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Abstract

Even though Peltesohn proved that a cyclic (v, 3, 1)-design exists if and only if v = 1,3
(mod 6) as early as 1939, the problem of determining the spectrum of cyclic (v, k,1)-
designs with k£ > 3 is far from being settled, even for £k = 4. This paper shows that a
cyclic (v,4,1)-design exists if and only if v = 1,4 (mod 12) and v ¢ {16, 25, 28}.
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1 Introduction

Let X be a set of v points, and B be a collection of k-subsets of X called blocks. A pair (X, B) is
called a (v, k, 1)-design if every pair of distinct elements of X is contained in exactly one block
of B. Kirkman [21] in 1847 showed that a (v, 3, 1)-design exists if and only if v = 1,3 (mod 6),
and Hanani [18] in 1961 showed that a (v, 4, 1)-design exists if and only if v = 1,4 (mod 12).

An automorphism of a (v, k, 1)-design (X, B) is a permutation on X leaving B invariant. A
(v, k, 1)-design is said to be cyclic if it admits an automorphism consisting of a cycle of length
v. Without loss of generality we identify X with Z,, the additive group of integers modulo v.
The blocks of a cyclic (v, k, 1)-design can be partitioned into orbits under Z,. We can choose
any fixed block from each orbit and then call these base blocks. If the cardinality of an orbit is
equal to v, the orbit is full. Otherwise, it is short. If ged(v, k) = 1, then all orbits of a cyclic
(v, k, 1)-design are full (see [22, Lemma 1]).

The existence problem for cyclic (v, 3, 1)-designs is equivalent to Heffter’s difference prob-
lems. To generalize one of Netto’s constructions [23] in 1893 for cyclic (v, 3, 1)-designs, Heffter
[19] in 1896 introduced his famous first difference problem that is related to constructions for
cyclic (v, 3,1)-designs with v = 1 (mod 6), and a year later both the first and second differ-
ence problems appeared [20]. Heffter’s difference problems were eventually solved in 1939 by
Peltesohn [24].

Theorem 1. [24] There exists a cyclic (v,3,1)-design if and only if v = 1,3 (mod 6) and
v #09.
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The problem of determining the spectrum of cyclic (v, k, 1)-designs with k& > 3 is far from
being settled, even for k = 4. For small orders, no cyclic (v, 4, 1)-design exists for v = 16, 25, 28
[16]; a cyclic (12t + 1,4, 1)-design exists for any ¢ < 1000 except for ¢ = 2 [17]; a cyclic
(12t 4 4,4, 1)-design exists for any 3 < ¢ < 50 [12]. It has been conjectured that cyclic (v, 4, 1)-
designs exist for all v =1,4 (mod 12) and v > 37 [25].

When p =1 (mod 12) is a prime, Bose [3] provided a sufficient condition for the existence
of a cyclic (p,4,1)-design admitting a multiplier of order 3, and the necessary and sufficient
condition for this special kind of cyclic (p,4, 1)-designs was established by Buratti in [4]. Fol-
lowing Buratti’s work in [5], Chen and Zhu [13] showed that a cyclic (p, 4, 1)-design exists for
any prime p = 1 (mod 12). When p = 13 (mod 24) is a prime, Check and Colbourn [11] gave
a direct construction for cyclic (4p™, 4, 1)-designs with any given nonnegative integer n. Buratti
[8] presented an explicit construction for cyclic (4p, 4, 1)-designs for any prime p =1 (mod 12).
Actually one can extend any cyclic (p, k, 1)-design with p a prime to a cyclic (kp, k, 1)-design
(cf. [6]). On the other hand, by means of recursive constructions (cf. [7, 15]) cyclic designs of
composite order v = vyvy can be obtained. On the whole, it appears that no infinite family
of cyclic (v, 4, 1)-design was known such that v can run over a congruent class and v is not a
prime. For more information on cyclic (v, 4, 1)-designs, the reader is referred to [1, 2, 9, 10].

As the main result of the paper, we are to prove the following theorem.

Theorem 2. There exists a cyclic (v,4,1)-design if and only if v = 1,4 (mod 12) and v ¢
{16,25,28}.

Cyclic designs are closely related to optical orthogonal codes that are widely used as spread-
ing codes in optical code-division multiple access systems [14]. As a corollary of Theorem 2,
we obtain the following optimal optical orthogonal codes.

Theorem 3. There exists an optimal (v, 4, 1)-optical orthogonal code for anyv = 1,4 (mod 12)
and v & {16,25,28}.

2 Preliminaries

A useful tool for generating cyclic designs is the concept of cyclic difference families. Every
union in this paper will be understood as multiset union. A (v, k,1)-cyclic difference packing
(briefly CDP) is a family F of k-subsets (called base blocks) of Z, such that the multiset

AF = U AF ={x—y (modv):xz,y€ Fx#y, F&cF}

FeF
contains every element of Z, \ {0} at most once. Write L := Z, \ AF, and L is said to be
the difference leave or leave of F. If L = {0}, F is called a (v, k, 1)-cyclic difference family.
If k£ is a divisor of v and L is the subgroup of order k in Z,, F is called a (v, k, k,1)-cyclic
difference family (briefly CDF). A (v, k,1)-CDF contains (v — 1)/k(k — 1) base blocks, and a
(v, k, k,1)-CDF contains (v — k)/k(k — 1) base blocks.

Lemma 1. [16]

(1) Let F be a (v, k,1)-CDF. Then F forms the set of base blocks of a cyclic (v, k, 1)-design.
(2) Let F be a (v,k,k,1)-CDF. Then F U{{0,v/k,2v/k,...,(k—1)v/k}} forms the set of
base blocks of a cyclic (v, k, 1)-design.



For any base block F of a (v, k,1)-CDP F, if x,y € F and = > y, we call x — y a positive
difference from F, and y — x (mod v) a negative difference from F. The collection of all
positive differences (resp. negative differences) in AF is denoted by ATF (resp. A™F). Write
ATF =Uper ATF and A™F = Jper A™F. Clearly AF = AT FUA™F.

For positive integers a, b and ¢ such that a < b and a = b (mod c¢), we set [a, b]. := {a+ci:
0<i< (b—a)/c}. When ¢ =1, [a,b]; is simply written as [a, b].

3 Direct constructions for cyclic difference families

The idea that we use to construct a (v, 4,1)-CDF is from [27] which is a monograph on coding
theory and cryptography written by Yang and Lin in Chinese in 1992. In Section 3.1 we give
a review of Yang and Lin’s construction for optical orthogonal codes, which are equivalent
to cyclic difference packings. By modifying Yang and Lin’s construction slightly, we obtain
a (v,4,1)-CDF for any v = 1 (mod 72) in Section 3.2. Further modification of Yang and
Lin’s construction is made in Section 3.3 to produce (v, 4,1)-CDFs and (v, 4, 4, 1)-CDFs for all
admissible values of v.

3.1 Revisit of Yang and Lin’s construction

A (v, k,1)-optical orthogonal code (briefly OOC) C, is a family of (0,1) sequences (called
codewords) of length v and weight k satisfying that for any x = (zg,21,...,2,1) € C,
y = (Yo, Y1, ---,Yu—1) € C and any integer r, E;’:—Ol TiYirr < 1, where either x # y or r # 0, and
the arithmetic ¢ 4 r is reduced modulo v. A (v, k,1)-O0C with |(v —1)/k(k —1)] codewords
is said to be optimal.

Lemma 2. [28, Theorem 2.1] A (v, k, 1)-CDP with b base blocks is equivalent to a (v, k,1)-00C
with b codewords.

Yang and Lin [27] constructed a (v,4,1)-O0C with “=F — 2 codewords for any v = 1
v—1

(mod 72). Actually one of these codewords is not correct, so their (v,4,1)-OOC consists of “—

3 codewords. Lemma 2 establishes the equivalence between (v,4,1)-OOCs and (v, 4, 1)-CDPs.
Thus modifying Yang and Lin’s construction to obtain (v, 4,1)-CDFs is worth pursuing. We

include Yang and Lin’s construction here to facilitate the reader to compare their construction
with ours.

Lemma 3. [27] There exists a (v,4,1)-CDP with “
(mod 72) and v > 1.

f21 — 3 base blocks for any integer v = 1

Proof. Let v =72t + 1 and t > 0. The 6¢f — 3 base blocks are listed below:

F;={0, 43t+i, 3t+1+2i, 8t+2+3i}, iel;
Fy; = {0, 23t+i, 5t+1+2, 8t+1+3i}, icly
Fy; = {0, 41t+i, 25¢ + 24, 8t + 3i}, i€ Iy
Fy; = {0, 35t+i, 5t + 2i, 1+ 34}, i€ I
Fs;={0, ATt+2+i, 19t+1+2i, 2+ 3i}, i€ Is;
Fo; = {0, 21t+i, 13t + 2i, 3}, i € I,

Where[1:]3:]6:{z1<2<t—1}and[2:[4:]5:{zOézét—l}



Table 1: Differences from base blocks in Lemma 3

AF AFT AF AFy, AFS
43t +1 [43t + 1,44t — 1] 28t + 2, 29¢] 23t + i 23t, 24t — 1]
31t + 1+ 2i | [31¢+ 3,33t — 1], St+1+2i | [Bt+1,7t— 1],
8 +2+3i | [8t+D5,11t—1]3 8+ 1+3i | [8t+1,11t— 2|3
12t —1—14 [11¢,12t — 2] 18t —1—14 [17¢,18t — 1]
35t —2—2i | [33t,35t — 4], 15t —1—2¢ | [13t + 1,15t — 1],
23t —1—1 [22t, 23t — 2] 3t+i [3t, 4t — 1]
AFy AFS AF; AF], AF[
41t + i [41t + 1,42t — 1] (30t + 2, 31¢] 35t + i 35¢, 36t — 1]
25t + 20 | [25t + 2,27t — 2], 5t + 2i [5t, Tt — 2],
8t + 3i (8t + 3,11t — 3|3 14 3i 1,3t — 23
16t — i [15¢ + 1,16t — 1] 30t — i [29t + 1, 30¢]
33t —2i | [31t + 2,33t — 2], 35t —1—2i | [33t+ 1,35t — 1],
17t —1i (16t + 1,17t — 1] 5t—1—1 [4t, 5t — 1]
AFy, AFS AF AFy, AFS
ATt +2+14 | [ATt + 2,48t + 1] [24t, 25t — 1] 21t +1 21t + 1,22t — 1]
19t + 1+ 20 | [19t + 1,21¢ — 1], 13t+2i | [13t+ 2,15t — 2],
2+3i 2,3t — 1]3 3i (3,3t — 33
28t +1—1i | [27t+ 2,28t + 1] 8t — i [Tt 4+ 1,8t — 1]
47t — 2i [45t + 2,47ty | [25t + 1,27t — 1], 21t — 20 | [19t + 2,21t — 2],
19t —1—1 [18t,19t — 1] 13t — i (12t + 1,13t — 1]

There is no detailed explanation in [27] on how Yang and Lin found the above base blocks,

and the verification of the correctness of these base blocks is left to the reader. In order to

obtain some intuition on the choices of these base blocks, we provide details here to check their
construction. Let F, = {F,; i € I} for 1 <r < 6. All positive differences from F, are listed
in Table 1, and if a positive difference is greater than 36¢, we list its corresponding negative
difference. Let

L ={0} U +{7t,8t,12t, 15, 19¢, 27t}
U {8t +2,12t — 1,13t, 16, 21¢, 23t — 1,25¢, 27t + 1,30t + 1, 31¢ + 1, 35t — 2, 36t}.

It is readily checked that A(U°_, F,) covers every element in Z, \ L exactly once. O

3.2 Slight modification of Yang and Lin’s construction
In Yang and Lin’s construction, all base blocks are divided into 6 parts. Each base block in the
r-th part, 1 < r <6, is of the form

{0, amt+am+i, Bat+ Bra+2i, Yt + Yee + 3i}, (1)

where ¢ runs over some set [.. By choosing appropriate parameters a,.1, a2, 551, Bro, Vr1, Vre and
I, Yang and Lin constructed (v, 4, 1)-CDPs shown in Lemma 3.

Observe the difference leave L of the (v,4,1)-CDP in the proof of Lemma 3. Each differ-
ence in L is almost a multiple of ¢. It is easy to see that we can add one more base block,
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{0,7t,19t,64t + 1}, to form a (v,4,1)-
extend it anymore. A natural idea to solve this problem is to reduce the range of values for I,

However, we cannot

such that more differences are released and then reassemble them to produce a CDF. In our
construction (see Lemma 4), we set [, = {i: 1 <i<t—2}\ {[£/2]} for each 1 < r < 6. Note
that the lack of [¢/2] in our I, ensures that each difference in L is around some multiple of
|t/2]. This increases the flexibility to complete a CDP to a CDF.

Lemma 4. There exists a (v,4,1)-CDF for any positive integer v = 1 (mod 72).

Proof. For v € {73,145}, a (v,4,1)-CDF exists by [2, Theorem 16.28]. For v = 1 (mod 72)
and v > 145, let v = 72t + 1 where t > 2. A (v,4,1)-CDF, F, contains 6t base blocks. The
first 6t — 18 base blocks are listed below:

Fii={0, 43t+1, 31t + 1424, 8t+ 2+ 3i},
By :={0, 23t+1, 5t +1+2i, 8t+1+ 3},
Fy;:={0, 41t +1, 25t + 24, 8t + 3i},
Fy;:={0, 35t+i, 5t + 2, 1+ 3i},
Fy,:=1{0, 47t+2+i, 19t+1+2i, 2+ 3i},
Fei:={0, 21t+1, 13t + 2i, 3i},
where 1 < i <t —2and i # |t/2]. The remaining 18 base blocks are given according to the
parity of t. Ift is odd, we take
{0,1, 32 11¢ — 23, {0,2,3t — 1, 15t}, {0,3t — 2,11t — 1,35t — 2},
{0, 4t — 1,12t —1,271t -2}, {0,3H 5”*3, Aty {0,5t — 1,13t + 1, 34t}
{0,7t 4+ 1,28t + 1, 42t}, {o,m, 36t + 2, BLEBY {0, L B Sl
{0,7¢t — 1,18t — 1,42t — 1}, {0, 4¢, 2L 401}, {0,6t — 1,33t + 1,45t + 1},
{0,15¢t + 1,31t + 2,56t + 1}, {0, 7t, 25¢, 53t + 2}, {0, 1Lt /59041 99043}
{0, 2+ 19; L 10903 {0, 6t, 31LEL 19t} {0,5t + 1,25t + 1,58t + 1}.

If t is even, we take

0,1,3t—2,11t =2}, {0,3t—1,15t — 2,60t + 1}, {0,% +2,6¢+1,19t + 1},

{0,2,35¢t, 42t 4 1}, {0,8t+2,38t+ 3,2 + 2}, {0, 1§t +2,50 41,107 4 2}

{0, 1;”, 33t 9 42}, {0, 20¢, 39t + 2, 46t} {0, 5;”, 31t + 1,45t}

{0, 3, 25¢, 64t} {0,15¢ + 1,20t + 1,52t + 1}, {0, Z,40¢ + 1,54¢ + 1},

{0, 4t, 15¢, 51t + 2}, {0,5t — 1,22t — 1,50t+1}, {0,6t,24t — 1,51t + 1},

{0,3t,16t + 1,39t + 1}, {0,12t+ 1,16t, 65t + 2}, {0,5t + 1,29¢ + 1, 40t}.
One can make a table similar to Table 1 for the first 6t — 18 base blocks and then check that
AF =7, \ {0}. Thus F is a (v,4,1)-CDF. O

To facilitate the reader to check the correctness of our results, we provide a computer code
written by GAP [26] to show that our constructions in Lemma 4, Lemma 5 and Theorem 5
always work regardless of the parameter t. The interested reader can get a copy of the computer
code from [29].

3.3 Further modification of Yang and Lin’s construction

To construct (v,4,1)-CDFs with v £ 1 (mod 72), we need to modify the values of a9, 5,2 and
Yo in (1).



Lemma 5. There exists a (v,4,1)-CDF for any positive integer v = 13,25,37,49,61 (mod 72)
and v # 25.

Proof. For v = 13,25,37,49,61 (mod 72), v # 25 and v < 205, a (v,4,1)-CDF exists by [2,
Theorem 16.28]. For v > 205, let v = 72t 4+ 122+ 1 where t > 2 and 1 < z < 5. A (v,4,1)-CDF
contains 6t + = base blocks. The first 6t — 18 base blocks are listed below:

{0, 43t+ay+1i, 3lt+as+2i, 8t+ az+ 3i},

{0, 23t+by+1i, bt+0by+2i, 8t+bs+ 3i},

{0, 41t +cy+id, 25t+co+2i, 8t+c3+3i},

{0, 3b5t+dy+i, Bt+ds+2i, ds+ 3i},

{O, 47t+61 +Z, 19t+62 +2’L, €3 +3’L},

{0, 21t+ f1+id, 13t+ fo+2i, f3+ 3i},
where 1 < i <t —2,4# [t/2], and a;,bj,¢;,d;,ej, fj for 1 < j < 3 are given in the following
table:

rlar ay az |bi by b3|lci e ez |di dy ds|er e es|fi fa fs
18 7 5 |14 3 419 6 3|5 2 1|10 3 2|2 1 0
2116 14 8 |10 4 7 |15 11 6 |12 3 1 |17 9 2 |6 4 O
3125 20 10|14 5 8|24 18 9 |17 4 1 |24 11 2 |12 7 O
4131 24 10118 7 8 |30 20 9 |23 6 1 |32 13 2 |16 11 O
5138 30 1121 8 9 |37 24 10(29 7 1 [40 17 2 |18 13 O
The remaining 18 + x base blocks are provided in Table 2 according to the parity of ¢. O

In the proof of Lemma 5, the first 6t — 18 base blocks were found by hand, and the latter
18 4+ x base blocks were found by computer search. We illustrate why and how to modify the
values of a9, Bro and 7,2 in (1) to get the 6 — 18 base blocks in Lemma 5. For instance, when
v = 13 (mod 72), let v = 72t + 13. Consider Yang and Lin’s base blocks in Lemma 3, which
can be rewritten as follows:

FLZ':{O, 43t + a1 + 1, 31t + ao + 21, 8t+a3+3i}, 1€ Iy;

Fy; =40, 23t+by+i, BSt+by+2i, 8t+by+3i}, iely;
F3,i = {O, 41t + C1 + i, 25t + Co + 2’&, 8t + C3 + 32}, 'L - ]3,

F4,i = {O, 35t + d1 + ’i, 5t + dg + 2’&, dg + 3’&}, 'L € ]4,
F5,i = {O, 47t+61+’b, 19t+62+2l, 63+3i}, 7€ ]5,
F6,i:{07 21t+f1+l7 13t+f2+227 f3+3l}7 26167

where [y = I3 =Ig={i: 1<i<t-1}, =1, =1;={i:0<i<t—-1}, (a1,a9,a3) = (0,1,2),
(by,be,b3) = (0,1,1), (c1,¢2,¢c3) = (0,0,0), (dy,ds,d3) = (0,0,1), (e1,e2,e3) = (2,1,2) and
(fh f2, f3) = (07 0, O)

Let’s analyze why some of Yang and Lin’s base blocks are not valid for v = 13 (mod 72).
By Table 1, [43t + 1,44t — 1] € AF;'. Then v = 72t + 13 implies that AF; contains the set
[28¢ + 14,29t + 12], which interacts with the set [29¢ + 1,30t] € AF,” on 12 elements. With the
same argument, [41t + 1,42t — 1] € AF; leads to [30t + 14, 31t + 12] € AF;, which intersects
with both the sets [31t + 3,33t — 1], € AF}" and [31t + 2,33t — 2], € AF, . Also, the sets
[47t+2, 48¢-+1] and [45t+2, 47¢]; from AF; lead to [24¢-+12, 25¢-+11], [25t+13, 27t+11], € AT,
which intersect with [25¢ + 2,27t — 2], € AF; and [27t + 2,28t + 1] € AF, respectively.

On one hand, by the above observation, we could delete all the base blocks that produce
overlapped differences and then reassemble them to form a (v, 4, 1)-CDF with v = 13 (mod 72).
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However, this would lead to a big leave that contains too many differences to extend the resulting
CDP to a CDF by computer search. On the other hand, we can try to make slight adjustment
for the values of ay, as, as, . .., fi, fa, f3 such that the intervals of differences are mutually disjoint
and the leave of the CDP is as small as possible. We did this procedure by hand and it often
spent us several hours for each v modulo 72. Once a (v,4,1)-CDF with v = 13 (mod 72) was
found, we took its first 6t — 18 base blocks, and then did the same strategy for v = 25 (mod 72)
to get new 6t — 18 base blocks, and so on. For each case of v, the time used to search for the
remaining 18 + = base blocks by a common personal computer was ranged from a half day to
two days.

Table 2: The remaining 18 4+ x base blocks in Lemma 5

z =1 and ¢t is odd

{0,2,35t + 5,41t + 7} {0, 32, 14¢,56¢ + 10} {0,352, 13t + 1, 25¢ + 3}
{0, 3L 5¢ + 1,23t + 2} {0,315 3,3t — 2,35t + 4} {0,315, 27t + 4,68t + 13}
{O,4t+2,27t+6,68t+ 12} {0,5t + 2,20t 4 2, B2} {06t + 1,25t + 5, 52¢ + 10}
{0, 255526t + 5, 45t + 6} {0,11¢,22¢ + 2, 12948283 {0,12t + 1,19t + 2,27t + 3}

{0,15¢ — 1,23t + 3,65¢ + 11} {0,15¢ + 1, 34¢ + 4,42¢ + 9} {0, 2LEL 25¢ + 6,59¢ + 11}
{0,18¢ +2,21¢ + 1,57t + 10} {0,21¢ + 2, 24¢ + 3,57¢ + 9} {0, L5, S8 S9EEL
{0,25t + 4,36t + 5,41t + 8}

z =1 and t is even

{0,3t — 2, 15¢t,40t + 6} {0,2 +2,19t + 3,26t + 5} {0,3t — 3,40t + 7,12t + 9}
{0, 3,23t + 2,64t + 8} {0, 3t, 22t + 2,60t + 12} {0,3t+ 1,45t + 9,51t + 11}
{0,4t+ 1,8t + 1,58t + 13} {0, % +1,5¢+2,27t+5F  {0,%+1,5t+5 3% +8}
{0,5t + 3,25t + 5,61t + 12} {0,8t+2,8t+4,53t+9} {0,11t,377t+1,34t+4}
{0,288 + 1,38 4+ 38 16} {0,14¢t+ 1,21t + 1,8 + 4} {0,15¢ — 1,30 + 3,41t + 5}
{0, 15t + 2, 20t + 3, 45t +6}  {0,19t + 1,25t + 4, 56t + 10} {0,23t + 3,36t + 4,36t + 5}
{0,24t + 4,27t + 3,31t + 5}

r =2 and tis odd

{0, 33 A3thll 55LELT {0,3t — 3,22t + 6,47t + 14} {0, 3¢, 14t + 3,30t + 9}

{0, 15t +2,23t + 6,64t + 17} {0,3t + 3,24t + 9,57t + 22}  {0,4t + 3,19t + 7,69t + 27}
{0, 12Lt5 /3149 o5t 4 9} {0, 8t + 3,39t + 14,44t + 16} {0,29¢ + 10, 37t + 15,37t + 17}
{0, 196 ATEHS T8EEaT {0, 29542 38¢ + 16, 25T} {0,126 + 2,12t + 3,30t 4 10}

{0,12t + 4,37t + 14,43t + 16} {0, 15¢ + 5, 3L T 10 3¢ 4 2,36t + 11,67¢ + 21}
{0,17¢ + 5,299 34t + 12} {0,17¢ + 6,40t + 15, 3322} {0,19¢ + 8,22t + 7,35t + 12}
{0,23t + 8,26t + 9,30t + 11} {0, 7t + 2,12t + 5, 56t + 20}

xr = 2 and t is even

{0,1,15¢t + 4,64t + 19} {0,2,12t + 4,28t + 10} {0,2£,30t + 9,64t + 17}

{0, 2 o +1,17t + 5,3 + 7} {0,3t — 1,32t +9,68t +23} {0,4t + 3,7t + 3,25t + 9}
{0,% +2,27t + 8,64t + 23} {0,5¢t + 2,24t 4+ 9,36t + 12}  {0,5¢ + 3, 18t + 8,37t + 17}
{0, 5t+4 33t + 13,50t + 20} {0,6t + 3, Bt + 12,47t + 14} {0, 7t + 2,23t + 7,26t + 10}
{0,3 + 5,26t + 11, %2t + 17} {0, 8t + 3,30t + 10, 33¢ + 11} {0, 8t + 4,23t + 9,37t + 13}
{0,12t+5,15t+2,35t+11} {0,14¢ + 3,2 + 6,4t + 10} {0, 12t + 2,28 48 6l 4 10}
{0,18t + 7,31t + 11,56t 4 21} {0,22t + 6,30t + 11,33t + 9}




Table 2:

(Cont.) The remaining 18 + x base blocks in Lemma 5

z =3 and t is odd

{0,1,8t + 9,55t + 28}
{0,3t + 3,8t + 7,57t + 30}
{0, 6t + 4, BLF19 18TL69Y

{0,12t 4+ 6, 15t + 6,23t + 11}
{0, BEL 49627 87tbd9

)

S5t497 1076455

I R
591427 711433

{0, ;’ , 31t + 13, ; }

{O 45t+21
)

{0,33,23t + 10,64t + 27} {0, 14¢ + 7,35¢ + 16,47t + 24}
{0,4t%72,41t4—22,60t%—32} {0,25¢ + 16,32t + 19,43t + 25}
{0, 7t + 4,36t + 17,43t + 23} {0, 20t + 10, 24t + 14,57t + 32}
{0,13t + 8,16t + 6,41t + 21} {0,12t + 7,16t + 10, 65¢ + 35}
{0, 33519 '96¢ + 17, LBLEOLY £ 19¢ + 12,19t + 14, 22 + 11}
{0, B 20t + 13,56¢ + 29} {0, 24¢ + 13, 31¢ + 18,45t + 24}
{0,5t + 5,8t + 6,38t +20} {0, 25¢ + 14, 38t + 21,41t + 23}

z =3 and t is even

{0,2,8t + 10,37t + 22}

{0, 3$?+79 26t + 18, 13 4 31}
{O,2Ot%f11,24t%—14,27t%713}
{0, 25t + 14, 36t + 20, 41t + 24}
{0,16t + 7,30t + 13,35t + 16}
{0, 18t + 10,33t + 17,49t + 25}
{0,3t + 3,6t + 5, 1 + 37}

{0, 3t472 g, 10t 251 {0,25¢ + 15, 25¢ + 16, 28t + 13}
{0, % 33”+9§%+2@» {0,42F + 14,41t + 23, 5 + 24}
{0,11t4—5,17t%f9,64t4728} {0,2 + 5,40t + 17,2 + 27}
{0, 13t + 8,16t + 9, 49t + 24} {0,16t%—6,29t%—13,36t%—18}
{0,7t + 4,14t + 7,19t + 12} {0,17t + 10, 21t + 12, 51¢ + 26}
{0,8t + 5,29t + 14, 33t + 18} {0, 23t + 10, 31¢ + 17,54t + 28}
{0,7t +6,19¢ + 11,22t + 11} {0,12¢ + 6, % + 13,60t + 30}

z =4 and t is odd

{0,1,3t — 2, 11¢ + 8}
{0,3t — 1,15t + 9, 39¢ + 26}
{0, 4t + 4, 39t + 25, 51t + 33}

{0,5¢ + 7,12t + 11, 69¢ + 49}

{0 15¢+11 57t+37 121£+83
2 0 2 0

{0, 8t + 8,39t + 27,55t + 38}
{0, 11t + 6, 59335 1196475y
{0, 7t + 6,13t + 12, 31¢ + 24}

{0,2,4t + 2,53t + 33} {0,352, 23¢ + 14, 64t + 40}
{0,3t + 1,15¢ + 10, 31t + 20} {0,4t%—3,23t%—15,40t%727}
{0,4t + 5,20t + 17,42¢ + 32} {0,27¢ + 19, 32 46¢ + 30}
{0,7t + 5,36t + 23,41t + 28} {0, 14t + 10, 37t + 26,41t + 27}
{0,8t + 5,13t + 11,60t + 42} {0, 14t + 11, 35t + 22, 39t + 28}
{0, BT 55839 45¢ 4+ 31} {0, 11¢ + 5,30t + 19, 60t + 37}
{0,241 6t + 5,27t + 20} {0, 8t 4 6, 123 UL}

z =4 and t is even

{0,1, 2% +9,39¢t + 26}

{0,3t — 2,30t + 17, 35t + 22}
{0,4t + 1,16t + 11,64t 4 43}
{0,6t + 6,23t + 17,53t + 35}
{0,7t + 6,11t + 6,24t + 18}
{0,11¢ + 5, 15¢ + 10, 36t + 23}
{0, 15t + 9, 36t + 24, 56t + 37}
{0,21¢ + 11,25t + 17,57t 4 38}

{0,2 + 1,2 + 10,82 + 31} {0, + 11, 8 + 30, £ + 30}
{0,3t +1,8 +8,26t + 19} {0, % + 1,3 +10,51¢ + 33}
{0, 4t + 4,27t + 20, 41t + 30} {0,11t%—8,27t%—18,46t%—29}
{0,7t + 4,11t + 7, B¢ , 34t + 22,67t + 43}
{0, 3t + 5,20t + 16, éﬁ + 16} {0 8t + 5,41t + 27,49t 4 34}
{0,%?+—5,6t477 it +—18} {0,12t + 8,41t + 26, 54t + 37}
{o,3t—-3,3t-1,22t4-15} {0,19¢ + 12,23t + 14, 31t + 24}

z =25 and ¢t is odd

{0,1,3t — 2,60t + 48}

{0, 3t + 1,15t + 12, 39¢ + 33}
{0, 4t + 1,12t + 12,47t + 39}
{0, 4t + 6, 31t + 28,53t + 46}
{0,6t + 7,454 51¢ 4 44}
{0, 12615 11¢ + 8, 57t + 47}

{0, 3L 19EHT 1116593 {0,25¢ + 21,36t + 28,41t + 36}

{0,”;1,8t4-7,11t4-6} {0,16t + 13,33t + 27,40t + 33}
{0,4t + 2,35t + 28,54t + 46} {0,4t + 5,8t + 8,72t + 59}
{0,5t + 6, 35t + 29,53t + 45} {0, 6t + 6, 31¢ + 30, 2L}
{0,8t + 5,21t + 18,41t + 34} {0, 8t + 6,30t + 25,44t + 37}
{0, L2 /32 429, 51¢ + 46} {0, 12t + 9, 25¢ + 23, 56t + 47}

{0, 15¢ + 13,27t + 23,60t + 53} {0, 4¢, 18¢ + 13, 23t + 20}
{0,231 + 19,30t + 24, 34t 4 28} {0, 3t, 32T 344 4 29}

{0,20¢ + 19, $3LE35 50 4 41}
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Table 2: (Cont.) The remaining 18 + = base blocks in Lemma 5

z =5 and t is even

{0,1, 1% + 10, 39t + 32} {0,328 +1,24¢ + 20,64t + 51} {0, 19t + 20, 22¢ + 20, 37¢ + 34}
{0, +1,3% 413,55 4 23} {O,4t + 4,15t 4+ 11,52t + 44} {0, 13t + 14, 17t + 14, 44t + 38}
{0, 27t+23 30t+22 35t + 29} {0,5¢t + 6,23t + 19,51t + 43} {0, 6t + 7,33t + 28,65t + 55}
{0, + 13,19t + 15, % + 55} {0, 11¢ + 8, 5t 429,47t + 37} {0,12¢ + 9, 5t + 24, LI 4 47}
{0,12t+ 14, 16t + 15,42t+38} {0,4t + 5, 8t+ 11,68t + 59} {0, 15t + 12, 23t+20 56t+47}
{0,16t + 13,30t + 25,41t + 34} {0,143t 4+ 5,20t + 18,43t + 18} {0, 18¢ + 15, 22¢ + 18,41t + 36}
{0,19¢ + 16, 38t + 33,50t + 44} {0, 3t +1,8t+9,11¢ + 6} {0,21¢ + 15,21t + 17,57t + 48}
{0, 25t + 22, 31¢ + 30, 43t + 38} {0,4t + 7, 31t + 29,69t + 63}

Theorem 4. There exists a (v,4,1)-CDF if and only if v =1 (mod 12) and v # 25.

Proof. A (v,4,1)-CDF contains (v—1)/12 base blocks, so v =1 (mod 12). For the sufficiency,
it is known that a (25,4, 1)-CDF does not exist by [16]. Combine the results of Lemma 4 and
Lemma 5 to complete the proof. O

Next using similar techniques to those in the proof of Lemma 5, we establish the existence
of a (v,4,4,1)-CDF for any v =4 (mod 12) and v ¢ {16, 28}.

Theorem 5. There ezists a (v,4,4,1)-CDF if and only if v = 4 (mod 12) except for the two
definite exceptions of v =16 and 28.

Proof. A (v,4,4,1)-CDF contains (v — 4)/12 base blocks, so v = 4 (mod 12). For the suf-
ficiency, it is known that a (v,4,4,1)-CDF with v € {16,28} does not exist by [16]. For
v =4 (mod 12), v & {16,28} and v < 208, a (v,4,4,1)-CDF exists by [12]. For v > 208, let
v="T2t+ 120 4+ 4 where t > 2 and 0 < =z < 5. A (v,4,4,1)-CDF, F, contains 6t + = base

blocks. The first 6t — 18 base blocks are listed below:
{0, 43t+ay;+i, 3lt+as+2i, 8t+as+ 3i},
{0, 23t+by+1i, bt+0by+2i, 8t+bs+ 3i},
{0, 4lt+cy+i, 25t+4co+2i, 8t+ c3+ 3i},
{0, 35t+dy+i, bt+ds+2i, ds+ 3i},
{0, 47t+e +1i, 19t+ey+2i, e3+ 3i},
{0, 21t+ fi+1i, 13t+ fo+2i, f3+ 3i},

where 1 < ¢
table:

<t—2,i0%# |t/2], and a;,b;,¢j,d;,ej, f; for 1 < j <

3 are given in the following

rla ay az|by by by|lci e c3|di dy d3|er e es| fi fo fs
o2 2 22 1 1|1 2 00 O 1 (3 2 2|1 0 0
1710 7 5 (6 3 419 6 3 |7 2 1 |11 5 2 1 0
2118 14 8 |10 4 7 |17 11 6 (12 3 1 |18 9 2 |8 6 O
3126 20 10|14 5 8 |26 18 9 |18 4 1 |25 11 2 |10 7 O
4132 24 10|18 5 8 (30 20 9 |24 4 1 |35 17 2 |16 11 O
51141 31 11(21 6 9 |38 25 10|30 5 1 [42 18 2 |17 13 O




The remaining 18 4+ x base blocks are provided in Table 3 according to the parity of £. Then
one can check that AF =Z, \ {0,v/4,v/2,3v/4}, and so F is a (v, 4,4,1)-CDF. O

4 Summary and proofs of the main theorems
Now we are to prove Theorems 2 and 3.

Proof of Theorem 2: A cyclic (v,4,1)-design exists only if v = 1,4 (mod 12) and v ¢
{16, 25,28} by [16]. For the sufficiency, it follows from Lemma 1(1) and Theorem 4 that a
cyclic (v,4,1)-design exists for any v = 1 (mod 12) and v # 25. By Lemma 1(2) and Theorem
5, a cyclic (v, 4, 1)-design exists for any v =4 (mod 12) and v ¢ {16, 28}. O

Proof of Theorem 3: By Lemma 2, a (v,4,1)-CDP with b base blocks is equivalent to a
(v,4,1)-0O0C with b codewords. A (v, k,1)-CDF contains (v — 1)/k(k — 1) base blocks, and
a (v, k, k,1)-CDF contains (v — k)/k(k — 1) base blocks. An optimal (v,4,1)-OOC contains
| (v —1)/12] codewords. It follows from Theorem 2 that Theorem 3 holds. O

Many open problems were raised by Reid and Rosa [25, Section 14] in their survey on
(v,4,1)-designs, where the first two problems are to find a direct proof of the existence of
(v,4,1)-designs and to show that a cyclic (v,4,1)-design exists for all admissible v > 37,
respectively. This paper gives a solution to both of the problems.

A further research topic is to examine the existence of a (v,4,1)-CDP with |[(v — 1)/12]
base blocks for any v # 1,4 (mod 12), which yields an optimal (v, 4, 1)-OOC. There should be
no serious obstacle to extending our technique in Section 2 to construct them, but much more
time will be required to search for the sporadic base blocks. Also we believe that our technique
can be employed to construct l-rotational (v,4, 1)-designs (see [25] for the definition), which
can be seen as a special kind of (v, 4,1)-CDPs.

A more interesting topic is to examine the existence of cyclic (v, k, 1)-designs with k& > 5.
A possible approach is to require that each base block is of the form

{0, aqpt +ong+i, gt +agp +2i, ..., ap_11t + ap_12+ (K —1)i}

for some ¢t that is related to v. We leave it as an open problem in the more challenging case.
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Table 3: The remaining 18 + x base blocks in Theorem 5

z =0 and tis odd

{0,1,36¢ + 1,67 + 4]
{0 3t 11t 2’ 95152+5}
(0,36 — 2,35 — 1,42t + 1}

{0,7t — 2,21¢, 44t + 2}
{0 19¢t—1 43t+1 111t+3
) ) 2

{0, 16t + 2,21t + 1,49t + 4}

{0,2, 15¢, 45¢ + 4}

{0, &+1 L 13t + 1,20 + 1}
{0,3t 1,42t + 3,53t + 3}
0,7t — 1,11¢ — 1, 34¢}
{0,12t,16¢ — 1, 64¢ + 2}
{0, 19¢ + 3, 30t, 55t + 2}

{0 3t 14t _ 1 83t+1

{0,356 — 3,161, 19t}

{0,6t — 1,32 65¢ + 3}
{0’ 15152-{-3’ 25t + 3’ 1375-{-9}
(0,16t + 1,22t + 1,64t + 3}
{0,25¢ + 1, 2% 53t + 2}

z =0 and ¢ is even

{0,1,36t + 5,47t + 2}

{0,3t — 2,40t + 2,56t + 2}
{0,5¢t — 1,33t + 1,50t + 3}
{0,6t + 1,13t + 3,65t + 5}
{0,128 + 1,8 + 3,58t + 4}
{0, 11¢ + 1,24t + 2,27t + 2}

{0,3 + 1,30t + 3,64t + 3}
{o,gglgt,22t}

{0, 5¢, 32t + 1,65t + 3}

{0, 7t — 2,11t — 2,35t — 1}
{0,8t + 2,31t + 3,61t + 4}
{0, 14t + 1,30t + 4, 42t + 4}

{0,3t— 3,3t —1,% — 1}
{0,4t —1,23t,61t + 5}
{0, 5t + 1,21¢,47t + 3}
{0,7t 47t +2 99t +4}
{052+L2u+15n+4}
{0,3 — 1,33, 52t + 3}

z=1and tis odd

{0,1,8t + 4,23t + 3}

{0,3t — 3,3t — 1,64t + 11}
0,4t +1,7t + 1,23t + 5}
{0,5¢t + 3,23t + 6,49t + 12}

{0, 7t + 4,39t + 11,42t + 9}

{0 23t+7 89t+19 95t421
) ) 2

2
{07 27+ + 7’ 7315;—197 85t;—21}

{0,321, 25¢ + 5,30t + 6}
{0 7t+1 21t+4, 125t2+25}
{0,4t4—2,31t4—7,57t+—12}
{0,6t + 2,30t + 8,45t + 10}
{0, 155,20 4 5, B5ET3
{0,13t + 2,30t + 5,47t + 9}

{0, 3,20t + 4,57t + 13}
{0, 4t 20t + 6,65t + 16}

{0, 243 14¢ + 3,27t + 4}
{0,7t4—3,40t4—10,51t4—13}
{0,11¢ + 1,16t + 3, 35t + 6}
{0,19t + 5,34t + 6,41t + 8}

z =1 and ¢ is even

{0,2,49t + 13,57t + 17}
{0,3t — 1,14t + 1,59t + 12}
{0, 4¢, 2t + 3,34t + 5}
{0,6t + 2,33t + 6, % + 11}
{0,11t4—3,24t4—5,45t%79}
{0,15¢ + 2,19t + 3,26t + 6}
{0, 28t + 6, 35t + 6, 35t + 7}

{0,3 +2,19¢ + 5, 13 4 15}
{0,3t,48t4—10,55t%712}

{0, 5t + 2, 36t + 10,57t + 13}
{0, 7t 4+ 4,39t + 11,42t + 9}

{0,13t + 1,17t + 3,36t + 7}

{0, 33t + 3,25t + 6, 15 + 13}

{0,3t — 3,11¢, 2t + 1}

{0, 2 +1,5¢+ 1,47t + 11}
{0,5t + 3,16t + 4,49t + 12}
{0,8t + 5,30t + 8,49t + 14}
{0, 14t + 2,29t + 6,47t + 9}
{0,4% + 5, %t 4 6,46t + 9}

x—2andtisodd

{0,1, 3L 64t + 21}

{0,3t%—2,31t%—11,55t%—21}
{0,5t + 2,23t + 8,42t + 18}
{0, 7t + 3,14t + 5,50t + 21}
{0, 8t + 6,23t + 9,44t + 17}
{0,12¢ + 5,38t + 16, L2}

{0, 17t + 6,36t + 13, 48¢ + 19}

{0,2,3t + 3,15t + 7}

{0 7t+5 19t+11 85t+37
’ 2

{0,5t4—4,49t4—22,52t4—20}
{0, 8t + 4, L2 57¢ 4+ 22}

{0,11¢ + 5,19t + 8,24t + 11}
{0,12t + 7,15t + 4,47t + 17}

{0,23t + 7,27t + 10, 34t + 11}

{0,3t — 1,35t 4 11, 54¢ + 20}
{0 9t+5 15t+5 99t+43

I

{0, 61+ 2, 14t + 4 10164413

{0, 8t + 5,25t + 10, 41¢ + 16}

23t+9 31t+13 83t+33

{07 2 2

{0 256t+13 47t+19 107t+41
) 2 2
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Table 3:

(Cont.) The remaining 18 + x base blocks in Theorem 5

x =2 and t is even

{0,1,3 + 1,64t + 21}
{0,3t — 2,41t + 16, 64t 4 22}
{0,3t + 2,17t + 5, 54t + 22}
{0,6t + 4, 32 + 10, 65t + 26}

{0, 8t + 2,44t + 18,50t + 21}

{0,2,3t — 1,15t + 6}
{0,3t,36t + 11,67t + 25}
{0,3t + 3,26t + 12,42t + 18}
{0,7t + 1,35t + 10, 53t + 18}
{0,8t + 4,25t + 11,48t + 18}

{0,12t + 5,31t + 13,61t 4+ 25} {0, 12t + 6,19t + 9, 48t + 19}
{0,14¢ + 6, %L + 11,48t + 17} {0,21¢ + 7,25t + 10,44t + 17}

{0,3 +2,31¢ + 11, 64t + 23}
gxm+14“+84m+1a
{0, 9t+2 19t+6 113t+22}
{0, %2 i + 2,11t + 5,68t + 26}
{0,12t4—4,27t%—9,67t%726}
{0, £t + 6,37t + 16,57t + 25}

z =3 and t is odd

{0,1,25¢ + 18, 69¢ + 43}
{0,3t, 816429 55¢ 4 30}

{0,4t + 3,11t + 7,33t + 17}
{0,5t + 5,25t + 16, 37t + 24}
{0,8t + 4,19t + 9,22t + 11}

{0 3t 3 19t4+13 19t417
’ 2 0 2

{O,3t%—1,39t4—22,15%}§§}

{0,4¢ + 4,36t + 22,39t + 21}
{0, 7t + 2,31t + 15, 56t + 30}
{0,8t + 5,12t + 7,57t + 32}

{0,12t + 6, 31¢ + 16, 55t + 31} {0, 2212 35¢ + 18, 41¢ + 22}

{0,15t 4+ 6,21t + 9, 34t + 17}

{0, 16t + 8, 24t + 14, 46¢ + 23}

{0 3t 31t—|—14 71t+35}

{0 7t+5 151;_'_9’ 1412&;79}
{0,5t%—4,8tﬁf7,24t%716}

{0, 125HT, BEED 31t 4 17}
{0,8t +9,23t + 14,49t + 30}
{0,13t + 7,28t + 14, 64t + 37}
{0, 23t + 11,30t + 14,41t + 20}

xz =3 and t is even

{0,1,8t 4 10,11t + 7}
{0’% 2 19t +10 113t _'_32}
{0,3t +1, 16t%—8 34t%717}
{0 9t+3 15t+3 23t+6}
{O,6t%—4 5&?+714 37t + 23}
{o,8t+-6,23t4-14 M+ 15}

{0,16t%—9,30t%—15,47t%—24} {0, %t 4

{0,2,37t + 24, 68 + 38}
{0,3t — 2,15t + 6, 46¢ + 23}
{0,3t + 3,23t + 13, 31¢ + 18}
{0, 5t + 3, 36t + 23, 58t + 33}
{0, 7t + 2,15t + 9, 30t + 14}
{0,12¢ + 7,24t + 13,50t + 31}
9, 57t+14 107t+31}

{07 32t’45t+10 61t+14}

{0, 3t 1,19t 4+ 9,22t + 11}
{0, % + 3,33t + 17,66t + 35}
{0,5t%—4,25tﬁf15,49t%730}
{0, 7t + 4,15t + 7,39t + 21}
{0,13¢ + 8, Bt + 22,49¢ + 29}
{0,19t%—11,24t%—16,51t%—31}

z =4 and t is odd

{0 3t 3 19t+15 101t+73

)
{0,3t 1,27t4—17,54t+—36}
{0,3t + 3,8t + 8,39t + 30}
{O, 6t + 3’ 45t;—29’ 85t;—63}

{0,8t + 6,12t + 10, 15¢ + 10}

{0 3t 11t+6 119t+81}

{0,3t%—1,27t4—18,39t%—29}
{0,5¢ + 3, 18t + 14, 47¢ + 35}
(0,6t + 4,41t + 28, 55¢ + 38}
{0, 8t + 7,38t + 28,42 + 30}

{0, 252,26t + 18, 1075EE )
{0, 3t + 2,26t + 19, 15597}
{0,5¢ + 4,21t 4 16, 28t + 19}

{0,7t + 5,11t + 8,23t + 16}

{0 19t4+17 35t+27 113t+83
) 2

{0,11¢ 4 5,19t + 15, 54¢ + 37} {0, 17¢ + 12,17t + 13,36t + 29} {0, 2T 15¢ 4 11, 40¢ + 29}
{0,12t + 9,40t 4 30,47t + 32} {0,12t 4 12,15t + 9,65t + 46} {0, 13t 4 12, 16t + 10, 55¢ + 41}

{0,11¢ 4 7,11t + 9, 39¢ + 27}

z =4 and t is even

{0,1,3 + 2,64t + 44}

)y 9

{0,3t —

{0,2,19¢ + 18,69t + 55}

{0,3,5¢t 43,3 + 11}

2,11t + 8,15t + 10} {0,29¢ + 21,32t + 24,36t + 27} {0, % + 3, 27t%—17 32t + 21}

{0&+42%+18M¢+M}<m2m+17mt+m5w+3%{o1%+11wrwm5&+4%
{0, 22 + 8,31t + 24,58t + 42} {0, 2t + 10,23t + 15, 8L 4 30} {0, 12t + 8,25t + 19,69t + 51}
{0, 13t + 12,19t + 17, 30t4—23} {0, 14¢ + 11, 30t + 22, 38t + 29}
{0,149t +9,25t + 17, 85t 4 32} {0, 4+ 13,4 417,61t + 45} {0, 18t + 14,25t + 17, 54¢ + 37}
{0,7t + 2,25t + 18,46t + 33} {0, 23t + 14,28t + 19, 35t + 24} {0,23t + 17,31t + 23,42t + 32}

{0,8t + 5,12t + 9, 47t + 32}

{0, 3t,23t + 16, 39¢ + 28}
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Table 3: (Cont.) The remaining 18 + = base blocks in Theorem 5

z =25 and ¢t is odd

{0,1,3t — 2,36t + 30} {0,2,24t + 23, 64t + 58} {0,352, 29¢ + 23,64t + 53}
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