=2" Z (_1)Tr1 (=y +wy)7
yEFom, z+z2(@+1)k:1

where z = y + 42 + -+ y2(£7l)k. Assume that d = ged((€ + 1)k, m), then Trj'(z + zQ(HI)k) = 0, which is
contradict to z + 22" = 1 since va(m) < va((€ + 1)k). This means that there does not exist y € Fam such
that z + 227" = 1. Hence, f(w)f(w+1) =0.

Remark 3.5 From Lemmas [31), [3.3 and [5-4), we see that there exist some Boolean functions f(x) such that
fW)fw=+1) =0 for any w € Fam. Such Boolean functions will be used to construct binary linear codes with
few weights in Section 4 and Section 5.

4 The weight distribution of the first class of linear codes

In this section, we investigate the weight distribution of the linear code Cp,_, where Cp_ has the form () and
D. is defined in ([2)). Assume that n = |D,| is the length of Cp_, then

1 2 T 1 21 (Tr" (x —€
n= Z (5 Z (=1)=U( )+g(y))> (5 Z (—1)= (D" (@+y) ))

(z.y)€F3m\{(0,0)} z0€F2 z1€F2

= Z (% Z (_1)zo(f(:c)+g(y))> (% Z (_1)z1(Tr1"(w+y)—e)> —5

(z,y)EFZm z0€EF2 z1€F,

1 r m
=3 3 ((_1)J‘(w)+g(y) T 1) ((_1)%1 (e+y)—c | 1) _5

<z,y>ewgm (6)
_92m-2 | Z Z 1)/ @)y Z Z 1) T (@ +y)
ze]Fgm yeFom z€Fom yeFom

1 m .

L 1) @)+ T () )+ (y)
FE0 Y (CIRITEE S (e

x€EFom yEFom

= 222 4 2 (0)9(0) + 3 (1) F)3(1) 5,

where

1, ife=0
zle _ ) 3
e -{oh @
z1€F2
For any (a,b) € F3.., the Hamming weight of the codeword c(a,b) = (Tr}"(az + by))

syyep, M Cp, Is

wti(c(a,b)) =n — N(a,b), (8)
where n is the length of the linear code Cp, and
N(a,b) = [{(z,y) € F3. \ {(0,0)} : f(x) +9(y) =0, Trf" (¢ +y) = e and Tr{" (az + by) = 0}|.
From the definition of n, it is easy to see that when (a,b) = (1,1), we have

n, if e =0,
N(a’b):{o if e =1. ©)



If (a,b) # (0,0) and (a,b) # (1,1), then

N(a,b)

_ 1 _U@tew) | 1 _amyetn-o | 1 1)72 (77" (az-+by))
POIEEE (D SECSY (e A BMEN

(z,y)€F2,, \{(0,0)} z0€F2 z1€F2 22€F2

1 T " (x —e€ T (az

=2 3 (1+ (—1)/¢ >+g<y>) (1+ (—1) T (@+y) ) (1+ (=1« +by>) _5
(z,9)€F3m

:22m—3+% T (_1)m<m+y>+% T (_1)%1“<am+by>+% T (L)

z,y€Fom z,y€Fom z,y€Fom

(=1)° F@)+Te ((a+1)x) (W+Tem (b41)y) L (—L)E )T (@t D)) YT (04 1))
_|_T Z ( 1) 1 Z ‘JU 1 +T Z ( 1 Z 1 Y

x€EFom yEFom z€EFom yEFom
(=D° D)+ () W+T ) 4 L @)+ T (a) () +Te] (by)
CEI s e 5 i LS e 5 oo
x€Fym yeFom zEFym yEFom

= 97 4 L (F(0)5(0) + Fl@)g) + %(f(l)f/(l) +fat+ Dfb+1) -6
[(@)3(b)

)g(b) (1) f(a+1)gb+1)
2 8 8 ’

where n and § are defined in (@) and (@), respectively.
With the above preparations, we have the following results.

Proposition 4.1 Follow the notation introduced above. Assume that (a,b) € F3.. \ {(0,0),(1,1)}. If e = 0,
then Cp, is a binary linear code of length n and its Hamming weights are given by the following multiset

n+1  f(a)jb) f(a—|—1 (b+1)
{2 8 }U{O}

Ife =1, then Cp, is a binary linear code of length n and its Hamming weights are given by the following multiset
n o fla)gb) fla+ 1 (b+1)
{5 T T Uo.n}-

In the following, we determine the weight distribution of Cp, for some special Boolean functions. For

convenience, we write

2. = ¢ (F(0)0) + (-1 F1)3(1)). (11)

Theorem 4.2 Let m be an integer with m > 3 and Cp, be a linear code with the defining set D, given in (2).
Let f(x) and g(y) in (@) satisfy one of the following conditions:

() fla) € {02275}, f(@)- fla+1) =0 and 40b) € {0,
(i) fla) € {0,22"3% }, f(a) = £f(a+ 1), 30) € {o,

Denote t = %otdi op dotdit2 ¢ condition (i) or (ii) holds, respectively. Assume that ®. # 2m+1=2 — 22m=2,
then the following statements hold.

£ } for any a,b € Fom;

dy A N
2 } and §(b) = £g(b+ 1) for any a,b € Fam.

(1) If € = 0, then Cp, is an [n,2m — 1] code with weight distribution in Table[d, where n = 22™~2 + &g — 1. Its
dual code has parameters [n,n — 2m + 1, 3].

(2) If e = 1, then Cp, is an [n,2m] code with weight distribution in Table [, where n = 22™~2 4 ®1. Its dual
code has parameters [n,n — 2m, 4|, which is distance-optimal with respect to the Sphere Packing bound.



Table 1: The weight distribution of Cp,

Weight Multiplicity
0 1
n;rl 2472t72m(n + 1)2 + 22m71 _ 237215 . (n + 1) _

nT-l-l + gm—3+t (n + 1) .9l-m—t _ om—t _ (2372m . (n + 1)2 —4- (n 4 1)) .92t
nT-l-l _ 9m—3+t om—t _ (n 4 1) .9l-m—t _ (2372m . (n + 1)2 —4- (n 4 1)) .92t

Table 2: The weight distribution of Cp,

Weight Multiplicity
0 1
z (2072m .2 —2%.p). 272t 4 22m 9
ny gm—3-+t (23 .n— gd-2m n?) .22
% — 9m—3+1 (23 . — 94—2m | n2) .9—2t
n 1

Proof. We only prove the weight distribution of Cp,_ for the case (i). The weight distribution of Cp, can be
shown similarly if the condition (ii) holds. The proof will be divided into two cases.

Case 1: ¢ = 0. From (®) and (@), we obtain wty(c(a,b)) = 0 if (a,b) = (0,0) or (a,b) = (1,1). This means
that every codeword in Cp, at least repeats 2 times, i.e., Cp, is degenerate and its dimension is less than or
equal to 2m — 1. From () and (I0), the dimension of Cp, is less than 2m — 1 if and only if there exists a pair
(a,b) € (Fam,Fam)\{(0,0), (1,1)} such that

n+1= 7 (f@a) + fla+Dgb+1)). (12)

RNy

On the other hand, we know

(ﬂww+ﬂm4mw40 CE=

=

. As n is the length
2 which is impossible since n = 2272 4 &5 — 1 and

since f(a)- fla+1) =0, f(a) € {0,£27 =" }and g(b)
of Cp,, then (EEZI) holds if and only if n + 1 = 2m+ 2" -
Dy £ 2mT 7 W2 g2m—2 Hence, in this case, the dimension of Cp, is 2m — 1. In the following, we determine
the weight distribution of Cp,.

As f(a)j(b) + f(a+ 1)g(b + 1) € {0,+2™+ 5 } for (a,b) € F3. \ {(0,0),(1,1)}, then from (@) and
Proposition 4] the possible weights of Cp, are

{0, ntl —"Hizm*dozdl_g}.

2 72

Assume that wy = 2, wy = 2 4 2m+ 0T O3 e Ay, be the number of the
codewords with weight w; in Cp,, where 0 < ¢ < 2. It is clear that the dual code of Cp, has the minimum

weight at least 3, from the first three Pless power moments identities, we have
Z?:O Wi = 22m_1 - 1;
Z?:o wi Ay, = 22m 2n,
Y w? Ay, = 22" n(n 4 1),

and wy = 2L — 2™

Solving this system of equations, we obtain

AW() — 247d07d172m(n + 1)2 + 22m71 _ 237d07d1 . (n + 1) _
Awl _ (n 4 1) . 9l—m— d142rd2 m— d1;d2 _ (23—2m . (n + 1)2 A (n 4 1)) . 2—do—d17

-2 4
_ om-—d1tdo 1—m— 3—2m 2 —do—d
Ay, =2 = —(n+1)-2 —(2 (n+1)2—4-(n+1)) -27% %4,

dy+do
2



From the fourth Pless power moments identities, we have the number of the codewords of C 50 with Hamming
weight 3 is

22m+d0+d1—4 4 (n 4 1)3 . 21—2m _ (n 4 1) . 2do+d1—3 —3n—1

B3 = 5

(13)

By the definition of n, it is easy to see

_ do+dy _ . do+dy _
92m=2 _ gm0 =2 1 if gy = —2m+ T2
n={ 22m-2_1 if &y =0,
_ dotdy . dotdy
22m=2 4 om+—5——2 _ 1, if &g = 2m+— =z 2,

Substituting the value of n into (I3), we can check that Bs # 0 for m > 3. This means that dg (C5,) = 3.
Case 2: ¢ = 1. From ) and (@), we obtain wtg(c(a,b)) = 0 for (a,b) = (0,0) and wty(c(a,b)) = n for
(a,b) = (1,1). By a similar argument as in Case 1, we see that for any (a,b) € F2..\{(0,0), (1,1)}, the possible

values of wty(c(a, b)) are
{ﬁ L 2m+d°§‘”*3} ,

which all are nonzero. This means that the dimension of Cp, is 2m.
dg+d
Assume that wy = 2 .

dg+dy
2

B, wy =5+ 2" * =3 and wy = 2 —2mt —3. We now determine the number
Ay, of codewords with weight w; in Cp,, where 0 < ¢ < 2. It is clear that the dual code Cﬁl of Cp, has the
minimum distance at least 3, then the first three Pless power moments identities lead to the following system
of equations:

Z?:O A, = 22 — 2,

Z?:o WAy, +n=2%m"1n

Z?:o WZAy,, +n?=22""2p(n +1).

Solving this system of equations, we obtain
Awo — (2572m . 7’L2 _ 24 . n) . 27d07d1 + 22m _9

Awl — (23 .n = 24—2m . nZ) . 2—do—d17
Ay, = (28 -n —2472m . p2) . gmdomd

)

Next, we show that the minimum distance of C55, is 4. Assume that C, has a codeword ¢ with Hamming
weight 3. By Proposition LT, we know that (1,1,...,1) is a codeword in Cp, since which is an only codeword
with weight n. So, ¢ (1,1,---,1) = 0. This is a contradiction. Hence, du(C5,) > 4. If dy(C5,) = 5, from
Sphere Packing bound, we have

2
— 1)
9n > gn=2m ") e, 22m >1 nn—1), 14
It is easy to check that () does not hold for m > 3. This means that d(Cp, ) = 4. So, Cp5, has parameters
[n,n — 2m, 4] and is distance-optimal with respect to the Sphere Packing bound. O

Remark 4.3 Note that almost all known Boolean functions f(x) and g(x) with the condition (i) or (ii) in
Theorem satisfy ®, # 2mTt=2 —22m=2 e the dimensions of the codes Cp, and Cp, are 2m — 1 and 2m
respectively, where ®. is defined in ([I1]). On the other hand, from Table[l and Table[d, we see that the Hamming
weights of all codeword in Cp, are related to the Walsh transform values of f(x) and g(y). These values can be
obtained explicitly for some Boolean functions f(x) and g(y) in the following corollaries.

Corollary 4.4 Let m,k be positive integers with m = 2 (mod 4) and d = ged(m, k) being odd. Let Cp,
be a linear code with the defining set D¢ given in (2), where f(x) = TrT(x2k+1) and g(y) = Tri"(y°) with

m+

e=2% +2" +1 ore=2"" +3. Then the following statements hold.

(1) If e =0, then Cp, is a [22m~2 —1,2m — 1,22m=3 — 2m+4=2] code with weight enumerator

1_|_(22m72d73+2m7d72)x22m’372m+d’2+(22m71_22m72d72_1)$22m’3+(22m72d73_2mfd72)x22m’3+2m+d’2'



(2) If e =1, then Cp, is a [22™~2 2m,22m=3 — 2m+d=2] code with weight enumerator

_ 2m—3 _ _ 2m—3 _ogm-+d—2 2m—3 m-+4d—2 2m—2
14 (22m — 92m 2d4+1 2)z? 4 92m—2d—2 (xz 2 + 22 +2 ) + 22 _

m+2

Proof. From [§], we know that g(y) = Tr]"(y¢) is a plateaued function for e = 2% + 2" 4 1ore=2"" 43,
and §(w) € {0, :|:2mT+2} for any w € Fam. It is easy to verify that ged(e,2™ — 1) = 1, and so §(0) = 0. On the
other hand, from Lemma B we know that f(1) = 0 and f(w) € {0, :|:2m§2d} for any w € Fom. By Theorem 2]
the length of the code n = 22™~2 — 1 or 22~2 if ¢ = 0 or 1, respectively. Moreover, f(z) and g(y) satisfy the
condition (i) in Theorem Substituting the values of n and ¢ = d 4 1 into Table [[l and Table 2] we get the

weight enumerators in (1) and (2), respectively. O

Corollary 4.5 Let m,k be positive integers with m = 2 (mod 4) and d = ged(m, k) being odd. Let Cp, be a
linear code with the defining set De given by (@) in which f(z) = Te7" (22" 1) and g(y) = Tr7"(ay®), where o
and e satisfying one of the following conditions:

o ¢ = 2"+ 1, where h is a positive integer and o ¢ {x° |z € Fam};
o c=2%_ 20+ 1 where ged(h,m) =1 and a ¢ {2° |z € Fan};
e c=2"—1, where h > 2 and « is a zero of the Kloosterman Sum.
Denote i =1 if ged(e,2% —1) =1 and u = —1 if ged(e,2% + 1) = 1, then the following statements hold.
(1) If e = 0, then Cp, is a [22m~2 — p2m+d=2 _ 1 2m — 1,223 — (1 + pu)2™+473] code with weight enumerator

1+(22m72d71_‘u2m7d71_1)$22m73+(22m71_22m72d)$22m737u27”+d73_|_(22m72d71+N2m7d71)$22m737u27”+d72.

(2) If e = 1, then Cp, is a [22™72 — p2m+d=2 2m 22m=3 _ (1 4 1)2m+4=3] code with weight enumerator

1+ (22m—2d 1) (I2m—3 + $22m*3—u2m+d*2) + (22m _ 22m—2d+1)$227“3—u2m+d*3 4 222 TR

Proof. Tt is easy to see that ged(e,2% — 1) =1 or ged(e, 2% + 1) = 1 since ged (2% —1,2% + 1) = 1. In the
following, we only consider the case gcd(e,2% — 1) = 1 and the other case can be shown similarly.

From [I1}12], we know that g(y) = Tr}"(ay®) is a bent function for all e listed above, and so §(w) € {+2% }.
Since ged (e, 27 — 1) =1, we have s = ged(e,2% + 1) # 1. Let v be a primitive element of Fom and G = (v*)
be a subgroup of F5.. with order (2™ —1)/s. Then

§0)= Y ()T =14 3 (- =145 (-)PTE) =1 (mod ).
y€Fam yEeFsm yeG

m+2d
2

So, §(0) = —2%. On the other hand, from Theorem [9, Theorem 5.2], we have f(0) = 2 and from
Lemma B we obtain that f(1) = 0 and f(w) € {0, £2"%} for any w € Fom. By Theorem 3, the length of
the code n = 22m—2 — gm+d=2 _ | op 22m=2 _ om+d=2 if ¢ — () or 1, respectively. It is obvious that f(z) and
g(y) satisfy the condition (i) in Theorem 2l Substituting the values of n and ¢ = d into Table [l and Table 2]
we obtain the weight enumerators in (1) and (2), respectively. [

Corollary 4.6 Let m be an odd number with m > 3 and 3t m. Let k be a positive integer with ged(m, k) =1
and Cp, be a linear code with the defining set D, given by (@) in which f(z) = TrT(x2k+1 + I22k+1) and
9(y) = Tr* (y©), where e is one of the following number:

m—1

eec—=2 2

+3, ore=2%"_2mh 41 0T€=2h+1f0Tng(mah):1;

m—1 m—1 3m—1

ee=2"7 42" —1form=1 (mod4), ore=2" +2"7 —1 form=3 (mod 4).

Then the following statements hold.
(1) If e =0, then Cp, is a [22m=2 — 1, 2m — 1, 22™73 — 2m~2] code with weight enumerator

1+ (22m—3 + 2m—2)x22’"*3—2’"*2 + (22m—2 . 1);1022"173 + (22m—3 . 2m—2)x22’"*3+2’"*2'



(2) If e =1, then Cp, is a [22™2, 2m, 22m=3 — 2m=2] code with weight enumerator
1 + 22m_2$22m73_2m72 + (22m_1 . 2)x22m73 + 22m_2x22m73+27n72 + x227n72'
Proof. Tt is easy to verify that ged(e,2™—1) = 1, and so §(0) = 0. From [T922124] we know that g(y) = Tr]"(y°)
is a semi-bent function for all e listed above, and so §(w) € {0,422~} for any w € Fym. From Lemma 33 we
know that f(1) = 0. By Theorem 2] the length of the code n = 222 — 1 or 22"~ 2 if ¢ = 0 or 1, respectively.

It is easy to see that f(x) and g(y) satisfy the condition (i) in Theorem Substituting the values of n and
t =1 into Table [Tl and Table 2] we obtain the weight enumerators in (1) and (2), respectively. O

Corollary 4.7 Let m be an integer with m > 3 and Cp, be a linear code with the defining set D, given in (3).
If f(z) and g(y) in (@) are the same bent functions, then the following statements hold.

(1) If e =0, then Cp, is a [2*m=2 +2m~1 — 1, 2m — 1, 22m=3] code with weight enumerator

1+ (22m73 +om=2_ 1)3322’"*3 + 22m72I22m*3+2m*2 + (22m73 _ 2m72)x22’"*3+2m*1_

(2) If e =1, then Cp, is a [22™2, 2m, 22m=3 — 2m=2] code with weight enumerator
1 + (22m71 _ 2)I22m73 + 22m72$227n73727n72 + 22m72x22m73+27n72 + $227n72.
Proof. As f(z) and g(y) are the same bent functions, they satisfy the condition (ii) in Theorem 2l So, the
length of the code n = 22m=2 4 2m~1 _ 1 or 22™~2 if ¢ = 0 or 1, respectively. Substituting the values of n and

t =1 into Table[Il and Table 2] we obtain the weight enumerators in (1) and (2), respectively. O
The following numerical examples show that many best codes can be obtained from our constructions.

Example 4.8 Let Cp, be a linear code with the defining set D, given in (@), where f(x) = Tri(z3) and
g(y) = Tr3(y*) are Boolean functions from Fos to Fy. By Lemma 31l and Theorem -3, then the following
results hold.

(1) The linear code Cp, has parameters [19,5,8] and its dual has parameters [19, 14, 3].
(2) The linear code Cp, has parameters [20,6,8] and its dual has parameters [20, 14, 4].

These codes and their duals are optimal respect to the tables of best codes known maintained at http://www.codeta-bles.de.
These results are verified by Magma programs.

Example 4.9 Let Cp. be a linear code with the defining set D, given in (@), where f(x) = Tri(az®) and
g(y) = Tri(ay?®) with o being a primitive element of Fya. Then f(x) and g(y) are bent functions. By Theorem[J-2
and Corollary[7.7, the following results hold.

(1) The linear code Cp, has parameters [71,7,32] and its dual has parameters [71,64, 3].
(2) The linear code Cp, has parameters [64,8,28] and its dual has parameters [64, 56, 4].

These codes and their duals are optimal or almost optimal respect to the tables of best codes known maintained
at |http:/ /www.codetables.de. These results are verified by Magma programs.

5 The weight distribution of the second class of linear codes

In this section, we investigate the weight distribution of the linear code Cp_, where Cp, has the form () and
D. is defined in ([B]). Assume that n = |D,| is the length of Cp_, then

n— 1 _ylf@+an | [ L ey (L )™ @ |
> (3 DT DY

(z,y)€F2m \{(0,0)} z0€F2 z1€F2 22€F
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By a similar argument as in (@) we get

n =275 4 S F0)5(0) + 5 F1)5(0) + £ (<1 FO)3(1) + (-1 F1)3(1) ~ (15)

where ¢ is given in (7). For any (a,b) € F3,., the Hamming weight of a codeword c(a, b) = (Tr}" (az + %9)) (z.p)eD.
in Cpe is
wtu(c(a,b)) =n — N(a,b), (16)

where n is the length of Cp_ and
N(a,b) = H(‘Tay) € Fgm \{(0,0)}: f(z)+ f(y) =0, Tr{*(z) =0, Tr{"(y) = € and Tr{" (az + by) = 0}’ .
From the definition of n, it is easy to see that

n, if e =0,
N(1,0) =n and N(1,1) = N(0,1) = (17)
0, ife=1.

If (a,b) € F2.. \ {(0,0),(1,0),(0,1),(1,1)}, then

N(a,b) = Z (% Z (_1)z0(f(:v)+f(y))> <% Z (_1)z1(Tr’1"(:c))>

(@9)€EFZ\{(0,00} \ 7 20€F> 21€F;

<1 Z (_1)Zz(Tr1”(y)€)> (1 Z (_1)ZsTr1”(az+by)> .
2 2

22€F2 z3€F

By a similar argument as in ([I0), we obtain

N(a,b) =

+
|
~
&
\)
S
+
|
K‘ﬁ)
D
+
—
~—
\)
=
=
+
|
0
—
\_/
\)

Fl@)fo+ 1)+ 1 (-1 fa+ Vip+1), (8

where § is given in (7).
With the above preparations, we have the following results.

Proposition 5.1 Follow the notation introduced above. Assume that (a,b) € F3.. \ {(0,0),(0,1),(1,0), (1,1)}.
Ife =0, then Cp, is a binary linear code of length n and its Hamming weights are given by the following multiset

nt1l  f@gd) fla+1)gd) fla)gb+1) f<a+1 (b+1)
{2 “ T 1 16 16 }U{O}

Ife =1, then Cp, is a binary linear code of length n and its Hamming weights are given by the following multiset

2 16 16 16

{n ﬂwmm_fm+nmm+fwmw+n+fm+1 b+1}Uﬂ)}

We now determine the weight distribution of Cp, from some special Boolean functions. For convenience,
we write

e = % (F©)3(0) + F1)3(0) + (=1 f(0)5(1) + (~1)*F1)5(1)) , € € {0,1},

Theorem 5.2 Let m be an integer with m > 3 and Cp,_ be a linear code with the defining set D, given in (3).
Let f(x) and g(y) in (3) satisfy one of the following conditions:

() fa) € {o.
(i) f(a) € {0,

Denote t = Yot op dotdit2 ¢ yhe condition (i) or (i) holds, respectively. Assume that @ # 2m+=3 — 22m=3,
then the following statements holds.

3% }, fa)- fla+1)=0, §(b) € {0,12%} and g(b) - g(b+1) =0 for any a,b € Fam;

= }, fla)- fla+1)=0, §(b) € {O,:I:2%dl} and §(b) = £g(b+ 1) for any a,b € Fam.
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Table 3: The weight distribution of Cp,

Weight Multiplicity
0 1
nTJrl ((TL + 1)22672m _ 247’L _ 24) . 27215 + 22m72 -1

nT-i-l 4 2m74+t (n 4 1)227m7t 4 (1 _ 2272m(n + 1)2 4 n) . 237215 _ gm—t
nT-i-l _ 2m74+t om—t _ (n + 1)227m7t + (1 _ 2272m(n 4 1)2 + n) . 237215

Table 4: The weight distribution of Cp,

Weight Multiplicity
0 1
n/2 (272m . n? — 2% . ). 272 4 22mmL )
TL/2 + om—4a+t (24TL —n2. 26—2m) .92t
n/2 —2m-Att (2'n —n?.2672m) . 272
n 1

(1) If e = 0, then Cp, is an [n, 2m — 2] code with weight distribution in Table[d, where n = 22™73 + & — 1.
Its dual code has parameters [n, n — 2m + 2, 3].

(2) If e = 1, then Cp, is an [n, 2m — 1] code with weight distribution in Table [f} where n = 22™73 + &;. Its
dual code has parameters [n, n—2m+ 1, 4], which is distance-optimal with respect to the Sphere Packing
bound.

Proof. We only prove the weight distribution of Cp, for the case (i). The weight distribution of Cp, in the
case (ii) can be derived similarly. The proof falls into two cases.

Case 1: ¢ = 0. From (I0) and (IT), we know that wtg(c(a,bd)) = 0 if (a,b) € {(0,0),(1,0),(0,1),(1,1)}. So,
each codeword in Cp, at least repeats 4 times, i.e., Cp, is degenerate and its dimension is less than or equal to
2m — 2. From (I6]) and (8], we know that the dimension of Cp, is less than 2m — 2 if and only if there exists
a pair (a,b) € Fam \ {(0,0), (1,0),(0,1),(1,1)} such that

nt1 = 5 (F@d) + fla+ 090) + f@3alb+1) + fla+ Db +1)). (19)
As fga) . ji(a +1) =0 and g(b) - g(b + 1) = 0 for any a,b € Fym, there is at most one nonzero term among
f(a)f(b), fla+1)f(b), f(a)f(b+1) and f(a+1)f(b+1). So,

F@F®) + fla+1)f®) + @) fb+1) + fla+1)f(b+1) € {0, 227457 | (20)

since f(a) € {0, :|:2m§d0} and g(b) € {0, :|:2m;d1} for any a,b € Fom. This means that (I9) holds if and only if

_ omtd0dd_3 ‘o e : : _ 92m—3 mtdotdi 3 59m-3 :
n+1=2 2 , which is impossible since n = 2 + &y — 1 and Py # 2 2 -2 . Hence, in
this case, the dimension of Cp, is 2m — 2. In the following, we determine the weight distribution of Cp,.

By Proposition 5.1l and (20), the set of possible Hamming weights of Cp, is

n+1l n+1 do+dy
0 +omt=o 4L
s }

dotdy dotdi .
Let wo = "T'H, wy = "TH + 2754 and wy = "T'H —2m*T =5 =4 Assume that A,, is the number of the

codewords with weight w; in Cp,, where 0 <4 < 2. It is easy to see that the minimum weight of the dual code

of Cp, is at least 3. From the first three Pless power moments identities, we have

Z?:O Awi — 22m—2 _ 17
Z?:o wiAy,, =22 3n,
Y wiAy, = 22" n(n + 1),
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Solving this system of equations, we obtain
Awo — (25—2m . TL2 _ 24 . n) . 2—d0—d1 + 22m—1 _ 2’

Awl — (n + 1)227m7 do;dl + (1 _ 2272m(n + 1)2 4 n) . 23*(d0+d1) _ gm—
sz — gm— do;rdl . (n + 1)22—m_ do;d1 + (1 _ 22—2m(n + 1)2 + n) . 23—(d0+d1)_

do+dy
2 3

From the fourth Pless power moments, the number of the codewords of Cf)-o with Hamming weight 3 is

n+1)%2272m — (22(n 4 1) — 22m) . 2%0tdi=6 _ 3 ]

By the definition of n and (20), we have

922m—3 _ 2m+%—3 -1, if by = _2m+%—3
n=1{ 22m=3_1 if dy = 0,
92m=3 | gm+ T3 _ 1 jf gy = gm+3 -

Substituting the values of n into (2II), we can check that Bs # 0 for m > 3. Hence, dg(Cp,) = 3.

Case 2: ¢ = 1. By a similar analysis as in Case 1, we have that the dimension of Cp, is 2m — 1 and the set of
the possible nonzero weight in Cp, is {§, 5 £ 2““r dﬁdl 4 nl.

n n m+ d0+ 1 m+——— d0+ 1

5, wp = 5+ 2 4wy = 5—2 4 and w3 = n. Let A,, denote the
number of the codewords with Welght w; in Cp,, where 0 < ¢ < 3. It is clear that A,, = 1 and the dual code of
Cp, has the minimum weight at least 3. From the first three Pless power moments identities, we have

Assume that wy =

Yo Aw =271 -2,
Z?:o WAy, +n =222
Z?:o WAy, +n?=22"3n(n+1).

Solving this system of equations, we obtain

Awg — (27—2m . 7’L2 _ 25 . n) . 2—d0—d1 + 22m _ 27
Awl — (247’L _ 7’L2 . 26—2m) . 2—do—d17
Ay, = (2%n —n? . 2672m) . g—do—d1,

From Proposition 5], we know that n is a Hamming weight of a codeword in Cp,. By a similar discussion
as Case 2 in Theorem [L2] we have that dH(Cél) = 4. It is easy to see that the code with parameters
[n, n —2m + 1, 4] is distance-optimal with respect to the Sphere Packing bound. O

In fact, some Hamming weights occur zero time in Table Bland Table [ for some special Boolean functions.
We presents two-weight or three-weight linear code Cp, from some special Boolean functions f(z) and g(y).
The following Corollary [5.3] can be derived directly from Lemma and Theorem

Corollary 5.3 Let m,k and € be positive integers with m > 3 and ged(kl,m) = gcd( (+1),m) =1. Let
Cp, be the linear code with the defining set D. given in (3), where f(x) = Try" (ZZ 13:2m+1) and g(y) =
Tr’ln(z:f:1 yzlk"'l). Then the following statements hold.

(1) If e =0, then Cp, is a [22m=3 +2m=2 — 1, 2m — 2,2?™~4] code with weight enumerator

1+ (22m73 +om—2 _ 1):102%74 + (22m73 _ 2m72)x22m*4+2m*2_

(2) If e = 1, then Cp, is a [22™73 + (=1)/2m72 2m — 1,22m~4 4 (=1)%2™~2] code with weight enumerator

1 + (22m72 - 1)$227n74+(71)@2m72 + (2277172 _ 1)$227n74 + $227n74+(71)@2m72'

Corollary 5.4 Let m,k be positive integer with m = 2 (mod 4) and d = ged(m, k) being odd. Let Cp, be the

linear code with the defining set D, given by (3) in which f(x) = Tr71"(332k+1) and g(y) = Tr{"(af%“), where

o= 72’"31+1 NE—— and v is a primitive element of Fozm . Then the following statements hold.

,YQT —272 +1
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(1) If e =0, then Cp, is a [22m~3 — 1, 2m — 2, 22m~* — 2m+d=3] code with weight enumerator

H_(22m—2_2m—2d—2_1)$22m*4+(22m—2d—3_2m—d—2)x22m*4+2m+d*3+(22m—2d+3+2m—d—2)x22m*4—2””“*3_

(2) If e =1, then Cp, is a [22m~3 —2m+d=2_9m — 1, 22m—4 _ om+d=2] code with weight enumerator

22m7372m+d73 22m7372m+d72
T +x

14 (22m—2-2 _q) ($2m74 i 37322””*4727”*0’*2) 4 (22m _ g2m-2d-1)
Proof. 1t is easy to see that

m 3m m
W2 1 N 1 S G o i W
- _om m 3m - 3m m - .
SRR R TPV B R A (1214 1)(72 7 2% 1 1)

This means that a € Fom. Similarly, we can prove that 042% + a = 1. It is clear that

j0a = 3 () o (o) g (s o)

z€Fom x€Fom z,yEFom
m m m
Tr® (ay2 2 4 ax? 2 y+o¢;ﬂy2 2 +;E>

= > (-

x,yEFom (22)

m m m
Tri" (ay2 2 +1) Tr" ((ay+a2 2 y+1>;ﬂ2 2 )

= > (-1 > (-1

yEFom z€Fom

_ (_1)Tr71"(a)2m — _9m.

The last equality is derived from the fact that m = 2 (mod 4) and a?® +a = 1. From the proof of Corollary [4.5]
it is easy for us to get §(0) = —2%. Then, we have §(1) = 2% . By similar computations as in ([22), we obtain
that ¢%(w) = 2™ for any w € Fam. Hence, we know that g(y) is a bent function.

On the other hand, from Theorem [, Theorem 5.2], we have f(0) = 2% and from Lemma B}, we obtain
that f(1) =0 and f(w) € {0,£2"%} for any w € Fym. Then n =223 — 1 if ¢ = 0 and n = 22m—3 — gm+d-2
if e = 1, where n is defined in ([IT). It is obvious that f(x) and g(y) satisfy the condition (ii) in Theorem
Substitute the value of n and ¢t = d + 1 into Table Bl and Table @ the desired conclusion then follows. [J

In the following, we give two examples for f(z) and g(y) satisfying condition (i) or condition (ii) in Theo-

rem [5.2] respectively.

Example 5.5 LetCp, be a binary linear code with the defining set D, given in (3), where f(x) = Tr? (Zle x2i+1)
and g(y) = Tr?(zle y*> 1) are Boolean functions from Fys to Fo. By Corollary [5:3 and Theorem[5.2, the fol-
lowing results hold.

(1) Let e =0 and ¢ = 2, then Cp, has parameters [135,8,64] and its dual has parameters [135,127,3].
(2) Let e =1 and ¢ = 2, then Cp, has parameters [136,9,64] and its dual has parameters [136,127,4].
(3) Let e =0 and ¢ = 1, then Cp, has parameters [120,9,56] and its dual has parameters [120,111,4].

These codes and their duals are optimal or almost optimal respect to the tables of best codes known maintained
at |http://www.codetables.de. These results are verified by Magma programs.

Example 5.6 Let v be a primitive element of Fo12 and o = ﬁ + ﬁ Let Cp, be a binary linear code
with the defining set D given in (@), where f(x) = Trb(z®) and g(y) = Tr$(ay®) are Boolean functions from
Fas to Fo. By Corollary[5.4) and Theorem[2.3, the following results hold.

(1) Let e =0, then Cp, has parameters [511,10,240] and its dual has parameters [511,501, 3].

(2) Let e = 1, then Cp, has parameters [480,11,224] and its dual has parameters [480,469, 4].
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6 Concluding remarks

In this paper we constructed many classes of binary linear codes with few weights from some Boolean functions
with at most three Walsh transform values. In order to improve the rate of the objective linear codes, we gave
more restrictions on the defining set. The linear codes constructed in this paper seem new since the Hamming
weights occur in the obtained linear codes are new. Specifically, the main results are summarized as follows:

e We provided two general constructions of binary linear codes with few weights from Boolean functions with
at most three Walsh transform values (see Theorem 2] and Theorem [£.2).

e We presented the weight distribution of Cp_ explicitly for many special Boolean functions f(x) and g(y) (see
Corollary 4] Corollary 3], Corollary 4.6l Corollary £, Corollary and Corollary [54)).

e According to Codetable, we obtained some optimal and almost optimal linear codes (see Example E.8
Example and Example [.0]).

e A binary linear code is called self-complementary if it contains all-one vector. The code Cp, is self-
complementary code and the dual Cﬁl is distance-optimal with respect to Sphere Packing bound in
Section 4 and Section 5.

A linear code C is said to be projective if any two of its coordinates are linearly independent, or in other
words, if the minimum distance of C* is at least 3. Binary projective linear codes are very interesting due
to their applications in many areas. All linear codes constructed in this paper are projective codes and may
be used to construct association schemes [3] and strongly regular graphs [4]. Moreover, projective two-weight
codes given in Corollary may be related to other combinatorial objects, such as caps in projective spaces
and combinatorial designs [2].

Some binary linear codes obtained in this paper can be used to construct secret sharing schemes with
interesting access structures. Let wp,n and Wy, denote the minimum and maximum nonzero weights of a
linear code C, respectively. Ding and Ding [I8] showed that if the linear code C with wpmin/Wmaz > %, then
the secret sharing scheme based on the dual code C* has the nice access structure. When € = 0, the linear
codes constructed in Theorem and Theorem [(.2] satisfy wpin/Wmas > % if m >t + 2. It then follows that
the dual codes of Cp, in Theorem and Theorem can be employed to obtain secret sharing schemes with
interesting access structures.
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